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Convex relaxation for low-rank structure

minimize
Z

‖Z‖∗
subj. to noiseless data constraints

low-rank matrix
figure credit: Piet Mondrian

semidefinite relaxation

X matrix sensing (Recht, Fazel, Parrilo ’07)

X phase retrieval (Candès, Strohmer, Voroninski ’11, Candès, Li ’12)

X matrix completion (Candès, Recht ’08, Candès, Tao ’08, Gross ’09)

X robust PCA (Chandrasekaran et al. ’09, Candès et al. ’09)

X Hankel matrix completion (Fazel et al. ’13, Chen, Chi ’13, Cai et al. ’15)

X blind deconvolution (Ahmed, Recht, Romberg ’12, Ling, Strohmer ’15)

X joint alignment / matching (Chen, Huang, Guibas ’14)

. . .
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Stability of convex relaxation against noise

minimize
Z

‖Z‖∗
subj. to noisy data constraints

minimize
Z

f(Z; data)︸ ︷︷ ︸
empirical loss

+ λ‖Z‖∗

low-rank matrix
figure credit: Piet Mondrian

semidefinite relaxation

X matrix sensing (RIP measurements) (Candès, Plan ’10)

X phase retrieval (Gaussian measurements) (Candès et al. ’11)

? (Candès, Plan ’09, Negahban, Wainwright ’10, Koltchinskii et al. ’10)

? robust PCA (Zhou, Li, Wright, Candès, Ma ’10)

? Hankel matrix completion (Chen, Chi ’13)

? blind deconvolution (Ahmed, Recht, Romberg ’12, Ling, Strohmer ’15)

? joint alignment / matching
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Low-rank matrix completion




X ? ? ? X ?
? ? X X ? ?
X ? ? X ? ?
? ? X ? ? X
X ? ? ? ? ?
? X ? ? X ?
? ? X X ? ?




? ? ? ?

?

?

??

??

???

?

?

figure credit: E. J. Candès

Given partial samples of a low-rank matrix M?, fill in missing entries
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Noisy low-rank matrix completion

observations: Mi,j = M?
i,j + noise, (i, j) ∈ Ω

goal: estimate M?

unknown rank-r matrix M? ∈ Rn×n




X ? ? ? X ?
? ? X X ? ?
X ? ? X ? ?
? ? X ? ? X
X ? ? ? ? ?
? X ? ? X ?
? ? X X ? ?




sampling set Ω

convex relaxation:
minimize
Z∈Rn×n

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2

︸ ︷︷ ︸
squared loss

+ λ‖Z‖∗
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Prior statistical guarantees for convex relaxation

• random sampling: each (i, j) ∈ Ω with prob. p
• random noise: i.i.d. sub-Gaussian noise with variance σ2

• true matrix M? ∈ Rn×n: rank r = O(1), incoherent, . . .

8/ 40
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a picture here about connection ‡: noise standard dev.
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Prior statistical guarantees for convex relaxation

• random sampling: each (i, j) œ � with prob. p
• random noise: i.i.d. sub-Gaussian noise with variance ‡2

• true matrix Mı œ Rn◊n: rank r = O(1), incoherent, . . .

estimation error
.. „M ≠ Mı

..
F

minimax limit ‡

n/p

Candès, Plan ’09 ‡n1.5

Negahban, Wainwright ’10 max{‡, ÎMıÎŒ}

n/p

Koltchinskii, Tsybakov, Lounici ’10 max{‡, ÎMıÎŒ}

n/p
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almost surely as n ! 1. Thus we pick µ =
p

2np�,
where p = m/n2. In practice, this value of µ seems
to work very well for square matrices. For n1 ⇥ n2

matrices, based on the same considerations, the proposal
is µ = (

p
n1 +

p
n2)

p
p� with p = m/(n1n2).

In order to interpret our numerical results, they are
compared to those achieved by the oracle, see Section
III-B. To this end, Figure 2 plots three curves for varying
values of n, p, and r: 1) the RMS error introduced above,
2) the RMS error achievable when the oracle reveals
T , and the problem is solved using least squares, 3)
the estimated oracle root expected MS error derived
in Section III-B, i.e.

p
df/[n2p] =

p
df/m, where

df = r(2n � r). In our experiments, as n and m/df
increased, with r = 2, the RMS error of the nuclear norm
problem appeared to be fit very well by 1.68

p
df/m.

Thus, to compare the oracle error to the actual recovered
error, we plotted the oracle errors times 1.68. We also
note that in our experiments, the RMS error was never
greater than 2.25

p
df/m.

No one can predict the weather. We conclude the nu-
merical section with a real world example. We retrieved
from the website [1] a 366⇥ 1472 matrix whose entries
are daily average temperatures at 1472 different weather
stations throughout the world in 2008. Checking its SVD
reveals that this is an approximately low rank matrix as
expected. In fact, letting M be the temperature matrix,
and calling M2 the matrix created by truncating the SVD
after the top two singular values gives kM2kF /kMkF =
.9927.

To test the performance of our matrix completion
algorithm, we subsampled 30% of M and then recovered
an estimate, M̂ , using (IV.1). Note that this is a much
different problem than those proposed earlier in this
section. Here, we attempt to recover a matrix that is not
exactly low rank, but only approximately. The solution
gives a relative error of kM̂ � MkF /kMkF = .166.
For comparison4, exact knowledge of the best rank-2
approximation achieves kM2 � MkF /kMkF = .121.
Here µ has been selected to give a good cross-validated
error and is about 535.

V. DISCUSSION

This paper reviewed and developed some new results
about matrix completion. By and large, low-rank ma-
trix recovery is a field in complete infancy abounding
with interesting and open questions, and if the recent

4The number 2 is somewhat arbitrary here, although we picked it
because there is a large drop-off in the size of the singular values after
the second. If, for example, M10 is the best rank-10 approximation,
then kM10 � MkF /kMkF = .081.

