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Reinforcement learning (RL): challenges

In RL, an agent learns by interacting with an environment

Challenges:
• explore or exploit in unknown environments
• credit assignment problem: delayed rewards or feedback
• enormous state and action space
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Sample efficiency

Collecting data samples might be expensive or time-consuming in the
face of enormous state/action space

clinical trials autonomous driving online ads

Calls for design of sample-efficient RL algorithms!

3/ 29



Sample efficiency

Collecting data samples might be expensive or time-consuming in the
face of enormous state/action space

clinical trials autonomous driving online ads

Calls for design of sample-efficient RL algorithms!

3/ 29



Memory efficiency

Running RL algorithms might impose huge memory requirement in
the face of enormous state/action space

Calls for design of memory-efficient RL algorithms!
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How to design sample- & memory-efficient algorithms?



From asymptotic to non-asymptotic analyses
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Episodic Markov decision process (MDP)
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<latexit sha1_base64="uqAQBtZI5LZxwFXYodacCZ6zM4k=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KGW3CnpQKHjpsYL9gHYt2TTbhmaTJckqZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39jMbeW3d3b39gsHh00tE0Vog0guVTvAmnImaMMww2k7VhRHAaetYHQ79VuPVGkmxb0Zx9SP8ECwkBFsrPQwvPFKlS7pS6NLqNYrFN2yOwNaJl5GipCh3it8dfuSJBEVhnCsdcdzY+OnWBlGOJ3ku4mmMSYjPKAdSwWOqPbT2dUTdGqVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMm4sRQQeaLwoQjI9E0AtRnihLDx5Zgopi9FZEhVpgYG1TehuAtvrxMmpWyd16u3F0Uq9dZHDk4hhM4Aw8uoQo1qEMDCCh4hld4c56cF+fd+Zi3rjjZzBH8gfP5A553kUU=</latexit>
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ah ⇠ ⇡h(·|sh)
<latexit sha1_base64="DdFTt2dtcVz0F7sjq43OG1U0e1A=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkVdBlwY3LCvYBTQiTybQZOpMJMxOhxLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JU0aVdpxvq7Syura+Ud6sbG3v7O7Z+wcdJTKJSRsLJmQvRIowmpC2ppqRXioJ4iEj3XB0PfW790QqKpI7PU6Jz9EwoQOKkTZSYB+hIPYU5dBLaRDXPBwJ/aCC+Cywq07dmQEuE7cgVVCgFdhfXiRwxkmiMUNK9V0n1X6OpKaYkUnFyxRJER6hIekbmiBOlJ/PPpjAU6NEcCCkqUTDmfp7IkdcqTEPTSdHOlaL3lT8z+tnenDl5zRJM00SPF80yBjUAk7jgBGVBGs2NgRhSc2tEMdIIqxNaBUTgrv48jLpNOrueb1xe1FtNos4yuAYnIAacMElaIIb0AJtgMEjeAav4M16sl6sd+tj3lqyiplD8AfW5w/5mZaT</latexit>

sh+1 ⇠ Ph(·|sh, ah)
<latexit sha1_base64="z+jTMXf6j6iJlmyt4EolZLxRK9s=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoKCWpgi5cFNy4rGAf0IQwmUyawZkkzEyEErt246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe46eMSmVZ30ZpYXFpeaW8Wllb39jcMrd3OjLJBCZtnLBE9HwkCaMxaSuqGOmlgiDuM9L1767GfveeCEmT+FYNU+JyNIhpSDFSWvLMfenl0bE9go6kHLa8qObgIFEPUHrRCURedOSZVatuTQDniV2QKijQ8swvJ0hwxkmsMENS9m0rVW6OhKKYkVHFySRJEb5DA9LXNEacSDefvDKCh1oJYJgIXbGCE/X3RI64lEPu606OVCRnvbH4n9fPVHjh5jROM0ViPF0UZgyqBI5zgQEVBCs21ARhQfWtEEdIIKx0ehUdgj378jzpNOr2ab1xc1ZtXhZxlMEeOAA1YINz0ATXoAXaAINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx/wGJke</latexit>

• H: horizon length

• S: state space with size S • A: action space with size A
• rh(sh, ah) ∈ [0, 1]: immediate reward in step h
• π = {πh}Hh=1: policy (or action selection rule)
• Ph(· | s, a): transition probabilities in step h
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• H: horizon length
• S: state space with size S • A: action space with size A
• rh(sh, ah) ∈ [0, 1]: immediate reward in step h

• π = {πh}Hh=1: policy (or action selection rule)
• Ph(· | s, a): transition probabilities in step h
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Episodic Markov decision process (MDP)

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt+1 reward next state action

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

rh = r(sh, ah)
<latexit sha1_base64="mRzbHoSk2dhZ8Ym1/rPM3v8WsYc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJJUQS9CwYvHCvYD2hA2202zdLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFtr6xubW9ulnfLu3v7BoX103FZJJgltkYQnshtgRTkTtKWZ5rSbSorjgNNOMLqf+Z0xlYol4klPUurFeChYyAjWRvJtW/oRukOyqvzoEvvRhW9XnJozB1olbkEqUKDp21/9QUKymApNOFaq5zqp9nIsNSOcTsv9TNEUkxEe0p6hAsdUefn88ik6N8oAhYk0JTSaq78nchwrNYkD0xljHallbyb+5/UyHd56ORNppqkgi0VhxpFO0CwGNGCSEs0nhmAimbkVkQhLTLQJq2xCcJdfXiXtes29qtUfryuNRhFHCU7hDKrgwg004AGa0AICY3iGV3izcuvFerc+Fq1rVjFzAn9gff4AmGqSVA==</latexit>

h = 1, 2 · · · , H
<latexit sha1_base64="uqAQBtZI5LZxwFXYodacCZ6zM4k=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KGW3CnpQKHjpsYL9gHYt2TTbhmaTJckqZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39jMbeW3d3b39gsHh00tE0Vog0guVTvAmnImaMMww2k7VhRHAaetYHQ79VuPVGkmxb0Zx9SP8ECwkBFsrPQwvPFKlS7pS6NLqNYrFN2yOwNaJl5GipCh3it8dfuSJBEVhnCsdcdzY+OnWBlGOJ3ku4mmMSYjPKAdSwWOqPbT2dUTdGqVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMm4sRQQeaLwoQjI9E0AtRnihLDx5Zgopi9FZEhVpgYG1TehuAtvrxMmpWyd16u3F0Uq9dZHDk4hhM4Aw8uoQo1qEMDCCh4hld4c56cF+fd+Zi3rjjZzBH8gfP5A553kUU=</latexit>

agent environment st at st+1 rt+1 reward state action

1

ah ⇠ ⇡h(·|sh)
<latexit sha1_base64="DdFTt2dtcVz0F7sjq43OG1U0e1A=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkVdBlwY3LCvYBTQiTybQZOpMJMxOhxLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JU0aVdpxvq7Syura+Ud6sbG3v7O7Z+wcdJTKJSRsLJmQvRIowmpC2ppqRXioJ4iEj3XB0PfW790QqKpI7PU6Jz9EwoQOKkTZSYB+hIPYU5dBLaRDXPBwJ/aCC+Cywq07dmQEuE7cgVVCgFdhfXiRwxkmiMUNK9V0n1X6OpKaYkUnFyxRJER6hIekbmiBOlJ/PPpjAU6NEcCCkqUTDmfp7IkdcqTEPTSdHOlaL3lT8z+tnenDl5zRJM00SPF80yBjUAk7jgBGVBGs2NgRhSc2tEMdIIqxNaBUTgrv48jLpNOrueb1xe1FtNos4yuAYnIAacMElaIIb0AJtgMEjeAav4M16sl6sd+tj3lqyiplD8AfW5w/5mZaT</latexit>

sh+1 ⇠ Ph(·|sh, ah)
<latexit sha1_base64="z+jTMXf6j6iJlmyt4EolZLxRK9s=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoKCWpgi5cFNy4rGAf0IQwmUyawZkkzEyEErt246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe46eMSmVZ30ZpYXFpeaW8Wllb39jcMrd3OjLJBCZtnLBE9HwkCaMxaSuqGOmlgiDuM9L1767GfveeCEmT+FYNU+JyNIhpSDFSWvLMfenl0bE9go6kHLa8qObgIFEPUHrRCURedOSZVatuTQDniV2QKijQ8swvJ0hwxkmsMENS9m0rVW6OhKKYkVHFySRJEb5DA9LXNEacSDefvDKCh1oJYJgIXbGCE/X3RI64lEPu606OVCRnvbH4n9fPVHjh5jROM0ViPF0UZgyqBI5zgQEVBCs21ARhQfWtEEdIIKx0ehUdgj378jzpNOr2ab1xc1ZtXhZxlMEeOAA1YINz0ATXoAXaAINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx/wGJke</latexit>

• H: horizon length
• S: state space with size S • A: action space with size A
• rh(sh, ah) ∈ [0, 1]: immediate reward in step h
• π = {πh}Hh=1: policy (or action selection rule)

• Ph(· | s, a): transition probabilities in step h
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Episodic Markov decision process (MDP)

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt+1 reward next state action

