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Successes of reinforcement learning (RL)
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Supervised learning
Given i.i.d. training data, the goal is to make prediction on unseen
data:

— pic from internet
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Reinforcement learning (RL)

In RL, an agent learns by interacting with an environment

• no training data

• maximize total rewards

• trial-and-error

• sequential and online
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Challenges of RL

• explore or exploit: unknown or changing environments
• credit assignment problem: delayed rewards or feedback
• enormous state and action space
• nonconvex optimization
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Sample efficiency

• prohibitively large state & action space
• collecting data samples can be expensive or time-consuming

Challenge: how to design sample-efficient RL algorithms?
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Statistical foundation of RL
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Understanding sample efficiency of RL requires a modern suite of
non-asymptotic statistical tools
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Outline (Part 1)

• Basics of Markov decision processes

• Basic algorithms for policy evaluation/maximization

• RL with a generative model
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Background: Markov decision processes
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Markov decision process (MDP)

• S: state space
• A: action space

• r(s, a) ∈ [0, 1]: immediate reward
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Markov decision process (MDP)

• S: state space
• A: action space
• r(s, a) ∈ [0, 1]: immediate reward
• π(·|s): policy (or action selection rule)

• P (·|s, a): unknown transition probabilities
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Help the mouse!

• state space S: positions in the maze
• action space A: up, down, left, right
• immediate reward r: cheese, electricity shocks, cats
• policy π(·|s): the way to find cheese
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Value function

Value of policy π: cumulative discounted reward

∀s ∈ S : V π(s) := E
[ ∞∑

t=0
γtr(st, at)

∣∣ s0 = s

]

• γ ∈ [0, 1): discount factor
◦ take γ → 1 to approximate long-horizon MDPs
◦ effective horizon: 1

1−γ
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Q-function (action-value function)

Q-function of policy π:

∀(s, a) ∈ S ×A : Qπ(s, a) := E
[ ∞∑

t=0
γtrt

∣∣ s0 = s, a0 = a

]

• (��a0, s1, a1, s2, a2, · · · ): induced by policy π
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Optimal policy and optimal value

optimal policy π?: maximizing value function maxπ V π

Theorem 1 (Puterman’94)
For infinite horizon discounted MDP, there always exists a
deterministic policy π?, such that

V π?(s) ≥ V π(s), ∀s, π.

• optimal value / Q function: V ? := V π? , Q? := Qπ
?

• How to find this π??
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Example

Consider a deterministic MDP with 3 states & 2 actions

s0
<latexit sha1_base64="NzsJMfQPgkuAXXh2InM+moP0ugQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ/cQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlYabx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/5jjYw=</latexit>

s1<latexit sha1_base64="x/EGmTX61a71hHtDl4EGC8Jkm1U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ+8QbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlYabx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH//njY0=</latexit>

s2<latexit sha1_base64="nwa/wN0p7UXR5bkQWlnOlbulK5k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XKw03j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwF6jY4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

Reward: r(s1, a0) = 1, 0 else where
<latexit sha1_base64="3gX+31b1q0nAsQpt9JW14jhgxaE=">AAACIHicbVDLSgNBEJyN7/ha9ehlMAgRJOxGQRGEgBePUYwGkrDMTjpmyOyDmV41LMmfePFXvHhQRG/6NU4eB00sGCiqqunp8mMpNDrOl5WZmZ2bX1hcyi6vrK6t2xub1zpKFIcKj2Skqj7TIEUIFRQooRorYIEv4cbvnA38mztQWkThFXZjaATsNhQtwRkaybOP6ggPmF7CPVPNE9rrq7z23H3KPGePnlJ3v9+nDu2PUiA10Ps2KOh5ds4pOEPQaeKOSY6MUfbsz3oz4kkAIXLJtK65ToyNlCkUXEIvW080xIx32C3UDA1ZALqRDg/s0V2jNGkrUuaFSIfq74mUBVp3A98kA4ZtPekNxP+8WoKt40YqwjhBCPloUSuRFCM6aIs2hQKOsmsI40qYv1LeZopxNJ1mTQnu5MnT5LpYcA8KxYvDXOlwXMci2SY7JE9cckRK5JyUSYVw8kieySt5s56sF+vd+hhFM9Z4Zov8gfX9A3GtoeA=</latexit>

What is the optimal policy?