0 20 40 60 80 100 120 140
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

m/df

rm
s
 e

rr
o

r

 

 

recovery error using SDP

1.68*(oracle error)

1.68 *[(2nr − r
2
)/(pn

2
)]

1/2

100 200 300 400 500 600 700 800 900 1000
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

n

rm
s
 e

rr
o

r

 

 

recovery error using SDP

1.68*(oracle error)

1.68*[(2nr − r
2
)/(pn

2
)]

1/2

1 2 3 4 5 6 7 8 9 10
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

r

rm
s
 e

rr
o

r

 

 

recovery error using SDP

1.68*(oracle error)

1.68*[(2nr − r
2
)/(pn

2
)]

1/2

Fig. 2: Comparison between the recovery
error, the oracle error times 1.68, and the
estimated oracle error times 1.68. Each point
on the plot corresponds to an average over 20
trials. Top: in this experiment, n = 600, r = 2
and p varies. The x-axis is the number of mea-
surements per degree of freedom (df). Middle:
n varies whereas r = 2, p = .2. Bottom:
n = 600, r varies and p = .2.

10

x1 = x0 � ⌘(x0 + ⇠0) = (1 � ⌘)x0 � ⌘⇠0

x2 = x1 � ⌘(x1 + ⇠1) = (1 � ⌘)2x0 � ⌘(1 � ⌘)⇠0 � ⌘⇠1

...

xt = (1 � ⌘)tx0 � ⌘(1 � ⌘)t⇠0 � ⌘(1 � ⌘)t�1⇠1 � · · ·

xt ⇡ 1

t

t�1X

k=0

(1 � ⌘)kx0

| {z }
= 1

t
1�(1�⌘)t

⌘ x0!0

� ⌘ {1 + (1 � ⌘) + · · · } 1

t

t�1X

k=0

⇠0

| {z }
imprecise; but close enough

⇡ �1

t

t�1X

k=0

⇠0 (since 1 + (1 � ⌘) + · · · =
1

⌘
)

!
p

tN (0, I) (central limit theorem for martingale)

kxt+1 � x⇤k2
2 = kxt � ⌘trfit(x

t) � x⇤k2
2

= kxt � x⇤k2
2 � 2⌘t(x

t � x⇤)>rfit
(xt) + ⌘2

t krfit
(xt)k2

2

E
⇥
kxt+1 � x⇤k2

2

⇤
= E

⇥
kxt � ⌘trfit

(xt) � x⇤k2
2

⇤

= E
⇥
kxt � x⇤k2

2

⇤
� 2⌘tE

⇥
(xt � x⇤)>rfit

(xt)
⇤
+ ⌘2

t E
⇥
krfit

(xt)k2
2

⇤

= E
⇥
kxt � x⇤k2

2

⇤
� 2⌘tE

⇥
(xt � x⇤)>rF (xt)

⇤
+ ⌘2

t E
⇥
krfit

(xt)k2
2

⇤

 E
⇥
kxt � x⇤k2

2

⇤
� 2µ⌘tE

⇥
kxt � x⇤k2

2

⇤
| {z }

by strong convexity

+ ⌘2
t E

⇥
krfit

(xt)k2
2

⇤

= (1 � 2µ⌘t) E
⇥
kxt � x⇤k2

2

⇤
+ ⌘2

t E
⇥
krfit(x

t)k2
2

⇤

E[F (xt) � F (x⇤)]  ⌘L�2
g

2µ
+ (1 � ⌘µ)t

�
F (x0) � F (x⇤)

�

p
n2p�

c

convex relaxation 1.68⇥ oracle bound

1

x1 = x0 � ⌘(x0 + ⇠0) = (1 � ⌘)x0 � ⌘⇠0

x2 = x1 � ⌘(x1 + ⇠1) = (1 � ⌘)2x0 � ⌘(1 � ⌘)⇠0 � ⌘⇠1

...

xt = (1 � ⌘)tx0 � ⌘(1 � ⌘)t⇠0 � ⌘(1 � ⌘)t�1⇠1 � · · ·

xt ⇡ 1

t

t�1X

k=0

(1 � ⌘)kx0

| {z }
= 1

t
1�(1�⌘)t

⌘ x0!0

� ⌘ {1 + (1 � ⌘) + · · · } 1

t

t�1X

k=0

⇠0

| {z }
imprecise; but close enough

⇡ �1

t

t�1X

k=0

⇠0 (since 1 + (1 � ⌘) + · · · =
1

⌘
)

!
p

tN (0, I) (central limit theorem for martingale)

kxt+1 � x⇤k2
2 = kxt � ⌘trfit(x

t) � x⇤k2
2

= kxt � x⇤k2
2 � 2⌘t(x

t � x⇤)>rfit
(xt) + ⌘2

t krfit
(xt)k2

2

E
⇥
kxt+1 � x⇤k2

2

⇤
= E

⇥
kxt � ⌘trfit

(xt) � x⇤k2
2

⇤

= E
⇥
kxt � x⇤k2

2

⇤
� 2⌘tE

⇥
(xt � x⇤)>rfit

(xt)
⇤
+ ⌘2

t E
⇥
krfit

(xt)k2
2

⇤

= E
⇥
kxt � x⇤k2

2

⇤
� 2⌘tE

⇥
(xt � x⇤)>rF (xt)

⇤
+ ⌘2

t E
⇥
krfit

(xt)k2
2

⇤

 E
⇥
kxt � x⇤k2

2

⇤
� 2µ⌘tE

⇥
kxt � x⇤k2

2

⇤
| {z }

by strong convexity

+ ⌘2
t E

⇥
krfit

(xt)k2
2

⇤

= (1 � 2µ⌘t) E
⇥
kxt � x⇤k2

2

⇤
+ ⌘2

t E
⇥
krfit(x

t)k2
2

⇤

E[F (xt) � F (x⇤)]  ⌘L�2
g

2µ
+ (1 � ⌘µ)t

�
F (x0) � F (x⇤)

�

p
n2p�

c

convex relaxation 1.68⇥ oracle bound

1

Since the nuclear norm dominates the Frobenius norm,
kPT?(H⌦c)kF  kPT?(H⌦c)k⇤, we have

kPT?(H⌦c)kF  2kH⌦k⇤
 2

p
nkH⌦kF  4

p
n�, (III.8)

where the second inequality follows from the Cauchy-
Schwarz inequality, and the last from (III.6).

