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A ubiquitous low-complexity model

Composition C by Piet Mondrian

reconstructing low-rank structure
from imperfect measurements

• matrix completion
• solving quadratic equations
• blind deconvolution
• tensor completion
• localization

• PCA / factor models
• community recovery
• joint shape mapping
• linear neural networks
• . . .
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Various estimation schemes have been proposed

convex relaxation

spectral methods nonconvex optimization
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One step further: reasoning about uncertainty?estimation error sample size
bounds range
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How to assess uncertainty, or “confidence”, of obtained low-rank
estimates due to imperfect data acquisition?
• noise
• missing data
• · · ·
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This talk: two recent examples

1. Inference for noisy matrix completion

2. Inference for heteroskedastic PCA with missing data



Part 1: Inference for noisy matrix completion

Cong Ma
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Yuling Yan
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Noisy low-rank matrix completion


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???

?

?

figure credit: E. J. Candès

Given partial samples of a low-rank matrix M?, fill in missing entries
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Noisy low-rank matrix completion

observations: Mi,j = M?
i,j + noise, (i, j) ∈ Ω

goal: estimate M?

unknown rank-r matrix M? ∈ Rn×n




X ? ? ? X ?
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X ? ? X ? ?
? ? X ? ? X
X ? ? ? ? ?
? X ? ? X ?
? ? X X ? ?




sampling set Ω

A widely used convex relaxation method:
minimize
Z∈Rn×n

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2

︸ ︷︷ ︸
squared loss

+ λ‖Z‖∗
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Challenges

M cvx , arg min
Z

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2

︸ ︷︷ ︸
empirical loss

+ λ‖Z‖∗

• convex estimate M cvx is biased towards small norm

• highly challenging to pin down distributions of obtained estimates
• existing estimation error bounds are highly sub-optimal

−→ overly wide confidence intervals
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Step 1: sharpening estimation guarantees



Prior statistical guarantees for convex relaxation

• random sampling: each (i, j) ∈ Ω with prob. p
• random noise: i.i.d. Gaussian noise with mean zero and

variance σ2

• true matrix M? ∈ Rn×n: rank r = O(1), incoherent,
well-conditioned . . .
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a picture here about connection ‡: noise standard dev.
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Prior statistical guarantees for convex relaxation

• random sampling: each (i, j) œ � with prob. p
• random noise: i.i.d. sub-Gaussian noise with variance ‡2

• true matrix Mı œ Rn◊n: rank r = O(1), incoherent, . . .

estimation error
.. „M ≠ Mı

..
F

minimax limit ‡
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almost surely as n ! 1. Thus we pick µ =
p

2np�,
where p = m/n2. In practice, this value of µ seems
to work very well for square matrices. For n1 ⇥ n2

matrices, based on the same considerations, the proposal
is µ = (

p
n1 +

p
n2)

p
p� with p = m/(n1n2).

In order to interpret our numerical results, they are
compared to those achieved by the oracle, see Section
III-B. To this end, Figure 2 plots three curves for varying
values of n, p, and r: 1) the RMS error introduced above,
2) the RMS error achievable when the oracle reveals
T , and the problem is solved using least squares, 3)
the estimated oracle root expected MS error derived
in Section III-B, i.e.

p
df/[n2p] =

p
df/m, where

df = r(2n � r). In our experiments, as n and m/df
increased, with r = 2, the RMS error of the nuclear norm
problem appeared to be fit very well by 1.68

p
df/m.

Thus, to compare the oracle error to the actual recovered
error, we plotted the oracle errors times 1.68. We also
note that in our experiments, the RMS error was never
greater than 2.25

p
df/m.

No one can predict the weather. We conclude the nu-
merical section with a real world example. We retrieved
from the website [1] a 366⇥ 1472 matrix whose entries
are daily average temperatures at 1472 different weather
stations throughout the world in 2008. Checking its SVD
reveals that this is an approximately low rank matrix as
expected. In fact, letting M be the temperature matrix,
and calling M2 the matrix created by truncating the SVD
after the top two singular values gives kM2kF /kMkF =
.9927.

