
Nonconvex Optimization Meets Statistics:
A Few Recent Stories

Yuxin Chen
Electrical Engineering, Princeton University



Cong Ma
Princeton ORFE

Yuling Yan
Princeton ORFE

Yuejie Chi
CMU ECE

Jianqing Fan
Princeton ORFE



Nonconvex problems are everywhere

Empirical risk minimization is usually nonconvex

minimizex f(x; data)

• low-rank matrix completion
• blind deconvolution
• dictionary learning
• mixture models
• deep neural nets
• ...
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Nonconvex optimization may be super scary

There may be bumps everywhere and exponentially many local optima

e.g. 1-layer neural net (Auer, Herbster, Warmuth ’96; Vu ’98)
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Statistical models come to rescue

which is a consensus problem.
ADMM for the original general form is
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They are the same, with x⇤ being recovered from x̃⇤ as the solution to the
optimization problem

minimize f(x)

subject to Ax = x̃⇤

with variable x 2 Rn. A similar expression allows for the recovery of z⇤ from
z̃⇤.
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When data are generated by certain statistical models, problems are
often much nicer than worst-case instances

— Nonconvex Optimization Meets Low-Rank Matrix Factorization: An Overview
Chi, Lu, Chen ’18
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(large-scale) optimization (high-dimensional) statistics

(Non)-

(large-scale) optimization (high-dimensional) statistics(large-scale) optimization (high-dimensional) statistics

nonconvex optimization

1. Random initialization when solving random quadratic systems
— optimal computational efficiency

2. Inference and uncertainty quantification for matrix completion
— a distributional theory

3. Bridging convex & nonconvex optimization in matrix completion
— an implicit gift



Random initialization when
solving random quadratic systems of equations



Solving quadratic systems of equationsA
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Wirtinger flow (Candès, Li, Soltanolkotabi ’14)

Empirical loss minimization

minimizex f(x) = 1
m

mÿ

k=1

Ë!
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k x
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È2

• Initialization by spectral method

• Gradient iterations: for t = 0, 1, . . .

xt+1 = xt ≠ ÷t Òf(xt)
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Estimate x? ∈ Rn from m random quadratic measurements

yk =
(
a>k x

?)2, k = 1, . . . ,m

assume w.l.o.g. ‖x?‖2 = 1
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Motivation: phase retrieval
Detectors record intensities of diffracted rays
• electric field x(t1, t2) −→ Fourier transform x̂(f1, f2)

Fig credit: Stanford SLAC

intensity of electrical field:
∣∣x̂(f1, f2)

∣∣2 =
∣∣∣
∫
x(t1, t2)e−i2π(f1t1+f2t2)dt1dt2

∣∣∣
2

Phase retrieval: recover signal x(t1, t2) from intensity |x̂(f1, f2)
∣∣2
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Motivation: learning neural nets with quadratic
activation

— Soltanolkotabi, Javanmard, Lee ’17, Li, Ma, Zhang ’17
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input features: a; weights: X? = [x?1, · · · ,x?r ]

output: y =
r∑

i=1
σ(a>x?i )

σ(z)=z2
=

r∑

i=1
(a>x?i )2
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Wirtinger flow (Candès, Li, Soltanolkotabi ’14)

minimizex f(x) = 1
4m

m∑

k=1

[(
a>k x

)2 − yk
]2

• spectral initialization: x0 ← leading
eigenvector of certain data matrix

• gradient descent:

xt+1 = xt − ηt∇f(xt), t = 0, 1, · · ·
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Rationale of two-stage approach
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• Find an initial point within a nice local basin surrounding x¯

• Carefully proceed via iterative optimization procedures without
leaving this local basin
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Wirtinger flow (Candès, Li, Soltanolkotabi ’14)
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eigenvector of certain data matrix
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xt+1 = xt ≠ ÷ Òf(xt), t = 0, 1, · · ·
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1. initialize within local basin sufficiently close to x?︸ ︷︷ ︸
(restricted) strongly convex; no saddles / spurious local mins

2. iterative refinement

12/ 57



A highly incomplete list of two-stage methods

phase retrieval:
• Netrapalli, Jain, Sanghavi ’13
• Candès, Li, Soltanolkotabi ’14
• Chen, Candès ’15
• Cai, Li, Ma ’15
• Wang, Giannakis, Eldar ’16
• Zhang, Zhou, Liang, Chi ’16
• Kolte, Ozgur ’16
• Zhang, Chi, Liang ’16
• Soltanolkotabi ’17
• Vaswani, Nayer, Eldar ’16
• Chi, Lu ’16
• Wang, Zhang, Giannakis, Akcakaya, Chen ’16
• Tan, Vershynin ’17
• Ma, Wang, Chi, Chen ’17
• Duchi, Ruan ’17
• Jeong, Gunturk ’17
• Yang, Yang, Fang, Zhao, Wang, Neykov ’17
• Qu, Zhang, Wright ’17
• Goldstein, Studer ’16
• Bahmani, Romberg ’16
• Hand, Voroninski ’16
• Wang, Giannakis, Saad, Chen ’17
• Barmherzig, Sun ’17
• ...

other problems:
• Keshavan, Montanari, Oh ’09
• Sun, Luo ’14
• Chen, Wainwright ’15
• Tu, Boczar, Simchowitz, Soltanolkotabi, Recht ’15
• Zheng, Lafferty ’15
• Balakrishnan, Wainwright, Yu ’14
• Chen, Suh ’15
• Chen, Candès ’16
• Li, Ling, Strohmer, Wei ’16
• Yi, Park, Chen, Caramanis ’16
• Jin, Kakade, Netrapalli ’16
• Huang, Kakade, Kong, Valiant ’16
• Ling, Strohmer ’17
• Aghasi, Ahmed, Hand ’17
• Lee, Tian, Romberg ’17
• Li, Chi, Zhang, Liang ’17
• Cai, Wang, Wei ’17
• Abbe, Bandeira, Hall ’14
• Chen, Kamath, Suh, Tse ’16
• Zhang, Zhou ’17
• Boumal ’16
• Zhong, Boumal ’17
• Li, Ma, Chen, Chi ’18
• Chen, Liu, Li ’19
• Charisopoulos, Davis, Diaz, Drusvyatskiy ’19
• Charisopoulos, Chen, Davis, Diaz, Ding,

Drusvyatskiy ’19
• ...

