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Multi-agent RL with a generative model



Multi-agent reinforcement learning (MARL)
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• S = [S]: state space • A = [A]: action space of max-player
• H: horizon • B = [B]: action space of min-player

• immediate reward: max-player r(s, a, b) ∈ [0, 1]

immediate reward:

min-player −r(s, a, b)
• µ : S × [H]→ ∆(A): policy of max-player
ν : S × [H]→ ∆(B): policy of min-player
• Ph(· | s, a, b): unknown transition probabilities
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Value function under independent policies (µ, ν) (no coordination)

V µ,ν(s) := E
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H∑

h=1
rh(sh, ah, bh)

∣∣∣ s1 = s

]
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• Each agent seeks optimal policy maximizing her own value
• But two agents have conflicting goals . . .
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Compromise: Nash equilibrium (NE)

John von Neumann John Nash

An NE policy pair (µ?, ν?) obeys

max
µ

V µ,ν? = V µ?,ν? = min
ν
V µ?,ν

• no unilateral deviation is beneficial
• no coordination between two agents (they act independently)
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Compromise: Nash equilibrium (NE)

John von Neumann John Nash

An ε-NE policy pair (µ̂, ν̂) obeys

max
µ

V µ, ν̂ − ε ≤ V µ̂, ν̂ ≤ min
ν
V µ̂, ν + ε

• no unilateral deviation is beneficial
• no coordination between two agents (they act independently)
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Learning NEs with a simulator

simulator

Sampling mechanism: a generative model / simulator

— Kearns, Singh ’99

One can query the generative model with any state-action-step
combination (s, a, b, h), and obtain sÕ ind.≥ Ph(sÕ | s, a, b)
(s, a, b, h)
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input: any (s, a, b, h)
output: an independent sample s′ ∼ Ph(· | s, a, b)

Question: how many samples are sufficient to
learn an ε-Nash policy pair?
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Model-based approach (non-adaptive sampling)
— Zhang, Kakade, Başar, Yang ’20

for any (s, h)

1

1. for each (s, a, b, h), call simulator N times

2. build empirical model P̂

, and run “plug-in” methods

sample complexity: H4SAB
ε2
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Curse of multiple agents

1 player: A

2 players: AB m players: A1A2 · · ·Am

Let’s look at the size of joint action space . . .
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Curse of multiple agents

1 player: A 2 players: AB m players: A1A2 · · ·Am

# joint actions blows up geometrically in # players!
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Theorem 1 (Li, Chi, Wei, Chen ’22)
For any 0 < ε ≤ H, one can design an algorithm that finds an ε-Nash
policy pair (µ̂, ν̂) with high prob., with sample complexity at most
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(
H4S(A+B)
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)
(minimax-optimal ∀ε)
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for each (s, a)

bk ⇠ µk
h(· | s)

s0 ⇠ Ph(· | s, a, bk)

(adaptive) sampling

Q-learning update

1. build reward vector rk 2 RSA

empirical transition P k 2 RSA⇥S

2. Qk+1
h = (1 � ↵k)Qk

h + ↵k(rk + P k bVh+1)

one-sided Q-function : RSA

use samples in this round to update

Follow-the-regularized-leader (FTRL)

policy update via adversarial learning

µk+1
h (· | s) / exp

�
⌘k+1Q

k
h(s, ·)

�

bµh(· | s) =

KX

k=1

↵K
k µk

h(· | s)

bVh(s) = min

⇢ KX

k=1

↵K
k

D
µk

h(·|s), qk
h(s, ·)

E
+ UCB, H � h + 1

�

output policy : mixture of policy iterates

V -estimate : upper confidence bound

our algorithm

1

Theorem 1 (Li, Chi, Wei, Chen ’22)
For any 0 < ε ≤ H, one can design an algorithm that finds an ε-Nash
policy pair (µ̂, ν̂) with high prob., with sample complexity at most

Õ

(
H4S(A+B)

ε2

)
(minimax-optimal ∀ε)



Model-free / value-based RL

1. Basics of Q-learning

2. Synchronous Q-learning and variance reduction (simulator)

3. Asynchronous Q-learning (Markovian data)

4. Q-learning with lower confidence bounds (offline RL)

5. Q-learning with upper confidence bounds (online RL)



Model-based vs. model-free RL

Model-based approach (“plug-in”)
1. build empirical estimate P̂ for P
2. planning based on empirical P̂

Model-free / value-based approach
— learning w/o modeling & estimating environment explicitly
— memory-efficient, online, . . .

12/ 53



Focus of this part: classical Q-learning algorithm and its variants



A starting point: Bellman optimality principle

Bellman operator

T (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
a′∈A

Q(s′, a′)
︸ ︷︷ ︸
next state’s value

]

• one-step look-ahead

Bellman equation: Q? is unique solution to

T (Q?) = Q?

