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Abstract

Guided or controlled data generation with diffusion models has become a cornerstone of modern gen-
erative modeling. Despite substantial advances in diffusion model theory, the theoretical understanding
of guided diffusion samplers remains severely limited. We make progress by developing a unified algorith-
mic and theoretical framework that accommodates both diffusion guidance and reward-guided diffusion.
Aimed at fine-tuning diffusion models to improve certain rewards, we propose injecting a reward guidance
term — constructed from the difference between the original and reward-reweighted scores — into the
backward diffusion process, and rigorously quantify the resulting reward improvement over the unguided
counterpart. As a key application, our framework shows that classifier-free guidance (CFG) decreases
the expected reciprocal of the classifier probability, providing the first theoretical characterization of the
specific performance metric that CFG improves for general target distributions. When applied to reward-
guided diffusion, our framework yields a new sampler that is easy-to-train and requires no full diffusion
trajectories during training. Numerical experiments further corroborate our theoretical findings.
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1 Introduction

Score-based diffusion models have rapidly become a cornerstone of modern generative artificial intelligence,
setting new state-of-the-art benchmarks across diverse domains such as image and video generation, medical
imaging, genomics, among others (Sohl-Dickstein et al., 2015; Song and Ermon, 2019; Ho et al., 2020; Song
et al., 2021b,a; Croitoru et al., 2023; Ramesh et al., 2022; Rombach et al., 2022; Shang et al., 2025; Saharia
et al., 2022). In a nutshell, a diffusion model begins with a forward process that progressively corrupts
samples from a target data distribution pgaa in R? into Gaussian noise, then learns to reverse this process,
effectively transforming a standard Gaussian distribution back into the target data distribution. A key
element to reverse the forward process is the estimation of the (Stein) score function, defined as the gradient
of the log-likelihood of noisy data at corresponding noise levels. Informally speaking, if the forward process
comprises N steps as follows:

add noise add noise add noise
X[) ~ Ddata, XO — X1 — — XN, (1)

then a common strategy to (approximately) reverse it involves iterative updates of the form:
Y,,—1 = linear-term(Y,,) + score(Y;,) + noise, form=N,....,1, (2)

with score() indicating a suitable score function. Crucially, the score functions offer key information under-
lying the dynamics of the forward process, steering the trajectory {Y,,} towards the target data distribution.
When properly designed, each Y;, in (2) follows a distribution closely approximating that of X,,, as exempli-
fied by the Denoising Diffusion Probabilistic Model (DDPM) (Ho et al., 2020).

1.1 Guided or controlled generation with diffusion models

As diffusion models gain widespread adoption in practice, there is a growing demand for controllable data
generation, wherein the models can be guided to produce samples that align with specific objectives or user
preferences. Two prominent paradigms for controllable generation are diffusion guidance (Dhariwal and
Nichol, 2021; Ho and Salimans, 2021) and reward-guided diffusion models (Fan et al., 2023; Gao et al., 2024;
Black et al., 2023; Huh and Mohapatra, 2025; Yuan et al., 2023; Zhao et al., 2024; Uehara et al., 2024a),
which constitute the primary focus of the current paper.



Diffusion guidance. An important application of controlled generation is class-conditional sampling, in
which the goal is to generate samples belonging to a specified class or category. For instance, a diffusion
model trained on animal images may be instructed to produce images exclusively of cats or dogs based on the
target class label, rather than arbitrary animals. A straightforward approach to achieving this is to replace
the score function in (2) with the class-conditional score function (i.e., the gradient of the class-conditional
log-likelihood in the forward process). Despite its conceptual simplicity, however, this standard approach
often yields suboptimal sample quality in practice, for reasons that are not yet fully understood (Ho and
Salimans, 2021; Rombach et al., 2022).