13/ 57



Is carefully-designed initialization necessary
for fast convergence?

Can we initialize GD randomly, which is simpler and
model-agnostic?
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What does prior theory say?
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0.65
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0.10.6

0.675

0.05
0.55 0

-0.050.5
-0.1

• landscape: no spurious local mins (Sun, Qu, Wright ’16)

• randomly initialized GD converges almost surely (Lee et al. ’16)

“almost surely” might mean “take forever”
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Numerical efficiency of randomly initialized GD

η = 0.1, ai ∼ N (0, In), m = 10n, x0 ∼ N (0, n−1In)
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Numerical e�ciency of randomly initialized GD
÷t = 0.1, ai ≥ N (0, I), m = 10n
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Randomly initialized GD enters local basin within a few iterations
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Randomly initialized GD enters local basin within tens of iterations
16/ 57



Our theory

These numerical findings can be formalized when ai
i.i.d.∼ N (0, In):

dist(xt,x?) := min{‖xt ± x?‖2}

Theorem 1 (Chen, Chi, Fan, Ma ’18)
Under i.i.d. Gaussian design, GD with x0 ∼ N (0, n−1In) achieves

dist(xt,x?) ≤ γ(1− ρ)t−Tγ‖x?‖2, t ≥ Tγ

with high prob. for Tγ . logn and some constants γ, ρ > 0, provided
that step size η � 1 and sample size m & n poly logm
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Theoretical guarantees

Theorem 1
Under i.i.d. Gaussian design, GD with x0 ≥ N (0, n≠1In) achieves

dist(xt,x¯) Æ “(1 ≠ fl)t≠T“ Îx¯Î2, t Ø T“

with prob. 1 ≠ o(1) for T“ . logn and some small constants “, fl > 0,
provided that step size ÷ ® 1 and sample size m & n poly logm
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• Stage 1: takes O(logn) iterations to reach dist(xt,x¯) Æ “

• Stage 2: linear convergence
• near-optimal compututational cost

— O
!
logn+ log 1

Á

"
iterations to yield Á accuracy

• near-optimal sample size
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We can then complete proof as long as we can show
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To show (3), note that two eigenvalues of
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1 0
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• Stage 1: takes O(logn) iterations to
reach dist(xt,x¯) Æ “

• Stage 2: linear convergence
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accuracy
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• Stage 1: takes O(logn) iterations to reach dist(xt,x?) ≤ γ
(e.g. γ = 0.1)

• Stage 2: linear (geometric) convergence

• near-optimal computational cost:
— O

(
logn+ log 1

ε

)
iterations to yield ε accuracy

• near-optimal sample size: m & npoly logm
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(as they are either both imaginary or there is only one root).
In addition, one can easily check that (1 + �t � �t�i)

2 � 4�t is equivalent to

�t �
��

1 �
�
�t�i

�2
,
�
1 +

�
�t�i

�2�
, (4)

which is clearly satisfied if we pick �t = max
��

1��
�tL

�2
,
�
1��

�tµ
�2�. With

this choice, we have

�Ht� �
�

�t

Finally, setting �t = 4
(
�

L+
�

µ)2
yields �t = max

��
1� 2

�
L�

L+
�

µ

�2
,
�
1� 2

�
µ�

L+
�

µ

�2�
=

��
��1�
�+1

�2

, which establishes

�Ht� �
�
�� 1�
� + 1

minimizex�Rn f(x)

xt = yt�1 � �t�f(yt�1)

yt = xt +
t � 1

t + 2
(xt � xt�1)

=� f(xt) � fopt

�x0 � x��2
2

�
L
8

�
1

t+1 � 1
2t+2

�

1
3 (2t + 2)

=
3L

32(t + 1)2

minimizex log

�
m�

i=1

exp(a�
i x + bi)

�

with randomly generated problems and m = 2000, n = 1000

�
O
�
log 1

�

�

3

• Stage 1: takes O(logn) iterations to
reach dist(xt,x¯) Æ “

• Stage 2: linear convergence

• near-optimal compututational cost:
O

!
logn+ log 1

Á

"
iterations to yield Á

accuracy
• near-optimal sample size
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• Stage 1: takes O(logn) iterations to reach dist(xt,x?) ≤ γ
(e.g. γ = 0.1)

• Stage 2: linear (geometric) convergence

• near-optimal computational cost:
— O

(
logn+ log 1

ε

)
iterations to yield ε accuracy

• near-optimal sample size: m & npoly logm
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Automatic saddle avoidance
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Figure 3: The trajectory of (↵t,�t), where ↵t and �t represent the signal and the perpendicular components
of the GD iterates. (a) The results are shown for n = 1000 with m = 10n, ⌘t = 0.01, 0.05, 0.1, and kx\k

2

= 1,
the same instance as plotted in Figure 1. (b) The results are shown for n = 1000 with m approaching infinity,
⌘t = 0.01, 0.05, 0.1, and kx\k

2

= 1. The red dots represent the population-level saddle points.

statistical observation plays a crucial role in characterizing the dynamics of the algorithm without the
need of sample splitting.