• π?(s) = a0, ∀s
• V ?(s0) = γ

1−γ ,

V ?(s1) = 1
1−γ , V

?(s2) = γ
1−γ

What is V π for π(s) = a1, ∀s?
• V π(s) = 0, ∀s
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Example

Consider a deterministic MDP with 3 states & 2 actions

s0
<latexit sha1_base64="NzsJMfQPgkuAXXh2InM+moP0ugQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ/cQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlYabx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/5jjYw=</latexit>

s1<latexit sha1_base64="x/EGmTX61a71hHtDl4EGC8Jkm1U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ+8QbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlYabx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH//njY0=</latexit>

s2<latexit sha1_base64="nwa/wN0p7UXR5bkQWlnOlbulK5k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XKw03j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwF6jY4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

Reward: r(s1, a0) = 1, 0 else where
<latexit sha1_base64="3gX+31b1q0nAsQpt9JW14jhgxaE=">AAACIHicbVDLSgNBEJyN7/ha9ehlMAgRJOxGQRGEgBePUYwGkrDMTjpmyOyDmV41LMmfePFXvHhQRG/6NU4eB00sGCiqqunp8mMpNDrOl5WZmZ2bX1hcyi6vrK6t2xub1zpKFIcKj2Skqj7TIEUIFRQooRorYIEv4cbvnA38mztQWkThFXZjaATsNhQtwRkaybOP6ggPmF7CPVPNE9rrq7z23H3KPGePnlJ3v9+nDu2PUiA10Ps2KOh5ds4pOEPQaeKOSY6MUfbsz3oz4kkAIXLJtK65ToyNlCkUXEIvW080xIx32C3UDA1ZALqRDg/s0V2jNGkrUuaFSIfq74mUBVp3A98kA4ZtPekNxP+8WoKt40YqwjhBCPloUSuRFCM6aIs2hQKOsmsI40qYv1LeZopxNJ1mTQnu5MnT5LpYcA8KxYvDXOlwXMci2SY7JE9cckRK5JyUSYVw8kieySt5s56sF+vd+hhFM9Z4Zov8gfX9A3GtoeA=</latexit>

What is the optimal policy?

• π?(s) = a0, ∀s

• V ?(s0) = γ
1−γ ,

V ?(s1) = 1
1−γ , V

?(s2) = γ
1−γ

What is V π for π(s) = a1, ∀s?
• V π(s) = 0, ∀s
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Example

Consider a deterministic MDP with 3 states & 2 actions

s0
<latexit sha1_base64="NzsJMfQPgkuAXXh2InM+moP0ugQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ/cQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlYabx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/5jjYw=</latexit>

s1<latexit sha1_base64="x/EGmTX61a71hHtDl4EGC8Jkm1U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ+8QbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlYabx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH//njY0=</latexit>

s2<latexit sha1_base64="nwa/wN0p7UXR5bkQWlnOlbulK5k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XKw03j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwF6jY4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

Reward: r(s1, a0) = 1, 0 else where
<latexit sha1_base64="3gX+31b1q0nAsQpt9JW14jhgxaE=">AAACIHicbVDLSgNBEJyN7/ha9ehlMAgRJOxGQRGEgBePUYwGkrDMTjpmyOyDmV41LMmfePFXvHhQRG/6NU4eB00sGCiqqunp8mMpNDrOl5WZmZ2bX1hcyi6vrK6t2xub1zpKFIcKj2Skqj7TIEUIFRQooRorYIEv4cbvnA38mztQWkThFXZjaATsNhQtwRkaybOP6ggPmF7CPVPNE9rrq7z23H3KPGePnlJ3v9+nDu2PUiA10Ps2KOh5ds4pOEPQaeKOSY6MUfbsz3oz4kkAIXLJtK65ToyNlCkUXEIvW080xIx32C3UDA1ZALqRDg/s0V2jNGkrUuaFSIfq74mUBVp3A98kA4ZtPekNxP+8WoKt40YqwjhBCPloUSuRFCM6aIs2hQKOsmsI40qYv1LeZopxNJ1mTQnu5MnT5LpYcA8KxYvDXOlwXMci2SY7JE9cckRK5JyUSYVw8kieySt5s56sF+vd+hhFM9Z4Zov8gfX9A3GtoeA=</latexit>

What is the optimal policy?