To develop a bound on kPT (H⌦)kF , observe that the
assumption PT P⌦PT ⌫ p

2I together with P2
T = PT ,

P2
⌦ = P⌦ give

kP⌦PT (H⌦c)k2
F = hP⌦PT (H⌦c),P⌦PT (H⌦c)i

= hPT P⌦PT (H⌦c),PT (H⌦c)i
� p

2
kPT (H⌦c)k2

F .

But since P⌦(H⌦c) = 0 = P⌦PT (H⌦c) +
P⌦PT?(H⌦c), we have

kP⌦PT (H⌦c)kF = kP⌦PT?(H⌦c)kF

 kPT?(H⌦c)kF .

Hence, the last two inequalities give

kPT (H⌦c)k2
F  2

p
kP⌦PT (H⌦c)k2

F  2

p
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F .

(III.9)
As a consequence of this and (III.7), we have

kH⌦ck2
F 

⇣2

p
+ 1

⌘
kPT?(H⌦c)k2

F .

The theorem then follows from this inequality together
with (III.8).

B. Comparison with an oracle

We would like to return to discussing the best possible
accuracy one could ever hope for. For simplicity, assume
that n1 = n2 = n, and suppose that we have an oracle
informing us about T . In many ways, going back to the
discussion from Section II-A, this is analogous to giving
away the support of the signal in compressed sensing
[11]. With this precious information, we would know
that M lives in a linear space of dimension 2nr � r2

and would probably solve the problem by the method of
least squares:

minimize kP⌦(X) � P⌦(Y )kF

subject to X 2 T.
(III.10)

That is, we would find the matrix in T , which best
fits the data in a least-squares sense. Let A : T ! ⌦
(we abuse notations and let ⌦ be the range of P⌦)
defined by A := P⌦PT . Then assuming that the operator
A⇤A = PT P⌦PT mapping T onto T is invertible

(which is the case under the hypotheses of Theorem 7),
the least-squares solution is given by

MOracle := (A⇤A)�1A⇤(Y )

= M + (A⇤A)�1A⇤(Z). (III.11)

Hence,

kMOracle � MkF = k(A⇤A)�1A⇤(Z)kF .

Let Z 0 be the minimal (normalized) eigenvector of
A⇤A with minimum eigenvalue �min, and set Z =

��
�1/2
min A(Z 0) (note that by definition P⌦(Z) = Z since

Z is in the range of A). By construction, kZkF = �,
and

k(A⇤A)�1A⇤(Z)kF = �
�1/2
min � & p�1/2 �

since by assumption, all the eigenvalues of A⇤A =
PT P⌦PT lie in the interval [p/2, 3p/2]. The matrix
Z defined above also maximizes k(A⇤A)�1A⇤(Z)kF

among all matrices bounded by � and so the oracle
achieves

kMOracle � MkF ⇡ p�1/2� (III.12)

with adversarial noise. Consequently, our analysis looses
a
p

n factor vis a vis an optimal bound that is achievable
via the help of an oracle.

The diligent reader may argue that the least-squares
solution above may not be of rank r (it is at most
of rank 2r) and may thus argue that this is not the
strongest possible oracle. However, as explained below,
if the oracle gave T and r, then the best fit in T of rank
r would not do much better than (III.12). In fact, there
is an elegant way to understand the significance of this
oracle which we now present. Consider a stronger oracle
which reveals the row space of the unknown matrix M
(and thus the rank of the matrix). Then we would know
that the unknown matrix is of the form

M = MCR⇤,

where MC is an n⇥ r matrix, and R is an n⇥ r matrix
whose columns form an orthobasis for the row space
(which we can build since the oracle gave us perfect
information). We would then fit the nr unknown entries
by the method of least squares and find X 2 Rn⇥r

minimizing

kP⌦(XR⇤) � P⌦(Y )kF .

Using our previous notations, the oracle gives away T0 ⇢
T where T0 is the span of elements of the form yv⇤k,
k 2 [r], and is more precise. If A0 : T0 ! ⌦ is defined
by A0 := P⌦PT0 , then the least-squares solution is now

(A⇤
0A0)

�1A⇤
0(Y ).
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almost surely as n ! 1. Thus we pick µ =
p

2np�,
where p = m/n2. In practice, this value of µ seems
to work very well for square matrices. For n1 ⇥ n2

matrices, based on the same considerations, the proposal
is µ = (

p
n1 +

p
n2)

p
p� with p = m/(n1n2).

In order to interpret our numerical results, they are
compared to those achieved by the oracle, see Section
III-B. To this end, Figure 2 plots three curves for varying
values of n, p, and r: 1) the RMS error introduced above,
2) the RMS error achievable when the oracle reveals
T , and the problem is solved using least squares, 3)
the estimated oracle root expected MS error derived
in Section III-B, i.e.

p
df/[n2p] =

p
df/m, where

df = r(2n � r). In our experiments, as n and m/df
increased, with r = 2, the RMS error of the nuclear norm
problem appeared to be fit very well by 1.68

p
df/m.

Thus, to compare the oracle error to the actual recovered
error, we plotted the oracle errors times 1.68. We also
note that in our experiments, the RMS error was never
greater than 2.25

p
df/m.

No one can predict the weather. We conclude the nu-
merical section with a real world example. We retrieved
from the website [1] a 366⇥ 1472 matrix whose entries
are daily average temperatures at 1472 different weather
stations throughout the world in 2008. Checking its SVD
reveals that this is an approximately low rank matrix as
expected. In fact, letting M be the temperature matrix,
and calling M2 the matrix created by truncating the SVD
after the top two singular values gives kM2kF /kMkF =
.9927.

To test the performance of our matrix completion
algorithm, we subsampled 30% of M and then recovered
an estimate, M̂ , using (IV.1). Note that this is a much
different problem than those proposed earlier in this
section. Here, we attempt to recover a matrix that is not
exactly low rank, but only approximately. The solution
gives a relative error of kM̂ � MkF /kMkF = .166.
For comparison4, exact knowledge of the best rank-2
approximation achieves kM2 � MkF /kMkF = .121.
Here µ has been selected to give a good cross-validated
error and is about 535.

