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A ubiquitous low-complexity model

reconstructing low-rank structure
from imperfect measurements

Composition C by Piet Mondrian

matrix completion e PCA /factor models
solving quadratic equations e community recovery
blind deconvolution e joint shape mapping
tensor completion e linear neural networks
localization o ...
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Various estimation schemes have been proposed

convex relaxation

spectral methods

nonconvex optimization
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One step further: reasoning about uncertainty?

low-rank
estimators
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One step further: reasoning about uncertainty?

— il

low-rank
estimators

=

How to assess uncertainty, or “confidence”, of obtained low-rank
estimates due to imperfect data acquisition?

® noise
e missing data
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American Institute
of Mathematics

INFERENCE IN HIGH DIMENSIONAL REGRESSION

organized by
Peter Buehlmann, Andrea Montanari, and Jonathan Taylor

The open problems discussion was also very productive, and led to formulating a se-
lection of special topics addressed in the working groups. These were

(3) Confidence intervals for matriz_completion. In matrix completion, the data analyst
is given a large data matrix with a number of missing entries. In many interesting
applications (e.g. to collaborative filtering) it is indeed the case that the vast majority
of entries is missing. In order to fill the missing entries, the assumption is made that
the underlying —unknown— matrix has a low-rank structure.

Substantial work has been devoted to methods for computing point estimates of the
missing entries. In applications, it would be very interesting to compute confidence
intervals as well. This requires developing distributional characterizations of standard
matrix completion methods.




This talk: two recent examples

1. Inference for noisy matrix completion

2. Inference for heteroskedastic PCA with missing data



Part 1: Inference for noisy matrix completion

Cong Ma Yuling Yan Yuejie Chi Jianging Fan
U Chicago Stats Princeton ORFE CMU ECE Princeton ORFE



Noisy low-rank matrix completion
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figure credit: E. J. Candés

Given partial samples of a low-rank matrix M™*, fill in missing entries
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Noisy low-rank matrix completion

observations: M; j = M[; + noise,
goal: estimate M™*
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unknown rank-r matrix M* € R™"*"
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Noisy low-rank matrix completion

observations:  M; j = M/; + noise, (i,7) € Q

goal: estimate M™*
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Challenges

M £ argmin E (Zij — Mi,j)z + M| Z]|«
VA L
(1,5)€Q

empirical loss

e convex estimate M<¥* is biased towards small norm
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Challenges

M 2 argmin Y (Zij — Mij)" + M| Z|.
VA L
(1,7)€Q

empirical loss

e convex estimate M is biased towards small norm
e highly challenging to pin down distributions of obtained estimates

e existing estimation error bounds are highly sub-optimal
— overly wide confidence intervals
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Step 1: sharpening estimation guarantees



Prior

statistical guarantees for convex relaxation

random sampling: each (i, j) € Q with prob. p
random noise: i.i.d. Gaussian noise with mean zero and
variance o2

true matrix M* € R™*™: rank r = O(1), incoherent,
well-conditioned . ..
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Candeés, Plan'09

on-

1M — b
> G

v

o: noise standard dev.



minimax limit ‘
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minimax limit ‘

Candés, Plan'09
Negahban, Wainwright '10
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minimax limit ‘ o\/n/p

1.5

Candés, Plan'09

Negahban, Wainwright '10 max{o, || M*| s} v/n/p
Koltchinskii, Tsybakov, Lounici'10

max{o, [|M* s} v/n/p

on

1ML — b,

s

"% minimax limit
M|

v

o: noise standard dev.



Matrix Completion with Noise

Emmanuel 1. Candés and Yaniv Plan

—+— recovery error using SDP|
11 —— 1.68"(oracle error)
—&—1.68"[(2nr - A2

convex relaxation

rms error
°
S

1.68 x oracle bound

100 200 300 400 500 600 700 800 900 1000

Existing theory for convex relaxation does not match practice . . .



dual certification (golfing scheme)
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dual certification (golfing scheme)
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A detour: nonconvex optimization

Burer—Monteiro: represent Z by XY " with X,Y € R™*"

low-rank factors

X Y’
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minimize f(X,Y) = [(XYT),, = M| +reg(X,Y)
X Y eRnXxrT (ZJ)GQ 2,

squared loss
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A detour: nonconvex optimization