• π?(s) = a0, ∀s
• V ?(s0) = γ

1−γ ,

V ?(s1) = 1
1−γ , V

?(s2) = γ
1−γ

What is V π for π(s) = a1, ∀s?
• V π(s) = 0, ∀s
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Example

Consider a deterministic MDP with 3 states & 2 actions

s0
<latexit sha1_base64="NzsJMfQPgkuAXXh2InM+moP0ugQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ/cQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlYabx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/5jjYw=</latexit>

s1<latexit sha1_base64="x/EGmTX61a71hHtDl4EGC8Jkm1U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ+8QbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlYabx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH//njY0=</latexit>

s2<latexit sha1_base64="nwa/wN0p7UXR5bkQWlnOlbulK5k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XKw03j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwF6jY4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

Reward: r(s1, a0) = 1, 0 else where
<latexit sha1_base64="3gX+31b1q0nAsQpt9JW14jhgxaE=">AAACIHicbVDLSgNBEJyN7/ha9ehlMAgRJOxGQRGEgBePUYwGkrDMTjpmyOyDmV41LMmfePFXvHhQRG/6NU4eB00sGCiqqunp8mMpNDrOl5WZmZ2bX1hcyi6vrK6t2xub1zpKFIcKj2Skqj7TIEUIFRQooRorYIEv4cbvnA38mztQWkThFXZjaATsNhQtwRkaybOP6ggPmF7CPVPNE9rrq7z23H3KPGePnlJ3v9+nDu2PUiA10Ps2KOh5ds4pOEPQaeKOSY6MUfbsz3oz4kkAIXLJtK65ToyNlCkUXEIvW080xIx32C3UDA1ZALqRDg/s0V2jNGkrUuaFSIfq74mUBVp3A98kA4ZtPekNxP+8WoKt40YqwjhBCPloUSuRFCM6aIs2hQKOsmsI40qYv1LeZopxNJ1mTQnu5MnT5LpYcA8KxYvDXOlwXMci2SY7JE9cckRK5JyUSYVw8kieySt5s56sF+vd+hhFM9Z4Zov8gfX9A3GtoeA=</latexit>

What is the optimal policy?

• π?(s) = a0, ∀s
• V ?(s0) = γ

1−γ ,

V ?(s1) = 1
1−γ , V

?(s2) = γ
1−γ

What is V π for π(s) = a1, ∀s?

• V π(s) = 0, ∀s
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Example

Consider a deterministic MDP with 3 states & 2 actions

s0
<latexit sha1_base64="NzsJMfQPgkuAXXh2InM+moP0ugQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ/cQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlYabx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH/5jjYw=</latexit>

s1<latexit sha1_base64="x/EGmTX61a71hHtDl4EGC8Jkm1U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ+8QbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlYabx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH//njY0=</latexit>

s2<latexit sha1_base64="nwa/wN0p7UXR5bkQWlnOlbulK5k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ9qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XKw03j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwF6jY4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a0
<latexit sha1_base64="B92gF+4eEy6QsyahYeeGdEX2oFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+QrjX4=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