An alternative approach is diffusion guidance, originally proposed by Dhariwal and Nichol (2021) as
classifier guidance, which augments the class-conditional version of the update rule (2) with a guidance term
derived from the classifier probability (i.e., the classifier’s predicted probability of a sample belonging to a
target class) as follows:

Y,,—1 = linear-term(Y},) + (conditional)-score(Y,,) + guidance(Y,,) + noise, forn=N,...,1. (3)

The intuition is to amplify the classifier’s influence and steer sampling toward the target class. To alleviate
the need for a separately trained classifier, Ho and Salimans (2021) proposed classifier-free guidance (CFG),
which replaces the classifier-based guidance term with the difference between conditional and unconditional
scores, derived via the Bayes rule. CFG has since emerged as the prevailing paradigm for class-conditional
diffusion models, achieving superior perceptual quality in practice. Nevertheless, the underlying working
mechanism of diffusion guidance remains largely mysterious (Wu et al., 2024a; Bradley and Nakkiran, 2024;
Chidambaram et al., 2024). Since incorporating guidance terms inevitably causes the generative process to
deviate from the true conditional distribution, it leaves open fundamental theoretical questions such as what
distribution CFG actually samples from, and which performance metrics it is expected to improve.

Reward-guided diffusion models. Another paradigm for controlled generation, which we term reward-
guided (or reward-directed) diffusion models, seeks to generate samples that achieve higher values under a
specified external reward function. Such a reward function may capture diverse objectives, such as alignment
with human preferences, adherence to stylistic or compositional constraints, or performance on downstream
tasks (e.g., image-text alignment). To fine-tune diffusion models with respect to a given reward, several
approaches have been proposed, including but not limited to reinforcement learning (Black et al., 2023;
Fan et al., 2023), direct preference optimization (Rafailov et al., 2023; Wallace et al., 2024), and supervised
fine-tuning (Ziegler et al., 2019). These methods enable flexible, goal-directed control of data generation
beyond traditional conditional sampling mechanisms. The theoretical underpinnings of existing approaches,
however, remain largely elusive.

Given the conceptual similarity between the formulation of diffusion guidance and reward-guided diffu-
sion models — both of which steer the sampling trajectory to enhance specific aspects of generation — a
natural question arises: can diffusion guidance paradigms inspire new, general, and theoretically principled
algorithms for reward-guided diffusion? For instance, For instance, a sampling strategy analogous to CFG
may take the following form:

Y,—1 = linear-term(Y},) + score(Y;,) + reward-guidance(Y;,) 4 noise, forn=N,...,1 (4)

for some judiciously chosen reward guidance term. A deeper theoretical understanding about the inner
workings of CFG could therefore illuminate the design and anaylsis of such methods, a direction we aim to
pursue in this paper.

1.2 Main contributions: a unified algorithmic and theoretical framework

As discussed above, both diffusion guidance and reward-guided diffusion models share the common objective
of enhancing specific aspects of the generated samples by fine-tuning pre-trained diffusion models. Moti-
vated by this connection, the present paper develops a unified algorithmic and theoretical framework that
accommodates and generalizes these two paradigms, while providing rigorous theoretical guarantees for the
effectiveness of the proposed framework.



Our unified framework. In order to adapt diffusion models to improve a desired objective (e.g., increas-
ing classifier probability as in diffusion guidance, and enhancing an external reward as in reward-guided
diffusion), we propose to inject carefully designed guidance terms — constructed based on the difference of
the original and adjusted scores — into the backward process of diffusion models. Within this framework,
we rigorously quantify the improvement of the objective function relative to its unguided counterpart in the
continuous-time limit. When instantiated for diffusion guidance and reward-guided diffusion, our unified
framework yields the following key contributions.

o Classifier-free diffusion guidance. Our unified framework unveils that, for a broad class of target
data distributions, CFG increases the average reciprocal of the classifier probability — an insight that
clarifies, for the first time, the specific performance metric that CFG provably improves. This metric
bears close connections to the Inception Score (IS) (Salimans et al., 2016), a widely used measure of
sample quality that depends directly on classifier probabilities. In contrast, prior theoretical analyses
of CFG were confined to restricted settings, such as mixtures of compactly supported distributions or
isotropic Gaussian models (Wu et al., 2024a; Chidambaram et al., 2024; Bradley and Nakkiran, 2024).
Our results extend beyond these special cases, providing the first theoretical guarantees for CFG under
general data distribution.

e Reward-guided diffusion models. Our framework also leads to a practically effective approach for
reward-guided diffusion models. The proposed algorithm utilizes the difference between reward-reweighted
and original scores as a guidance term, eliminating the need of retraining when the guidance scale varies
— unlike prior methods that often require retraining for each choice of the regularization parameter.
In addition, the training procedure resembles denoising score matching combined with importance
sampling; in each training iteration, only a single noise scale is used for gradient computation, which
sidesteps the need to simulate the entire diffusion trajectory and hence reduces training overhead. Fi-
nally, we theoretically quantify the improvement in the expected reward, confirming the effectiveness
of our proposed approach.