To test the performance of our matrix completion
algorithm, we subsampled 30% of M and then recovered
an estimate, M̂ , using (IV.1). Note that this is a much
different problem than those proposed earlier in this
section. Here, we attempt to recover a matrix that is not
exactly low rank, but only approximately. The solution
gives a relative error of kM̂ � MkF /kMkF = .166.
For comparison4, exact knowledge of the best rank-2
approximation achieves kM2 � MkF /kMkF = .121.
Here µ has been selected to give a good cross-validated
error and is about 535.

V. DISCUSSION

This paper reviewed and developed some new results
about matrix completion. By and large, low-rank ma-
trix recovery is a field in complete infancy abounding
with interesting and open questions, and if the recent

4The number 2 is somewhat arbitrary here, although we picked it
because there is a large drop-off in the size of the singular values after
the second. If, for example, M10 is the best rank-10 approximation,
then kM10 � MkF /kMkF = .081.
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Fig. 2: Comparison between the recovery
error, the oracle error times 1.68, and the
estimated oracle error times 1.68. Each point
on the plot corresponds to an average over 20
trials. Top: in this experiment, n = 600, r = 2
and p varies. The x-axis is the number of mea-
surements per degree of freedom (df). Middle:
n varies whereas r = 2, p = .2. Bottom:
n = 600, r varies and p = .2.
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1Existing theory for convex relaxation does not match practice . . .
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A detour: nonconvex optimization

Burer–Monteiro: represent Z by XY > with X,Y ∈ Rn×r︸ ︷︷ ︸
low-rank factorsA detour: nonconvex optimization

Use low-rank representation Z = XY € with X,Y œ Rn◊r

¸ ˚˙ ˝
low-rank factors

minimize
X,Y œRn◊r

f(X,Y ) = 1
2

ÿ

(i,j)œ�

Ë!
XY €"

i,j
≠ Mi,j

È2
+ reg(X,Y )

• warm start: X0

• gradient descent:

Xt+1 = Xt ≠ ÷t Òf(Xt), t = 0, 1, · · ·
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minimize
X,Y ∈Rn×r

f(X,Y ) =
∑

(i,j)∈Ω

[(
XY >

)
i,j
−Mi,j

]2

︸ ︷︷ ︸
squared loss

+ reg(X,Y )
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A detour: nonconvex optimization
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A detour: nonconvex optimization

minimize
X,Y ∈Rn×r

f(X,Y ) =
∑

(i,j)∈Ω

[(
XY >

)
i,j
−Mi,j

]2
+ reg(X,Y )

• suitable initialization: (X0,Y 0)

• gradient descent: for t = 0, 1, . . .

Xt+1 = Xt − ηt∇Xf(Xt,Y t)
Y t+1 = Y t − ηt∇Y f(Xt,Y t)
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A detour: nonconvex optimization

minimax limit σ
√
n/p

nonconvex algorithms σ
√
n/p (optimal!)

Prior statistical guarantees for convex relaxation

• random sampling: each (i, j) œ � with prob. p
• random noise: i.i.d. sub-Gaussian noise with variance ‡2

• true matrix Mı œ Rn◊n: rank r = O(1), incoherent, . . .

estimation error
.. „M ≠ Mı

..
F

minimax limit ‡

n/p

Candès, Plan ’09 ‡n1.5

Negahban, Wainwright ’10 max{‡, ÎMıÎŒ}

n/p

Koltchinskii, Tsybakov, Lounici ’10 max{‡, ÎMıÎŒ}

n/p
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a picture here about connection ‡: noise standard dev.
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A deto
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• rand
om sampling

: each
(i, j)

œ � with prob.
p

• rand
om noise

: i.i.d.
sub-G

aussi
an noise

with varia
nce ‡

2

• true
matrix

M
ı œ Rn

◊n : r = O(1), incoh
erent

, . . .

estim
ation

error
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minimax limit
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nonc
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A motivating experiment

convex: minimize
Z∈Rn×n

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2 + λ‖Z‖∗

nonconvex: minimize
X,Y ∈Rn×r

∑

(i,j)∈Ω

[(
XY >

)
i,j
−Mi,j

]2
+ λ

2‖X‖2F + λ
2‖Y ‖2F︸ ︷︷ ︸

reg(X,Y )