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

rh = r(sh, ah)
<latexit sha1_base64="mRzbHoSk2dhZ8Ym1/rPM3v8WsYc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJJUQS9CwYvHCvYD2hA2202zdLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFtr6xubW9ulnfLu3v7BoX103FZJJgltkYQnshtgRTkTtKWZ5rSbSorjgNNOMLqf+Z0xlYol4klPUurFeChYyAjWRvJtW/oRukOyqvzoEvvRhW9XnJozB1olbkEqUKDp21/9QUKymApNOFaq5zqp9nIsNSOcTsv9TNEUkxEe0p6hAsdUefn88ik6N8oAhYk0JTSaq78nchwrNYkD0xljHallbyb+5/UyHd56ORNppqkgi0VhxpFO0CwGNGCSEs0nhmAimbkVkQhLTLQJq2xCcJdfXiXtes29qtUfryuNRhFHCU7hDKrgwg004AGa0AICY3iGV3izcuvFerc+Fq1rVjFzAn9gff4AmGqSVA==</latexit>

h = 1, 2 · · · , H
<latexit sha1_base64="uqAQBtZI5LZxwFXYodacCZ6zM4k=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KGW3CnpQKHjpsYL9gHYt2TTbhmaTJckqZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39jMbeW3d3b39gsHh00tE0Vog0guVTvAmnImaMMww2k7VhRHAaetYHQ79VuPVGkmxb0Zx9SP8ECwkBFsrPQwvPFKlS7pS6NLqNYrFN2yOwNaJl5GipCh3it8dfuSJBEVhnCsdcdzY+OnWBlGOJ3ku4mmMSYjPKAdSwWOqPbT2dUTdGqVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMm4sRQQeaLwoQjI9E0AtRnihLDx5Zgopi9FZEhVpgYG1TehuAtvrxMmpWyd16u3F0Uq9dZHDk4hhM4Aw8uoQo1qEMDCCh4hld4c56cF+fd+Zi3rjjZzBH8gfP5A553kUU=</latexit>

agent environment st at st+1 rt+1 reward state action

1

ah ⇠ ⇡h(·|sh)
<latexit sha1_base64="DdFTt2dtcVz0F7sjq43OG1U0e1A=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkVdBlwY3LCvYBTQiTybQZOpMJMxOhxLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JU0aVdpxvq7Syura+Ud6sbG3v7O7Z+wcdJTKJSRsLJmQvRIowmpC2ppqRXioJ4iEj3XB0PfW790QqKpI7PU6Jz9EwoQOKkTZSYB+hIPYU5dBLaRDXPBwJ/aCC+Cywq07dmQEuE7cgVVCgFdhfXiRwxkmiMUNK9V0n1X6OpKaYkUnFyxRJER6hIekbmiBOlJ/PPpjAU6NEcCCkqUTDmfp7IkdcqTEPTSdHOlaL3lT8z+tnenDl5zRJM00SPF80yBjUAk7jgBGVBGs2NgRhSc2tEMdIIqxNaBUTgrv48jLpNOrueb1xe1FtNos4yuAYnIAacMElaIIb0AJtgMEjeAav4M16sl6sd+tj3lqyiplD8AfW5w/5mZaT</latexit>

sh+1 ⇠ Ph(·|sh, ah)
<latexit sha1_base64="z+jTMXf6j6iJlmyt4EolZLxRK9s=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoKCWpgi5cFNy4rGAf0IQwmUyawZkkzEyEErt246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe46eMSmVZ30ZpYXFpeaW8Wllb39jcMrd3OjLJBCZtnLBE9HwkCaMxaSuqGOmlgiDuM9L1767GfveeCEmT+FYNU+JyNIhpSDFSWvLMfenl0bE9go6kHLa8qObgIFEPUHrRCURedOSZVatuTQDniV2QKijQ8swvJ0hwxkmsMENS9m0rVW6OhKKYkVHFySRJEb5DA9LXNEacSDefvDKCh1oJYJgIXbGCE/X3RI64lEPu606OVCRnvbH4n9fPVHjh5jROM0ViPF0UZgyqBI5zgQEVBCs21ARhQfWtEEdIIKx0ehUdgj378jzpNOr2ab1xc1ZtXhZxlMEeOAA1YINz0ATXoAXaAINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx/wGJke</latexit>

• H: horizon length
• S: state space with size S • A: action space with size A
• rh(sh, ah) ∈ [0, 1]: immediate reward in step h
• π = {πh}Hh=1: policy (or action selection rule)
• Ph(· | s, a): transition probabilities in step h
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Value function and Q-function of policy π

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
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1
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1
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1
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1
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1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action
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1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

⇠ ⇠ ⇠

…

⇠

⇡2(·|s2)
<latexit sha1_base64="BUdp488Jpi0lQO5eYn/KMq7P4EE=">AAAB+nicdVDLSsNAFJ3UV62vVJduBotQNyUTpY9dwY3LCrYWmhAmk2k7dPJgZqKUtJ/ixoUibv0Sd/6Nk7aCih64cDjnXu69x084k8qyPozC2vrG5lZxu7Szu7d/YJYPezJOBaFdEvNY9H0sKWcR7SqmOO0nguLQ5/TWn1zm/u0dFZLF0Y2aJtQN8ShiQ0aw0pJnlp2EeXbVIUGs4Ex69plnVqyaZVkIIZgT1KhbmrRaTRs1IcotjQpYoeOZ704QkzSkkSIcSzlAVqLcDAvFCKfzkpNKmmAywSM60DTCIZVutjh9Dk+1EsBhLHRFCi7U7xMZDqWchr7uDLEay99eLv7lDVI1bLoZi5JU0YgsFw1TDlUM8xxgwAQlik81wUQwfSskYywwUTqtkg7h61P4P+nZNXRes68vKu36Ko4iOAYnoAoQaIA2uAId0AUE3IMH8ASejZnxaLwYr8vWgrGaOQI/YLx9AiUKk0A=</latexit>

⇡1(·|s1)
<latexit sha1_base64="I51hbIvsLCmUO2ncVUjBpQ0zae4=">AAAB+nicdVDLSsNAFJ3UV62vVJduBotQNyVTpY9dwY3LCrYWmhAmk0k7dPJgZqKUtJ/ixoUibv0Sd/6Nk7aCih64cDjnXu69x0s4k8qyPozC2vrG5lZxu7Szu7d/YJYP+zJOBaE9EvNYDDwsKWcR7SmmOB0kguLQ4/TWm1zm/u0dFZLF0Y2aJtQJ8ShiASNYack1y3bCXFS1iR8rOJMuOnPNilWzLAshBHOCmg1Lk3a7VUctiHJLowJW6Lrmu+3HJA1ppAjHUg6RlSgnw0Ixwum8ZKeSJphM8IgONY1wSKWTLU6fw1Ot+DCIha5IwYX6fSLDoZTT0NOdIVZj+dvLxb+8YaqClpOxKEkVjchyUZByqGKY5wB9JihRfKoJJoLpWyEZY4GJ0mmVdAhfn8L/Sb9eQ+e1+vVFpdNYxVEEx+AEVAECTdABV6ALeoCAe/AAnsCzMTMejRfjddlaMFYzR+AHjLdPIfWTPg==</latexit>

⇡3(·|s3)
<latexit sha1_base64="EHBDTCWE7z8Pay4IHX3jm0wQRJ8=">AAAB+nicdVDLSgMxFM3UV62vqS7dBItQN2XSSh+7ghuXFewDOsOQyaRtaOZBklHKtJ/ixoUibv0Sd/6NmbaCih64cDjnXu69x4s5k8qyPozcxubW9k5+t7C3f3B4ZBaPezJKBKFdEvFIDDwsKWch7SqmOB3EguLA47TvTa8yv39HhWRReKtmMXUCPA7ZiBGstOSaRTtmbq1sEz9ScC7d2oVrlqyKZVkIIZgR1KhbmrRazSpqQpRZGiWwRsc1320/IklAQ0U4lnKIrFg5KRaKEU4XBTuRNMZkisd0qGmIAyqddHn6Ap5rxYejSOgKFVyq3ydSHEg5CzzdGWA1kb+9TPzLGyZq1HRSFsaJoiFZLRolHKoIZjlAnwlKFJ9pgolg+lZIJlhgonRaBR3C16fwf9KrVlCtUr25LLXr6zjy4BScgTJAoAHa4Bp0QBcQcA8ewBN4NubGo/FivK5ac8Z65gT8gPH2CSgfk0I=</latexit>

sH<latexit sha1_base64="YNI5wN7/tMVHXAZ/rpNIJve8btY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHstHM03Qj+hI8pAzaqz0oAeNQansVtwFyDrxclKGHM1B6as/jFkaoTRMUK17npsYP6PKcCZwVuynGhPKJnSEPUsljVD72eLUGbm0ypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPkZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYMRPMMrvDnCeXHenY9l64aTz5zBHzifPyU6jaw=</latexit>

rH<latexit sha1_base64="C4ZHdlRRbtsjJMi8ZCTjO+J9Dh0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHstHM03Qj+hI8pAzaqz0oAaNQansVtwFyDrxclKGHM1B6as/jFkaoTRMUK17npsYP6PKcCZwVuynGhPKJnSEPUsljVD72eLUGbm0ypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPkZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYMRPMMrvDnCeXHenY9l64aTz5zBHzifPyO0jas=</latexit>

aH<latexit sha1_base64="oxk85o2xgXIeESsVJIR1j2AVVtI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUCbbTbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqKGvRWMSqG6BmgkvWMtwI1k0UwygQrBNM7uZ+54kpzWP5aKYJ8yMcSR5yisZKDzhoDEplt+IuQNaJl5My5GgOSl/9YUzTiElDBWrd89zE+Bkqw6lgs2I/1SxBOsER61kqMWLazxanzsilVYYkjJUtachC/T2RYaT1NApsZ4RmrFe9ufif10tNWPMzLpPUMEmXi8JUEBOT+d9kyBWjRkwtQaq4vZXQMSqkxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYURPMMrvDnCeXHenY9l64aTz5zBHzifPwnOjZo=</latexit>