V. DISCUSSION

This paper reviewed and developed some new results
about matrix completion. By and large, low-rank ma-
trix recovery is a field in complete infancy abounding
with interesting and open questions, and if the recent

4The number 2 is somewhat arbitrary here, although we picked it
because there is a large drop-off in the size of the singular values after
the second. If, for example, M10 is the best rank-10 approximation,
then kM10 � MkF /kMkF = .081.
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Fig. 2: Comparison between the recovery
error, the oracle error times 1.68, and the
estimated oracle error times 1.68. Each point
on the plot corresponds to an average over 20
trials. Top: in this experiment, n = 600, r = 2
and p varies. The x-axis is the number of mea-
surements per degree of freedom (df). Middle:
n varies whereas r = 2, p = .2. Bottom:
n = 600, r varies and p = .2.
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1

Since the nuclear norm dominates the Frobenius norm,
kPT?(H⌦c)kF  kPT?(H⌦c)k⇤, we have

kPT?(H⌦c)kF  2kH⌦k⇤
 2

p
nkH⌦kF  4

p
n�, (III.8)

where the second inequality follows from the Cauchy-
Schwarz inequality, and the last from (III.6).

To develop a bound on kPT (H⌦)kF , observe that the
assumption PT P⌦PT ⌫ p

2I together with P2
T = PT ,

P2
⌦ = P⌦ give

kP⌦PT (H⌦c)k2
F = hP⌦PT (H⌦c),P⌦PT (H⌦c)i

= hPT P⌦PT (H⌦c),PT (H⌦c)i
� p

2
kPT (H⌦c)k2

F .

But since P⌦(H⌦c) = 0 = P⌦PT (H⌦c) +
P⌦PT?(H⌦c), we have

kP⌦PT (H⌦c)kF = kP⌦PT?(H⌦c)kF

 kPT?(H⌦c)kF .

Hence, the last two inequalities give

kPT (H⌦c)k2
F  2

p
kP⌦PT (H⌦c)k2

F  2

p
kPT?(H⌦c)k2

F .

(III.9)
As a consequence of this and (III.7), we have

kH⌦ck2
F 

⇣2

p
+ 1

⌘
kPT?(H⌦c)k2

F .

The theorem then follows from this inequality together
with (III.8).

B. Comparison with an oracle

We would like to return to discussing the best possible
accuracy one could ever hope for. For simplicity, assume
that n1 = n2 = n, and suppose that we have an oracle
informing us about T . In many ways, going back to the
discussion from Section II-A, this is analogous to giving
away the support of the signal in compressed sensing
[11]. With this precious information, we would know
that M lives in a linear space of dimension 2nr � r2

and would probably solve the problem by the method of
least squares:

minimize kP⌦(X) � P⌦(Y )kF

subject to X 2 T.
(III.10)

That is, we would find the matrix in T , which best
fits the data in a least-squares sense. Let A : T ! ⌦
(we abuse notations and let ⌦ be the range of P⌦)
defined by A := P⌦PT . Then assuming that the operator
A⇤A = PT P⌦PT mapping T onto T is invertible

(which is the case under the hypotheses of Theorem 7),
the least-squares solution is given by

MOracle := (A⇤A)�1A⇤(Y )

= M + (A⇤A)�1A⇤(Z). (III.11)

Hence,

kMOracle � MkF = k(A⇤A)�1A⇤(Z)kF .

Let Z 0 be the minimal (normalized) eigenvector of
A⇤A with minimum eigenvalue �min, and set Z =

��
�1/2
min A(Z 0) (note that by definition P⌦(Z) = Z since

Z is in the range of A). By construction, kZkF = �,
and

k(A⇤A)�1A⇤(Z)kF = �
�1/2
min � & p�1/2 �

since by assumption, all the eigenvalues of A⇤A =
PT P⌦PT lie in the interval [p/2, 3p/2]. The matrix
Z defined above also maximizes k(A⇤A)�1A⇤(Z)kF

among all matrices bounded by � and so the oracle
achieves

kMOracle � MkF ⇡ p�1/2� (III.12)

with adversarial noise. Consequently, our analysis looses
a
p

n factor vis a vis an optimal bound that is achievable
via the help of an oracle.

The diligent reader may argue that the least-squares
solution above may not be of rank r (it is at most
of rank 2r) and may thus argue that this is not the
strongest possible oracle. However, as explained below,
if the oracle gave T and r, then the best fit in T of rank
r would not do much better than (III.12). In fact, there
is an elegant way to understand the significance of this
oracle which we now present. Consider a stronger oracle
which reveals the row space of the unknown matrix M
(and thus the rank of the matrix). Then we would know
that the unknown matrix is of the form

M = MCR⇤,

where MC is an n⇥ r matrix, and R is an n⇥ r matrix
whose columns form an orthobasis for the row space
(which we can build since the oracle gave us perfect
information). We would then fit the nr unknown entries
by the method of least squares and find X 2 Rn⇥r

minimizing

kP⌦(XR⇤) � P⌦(Y )kF .

Using our previous notations, the oracle gives away T0 ⇢
T where T0 is the span of elements of the form yv⇤k,
k 2 [r], and is more precise. If A0 : T0 ! ⌦ is defined
by A0 := P⌦PT0 , then the least-squares solution is now

(A⇤
0A0)

�1A⇤
0(Y ).

8

Existing theory for convex relaxation does not match practice . . .
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Strategy: M̂cvx is optimizer if there exists W︸ ︷︷ ︸
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s.t.