We conduct a series of numerical experiments to empirically validate our theoretical findings. Our analysis
is further extended to more realistic settings that incorporate time discretization and imperfect score esti-
mation. We prove that the corresponding discrete-time sampler can well approximate their continuous-time
counterparts, thereby confirming the applicability and stability of our approach in practice.

Before proceeding, we note that preliminary results on CFG were presented in an early version of this
paper (Li and Jiao, 2025). The present paper substantially extends those results by developing a unified
framework that encompasses both CFG and reward-guided diffusion, and by proposing a new, general, and
theoretically principled sampler for the reward-guided setting.

1.3 Organization

The remainder of this paper is organized as follows. Section 2 provides an overview of diffusion models,
diffusion guidance, and reward-guided diffusion models, along with their continuous-time limits. Section 3
presents our unified framework and theoretical guarantees for the continuous-time samplers, and instantiates
them to both classifier-free guidance and reward-guided diffusion. Detailed proofs are deferred to Section 6
and the appendices, whereas discussion about time discretization and score estimation errors is postponed
to Section D. Section 4 reports our numerical experiments, whereas Section 5 discusses several additional
prior work. We conclude this paper in Section 7.

2 Background

This section begins by reviewing the basics of diffusion models, followed by a brief introduction to diffusion
guidance and reward-guided diffusion models. Here and throughout, we shall use the discrete variable
n=1,2,--- to index discrete-time steps, and the continuous variable ¢ € [0, 1] to index continuous time.



2.1 Diffusion models

Diffusion generative models are composed of two stochastic processes: a forward process, which gradually
transforms data into pure noise, and a backward process, which reverses this transformation to generate
samples that approximate the target distribution.

Forward process. Concretely, denote by pgata the target data distribution in R?. Starting from an initial
sample Xy € R? drawn from pgata, the forward process evolves according to the following discrete-time
dynamics:

XO ~ Pdata; (534)

Xn=V1-=0nXn_1+ \/ﬁ’I’LWTL) n=1---,N, (5b)
where N denotes the total number of steps, 0 < 1, ...,y < 1 are coefficients, and {W,, }1<n<n R N(0,1y)
is a sequence of independent noise vectors drawn from standard Gaussian distributions. By defining

n

k=1

we can easily see that each X, can be expressed, for some random vector W) ~ N (0, I), as
X, = Va,Xo+V1—a,W,. (7)

If @y — 0 as N grows, then the distribution of X converges to that of pure Gaussian noise.

Backward process. We now turn attention to the backward process, which is constructed by learning
to reverse the forward process (5). In doing so, one can start from a standard Gaussian noise vector
and iteratively transform it into a sample that approximately follows the target distribution pgata. A key
ingredient that enables the reversal of the forward process is the so-called (Stein) score function, defined as
the gradient of the log-density of each intermediate random vector X,, in (5):

*

sy (x) = Vlogpx, (x), 1<n<N. (8)

Armed with estimates {s,(-)} for this set of score functions, one can (approximately) reverse the forward
process via, for instance, the following iterative update rule:

YN ~ ./\/(07 Id), (93)

Yn—l = ﬁ(yn + ﬂnsn(Yn)) + mzn7 n= Na R} 27 (gb)

where Z, M (0, 1) is another sequence of Gaussian noise vectors independent of those used in the forward
process (5), and Y7 denotes the generated sample. This procedure (9) is known as the Denoising Diffusion
Probabilistic Model (DDPM), one of the most widely used diffusion-based samplers (Ho et al., 2020).