It is worth emphasizing that the entire trajectory of GD is automatically confined within a certain region
enjoying favorable geometry. For example, as we shall make precise in Section 4, the GD iterates are al-
ways incoherent with the design vectors, stay sufficiently away from any saddle point, and exhibit desired
smoothness conditions. Such delicate geometric properties underlying the GD trajectory are not explained
by prior works. In light of this, convergence analysis based on global geometry [SQW16] — which provides
valuable insights into algorithm designs with arbitrary initialization — results in suboptimal (or even pes-
simistic) computational guarantees when analyzing a concrete algorithm like GD. In contrast, the current
paper establishes near-optimal performance guarantees by paying particular attention to finer dynamics of
the algorithm. As will be seen later, this is accomplished by heavily exploiting statistical models in each
iterative update.

2 Why random initialization works?
Before diving into the proof of the main theorem, we pause to develop intuitions regarding why random
initialization is expected to work. We will build our understanding step by step: (i) we first investigate the
dynamics of the population gradient sequence (the case where we have infinite samples); (ii) we then turn
to the finite-sample case and present a heuristic argument assuming independence between the iterates and
the design vectors; (iii) finally, we argue that the true trajectory is remarkably close to the one heuristically
analyzed in Step (ii), which arises from a key property concerning the “near-independence” between {xt}
and the design vectors {ai}.

Without loss of generality, we assume x\
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5

the first entry and the 2nd through the nth entries of xt, respectively. Since x

\
= e

1

, it is easily seen that

xt
ke1 = hxt,x\ix\

| {z }

signal component

and


0

x

t
?

�

= x

t � hxt,x\ix\

| {z }

perpendicular component

(6)

represent respectively the components of xt along and perpendicular to the signal direction. In what follows,
we focus our attention on the following two quantities that reflect the sizes of the preceding two components2

↵t := xt
k and �t :=

�

�

x

t
?
�

�

2

. (7)

Without loss of generality, assume that ↵
0

> 0.

2.1 Population dynamics
To start with, we consider the case where the iterates {xt} are constructed using the population gradient
(or equivalently, when the sample size m approaches infinity), i.e.

x

t+1

= x

t � ⌘rF (x

t
).

Here, rF (x) represents the population gradient given by

rF (x) := �
�

3kxk2
2

� 1

�

x+ 2

�

x

\>
x

�

x

\,

which essentially computed by rF (x) = E[rf(x)] = E
⇥

{(a>
i x)

2 � (a

>
i x

\
)

2}aia
>
i x

⇤

assuming that x and
the ai’s are independent. Simple algebraic manipulation reveals the dynamics for both the signal and the
perpendicular components:

xt+1

k =

�

1 + 3⌘
�

1� kxtk2
2

� 

xt
k; (8a)

x

t+1

? =

�

1 + ⌘
�

1� 3kxtk2
2

� 

x

t
?. (8b)

Assuming that ⌘ is sufficiently small and recognizing that kxtk2
2

= ↵2

t + �2

t , we arrive at the following
population-level state evolution for both ↵t and �t (cf. (7)):

↵t+1

=

�

1 + 3⌘
⇥

1�
�

↵2

t + �2

t

�⇤ 

↵t; (9a)
�t+1

=

�

1 + ⌘
⇥

1� 3

�

↵2

t + �2

t

�⇤ 

�t. (9b)

This recursive system has three fixed points:

(↵,�) = (1, 0), (↵,�) = (0, 0), and (↵,�) = (0, 1/
p
3),

which correspond to the global minimizer, the local maximizer, and the saddle points, respectively.
We make note of the following key observations in the presence of a randomly initialized x

0, which will
be formalized later in Lemma 1:

1. the ratio ↵t/�t of the size of the signal to the perpendicular components increases exponentially fast;

2. the size ↵t of the signal component keeps growing until it plateaus around 1;

3. the size �t of the perpendicular component drops towards zero.

In other words, when randomly initialized, (↵t,�t
) converges to (1,0) rapidly, thus indicating rapid conver-

gence of xt to the truth x

\, without getting stuck around undesirable saddle points. We also illustrate these
phenomena numerically. Set n = 1000, ⌘t ⌘ 0.1 and x

0 ⇠ N
�

0, n�1

In

�

. Figure 4 displays the dynamics of
↵t/�t, ↵t, and �t, which are precisely as discussed above.

2Here, we do not take the absolute value of xt
k. As we shall see later, the x

t
k’s are of the same sign throughout the execution

of the algorithm.

6

Randomly initialized GD never hits saddle points!
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Other saddle-escaping schemes based on
generic landscape analysis

iteration complexity
trust-region

(Sun et al. ’16) n7 + log log 1
ε

perturbed GD
(Jin et al. ’17) n3 + n log 1

ε

perturbed accelerated
GD

(Jin et al. ’17)
n2.5 +

√
n log 1

ε

GD (ours)
(Chen et al. ’18) logn+ log 1

ε

Generic optimization theory yields highly suboptimal convergence
guarantees
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Even simplest nonconvex methods
are remarkably efficient under suitable statistical models

smart extra sample saddle
initialization regularization splitting escaping

1. “Gradient Descent with Random Initialization: ...”, Y. Chen, Y. Chi, J. Fan, C. Ma,
Mathematical Programming, vol. 176, no. 1-2, pp. 5-37, 2019

2. “Implicit regularization in nonconvex statistical estimation: ...”, C. Ma, K. Wang,
Y. Chi, Y. Chen, accepted to Foundations of Computational Mathematics, 2019
3. “Nonconvex optimization meets low-rank matrix factorization: An overview”, Y. Chi,
Y. Lu, Y. Chen, IEEE Trans. Signal Processing, vol. 67, no. 20, pp. 5239-5269, 2019
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Inference and uncertainty quantification for
noisy matrix completion