(M̂cvx,W ) obeys KKT optimality condition

David Gross

• noiseless case: M̂cvx ←M?
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exact recovery

; W ← golfing scheme

• noisy case: M̂cvx is very complicated, hard to construct W . . .
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A detour: nonconvex optimization

Burer–Monteiro: represent Z by XY > with X,Y ∈ Rn×r︸ ︷︷ ︸
low-rank factorsA detour: nonconvex optimization

Use low-rank representation Z = XY € with X,Y œ Rn◊r

¸ ˚˙ ˝
low-rank factors

minimize
X,Y œRn◊r

f(X,Y ) = 1
2

ÿ

(i,j)œ�

Ë!
XY €"

i,j
≠ Mi,j

È2
+ reg(X,Y )

• warm start: X0

• gradient descent:

Xt+1 = Xt ≠ ÷t Òf(Xt), t = 0, 1, · · ·
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XY >

)
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A detour: nonconvex optimization

• Burer, Monteiro ’03
• Rennie, Srebro ’05
• Keshavan, Montanari, Oh ’09 ’10
• Jain, Netrapalli, Sanghavi ’12
• Hardt ’13
• Sun, Luo ’14
• Chen, Wainwright ’15
• Tu, Boczar, Simchowitz, Soltanolkotabi, Recht ’15
• Zhao, Wang, Liu ’15
• Zheng, Lafferty ’16
• Yi, Park, Chen, Caramanis ’16
• Ge, Lee, Ma ’16
• Ge, Jin, Zheng ’17
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A detour: nonconvex optimization

minimize
X,Y ∈Rn×r

f(X,Y ) =
∑

(i,j)∈Ω

[(
XY >

)
i,j
−Mi,j

]2
+ reg(X,Y )

• suitable initialization: (X0,Y 0)

• gradient descent: for t = 0, 1, . . .

Xt+1 = Xt − ηt∇Xf(Xt,Y t)
Y t+1 = Y t − ηt∇Y f(Xt,Y t)
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A detour: nonconvex optimization

• random sampling: each (i, j) ∈ Ω with prob. p
• random noise: i.i.d. sub-Gaussian noise with variance σ2

• true matrix M? ∈ Rn×n: r = O(1), incoherent, . . .
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minimax limit σ
√
n/p

nonconvex algorithms σ
√
n/p (optimal!)Prior statistical guarantees for convex relaxation

• random sampling: each (i, j) œ � with prob. p
• random noise: i.i.d. sub-Gaussian noise with variance ‡2

• true matrix Mı œ Rn◊n: rank r = O(1), incoherent, . . .

estimation error
.. „M ≠ Mı

..
F

minimax limit ‡

n/p

Candès, Plan ’09 ‡n1.5

Negahban, Wainwright ’10 max{‡, ÎMıÎŒ}

n/p

Koltchinskii, Tsybakov, Lounici ’10 max{‡, ÎMıÎŒ}

n/p
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)

�

=
(1
� ⌘ t)

Q
t+

1 (s t,
a t)

+
⌘ t

⇢
R(s t,

a t)
+
�m

ax

ã2
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�

estimate M?

observed: Mi,j = M?
i,j + noisei,j , (i, j) 2 ⌦

minimize
M2Rn⇥n

1

2

X

(i,j)2⌦

�
Mi,j � M?

i,j

�2
+ �kMk⇤

minimax limit �
p

n/p

Candes, Plan �n1.5

Negahban and Wainwright max{�, kM?k1}n1.5

Koltchinskii et al. max{�, kM?k1}n1.5

(X, Y ) is critical point of nonconvex program convex relaxation

• nonconvex optimization

• 2008 2019

1

Gros
s ’0

9

1



V
(s
) =

m
in
a2

A

8<
:
c(
s,

a)
+
�
X

j2
S

P sj
(a

)V
(j
)

9=
;

=
m
in
a2

A
{c(

s,
a)

+
�E

[V
(s t+

1
) | s t

=
s,

a t
=

a]
}

Q
(s
, a

) ,
R(s

, a
) +

�E
[V

(s t+
1
) | s t

=
s,

a t
=

a]

=
R(s

, a
) +

�E


m
ax

ã2
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ã2
A
Q
(s t+

1
, ã
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ã2
A
Q
t (s t+

1
, ã
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ã2
A
Q
(s t+

1
, ã
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�

estimate M?

observed: Mi,j = M?
i,j + noisei,j , (i, j) 2 ⌦

minimize
M2Rn⇥n

1

2

X

(i,j)2⌦

�
Mi,j � M?

i,j

�2
+ �kMk⇤

minimax limit �
p

n/p

Candes, Plan �n1.5

Negahban and Wainwright max{�, kM?k1}n1.5

Koltchinskii et al. max{�, kM?k1}n1.5

(X, Y ) is critical point of nonconvex program convex relaxation

• nonconvex optimization

• 2008 2019

1

• Kolt
chi

nsk
ii e

t al.
’10

• Kolt
chi

nsk
ii,

Ts
yb

ak
ov

, L
ou

nic
i ’1

0

• Kesh
ava

n,
Mon

tan
ari

, O
h ’08

• Su
n,

Lu
o ’15

• Che
n,

Wain
wrig

ht
’15

• Ma,
Chi,

Wan
g,

Che
n ’17

• Che
n,

Liu
, L

i ’1
9

2

• Kolt
chi

nsk
ii e

t al.
’10

• Kolt
chi

nsk
ii,

Ts
yb

ak
ov

, L
ou

nic
i ’1

0

• Kesh
ava

n,
Mon

tan
ari

, O
h ’08

• Su
n,

Lu
o ’15

• Che
n,

Wain
wrig

ht
’15

• Ma,
Chi,

Wan
g,

Che
n ’17

• Che
n,

Liu
, L

i ’1
9

2

• Kolt
ch

ins
kii

et
al.

’10

• Kolt
ch

ins
kii

, T
syb

ak
ov

, L
ou

nic
i ’1

0

• Kesh
av

an
, M

on
tan

ari
, O

h ’08

• Su
n,

Lu
o ’

15

• Che
n,

W
ain

wrig
ht

’15

• M
a,

Chi
, W

an
g,

Che
n ’17

• Che
n,

Liu
, L

i ’1
9

2

• Kolt
ch

ins
kii

et
al.