— ‖Z‖∗ = min
Z=XY >

1
2‖X‖2

F + 1
2‖Y ‖2

F
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A motivating experiment
n = 1000, r = 5, p = 0.2, λ = 5σ√np

10-6 10-5 10-4 10-3
10-8

10-6

10-4

10-2

100

Estimation error: convex
Estimation error: nonconvex
Distance between solutions

Convex and nonconvex solutions are exceedingly close!
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Main results: r = O(1)

• random sampling: each (i, j) ∈ Ω with prob. p & log3 n
n

• random noise: i.i.d. sub-Gaussian with variance σ2 (not too
large)
• true matrix M? ∈ Rn×n: r = O(1), incoherent, well-conditioned

minimize
Z∈Rn×n

∑

(i,j)∈Ω

(
Zi,j −Mi,j

)2 + λ‖Z‖∗ (λ � σ√np)

Theorem 1 (Chen, Chi, Fan, Ma, Yan ’19)
With high prob., any minimizer M cvx of convex program obeys

1. M cvx is nearly rank-r
2. ∥∥M cvx −M?

∥∥
F . σ

√
n
p
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∥∥M cvx −M?
∥∥

F . σ
√

n
p : minimax optimal when r = O(1)

Chen, Chi, Fan, Ma, Yan ’19
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Step 2: from estimation to inference . . .



— inspired by Zhang, Zhang ’11, van de Geer et al. ’13, Javanmard, Montanari ’13

De-biasing convex estimate

— inspired by Zhang, Zhang ’11, van de Geer et al. ’13, Javanmard, Montanari ’13

M cvx de-biasing≠æ projrank-r
1

M cvx + 1
pP�(Mı + E ≠ M cvx)

¸ ˚˙ ˝
(nearly) unbiased estimate of Mı

2

• issue: high-rank after de-biasing; statistical accuracy su�ers
• solution: low-rank projection
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Stabilityofconvexrelaxationagainstnoise

minimize
Z

ÎZÎú

subj.tonoisydataconstraints

minimize
Z

f(Z;data) ¸˚˙˝
empiricalloss

+⁄ÎZÎú

low-rankmatrix
figurecredit:PietMondrian

semidefiniterelaxation

Xmatrixsensing(RIPmeasurements)(Candès,Plan’10)

Xphaseretrieval(Gaussianmeasurements)(Candèsetal.’11)

?matrixcompletion
(Candès,Plan’09,Negahban,Wainwright’10,Koltchinskiietal.’10)

?robustPCA(Zhou,Li,Wright,Candès,Ma’10)

?Hankelmatrixcompletion(Chen,Chi’13)

?blinddeconvolution(Ahmed,Recht,Romberg’12,Ling,Strohmer’15)

?jointalignment/matching
...
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— inspired by Zhang, Zhang ’11, van de Geer et al. ’13, Javanmard, Montanari ’13
Distributional guarantees for low-rank factors

• random sampling: each (i, j) œ � with prob. p & log3 n
n

• random noise: i.i.d. N (0, ‡2) (not too large)
• true matrix Mı œ Rn◊n: r = O(1), incoherent, well-conditioned
• regularization parameter: ⁄ ® ‡

Ô
np

XdY d€ Ω balanced¸ ˚˙ ˝
Xd€Xd=Y d€Y d

rank-r approx. of Md

XıY ı€ Ω balanced¸ ˚˙ ˝
Xı€Xı=Y ı€Y ı

rank-r decomp. of Mı
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De-biasing convex estimate

— inspired by Zhang, Zhang ’11, van de Geer et al. ’13, Javanmard, Montanari ’13

M cvx de-biasing≠æ projrank-r
1

M cvx + 1
pP�(Mı + E ≠ M cvx)

¸ ˚˙ ˝
(nearly) unbiased estimate of Mı

2

• issue: high-rank after de-biasing; statistical accuracy su�ers
• solution: low-rank projection
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— inspired by Zhang, Zhang ’11, van de Geer et al. ’13, Javanmard, Montanari ’13
Distributional guarantees for low-rank factors