Burer, Monteiro'03

Rennie, Srebro'05

Keshavan, Montanari, Oh'09'10
Jain, Netrapalli, Sanghavi'12
Hardt'13

Sun, Luo'14
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Tu, Boczar, Simchowitz, Soltanolkotabi, Recht'15
Zhao, Wang, Liu'1l5
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A detour: nonconvex optimization

minimize f(X,Y)
XYERTLXT‘

2
= Miy| +reg(X,Y)

= > |xYT),
(4,7)€Q
e suitable initialization: (X YY)
e gradient descent: fort =0,1,...

=X'—-nVxf(X"Y")
— M va(Xtv Yt)

Xt+1
Yt+1 — Yt
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A detour: nonconvex optimization

minimax limit ‘ o\/n/p

nonconvex algorithms ‘ oy/n/p (optimall)
4

1M — M

“% minimax limit

n
»

o: noise standard dev.
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A motivating experiment

convex:

nonconvex:

. . - 2
minimize Z (Zij — Mij)" + M Z|«
(i,4)€Q

2
T A 2 A 2
ppmize 3 [0, -]+ gIXIE ¢ 3IVIE
7]

reg(X,Y)

— lZ]l. = min X+ 51V &

T2|
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A motivating experiment

n = 1000, r =5, p=0.2, A = b5o,/np

O Estimation error: convex
10-4 E + Estimation error: nonconvex | 4
* Distance between solutions

100 ¢ 3
TR ks LIRS Kok
-8 | |
10
10° 10° 10" 107
g
Convex and nonconvex solutions are exceedingly close! J
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convex M nonconvex
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Main results: » = O(1)

. . .. . 1 3
e random sampling: each (i, j) € Q with prob. p 2 2=

e random noise: i.i.d. sub-Gaussian with variance o2 (not too
large)

e true matrix M* € R"*": r = O(1), incoherent, well-conditioned

L 2
Zii— M ; M Z |« A<
s (3)6:9( J ) FAIZ| ( o/np)
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Main results: » = O(1)

3
e random sampling: each (i,7) € Q with prob. p 2> 10ng
e random noise: i.i.d. sub-Gaussian with variance o2 (not too
large)
e true matrix M* € R"*": r = O(1), incoherent, well-conditioned

L 2
Zii— M ; M Z |« A<
s (3);9( J ) FAIZ| ( o/np)

Theorem 1 (Chen, Chi, Fan, Ma, Yan '19)
With high prob., any minimizer M of convex program obeys

1. M s nearly rank-r

2. VX
|M — M, S U\/%
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(| M — M*HF < a\/%: minimax optimal when r = O(1)

|M — M|,

. > Chen, Chi, Fan, Ma, Yan'19
“% minimax limit

>

o: noise standard dev.
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Step 2: from estimation to inference . ..



— inspired by Zhang, Zhang '11, van de Geer et al. '13, Javanmard, Montanari '13

[ convex optimizer]

MCVX




— inspired by Zhang, Zhang '11, van de Geer et al. '13, Javanmard, Montanari '13

approximately
| Gaussian

_dllh.

[convex optimizer] :> [de—biased estimate]

MV Md




— inspired by Zhang, Zhang '11, van de Geer et al. ‘13, Javanmard, Montanari’'13

approximately
A Gaussian

AN

_lllh.
— . . uncertainty

[convex optlmlzer] |:> [de—blased estlmate] |:> quantification

VX Md




De-biasing convex estimate

MV de-bi_aS;ng MO 4 %PQ(M* + E— M%)

(nearly) unbiased estimate of M*

28/ 56



De-biasing convex estimate

M EVx de-bi_as)ing M* %PQ(M* +E— MCVX)

(nearly) unbiased estimate of M*

e issue: high-rank after de-biasing; statistical accuracy suffers
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De-biasing convex estimate

de-biasing
—

M proj,ank_T(MC"X + 1Po(M* + E — M) ) — MY

1 iteration of singular value projection (Jain, Meka, Dhillon '10)

e issue: high-rank after de-biasing; statistical accuracy suffers

e solution: low-rank projection
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Distributional theory