Continuous-time limits through the lens of SDE. A widely adopted framework for understanding
the working mechanism of diffusion models is through the lens of stochastic differential equations (SDEs).
Specifically, the discrete-time forward process (5), when taken to the continuous-time limit, is intimately
linked with the following SDE

1 1
dX; = ———Xydt + ——
T VI—t
where B! denotes a standard Brownian motion in R%. As t — 1, the process specified by (10) converges to a
standard Gaussian distribution. Classical SDE literature (Anderson, 1982; Haussmann and Pardoux, 1986)
has established that the forward SDE (10a) can be reversed through another SDE as follows:
dt

1 1
4%, = (Y + Viegpx,, ()7 + ZxdBy, for0 <<, (10b)

dBf  for0<t<1, with Xg ~ Pdata, (10a)



where B; is the standard Brownian motion. To formalize this connection, we state below a standard result
concerning the distributional equivalence between the reverse and original SDE (see Song et al. (2021b)).

Lemma 1. Consider any 0 < § < 1. For any 7 and t obeying 0 <7 <t <1-—, one has

1_ _
XX~ N[, 2T, (11)
1—17 1—17
Moreover, if Ys ~ px,_;, then it holds that

VL X,_, foralltels1]. (12)

In words, if Yj is initialized according to the exact distribution of X;_s, then the remaining trajectory of Y;
shares the same distribution as that of the corresponding forward process. Notably, the DDPM (9) can be
interpreted as a suitable time discretization of the reverse SDE (10b) (see, e.g., Song et al. (2021b); Huang
et al. (2024)).

2.2 Conditional sampling and diffusion guidance

Conditional diffusion models. Given a class label ¢, conditional diffusion models aim to generate samples
from the conditional distribution px, | (- |c) (also denoted by pyata| (- | ¢) throughout), where the class label ¢
can encode, say, categorical information that specifies which part of the data distribution one should sample
from. In contrast to unconditional diffusion models described in Section 2.1, class-conditional sampling
targets more controllable data generation by guiding the diffusion process toward samples from a given class.
Perhaps the most natural strategy is to replace the estimate s, (+) of the unconditional score function s ()
with an estimate s, (-|¢) of the following conditional score function

sp(-lc) = Vlogpx, |c(-]c), 1<n<N, (13)

n

thus resulting in the following sampling procedure:

YN ~ N(O, Id), (143,)
1
Yio1= ——= Yn+6n8n(yn|c> + ﬁnZn, TL:N7...,2. (].4b)
Ve )+
As before, the Z,,’s are independently drawn from N (0, I).
Similar to the unconditional case in (10a), one can introduce the class-conditional forward process in
continuous time as follows:
dX; = 1 X;dt + L
ST G ) Y5
where pgata | - stands for the target data distribution conditioned on class ¢. The corresponding reverse process
is obtained by replacing the unconditional score function in (10b) with the conditional score function:

Yo ~ N(0, 1), (15b)
a1

1
vy, = (51@ +Vlogpy,_, oV @)7 +dB for0<t<1, (15¢)

which can be regarded as the continuous-time limit of the discrete-time process (14).

dBf  foro<t<1, with Xo ~ Pgata| e (15a)

Diffusion guidance: classifier guidance and classifier-free guidance. To enhance sampling perfor-
mance in practice — particularly in terms of perceptual quality — Dhariwal and Nichol (2021) introduced
the notion of “guidance,” augmenting the conditional score in (14) with an additive term involving the clas-
sifer probability p.|x,(c|-). More precisely, this classifier guidance approach yields the following sampling
procedure:

1
szﬂ—l = T/ (Y;{U + Bn (Sn(an |C) + wV Ingc\Xn(c ‘ Yf))) + BnZna n= N7 e 727 (16)

Vl_ﬁn



where w > 0 is the guidance scale that modulates the influence of the classifier probability term during
sampling. Here, we use the superscript w in Y, to emphasize its dependence on the chosen guidance scale.

Motivated by the practical challenges in implementing classifier guidance (e.g., the substantial computa-
tional cost of training classifier models separately), Ho and Salimans (2021) proposed an alternative approach
known as “classifier-free guidance (CFG),” which eliminates the need for separate classifier training. Lever-
aging the basic relation Vlogp, | x, (c|z) = s (2 |c) —s} () (i.e., the Bayes rule), CFG replaces the guidance
term in (16) with the score difference s, (x| ¢) — s, (z), resulting in

YN ~ N(0, 1), (17a)
Y, = ﬁ(ifn’” + ﬁn((l + w)s, (Y | ¢) — wsn(Y;“))) +BnZn, n=N, -, 2. (17b)

Importantly, the unconditional score function s (-) and the class-conditional score function s} (-|c) can be
jointly learned using a single neural network (Ho and Salimans, 2021).