a1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

Reward: r(s1, a0) = 1, 0 else where
<latexit sha1_base64="3gX+31b1q0nAsQpt9JW14jhgxaE=">AAACIHicbVDLSgNBEJyN7/ha9ehlMAgRJOxGQRGEgBePUYwGkrDMTjpmyOyDmV41LMmfePFXvHhQRG/6NU4eB00sGCiqqunp8mMpNDrOl5WZmZ2bX1hcyi6vrK6t2xub1zpKFIcKj2Skqj7TIEUIFRQooRorYIEv4cbvnA38mztQWkThFXZjaATsNhQtwRkaybOP6ggPmF7CPVPNE9rrq7z23H3KPGePnlJ3v9+nDu2PUiA10Ps2KOh5ds4pOEPQaeKOSY6MUfbsz3oz4kkAIXLJtK65ToyNlCkUXEIvW080xIx32C3UDA1ZALqRDg/s0V2jNGkrUuaFSIfq74mUBVp3A98kA4ZtPekNxP+8WoKt40YqwjhBCPloUSuRFCM6aIs2hQKOsmsI40qYv1LeZopxNJ1mTQnu5MnT5LpYcA8KxYvDXOlwXMci2SY7JE9cckRK5JyUSYVw8kieySt5s56sF+vd+hhFM9Z4Zov8gfX9A3GtoeA=</latexit>

What is the optimal policy?

• π?(s) = a0, ∀s
• V ?(s0) = γ

1−γ ,

V ?(s1) = 1
1−γ , V

?(s2) = γ
1−γ

What is V π for π(s) = a1, ∀s?
• V π(s) = 0, ∀s
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Background: Basic dynamic programming algorithms
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When the model is known . . .

Planning: computing the optimal policy π? given the MDP
specification
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Policy evaluation: Given MDP M = (S,A, r, P, γ) and policy
π : S 7→ A, how good is π? (i.e., how to compute V π, ∀s?)

Possible scheme:
• exact policy evaluation for each π
• find the optimal one



Policy evaluation: Given MDP M = (S,A, r, P, γ) and policy
π : S 7→ A, how good is π? (i.e., how to compute V π, ∀s?)

Possible scheme:
• exact policy evaluation for each π
• find the optimal one



Policy evaluation: Bellman’s consistency equation

• V π /Qπ: value / action-value function under policy π

Bellman’s consistency equation

V π(s) = Ea∼π(·|s)
[
Qπ(s, a)

]

Qπ(s, a) = r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
V π(s′)︸ ︷︷ ︸

next state’s value

]

• one-step look-ahead
• let P π be the state-action transition matrix

induced by π:

Qπ = r+ γP πQπ =⇒ Qπ = (I − γP π)−1r

Richard Bellman
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Bellman’s optimality principle

Bellman operator

T (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
a′∈A

Q(s′, a′)
︸ ︷︷ ︸
next state’s value

]

• one-step look-ahead

Bellman equation: Q? is unique solution to

T (Q?) = Q?

γ-contraction of Bellman operator:

‖T (Q1)− T (Q2)‖∞ ≤ γ‖Q1 −Q2‖∞ Richard Bellman
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Value iteration (VI)

Value iteration (VI)
Initialize at Q = 0. For t = 0, 1, . . .,

Q(t+1) = T (Q(t))
<latexit sha1_base64="rT7iLQvfD9IOq2lJQ2RoDn9TtCo=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJliEuimJiLosunHZgn1AG8tkOmmHTiZhZiKUIeCvuHGhiFu/w51/4zTtQlsPXDicc+/cuSdIGJXKdb+twsrq2vpGcbO0tb2zu2fvH7RknApMmjhmsegESBJGOWkqqhjpJIKgKGCkHYxvp377kQhJY36vJgnxIzTkNKQYKSP17SPdyx/RAUtJ1njQFXWWZX277FbdHM4y8eakDHPU+/ZXbxDjNCJcYYak7HpuonyNhKKYkazUSyVJEB6jIekaylFEpK/zzZlzapSBE8bCFFdOrv6e0CiSchIFpjNCaiQXvan4n9dNVXjta8qTVBGOZ4vClDkqdqZZOAMqCFZsYgjCgpq/OniEBMLKJFYyIXiLJy+T1nnVu6y6jYty7WYeRxGO4QQq4MEV1OAO6tAEDBqe4RXerCfrxXq3PmatBWs+cwh/YH3+AMaHlgE=</latexit>

Q(t)
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Iterative algorithm for fix-point solution:
Initialize at 0, repeat xt+1 = f(xt). If f is a contraction mapping,
then xt → x?.
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Policy iteration (PI)

Policy iteration (PI)
Initialize at Q = 0. For t = 0, 1, . . .,

policy evaluation: Q(t) = Qπ
(t)

policy improvement: π(t+1)(s) = argmax
a∈A

Q(t)(s, a)

evaluate

evaluate

gree
dy

gre
edy

⇡(0)

⇡(1)

⇡(2)
...

