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Eigen-analysis in high dimension

M?: low-rank matrix

+

H = [Hij ]1≤i,j≤n: independent noise

• Rank-r matrix: M? = ∑r
l=1 λ

?
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?
lu

?>
l ∈ Rn×n

• Observed noisy data: M = M? + H

• Goal: estimate / infer unknown eigenvector u?l (1 ≤ l ≤ r)
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A small sample of prior work
• Davis, Kahan ’70
• Wedin ’72
• Péché ’06
• Vu ’11
• Yu, Wang, Samworth ’14
• Chen, Wainwright ’15
• Wang ’15
• Cai, Zhang ’18
• Zhong ’17
• Keshavan, Montanari, Oh ’09
• O’Rourke, Vu, Wang ’18
• Bryc, Silverstein ’18
• Zhang, Cai, Wu ’18
• Cai, Li, Chi, Poor, Chen ’19
• · · ·

A large body of prior work focused on `2 analysis (e.g. ‖ul − u?l ‖2)
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Beyond `2 analysis: “fine-grained” statistical analysis

Entrywise eigenvector analysis:
— estimation and inference for each entry of u?l

graph clustering (stochastic block model)
— Abbe, Fan, Wang, Zhong ’17

ranking from pairwise comparisons
— Chen, Fan, Ma, Wang ’17
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Beyond `2 analysis: “fine-grained” statistical analysis

More generally, estimate & infer linear functions of eigenvectors︸ ︷︷ ︸
a>u?

l
, with a a fixed vector

• e.g. entrywise analysis: a = ei (i.e. a>u?l = u?l,i)

• e.g. Fourier coefficients of eigenvectors: a = fi (Fourier basis)
Beyond ¸2 analysis: “fine-grained” inference

More generally, inference for linear functions of eigenvectors
— inference for a€uı

l , with a a fixed vector

low-pass filter super-resolution / harmonic retrieval
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(a) Ground truth (b) Low-resolution observation (c) High-resolution reconstruction

Figure 5: A synthetic super resolution example, where the observation (b) is taken from the low-frequency
components of the ground truth in (a), and the reconstruction (c) is done via inverse Fourier transform of
the extrapolated high-frequency components.

One alternative for large-scale data is the first-order algorithms tailored for matrix completion prob-
lems, e.g. the singular value thresholding (SVT) algorithm [41]. We propose a modified SVT algorithm in
Algorithm 1 to exploit the Hankel structure.

Algorithm 1 Singular Value Thresholding for EMaC.
Input: The observed data matrix Xo on the location set �.
initialize: let Xo

e denote the enhanced form of P� (Xo); set M0 = X0
e and t = 0.

repeat
1) Qt � D�t (M t)
2) M t � HX0 (Qt)
3) t � t + 1

until convergence
output X̂ as the data matrix with enhanced form M t.

In particular, two operators are defined as follows:

• D�t(·) in Algorithm 1 denotes the singular value shrinkage operator. Specifically, if the SVD of X is
given by X = U�V � with � = diag ({�i}), then

D�t (X) := Udiag
��

(�i � �t)+
��

V �,

where �t > 0 is the soft-thresholding level.

• In the K-dimensional frequency model, HXo(Qt) denotes the projection of Qt onto the subspace of
enhanced matrices (i.e. K-fold Hankel matrices) that are consistent with the observed entries.

Consequently, at each iteration, a pair (Qt, M t) is produced by first performing singular value shrinkage
and then projecting the outcome onto the space of K-fold Hankel matrices that are consistent with observed
entries.

Fig. 6 illustrates the performance of Algorithm 1. We generated a true 101�101 data matrix X through a
superposition of 30 random complex sinusoids, and revealed 5.8% of the total entries (i.e. m = 600) uniformly
at random. The noise was i.i.d. Gaussian giving a signal-to-noise amplitude ratio of 10. The reconstructed
vectorized signal is superimposed on the ground truth in Fig. 6. The normalized reconstruction error was���X̂ � X

���
F

/ �X�F = 0.1098, validating the stability of our algorithm in the presence of noise.
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the extrapolated high-frequency components.
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n) times larger than true risk)!