⇡H(·|sH)
<latexit sha1_base64="YKHbTT9OSQBNt88o7UQsIvUh7Jk=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0Wom5Kp0seu4KbLCvYBTQiTyaQdOnkwMymU2D9x40IRt/6JO//GSVtBRQ9cOJxzL/fe4yWcSWVZH0ZhY3Nre6e4W9rbPzg8Mo9P+jJOBaE9EvNYDD0sKWcR7SmmOB0mguLQ43TgTW9yfzCjQrI4ulPzhDohHkcsYAQrLbmmaSfM7VRs4sfqXrqdS9csW1XLshBCMCeoUbc0abWaNdSEKLc0ymCNrmu+235M0pBGinAs5QhZiXIyLBQjnC5KdippgskUj+lI0wiHVDrZ8vIFvNCKD4NY6IoUXKrfJzIcSjkPPd0ZYjWRv71c/MsbpSpoOhmLklTRiKwWBSmHKoZ5DNBnghLF55pgIpi+FZIJFpgoHVZJh/D1Kfyf9GtVdFWt3V6X2/V1HEVwBs5BBSDQAG3QAV3QAwTMwAN4As9GZjwaL8brqrVgrGdOwQ8Yb58OjZNC</latexit>

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt+1 reward next state action

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

rh = r(sh, ah)
<latexit sha1_base64="mRzbHoSk2dhZ8Ym1/rPM3v8WsYc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJJUQS9CwYvHCvYD2hA2202zdLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFtr6xubW9ulnfLu3v7BoX103FZJJgltkYQnshtgRTkTtKWZ5rSbSorjgNNOMLqf+Z0xlYol4klPUurFeChYyAjWRvJtW/oRukOyqvzoEvvRhW9XnJozB1olbkEqUKDp21/9QUKymApNOFaq5zqp9nIsNSOcTsv9TNEUkxEe0p6hAsdUefn88ik6N8oAhYk0JTSaq78nchwrNYkD0xljHallbyb+5/UyHd56ORNppqkgi0VhxpFO0CwGNGCSEs0nhmAimbkVkQhLTLQJq2xCcJdfXiXtes29qtUfryuNRhFHCU7hDKrgwg004AGa0AICY3iGV3izcuvFerc+Fq1rVjFzAn9gff4AmGqSVA==</latexit>

h = 1, 2 · · · , H
<latexit sha1_base64="uqAQBtZI5LZxwFXYodacCZ6zM4k=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KGW3CnpQKHjpsYL9gHYt2TTbhmaTJckqZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39jMbeW3d3b39gsHh00tE0Vog0guVTvAmnImaMMww2k7VhRHAaetYHQ79VuPVGkmxb0Zx9SP8ECwkBFsrPQwvPFKlS7pS6NLqNYrFN2yOwNaJl5GipCh3it8dfuSJBEVhnCsdcdzY+OnWBlGOJ3ku4mmMSYjPKAdSwWOqPbT2dUTdGqVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMm4sRQQeaLwoQjI9E0AtRnihLDx5Zgopi9FZEhVpgYG1TehuAtvrxMmpWyd16u3F0Uq9dZHDk4hhM4Aw8uoQo1qEMDCCh4hld4c56cF+fd+Zi3rjjZzBH8gfP5A553kUU=</latexit>

agent environment st at st+1 rt+1 reward state action

1

ah ⇠ ⇡h(·|sh)
<latexit sha1_base64="DdFTt2dtcVz0F7sjq43OG1U0e1A=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkVdBlwY3LCvYBTQiTybQZOpMJMxOhxLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JU0aVdpxvq7Syura+Ud6sbG3v7O7Z+wcdJTKJSRsLJmQvRIowmpC2ppqRXioJ4iEj3XB0PfW790QqKpI7PU6Jz9EwoQOKkTZSYB+hIPYU5dBLaRDXPBwJ/aCC+Cywq07dmQEuE7cgVVCgFdhfXiRwxkmiMUNK9V0n1X6OpKaYkUnFyxRJER6hIekbmiBOlJ/PPpjAU6NEcCCkqUTDmfp7IkdcqTEPTSdHOlaL3lT8z+tnenDl5zRJM00SPF80yBjUAk7jgBGVBGs2NgRhSc2tEMdIIqxNaBUTgrv48jLpNOrueb1xe1FtNos4yuAYnIAacMElaIIb0AJtgMEjeAav4M16sl6sd+tj3lqyiplD8AfW5w/5mZaT</latexit>

sh+1 ⇠ Ph(·|sh, ah)
<latexit sha1_base64="z+jTMXf6j6iJlmyt4EolZLxRK9s=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoKCWpgi5cFNy4rGAf0IQwmUyawZkkzEyEErt246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe46eMSmVZ30ZpYXFpeaW8Wllb39jcMrd3OjLJBCZtnLBE9HwkCaMxaSuqGOmlgiDuM9L1767GfveeCEmT+FYNU+JyNIhpSDFSWvLMfenl0bE9go6kHLa8qObgIFEPUHrRCURedOSZVatuTQDniV2QKijQ8swvJ0hwxkmsMENS9m0rVW6OhKKYkVHFySRJEb5DA9LXNEacSDefvDKCh1oJYJgIXbGCE/X3RI64lEPu606OVCRnvbH4n9fPVHjh5jROM0ViPF0UZgyqBI5zgQEVBCs21ARhQfWtEEdIIKx0ehUdgj378jzpNOr2ab1xc1ZtXhZxlMEeOAA1YINz0ATXoAXaAINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx/wGJke</latexit>

V πh (s) := E

[
H∑
t=h

rh(sh, ah)
∣∣ sh = s

]

Qπh(s, a) := E

[
H∑
t=h

rh(sh, ah)
∣∣ sh = s, ah = a

]

• execute policy π to generate sample trajectory
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Optimal policy and optimal values

• Optimal policy π?: maximizing the value function
• Optimal value / Q function: V ?

h := V π?

h , Q?h := Qπ
?

h

10/ 29



Model-based vs. model-free RL

Model-based approach (“plug-in”)
1. build an empirical estimate P̂ for P
2. planning based on empirical P̂

Model-free approach
— learning w/o modeling & estimating environment explicitly
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Model-free RL is often more memory-efficient

store transition kernel estimates
→ O(S2AH) memory

maintain Q-estimates
→ O(SAH) memory

Definition 1 (Jin et al. ’18)
An RL algorithm is model-free if its space complexity is o(S2AH)
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Online RL and regret minimization



Online RL: interacting with real environments

Sequentially execute MDP for K episodes, each consisting of H steps

... ... ...
⌧1 = {s1

h, a1
h, r1

h}H
h=1

<latexit sha1_base64="fZnK+apgLdnxAhuWh/AAlJL8XlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm66rGAf0KRhMp20QycPZiZCCfkDN/6KGxeKuHXrzr9xkmahrQfmcjjnXu7c40aMCmkY31ppbX1jc6u8XdnZ3ds/0A+PeiKMOSZdHLKQD1wkCKMB6UoqGRlEnCDfZaTvzm4zv/9AuKBhcC/nEbF9NAmoRzGSSnL0c0ui2DFhE1qJcKYj8xLllWfVSp1k2jTTUdvRq0bNyAFXiVmQKijQcfQvaxzi2CeBxAwJMTSNSNoJ4pJiRtKKFQsSITxDEzJUNEA+EXaS35PCM6WMoRdy9QIJc/X3RIJ8Iea+qzp9JKdi2cvE/7xhLL2GndAgiiUJ8GKRFzMoQ5iFA8eUEyzZXBGEOVV/hXiKOMJSRVhRIZjLJ6+SXr1mXtXqd9fVVqOIowxOwCm4ACa4AS3QBh3QBRg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+gff4AY9Wa9w==</latexit>
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Online RL: interacting with real environments