’10

• Kolt
ch

ins
kii

, T
syb

ak
ov

, L
ou

nic
i ’1

0

• Kesh
ava

n,
Mon

tan
ari

, O
h ’08

• Su
n,

Lu
o ’15

• Che
n,

Wain
wrig

ht
’15

• M
a,

Chi,
W

an
g,

Che
n ’17

• Che
n,

Liu
, L

i ’1
9

2

• Kolt
chi

nsk
ii e

t al.
’10

• Kolt
chi

nsk
ii,

Ts
yb

ako
v,

Lo
un

ici
’10

• Kesh
ava

n,
Mon

tan
ari

, O
h ’08

• Su
n,

Lu
o ’15

• Chen
, W

ain
wrig

ht
’15

• Zh
eng

, L
aff

ert
y ’16

• M
a,

Chi,
W

an
g,

Che
n ’17

• Chen
, L

iu,
Li

’19

2

• Kolt
ch

ins
kii

et
al.

’10

• Kolt
ch

ins
kii

, T
sy

ba
ko

v,
Lo

un
ici

’10

• Kesh
av

an
, M

on
tan

ari
, O

h ’09

• Su
n,

Lu
o ’

15

• Che
n,

W
ain

wrig
ht

’15

• Zh
en

g,
La

ffe
rty

’16

• M
a,

Chi
, W

an
g,

Che
n ’17

• Che
n,

Liu
, L

i ’1
9

2

Gros
s ’0

9

1



V
(s
) =

m
in
a2

A

8<
:
c(
s,

a)
+
�
X

j2
S

P sj
(a

)V
(j
)

9=
;

=
m
in
a2

A
{c(

s,
a)

+
�E

[V
(s t+

1
) | s t

=
s,

a t
=

a]
}

Q
(s
, a

) ,
R(s

, a
) +

�E
[V

(s t+
1
) | s t

=
s,

a t
=

a]

=
R(s

, a
) +

�E


m
ax

ã2
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�

= (1 � ⌘t)Q
t+1(st, at) + ⌘t

⇢
R(st, at) + � max
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�

estimate M?

observed: Mi,j = M?
i,j + noisei,j , (i, j) 2 ⌦

minimize
M2Rn⇥n

1

2

X

(i,j)2⌦

�
Mi,j � M?

i,j

�2
+ �kMk⇤

minimax limit �
p

n/p

Candes, Plan �n1.5

Negahban and Wainwright max{�, kM?k1}n1.5

Koltchinskii et al. max{�, kM?k1}n1.5

(X, Y ) is critical point of nonconvex program convex relaxation
nonconvex optimization

1

V (s) = min
a2A

8
<
:c(s, a) + �

X

j2S
Psj(a)V (j)

9
=
;

= min
a2A

{c(s, a) + �E [V (st+1) | st = s, at = a]}

Q(s, a) , R(s, a) + �E [V (st+1) | st = s, at = a]

= R(s, a) + �E

max
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ã2A
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A motivating experiment

convex: minimize
Z∈Rn×n

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2 + λ‖Z‖∗

nonconvex: minimize
X,Y ∈Rn×r

∑

(i,j)∈Ω

[(
XY >

)
i,j
−Mi,j

]2
+ λ

2‖X‖2F + λ
2‖Y ‖2F︸ ︷︷ ︸

reg(X,Y )

— ‖Z‖∗ = min
Z=XY >

1
2‖X‖

2
F + 1

2‖Y ‖
2
F
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A motivating experiment
n = 1000, r = 5, p = 0.2, λ = 5σ√np

10-6 10-5 10-4 10-310-8

10-6

10-4

10-2

100

Estimation error: convex
Estimation error: nonconvex
Distance between solutions

a picture here about connection ‡: noise standard dev.

13/ 26

Convex and nonconvex solutions are exceedingly close!
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Cvx ¥ Ncvx
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Main results: r = O(1)

• random sampling: each (i, j) ∈ Ω with prob. p & log3 n
n

• random noise: i.i.d. sub-Gaussian noise with variance σ2

• true matrix M? ∈ Rn×n: r = O(1), incoherent, well-conditioned

minimize
Z∈Rn×n

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2 + λ‖Z‖∗ (λ � σ√np)

Theorem 1 (Chen, Chi, Fan, Ma, Yan ’19)

With high prob., any minimizer M̂cvx of convex program obeys
1. M̂cvx is nearly rank-r

∥∥M̂cvx − projr(M̂cvx)
∥∥

F �
1
n5 · σ

√
n
p

2. ∥∥M̂cvx −M?
∥∥

F . σ
√

n
p

∥∥M̂cvx −M?
∥∥
∞ . σ

√
n logn
p · 1

n

22/ 40



Main results: r = O(1)

• random sampling: each (i, j) ∈ Ω with prob. p & log3 n
n

• random noise: i.i.d. sub-Gaussian noise with variance σ2

• true matrix M? ∈ Rn×n: r = O(1), incoherent, well-conditioned

minimize
Z∈Rn×n

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2 + λ‖Z‖∗ (λ � σ√np)

Theorem 1 (Chen, Chi, Fan, Ma, Yan ’19)

With high prob., any minimizer M̂cvx of convex program obeys
1. M̂cvx is nearly rank-r

∥∥M̂cvx − projr(M̂cvx)
∥∥

F �
1
n5 · σ

√
n
p

2. ∥∥M̂cvx −M?
∥∥

F . σ
√

n
p

∥∥M̂cvx −M?
∥∥
∞ . σ

√
n logn
p · 1

n

22/ 40



Main results: r = O(1)

• random sampling: each (i, j) ∈ Ω with prob. p & log3 n
n

• random noise: i.i.d. sub-Gaussian noise with variance σ2

• true matrix M? ∈ Rn×n: r = O(1), incoherent, well-conditioned

minimize
Z∈Rn×n

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2 + λ‖Z‖∗ (λ � σ√np)

Theorem 1 (Chen, Chi, Fan, Ma, Yan ’19)

With high prob., any minimizer M̂cvx of convex program obeys
1. M̂cvx is nearly rank-r