• takeaway message: it suffices to solve the
Bellman equation
• challenge: how to solve it using stochastic

samples?

Richard Bellman
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Q-learning: a stochastic approximation algorithm

Chris Watkins Peter Dayan

Stochastic approximation︸ ︷︷ ︸
Robbins & Monro, 1951

for solving the Bellman equation

T (Q)−Q = 0
where

T (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
a′∈A

Q(s′, a′)
︸ ︷︷ ︸
next state’s value

]
.
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Q-learning: a stochastic approximation algorithm

Chris Watkins Peter Dayan

Stochastic approximation for solving Bellman equation T (Q)−Q = 0

Qt+1(s, a) = Qt(s, a) + ηt
(Tt(Qt)(s, a)−Qt(s, a)

)
︸ ︷︷ ︸

sample transition (s,a,s′)

, t ≥ 0

Tt(Q)(s, a) = r(s, a) + γmax
a′

Q(s′, a′)

T (Q)(s, a) = r(s, a) + γ E
s′∼P (·|s,a)

[
max
a′

Q(s′, a′)
]
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Model-free RL

1. Basics of Q-learning

2. Synchronous Q-learning and variance reduction (simulator)

3. Asynchronous Q-learning (Markovian data)

4. Q-learning with lower confidence bounds (offline RL)

5. Q-learning with upper confidence bounds (online RL)



A generative model / simulator

— Kearns, Singh ’99

Each iteration, draw an independent sample (s, a, s′) for given (s, a)

18/ 53



Synchronous Q-learning

Chris Watkins Peter Dayan

for t = 0, 1, . . . , T
for each (s, a) ∈ S ×A

draw a sample (s, a, s′), run

Qt+1(s, a) = (1− ηt)Qt(s, a) + ηt
{
r(s, a) + γmax

a′
Qt(s′, a′)

}

synchronous: all state-action pairs are updated simultaneously

• total sample size: T |S||A|
19/ 53



Sample complexity of synchronous Q-learning

Theorem 2 (Li, Cai, Chen, Wei, Chi ’21)

For any 0 < ε ≤ 1, synchronous Q-learning yields ‖Q̂−Q?‖∞ ≤ ε
with high prob. and E[‖Q̂−Q?‖∞] ≤ ε, with sample size at most




Õ
( |S||A|

(1−γ)4ε2

)
if |A| ≥ 2

(?)

Õ
( |S|

(1−γ)3ε2

)
if |A| = 1 (TD learning)

• Covers both constant and rescaled linear learning rates:

ηt ≡
1

1 + c1(1−γ)T
log2 T

or ηt = 1
1 + c2(1−γ)t

log2 T

other papers sample complexity

Even-Dar & Mansour ’03 2
1

1−γ |S||A|
(1−γ)4ε2

Beck & Srikant ’12 |S|2|A|2
(1−γ)5ε2

Wainwright ’19 |S||A|
(1−γ)5ε2

Chen, Maguluri, Shakkottai, Shanmugam ’20 |S||A|
(1−γ)5ε2
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All this requires sample size at least |S||A|
(1−γ)4ε2 (|A| ≥ 2) . . .

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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if we take µmin � 1
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All prior results require a sample size of at least tmix|S|2|A|2!
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Question: Is Q-learning sub-optimal, or is it an analysis artifact?



All this requires sample size at least |S||A|
(1−γ)4ε2 (|A| ≥ 2) . . .

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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All prior results require a sample size of at least tmix|S|2|A|2!
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• Sharpened sample complexity for sync Q-learning: |S||A|
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• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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if we take µmin � 1
|S||A| , tcover � tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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• Sharpened sample complexity for sync Q-learning: |S||A|
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• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Question: Is Q-learning sub-optimal, or is it an analysis artifact?



A numerical example: |S||A|
(1−γ)4ε2 samples seem necessary . . .

— observed in Wainwright ’19

p = 4γ − 1
3γ

r(0, 1) = 0, r(1, 1) = r(1, 2) = 1

22/ 53



Q-learning is NOT minimax optimal

Theorem 3 (Li, Cai, Chen, Wei, Chi, 2021)
For any 0 < ε ≤ 1, there exists an MDP with |A| ≥ 2 such that to
achieve ‖Q̂−Q?‖∞ ≤ ε, synchronous Q-learning needs at least