Low-rank matrix completion
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figure credit: E. J. Candès

Given partial samples of a low-rank matrix M?, fill in missing entries
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Noisy low-rank matrix completion

observations: Mi,j = M?
i,j + noise, (i, j) ∈ Ω

goal: estimate M?

unknown rank-r matrix M? ∈ Rn×n




X ? ? ? X ?
? ? X X ? ?
X ? ? X ? ?
? ? X ? ? X
X ? ? ? ? ?
? X ? ? X ?
? ? X X ? ?




sampling set Ω
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Nonconvex matrix completion

Burer-Monteiro: represent Z by XY > with X,Y ∈ Rn×r︸ ︷︷ ︸
low-rank factorsA detour: nonconvex optimization

Use low-rank representation Z = XY € with X,Y œ Rn◊r

¸ ˚˙ ˝
low-rank factors

minimize
X,Y œRn◊r

f(X,Y ) = 1
2

ÿ

(i,j)œ�

Ë!
XY €"

i,j
≠ Mi,j

È2
+ reg(X,Y )

• warm start: X0

• gradient descent:

Xt+1 = Xt ≠ ÷t Òf(Xt), t = 0, 1, · · ·
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minimize
X,Y ∈Rn×r

f(X,Y ) =
∑

(i,j)∈Ω

[(
XY >

)
i,j
−Mi,j

]2

︸ ︷︷ ︸
squared loss

+ reg(X,Y )
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Nonconvex matrix completion
• Burer, Monteiro ’03
• Rennie, Srebro ’05
• Keshavan, Montanari, Oh ’09 ’10
• Jain, Netrapalli, Sanghavi ’12
• Hardt ’13
• Sun, Luo ’14
• Chen, Wainwright ’15
• Tu, Boczar, Simchowitz, Soltanolkotabi, Recht ’15
• Zhao, Wang, Liu ’15
• Zheng, Lafferty ’16
• Yi, Park, Chen, Caramanis ’16
• Ge, Lee, Ma ’16
• Ge, Jin, Zheng ’17
• Ma, Wang, Chi, Chen ’17
• Chen, Li ’18
• Chen, Liu, Li ’19
• Charisopoulos, Chen, Davis, Diaz, Ding, Drusvyatskiy ’19
• ...
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Nonconvex matrix completion

minimize
X,Y ∈Rn×r

f(X,Y ) =
∑

(i,j)∈Ω

[(
XY >

)
i,j
−Mi,j

]2
+λ

2 ‖X‖
2
F+λ

2 ‖Y ‖
2
F

• suitable initialization: (X0,Y 0)

• gradient descent: for t = 0, 1, . . .

Xt+1 = Xt − ηt∇Xf(Xt,Y t)
Y t+1 = Y t − ηt∇Y f(Xt,Y t)

— Ma, Wang, Chi, Chen ’17, Chen, Liu, Li ’19
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One step further: reasoning about uncertainty?

How to assess uncertainty, or “confidence”, of obtained estimates due
to imperfect data acquisition?
• noise
• incomplete measurements
• · · ·
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One step further: reasoning about uncertainty?

Stability of convex relaxation against noise

minimize
Z

ÎZÎú

subj. to noisy data constraints

minimize
Z

f(Z; data)¸ ˚˙ ˝
empirical loss

+ ⁄ÎZÎú

low-rank matrix
figure credit: Piet Mondrian

semidefinite relaxation

X matrix sensing (RIP measurements) (Candès, Plan ’10)

X phase retrieval (Gaussian measurements) (Candès et al. ’11)

? matrix completion
(Candès, Plan ’09, Negahban, Wainwright ’10, Koltchinskii et al. ’10)

? robust PCA (Zhou, Li, Wright, Candès, Ma ’10)

? Hankel matrix completion (Chen, Chi ’13)

? blind deconvolution (Ahmed, Recht, Romberg ’12, Ling, Strohmer ’15)

? joint alignment / matching
. . .
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to imperfect data acquisition?
• noise
• incomplete measurements
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• incomplete measurements
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Challenges

Mncvx ←− arg min
X,Y

f(X,Y ; data)︸ ︷︷ ︸
empirical loss

+ reg(X,Y )

• very challenging to pin down distributions of obtained estimates
−→ due to nonconvexity

• existing estimation error bounds are highly sub-optimal
−→ overly wide confidence intervals
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— inspired by Zhang, Zhang ’11, van de Geer et al. ’13, Javanmard, Montanari ’13
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?jointalignment/matching
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Model

observations: Mi,j = M?
i,j + noise, (i, j) ∈ Ω

goal: estimate M?

• random sampling: each (i, j) ∈ Ω with prob. p
• random noise: i.i.d. zero-mean Gaussian with variance σ2

• true matrix M? ∈ Rn×n: rank r = O(1), incoherent,
well-conditioned, . . .
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De-biasing nonconvex estimate

Mncvx de-biasing−→ Mncvx + 1
pPΩ
︸ ︷︷ ︸

mean: I

(M? + noise−Mncvx)

︸ ︷︷ ︸
(heuristically) unbiased estimate of M?