Sequentially execute MDP for K episodes, each consisting of H steps

⌧1 = {s1
h, a1

h, r1
h}H

h=1
<latexit sha1_base64="fZnK+apgLdnxAhuWh/AAlJL8XlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm66rGAf0KRhMp20QycPZiZCCfkDN/6KGxeKuHXrzr9xkmahrQfmcjjnXu7c40aMCmkY31ppbX1jc6u8XdnZ3ds/0A+PeiKMOSZdHLKQD1wkCKMB6UoqGRlEnCDfZaTvzm4zv/9AuKBhcC/nEbF9NAmoRzGSSnL0c0ui2DFhE1qJcKYj8xLllWfVSp1k2jTTUdvRq0bNyAFXiVmQKijQcfQvaxzi2CeBxAwJMTSNSNoJ4pJiRtKKFQsSITxDEzJUNEA+EXaS35PCM6WMoRdy9QIJc/X3RIJ8Iea+qzp9JKdi2cvE/7xhLL2GndAgiiUJ8GKRFzMoQ5iFA8eUEyzZXBGEOVV/hXiKOMJSRVhRIZjLJ6+SXr1mXtXqd9fVVqOIowxOwCm4ACa4AS3QBh3QBRg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+gff4AY9Wa9w==</latexit>

⌧2 = {s2
h, a2

h, r2
h}H

h=1
<latexit sha1_base64="TObFViamZJ4aGf6EicSPLPgg4OA=">AAACD3icbVDLSsNAFJ3UV62vqks3g0VxISWJgt0UCm66rGAf0KRhMp00QyeTMDMRSugfuPFX3LhQxK1bd/6N0zYLbT0wl8M593LnHj9hVCrT/DYKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRc9HkjDKSVtRxUgvEQRFPiNdf3w787sPREga83s1SYgboRGnAcVIackrnzsKpZ4N69DJpBcO7Es0r2JWnamXhXVrOmh65YpZNeeAq8TKSQXkaHnlL2cY4zQiXGGGpOxbZqLcDAlFMSPTkpNKkiA8RiPS15SjiEg3m98zhWdaGcIgFvpxBefq74kMRVJOIl93RkiFctmbif95/VQFNTejPEkV4XixKEgZVDGchQOHVBCs2EQThAXVf4U4RAJhpSMs6RCs5ZNXSceuWldV++660qjlcRTBCTgFF8ACN6ABmqAF2gCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8fajWa+w==</latexit>
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Online RL: interacting with real environments

Sequentially execute MDP for K episodes, each consisting of H steps

... ... ...
⌧1 = {s1

h, a1
h, r1

h}H
h=1

<latexit sha1_base64="fZnK+apgLdnxAhuWh/AAlJL8XlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm66rGAf0KRhMp20QycPZiZCCfkDN/6KGxeKuHXrzr9xkmahrQfmcjjnXu7c40aMCmkY31ppbX1jc6u8XdnZ3ds/0A+PeiKMOSZdHLKQD1wkCKMB6UoqGRlEnCDfZaTvzm4zv/9AuKBhcC/nEbF9NAmoRzGSSnL0c0ui2DFhE1qJcKYj8xLllWfVSp1k2jTTUdvRq0bNyAFXiVmQKijQcfQvaxzi2CeBxAwJMTSNSNoJ4pJiRtKKFQsSITxDEzJUNEA+EXaS35PCM6WMoRdy9QIJc/X3RIJ8Iea+qzp9JKdi2cvE/7xhLL2GndAgiiUJ8GKRFzMoQ5iFA8eUEyzZXBGEOVV/hXiKOMJSRVhRIZjLJ6+SXr1mXtXqd9fVVqOIowxOwCm4ACa4AS3QBh3QBRg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+gff4AY9Wa9w==</latexit>

⌧2 = {s2
h, a2

h, r2
h}H

h=1
<latexit sha1_base64="TObFViamZJ4aGf6EicSPLPgg4OA=">AAACD3icbVDLSsNAFJ3UV62vqks3g0VxISWJgt0UCm66rGAf0KRhMp00QyeTMDMRSugfuPFX3LhQxK1bd/6N0zYLbT0wl8M593LnHj9hVCrT/DYKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRc9HkjDKSVtRxUgvEQRFPiNdf3w787sPREga83s1SYgboRGnAcVIackrnzsKpZ4N69DJpBcO7Es0r2JWnamXhXVrOmh65YpZNeeAq8TKSQXkaHnlL2cY4zQiXGGGpOxbZqLcDAlFMSPTkpNKkiA8RiPS15SjiEg3m98zhWdaGcIgFvpxBefq74kMRVJOIl93RkiFctmbif95/VQFNTejPEkV4XixKEgZVDGchQOHVBCs2EQThAXVf4U4RAJhpSMs6RCs5ZNXSceuWldV++660qjlcRTBCTgFF8ACN6ABmqAF2gCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8fajWa+w==</latexit>

⌧K = {sK
h , aK

h , rK
h }H

h=1
<latexit sha1_base64="hELCjZODuUFghtqVvcZyHIAqPcM=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm4K3VSwD2jSMJlOmqGTBzMToYT8gRt/xY0LRdy6deffOG2z0NYDczmccy937nFjRoU0jG+tsLa+sblV3C7t7O7tH+iHR10RJRyTDo5YxPsuEoTRkHQklYz0Y05Q4DLScye3M7/3QLigUXgvpzGxAzQOqUcxkkpy9HNLosRpwTq0UuH4w9Ylmlc+q1bmpH7dzIZNRy8bFWMOuErMnJRBjrajf1mjCCcBCSVmSIiBacTSThGXFDOSlaxEkBjhCRqTgaIhCoiw0/k9GTxTygh6EVcvlHCu/p5IUSDENHBVZ4CkL5a9mfifN0ikV7NTGsaJJCFeLPISBmUEZ+HAEeUESzZVBGFO1V8h9hFHWKoISyoEc/nkVdKtVsyrSvXuutyo5XEUwQk4BRfABDegAZqgDToAg0fwDF7Bm/akvWjv2seitaDlM8fgD7TPHwmkm18=</latexit>
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Performance metric: given initial states {sk1}Kk=1︸ ︷︷ ︸
chosen by nature/adversary

, define

Regret( T︸︷︷︸
sample size:KH

) :=
K∑
k=1

(
V ?

1 (sk1)− V πk

1 (sk1)
)
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Performance metric: given initial states {sk1}Kk=1︸ ︷︷ ︸
chosen by nature/adversary

, define

Regret( T︸︷︷︸
sample size:KH

) :=
K∑
k=1

(
V ?

1 (sk1)− V πk

1 (sk1)
)
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Lower bound
(Domingues et al. ’21)

Regret(T ) &
√
H2SAT

Existing algorithms
• UCB-VI: Azar et al. ’17
• UBCV: Dann et al. ’17
• UCB-Q-Hoeffding: Jin et al. ’18
• UCB-Q-Bernstein: Jin et al. ’18
• UCB2-Q-Bernstein: Bai et al. ’19
• EULER: Zanette et al. ’19
• UCB-Q-Advantage: Zhang et al. ’20
• UCB-M-Q: Menard et al. ’21

Which algorithms can achieve near-minimal regret?
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Prior art: Azar et al. ’17
First method that is asymptotically regret-optimal: UCB-VI

A fundamental lower bound (Domingues et al., 2021):

Regret(T ) &
Ô
H2SAT

Can we achieve minimal regret with low memory complexity?
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Issues: (1) large burn-in cost; (2) large memory complexity︸ ︷︷ ︸
model-based: S2AH
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Prior art: Azar et al. ’17
First method that is asymptotically regret-optimal: UCB-VI

A fundamental lower bound (Domingues et al., 2021):
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Prior art: other regret-optimal algorithms

Algorithm Regret

UCB-VI √
H2SAT +H4S2A(Azar et al., 2017)

UCB-M-Q √
H2SAT +H4SA(Menard et al., 2021)

UCB-Q-Advantage √
H2SAT +H8S2A

3
2T

1
4

(Zhang et al., 2020)

Can we find a regre-optimal algorithm with
(1) low burn-in cost and (2) low memory complexity?

18/ 29



Prior art: other regret-optimal algorithms

Algorithm Regret

UCB-VI √
H2SAT +H4S2A(Azar et al., 2017)

UCB-M-Q √
H2SAT +H4SA(Menard et al., 2021)

UCB-Q-Advantage √
H2SAT +H8S2A

3
2T

1
4

(Zhang et al., 2020)

S6A4H28
<latexit sha1_base64="I2B6Ng2cK3p4cgXhyWPKd/0VQDk=">AAAB83icbVBNT8JAEJ3iF+IX6tHLRmLiibRIlCPGC0eMFkigkO2yhQ3bbbO7NSENf8OLB43x6p/x5r9xgR4UfMkkL+/NZGaeH3OmtG1/W7mNza3tnfxuYW//4PCoeHzSUlEiCXVJxCPZ8bGinAnqaqY57cSS4tDntO1P7uZ++4lKxSLxqKcx9UI8EixgBGsj9R7617f9aqOfVmqzQbFkl+0F0DpxMlKCDM1B8as3jEgSUqEJx0p1HTvWXoqlZoTTWaGXKBpjMsEj2jVU4JAqL13cPEMXRhmiIJKmhEYL9fdEikOlpqFvOkOsx2rVm4v/ed1EBzUvZSJONBVkuShIONIRmgeAhkxSovnUEEwkM7ciMsYSE21iKpgQnNWX10mrUnauypX7aqley+LIwxmcwyU4cAN1aEATXCAQwzO8wpuVWC/Wu/WxbM1Z2cwp/IH1+QOLMpCu</latexit>

