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Tensor decomposition



Tensor

An order-d tensor T = [Ti1,··· ,id ]1≤i1,··· ,id≤n is a d-way array
• a matrix is a tensor of order 2
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Ubiquity of high-dimensional tensor data

computational genomics
— fig. credit: Schreiber et al. 19

dynamic MRI
— fig. credit: Liu et al. 17
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Basics
• Rank-1 tensor: T = x⊗ x⊗ x denotes a tensor such that

Ti1,··· ,id = xi1xi2 · · ·xid
• inner product of two tensors T and A:

〈T ,A〉 :=
∑

i1,··· ,id
Ti1,··· ,idAi1,··· ,id

• Frobenius norm of a tensor T :

‖T ‖F :=
√ ∑

i1,··· ,id
T 2
i1,··· ,id

• operator norm of an order-d tensor T :

‖T ‖ = max
{ui}:‖ui‖2=1

〈T ,u1 ⊗ · · · ⊗ ud〉
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Tensor decomposition

Suppose we observe an order-d tensor

T =
r∑

i=1
λiui ⊗ ui ⊗ · · · ⊗ ui

Question: can we recover {ui} and {λi} given T ?
• if d = 2 (matrix case), it is often not recoverable; what if d ≥ 3?
• this question arises in a number of latent-variable models
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Latent variable models and
tensor decomposition



Notation

• probability simplex

∆n := {z ∈ Rn | zi ≥ 0,∀i; 1>z = 1}

• any vector w ∈ ∆n represents a distribution (or probability mass
function) over n objects

Tensor decomposition and completion 5-9



A simple topic model

Consider a collection of documents
• r: the number of distinct topics
• n: the number of distinct words in vocabulary

• each time, draw 3 words as follows
◦ pick a topic h︸ ︷︷ ︸

latent variable

according to distribution [w1, · · · , wr] ∈ ∆r s.t.

P{h = j} = wj , 1 ≤ j ≤ r

◦ given topic h, draw 3 independent words from this topic according
to the distribution

µh︸︷︷︸
determined only by the topic

∈ ∆n

Goal: recover {µi} and {wi} from the collected samples
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Moment method for the topic model

Denote the 3 words we draw as x(1),x(2),x(3) ∈ Rn:

x(i) = ej if the ith word is j

It is straightfoward to check

M2 := E
[
x(1) ⊗ x(2)] =

r∑

i=1
wiµi ⊗ µi

M3 := E
[
x(1) ⊗ x(2) ⊗ x(3)] =

r∑

i=1
wiµi ⊗ µi ⊗ µi

• M2, M3 can be reliably estimated when we have many samples
• recovering {µi} and {wi} from M2, M3

⇐⇒ tensor decomposition
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Latent Dirichlet allocation (LDA)

More complicated topic models: mixed membership models, where
each data might belong to multiple latent classes simultaneously

This means: the latent variable h is no longer an indicator of topics,
but rather, a topic mixture h ∈ ∆r
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Latent Dirichlet allocation (LDA)

• n: the number of distinct words in the vocabulary
• r: the number of distinct topics
• topic i has word distribution µi ∈ ∆n (1 ≤ i ≤ n)
• each time, draw 3 words as follows

◦ draw topic mixture h︸ ︷︷ ︸
latent variables

∈ ∆r according to Dirichlet distribution

pα(h) = Γ(α0)∏r
i=1 Γ(αi)

r∏

i=1
hαi−1
i

◦ draw x(1),x(2),x(3) ∈ Rn independently according to the mixed
distribution

∑r
i=1 hiµi
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Moment method for latent Dirichlet allocation

M1 := E[x(1)]

M2 := E[x(1) ⊗ x(2)]− α0

α0 + 1M1 ⊗M1 =
r∑

i=1

αi
(α0 + 1)α0

µi ⊗ µi

M3 := E[x(1) ⊗ x(2) ⊗ x(3)]− α0

α0 + 2
·
(
E[x(1) ⊗ x(2) ⊗M1] + E[x(1) ⊗M1 ⊗ x(2)] + E[M1 ⊗ x(1) ⊗ x(2)]

)

+ 2α2
0

(α0 + 2)(α0 + 1)M1 ⊗M1 ⊗M1

=
r∑

i=1

2αi
(α0 + 2)(α0 + 1)α0

µi ⊗ µi ⊗ µi

• estimate M1, M2, M3 from samples (assuming α0 is known)

• recover {µi} and {αi}i≥1 from M2, M3 (tensor decomposition)
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Gaussian mixture model

• r Gaussian distributions N (µi, σ2In) (1 ≤ i ≤ r)
• a sample x ∈ Rn is drawn as follows

◦ the latent indicator variable h is generated according to
distribution [w1, · · · , wr] ∈ ∆r s.t.