Further, by extending the aforementioned reverse SDE (15¢) to incorporate the guidance term as in (17),
we arrive at the following SDE {Y;“}:

1 dt 1
dy” = (iY;w + (1 +w)Viogpx, (Y [c) —wV logpxlft(th)) " + %dBt, for0<t<1, (18)
where we again include w > 0 in the superscript of {Y;} to explicitly indicate the strength of guidance used
to construct this SDE.

2.3 Reward-guided diffusion models

Moving beyond conditional diffusion models, another recent line of work has explored reward-guided (or
reward-directed) diffusion models (Fan et al., 2023; Black et al., 2023; Uehara et al., 2024b; Gao et al., 2024;
Zhao et al., 2024; Clark et al., 2023; Yuan et al., 2023; Huh and Mohapatra, 2025; Jiao et al., 2025a; Keramati
et al., 2025), which leverage task-specific reward functions to fine-tune pre-trained diffusion models. For the
most part, this reward-guided paradigm begins by learning a reward function that captures human preferences
for a given task — often based on downstream objectives such as aesthetic quality or drug effectiveness. The
pretrained diffusion model is then fine-tuned (or retrained) to enhance the expected reward of its generated
samples, while maintaining proximity to the original sampler.

Specifically, suppose we are given an external reward function 7t : R? — R that encodes preferences
over generated samples for a specific task, along with a pre-trained (unguided) diffusion model D. The goal
is to

ext

improve E[reXt(Ysamp'e)} by fine-tuning the sampler D. (19)

Here, we adopt the term “improve” rather than “maximize,” because the reward function typically serves as
guidance for steering the generative process rather than an objective to optimize in isolation. In practice, it
is also important to prevent the adjusted sampler from deviating too far from the original diffusion model,
which could otherwise lead to reward over-optimization and hence degraded sample quality.

Several approaches have been proposed in prior literature to achieve this goal (19). For instance, suppos-
ing that the backward process proceeds in discrete time as Yy — Yny_1 — --- — Y7, one common strategy
employs, say, reinforcement learning techniques, to solve optimization problems of the form (Fan et al., 2023;
Black et al., 2023)

maximizeg EHi:N po(Ya_1 | Ya)pyy (yN)[TeXt(Yl)] + yregularizer (p9(~)), (20)

where we parameterize the generative distribution pg via the parameter 6, v denotes a regularization param-
eter, and regularizer(-) denotes a regularization term (e.g., KL divergence) that forces py to be reasonably
close to the original diffusion model sampler. A key challenge arises from the fact that the reward function
r®* depends on the final sample Y7, whose distribution depends on the entire denoising trajectory Yy, ..., Y5.
Consequently, computing the gradient of the objective function in (20) w.r.t.  during training requires sam-
pling full trajectories, substantially increasing complexity and posing practical implementation hurdles. In
addition, adjusting the regularization parameter v typically necessitates full retraining, which reduces the
flexibility of this approach. In this work, we propose an alternative route that directly modifies the backward
diffusion process, to be detailed momentarily.



3 Main results

In this section, we present a unified framework — from the lens of continuous-time limits and SDEs — that
accommodates both classifier-free guidance and reward-guided diffusion models. We then develop theoretical
analysis to elucidate the effectiveness of these techniques, under fairly general assumptions on the target data
distribution. Discussion about the effect of time discretization and score estimation error is postponed to
Section D.

3.1 A unified framework: algorithm and theory

Recall that both diffusion guidance and reward-guided diffusion models adapt the original pretrained diffusion
models to achieve specific objectives. For instance, diffusion guidance was originally introduced to enhance
the classifier probability (Dhariwal and Nichol, 2021), whereas reward-guided diffusion seeks to improve
certain external rewards evaluated on the generated samples. Building on this perspective, we consider the
following unified objective that integrates both approaches:

improve E [T(Ysample)} (21)

where r : R? — R, is some positive-valued reward function, and Ys™P'® denotes the generated sample.
Importantly, the goal is not to maximize E [T(Ysa"‘p'e)], but rather to adapt the original diffusion models in
a way that enhances a performance metric measured through this expected reward.