• random sampling: each (i, j) œ � with prob. p & log3 n
n

• random noise: i.i.d. N (0, ‡2) (not too large)
• true matrix Mı œ Rn◊n: r = O(1), incoherent, well-conditioned
• regularization parameter: ⁄ ® ‡
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De-biasing convex estimate

— inspired by Zhang, Zhang ’11, van de Geer et al. ’13, Javanmard, Montanari ’13

M cvx de-biasing≠æ projrank-r
1

M cvx + 1
pP�(Mı + E ≠ M cvx)

¸ ˚˙ ˝
(nearly) unbiased estimate of Mı

2

• issue: high-rank after de-biasing; statistical accuracy su�ers
• solution: low-rank projection
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De-biasing convex estimate

M cvx de-biasing−→ M cvx + 1
pPΩ(M? + E −M cvx)

︸ ︷︷ ︸
(nearly) unbiased estimate of M?

• issue: high-rank after de-biasing; statistical accuracy suffers
• solution: low-rank projection

28/ 56
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De-biasing convex estimate

M cvx de-biasing−→ projrank-r
(
M cvx + 1

pPΩ(M? + E −M cvx)
)

︸ ︷︷ ︸
1 iteration of singular value projection (Jain, Meka, Dhillon ’10)

=: Md

• issue: high-rank after de-biasing; statistical accuracy suffers
• solution: low-rank projection

28/ 56



Distributional theory

• random sampling
• i.i.d. Gaussian noise N (0, σ2)
• ground truth: low-rank, incoherent,

well-conditioned nonconvex estimate (Xncvx, Y ncvx)
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Theorem 2 (Chen, Fan, Ma, Yan ’19)
Consider any (i, j) s.t. ‖X?

i,·‖2 + ‖Y ?
j,·‖2 is not too small. Then

Md
ij −M?

ij ∼ N
(
0,Cramer-Rao

)
+ negligible term

— asymptotically optimal!
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Numerical experiments

nonconvex estimate (Xncvx, Y ncvx)
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Back to estimation: de-biased estimator is optimal

Distributional theory in turn allows us to track estimation accuracy

Theorem 3 (Chen, Fan, Ma, Yan ’19)

‖Md −M?‖2F = (2 + o(1))nrσ2

p︸ ︷︷ ︸
Cramer-Rao lower bound

with high prob.

• precise characterization of estimation accuracy
• achieves full statistical efficiency (including pre-constant)
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What we consider here . . .

• Heteroskedastic noise: {Ei,j} are ind. sub-Gaussian obeying

E[Ei,j ] = 0, E[E2
i,j ] = ω?2i ∈ [ω2

min, ω
2
max], ‖Ei,j‖ψ2︸ ︷︷ ︸

sub-Gaussian norm

= O(ω?i )

◦ noise variance {ω?2
i }: unknown, location-varying

• Random sampling: (i, j) ∈ Ω independently with prob. p
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What we consider here . . .
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Applications beyond PCA

• Tensor completion
A bit more details about initialization

unfold
Step 1.1: estimating span{uı

i }1ÆiÆr:
• matricizition: A = unfold

!
T

"

• estimate rank-r subspace of Po�-diag
!
AA€"

(diagonal deletion)
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• One-sided community recovery in bipartite random graphs
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A natural SVD-based algorithm

• Compute: rank-r SVD UΣV > of Y = PΩ(X + E)

• Output: U −→ estimate of U?

Rationale: when E[E] = 0 and Ω is randomly sampled, we have

col-space(E[Y ] ) = col-space(X) = U?
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Numerical suboptimality of SVD-based approach
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Plain SVD is suboptimal in the presence of missing data if n� d
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Diagonal entries need special treatment

col-space(Y ) = eig-space(Y Y >) = eig-space
(
PΩ(X+E)PΩ(X+E)>

)

Large bias in diagonal entries:

1
p2E

[
Y Y >

]
= XX>︸ ︷︷ ︸

X
+
(1
p
− 1

)
Pdiag(XX>) + n

p
diag

{
[ω?2i ]

}

︸ ︷︷ ︸
potentially large diagonal matrix!