-
o
< o2
. =l
e random sampling g5
. . . ) &= o
e i.i.d. Gaussian noise N (0,07) =
Q T
B
. Rl ST
e ground truth: low-rank, incoherent, gv ’
well-conditioned @ - 3 p

quantile of a standard Gaussian
Theorem 2 (Chen, Fan, Ma, Yan’19)
Consider any (i, j) s.t. || X} |l2 + [|Y}"|l2 is not too small. Then

Midj — M;; ~ N(0,Cramer-Rao) + negligible term

— asymptotically optimal!
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Numerical experiments

N

|
o

empirical quantile of
(M} — My)/on
empirical density

2 0 2

quantile of a standard Gaussian

n=1000,p=0.27r=5 |M*|=1rk=10=10"3
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Back to estimation: de-biased estimator is optimal

Distributional theory in turn allows us to track estimation accuracy
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Back to estimation: de-biased estimator is optimal

Distributional theory in turn allows us to track estimation accuracy

Theorem 3 (Chen, Fan, Ma, Yan'19)
(24 o(1))nro?
p

Cramer-Rao lower bound

| MY — M|z = with high prob.
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Back to estimation: de-biased estimator is optimal

Distributional theory in turn allows us to track estimation accuracy

Theorem 3 (Chen, Fan, Ma, Yan'19)
(24 o(1))nro?
p

Cramer-Rao lower bound

| MY — M|z = with high prob.

e precise characterization of estimation accuracy

e achieves full statistical efficiency (including pre-constant)
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Part 2: Inference for heteroskedastic PCA with missing data

Yuling Yan Jianging Fan
Princeton ORFE Princeton ORFE



Principal component analysis

n

[
TIT!
5 =
| jm

e Ground-truth data

W
E
1|
I_ -
W
B
1, -

)

= [x1,...,2,] € R>",

where S§* = U*A*U*" e R4xd

xXr; ir)\cj. N(O, S*)
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Principal component analysis

span{xy,--- a:n} C U™ (r-dimensional)

W
B
J R l
I
I_

e Ground-truth data

a:la

X =[z1,...,x] R 2,7 A(0, 5%

where S* = U*A*U*" € R%*4 has rank r
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Principal component analysis

span{xy, - ,x,} C U* (r-dimensional)
n

|
o

) noise matrix: E

e Ground-truth data
X =[z1,...,x] R 2,7 A(0, 5%
where S* = U*A*U*" € R%*4 has rank r

e Noisy observations: X + E (a.k.a. spiked covariance model)
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Principal component analysis

span{xy, - ,x,} C U* (r-dimensional)
5 B =
FI_ l! l_ L I_E I_I_E L
‘ r S L B
[ N
I_ I_I—I_ I l_I_ I_I_I_I_ o
=[xy, noise matrix: F

e Incomplete observations — sampling set {2:

vy (Kot B Ghee Lo
Z’J 0, else
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Principal component analysis

span{xy, - ,x,} C U* (r-dimensional)
5 ll_ =
FI— @l! L I_E I_I_E L
‘ N S B
I I
wil !I_ I_I_ I_I_I_I_ O
=[x, -, ] noise matrix: F

e Goal:

o Construct confidence regions for principal subspace U*

o Construct entrywise confidence intervals for covariance matrix S*
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What we consider here ...

e Heteroskedastic noise: {E; ;} are ind. sub-Gaussian obeying

min’ *“max

E[Ei;] =0, E[E};] =w® € [whinWaax) | Eijllys = Ow))
————

sub-Gaussian norm

o noise variance {w}?}: unknown, location-varying
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What we consider here ...

e Heteroskedastic noise: {E; ;} are ind. sub-Gaussian obeying

min’ *“max

E[Ei;] =0, E[E};] =w® € [whinWaax) | Eijllys = Ow))
————

sub-Gaussian norm

o noise variance {w}?}: unknown, location-varying

e Random sampling: (7,j) € €2 independently with prob. p
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What we consider here ...

Our focus: estimating/inferring column subspace when n > d
~——

more challenging regime
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Our focus: estimating/inferring column subspace when n > d
~——

more challenging regime

n < d: solvable via matrix
completion methods
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What we consider here ...