• issue: high-rank after de-biasing; statistical accuracy suffers
• solution: low-rank projection (exploit structure)
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De-biasing nonconvex estimate

Mncvx de-biasing−→ projrank-r
(
Mncvx + 1

pPΩ
︸ ︷︷ ︸

mean: I

(M? + noise−Mncvx)
)

︸ ︷︷ ︸
1 iteration of singular value projection (Jain, Meka, Dhillon ’10)

=: Md
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Distributional guarantees for low-rank factors

• random sampling: each (i, j) ∈ Ω with prob. p & log3 n
n

• random noise: i.i.d. N (0, σ2) (not too large)
• true matrix M? ∈ Rn×n: r = O(1), incoherent, well-conditioned
• regularization parameter: λ � σ√np

XdY d> ← balanced︸ ︷︷ ︸
Xd>Xd=Y d>Y d

rank-r decomp. of Md

X?Y ?> ← balanced︸ ︷︷ ︸
X?>X?=Y ?>Y ?

rank-r decomp. of M?
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Distributional guarantees for low-rank factors

XdY d> ← balanced︸ ︷︷ ︸
Xd>Xd=Y d>Y d

rank-r approx. of Md

X?Y ?> ← balanced︸ ︷︷ ︸
X?>X?=Y ?>Y ?

rank-r decomp. of M?

Theorem 2 (Chen, Fan, Ma, Yan ’19)
With high prob., there exists global rotation matrix R ∈ Rr×r s.t.

XdR−X? ≈ ZX , ZX
i,·

ind.∼ N (0,Cramer-Rao)

Y dR− Y ? ≈ ZY , ZY
i,·

ind.∼ N (0,Cramer-Rao)
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Implications

XdR−X? ≈ ZX , ZX
i,·

ind.∼ N (0,Cramer-Rao)

Y dR− Y ? ≈ ZY , ZY
i,·

ind.∼ N (0,Cramer-Rao)

• accurate uncertainty quantification for low-rank factors
— asymptotically optimal

• accurate uncertainty quantification for matrix entries: if
‖X?

i,·‖2 + ‖Y ?
j,·‖2 is not too small, then

Md
i,j −M?

i,j ∼ N
(
0,Cramer-Rao

)
+ negligible term

— asymptotically optimal
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Numerical experiments
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Back to estimation: de-biased estimator is optimal

Distributional theory in turn allows us to track estimation accuracy

Theorem 3 (Chen, Fan, Ma, Yan ’19)

‖Md −M?‖2F = (2 + o(1))nrσ2

p︸ ︷︷ ︸
Cramer-Rao lower bound

with high prob.

• precise characterization of estimation accuracy
• achieves full statistical efficiency (including pre-constant)
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Bridging convex and nonconvex optimization in
noisy matrix completion



Convex relaxation for low-rank structure

minimize
Z

‖Z‖∗ :=
∑

i

σi(Z)

subj. to noiseless data constraints

low-rank matrix
figure credit: Piet Mondrian

semidefinite relaxation

X matrix sensing (Recht, Fazel, Parrilo ’07)

X phase retrieval (Candès, Strohmer, Voroninski ’11, Candès, Li ’12)

X matrix completion (Candès, Recht ’08, Candès, Tao ’08, Gross ’09)

X robust PCA (Chandrasekaran et al. ’09, Candès et al. ’09)

X Hankel matrix completion (Fazel et al. ’13, Chen, Chi ’13, Cai et al. ’15)

X blind deconvolution (Ahmed, Recht, Romberg ’12, Ling, Strohmer ’15)

X joint alignment / matching (Chen, Huang, Guibas ’14)

. . .
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X robust PCA (Chandrasekaran et al. ’09, Candès et al. ’09)

X Hankel matrix completion (Fazel et al. ’13, Chen, Chi ’13, Cai et al. ’15)

X blind deconvolution (Ahmed, Recht, Romberg ’12, Ling, Strohmer ’15)

X joint alignment / matching (Chen, Huang, Guibas ’14)

. . .
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Stability of convex relaxation against noise

minimize
Z

f(Z; data)︸ ︷︷ ︸
empirical loss

+ λ‖Z‖∗

low-rank matrix
figure credit: Piet Mondrian

semidefinite relaxation

X matrix sensing (RIP measurements) (Candès, Plan ’10)

X phase retrieval (Gaussian measurements) (Candès et al. ’11)

? matrix completion (Candès, Plan ’09, Negahban, Wainwright ’10, Koltchinskii
et al. ’10)

? robust PCA (Zhou, Li, Wright, Candès, Ma ’10)

? Hankel matrix completion (Chen, Chi ’13)

? blind deconvolution (Ahmed, Recht, Romberg ’12, Ling, Strohmer ’15)

? joint alignment / matching
. . .
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Noisy low-rank matrix completion

observations: Mi,j = M?
i,j + noise, (i, j) ∈ Ω

goal: estimate M?

convex relaxation:
minimize
Z∈Rn×n

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2

︸ ︷︷ ︸
squared loss

+ λ‖Z‖∗
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Prior statistical guarantees for convex relaxation

• random sampling: each (i, j) ∈ Ω with prob. p
• random noise: i.i.d. sub-Gaussian noise with variance σ2

• true matrix M? ∈ Rn×n: rank r = O(1), incoherent, . . .
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Prior statistical guarantees for convex relaxation

• random sampling: each (i, j) œ � with prob. p
• random noise: i.i.d. sub-Gaussian noise with variance ‡2

• true matrix Mı œ Rn◊n: rank r = O(1), incoherent, . . .
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s, Plan ’09

‡n
1.5

Negah
ban,

Wainw
right

’10
max{‡

, ÎM
ı ÎŒ}

 n/p

Koltch
inskii

, Tsybak
ov, Loun

ici ’10
max{‡

, ÎM
ı ÎŒ}

 n/p

8/ 39



almost surely as n ! 1. Thus we pick µ =
p

2np�,
where p = m/n2. In practice, this value of µ seems
to work very well for square matrices. For n1 ⇥ n2

matrices, based on the same considerations, the proposal
is µ = (

p
n1 +

p
n2)

p
p� with p = m/(n1n2).