Ω̃
( |S||A|

(1− γ)4ε2

)
samples

• Tight algorithm-dependent lower bound
• Holds for both constant and rescaled linear learning rates

s = 0
<latexit sha1_base64="U6WXQblKGh85jddFNvqN2w7OFQo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQS9CwYvHCqYttKFstpt26WYTdidCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v53CxubW9k5xt7S3f3B4VD4+aZkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8d3cbz9xbUSiHnGS8iCmQyUiwShayTfklrj9csWtuguQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRTTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtGpV76pae6hXGvU8jiKcwTlcggfX0IB7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuEPnM8feHGNwg==</latexit>

s = 1
<latexit sha1_base64="M12rUwvsKTCSWc8Hzyng+LaS4Og=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQS9CwYvHCqYttKFstpt26WYTdidCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v53CxubW9k5xt7S3f3B4VD4+aZkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8d3cbz9xbUSiHnGS8iCmQyUiwShayTfklnj9csWtuguQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRTTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtGpV76pae6hXGvU8jiKcwTlcggfX0IB7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuEPnM8fefWNww==</latexit>

p
<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>

1
<latexit sha1_base64="d4o3Ms3ALdTBru/8lcKmrFKMgQE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad7WMqw==</latexit>

1 � p
<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>

p
<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>

a = 1 a = 2

1

a = 1 a = 2

1

1 � p
<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>

a = 1 a = 2 s = 2

1

1 � p
<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>

p
<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>

1
<latexit sha1_base64="d4o3Ms3ALdTBru/8lcKmrFKMgQE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad7WMqw==</latexit>
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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1

1 � �
<latexit sha1_base64="ruHvB5gQNVKHpwmJqWeG9qWN6Jk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCF0sigh6LXjxWsB/QlLLZbtqlu5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH7mG1reNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044uZ35nUeqNIvlg5kmtC/wSLKIEWysNHCrQaQwyfw888+DERYC5wO35tW9OdAq8QtSgwLNgfsVDGOSCioN4Vjrnu8lpp9hZRjhNK8EqaYJJhM8oj1LJRZU97P57Tk6tcoQRbGyJQ2aq78nMiy0norQdgpsxnrZm4n/eb3URNf9jMkkNVSSxaIo5cjEaBYEGjJFieFTSzBRzN6KyBjbMIyNq2JD8JdfXiXti7rv1f37y1rjpoijDMdwAmfgwxU04A6a0AICT/AMr/Dm5M6L8+58LFpLTjFzBH/gfP4As0GUNQ==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit>

|S||A|

(1�
�)

4 "2

<latexit sha1_base64="lPnFN4OWaCFB2yI6g650iGCas40="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit>

|S|
|A|

(1
� �

)5
"
2

<latexit sha1_base64="P8K7+fhcLAEhKvYuSV27PEh0dew="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit>

|S||A|

(1 � �)3"
2

<latexit sha1_base64="+Yj8whj4tDrIRk5Ea0Xt/1rK+ig="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit>
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1

1 � �
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Takeaway message

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate
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2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate
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(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin � 1
|S||A| , tcover � tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Q-learning is NOT minimax optimal

Theorem 3 (Li, Cai, Chen, Wei, Chi, 2021)
For any 0 < ε ≤ 1, there exists an MDP with |A| ≥ 2 such that to
achieve ‖Q̂−Q?‖∞ ≤ ε, synchronous Q-learning needs at least

Ω̃
( |S||A|

(1− γ)4ε2

)
samples

• Tight algorithm-dependent lower bound
• Holds for both constant and rescaled linear learning rates
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
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Ê +
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tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
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Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Takeaway message

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate
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1≠� poly: 1

t� , � � ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1
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t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1
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Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin � 1
|S||A| , tcover � tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Q-learning is NOT minimax optimal

Theorem 3 (Li, Cai, Chen, Wei, Chi, 2021)
For any 0 < ε ≤ 1, there exists an MDP with |A| ≥ 2 such that to
achieve ‖Q̂−Q?‖∞ ≤ ε, synchronous Q-learning needs at least

Ω̃
( |S||A|

(1− γ)4ε2

)
samples

• Tight algorithm-dependent lower bound
• Holds for both constant and rescaled linear learning rates
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1
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(1≠“)4Á2 linear: 1
t
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!

t1+3Ê
cover
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" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Improving sample complexity via variance reduction

— a powerful idea from finite-sum stochastic optimization



Variance-reduced Q-learning updates (Wainwright ’19)
— inspired by SVRG (Johnson & Zhang ’13)

Qt(s, a) = (1− η)Qt−1(s, a) + η
(
Tt(Qt−1) −Tt(Q) + T̃ (Q)︸ ︷︷ ︸

use Q to help reduce variability

)
(s, a)

• Q: some reference Q-estimate
• T̃ : empirical Bellman operator (using a batch of samples)

Tt(Q)(s, a) = r(s, a) + γmax
a′

Q(s′, a′)

T̃ (Q)(s, a) = r(s, a) + γ E
s′∼P̃ (·|s,a)

[
max
a′

Q(s′, a′)
]
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An epoch-based stochastic algorithm