With this unified objective (21) in mind, if we were to employ a reverse SDE {Y;}o<¢<1 like (10b) to
generate samples, then the goal would naturally become improving E[r(Y7)], with Y7 the endpoint of this
reverse SDE. In practice, however, diffusion-based sampling typically applies early stopping to mitigate
numerical instability, terminating the process {Y;}o<i<1 at time ¢ = 1 — § rather than ¢ = 1, with 6 > 0
some sufficiently small quantity. To account for the effect of early stopping, we reformulate the objective
(21) through posterior expectation as follows:

improve E[rs(Y1_s)], where 75(y) = E[r(Xo) | X5 = y]. (22)
Here, {X;} denotes the forward process (10a). Clearly, as § — 0, this objective recovers the original form
;gT%)E[Ta(Yl—é)] =E[r(11)],
thereby ensuring consistency with (21).

3.1.1 Intuition: the effect of an infinitesimal guided perturbation

We now present some algorithmic ideas to tackle the unified goal in (22), inspired by the classifier-free
guidance approach and grounded in some basic analytical calculations. Specifically, recall the continuous-
time class-conditional diffusion model in (15). The central idea of diffusion guidance is to augment the
reverse process (15¢) with an additive term proportional to Vlogpx, ,|.(-|c) — Vlogpx,_,(-), yielding the
guided diffusion process in (18). Motivated by this, it is natural to incorporate a guidance term — derived
based on the reward function in (22) — into the reverse SDE of interest to steer the diffusion-based sampling
towards improving the expected reward. This naturally raises the question of how such an additive guidance
term influences sampling performance.

To make progress, we begin with some basic analysis. Consider perturbing the reverse SDE with a
guidance term ¢ over an infinitesimal time interval [¢,¢ + At] (for some vanishingly small At), and analyze
the resulting effect. To be precise, consider the modified dynamics: for a given ¢ and At obeying 0 < t <
t+At<1-46,

1 d 1
dyy = (—Yf +Viegpx, (YO + g )i +——dB, fort<s<t+At (23a)
2 <~ s /s
guidance term
1 ds 1
dys = (§Kg+Vl0ng175(}/;g))?+7dBS for0<s<t or t+ At <s <1, (23b)
B



where ¢ is assumed to be a time-invariant vector independent of the Brownian increments dB; for s > t. In
other words, the SDE governing the process {Y¢} is identical to that of the reverse SDE (10b), except for
the short time interval [¢,t + At] where the guidance term ¢ is added to the drift.

To assess how the incorporation of the above guidance term g affects the resulting expected reward in
(22), we characterize the limit, as At — 0, of the following quantity:

1
a7 Elrs(Ls) [V = y] = Elrs(Yios) |Yi = y])
which captures the infinitesimal change in the expected reward when both the perturbed and unperturbed
SDEs evolve from the same starting point. Our result is stated below; the proof is deferred to Section 6.2.

Lemma 2. Suppose that the reward function r(-) satisfies Exmpa. [1(Xo)!T¢] < 0o, where € > 0 is some
small constant. Recall the definition of rs in (22). One has

Jim é (E[rs(Y{_5) | Y = y] — E[rs(Yi_g) | Ve = 3])
Elrs(Yi-s) | Y = y]

= ; <V log pxrw(y) — Vlogpx, , (v), g> : (24)

Wi

where the random vector X™ follows the reweighted distribution below for any 0 <t < 1:

X7 X5~ N (\/fXg'Wt, (1-— t)Id) , pxrw(xg) = _r(@o)pxo(wo) for any xo € R%. (25)
’ EXON;Ddaca [T(XO)]

Here, X§™ is drawn from the reward-reweighted data distribution defined in (25), and X, ™"* evolves from
Xy following the same update rule as in the original forward process (10a). In words, this lemma reveals
that the guided perturbation affects the infinitesimal change in the expected reward linearly. In particular,
the influence of the guidance term on the resulting reward increases when it aligns more closely with a certain
score difference — that is, the difference between the score w.r.t. the reward-reweighted distribution and the
original score. As it turns out, this lemma plays the most critical role in our theoretical and algorithmic
development.