In order to interpret our numerical results, they are
compared to those achieved by the oracle, see Section
III-B. To this end, Figure 2 plots three curves for varying
values of n, p, and r: 1) the RMS error introduced above,
2) the RMS error achievable when the oracle reveals
T , and the problem is solved using least squares, 3)
the estimated oracle root expected MS error derived
in Section III-B, i.e.

p
df/[n2p] =

p
df/m, where

df = r(2n � r). In our experiments, as n and m/df
increased, with r = 2, the RMS error of the nuclear norm
problem appeared to be fit very well by 1.68

p
df/m.

Thus, to compare the oracle error to the actual recovered
error, we plotted the oracle errors times 1.68. We also
note that in our experiments, the RMS error was never
greater than 2.25

p
df/m.

No one can predict the weather. We conclude the nu-
merical section with a real world example. We retrieved
from the website [1] a 366⇥ 1472 matrix whose entries
are daily average temperatures at 1472 different weather
stations throughout the world in 2008. Checking its SVD
reveals that this is an approximately low rank matrix as
expected. In fact, letting M be the temperature matrix,
and calling M2 the matrix created by truncating the SVD
after the top two singular values gives kM2kF /kMkF =
.9927.

To test the performance of our matrix completion
algorithm, we subsampled 30% of M and then recovered
an estimate, M̂ , using (IV.1). Note that this is a much
different problem than those proposed earlier in this
section. Here, we attempt to recover a matrix that is not
exactly low rank, but only approximately. The solution
gives a relative error of kM̂ � MkF /kMkF = .166.
For comparison4, exact knowledge of the best rank-2
approximation achieves kM2 � MkF /kMkF = .121.
Here µ has been selected to give a good cross-validated
error and is about 535.

V. DISCUSSION

This paper reviewed and developed some new results
about matrix completion. By and large, low-rank ma-
trix recovery is a field in complete infancy abounding
with interesting and open questions, and if the recent

4The number 2 is somewhat arbitrary here, although we picked it
because there is a large drop-off in the size of the singular values after
the second. If, for example, M10 is the best rank-10 approximation,
then kM10 � MkF /kMkF = .081.
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Fig. 2: Comparison between the recovery
error, the oracle error times 1.68, and the
estimated oracle error times 1.68. Each point
on the plot corresponds to an average over 20
trials. Top: in this experiment, n = 600, r = 2
and p varies. The x-axis is the number of mea-
surements per degree of freedom (df). Middle:
n varies whereas r = 2, p = .2. Bottom:
n = 600, r varies and p = .2.
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Since the nuclear norm dominates the Frobenius norm,
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where the second inequality follows from the Cauchy-
Schwarz inequality, and the last from (III.6).

To develop a bound on kPT (H⌦)kF , observe that the
assumption PT P⌦PT ⌫ p

2I together with P2
T = PT ,

P2
⌦ = P⌦ give

kP⌦PT (H⌦c)k2
F = hP⌦PT (H⌦c),P⌦PT (H⌦c)i

= hPT P⌦PT (H⌦c),PT (H⌦c)i
� p
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P⌦PT?(H⌦c), we have
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As a consequence of this and (III.7), we have
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The theorem then follows from this inequality together
with (III.8).

B. Comparison with an oracle

We would like to return to discussing the best possible
accuracy one could ever hope for. For simplicity, assume
that n1 = n2 = n, and suppose that we have an oracle
informing us about T . In many ways, going back to the
discussion from Section II-A, this is analogous to giving
away the support of the signal in compressed sensing
[11]. With this precious information, we would know
that M lives in a linear space of dimension 2nr � r2

and would probably solve the problem by the method of
least squares:

minimize kP⌦(X) � P⌦(Y )kF

subject to X 2 T.
(III.10)

That is, we would find the matrix in T , which best
fits the data in a least-squares sense. Let A : T ! ⌦
(we abuse notations and let ⌦ be the range of P⌦)
defined by A := P⌦PT . Then assuming that the operator
A⇤A = PT P⌦PT mapping T onto T is invertible

(which is the case under the hypotheses of Theorem 7),
the least-squares solution is given by

MOracle := (A⇤A)�1A⇤(Y )

= M + (A⇤A)�1A⇤(Z). (III.11)

Hence,

kMOracle � MkF = k(A⇤A)�1A⇤(Z)kF .

Let Z 0 be the minimal (normalized) eigenvector of
A⇤A with minimum eigenvalue �min, and set Z =

��
�1/2
min A(Z 0) (note that by definition P⌦(Z) = Z since

Z is in the range of A). By construction, kZkF = �,
and

k(A⇤A)�1A⇤(Z)kF = �
�1/2
min � & p�1/2 �

since by assumption, all the eigenvalues of A⇤A =
PT P⌦PT lie in the interval [p/2, 3p/2]. The matrix
Z defined above also maximizes k(A⇤A)�1A⇤(Z)kF

among all matrices bounded by � and so the oracle
achieves

kMOracle � MkF ⇡ p�1/2� (III.12)

with adversarial noise. Consequently, our analysis looses
a
p

n factor vis a vis an optimal bound that is achievable
via the help of an oracle.