S3A4H6
<latexit sha1_base64="GwuNe1jekMjjXpxBxUTTOPTAoaE=">AAAB8nicbVBNT8JAEN3iF+IX6tHLRmLiibRAlCPGC0eMgiSlkO2yhQ3bbbM7NSENP8OLB43x6q/x5r9xgR4UfMkkL+/NZGaeHwuuwba/rdzG5tb2Tn63sLd/cHhUPD7p6ChRlLVpJCLV9YlmgkvWBg6CdWPFSOgL9uhPbuf+4xNTmkfyAaYx80IykjzglICR3Pt+9aZfa/bTq9mgWLLL9gJ4nTgZKaEMrUHxqzeMaBIyCVQQrV3HjsFLiQJOBZsVeolmMaETMmKuoZKETHvp4uQZvjDKEAeRMiUBL9TfEykJtZ6GvukMCYz1qjcX//PcBIK6l3IZJ8AkXS4KEoEhwvP/8ZArRkFMDSFUcXMrpmOiCAWTUsGE4Ky+vE46lbJTLVfuaqVGPYsjj87QObpEDrpGDdRELdRGFEXoGb2iNwusF+vd+li25qxs5hT9gfX5Aw+FkG0=</latexit>

UCB-M-Q
<latexit sha1_base64="0hTsh4niWSgsl18huJX7yWcIIU4=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBS8JuDOgxmIsXIQE3CWRDmJ3MJkNmH8z0inEJ/ooXD4p49T+8+TdOkj1oYkFDUdVNd5cXC67Asr6NldW19Y3N3FZ+e2d3b988OGyqKJGUOTQSkWx7RDHBQ+YAB8HasWQk8ARreaPa1G/dM6l4FN7BOGbdgAxC7nNKQEs989gF9gBp6iofO7Xr4m2xMZn0zIJVsmbAy8TOSAFlqPfML7cf0SRgIVBBlOrYVgzdlEjgVLBJ3k0UiwkdkQHraBqSgKluOrt+gs+00sd+JHWFgGfq74mUBEqNA093BgSGatGbiv95nQT8q27KwzgBFtL5Ij8RGCI8jQL3uWQUxFgTQiXXt2I6JJJQ0IHldQj24svLpFku2RelcqNSqFayOHLoBJ2ic2SjS1RFN6iOHETRI3pGr+jNeDJejHfjY966YmQzR+gPjM8fnsyUoQ==</latexit>

UCB-VI
<latexit sha1_base64="ZkNIEKe0LsMlZAtA5j1T2isCYIM=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCF0tSC3os9qK3CqYtNKFstpt26eaD3YlYQv0rXjwo4tUf4s1/47bNQVsfDDzem2Fmnp8IrsCyvo3C2vrG5lZxu7Szu7d/YB4etVWcSsocGotYdn2imOARc4CDYN1EMhL6gnX8cXPmdx6YVDyO7mGSMC8kw4gHnBLQUt8su8AeIctcFWCneX3evp1O+2bFqlpz4FVi56SCcrT65pc7iGkasgioIEr1bCsBLyMSOBVsWnJTxRJCx2TIeppGJGTKy+bHT/GpVgY4iKWuCPBc/T2RkVCpSejrzpDASC17M/E/r5dCcOVlPEpSYBFdLApSgSHGsyTwgEtGQUw0IVRyfSumIyIJBZ1XSYdgL7+8Stq1qn1Rrd3VK416HkcRHaMTdIZsdIka6Aa1kIMomqBn9IrejCfjxXg3PhatBSOfKaM/MD5/ADC5lGs=</latexit>

UCB-Q-Advantage
<latexit sha1_base64="82xsSye+lqgxyWWc1Ao5+kkqI6s=">AAACBXicbVC7TgJBFJ3FF+Jr1VKLicTEBrKLJFqiNJaQyCMBQmaHWZgwO7uZuUskGxobf8XGQmNs/Qc7/8bhUSh4kpucnHPvzL3HiwTX4DjfVmptfWNzK72d2dnd2z+wD4/qOowVZTUailA1PaKZ4JLVgINgzUgxEniCNbxheeo3RkxpHsp7GEesE5C+5D6nBIzUtU/bwB4gSdrax7Xyba6au+mNiATSZ5NJ1846eWcGvErcBcmiBSpd+6vdC2kcMAlUEK1brhNBJyEKOBVskmnHmkWEDs3rLUMlCZjuJLMrJvjcKD3sh8qUBDxTf08kJNB6HHimMyAw0MveVPzPa8XgX3cSLqMYmKTzj/xYYAjxNBLc44pREGNDCFXc7IrpgChCwQSXMSG4yyevknoh717mC9VitlRcxJFGJ+gMXSAXXaESukMVVEMUPaJn9IrerCfrxXq3PuatKWsxc4z+wPr8AfZUmC8=</latexit>

0
<latexit sha1_base64="8SPvTV/z8oIhjlRiKd59oqPvbVY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</latexit>

SAH
<latexit sha1_base64="mgc0RNFyBlMluc9mzlqwM1wIV6M=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV00kSPGC0cM8khgQ2aHWZgwO7uZ6TUhhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkEhh0HW/nY3Nre2d3dxefv/g8Oi4cHLaMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+d++4lrI2L1iJOE+xEdKhEKRtFKjcZdrV8ouiV3AbJOvIwUIUO9X/jqDWKWRlwhk9SYrucm6E+pRsEkn+V7qeEJZWM65F1LFY248aeLU2fk0ioDEsbalkKyUH9PTGlkzCQKbGdEcWRWvbn4n9dNMaz4U6GSFLliy0VhKgnGZP43GQjNGcqJJZRpYW8lbEQ1ZWjTydsQvNWX10mrXPKuS+WHm2K1ksWRg3O4gCvw4BaqUIM6NIHBEJ7hFd4c6bw4787HsnXDyWbO4A+czx/G1Y1u</latexit>

S2AH
<latexit sha1_base64="DhKLDJeEvg7m4YwDjwk7EF7pMeQ=">AAAB7HicbVBNTwIxEJ36ifiFevTSSEw8kV00kSPGC0eMLpDASrqlCw3d7qbtmpANv8GLB43x6g/y5r+xwB4UfMkkL+/NZGZekAiujeN8o7X1jc2t7cJOcXdv/+CwdHTc0nGqKPNoLGLVCYhmgkvmGW4E6ySKkSgQrB2Mb2d++4kpzWP5YCYJ8yMylDzklBgrefeP1ZtGv1R2Ks4ceJW4OSlDjma/9NUbxDSNmDRUEK27rpMYPyPKcCrYtNhLNUsIHZMh61oqScS0n82PneJzqwxwGCtb0uC5+nsiI5HWkyiwnRExI73szcT/vG5qwpqfcZmkhkm6WBSmApsYzz7HA64YNWJiCaGK21sxHRFFqLH5FG0I7vLLq6RVrbiXlerdVbley+MowCmcwQW4cA11aEATPKDA4Rle4Q1J9ILe0ceidQ3lMyfwB+jzB+0ajhI=</latexit>

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

| {z }
adversary learner

memory complexity burn-in cost

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

| {z }
adversary learner

memory complexity burn-in cost

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

| {z }
adversary learner

memory complexity burn-in cost

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

| {z }
adversary learner

memory complexity burn-in cost

SApoly(H)

1

Can we find a regre-optimal algorithm with
(1) low burn-in cost and (2) low memory complexity?
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Prior art: other regret-optimal algorithms

Algorithm Regret

UCB-VI √
H2SAT +H4S2A(Azar et al., 2017)

UCB-M-Q √
H2SAT +H4SA(Menard et al., 2021)

UCB-Q-Advantage √
H2SAT +H8S2A

3
2T

1
4

(Zhang et al., 2020)
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Can we find a regre-optimal algorithm with
(1) low burn-in cost and (2) low memory complexity?
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This work: an efficient model-free solution



Our algorithm: Q-EarlySettled-Advantage

Theorem 2 (Li, Shi, Chen, Gu, Chi, 2021)
With high prob., Q-EarlySettled-Advantage achieves (up to log factor)

Regret(T ) .
√
H2SAT +H6SA

with a memory complexity of O(SAH)