∥∥M̂cvx − projr(M̂cvx)
∥∥

F �
1
n5 · σ

√
n
p

2. ∥∥M̂cvx −M?
∥∥

F . σ
√

n
p

∥∥M̂cvx −M?
∥∥
∞ . σ

√
n logn
p · 1

n

22/ 40



Main results: r = O(1)

• random sampling: each (i, j) ∈ Ω with prob. p & log3 n
n

• random noise: i.i.d. sub-Gaussian noise with variance σ2

• true matrix M? ∈ Rn×n: r = O(1), incoherent, well-conditioned

minimize
Z∈Rn×n

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2 + λ‖Z‖∗ (λ � σ√np)

Theorem 1 (Chen, Chi, Fan, Ma, Yan ’19)

With high prob., any minimizer M̂cvx of convex program obeys
1. M̂cvx is nearly rank-r

∥∥M̂cvx − projr(M̂cvx)
∥∥

F �
1
n5 · σ

√
n
p

2. ∥∥M̂cvx −M?
∥∥

F . σ
√

n
p

∥∥M̂cvx −M?
∥∥
∞ . σ

√
n logn
p · 1

n

22/ 40



Main results: r = O(1)

• random sampling: each (i, j) ∈ Ω with prob. p & log3 n
n

• random noise: i.i.d. sub-Gaussian noise with variance σ2

• true matrix M? ∈ Rn×n: r = O(1), incoherent, well-conditioned

minimize
Z∈Rn×n

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2 + λ‖Z‖∗ (λ � σ√np)

Theorem 1 (Chen, Chi, Fan, Ma, Yan ’19)

With high prob., any minimizer M̂cvx of convex program obeys
1. M̂cvx is nearly rank-r

∥∥M̂cvx − projr(M̂cvx)
∥∥

F �
1
n5 · σ

√
n
p

2. ∥∥M̂cvx −M?
∥∥

F . σ
√

n
p

∥∥M̂cvx −M?
∥∥
∞ . σ

√
n logn
p · 1

n

22/ 40



∥∥M̂cvx −M?
∥∥

F . σ
√

n
p

∥∥M̂cvx −M?
∥∥
∞ . σ

√
n logn
p · 1

n

Chen, Chi, Fan, Ma, Yan ’19

minimax limit ‡

n/p

nonconvex algorithms ‡
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n/p (optimal!)Prior statistical guarantees for convex relaxation

• random sampling: each (i, j) œ � with prob. p
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• minimax optimal when r = O(1)

• estimation errors are spread out across all entries
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• minimax optimal when r = O(1)
• estimation errors are spread out across all entries
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Implicit regularization

No need to enforce spikiness constraint as in Negahban & Wainwright

minimize
‖Z‖∞≤α

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2 + λ‖Z‖∗ (Negahban et al.)

• convex programming automatically controls spikiness of solutions
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Statistical guarantees for iterative algorithms

minimize
Z

g(Z) :=
∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2 + λ‖Z‖∗ (1)

Many algorithms (e.g. SVT, SOFT-IMPUTE, FPC, FISTA) have been
proposed to solve (1), typically without statistical guarantees

We provide statistical guarantees for any Z with g(Z) ≤ g(Zopt) + ε
for some sufficiently small ε > 0
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Main results: general case

• random sampling: each (i, j) ∈ Ω with prob. p & r2 log3 n
n

• random noise: i.i.d. sub-Gaussian noise with variance σ2

• true matrix M? ∈ Rn×n: incoherent, well-conditioned

Theorem 2 (Chen, Chi, Fan, Ma, Yan ’19)

With high prob., any minimizer M̂cvx of convex program obeys
1. M̂cvx is nearly rank-r

2. ∥∥M̂cvx −M?
∥∥

F . σ
σmin(M?)

√
n
p ‖M?‖F

∥∥M̂cvx −M?
∥∥
∞ .

√
r σ
σmin(M?)

√
n logn
p ‖M?‖∞

∥∥M̂cvx −M?
∥∥ . σ

σmin(M?)

√
n
p ‖M?‖

sample complexity bound O(nr2 log3 n) is suboptimal in r!
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A little analysis:
connection between convex and nonconvex solutions



Link between convex and nonconvex optimizers

• (X,Y ) is close to truth (in `2,∞ sense)
• a little condition on noise size

Gross ’09 (X?, Y ?) (X, Y )
recommendation systems localization joint shape matching

array signal processing channel estimation

minimize
Z

f(Z) :=
X

(i,j)2⌦

�
Zi,j � Mi,j

�2
+ �kZk⇤

1

Gross ’09 (X?, Y ?) (X, Y )
recommendation systems localization joint shape matching

array signal processing channel estimation

minimize
Z

f(Z) :=
X

(i,j)2⌦

�
Zi,j � Mi,j

�2
+ �kZk⇤

1

(X,Y ) is nonconvex optimizer

=⇒ XY > is convex solution
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Approximate nonconvex optimizers

Gross ’09 (X?, Y ?) (X, Y )
recommendation systems localization joint shape matching

array signal processing channel estimation

minimize
Z

f(Z) :=
X

(i,j)2⌦

�
Zi,j � Mi,j

�2
+ �kZk⇤

1

Gross ’09 (X?, Y ?) (Xopt, Yopt) (X0, Y 0)
recommendation systems localization joint shape matching

array signal processing channel estimation

minimize
Z

f(Z) :=
X

(i,j)2⌦

�
Zi,j � Mi,j

�2
+ �kZk⇤

1

Gross ’09 (X?, Y ?) (Xopt, Yopt) (X1, Y 1)
recommendation systems localization joint shape matching

array signal processing channel estimation

minimize
Z

f(Z) :=
X

(i,j)2⌦

�
Zi,j � Mi,j

�2
+ �kZk⇤

1

Issue: we do NOT know properties of nonconvex optimizers
• It is unclear whether nonconvex algorithms converge to

optimizers (due to lack of strong convexity)
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Approximate nonconvex optimizers

Strategy: resort to “approximate stationary points︸ ︷︷ ︸
∇f(X,Y )≈0

” instead

starting from (X0,Y 0) = truth or spectral initialization:

Xt+1 = Xt − η∇Xf(Xt,Y t)
Y t+1 = Y t − η∇Y f(Xt,Y t) t = 0, 1, · · · , T

• when T is large: there exists point with very small gradient︸ ︷︷ ︸
‖∇f(X,Y )‖F . 1√

ηT• hopefully not far from (X?,Y ?)
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Gradient descent for nonconvex matrix completion



Gradient descent for nonconvex matrix completion

Xt+1 = Xt − η∇Xf(Xt,Y t)
Y t+1 = Y t − η∇Y f(Xt,Y t)

Prior works analyze regularized GD
• not guaranteed to return small-gradient solutions
• no `2,∞ error control

— Keshavan et al. ’09, Sun, Luo ’15, Chen, Wainwright ’15, Zheng, Lafferty ’16

Our work and Chen et al. analyze vanilla GD
• regularization-free
• optimal `2,∞ error control

— Ma, Wang, Chi, Chen ’17, Chen, Liu, Li ’19
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Gradient descent theory revisited

0.2 0.4 0.6 0.8 1

0.9

1

t

f(t)/
p
1 + t2

1

Two standard conditions that enable geometric convergence of GD

• (local) restricted strong convexity
• (local) smoothness
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Gradient descent theory revisited

f is said to be α-strongly convex and β-smooth if

0 � αI � ∇2f(X) � βI, ∀X

`2 error contraction: GD with η = 1/β obeys

‖Xt+1 −X?‖F ≤
(

1− α

β

)
‖Xt −X?‖F
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Incoherence region
Which region enjoys both restricted strong convexity and smoothness?

• X is not far away from X?

• X is incoherent w.r.t. standard basis vectors (incoherence region)

35/ 40



Incoherence region
Which region enjoys both restricted strong convexity and smoothness?

·

X?

1

• X is not far away from X?

• X is incoherent w.r.t. standard basis vectors (incoherence region)

35/ 40



Incoherence region
Which region enjoys both restricted strong convexity and smoothness?

·

X\

e1

e2

ke>
1 (X � X\)k2 ⌧ kX\k2,1

ke>
2 (X � X\)k2 ⌧ kX\k2,1

1

X?

ke>
1 (X � X?)k2  ✏kX?k2,1

ke>
2 (X � X?)k2  ✏kX?k2,1

1

X?

1

• X is not far away from X?

• X is incoherent w.r.t. standard basis vectors (incoherence region)
35/ 40



Incoherence region
Which region enjoys both restricted strong convexity and smoothness?

·

X\

e1

e2

ke>
1 (X � X\)k2 ⌧ kX\k2,1

ke>
2 (X � X\)k2 ⌧ kX\k2,1

1

X\

e1

e2

ke>
1 (X � X\)k2 ⌧ kX\k2,1

ke>
2 (X � X\)k2 ⌧ kX\k2,1

1

X?

ke>
1 (X � X?)k2  ✏kX?k2,1

ke>
2 (X � X?)k2  ✏kX?k2,1

1

X?

ke>
1 (X � X?)k2  ✏kX?k2,1

ke>
2 (X � X?)k2  ✏kX?k2,1

1

X?

1

• X is not far away from X?

• X is incoherent w.r.t. standard basis vectors (incoherence region)
35/ 40



Inadequacy of generic gradient descent theory

region of local strong convexity + smoothness

·∙·∙

• Generic optimization theory does NOT ensure GD stays in
incoherence region

• Calls for new analysis tools

36/ 40



Inadequacy of generic gradient descent theory

region of local strong convexity + smoothness

·∙·∙

• Generic optimization theory does NOT ensure GD stays in
incoherence region

• Calls for new analysis tools

36/ 40



Inadequacy of generic gradient descent theory

region of local strong convexity + smoothness

·∙·∙

• Generic optimization theory does NOT ensure GD stays in
incoherence region

• Calls for new analysis tools

36/ 40



Inadequacy of generic gradient descent theory

region of local strong convexity + smoothness

·∙·∙

• Generic optimization theory does NOT ensure GD stays in
incoherence region
• Calls for new analysis tools

36/ 40



Key proof idea: leave-one-out analysis
Leave out a small amount of information from data and run GD

• Stein ’72
• El Karoui, Bean, Bickel, Lim, Yu ’13
• El Karoui ’15
• Javanmard, Montanari ’15
• Zhong, Boumal ’17
• Lei, Bickel, El Karoui ’17
• Sur, Chen, Candès ’17
• Abbe, Fan, Wang, Zhong ’17
• Chen, Fan, Ma, Wang ’17
• Ma, Wang, Chi, Chen ’17
• Chen, Chi, Fan, Ma ’18
• Ding, Chen ’18
• Dong, Shi ’18
• Chen, Liu, Li ’19

37/ 40



Key proof idea: leave-one-out analysis
Leave out a small amount of information from data and run GD
• Stein ’72
• El Karoui, Bean, Bickel, Lim, Yu ’13
• El Karoui ’15
• Javanmard, Montanari ’15
• Zhong, Boumal ’17
• Lei, Bickel, El Karoui ’17
• Sur, Chen, Candès ’17
• Abbe, Fan, Wang, Zhong ’17
• Chen, Fan, Ma, Wang ’17
• Ma, Wang, Chi, Chen ’17
• Chen, Chi, Fan, Ma ’18
• Ding, Chen ’18
• Dong, Shi ’18
• Chen, Liu, Li ’19

37/ 40



Key proof idea: leave-one-out analysis
For each 1 ≤ l ≤ n, introduce leave-one-out iterates Xt,(l)

by replacing lth row and column with true values
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Key proof idea: leave-one-out analysis
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• Leave-one-out iterates {Xt,(l)} contains more information of lth

row of truth; indep. of randomness in lth row

• Leave-one-out iterates {Xt,(l)} ≈ true iterates {Xt}
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)

�

=
(1
� ⌘

t)
Q
t+

1 (s t,
a t)

+
⌘ t

⇢
R
(s t,

a t)
+
�m

ax

ã2
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