The diligent reader may argue that the least-squares
solution above may not be of rank r (it is at most
of rank 2r) and may thus argue that this is not the
strongest possible oracle. However, as explained below,
if the oracle gave T and r, then the best fit in T of rank
r would not do much better than (III.12). In fact, there
is an elegant way to understand the significance of this
oracle which we now present. Consider a stronger oracle
which reveals the row space of the unknown matrix M
(and thus the rank of the matrix). Then we would know
that the unknown matrix is of the form

M = MCR⇤,

where MC is an n⇥ r matrix, and R is an n⇥ r matrix
whose columns form an orthobasis for the row space
(which we can build since the oracle gave us perfect
information). We would then fit the nr unknown entries
by the method of least squares and find X 2 Rn⇥r

minimizing

kP⌦(XR⇤) � P⌦(Y )kF .

Using our previous notations, the oracle gives away T0 ⇢
T where T0 is the span of elements of the form yv⇤k,
k 2 [r], and is more precise. If A0 : T0 ! ⌦ is defined
by A0 := P⌦PT0 , then the least-squares solution is now

(A⇤
0A0)

�1A⇤
0(Y ).
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almost surely as n ! 1. Thus we pick µ =
p

2np�,
where p = m/n2. In practice, this value of µ seems
to work very well for square matrices. For n1 ⇥ n2

matrices, based on the same considerations, the proposal
is µ = (

p
n1 +

p
n2)

p
p� with p = m/(n1n2).

In order to interpret our numerical results, they are
compared to those achieved by the oracle, see Section
III-B. To this end, Figure 2 plots three curves for varying
values of n, p, and r: 1) the RMS error introduced above,
2) the RMS error achievable when the oracle reveals
T , and the problem is solved using least squares, 3)
the estimated oracle root expected MS error derived
in Section III-B, i.e.

p
df/[n2p] =

p
df/m, where

df = r(2n � r). In our experiments, as n and m/df
increased, with r = 2, the RMS error of the nuclear norm
problem appeared to be fit very well by 1.68

p
df/m.

Thus, to compare the oracle error to the actual recovered
error, we plotted the oracle errors times 1.68. We also
note that in our experiments, the RMS error was never
greater than 2.25

p
df/m.

No one can predict the weather. We conclude the nu-
merical section with a real world example. We retrieved
from the website [1] a 366⇥ 1472 matrix whose entries
are daily average temperatures at 1472 different weather
stations throughout the world in 2008. Checking its SVD
reveals that this is an approximately low rank matrix as
expected. In fact, letting M be the temperature matrix,
and calling M2 the matrix created by truncating the SVD
after the top two singular values gives kM2kF /kMkF =
.9927.

To test the performance of our matrix completion
algorithm, we subsampled 30% of M and then recovered
an estimate, M̂ , using (IV.1). Note that this is a much
different problem than those proposed earlier in this
section. Here, we attempt to recover a matrix that is not
exactly low rank, but only approximately. The solution
gives a relative error of kM̂ � MkF /kMkF = .166.
For comparison4, exact knowledge of the best rank-2
approximation achieves kM2 � MkF /kMkF = .121.
Here µ has been selected to give a good cross-validated
error and is about 535.

V. DISCUSSION

This paper reviewed and developed some new results
about matrix completion. By and large, low-rank ma-
trix recovery is a field in complete infancy abounding
with interesting and open questions, and if the recent

4The number 2 is somewhat arbitrary here, although we picked it
because there is a large drop-off in the size of the singular values after
the second. If, for example, M10 is the best rank-10 approximation,
then kM10 � MkF /kMkF = .081.
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Fig. 2: Comparison between the recovery
error, the oracle error times 1.68, and the
estimated oracle error times 1.68. Each point
on the plot corresponds to an average over 20
trials. Top: in this experiment, n = 600, r = 2
and p varies. The x-axis is the number of mea-
surements per degree of freedom (df). Middle:
n varies whereas r = 2, p = .2. Bottom:
n = 600, r varies and p = .2.
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where the second inequality follows from the Cauchy-
Schwarz inequality, and the last from (III.6).

To develop a bound on kPT (H⌦)kF , observe that the
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2I together with P2
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As a consequence of this and (III.7), we have
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The theorem then follows from this inequality together
with (III.8).

B. Comparison with an oracle

We would like to return to discussing the best possible
accuracy one could ever hope for. For simplicity, assume
that n1 = n2 = n, and suppose that we have an oracle
informing us about T . In many ways, going back to the
discussion from Section II-A, this is analogous to giving
away the support of the signal in compressed sensing
[11]. With this precious information, we would know
that M lives in a linear space of dimension 2nr � r2

and would probably solve the problem by the method of
least squares:

minimize kP⌦(X) � P⌦(Y )kF

subject to X 2 T.
(III.10)

That is, we would find the matrix in T , which best
fits the data in a least-squares sense. Let A : T ! ⌦
(we abuse notations and let ⌦ be the range of P⌦)
defined by A := P⌦PT . Then assuming that the operator
A⇤A = PT P⌦PT mapping T onto T is invertible

(which is the case under the hypotheses of Theorem 7),
the least-squares solution is given by

MOracle := (A⇤A)�1A⇤(Y )

= M + (A⇤A)�1A⇤(Z). (III.11)

Hence,

kMOracle � MkF = k(A⇤A)�1A⇤(Z)kF .

Let Z 0 be the minimal (normalized) eigenvector of
A⇤A with minimum eigenvalue �min, and set Z =
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�1/2
min A(Z 0) (note that by definition P⌦(Z) = Z since

Z is in the range of A). By construction, kZkF = �,
and
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since by assumption, all the eigenvalues of A⇤A =
PT P⌦PT lie in the interval [p/2, 3p/2]. The matrix
Z defined above also maximizes k(A⇤A)�1A⇤(Z)kF

among all matrices bounded by � and so the oracle
achieves

kMOracle � MkF ⇡ p�1/2� (III.12)

with adversarial noise. Consequently, our analysis looses
a
p

n factor vis a vis an optimal bound that is achievable
via the help of an oracle.