• a common issue under missing data or heteroskedastic noise
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Two algorithms that take care of diagonals

diagonal-deleted PCA:

• remove diag(Y Y >)
• compute top-r eigen-space

HeteroPCA (Zhang et al ’18)

• iteratively estimate diag(Y Y >)
• compute top-r eigen-space
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prior theory
(noiseless, n > d)
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| {z }

p n d

p =
1

d
p =

1

n1/3d2/3
p =

1p
nd

1
‖ · ‖ estimation error min sample size

bounds requirement
HeteroPCA 1√

nd2p3
+ 1√

np n
2
3 d

1
3

(Zhang et al. ’18)

diagonal-deleted PCA 1√
ndp2

+ 1√
np

+ 1
d

√
nd

(Cai et al. 19)



Our contributions: estimation and inference based on HeteroPCA
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• Initialize: G0 = 1
np2Poff-diag(Y Y >)

• Iterative update: for t = 0, 1, . . . , t0
(U t,Λt) = eigs(Gt, r)

Gt+1 = G0 + Pdiag(U tΛtU t>)

• Output: U := U t0 −→ estimate of U?

S := U t0Λt0U t0> −→ estimate of S? = U?Λ?U?>
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• Initialize: G0 = 1
np2Poff-diag(Y Y >)

• Iterative update: for t = 0, 1, . . . , t0
(U t,Λt) = eigs(Gt, r)

Gt+1 = G0 + Pdiag(U tΛtU t>)
• Output: U := U t0 −→ estimate of U?

S := U t0Λt0U t0> −→ estimate of S? = U?Λ?U?>
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Sharpened estimation guarantees for HeteroPCA

Assumptions (omitting log factors)
• rank r = O(1), incoherence µ = O(1), cond. number κ = O(1)
• signal-to-noise ratio (SNR) cannot be too low:

ω2
max

λr(S?)
. min

{
np

n+ d
,

√
np2

n+ d

}

• sampling rate exceeds certain threshold

p & max
{ 1√

nd
,

1
n

}
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Sharpened estimation guarantees for HeteroPCA

Theorem 4 (Yan, Chen, Fan ’21)
With high prob., we have

‖Usgn(U>U?)−U?‖ . ζop, ‖Usgn(U>U?)−U?‖2,∞ . 1√
d
ζop

‖S − S?‖ . ζop λ
?
1, ‖S − S?‖∞ . 1

d
ζopλ

?
1

where ζop := 1√
nd p

+ ω2
max
p λ?r

√
d
n +

√
1
np + ωmax√

λ?r

√
d
np

• fine-grained estimation guarantees (`2,∞ and `∞ bounds)
• estimation errors are spread out across entries
• our sample size and SNR conditions are minimax-optimal

(in terms of achieving consistent estimation)
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Sharpened estimation guarantees for HeteroPCA

U �! estimate of U?

S = U⌃U> �! estimate of S?

⌃ �! estimate of ⌃?
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p
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p
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i ]
o

| {z }
possibly large diagonal matrix!

sharpened estimation bounds distributional theory
confidence intervals

1

p
p

n
Y >

U t ⇤t U t>
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p2n
Po↵-diag(Y Y >)

1

p2n
Po↵-diag(Y Y >) + Pdiag(U

t⇤tU t>) (1)

| {z }

p n d

p =
1

d
p =

1

n1/3d2/3
p =

1p
nd

1

• diagonal-deleted PCA incurs some bias due to diagonal deletion
• HeteroPCA︸ ︷︷ ︸

method of choice
achieves bias correction via iterative refinement
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Can we obtain distributional characterizations for this appealing
estimator HeteroPCA?



Distributional theory for U

Theorem 5 (Yan, Chen, Fan ’21)
Consider any 1 ≤ l ≤ d s.t. ‖U?

l,·‖2 is not too small. Under previous
assumptions, we have

sup
cvx set C

∣∣∣∣P
([
U sgn(U>U?)︸ ︷︷ ︸

global rotation

−U?
]
l,·
∈ C

)
−N (0,Σ?