Our focus: estimating/inferring column subspace when n > d
~——

more challenging regime

n

i |
LN
JRBEE ’

(] SIS
] (]
L
=

5

B
[l

=

L
| | LN ] (1
I | Y S I

n < d: solvable via matrix n > d: sometimes it's only feasible to
completion methods estimate col-space instead of whole matrix

m
o
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Applications beyond PCA

e Tensor completion

unfold
—>
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Applications beyond PCA

e Tensor completion

unfold

—

e One-sided community recovery in bipartite random graphs

b eah b d

36/ 56



A natural SVD-based algorithm

e Compute: rank-r SVD UZV T of Y = Po(X + E)

e Output: U — estimate of U~
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A natural SVD-based algorithm

e Compute: rank-r SVD UZV T of Y = Po(X + E)

e Output: U — estimate of U~

Rationale: when E[E] = 0 and © is randomly sampled, we have

col-space( E[Y]) = col-space(X) = U*

37/ 56



Numerical suboptimality of SVD-based approach

o SVD
2o
X
& o
a sl
=~ o
=
n o
(I o
28 °o
%6,
o
05F OOOO ol
©00000000

0 . . .
005 01 015 02 025 03
p: sampling rate

n=2000, d=100, r=3, w,--- = Unif[0.025,0.1]
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Numerical suboptimality of SVD-based approach

2 : -
o SVD
o HeteroPCA
20O
5 )
215’
=~ o
.
] o
[ e}
©n %5
- o
0 30 OOO OOO ]
Coog ©000000
OOOOOOoooooooooooog
= o1 ors oz 03
p: sampling IdtL
||d
n = 2000, d=100, r =3, wj, - ,wj Unif[0.025, 0.1]

Plain SVD is suboptimal in the presence of missing data if n > d )
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Diagonal entries need special treatment

col-space(Y) = eig-space(Y'Y ') = eig-space (PQ(X“‘E)PQ(X"‘E)T)

39/ 56



Diagonal entries need special treatment

col-space(Y) = eig-space(Y'Y ') = eig-space (PQ(X“‘E)PQ(X"‘E)T)

Large bias in diagonal entries:

1 T _ T 1 . T P *2
pE[YY ] = Xi( + (p - 1> Ping(XXT) + Edlag{[wi 1}

potentially large diagonal matrix!
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Diagonal entries need special treatment

col-space(Y) = eig-space(Y'Y ') = eig-space (PQ(X“‘E)PQ(X"‘E)T)

Large bias in diagonal entries:

1 T _ T 1 . T P *2
pE[YY ] = Xi( + (p - 1> Ping(XXT) + Edlag{[wi 1}

potentially large diagonal matrix!

e a common issue under missing data or heteroskedastic noise

39/ 56



Two algorithms that take care of diagonals

Y

diagonal-deleted PCA:

e remove diag(YY ")
e compute top-r eigen-space
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Two algorithms that take care of diagonals

Y

diagonal-deleted PCA: HeteroPCA (Zhang et al '18)
e remove diag(YY ") e iteratively estimate diag(YY )
e compute top-r eigen-space e compute top-r eigen-space

40/ 56



1 1 1
p=5 p=

i i
= HeteroPCA: prior theory
= Diagonal-deleted PCA

nl/3q2/3 p= Vnd
|

prior theory
(noiseless, n > d)

IS — s*|/1s*l

»
|| - || estimation error | min sample size
bounds requirement
HeteroPCA 1 4+ L 2%
n n
(Zhang et al.’18) Vind?p? ?
diagonal-deleted PCA RTINS N |

Vnp ' d d
(Cai et al. 19) ndp? rod Vind




Our contributions: estimation and inference based on HeteroPCA

al

sharpened :> Betiloiemel :> confidence
estimation bounds theory intervals




HeteroPCA (Zhang, Cai, Wu '18)
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HeteroPCA (Zhang, Cai, Wu '18)
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HeteroPCA (Zhang, Cai, Wu '18)
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HeteroPCA (Zhang, Cai, Wu '18)

1
%’Poff—diag (YYT)

-
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HeteroPCA (Zhang, Cai, Wu’18)