Q⇡(0)

Q⇡(1)

Q?

⇡?

Monotonic improvement:

Qπ
t+1(s, a) ≥ Qπt(s, a) ∀(s, a) ∈ S ×A
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Iteration complexity

Theorem 1 (Linear convergence of policy/value iteration)

‖Q(t) −Q?‖∞ ≤ γt‖Q(0) −Q?‖∞

Implications: to achieve ‖Q(t) −Q?‖∞ ≤ ε, it takes no more than

1
1− γ log

(
‖Q(0) −Q?‖∞

ε

)
iterations

Linear convergence at a dimension-free rate!
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When the model is unknown . . .

Need to learn optimal policy from samples w/o model specification
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Two approaches

Model-based approach (“plug-in”)
1. build an empirical estimate P̂ for P
2. planning based on the empirical P̂

Model-free approach (e.g. Q-learning; part iii)
— learning w/o estimating the model explicitly
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Model-based RL (a “plug-in” approach)

1. Sampling from a generative model (simulator)
2. Offline RL / batch RL



A generative model / simulator

— Kearns, Singh ’99

• sampling: for each (s, a), collect N samples {(s, a, s′(i))}1≤i≤N

• construct π̂ based on samples (in total |S||A| ×N)
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`∞-sample complexity: how many samples are required to
learn an ε-optimal policy︸ ︷︷ ︸

∀s: V π̂(s)≥V ?(s)−ε

?



An incomplete list of works
• Kearns & Singh ’99
• Kakade ’03
• Kearns, Mansour & Ng ’02
• Azar, Munos & Kappen ’12
• Azar, Munos, Ghavamzadeh & Kappen ’13
• Sidford, Wang, Wu, Yang & Ye ’18
• Sidford, Wang, Wu & Ye ’18
• Wang ’17
• Agarwal, Kakade & Yang ’19
• Wainwright ’19a
• Wainwright ’19b
• Pananjady & Wainwright ’20
• Yang & Wang ’19
• Khamaru, Pananjady, Ruan, Wainwright & Jordan ’20
• Mou, Li, Wainwright, Bartlett & Jordan ’20
• Li, Wei, Chi, Gu, Chen ’20
• Cui, Yang ’21
• . . .
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Model-based approach (“plug-in”)

1. build an empirical estimate P̂ for P
2. planning based on empirical P̂

32/ 52



Model estimation

Sampling: for each (s, a),
collect N ind. samples
{(s, a, s′(i))}1≤i≤N

Empirical estimates:

P̂ (s′|s, a) = 1
N

N∑

i=1
1{s′(i) = s′}

︸ ︷︷ ︸
empirical frequency
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Empirical MDP + planning

— Azar et al. ’13, Agarwal et al. ’19

Find policy︸ ︷︷ ︸
using, e.g., policy iteration

based on the empirical MDP︸ ︷︷ ︸
(P̂ , r)

(empirical maximizer)
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Challenges in the sample-starved regime

truth:
P ∈ R|S||A|×|S|

empirical estimate:
P̂

• Can’t recover P faithfully if sample size � |S|2|A|!