U,l) {C}
∣∣∣∣ = o (1)

• Each row of U is approximately Gaussian
— nearly unbiased + tractable covariance

Distributional theory for U

Theorem 2 (Yan, Chen, Fan ’21)
Consider any 1 Æ l Æ d s.t. ÎUı

l,·Î2 is not too small. Under previous
assumptions, we have

sup
cvx set C

----P
1Ë

U sgn(U€Uı)¸ ˚˙ ˝
global rotation

≠ Uı
È
l,·

œ C
2

≠ N (0,⌃ı
U,l) {C}

---- = o (1)

• Each row of U is approximately Gaussian
— nearly unbiased + tractable covariance

• Key: Usgn(U€Uı) ≠ Uı ¥
5

EX€
¸ ˚˙ ˝

linear term

+ Po�-diag(EE€)¸ ˚˙ ˝
quadratic term

6
Uı

!
⇤ı

"≠1

⌃
ı
U,l :=

1
1 ≠ p

np
S

ı
l,l +

Êı2
l

np

2
(⇤ı)≠1 +

2 (1 ≠ p)
np

U
ı€
l,· U

ı
l,·

+ (⇤ı)≠1
U

ı€diag
)

[dı
l,i]1ÆiÆd

*
U

ı(⇤ı)≠1

d
ı
l,i :=

1
np2

#
Ê

ı2
l + (1 ≠ p)Sı2

l,l

$ #
Ê

ı2
i + (1 ≠ p)Sı2

i,i

$
+

2 (1 ≠ p)2

np2
S

ı2
l,i
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• Key observations:

Usgn(U>U?)−U? ≈
[

EX>︸ ︷︷ ︸
linear term

+ Poff-diag(EE>)︸ ︷︷ ︸
quadratic term

]
U?
(
Λ?
)−1
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Distributional theory for S

Theorem 6 (Yan, Chen, Fan ’21)
Consider any (i, j) s.t. ‖U?

i,·‖2 and ‖U?
j,·‖2 are not too small. Under

previous assumptions, we have

sup
t∈R
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P
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Si,j − S

?
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v?i,j
≤ t

− Φ (t)

∣∣∣∣∣∣
= o (1)

where Φ(·) is the CDF of N (0, 1)

• Each entry of S is approximately Gaussian
— nearly unbiased + tractable variance
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Distributional theory for S
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Consider any (i, j) s.t. ‖U?

i,·‖2 and ‖U?
j,·‖2 are not too small. Under

previous assumptions, we have
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where Φ(·) is the CDF of N (0, 1)

• Each entry of S is approximately Gaussian
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U �! estimate of U?
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How to compute confidence intervals in a data-driven manner
(e.g., without prior knowledge of noise levels)?



Estimating unknown model parameters

• Compute estimate (U ,Λ,S) for
(
U?,Λ?,S?

)
via HeteroPCA

• Estimate noise variances {ω?2i }di=1 via1

ω2
i :=

∑n
j=1 y

2
i,j1(i,j)∈Ω∑n

j=1 1(i,j)∈Ω
− Si,i

• Compute “plug-in” estimate vi,j for v?i,j

1{yi,j : (i, j) ∈ Ω} are zero-mean r.v.s with common variance S?i,i + ω?2
i
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Entrywise confidence intervals for S?

For any target coverage level 1− α and each (i, j), compute

CI1−αi,j :=
[
Si,j ± Φ−1 (1− α/2)√vi,j

]

︸ ︷︷ ︸
since Si,j ≈N (S?i,j ,v?i,j)≈N (S?i,j ,vi,j)

Theorem 7 (Yan, Chen, Fan ’21)
Suppose previous conditions hold and ωmax

ωmin
= O(1). Then we have

P
(
S?i,j ∈ CI1−αi,j

)
= 1− α+ o (1)

• adaptive to unknown noise levels
• adaptive to noise heteroskedasticity
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Numerical verification
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n = 2000, d = 100, p = 0.6, r = 3, ω?1, · · · , ω?d
i.i.d.∼ Unif[0.025, 0.1],

Z1,2 = S1,2−S?1,2√
v1,2
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Concluding remarksCvx ¥ Ncvx
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