• even when each entry of ûl is nearly unbiased, the plug-in
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Challenge: noise heteroscedasticity




Var(H11) · · · Var(H1n)
...

. . .
...

Var(Hn1) · · · Var(Hnn)




Noise variance might vary across locations, which are a priori unknown

9/ 44
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(& eigenvalues) under independent noise

• effective under minimal eigenvalue separation
• distribution-free
• adaptive to noise heteroscedasticity
• optimal (in some sense)
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Symmetrize or not?

— eigen-sym: eigen-decomposition w/ symmetrization
— eigen-asym: eigen-decomposition w/o symmetrization

• Numerical stability

eigen-sym > eigen-asym

• (Folklore?) Statistical accuracy

eigen-sym ® eigen-asym

Shall we always symmetrize data before eigen-decomposition?

15/ 28

• Estimation (eigen-decomposition w/o symmetrization)
• Inference (de-biasing and confidence intervals)
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Model: independent noise

M =

M? =
r∑

l=1
λ?lu

?
lu

?>
l

︸ ︷︷ ︸
symmetric low-rank

∈ Rn×n

+

H: noise matrix

◦ independent entries: {Hi,j} are independent
◦ zero mean: E[Hi,j ] = 0
◦ variance: σ2

min ≤ Var(Hi,j) ≤ σ2
max

This may arise when, e.g., we have 2 samples for each entry of M?

and arrange them asymmetrically
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A natural strategy: symmetrization +
eigen-decomposition

M =

M? =
r∑

l=1
λ?lu

?
lu

?>
l

︸ ︷︷ ︸
symmetric

∈ Rn×n

+

H: asymmetric matrix

• Use lth eigenvector of 1
2(M + M>) to estimate u?l

• Use lth eigenvalue of 1
2(M + M>) to estimate λ?l
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A less popular strategy: eigen-decomposition w/o
symmetrization

M =

M? =
r∑

l=1
λ?lu

?
lu

?>
l

︸ ︷︷ ︸
symmetric

∈ Rn×n

+

H: asymmetric matrix

• Use lth eigenvector of 1
2(M + M>) M to estimate u?l

• Use lth eigenvalue of 1
2(M + M>) M to estimate λ?l
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Numerical experiments: heteroscadestic Gaussian noise

• M = u?1u
?>
1 + 0.95u?2u?>2 + H

• u?1 = 1√
n

[
1n/2
1n/2

]
; u?2 = 1√

n

[
1n/2
−1n/2

]

• [Var(Hij)]i,j ≈ 1
2n logn

([
11> 0
0 0

]
+ 1

10011
>
)
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Numerical experiments: matrix completion

M? = u?u?>; Mi,j =
{1
pM

?
i,j with prob. p,

0, else,
p = 3 logn

n




X ? ? ? X ?
? ? X X ? ?
X ? ? X ? ?
? ? X ? ? X
X ? ? ? ? ?
? X ? ? X ?




Numerical experiments: matrix completion
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Symmetrize or not?

— eigen-sym: eigen-decomposition w/ symmetrization
— eigen-asym: eigen-decomposition w/o symmetrization

• Numerical stability

eigen-sym > eigen-asym

• (Folklore?) Statistical accuracy

eigen-sym ® eigen-asym

Shall we always symmetrize data before eigen-decomposition?
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Why does eigen-decomposition w/o symmetrization work better?



Problem setup

observed: M =
r∑

l=1
λ?lu

?
lu

?>
l

︸ ︷︷ ︸
M?

+ H ∈ Rn×n

• λ?1 ≥ λ?2 ≥ · · · ≥ λ?r and |λ?i | ≥ λ?min

• H: noise matrix
◦ independent entries: {Hi,j} are independent
◦ zero mean: E[Hi,j ] = 0
◦ variance: Var(Hi,j) ≤ σ2

max � (λ?min)2

n logn (s.t. ‖H‖ � λ?min)
◦ magnitudes: |Hi,j | ≤ σmax

√
n/ logn with high prob.