— inspired by Johnson & Zhang ’13

for each epoch
1. update Q and T̃ (Q) (which stay fixed in the rest of the epoch)
2. run variance-reduced Q-learning updates iteratively

26/ 53



Sample complexity of variance-reduced Q-learning

Theorem 4 (Wainwright ’19)
For any 0 < ε ≤ 1, sample complexity for variance-reduced
synchronous Q-learning to yield ‖Q̂−Q?‖∞ ≤ ε is at most

Õ

( |S||A|
(1− γ)3ε2

)

• allows for more aggressive learning rates

• minimax-optimal for 0 < ε ≤ 1
◦ remains suboptimal if 1 < ε < 1

1−γ
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Model-free RL

1. Basics of Q-learning

2. Synchronous Q-learning and variance reduction (simulator)

3. Asynchronous Q-learning (Markovian data)

4. Q-learning with lower confidence bounds (offline RL)

5. Q-learning with upper confidence bounds (online RL)



Markovian samples and behavior policy

Observed: {st, at, rt}t≥0︸ ︷︷ ︸
stationary Markovian trajectory

generated by behavior policy πb

Goal: learn optimal value V ? and Q? based on sample trajectory

Key quantities of sample trajectory
• minimum state-action occupancy probability (uniform coverage)

µmin := min µπb(s, a)︸ ︷︷ ︸
stationary distribution

∈
[
0, 1
|S||A|

]

• mixing time: tmix
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Q-learning on Markovian samples

Chris Watkins Peter Dayan

Qt+1(st, at) = (1− ηt)Qt(st, at) + ηtTt(Qt)(st, at)︸ ︷︷ ︸
only update (st,at)-th entry

, t ≥ 0

Tt(Q)(st, at) = r(st, at) + γmax
a′

Q(st+1, a
′)
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Q-learning on Markovian samples

• asynchronous: only a single entry is updated each iteration

• off-policy: target policy π? 6= behavior policy πb
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Sample complexity of asynchronous Q-learning

Theorem 5 (Li, Cai, Chen, Wei, Chi ’21)
For any 0 < ε ≤ 1

1−γ , sample complexity of async Q-learning to yield
‖Q̂−Q?‖∞ ≤ ε with high prob. (or E[‖Q̂−Q?‖∞] ≤ ε) is at most

1
µmin(1− γ)4ε2 + tmix

µmin(1− γ) (up to log factor)

other papers sample complexity

Even-Dar, Mansour ’03 (tcover)
1

1−γ
(1−γ)4ε2

Even-Dar, Mansour ’03
( t1+3ω

cover
(1−γ)4ε2

) 1
ω +

( tcover
1−γ

) 1
1−ω , ω ∈ (1

2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1−γ)5ε2

Qu & Wierman ’20 tmix
µ2

min(1−γ)5ε2

Li, Wei, Chi, Gu, Chen ’20 1
µmin(1−γ)5ε2 + tmix

µmin(1−γ)

Chen, Maguluri, Shakkottai, Shanmugam ’21 1
µ3

min(1−γ)5ε2 + other-term(tmix)
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Linear dependency on 1/µminagent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action a0 which action a to take?

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

V ⇡(s0) Q⇡(s0, a0)
"
⇡b(·|s0) ⇡b(·|s1) ⇡b(·|s2) ⇡b(·|s3) ⇡b(·|s4) ⇡b(·|s5)
⇡?(·|s0) ⇡?(·|s1) ⇡?(·|s2) ⇡?(·|s3) ⇡?(·|s4) ⇡?(·|s5)

samples (experience) model optimal value function policy (i.e. P 2 R|S||A|⇥|S|)
S A bQ(s, a)

Chris Watkins Peter Dayan
(s0, a0) (s1, a1) (s2, a2) (s3, a3) update planning (policy iteration, Q-value iteration, · · · |S||A|

| {z }

1

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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2 |A|2 !
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if we take µmin � 1
|S||A| , tcover � tmix

µmin
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Effect of mixing time on sample complexity

1
µmin(1− γ)4ε2 + tmix

µmin(1− γ)

• reflects cost taken to reach steady state

• one-time expense (almost independent of ε)
— it becomes amortized as algorithm runs

— prior art: tmix
µ2

min(1−γ)5ε2 (Qu & Wierman ’20)
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Model-free RL

1. Basics of Q-learning

2. Synchronous Q-learning and variance reduction (simulator)

3. Asynchronous Q-learning (Markovian data)

4. Q-learning with lower confidence bounds (offline RL)

5. Q-learning with upper confidence bounds (online RL)



Recap: offline RL / batch RL

Historical dataset D =
{
(s(i), a(i), s′(i))

}
: N independent copies of

s ∼ ρb, a ∼ πb(· | s), s′ ∼ P (· | s, a)

for some state distribution ρb and behavior policy πb

Single-policy concentrability

C? := max
s,a

dπ
?(s, a)

dπb(s, a)
≥ 1

where dπ: occupancy distribution under π

• captures distributional shift
• allows for partial coverage

⇡1
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D
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uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1
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How to design offline model-free algorithms
with optimal sample efficiency?