- T =a
- -

/’ -
/’ % \\
L7 MmN e
4 I lvl | | | | .
z \
4 BECREEE —— : \
/ BEEGEEE (— v ‘
+  EEEEs® ;
2
N I p
S Poir-diag(YY ) + Paiag(U'A'U'T) /
\pﬂ )
\\ .
~_ »
_________
-

e Initialize: G* = n%ﬂ off-diag(YY ")

e lterative update: fort =0,1,...,%
(U, A") = eigs(G",7)
G = G + Paing(U'A'U"T)
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HeteroPCA (Zhang, Cai, Wu’18)

e Initialize: G° =

- T =a
- -

-
BT RN
[5G I .

: AN
I I G | | | t .
i = - ‘
o9
I I I 7| | |7 /,
S Poir-diag(YY ) + Paiag(U'A'U'T) .

%];2 off-diag(YY ")

e lterative update: fort =0,1,...,%

(U", A") = eigs(G",7)
G = G + Paing(U'A'U"T)

U:=U'" — estimate of U*

S = UM AbU™T 5  estimate of S* = UA*U*"
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Sharpened estimation guarantees for HeteroPCA

Assumptions (omitting log factors)
e rank 7 = O(1), incoherence 1 = O(1), cond. number k = O(1)

e signal-to-noise ratio (SNR) cannot be too low:

wﬁlax . { np np2 }
— 22 < min ,
Ar(S*) ™~ n+d \n+d

e sampling rate exceeds certain threshold

~ /nd7 n
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Sharpened estimation guarantees for HeteroPCA

Theorem 4 (Yan, Chen, Fan’21)
With high prob., we have

* * * * 1
[Usgn(U''U*) = U*(| S Cop,  |Usgn(U'U*) = U200 S ﬁCOP

* * * 1 *
||S -5 || S <0p 1 ||S - S ||OO 5 7Cop)\1
d

— max Wmax
where (op = pA* \/74— w5 + s np
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Sharpened estimation guarantees for HeteroPCA

Theorem 4 (Yan, Chen, Fan’21)
With high prob., we have

* * * * 1
|Usgn(U'U*) = U*|| < Cop,  [Usgn(UTU*) = U*l2,00 < 7 5P

* * * 1 *
HS -5 H S (op 1 HS - S ||oo 5 gCop)\l

— max Wmax
where (op = pA* \/74— w5 + s np

e fine-grained estimation guarantees ({2, and ¢, bounds)
e estimation errors are spread out across entries

e our sample size and SNR conditions are minimax-optimal
(in terms of achieving consistent estimation)

46/ 56




Sharpened estimation guarantees for HeteroPCA

1 1 1
P=q PTumER P g

\ \
—— HeteroPCA: prior theory
—— Diagonal-deleted PCA

HeteroPCA: our theory

IS — S8*I/115*]|

e

47/ 56



Sharpened estimation guarantees for HeteroPCA

1 1 1
P=q PTumER P g

. .
—— HeteroPCA: prior theory
—— Diagonal-deleted PCA

HeteroPCA: our theory

IS — S8*I/115*]|

bias due to b — £
diagonal removal |- — - - - b ——— e

e diagonal-deleted PCA incurs some bias due to diagonal deletion

e HeteroPCA achieves bias correction via iterative refinement
————

method of choice

47/ 56
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sharpened :> distributional
estimation bounds theory

Can we obtain distributional characterizations for this appealing
estimator HeteroPCA?




Distributional theory for U

Theorem 5 (Yan, Chen, Fan’21)
Consider any 1 <1 < d s.t. ||U}||2 is not too small. Under previous

assumptions, we have

sup
cvx set C

P([Usgn(U'U*) —U*| €C) - N(0,2f) {C}| = o(1)
—_———— I, ’
global rotation
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e Each row of U is approximately Gaussian
— nearly unbiased + tractable covariance
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Distributional theory for U

Theorem 5 (Yan, Chen, Fan’21)
Consider any 1 <1 < d s.t. ||U}||2 is not too small. Under previous

assumptions, we have

sup
cvx set C

P([Usgn(U'U*) —U*| €C) - N(0,2f) {C}| = o(1)
—_——— l,

)

global rotation

e Each row of U is approximately Gaussian
— nearly unbiased + tractable covariance

2
1—p wr _ 2(1-p)
=5, ::( - s;l+—;p)(A*) 1+7np urlut.