3.1.2 A unified algorithmic framework

With the key finding in Lemma 2 in mind, a natural strategy to improve the expected reward in (22) is
to align the guidance term with the score difference Vlogpxr-w(-) — Vlogpx, ,(-), and to incorporate it
into the reverse-time SDE across the entire trajectory. Accordingly, we put forward the following guided
reverse-time SDE {Y;*}o<:<1 to tackle the unified objective in (22):

1 a1
4Y; = (3" + Viogpx, (") + w[Viegpxps (¥) = Viegpx,_, (¥,")] ) 5 + Nt

guidance term

1
= (5% + (L= w)Viogpx, ,(¥;") + wVlogpxps (V"))

dt 1

— + —=dB;, for 0 <t <1, (26)
tVt

where w > 0 represents the guidance scale, and B; is a standard Brownian motion in R?. Clearly, when
w = 0, this SDE (26) reduces to the original reverse process in (10b). The corresponding discrete-time
diffusion-based sampling algorithm is thus given by

1
Yv :7(1“0 (1= w)s, (Y2 rowt(yw ) VBnZn, n=N,--- 2. 27
Here, s"""!(-) represents an estimate of the score function s7""&*(-) w.r.t. the reward-reweighted distribution,
defined as
sp " (y) = Vg pxpn (y), (28)

where @, is defined in (6).



Score learning for the reward-reweighted distribution. The proposed guided approach in (26) and
(27) involves the score function V log pXI';Wé(') w.r.t. the reward-reweighted distribution, raising the natural
question of how to perform score learning in practice. As it turns out, such reward-reweighted score functions
can be learned using techniques analogous to those standard score matching methods for estimating the
original score functions (Hyvérinen, 2005). More precisely, we propose to optimize a reward-reweighted
denoising score matching objective as follows:

47" = axg min E (7o) le = NNy (ar, 1)[3] (29)
0 ta-'l"Odiata7€NN(071)1:‘[;Z=\/§$0+\/{E

where NNy denotes a neural network, parameterized by 6, used to learn the noise €. Note that the expectation

is also taken over some distribution of ¢, with one example being the uniform distribution over [0,1]. Once

97wt is obtained, we can take the score estimate to be

_ NN@Mvt (3;‘, 1— an)
B Vi—-a, ’

For completeness, the proofs of the validity of (29) and (30) are provided in Section A.

(30)

3.1.3 Theoretical guarantees

To validate the effectiveness of the proposed approach (cf. (26)) in enhancing the expected reward relative
to the unguided approach, we present the following theorem, which pins down the resulting improvement in
the expected reward. It is noteworthy that the infinitesimal characterization in Lemma 2 does not readily
imply such an improvement, as the guided SDE involves time-varying guidance terms injected along the
entire trajectory that needs to be carefully coped with.

In order to present our theoretical guarantees, we first extend the definition of rs(-) in (22) as follows:

ri(y) = E[r(Xo) | Xt = v for any 0 <t < 1. (31)
Our main theorem is as follows.

Theorem 1. Suppose that the reward function r(-) satisfies Exympg.., [7(X0)] < co. Let {Y;¥} denote the
guided reverse SDE in (26), and {Y;} the original reverse SDE in (10b). Then for any initialization y € R?,
the guided approach (26) achieves

Elrs(Y1"s) | Yy = y] —E[rs(Yi—s) | Yo = y]

1-6 2
w
:/ +E [rl_t(Yt‘”)HVIngxl_t(W) - Vlogpx;;w;(ﬁw)Hz ’Yow = y} dt. (32)
0

The proof of Theorem 1 is postponed to Section 6.3. In essence, Theorem 1 reveals that, under mild
conditions, adding the guidance term into the drift results in a strictly higher expected reward compared to
the unguided diffusion model, irrespective of the initialization (as long as the guided and unguided methods
start from the same point). Crucially, this theorem clarifies the specific metric under which the guided
approach offers its advantages — an insight that is far from obvious from the form of the SDE (26).

3.1.4 A closely related formulation: cost reduction

Thus far, our unified framework has focused on improving the expected reward, assuming a positive-valued
reward function. A closely related objective is to reduce the expected value of a certain cost function asso-
ciated with generated samples. Although reward improvement and cost reduction are intimately connected,
the positivity assumption on the reward function makes it nontrivial to directly apply Theorem 1 to a
positive-valued cost function. Fortunately, our algorithm and theoretical framework naturally extend to this
setting without modification. For completeness, we present the corresponding results for the cost reduction
formulation below, noting that the theoretical guarantees follow from the same analysis arguments and are
therefore omitted for brevity.