• M? obeys incoherence condition

max
1≤l≤r

∥∥u?l
∥∥
∞ ≤

√
µ/n
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Review: classical eigenvalue perturbation results

∣∣λsym
l − λ?l

∣∣ ≤ ‖1
2(H + H>)‖ (Weyl)

∣∣λasym
l − λ?l

∣∣ ≤ ‖H‖ (Bauer-Fike)

⇓ matrix concentration inequality

∣∣λsym
l − λ?l

∣∣ . σmax
√
n

(reasonably tight if ‖H‖ is large)

∣∣λasym
l − λ?l

∣∣ . σmax
√
n

(can be significantly improved)

20/ 44



Review: classical eigenvalue perturbation results

∣∣λsym
l − λ?l

∣∣ ≤ ‖1
2(H + H>)‖ (Weyl)

∣∣λasym
l − λ?l

∣∣ ≤ ‖H‖ (Bauer-Fike)

⇓ matrix concentration inequality

∣∣λsym
l − λ?l

∣∣ . σmax
√
n

(reasonably tight if ‖H‖ is large)

∣∣λasym
l − λ?l

∣∣ . σmax
√
n

(can be significantly improved)

20/ 44



Review: classical eigenvalue perturbation results

∣∣λsym
l − λ?l

∣∣ ≤ ‖1
2(H + H>)‖ (Weyl)

∣∣λasym
l − λ?l

∣∣ ≤ ‖H‖ (Bauer-Fike)

⇓ matrix concentration inequality

∣∣λsym
l − λ?l

∣∣ . σmax
√
n (reasonably tight if ‖H‖ is large)

∣∣λasym
l − λ?l

∣∣ . σmax
√
n

(can be significantly improved)

20/ 44



Review: classical eigenvalue perturbation results

∣∣λsym
l − λ?l

∣∣ ≤ ‖1
2(H + H>)‖ (Weyl)

∣∣λasym
l − λ?l

∣∣ ≤ ‖H‖ (Bauer-Fike)

⇓ matrix concentration inequality

∣∣λsym
l − λ?l

∣∣ . σmax
√
n (reasonably tight if ‖H‖ is large)

∣∣λasym
l − λ?l

∣∣ . σmax
√
n (can be significantly improved)

20/ 44



Review: classical eigenvector perturbation results

(eigenvalue separation) ∆l := min
k:k 6=l

|λ?l − λ?k|

Challenge: plug-in estimator?

�2 & ÎHÎ �2 π ÎHÎ — goal: estimate a€uı
l

Plug-in estimators?

compute an estimator ‚ul for uı
l

return a€ ‚ul

7/ 28
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return a€ ‚ul
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Issue: non-negligible bias

|a€ ‚ul ≠ a€uı
l |¸ ˚˙ ˝

target estimation risk

Æ ÎaÎ2 · Î‚ul ≠ uı
l Î2¸ ˚˙ ˝

invoke prior ¸2 bounds

• highly suboptimal (could be Ô
n times larger than true risk)!

• even when each entry of ‚ul is nearly unbiased, the plug-in
estimator might su�er from systematic bias

7/ 27

Challenges: stringent eigenvalue separation
requirement

To enable faithful estimation of uı
l , generic linear algebra (e.g.

Davis-Kahan sin⇥ theorem) typically requires

�l := min
k:k ”=l

|⁄ı
l ≠ ⁄ı

k|
¸ ˚˙ ˝

eigenvalue separation

& ÎHÎ

What if �l is far smaller than ÎHÎ?

⁄ı
1 ⁄ı

2 ⁄ı
3
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min
∥∥usym

l ± u?l
∥∥

2 . ‖H + H>‖
∆l

(Davis-Kahan)

min
∥∥uasym

l ± u?l
∥∥

2 . ??

⇓ matrix concentration inequality

min
∥∥usym

l ± u?l
∥∥

2 . σmax
√
n

∆l

(requires ∆l & ‖H + H>‖)

min
∥∥uasym

l ± u?l
∥∥

2 . ??
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Main results: eigenvalue / eigenvector perturbation
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Theorem 1 (Cheng, Wei, Chen ’20)

Suppose M? is well-conditioned, incoherent, and r = O(1). Assume

∆l > 2c0σmax
√

logn for some const c0 > 0 (1)

With high prob., lth largest e-value λasym
l & e-vector uasym

l of M obey
∣∣λasym
l − λ?l

∣∣ ≤ c0σmax
√

logn

min ‖uasym
l ± u?l ‖2 . σmax

√
logn

∆?
l

+ σmax
√
n logn

‖M?‖

22/ 44
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Eigen-sym vs. eigen-asym