Q-learning LCB-Q LCB-Q-Advantage

1
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1
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Q-Learning LCB-Q LCB-Q-Advantage
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reductionUCB exploration variance reduction early-settled variance

reduction

LCB
penalty

Our algorithms

40/ 57

variance reduction pessimism principle (low confidence bounds)

How to design o�ine model-free algorithms
with optimal sample e�ciency?

Q-Learning LCB-Q LCB-Q-Advantage

UCB exploration variance reduction early-settled variance
reductionUCB exploration variance reduction early-settled variance

reduction

LCB
penalty

Our algorithms

40/ 57

variance reduction pessimism principle (low confidence bounds)

How to design o�ine model-free algorithms
with optimal sample e�ciency?

Q-Learning LCB-Q LCB-Q-Advantage

UCB exploration variance reduction early-settled variance
reductionUCB exploration variance reduction early-settled variance

reduction

LCB
penalty

Our algorithms

40/ 57

variance reduction pessimism principle (low confidence bounds)

How to design o�ine model-free algorithms
with optimal sample e�ciency?

Q-Learning LCB-Q LCB-Q-Advantage

UCB exploration variance reduction early-settled variance
reductionUCB exploration variance reduction early-settled variance

reduction

LCB
penalty

Our algorithms

40/ 57



How to design offline model-free algorithms
with optimal sample efficiency?

Q-learning LCB-Q LCB-Q-Advantage

1

Q-learning LCB-Q LCB-Q-Advantage

1

Q-learning LCB-Q LCB-Q-Advantage

1

variance reduction pessimism principle (low confidence bounds)

How to design o�ine model-free algorithms
with optimal sample e�ciency?

Q-Learning LCB-Q LCB-Q-Advantage

UCB exploration variance reduction early-settled variance
reductionUCB exploration variance reduction early-settled variance

reduction

LCB
penalty

Our algorithms

40/ 57

variance reduction pessimism principle (low confidence bounds)

How to design o�ine model-free algorithms
with optimal sample e�ciency?

Q-Learning LCB-Q LCB-Q-Advantage

UCB exploration variance reduction early-settled variance
reductionUCB exploration variance reduction early-settled variance

reduction

LCB
penalty

Our algorithms

40/ 57

variance reduction pessimism principle (low confidence bounds)

How to design o�ine model-free algorithms
with optimal sample e�ciency?

Q-Learning LCB-Q LCB-Q-Advantage

UCB exploration variance reduction early-settled variance
reductionUCB exploration variance reduction early-settled variance

reduction

LCB
penalty

Our algorithms

40/ 57

variance reduction pessimism principle (low confidence bounds)

How to design o�ine model-free algorithms
with optimal sample e�ciency?

Q-Learning LCB-Q LCB-Q-Advantage

UCB exploration variance reduction early-settled variance
reductionUCB exploration variance reduction early-settled variance

reduction

LCB
penalty

Our algorithms

40/ 57



LCB-Q: Q-learning with LCB penalty

— Shi et al. ’22, Yan et al. ’22

Qt+1(st, at)← (1− ηt)Qt(st, at) + ηtTt (Qt) (st, at)︸ ︷︷ ︸
classical Q-learning

− ηt bt(st, at)︸ ︷︷ ︸
LCB penalty

• bt(s, a): Hoeffding-style confidence bound
• pessimism in the face of uncertainty

sample size: Õ
(

SC?

(1−γ)5ε2
)

=⇒ sub-optimal by a factor of 1
(1−γ)2

Issue: large variability in stochastic update rules
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Q-learning with LCB and variance reduction
— Shi et al. ’22, Yan et al. ’22
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate
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standard form problem (not necessarily convex)
minimize f0(x)
subject to fi(x) Æ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p
variable x œ Rn, domain D, optimal value pı

Lagrangian: L : Rn ◊ Rm ◊ Rp � R, with dom(L) = D ◊ Rm ◊ Rp,

L(x, �, �) = f0(x) +
mÿ

i=1
�ifi(x) +
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i=1
�ihi(x)

Duality 6-2

First model-free analysis

Model-free RL matches the minimax-optimal sample complexity for
model-based ones!