• Can we trust our policy estimate when reliable model estimation
is infeasible?
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`∞-based sample complexity

Theorem 2 (Agarwal, Kakade, Yang ’19)
For any 0 < ε ≤ 1√

1−γ , the optimal policy π̂? of empirical MDP
achieves

‖V π̂? − V ?‖∞ ≤ ε

with high prob., with sample complexity at most

Õ

( |S||A|
(1− γ)3ε2

)

• matches minimax lower bound: Ω̃( |S||A|
(1−γ)3ε2 ) when ε ≤ 1√

1−γ
(equivalently, when sample size exceeds |S||A|

(1−γ)2 ) (Azar et al. ’13)

• established upon leave-one-out analysis framework
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Agarwal et al. ’19 still requires a burn-in sample size & |S||A|
(1−γ)2

Question: is it possible to break this sample size barrier?
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Perturbed model-based approach (Li et al. ’20)

— Li, Wei, Chi, Gu, Chen ’20

Find policy based on the empirical MDP with slightly perturbed
rewards
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Optimal `∞-based sample complexity

Theorem 3 (Li, Wei, Chi, Gu, Chen ’20)
For any 0 < ε ≤ 1

1−γ , the optimal policy π̂?p of perturbed empirical
MDP achieves

‖V π̂?p − V ?‖∞ ≤ ε

with high prob., with sample complexity at most

Õ

( |S||A|
(1− γ)3ε2

)

• matches minimax lower bound: Ω̃( |S||A|
(1−γ)3ε2 ) (Azar et al. ’13)

• full ε-range: ε ∈ (0, 1
1−γ ] −→ no burn-in cost

• established upon more refined leave-one-analysis analysis and a
perturbation argument

39/ 52



Optimal `∞-based sample complexity

Theorem 3 (Li, Wei, Chi, Gu, Chen ’20)
For any 0 < ε ≤ 1

1−γ , the optimal policy π̂?p of perturbed empirical
MDP achieves

‖V π̂?p − V ?‖∞ ≤ ε

with high prob., with sample complexity at most

Õ

( |S||A|
(1− γ)3ε2

)

• matches minimax lower bound: Ω̃( |S||A|
(1−γ)3ε2 ) (Azar et al. ’13)

• full ε-range: ε ∈ (0, 1
1−γ ] −→ no burn-in cost

• established upon more refined leave-one-analysis analysis and a
perturbation argument

39/ 52



1

"2

1

1

"2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

1

1

"2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

1

1

"2

|S||A|
1 � �

|S||A|
(1 � �)2

|S||A|
(1 � �)3

1

1
" 2 |S||A|1�

� |S||A|
(1�

�) 2 |S||A|
(1�

�) 3
" =

1p
1�

�
" =

11�
�

" =
1

1

1
" 2 |S||A|1�

� |S||A|
(1�

�) 2 |S||A|
(1�

�) 3
" =

1p
1�

�
" =

11�
�

" =
1

1

1
" 2 |S||A|1�

� |S||A|(1�
�) 2 |S||A|(1�

�) 3
" =

1p
1�

� " =
1

1�
� " =

1

1

Prior art

• [Kearns and Singh, 1999]

• [Azar et al., 2013]

• [Sidford et al., 2018a]

• [Sidford et al., 2018b]

• [Wang, 2019]

• [Agarwal et al., 2019]

• [Wainwright, 2019a]

• [Wainwright, 2019b]

• [Pananjady and Wainwright, 2019]

• [Yang and Wang, 2019]

• [Khamaru et al., 2020]

• [Mou et al., 2020]

Agarwal et al. ’19

15 / 34

Prior art

• [Kearns and Singh, 1999]

• [Azar et al., 2013]

• [Sidford et al., 2018a]

• [Sidford et al., 2018b]

• [Wang, 2019]

• [Agarwal et al., 2019]

• [Wainwright, 2019a]

• [Wainwright, 2019b]

• [Pananjady and Wainwright, 2019]

• [Yang and Wang, 2019]

• [Khamaru et al., 2020]

• [Mou et al., 2020]

Agarwal et al. ’19 Sidford et al. ’18a Sidford et al. ’18b

15 / 34

P
rio

r
ar
t

•
[K

ea
rn
s
an

d
Si
ng

h,
19

99
]

•
[A

za
r
et

al
.,

20
13

]

•
[S
id
fo
rd

et
al
.,

20
18

a]

•
[S
id
fo
rd

et
al
.,

20
18

b]

•
[W

an
g,

20
19

]