• regret-optimal with near-minimal burn-in cost O(SApoly(H))
• memory-efficient O(SAH)
• computationally efficient: runtime O(T )
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S6A4H28
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UCB-M-Q
<latexit sha1_base64="0hTsh4niWSgsl18huJX7yWcIIU4=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBS8JuDOgxmIsXIQE3CWRDmJ3MJkNmH8z0inEJ/ooXD4p49T+8+TdOkj1oYkFDUdVNd5cXC67Asr6NldW19Y3N3FZ+e2d3b988OGyqKJGUOTQSkWx7RDHBQ+YAB8HasWQk8ARreaPa1G/dM6l4FN7BOGbdgAxC7nNKQEs989gF9gBp6iofO7Xr4m2xMZn0zIJVsmbAy8TOSAFlqPfML7cf0SRgIVBBlOrYVgzdlEjgVLBJ3k0UiwkdkQHraBqSgKluOrt+gs+00sd+JHWFgGfq74mUBEqNA093BgSGatGbiv95nQT8q27KwzgBFtL5Ij8RGCI8jQL3uWQUxFgTQiXXt2I6JJJQ0IHldQj24svLpFku2RelcqNSqFayOHLoBJ2ic2SjS1RFN6iOHETRI3pGr+jNeDJejHfjY966YmQzR+gPjM8fnsyUoQ==</latexit>
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UCB-Q-Advantage
<latexit sha1_base64="82xsSye+lqgxyWWc1Ao5+kkqI6s=">AAACBXicbVC7TgJBFJ3FF+Jr1VKLicTEBrKLJFqiNJaQyCMBQmaHWZgwO7uZuUskGxobf8XGQmNs/Qc7/8bhUSh4kpucnHPvzL3HiwTX4DjfVmptfWNzK72d2dnd2z+wD4/qOowVZTUailA1PaKZ4JLVgINgzUgxEniCNbxheeo3RkxpHsp7GEesE5C+5D6nBIzUtU/bwB4gSdrax7Xyba6au+mNiATSZ5NJ1846eWcGvErcBcmiBSpd+6vdC2kcMAlUEK1brhNBJyEKOBVskmnHmkWEDs3rLUMlCZjuJLMrJvjcKD3sh8qUBDxTf08kJNB6HHimMyAw0MveVPzPa8XgX3cSLqMYmKTzj/xYYAjxNBLc44pREGNDCFXc7IrpgChCwQSXMSG4yyevknoh717mC9VitlRcxJFGJ+gMXSAXXaESukMVVEMUPaJn9IrerCfrxXq3PuatKWsxc4z+wPr8AfZUmC8=</latexit>

0
<latexit sha1_base64="8SPvTV/z8oIhjlRiKd59oqPvbVY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</latexit>

SAH
<latexit sha1_base64="mgc0RNFyBlMluc9mzlqwM1wIV6M=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV00kSPGC0cM8khgQ2aHWZgwO7uZ6TUhhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkEhh0HW/nY3Nre2d3dxefv/g8Oi4cHLaMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+d++4lrI2L1iJOE+xEdKhEKRtFKjcZdrV8ouiV3AbJOvIwUIUO9X/jqDWKWRlwhk9SYrucm6E+pRsEkn+V7qeEJZWM65F1LFY248aeLU2fk0ioDEsbalkKyUH9PTGlkzCQKbGdEcWRWvbn4n9dNMaz4U6GSFLliy0VhKgnGZP43GQjNGcqJJZRpYW8lbEQ1ZWjTydsQvNWX10mrXPKuS+WHm2K1ksWRg3O4gCvw4BaqUIM6NIHBEJ7hFd4c6bw4787HsnXDyWbO4A+czx/G1Y1u</latexit>

S2AH
<latexit sha1_base64="DhKLDJeEvg7m4YwDjwk7EF7pMeQ=">AAAB7HicbVBNTwIxEJ36ifiFevTSSEw8kV00kSPGC0eMLpDASrqlCw3d7qbtmpANv8GLB43x6g/y5r+xwB4UfMkkL+/NZGZekAiujeN8o7X1jc2t7cJOcXdv/+CwdHTc0nGqKPNoLGLVCYhmgkvmGW4E6ySKkSgQrB2Mb2d++4kpzWP5YCYJ8yMylDzklBgrefeP1ZtGv1R2Ks4ceJW4OSlDjma/9NUbxDSNmDRUEK27rpMYPyPKcCrYtNhLNUsIHZMh61oqScS0n82PneJzqwxwGCtb0uC5+nsiI5HWkyiwnRExI73szcT/vG5qwpqfcZmkhkm6WBSmApsYzz7HA64YNWJiCaGK21sxHRFFqLH5FG0I7vLLq6RVrbiXlerdVbley+MowCmcwQW4cA11aEATPKDA4Rle4Q1J9ILe0ceidQ3lMyfwB+jzB+0ajhI=</latexit>
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1

Our algorithm: Q-EarlySettled-Advantage

Theorem 2 (Li, Shi, Chen, Gu, Chi, 2021)
With high prob., Q-EarlySettled-Advantage achieves (up to log factor)

Regret(T ) .
Ô
H2SAT +H6SA

with a memory complexity of O(SAH)

ours
• regret-optimal with near-minimal burn-in cost O(SApoly(H))
• memory-e�cient O(SAH)
• computationally e�cient: runtime O(T )
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Q-learning: a classical model-free algorithm

Chris Watkins Peter Dayan

Stochastic approximation for solving Bellman equation

Qh(sh, ah) ←− (1− ηk)Qh(sh, ah) + ηkTk(Qh+1)(sh, ah)

Tk(Qh)(sh, ah) = r(sh, ah) + max
a′

Q(sh+1, a
′)

using sample in k-th episode
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Q-learning with UCB exploration (Jin et al., 2018)

Qh(sh, ah)← (1− ηk)Qh(sh, ah) + ηkTk (Qh+1) (sh, ah)︸ ︷︷ ︸
classical Q-learning

+ ηk bh(sh, ah)︸ ︷︷ ︸
exploration bonus

• bh(s, a): upper confidence bound
— optimism in the face of uncertainty

• inspired by UCB bandit algorithm (Lai, Robbins ’85)

Regret(T ) .
√
H3SAT =⇒ sub-optimal by a factor of

√
H

Issue: large variability in stochastic update rules
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Q-learning with UCB and variance reduction

— Zhang et al. ’20

Incorporates reference-advantage decomposition into UCB-Q:

Qh(sh, ah)← (1− ηk)Qh(sh, ah) + ηk bh(sh, ah)︸ ︷︷ ︸
UCB bonus

+ ηk

(
Tk(Qh+1)− Tk(Qh+1)︸ ︷︷ ︸

advantage

+ T̂ (Qh+1)︸ ︷︷ ︸
reference

)
(sh, ah)

• Reference Qh, batch estimate T̂ (Qh+1): help reduce variability

UCB-Q-Advantage is asymptotically regret-optimal

Issue: high burn-in cost O(S6A4H28)
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Diagnosis of UCB-Q-Advantage

Variance reduction requires sufficiently good references Qh

Updating references Qh and V h many times

Large burn-in cost

Key idea: early settlement of the reference as soon as
it reaches a reasonable quality (e.g., V h ≤ V ?

h + 1)
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How to implement our early-settlement idea?

V h(s)− V ?
h (s) ≤ 1

V h(s)− V LCB
h (s) ≤ 1 for some estimate V LCB

h ≤ V ?h

Q-EarlySettled-Advantage:
maintains auxiliary sequences V UCB

h &
V LCB
h to help settle the reference early

V LCB
h (s)
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<latexit sha1_base64="mhKReWqwWnPu5R/0xs0L2RJ7JHQ=">AAAB+nicdVDLTgIxFO3gC/E16NJNIzFxRaZoZNiRuHEnJoIkMCGdUqCh80h7RyUjn+LGhca49Uvc+Td2ABM1epImJ+fcV48fS6HBcT6s3NLyyupafr2wsbm1vWMXd1s6ShTjTRbJSLV9qrkUIW+CAMnbseI08CW/9sdnmX99w5UWUXgFk5h7AR2GYiAYBSP17GIX+B2kFzGIwGwTbNqzS07ZcRxCCM4IqZ46htRqboW4mGSWQQkt0OjZ791+xJKAh8Ak1bpDnBi8lCozTfJpoZtoHlM2pkPeMTSkAddeOjt9ig+N0seDSJkXAp6p3ztSGmg9CXxTGVAY6d9eJv7ldRIYuF4qwjgBHrL5okEiMUQ4ywH3heIM5MQQypQwt2I2oooyMGkVTAhfP8X/k1alTI7LlcuTUt1dxJFH++gAHSGCqqiOzlEDNRFDt+gBPaFn6956tF6s13lpzlr07KEfsN4+AXbolMM=</latexit>

Pessimistic
<latexit sha1_base64="b4jVl7BEGrGnv7kxnejLuM3s+lw=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIvgqkyq2Omu4MZlBVsL7VAy6Z02NPMgyUjL0F9x40IRt/6IO//GTFtBRQ8EDufcV46fCK6043xYhbX1jc2t4nZpZ3dv/8A+LHdUnEoGbRaLWHZ9qkDwCNqaawHdRAINfQF3/uQq9+/uQSoeR7d6loAX0lHEA86oNtLALvc1THXWAqV4aNZxNh/YFafqOA4hBOeE1C8dQxoNt0ZcTHLLoIJWaA3s9/4wZmkIkWaCKtUjTqK9jEozTcC81E8VJJRN6Ah6hkY0BOVli9vn+NQoQxzE0rxI44X6vSOjoVKz0DeVIdVj9dvLxb+8XqoD18t4lKQaIrZcFKQC6xjnQeAhl8C0mBlCmeTmVszGVFKmTVwlE8LXT/H/pFOrkvNq7eai0nRXcRTRMTpBZ4igOmqia9RCbcTQFD2gJ/Rsza1H68V6XZYWrFXPEfoB6+0TQLWVNQ==</latexit>
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How to implement our early-settlement idea?