— in a much larger range of the accuracy level

“Pessimistic Q-learning for o�ine reinforcement learning: Towards optimal sample
complexity,” Shi, L., Li, G., Wei, Y., Chen, Y., Chi, Y, arXiv:2202.13890, 2022.

finite-horizon MDPs infinite-horizon MDPs

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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standard form problem (not necessarily convex)
minimize f0(x)
subject to fi(x) Æ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p
variable x œ Rn, domain D, optimal value pı

Lagrangian: L : Rn ◊ Rm ◊ Rp � R, with dom(L) = D ◊ Rm ◊ Rp,

L(x, �, �) = f0(x) +
mÿ

i=1
�ifi(x) +

pÿ

i=1
�ihi(x)

Duality 6-2

First model-free analysis

Model-free RL matches the minimax-optimal sample complexity for
model-based ones!

— in a much larger range of the accuracy level

“Pessimistic Q-learning for o�ine reinforcement learning: Towards optimal sample
complexity,” Shi, L., Li, G., Wei, Y., Chen, Y., Chi, Y, arXiv:2202.13890, 2022.

Model-free offline RL attains sample optimality too!
— with some burn-in cost though . . .



Model-free RL

1. Basics of Q-learning

2. Synchronous Q-learning and variance reduction (simulator)

3. Asynchronous Q-learning (Markovian data)

4. Q-learning with lower confidence bounds (offline RL)

5. Q-learning with upper confidence bounds (online RL)



Online RL: interacting with real environments

Sequentially execute MDP for K episodes, each consisting of H steps

— sample size: T = KH

... ... ...
⌧1 = {s1

h, a1
h, r1

h}H
h=1

<latexit sha1_base64="fZnK+apgLdnxAhuWh/AAlJL8XlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm66rGAf0KRhMp20QycPZiZCCfkDN/6KGxeKuHXrzr9xkmahrQfmcjjnXu7c40aMCmkY31ppbX1jc6u8XdnZ3ds/0A+PeiKMOSZdHLKQD1wkCKMB6UoqGRlEnCDfZaTvzm4zv/9AuKBhcC/nEbF9NAmoRzGSSnL0c0ui2DFhE1qJcKYj8xLllWfVSp1k2jTTUdvRq0bNyAFXiVmQKijQcfQvaxzi2CeBxAwJMTSNSNoJ4pJiRtKKFQsSITxDEzJUNEA+EXaS35PCM6WMoRdy9QIJc/X3RIJ8Iea+qzp9JKdi2cvE/7xhLL2GndAgiiUJ8GKRFzMoQ5iFA8eUEyzZXBGEOVV/hXiKOMJSRVhRIZjLJ6+SXr1mXtXqd9fVVqOIowxOwCm4ACa4AS3QBh3QBRg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+gff4AY9Wa9w==</latexit>
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Online RL: interacting with real environments

Sequentially execute MDP for K episodes, each consisting of H steps

— sample size: T = KH

... ... ...
⌧1 = {s1

h, a1
h, r1

h}H
h=1
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Online RL: interacting with real environments

Sequentially execute MDP for K episodes, each consisting of H steps
— sample size: T = KH

... ... ...
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h, a1
h, r1

h}H
h=1
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Regret: gap between learned policy & optimal policy
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Performance metric: given initial states {sk1}Kk=1︸ ︷︷ ︸
chosen by nature/adversary

, define

Regret(T ) :=
K∑

k=1

(
V ?

1 (sk1)− V πk

1 (sk1)
)
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Regret: gap between learned policy & optimal policy
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Performance metric: given initial states {sk1}Kk=1︸ ︷︷ ︸
chosen by nature/adversary

, define

Regret(T ) :=
K∑

k=1

(
V ?

1 (sk1)− V πk

1 (sk1)
)
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Regret: gap between learned policy & optimal policy
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Existing algorithms
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Q-learning with UCB exploration (Jin et al., 2018)

Qh(sh, ah)← (1− ηk)Qh(sh, ah) + ηkTk (Qh+1) (sh, ah)︸ ︷︷ ︸
classical Q-learning

+ ηk bh(sh, ah)︸ ︷︷ ︸
exploration bonus

• bh(s, a): upper confidence bound; encourage exploration
— optimism in the face of uncertainty

• inspired by UCB bandit algorithm (Lai, Robbins ’85)

Regret(T ) .
√
H3SAT =⇒ sub-optimal by a factor of

√
H

Issue: large variability in stochastic update rules
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UCB Q-learning with UCB and variance reduction

Incorporates variance reduction into UCB-Q: — Zhang, Zhou, Ji ’20

• asymptotically regret-optimal

• Issue: high burn-in cost O(S6A4H28)

One additional idea: early settlement of reference updates — Li, Shi,
Chen, Chi ’23

• regret-optimal w/ near-minimal
burn-in cost in S and A

• memory-efficient O(SAH)

• computationally efficient:
runtime O(T )

S6A4H28
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UCB-Q with variance reduction and early settlement