•
[A

ga
rw

al
et

al
.,

20
19

]

•
[W

ai
nw

rig
ht

,
20

19
a]

•
[W

ai
nw

rig
ht

,
20

19
b]

•
[P

an
an

ja
dy

an
d
W

ai
nw

rig
ht

,
20

19
]

•
[Y

an
g
an

d
W

an
g,

20
19

]

•
[K

ha
m
ar
u
et

al
.,

20
20

]

•
[M

ou
et

al
.,

20
20

]

A
ga

rw
al

et
al
. ’
19

Si
df
or
d
et

al
. ’
18

a
Si
df
or
d
et

al
. ’
18

b

15
/
34

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Model-based RL (a “plug-in” approach)

1. Sampling from a generative model (simulator)
2. Offline RL / batch RL



Offline RL / Batch RL

• Collecting new data might be expensive or time-consuming
• But we have already stored tons of historical data

medical records data of self-driving clicking times of ads

Can we design algorithms based solely on historical data?
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Offline RL / Batch RL

Historical dataset D =
{
(s(i), a(i), s′(i))

}
: N independent copies of

s ∼ ρb, a ∼ πb(· | s), s′ ∼ P (· | s, a)

for some state distribution ρb and behavior policy πb

Goal: given some test distribution ρ and accuracy level ε, find an
ε-optimal policy π̂ based on D obeying

V ?(ρ)− V π̂(ρ) = E
s∼ρ

[
V ?(s)

]− E
s∼ρ

[
V π̂(s)

] ≤ ε

— in a sample-efficient manner
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Challenges of offline RL

• Distribution shift:

distribution(D) 6= target distribution under π?

• Partial coverage of state-action space:

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies

1
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How to quantify quality of historical dataset D (induced by πb)?

Single-policy concentrability coefficient (Rashidinejad et al. ’21)

C? := max
s,a

dπ
?(s, a)

dπb(s, a)
where dπ(s, a) = (1− γ)

∑∞
t=0 γ

tP
(
(st, at) = (s, a) |π

)

• captures distributional shift
• allows for partial coverage ⇡1

<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>
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C? < 1
<latexit sha1_base64="OkNkM06J2op6/zU9FLP9Q6tlTww=">AAAB+HicdVBdSwJBFJ21L7MPrR57GZKgJ9ldRQ16kHzp0SA/QE1mx1kdnJ1dZu4GJv6SXnoootd+Sm/9m2bVoKIOXDiccy/33uNFgmuw7Q8rtba+sbmV3s7s7O7tZ3MHhy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3qSe+O07pjQP5Q1MI9YPyEhyn1MCRhrksvXbngai8EWPSx+mg1zeLpxXy26pjO2CbVcc10mIWykVS9gxSoI8WqExyL33hiGNAyaBCqJ117Ej6M+IAk4Fm2d6sWYRoRMyYl1DJQmY7s8Wh8/xqVGG2A+VKQl4oX6fmJFA62ngmc6AwFj/9hLxL68bg1/tz7iMYmCSLhf5scAQ4iQFPOSKURBTQwhV3NyK6ZgoQsFklTEhfH2K/yctt+AUC+51KV+7XMWRRsfoBJ0hB1VQDV2hBmoiimL0gJ7Qs3VvPVov1uuyNWWtZo7QD1hvn7CWkyA=</latexit>
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How to quantify quality of historical dataset D (induced by πb)?

Single-policy concentrability coefficient (Rashidinejad et al. ’21)

C? := max
s,a

dπ
?(s, a)

dπb(s, a)
=
∥∥∥∥

occupancy density of π?
occupancy density of πb

∥∥∥∥
∞
≥ 1

where dπ(s, a) = (1− γ)
∑∞

t=0 γ
tP
(
(st, at) = (s, a) |π

)

• captures distributional shift
• allows for partial coverage ⇡1
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A model-based offline algorithm: VI-LCB

Pessimism in the face of uncertainty: penalize value estimate of
those (s, a) pairs that were poorly visited