1. eigenvalue estimation: eigen-asym is Õ(
√
n) times more

accurate
∣∣λsym
l − λ?l

∣∣ . σmax
√
n (Weyl)

∣∣λasym
l − λ?l

∣∣ . σmax
√

logn (ours)

2. eigenvector estimation: eigen-asym works under Õ(
√
n) times

smaller eigenvalue separation

min
∥∥usym

l ± u?l
∥∥ = o(1) if ∆l & σmax

√
n (Davis-Kahan)

min
∥∥uasym

l ± u?l
∥∥ = o(1) if ∆l & σmax

√
logn (ours)
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Main results: entrywise eigenvector perturbation

Theorem 2 (Cheng, Wei, Chen ’20)

Under same assumptions as in Theorem 1, with high prob. one has

min
∥∥uasym

l ± u?l
∥∥
∞ . σmax

√
logn

‖M?‖ + σmax
∆l

√
logn
n

• `∞ perturbation is well-controlled (i.e. min ‖uasym
l
±u?l ‖∞

‖u?
l
‖∞ � 1) even

under very small eigenvalue separation (i.e. ∆l � σmax
√

logn)

• no available `∞ guarantees for usym
l if ∆l � σmax

√
n
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• no available `∞ guarantees for usym
l if ∆l � σmax

√
n
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Intuition: asymmetry reduces bias
(rank-1, i.i.d. noise)

From Neumann series︸ ︷︷ ︸
some sort of Taylor expansion

one can verify

|λ1 − λ?1| �
∣∣∣∣∣
u?>1 Hu?1

λ
+ u?>1 H2u?1

λ2 + u?>1 H3u?1
λ3 + · · ·

∣∣∣∣∣

To develop some intuition, let’s look at 2nd order term

• if H is symmetric,
E
[
u?>1 H2u?1

]
= E

[‖Hu?1‖22
]

= nσ2

• if H is asymmetric,
E
[
u?>1 H2u?1

]
= E

[〈H>u?1,Hu?1〉
]

= σ2
︸ ︷︷ ︸

significantly smaller bias than symmetric case
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Summary of main features of eigen-asym

• much higher e-value estimation accuracy
• faithful e-vector estimation under much smaller e-value

separation
• distribution-free
• adaptive to heteroscedastic noise

Statistical asymmetry implicitly suppresses estimation bias,
which empowers eigen-decomposition!
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nonconvex estimate (Xncvx, Y ncvx)

biased + intractable distribution

1

original estimate

1

Symmetrize or not?

— eigen-sym: eigen-decomposition w/ symmetrization
— eigen-asym: eigen-decomposition w/o symmetrization

• Numerical stability

eigen-sym > eigen-asym

• (Folklore?) Statistical accuracy

eigen-sym ® eigen-asym

Shall we always symmetrize data before eigen-decomposition?

15/ 28

• Estimation (eigen-decomposition w/o symmetrization)
• Inference (de-biasing and confidence intervals)

27/ 44



Notation

— let’s drop superscript “asym” to simplify notation

• λl: lth eigenvalue of M
• ul: lth right eigenvector of M obeying u>l u

?
l ≥ 0

• wl: lth left eigenvector of M obeying w>l u
?
l ≥ 0

As we shall see, it’s crucial to employ ul and wl simultaneously

28/ 44



Which estimator shall we use?

A natural start point: a>ul (or a>wl)

Issues:

• bias aggregation: even though ul is nearly unbiased estimate of
u?l in every entry, it does NOT mean a>ul is nearly unbiased

• optimality? it is unclear whether a>ul incurrs minimal
uncertainty

29/ 44



Which estimator shall we use?

A natural start point: a>ul (or a>wl)

Issues:

• bias aggregation: even though ul is nearly unbiased estimate of
u?l in every entry, it does NOT mean a>ul is nearly unbiased

• optimality? it is unclear whether a>ul incurrs minimal
uncertainty

29/ 44



Which estimator shall we use?