One more key idea: early settlement of the reference as soon as
it reaches a reasonable quality (e.g., V h Æ V ı

h + 1)

Theorem 5 (Li, Shi, Chen, Gu, Chi, 2021)
With high prob., Q-EarlySettled-Advantage achieves

Regret(T ) Æ ÂO
!Ô
H2SAT +H6SA

"

with a memory complexity of O(SAH)

• regret-optimal with near-minimal burn-in cost O(SApoly(H))
• memory-e�cient O(SAH)
• computationally e�cient: runtime O(T )
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UCB Q-learning with UCB and variance reduction

Incorporates variance reduction into UCB-Q: — Zhang, Zhou, Ji ’20

• asymptotically regret-optimal
• Issue: high burn-in cost O(S6A4H28)

One additional idea: early settlement of reference updates — Li, Shi,
Chen, Chi ’23

• regret-optimal w/ near-minimal
burn-in cost in S and A

• memory-efficient O(SAH)

• computationally efficient:
runtime O(T )
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UCB-Q with variance reduction and early settlement

One more key idea: early settlement of the reference as soon as
it reaches a reasonable quality (e.g., V h Æ V ı

h + 1)

Theorem 5 (Li, Shi, Chen, Gu, Chi, 2021)
With high prob., Q-EarlySettled-Advantage achieves

Regret(T ) Æ ÂO
!Ô
H2SAT +H6SA

"

with a memory complexity of O(SAH)

• regret-optimal with near-minimal burn-in cost O(SApoly(H))
• memory-e�cient O(SAH)
• computationally e�cient: runtime O(T )
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UCB Q-learning with UCB and variance reduction

Incorporates variance reduction into UCB-Q: — Zhang, Zhou, Ji ’20

• asymptotically regret-optimal
• Issue: high burn-in cost O(S6A4H28)

One additional idea: early settlement of reference updates — Li, Shi,
Chen, Chi ’23

• regret-optimal w/ near-minimal
burn-in cost in S and A

• memory-efficient O(SAH)

• computationally efficient:
runtime O(T )
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UCB-Q with variance reduction and early settlement

One more key idea: early settlement of the reference as soon as
it reaches a reasonable quality (e.g., V h Æ V ı

h + 1)

Theorem 5 (Li, Shi, Chen, Gu, Chi, 2021)
With high prob., Q-EarlySettled-Advantage achieves

Regret(T ) Æ ÂO
!Ô
H2SAT +H6SA

"

with a memory complexity of O(SAH)

• regret-optimal with near-minimal burn-in cost O(SApoly(H))
• memory-e�cient O(SAH)
• computationally e�cient: runtime O(T )
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UCB Q-learning with UCB and variance reduction

Incorporates variance reduction into UCB-Q: — Zhang, Zhou, Ji ’20

• asymptotically regret-optimal
• Issue: high burn-in cost O(S6A4H28)

One additional idea: early settlement of reference updates — Li, Shi,
Chen, Chi ’23

• regret-optimal w/ near-minimal
burn-in cost in S and A

• memory-efficient O(SAH)

• computationally efficient:
runtime O(T )
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UCB-Q with variance reduction and early settlement

One more key idea: early settlement of the reference as soon as
it reaches a reasonable quality (e.g., V h Æ V ı

h + 1)

Theorem 5 (Li, Shi, Chen, Gu, Chi, 2021)
With high prob., Q-EarlySettled-Advantage achieves

Regret(T ) Æ ÂO
!Ô
H2SAT +H6SA

"

with a memory complexity of O(SAH)

• regret-optimal with near-minimal burn-in cost O(SApoly(H))
• memory-e�cient O(SAH)
• computationally e�cient: runtime O(T )
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Summary of this part
agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =

r(st, at) reward next state action a0 which action a to take?

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

V ⇡(s0) Q⇡(s0, a0)
"
⇡b(·|s0) ⇡b(·|s1) ⇡b(·|s2) ⇡b(·|s3) ⇡b(·|s4) ⇡b(·|s5)
⇡?(·|s0) ⇡?(·|s1) ⇡?(·|s2) ⇡?(·|s3) ⇡?(·|s4) ⇡?(·|s5)

samples (experience) model optimal value function policy (i.e. P 2 R|S||A|⇥|S|)
S A bQ(s, a)

Chris Watkins Peter Dayan
(s0, a0) (s1, a1) (s2, a2) (s3, a3) update planning (policy iteration, Q-value iteration, · · · |S||A|

| {z }

1

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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All prior results require a sample size of at least tmix|S|
2 |A|2 !
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UCB-Q with variance reduction and early settlement

One more key idea: early settlement of the reference as soon as
it reaches a reasonable quality (e.g., V h Æ V ı

h + 1)

Theorem 5 (Li, Shi, Chen, Gu, Chi, 2021)
With high prob., Q-EarlySettled-Advantage achieves

Regret(T ) Æ ÂO
!Ô
H2SAT +H6SA

"

with a memory complexity of O(SAH)

• regret-optimal with near-minimal burn-in cost O(SApoly(H))
• memory-e�cient O(SAH)
• computationally e�cient: runtime O(T )

46/ 52

Model-free RL can achieve memory efficiency,
computational efficiency, and sample efficiency at once!