The diligent reader may argue that the least-squares
solution above may not be of rank r (it is at most
of rank 2r) and may thus argue that this is not the
strongest possible oracle. However, as explained below,
if the oracle gave T and r, then the best fit in T of rank
r would not do much better than (III.12). In fact, there
is an elegant way to understand the significance of this
oracle which we now present. Consider a stronger oracle
which reveals the row space of the unknown matrix M
(and thus the rank of the matrix). Then we would know
that the unknown matrix is of the form

M = MCR⇤,

where MC is an n⇥ r matrix, and R is an n⇥ r matrix
whose columns form an orthobasis for the row space
(which we can build since the oracle gave us perfect
information). We would then fit the nr unknown entries
by the method of least squares and find X 2 Rn⇥r

minimizing

kP⌦(XR⇤) � P⌦(Y )kF .

Using our previous notations, the oracle gives away T0 ⇢
T where T0 is the span of elements of the form yv⇤k,
k 2 [r], and is more precise. If A0 : T0 ! ⌦ is defined
by A0 := P⌦PT0 , then the least-squares solution is now

(A⇤
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What are the roadblocks?

Strategy: M̂cvx is optimizer if there exists W︸ ︷︷ ︸
dual certificate

s.t.

(M̂cvx,W ) obeys KKT optimality condition

David Gross

• noiseless case: M̂cvx ←M?

︸ ︷︷ ︸
exact recovery

; W ← golfing scheme

• noisy case: M̂cvx is very complicated, hard to construct W . . .
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A motivating experiment

convex: minimize
Z∈Rn×n

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2 + λ‖Z‖∗

nonconvex: minimize
X,Y ∈Rn×r

∑

(i,j)∈Ω

[(
XY >

)
i,j
−Mi,j

]2
+ λ

2‖X‖2F + λ
2‖Y ‖2F︸ ︷︷ ︸

reg(X,Y )

— ‖Z‖∗ = min
Z=XY >

1
2 ‖X‖2

F + 1
2 ‖Y ‖2

F
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A motivating experiment
n = 1000, r = 5, p = 0.2, λ = 5σ√np

10-6 10-5 10-4 10-3
10-8

10-6

10-4

10-2

100

Estimation error: convex
Estimation error: nonconvex
Distance between solutions

Convex and nonconvex solutions are exceedingly close!
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minimax limit σ
√
n/p

nonconvex algorithms σ
√
n/p (optimal!)Prior statistical guarantees for convex relaxation

• random sampling: each (i, j) œ � with prob. p
• random noise: i.i.d. sub-Gaussian noise with variance ‡2

• true matrix Mı œ Rn◊n: rank r = O(1), incoherent, . . .

estimation error
.. „M ≠ Mı

..
F

minimax limit ‡

n/p

Candès, Plan ’09 ‡n1.5

Negahban, Wainwright ’10 max{‡, ÎMıÎŒ}

n/p

Koltchinskii, Tsybakov, Lounici ’10 max{‡, ÎMıÎŒ}

n/p

8/ 39

a picture here about connection ‡: noise standard dev.
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A deto
ur: nonc

onve
x optim

izatio
n

• rand
om sampling

: each
(i, j)

œ � with prob.
p

• rand
om noise

: i.i.d.
sub-G

aussi
an noise

with varia
nce ‡

2

• true
matrix

M
ı œ Rn

◊n : r = O(1), incoh
erent

, . . .

estim
ation

error
.. „M ≠ M

ı
.. F

minimax limit

‡
 n/p

nonc
onvex

algor
ithms ‡

 n/p
(opti

mal!)
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— Ma, Wang, Chi, Chen ’17



Main results: r = O(1)

• random sampling: each (i, j) ∈ Ω with prob. p & log3 n
n

• random noise: i.i.d. sub-Gaussian noise with variance σ2

• true matrix M? ∈ Rn×n: r = O(1), incoherent, well-conditioned

minimize
Z∈Rn×n

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2 + λ‖Z‖∗ (λ � σ√np)

Theorem 4 (Chen, Chi, Fan, Ma, Yan ’19)

With high prob., any minimizer M̂cvx of convex program obeys
1. M̂cvx is nearly rank-r

∥∥M̂cvx − projr(M̂cvx)
∥∥

F �
1
n5 · σ

√
n
p

2. ∥∥M̂cvx −M?
∥∥

F . σ
√

n
p

∥∥M̂cvx −M?
∥∥
∞ . σ

√
n logn
p · 1

n
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Chen, Chi, Fan, Ma, Yan ’19

minimax limit ‡

n/p

nonconvex algorithms ‡

n/p (optimal!)Prior statistical guarantees for convex relaxation

• random sampling: each (i, j) œ � with prob. p
• random noise: i.i.d. sub-Gaussian noise with variance ‡2

• true matrix Mı œ Rn◊n: rank r = O(1), incoherent, . . .

estimation error
.. „M ≠ Mı

..
F
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n/p

Candès, Plan ’09 ‡n1.5

Negahban, Wainwright ’10 max{‡, ÎMıÎŒ}

n/p
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Prior statistical guarantees for convex relaxation

• random sampling: each (i, j) œ � with prob. p
• random noise: i.i.d. sub-Gaussian noise with variance ‡2
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• minimax optimal when r = O(1)
• estimation errors are spread out across all entries

55/ 57



Same inference procedures work for both cvx & noncvx estimates!
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Concluding remarks

• bridging convex and nonconvex optimization
• both approaches achieve near-optimal stability guarantees
• both approaches lead to asymptotically optimal uncertainty

quantification
• future works: improve dependency on rank, condition number,

. . .
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