A natural start point: a>ul (or a>wl)

Issues:

• bias aggregation: even though ul is nearly unbiased estimate of
u?l in every entry, it does NOT mean a>ul is nearly unbiased

• optimality? it is unclear whether a>ul incurrs minimal
uncertainty

29/ 44



Key observations (rank-1 case)

From Neumann’s series:

a>u1 ≈ (u?>1 u1)
{
a>u?1 + 1

λ?1
a>Hu?1 + 1

λ?21
a>H2u?1 + · · ·

}

⇓ (u?>1 u1 ≈ 1)

• If a>u?1 is small, then

a>u1 ≈ a>u?1 + a>Hu?1
λ?1

+

=⇒ a>u1 is nearly unbiased estimate of a>u?1

• If a>u?1 is large, then we can’t simply replace u?>1 u1 by 1

1
u?>1 u1

a>u1 − a>u?1 ≈
a>Hu?1
λ?1

◦ problem: a>u1 significantly under-estimates a>u?1;
◦ bias correction: estimate u?>

1 u1 and use it to adjust a>u1
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Our estimator for a>u?l




a>ul ≈ a>u?l + a>Hu?

l
λ?
l

a>wl ≈ a>u?l + a>H>u?
l

λ?
l

When a>u?l is small:

ûa,l = a>ul

1
2
(
a>ul + a>wl

)
︸ ︷︷ ︸

average them to reduce uncertainty
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Our estimator for a>u?l





1
u?>
l

ul
a>ul ≈ a>u?l + a>Hu?

l
λ?1

1
u?>
l

wl
a>wl ≈ a>u?l + a>H>u?

l
λ?1

When a>u?l is large, our estimator is

ûa,l = 1
u?>
l

ul
a>ul or 1

u?>
l

wl
a>wl

(un-implementable)

(un-implementable)

ûa,l =
√

1
u>
l
wl

(
a>ul

)(
a>wl

)

(use u>l wl to estimate (u?lu>l )(u?>l wl))
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Problem setup

observed: M =
r∑

l=1
λ?lu

?
lu

?>
l

︸ ︷︷ ︸
M?

+ H ∈ Rn×n

• λ?1 ≥ λ?2 ≥ · · · ≥ λ?r and |λ?i | ≥ λ?min

• H: noise matrix
◦ independent entries: {Hi,j} are independent
◦ zero mean: E[Hi,j ] = 0
◦ variance: σ2

min ≤ Var(Hi,j) ≤ σ2
max � (λ?min)2

n logn with σmax
σmin

= O(1)
◦ magnitudes: |Hi,j | ≤ σmax

√
n/ logn with high prob.

• M? obeys incoherence condition

max
1≤l≤r

∥∥u?l
∥∥
∞ ≤

√
µ/n
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Main results: distributional theory

• M? is well-conditioned, incoherent, and r = O(1)

•





1
‖a‖2

∣∣a>u?l
∣∣ = o

(
1√
logn

min
{

∆?
l

|λ?
l
| , 1
})

(size of target quantity)
1
‖a‖2

∣∣a>u?k
∣∣ = o

(
1√
logn

|λ?
l
−λ?

k
|

|λ?
l
|

)
, ∀k 6= l (size of “interferers”)

• σmax logn = o(∆?
l ) (minimal e-value separation)

Theorem 3 (Cheng, Wei, Chen ’20)

Under above assumptions, with high prob. one has

ûa,l ≈ a>u?l + 1
2λ?
l
a>(H + H>)u?l
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Distributional theory −→ confidence intervals

ûa,l ≈ a>u?l + 1
2λ?
l
a>(H + H>)u?l

︸ ︷︷ ︸
approximately N (0, v?

a,l
)

• ûa,l: unbiased estimator for a>u?l

• estimation error is approximately Gaussian, whose variance v?a,l
can be faithfully estimated
• yields (1− α)-confidence interval:

[
ûa,l ± Φ−1(1− α/2)

√
v̂a,l

]
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Numerics: estimating a>u?2

• rank-2: λ?1 = 1, λ?2 = 0.95, a>u?1 = 0, a>u?2 = 0.1

• heteroscadestic Gaussian noise;
[
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Numerics: estimating a>u?2

Recall that our theory requires control of the “interferers” {a>u?k}k 6=l

Numerically, it does seem that these “interferers” cannot be too large
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Numerics: estimating a>u?2