V h(s)− V ?
h (s) ≤ 1

V h(s)− V LCB
h (s) ≤ 1 for some estimate V LCB

h ≤ V ?h

Q-EarlySettled-Advantage:
maintains auxiliary sequences V UCB

h &
V LCB
h to help settle the reference early

V LCB
h (s)

<latexit sha1_base64="vBrtulp55EfcFXqyU7rBr9IZDg8=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUmqYJfFbly4qGAf0MYwmU7aoZMHMxOhhPgrblwo4tYPceffOG2z0NYDFw7n3Mu993gxZ1JZ1rextr6xubVd2Cnu7u0fHJpHxx0ZJYLQNol4JHoelpSzkLYVU5z2YkFx4HHa9SbNmd99pEKyKLxX05g6AR6FzGcEKy25Zqnjjh/SdCB9dNu8zrKKPEeuWbaq1hxoldg5KUOOlmt+DYYRSQIaKsKxlH3bipWTYqEY4TQrDhJJY0wmeET7moY4oNJJ58dn6EwrQ+RHQleo0Fz9PZHiQMpp4OnOAKuxXPZm4n9eP1F+3UlZGCeKhmSxyE84UhGaJYGGTFCi+FQTTATTtyIyxgITpfMq6hDs5ZdXSadWtS+qtbvLcqOex1GAEziFCthwBQ24gRa0gcAUnuEV3own48V4Nz4WrWtGPlOCPzA+fwBJh5PY</latexit>

V ?
h (s)

<latexit sha1_base64="HsN3wIhIgcpZhpeKEOBmGV9cKJo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CuYY8OIxgnlAdg2zk9lkyOyDmV4hLPkNLx4U8erPePNvnCR70MSChqKqm+4uP5FCo21/W4WNza3tneJuaW//4PCofHzS0XGqGG+zWMaq51PNpYh4GwVK3ksUp6Evedef3M797hNXWsTRA04T7oV0FIlAMIpGcjuD8aOrkaqqvhyUK3bNXoCsEycnFcjRGpS/3GHM0pBHyCTVuu/YCXoZVSiY5LOSm2qeUDahI943NKIh1162uHlGLowyJEGsTEVIFurviYyGWk9D33SGFMd61ZuL/3n9FIOGl4koSZFHbLkoSCXBmMwDIEOhOEM5NYQyJcythI2pogxNTCUTgrP68jrp1GvOVa1+f11pNvI4inAG51AFB26gCXfQgjYwSOAZXuHNSq0X6936WLYWrHzmFP7A+vwBb0KRQQ==</latexit>

V UCB
h (s)

<latexit sha1_base64="uAddyb/gaffMUP+72G6aAR8msLg=">AAAB+3icbVBNT8JAEJ3iF+JXxaOXjcQEL6RFEzkSuXjExAIJVLJdtrBh+5HdrZE0/StePGiMV/+IN/+NC/Sg4EsmeXlvJjPzvJgzqSzr2yhsbG5t7xR3S3v7B4dH5nG5I6NEEOqQiEei52FJOQupo5jitBcLigOP0643bc397iMVkkXhvZrF1A3wOGQ+I1hpaWiWO8PJQ5oOpI+c1k2WVeXF0KxYNWsBtE7snFQgR3tofg1GEUkCGirCsZR924qVm2KhGOE0Kw0SSWNMpnhM+5qGOKDSTRe3Z+hcKyPkR0JXqNBC/T2R4kDKWeDpzgCriVz15uJ/Xj9RfsNNWRgnioZkuchPOFIRmgeBRkxQovhME0wE07ciMsECE6XjKukQ7NWX10mnXrMva/W7q0qzkcdRhFM4gyrYcA1NuIU2OEDgCZ7hFd6MzHgx3o2PZWvByGdO4A+Mzx/7YZO3</latexit>

Optimistic
<latexit sha1_base64="mhKReWqwWnPu5R/0xs0L2RJ7JHQ=">AAAB+nicdVDLTgIxFO3gC/E16NJNIzFxRaZoZNiRuHEnJoIkMCGdUqCh80h7RyUjn+LGhca49Uvc+Td2ABM1epImJ+fcV48fS6HBcT6s3NLyyupafr2wsbm1vWMXd1s6ShTjTRbJSLV9qrkUIW+CAMnbseI08CW/9sdnmX99w5UWUXgFk5h7AR2GYiAYBSP17GIX+B2kFzGIwGwTbNqzS07ZcRxCCM4IqZ46htRqboW4mGSWQQkt0OjZ791+xJKAh8Ak1bpDnBi8lCozTfJpoZtoHlM2pkPeMTSkAddeOjt9ig+N0seDSJkXAp6p3ztSGmg9CXxTGVAY6d9eJv7ldRIYuF4qwjgBHrL5okEiMUQ4ywH3heIM5MQQypQwt2I2oooyMGkVTAhfP8X/k1alTI7LlcuTUt1dxJFH++gAHSGCqqiOzlEDNRFDt+gBPaFn6956tF6s13lpzlr07KEfsN4+AXbolMM=</latexit>

Pessimistic
<latexit sha1_base64="b4jVl7BEGrGnv7kxnejLuM3s+lw=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIvgqkyq2Omu4MZlBVsL7VAy6Z02NPMgyUjL0F9x40IRt/6IO//GTFtBRQ8EDufcV46fCK6043xYhbX1jc2t4nZpZ3dv/8A+LHdUnEoGbRaLWHZ9qkDwCNqaawHdRAINfQF3/uQq9+/uQSoeR7d6loAX0lHEA86oNtLALvc1THXWAqV4aNZxNh/YFafqOA4hBOeE1C8dQxoNt0ZcTHLLoIJWaA3s9/4wZmkIkWaCKtUjTqK9jEozTcC81E8VJJRN6Ah6hkY0BOVli9vn+NQoQxzE0rxI44X6vSOjoVKz0DeVIdVj9dvLxb+8XqoD18t4lKQaIrZcFKQC6xjnQeAhl8C0mBlCmeTmVszGVFKmTVwlE8LXT/H/pFOrkvNq7eai0nRXcRTRMTpBZ4igOmqia9RCbcTQFD2gJ/Rsza1H68V6XZYWrFXPEfoB6+0TQLWVNQ==</latexit>
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V ?
h (s)

<latexit sha1_base64="HsN3wIhIgcpZhpeKEOBmGV9cKJo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CuYY8OIxgnlAdg2zk9lkyOyDmV4hLPkNLx4U8erPePNvnCR70MSChqKqm+4uP5FCo21/W4WNza3tneJuaW//4PCofHzS0XGqGG+zWMaq51PNpYh4GwVK3ksUp6Evedef3M797hNXWsTRA04T7oV0FIlAMIpGcjuD8aOrkaqqvhyUK3bNXoCsEycnFcjRGpS/3GHM0pBHyCTVuu/YCXoZVSiY5LOSm2qeUDahI943NKIh1162uHlGLowyJEGsTEVIFurviYyGWk9D33SGFMd61ZuL/3n9FIOGl4koSZFHbLkoSCXBmMwDIEOhOEM5NYQyJcythI2pogxNTCUTgrP68jrp1GvOVa1+f11pNvI4inAG51AFB26gCXfQgjYwSOAZXuHNSq0X6936WLYWrHzmFP7A+vwBb0KRQQ==</latexit>

V UCB
h (s)

<latexit sha1_base64="uAddyb/gaffMUP+72G6aAR8msLg=">AAAB+3icbVBNT8JAEJ3iF+JXxaOXjcQEL6RFEzkSuXjExAIJVLJdtrBh+5HdrZE0/StePGiMV/+IN/+NC/Sg4EsmeXlvJjPzvJgzqSzr2yhsbG5t7xR3S3v7B4dH5nG5I6NEEOqQiEei52FJOQupo5jitBcLigOP0643bc397iMVkkXhvZrF1A3wOGQ+I1hpaWiWO8PJQ5oOpI+c1k2WVeXF0KxYNWsBtE7snFQgR3tofg1GEUkCGirCsZR924qVm2KhGOE0Kw0SSWNMpnhM+5qGOKDSTRe3Z+hcKyPkR0JXqNBC/T2R4kDKWeDpzgCriVz15uJ/Xj9RfsNNWRgnioZkuchPOFIRmgeBRkxQovhME0wE07ciMsECE6XjKukQ7NWX10mnXrMva/W7q0qzkcdRhFM4gyrYcA1NuIU2OEDgCZ7hFd6MzHgx3o2PZWvByGdO4A+Mzx/7YZO3</latexit>

Optimistic
<latexit sha1_base64="mhKReWqwWnPu5R/0xs0L2RJ7JHQ=">AAAB+nicdVDLTgIxFO3gC/E16NJNIzFxRaZoZNiRuHEnJoIkMCGdUqCh80h7RyUjn+LGhca49Uvc+Td2ABM1epImJ+fcV48fS6HBcT6s3NLyyupafr2wsbm1vWMXd1s6ShTjTRbJSLV9qrkUIW+CAMnbseI08CW/9sdnmX99w5UWUXgFk5h7AR2GYiAYBSP17GIX+B2kFzGIwGwTbNqzS07ZcRxCCM4IqZ46htRqboW4mGSWQQkt0OjZ791+xJKAh8Ak1bpDnBi8lCozTfJpoZtoHlM2pkPeMTSkAddeOjt9ig+N0seDSJkXAp6p3ztSGmg9CXxTGVAY6d9eJv7ldRIYuF4qwjgBHrL5okEiMUQ4ywH3heIM5MQQypQwt2I2oooyMGkVTAhfP8X/k1alTI7LlcuTUt1dxJFH++gAHSGCqqiOzlEDNRFDt+gBPaFn6956tF6s13lpzlr07KEfsN4+AXbolMM=</latexit>
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Concluding remarks