Algorithm: value iteration w/ lower confidence bounds

• compute empirical estimate P̂ of P
• initialize Q̂ = 0, and repeat

Q̂(s, a) ← max
{
r(s, a) + γ

〈
P̂ (· | s, a), V̂

〉− b(s, a; V̂ )︸ ︷︷ ︸
Bernstein-style confidence bound

, 0
}

for all (s, a), where V̂ (s) = maxa Q̂(s, a)
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Minimax optimality of model-based offline RL

Theorem 4 (Li, Shi, Chen, Chi, Wei ’22)
For any 0 < ε ≤ 1

1−γ , the policy π̂ returned by VI-LCB achieves

V ?(ρ)− V π̂(ρ) ≤ ε

with high prob., with sample complexity at most

Õ

(
SC?

(1− γ)3ε2

)

• matches minimax lower bound: Ω̃( SC?

(1−γ)3ε2 ) (Rashidinejad et
al. ’21)

• depends on distribution shift (as reflected by C?)

• full ε-range (no burn-in cost)
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Xie et al. Shi et al.

Rashidinejad et al. Yan et al.

standard form problem (not necessarily convex)

minimize f0(x)
subject to fi(x) Æ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

variable x œ Rn, domain D, optimal value pı

Lagrangian: L : Rn ◊ Rm ◊ Rp æ R, with dom(L) = D ◊ Rm ◊ Rp,

L(x, ⁄, ‹) = f0(x) +
mÿ

i=1
⁄ifi(x) +

pÿ

i=1
‹ihi(x)
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Summary of this part
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Prior art

• [Kearns and Singh, 1999]

• [Azar et al., 2013]

• [Sidford et al., 2018a]
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• [Wang, 2019]

• [Agarwal et al., 2019]
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate
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2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate
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(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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offline/batch RL

Model-based RL is minimax optimal with no burn-in cost!

49/ 52



Reference I

• “Reinforcement Learning: An Introduction,” R. Sutton, A. Barto, 2018.
• “Reinforcement Learning: Theory and Algorithms,” A. Agarwal,

N. Jiang, S. Kakade, W. Sun, in preparation.
• “Dynamic programming and optimal control (4th edition),”

D. Bertsekas, 2017.
• “Finite-sample convergence rates for Q-learning and indirect

algorithms,” M. Kearns, S. Singh NeurIPS, 1998.
• “Minimax PAC bounds on the sample complexity of reinforcement

learning with a generative model ,” M. Azar, R. Munos, H. J. Kappen,
Machine Learning , vol. 91, no. 3, 2013.

• “Near-optimal time and sample complexities for solving Markov
decision processes with a generative model ,” A. Sidford, M. Wang,
X. Wu, L. Yang, Y. Ye, NeurIPS, 2018.

50/ 52



Reference II

• “Model-based reinforcement learning with a generative model is
minimax optimal ,” A. Agarwal, S. Kakade, L. F. Yang, COLT , 2020.

• “Breaking the sample size barrier in model-based reinforcement
learning with a generative model ,” G. Li, Y. Wei, Y. Chi, Y. Gu,
Y. Chen, NeurIPS, 2020.

• “Offline reinforcement learning: Tutorial, review, and perspectives on
open problems,” S. Levine, A. Kumar, G. Tucker, J. Fu,
arXiv:2005.01643, 2020.

• “Is pessimism provably efficient for offline RL?” Y. Jin, Z. Yang,
Z. Wang, ICML, 2021

• “Bridging offline reinforcement learning and imitation learning: A tale
of pessimism,” P. Rashidinejad, B. Zhu, C. Ma, J. Jiao, S. Russell,
NeurIPS, 2021.

51/ 52



Reference III

• “Policy finetuning: Bridging sample-efficient offline and online
reinforcement learning ,” T. Xie, N. Jiang, H. Wang, C. Xiong, Y. Bai,
NeurIPS, 2021.

• “Settling the sample complexity of model-based offline reinforcement
learning ,” G. Li, L. Shi, Y. Chen, Y. Chi, Y. Wei, arXiv:2204.05275,
2022.

52/ 52