— with some burn-in cost though

48/ 53



Reference I

• ”Model-based multi-agent RL in zero-sum Markov games with
near-optimal sample complexity,” K. Zhang, S. Kakade, T. Basar,
L. Yang, NeurIPS, 2020

• ”When can we learn general-sum Markov games with a large number of
players sample-efficiently?” Z. Song, S. Mei, Y. Bai, ICLR 2022

• ”V-learning: A simple, efficient, decentralized algorithm for multiagent
RL,” C. Jin, Q. Liu, Y. Wang, T. Yu, 2021

• ”Minimax-optimal multi-agent RL in markov games with a generative
model,” G. Li, Y. Chi, Y. Wei, Y. Chen, NeurIPS, 2022

• ”The complexity of Markov equilibrium in stochastic games,”
C. Daskalakis, N. Golowich, K. Zhang, COLT, 2023

• ”A stochastic approximation method,” H. Robbins, S. Monro, Annals
of mathematical statistics, 1951

49/ 53



Reference II

• ”Robust stochastic approximation approach to stochastic
programming,” A. Nemirovski, A. Juditsky, G. Lan, A. Shapiro, SIAM
Journal on optimization, 2009

• ”Learning from delayed rewards,” C. Watkins, 1989
• ”Q-learning,” C. Watkins, P. Dayan, Machine learning, 1992
• ”Learning to predict by the methods of temporal differences,”

R. Sutton, Machine learning, 1988
• ”Analysis of temporal-diffference learning with function approximation,”

B. van Roy, J. Tsitsiklis, IEEE transactions on automatic control, 1997
• ”Learning Rates for Q-learning,” E. Even-Dar, Y. Mansour, Journal of

machine learning Research, 2003
• ”The asymptotic convergence-rate of Q-learning,” C. Szepesvari,

NeurIPS, 1998

50/ 53



Reference III

• ”Stochastic approximation with cone-contractive operators: Sharp `∞
bounds for Q-learning,” M. Wainwright, arXiv:1905.06265, 2019

• ”Is Q-Learning minimax optimal? A tight sample complexity analysis,”
G. Li, Y. Wei, Y. Chi, Y. Chen, accepted to Operations Research, 2023

• ”Accelerating stochastic gradient descent using predictive variance
reduction,” R. Johnson, T. Zhang, NeurIPS, 2013

• ”Variance-reduced Q-learning is minimax optimal,” M. Wainwright,
arXiv:1906.04697, 2019

• ”Asynchronous stochastic approximation and Q-learning,” J. Tsitsiklis,
Machine learning, 1994

• ”On the convergence of stochastic iterative dynamic programming
algorithms,” T. Jaakkola, M. Jordan, S. Singh, Neural computation,
1994

51/ 53



Reference IV

• ”Error bounds for constant step-size Q-learning,” C. Beck, R. Srikant,
Systems and control letters, 2012

• ”Sample complexity of asynchronous Q-learning: sharper analysis and
variance reduction,” G. Li, Y. Wei, Y. Chi, Y. Gu, Y. Chen, NeurIPS
2020

• ”Finite-time analysis of asynchronous stochastic approximation and
Q-learning,” G. Qu, A. Wierman, COLT 2020.

• ”Pessimistic Q-learning for offline reinforcement learning: Towards
optimal sample complexity,” L. Shi, G. Li, Y. Wei, Y. Chen, Y. Chi,
ICML 2022.

• ”The efficacy of pessimism in asynchronous Q-learning,” Y. Yan, G. Li,
Y. Chen, J. Fan, arXiv:2203.07368, 2022.

• ”Asymptotically efficient adaptive allocation rules,” T. L. Lai,
H. Robbins, Advances in applied mathematics, vol. 6, no. 1, 1985.

52/ 53



Reference V

• ”Is Q-learning provably efficient?” C. Jin, Z. Allen-Zhu, S. Bubeck,
and M. Jordan, NeurIPS 2018.

• ”Almost optimal model-free reinforcement learning via
reference-advantage decomposition,” Z. Zhang, Y. Zhou, X. Ji,
NeurIPS 2020.

• ”Breaking the sample complexity barrier to regret-optimal model-free
reinforcement learning,” G. Li, L. Shi, Y. Chen, Y. Chi, Information and
Inference: A Journal of the IMA, 2023.

53/ 53