+ )T U T disg { (4] Ji<ica } U (AT

1 201 - p)?
di = — [0+ a-p s3] [+ - s3] + =5
np np

2
> Sii
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Distributional theory for U

Theorem 5 (Yan, Chen, Fan’21)
Consider any 1 <1 < d s.t. ||U}||2 is not too small. Under previous

assumptions, we have

sup
cvx set C

P([Usgn(U'U*) —U*| €C) - N(0,2f) {C}| = o(1)
—_———— I, ’
global rotation

e Key observations:

* * —1
Usgn(U'U*)-U*~ | EX' +7>off-diag(EET)] U*(A¥)

linear term quadratic term
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Distributional theory for S

Theorem 6 (Yan, Chen, Fan’21)

Consider any (i, j) s.t. U} ||2 and ||U7.||2 are not too small. Under
previous assumptions, we have

Si— St
Pl <t|-d(@)
Vi

where ®(-) is the CDF of N'(0,1)

sup
teR

=o0(1)
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e Each entry of S is approximately Gaussian
— nearly unbiased + tractable variance
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Distributional theory for S

Theorem 6 (Yan, Chen, Fan’21)

Consider any (i, j) s.t. U} ||2 and ||U7.||2 are not too small. Under
previous assumptions, we have

S, — %,
W <) —d ()| =o0(1)

sup |P
*
teR vy

where ®(-) is the CDF of N'(0,1)

e Each entry of S is approximately Gaussian
— nearly unbiased + tractable variance
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estimation bounds theory intervals

How to compute confidence intervals in a data-driven manner
(e.g., without prior knowledge of noise levels)?




Estimating unknown model parameters

e Compute estimate (U, A, S) for (U*, A*, S*) via HeteroPCA

Yy (5,7) € Q) are zero-mean r.v.s with common variance S + wi?
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Estimating unknown model parameters

e Compute estimate (U, A, S) for (U*, A*, S*) via HeteroPCA

*2\1d
i Ji=1

e Estimate noise variances {w vial
S y2 A
2. j=1 sz (7’7])69

T Y Lagen

— Siji

)

e Compute “plug-in” estimate v; j for v ;

Yy (5,7) € Q) are zero-mean r.v.s with common variance S + wi?
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Entrywise confidence intervals for S*

For any target coverage level 1 — a and each (4, j), compute

CIZ.I’;O‘ = [Sz',j o7 (1-a/2) M}

since Si,j ~N(SF vF )’«\:J\/.(S;j,v,,"j)

L UF .
1,77 1,]
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Entrywise confidence intervals for S*

For any target coverage level 1 — a and each (4, j), compute

CIZ.I’;O‘ = [Si,j o7 (1-a/2) M}

since S; ; z/\/’(S;j v;‘]) C\‘:./\/.(S;j i,5)

Theorem 7 (Yan, Chen, Fan’21)

Suppose previous conditions hold and ﬁ = O(1). Then we have

P(S5; Q) =1-a+o(1)
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Entrywise confidence intervals for S*

For any target coverage level 1 — a and each (4, j), compute

CIZ.I’;O‘ = [Sz',j o7 (1-a/2) M}

since S; ; ~N(SF vF )’«\:J\/.(S;j,v,,"j)

L UF .
1,77 1,]

Theorem 7 (Yan, Chen, Fan’21)

Suppose previous conditions hold and ﬁ = O(1). Then we have

P (SZ]- € Clild_-a) =1l-a+o(1)

e adaptive to unknown noise levels

e adaptive to noise heteroskedasticity

53/ 56



Numerical verification

Q-Q plot of Zy5: HeteroPCA Density of Z; »: HeteroPCA
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Concluding remarks
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uncertainty quantification for low-rank models
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Concluding remarks

_____ » | honconvex | .
convex

spectral

s
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uncertainty quantification for low-rank models

improve dependency on rank & cond. number
general sampling patterns

small eigen-gaps

inference for functionals of eigenvectors

(Future
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