P(h = i) = wi, 1 ≤ i ≤ r

◦ generate x from N (µh, σ2In)
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Moment method for Gaussian mixture model

M2 := E[x⊗ x]− σ2I =
r∑

i=1
wiµi ⊗ µi

M3 := E[x⊗ x⊗ x]

− σ2
n∑

i=1
(E[x]⊗ ei ⊗ ei + ei ⊗ E[x]⊗ ei + ei ⊗ ei ⊗ E[x])

=
r∑

i=1
wiµi ⊗ µi ⊗ µi

• M2, M3 and E[x] can all be reliably estimated when there are
many samples

• recover {µi} and {wi} from M2, M3 (tensor decomposition)
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Tensor power method



Main task

Given

M2 =
r∑

i=1
λiui ⊗ ui

M3 =
r∑

i=1
λiui ⊗ ui ⊗ ui

where λi > 0

Question: can we recover {λi} and {ui} from M2 and M3?
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An easier case: orthogonal decomposition

Given

M2 =
r∑

i=1
λiui ⊗ ui

M3 =
r∑

i=1
λiui ⊗ ui ⊗ ui

where λi > 0, r ≤ n, and {ui} are orthonormal

Question: can we recover {λi} and {ui} from M2 and M3?
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Tensor power method

Define
T (I,x, · · · ,x) :=

r∑

i=1
λi(u>i x)d−1ui

• if d = 2 (matrix case): T (I,x) = Tx

Algorithm 5.1 Tensor power method
1: initialize x0 ← random unit vector
2: for t = 1, 2, · · · do
3: xt = T (I,xt−1, · · · ,xt−1) (power iteration)
4: xt ← 1

‖xt‖2
xt (re-normalization)

Tensor decomposition and completion 5-20



Convergence analysis

Theorem 5.1 (Convergence of tensor power method)

Suppose {ui} are orthonormal, λi > 0 (1 ≤ i ≤ r), r ≤ n, and d = 3.
Then for any 1 ≤ i ≤ r,

1−
(
u>i xt

)2

‖xt‖22
≤ λ2

i

∑

j:j 6=i
λ−2
j

(λju>j x0

λiu>i x0

)2t+1

• tensor power method converges quadratically to some ui
• it converges to a point ui associated with the largest λiu>i x0

◦ both the eigenvalue and the initial point matter!
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Proof of Theorem 5.1
Note that removing “re-normalization” steps does not affect (u>

i xt)2

‖xt‖2
2

at all. For simplicity, we assume

xt = T (I,xt−1,xt−1) =
r∑

i=1
λi(u>i xt−1)2ui

Observe that
• since x1 = ∑r

i=1 λi(u>i x0)2ui, we have
(
u>i x1

)2 = λ2
i (u>i x0)4

• since x2 = ∑r
i=1 λi(u>i x1)2ui, we have
(
u>i x2

)2 = λ2
i (u>i x1)4 = λ6

i (u>i x0)8

• since x3 = ∑r
i=1 λi(u>i x2)2ui, we have
(
u>i x3

)2 = λ2
i (u>i x2)4 = λ14

i (u>i x0)16

Tensor decomposition and completion 5-22



Proof of Theorem 5.1 (cont.)
By induction, one has

(
u>i xt

)2 = λ2t+1−2
i (u>i x0)2t+1

, 1 ≤ i ≤ r
This implies

(
u>i xt

)2

‖xt‖22
=

(
u>i xt

)2
∑r
j=1

(
u>j xt

)2 = (λiu>i x0)2t+1

∑r
j=1

( λi
λj

)2(λju>j x0)2t+1

and hence

1−
(
u>i xt

)2

‖xt‖22
=
∑
j:j 6=i

( λi
λj

)2(λju>j x0)2t+1

∑
j

( λi
λj

)2(λju>j x0)2t+1

≤
∑
j:j 6=i

( λi
λj

)2(λju>j x0)2t+1

(λiu>i x0)2t+1

= λ2
i

∑

j:j 6=i
λ−2
j

(λju>j x0

λiu>i x0

)2t+1
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General case: reduction to orthogonally
decomposable tensors