S6A4H28
<latexit sha1_base64="I2B6Ng2cK3p4cgXhyWPKd/0VQDk=">AAAB83icbVBNT8JAEJ3iF+IX6tHLRmLiibRIlCPGC0eMFkigkO2yhQ3bbbO7NSENf8OLB43x6p/x5r9xgR4UfMkkL+/NZGaeH3OmtG1/W7mNza3tnfxuYW//4PCoeHzSUlEiCXVJxCPZ8bGinAnqaqY57cSS4tDntO1P7uZ++4lKxSLxqKcx9UI8EixgBGsj9R7617f9aqOfVmqzQbFkl+0F0DpxMlKCDM1B8as3jEgSUqEJx0p1HTvWXoqlZoTTWaGXKBpjMsEj2jVU4JAqL13cPEMXRhmiIJKmhEYL9fdEikOlpqFvOkOsx2rVm4v/ed1EBzUvZSJONBVkuShIONIRmgeAhkxSovnUEEwkM7ciMsYSE21iKpgQnNWX10mrUnauypX7aqley+LIwxmcwyU4cAN1aEATXCAQwzO8wpuVWC/Wu/WxbM1Z2cwp/IH1+QOLMpCu</latexit>

S3A4H6
<latexit sha1_base64="GwuNe1jekMjjXpxBxUTTOPTAoaE=">AAAB8nicbVBNT8JAEN3iF+IX6tHLRmLiibRAlCPGC0eMgiSlkO2yhQ3bbbM7NSENP8OLB43x6q/x5r9xgR4UfMkkL+/NZGaeHwuuwba/rdzG5tb2Tn63sLd/cHhUPD7p6ChRlLVpJCLV9YlmgkvWBg6CdWPFSOgL9uhPbuf+4xNTmkfyAaYx80IykjzglICR3Pt+9aZfa/bTq9mgWLLL9gJ4nTgZKaEMrUHxqzeMaBIyCVQQrV3HjsFLiQJOBZsVeolmMaETMmKuoZKETHvp4uQZvjDKEAeRMiUBL9TfEykJtZ6GvukMCYz1qjcX//PcBIK6l3IZJ8AkXS4KEoEhwvP/8ZArRkFMDSFUcXMrpmOiCAWTUsGE4Ky+vE46lbJTLVfuaqVGPYsjj87QObpEDrpGDdRELdRGFEXoGb2iNwusF+vd+li25qxs5hT9gfX5Aw+FkG0=</latexit>

UCB-M-Q
<latexit sha1_base64="0hTsh4niWSgsl18huJX7yWcIIU4=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBS8JuDOgxmIsXIQE3CWRDmJ3MJkNmH8z0inEJ/ooXD4p49T+8+TdOkj1oYkFDUdVNd5cXC67Asr6NldW19Y3N3FZ+e2d3b988OGyqKJGUOTQSkWx7RDHBQ+YAB8HasWQk8ARreaPa1G/dM6l4FN7BOGbdgAxC7nNKQEs989gF9gBp6iofO7Xr4m2xMZn0zIJVsmbAy8TOSAFlqPfML7cf0SRgIVBBlOrYVgzdlEjgVLBJ3k0UiwkdkQHraBqSgKluOrt+gs+00sd+JHWFgGfq74mUBEqNA093BgSGatGbiv95nQT8q27KwzgBFtL5Ij8RGCI8jQL3uWQUxFgTQiXXt2I6JJJQ0IHldQj24svLpFku2RelcqNSqFayOHLoBJ2ic2SjS1RFN6iOHETRI3pGr+jNeDJejHfjY966YmQzR+gPjM8fnsyUoQ==</latexit>

UCB-VI
<latexit sha1_base64="ZkNIEKe0LsMlZAtA5j1T2isCYIM=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCF0tSC3os9qK3CqYtNKFstpt26eaD3YlYQv0rXjwo4tUf4s1/47bNQVsfDDzem2Fmnp8IrsCyvo3C2vrG5lZxu7Szu7d/YB4etVWcSsocGotYdn2imOARc4CDYN1EMhL6gnX8cXPmdx6YVDyO7mGSMC8kw4gHnBLQUt8su8AeIctcFWCneX3evp1O+2bFqlpz4FVi56SCcrT65pc7iGkasgioIEr1bCsBLyMSOBVsWnJTxRJCx2TIeppGJGTKy+bHT/GpVgY4iKWuCPBc/T2RkVCpSejrzpDASC17M/E/r5dCcOVlPEpSYBFdLApSgSHGsyTwgEtGQUw0IVRyfSumIyIJBZ1XSYdgL7+8Stq1qn1Rrd3VK416HkcRHaMTdIZsdIka6Aa1kIMomqBn9IrejCfjxXg3PhatBSOfKaM/MD5/ADC5lGs=</latexit>

UCB-Q-Advantage
<latexit sha1_base64="82xsSye+lqgxyWWc1Ao5+kkqI6s=">AAACBXicbVC7TgJBFJ3FF+Jr1VKLicTEBrKLJFqiNJaQyCMBQmaHWZgwO7uZuUskGxobf8XGQmNs/Qc7/8bhUSh4kpucnHPvzL3HiwTX4DjfVmptfWNzK72d2dnd2z+wD4/qOowVZTUailA1PaKZ4JLVgINgzUgxEniCNbxheeo3RkxpHsp7GEesE5C+5D6nBIzUtU/bwB4gSdrax7Xyba6au+mNiATSZ5NJ1846eWcGvErcBcmiBSpd+6vdC2kcMAlUEK1brhNBJyEKOBVskmnHmkWEDs3rLUMlCZjuJLMrJvjcKD3sh8qUBDxTf08kJNB6HHimMyAw0MveVPzPa8XgX3cSLqMYmKTzj/xYYAjxNBLc44pREGNDCFXc7IrpgChCwQSXMSG4yyevknoh717mC9VitlRcxJFGJ+gMXSAXXaESukMVVEMUPaJn9IrerCfrxXq3PuatKWsxc4z+wPr8AfZUmC8=</latexit>

0
<latexit sha1_base64="8SPvTV/z8oIhjlRiKd59oqPvbVY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</latexit>

SAH
<latexit sha1_base64="mgc0RNFyBlMluc9mzlqwM1wIV6M=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV00kSPGC0cM8khgQ2aHWZgwO7uZ6TUhhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkEhh0HW/nY3Nre2d3dxefv/g8Oi4cHLaMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+d++4lrI2L1iJOE+xEdKhEKRtFKjcZdrV8ouiV3AbJOvIwUIUO9X/jqDWKWRlwhk9SYrucm6E+pRsEkn+V7qeEJZWM65F1LFY248aeLU2fk0ioDEsbalkKyUH9PTGlkzCQKbGdEcWRWvbn4n9dNMaz4U6GSFLliy0VhKgnGZP43GQjNGcqJJZRpYW8lbEQ1ZWjTydsQvNWX10mrXPKuS+WHm2K1ksWRg3O4gCvw4BaqUIM6NIHBEJ7hFd4c6bw4787HsnXDyWbO4A+czx/G1Y1u</latexit>

S2AH
<latexit sha1_base64="DhKLDJeEvg7m4YwDjwk7EF7pMeQ=">AAAB7HicbVBNTwIxEJ36ifiFevTSSEw8kV00kSPGC0eMLpDASrqlCw3d7qbtmpANv8GLB43x6g/y5r+xwB4UfMkkL+/NZGZekAiujeN8o7X1jc2t7cJOcXdv/+CwdHTc0nGqKPNoLGLVCYhmgkvmGW4E6ySKkSgQrB2Mb2d++4kpzWP5YCYJ8yMylDzklBgrefeP1ZtGv1R2Ks4ceJW4OSlDjma/9NUbxDSNmDRUEK27rpMYPyPKcCrYtNhLNUsIHZMh61oqScS0n82PneJzqwxwGCtb0uC5+nsiI5HWkyiwnRExI73szcT/vG5qwpqfcZmkhkm6WBSmApsYzz7HA64YNWJiCaGK21sxHRFFqLH5FG0I7vLLq6RVrbiXlerdVbley+MowCmcwQW4cA11aEATPKDA4Rle4Q1J9ILe0ceidQ3lMyfwB+jzB+0ajhI=</latexit>
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SApoly(H)

1

Our algorithm: Q-EarlySettled-Advantage

Theorem 2 (Li, Shi, Chen, Gu, Chi, 2021)
With high prob., Q-EarlySettled-Advantage achieves (up to log factor)

Regret(T ) .
Ô
H2SAT +H6SA

with a memory complexity of O(SAH)

ours
• regret-optimal with near-minimal burn-in cost O(SApoly(H))
• memory-e�cient O(SAH)
• computationally e�cient: runtime O(T )
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Model-free algorithms can simultaneously achieve
(1) regret optimality; (2) low burn-in cost; (3) memory efficiency
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