• rank-2: λ?1 = 1, λ?2 = 0.95, a>u?1 = 0.2, a>u?2 = 0.1
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Distributional guarantees for eigenvalues

Proposed estimator for λ?l : lth eigenvalue λl of M

• M? is well-conditioned, incoherent, and r = O(1)

• σmax logn = o(∆?
l ) (minimal e-value separation)

Theorem 4 (Cheng, Wei, Chen ’20)
Under above assumptions, with high prob. one has

λl ≈ λ?l + u?>l Hu?l
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Distributional guarantees for eigenvalues

λl ≈ λ?l + u?>l Hu?l︸ ︷︷ ︸
approximately N (0, v?

λ,l
)

• λl is unbiased estimator of λ?l
— no need of bias correction!

• estimation error is approximately Gaussian, whose variance v?λ,l
can be faithfully estimated
• yields (1− α)-confidence interval

[
λl ± Φ−1(1− α/2)

√
v̂λ,l

]

40/ 44



Distributional guarantees for eigenvalues

λl ≈ λ?l + u?>l Hu?l︸ ︷︷ ︸
approximately N (0, v?

λ,l
)

• λl is unbiased estimator of λ?l
— no need of bias correction!

• estimation error is approximately Gaussian, whose variance v?λ,l
can be faithfully estimated

• yields (1− α)-confidence interval
[
λl ± Φ−1(1− α/2)

√
v̂λ,l

]

40/ 44



Distributional guarantees for eigenvalues

λl ≈ λ?l + u?>l Hu?l︸ ︷︷ ︸
approximately N (0, v?

λ,l
)

• λl is unbiased estimator of λ?l
— no need of bias correction!

• estimation error is approximately Gaussian, whose variance v?λ,l
can be faithfully estimated
• yields (1− α)-confidence interval

[
λl ± Φ−1(1− α/2)

√
v̂λ,l

]

40/ 44



Numerics: estimating λ?2

• rank-2: λ?1 = 1, λ?2 = 0.95, a>u?1 = 0, a>u?1 = 0.1

• heteroscadestic Gaussian noise;
[
Var(Hij)

]
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=




σ2
1

(σ1 + δσ)2

...
(σ1 + (n− 1)δσ)2


1>

n

σ1 = 0.1√
n logn

, δσ = 0.4
n
√
n logn

0 200 400 600 800 1000

Number of trials

0.94

0.942

0.944

0.946

0.948

0.95

0.952

0.954

0.956

0.958

C
o
n
-
d
en

ce
in

te
rv

a
ls

numerical coverage

-3 -2 -1 0 1 2 3

Standard normal quantiles

-3

-2

-1

0

1

2

3

E
m

p
ir
ic
al

q
u
a
n
ti
le
s
o
f
6

l
!
6

? l
p v̂ 6

;l

Q-Q (quantile-quantile) plot
41/ 44



Can we further shorten our confidence intervals?



Cramer-Rao lower bound

• Hij
i.i.d.∼ N (0, σ2)

• a>u?l = o(1)

Theorem 5 (Cheng, Wei, Chen ’20)

Any unbiased estimator Ûa of a>u?l obeys

Var[Ûa] ≥ (1− o(1))Var
(

1
2λ?
l
a(H + H>)u?l

)

• in comparison, our estimator obeys

ûa,l ≈ a>u?l + 1
2λ?
l
a(H + H>)u?l −→ optimal!︸ ︷︷ ︸

including pre-constant
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Concluding remarks

Eigen-decomposition (without symmetrization) could be very powerful
when dealing with non-symmetric data matrices

• effective under minimal eigenvalue separation
• distribution-free
• adaptive to heteroscedastic noise
• enables “fine-grained” inference
• statistically optimal

C. Cheng, Y. Wei, Y. Chen, “Inference for linear forms of eigenvectors under minimal
eigenvalue separation: asymmetry and heteroscedasticity”, arXiv:2001.04620, 2020
Y. Chen, C. Cheng, J. Fan, “Asymmetry helps: Eigenvalue and eigenvector analyses of
asymmetrically perturbed low-rank matrices”, arXiv:1811.12804, 2018
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