Suppose r ≤ n, but {ui} are not orthonormal

Key idea: use M2 to find a “whitening matrix” that allows us to
orthogonalize {ui}
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General case: reduction to orthogonally
decomposable tensor

Let W be a whitening matrix (e.g. W = UΛ−1/2) obeying

W>M2W = I (5.1)

Then

M3(W ,W ,W ) =
r∑

i=1
λi
(
W>ui

)⊗ (W>ui
)⊗ (W>ui

)

=
r∑

i=1
λiũi ⊗ ũi ⊗ ũi

where {ũi} become orthonormal vectors
• use the tensor power method to recover {ũi}
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Tensor completion



Another challenge in tensor estimation
Another challenge in tensor estimation

missing data

One step further: reasoning about uncertainty?

Stability of convex relaxation against noise

minimize
Z

ÎZÎ�

subj. to noisy data constraints

minimize
Z

f(Z; data)¸ ˚˙ ˝
empirical loss

+ ⁄ÎZÎ�

low-rank matrix
figure credit: Piet Mondrian

semidefinite relaxation

� matrix sensing (RIP measurements) (Candès, Plan ’10)

� phase retrieval (Gaussian measurements) (Candès et al. ’11)

? matrix completion
(Candès, Plan ’09, Negahban, Wainwright ’10, Koltchinskii et al. ’10)

? robust PCA (Zhou, Li, Wright, Candès, Ma ’10)

? Hankel matrix completion (Chen, Chi ’13)

? blind deconvolution (Ahmed, Recht, Romberg ’12, Ling, Strohmer ’15)

? joint alignment / matching
. . .
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tensor completion
How to assess uncertainty, or “confidence”, of obtained estimates due
to imperfect data acquisition?

• noise
• incomplete measurements
• · · ·
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Tensor completion

Goal: faithfully reconstruct unknown tensor from partial observations

One step further: reasoning about uncertainty?
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tensor completion
How to assess uncertainty, or “confidence”, of obtained estimates due
to imperfect data acquisition?

• noise
• incomplete measurements
• · · ·

12/ 28Key to enabling reliable reconstruction from incomplete data
— exploiting low-rank structure
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Mathematical model

• unknown rank-r tensor T ? ∈ Rd×d×d

T ? =
r∑

i=1
u?i ⊗ u?i ⊗ u?i

• partial observations over a random sampling set Ω

Ti,j,k =
{
T ?i,j,k, (i, j, k) ∈ Ω
0, else

where each location is included in Ω independently w.p. p
• goal: recover T ? given T
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Spectral method (as an initialization scheme)

Estimate span{u?i }1≤i≤r
• matricizition: A = unfold

(
T
)

• estimate rank-r subspace of Poff-diag
(
AA>

)
(diagonal deletion)

A bit more details about initialization

unfold
Step 1.1: estimating span{uı

i }1ÆiÆr:
• matricizition: A = unfold

!
T

"

• estimate rank-r subspace of Po�-diag
!
AA€"

(diagonal deletion)

20/ 34
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Iterative refinement via optimization methods (later in this course) . . .
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Rationale

1
p2E

[
AA>

]
= A?A?> +

(1
p
− 1

)
Pdiag

(
A?A?>)

︸ ︷︷ ︸
large bias when p is small

where Pdiag extracts out diagonal entries

• issue: large bias incurred by diagonal entries

• solution: suppress diagonal entries, i.e., look at

G = 1
p2Poff-diag

(
AA>

)

with Poff-diag(M) := M − Pdiag(M), which obeys

E [G] = Poff-diag
(
A?A?>) = Poff-diag

(
U?Σ?2U?>

)

︸ ︷︷ ︸
nearly low-rank under incoherence conditions
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Theoretical guarantees

Theorem 5.2 (Informal)
Suppose that the tensor T ? ∈ Rd×d×d has rank r = O(1), and is
incoherent and well-conditioned. Then the spectral method returns a
consistent estimate of span{u?i }1≤i≤r as long as

p & poly log d
d1.5

• see details in Section 3.9 of Chen, Chi, Fan, Ma ’21
• consistent estimation is feasible as soon as

sample size & d1.5poly log d
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Statistical-computational gap (r = O(1))
Information-computation gap

d d1.5

• number of unknown parameters rd

• Conjecture: no polynomial algorithm works if |�| π d3/2 (Barak,
Moitra ’16)
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Statistical-computational gap (r = O(1))

“I can’t find  an efficient algorithm,  but neither can all these people.” 
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