10



More precisely, suppose that the new objective is to
reduce | [J(Y=mP)], (33)

where J : R? — R denotes a positive-valued cost function, and Y*™P!e is the generated sample. As before,
we seek to generate samples via an SDE {Y;"” }o<;<1-s with early stopping, and reformulate the objective
(33) accordingly as

reduce E[J5(Y1_5)], where Js(y) = E[J(Xo) | Xs = y], (34)

where {X;} represents the forward process (10a), and Y;_s is the output of the early-stopped SDE.

Algorithm. To achieve this goal, we propose the following guided reverse-time SDE {Y;" }o<¢<1:

1 dt 1
dy” = <§th + Viogpx,_, (Y) —&—w[Vlong1 (Y — VlongJwt(Y“’)] )7 + %dBt

guidance term

1 a1
= (§Yt’” + (1 +w)Vlogpx, , (V") —wV logpxg;w;(iﬁ’”))

7+7
t Vi

where B; is a standard Brownian motion, w > 0 denotes the guidance scale, and X% follows a cost-
reweighted distribution defined, for each 0 <t <1, by

dBy, for 0 <t <1, (35)

J(z0)px, (o)

J wt J-wt J-wt
X ~ tX 1—t¢ I —wt = e 7
| N (\[ 0 ’ ( ) d) y pX(‘J] (.’L'()) EXodiata [J(XO)]

for any zy € R%. (36)

In comparison to (26), the sign of the score difference term (i.e., the guidance term) in (35) is flipped,
reflecting the objective of decreasing, rather than increasing, the expected cost. The corresponding discrete-
time sampler is thus given by

w _ ]' w w wt
Yn_lfﬁ(}fn + B (1 + w)sn (V) — ws™( ))+\/ﬁinz n=N, 2 (37)

with the Z,,’s independently drawn from N (0, I;). Here, s;""t(-) represents an estimate of the cost-reweighted
score function defined as

Si_Wtﬁ*(y) =V 1ngXi’;"%n (y)a (38)

with @, defined in (6).
Theoretical guarantees. Akin to Theorem 1, we have the following theoretical guarantees for the continuous-
time sampler (35), rigorously quantifying the reduction in expected cost achieved by the guidance term and

demonstrating the proven advantage of the guided approach over its unguided counterpart.
For any 0 <t < 1, define

Ji(y) = E[J(Xo) | Xi = y]. (39)
Our theorem is stated as follows.

Theorem 2. Suppose that the cost function J(-) satisfies Ex,mppald (Xo)] < 0o. Let {Y;*} denote the guided
reverse SDE in (35), and {Y;} the original reverse SDE in (10b). Then for any initialization y € R?, the
guided approach (35) achieves

E[Js(Yi-s) | Yo =y] —E[Js(Y1“5) | V5" = y]

:/01_61:E [Jl ¢ HVIogpxl (YY) = Viog px g (V" H ’Yo —y}d (40)
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3.2 Consequences for specific models

To illustrate the utility of our unified framework established in Section 3.1, we now develop its concrete
consequences and implications for both classifier-free diffusion guidance and reward-guided diffusion models.

3.2.1 Classifier-free diffusion guidance

The first application of our unified framework concerns classifier-free diffusion guidance, as introduced in
Section 2.2. One of the key challenges lies in identifying the underlying reward (or cost) function that the
diffusion guidance mechanism seeks to improve, which is far from evident in the sampling dynamics described
by (18).

Understanding classifier-free guidance through our unified framework. To leverage our unified
framework in elucidating the effectiveness of CFG, a crucial step is to establish the precise connection between
the SDE (18) underlying CFG and the guided SDE we propose in Section 3.1. Recognizing that the update
rule (18) bears some resemblance to the SDE (35), we shall focus on situating CFG within the cost reduction
framework in Section 3.1.4.

o Selecting the forward process {X;}. Since CFG (18) is constructed by modifying the conditional diffu-
sion process, we choose {X;} in this subsection to be conditional forward process defined in (15a), with
X0 ~ Ddata|c- This means that the score Vlogpx,_, in (35) needs to be replaced with Vlogpx,_, e

o Selecting the unguided reverse process {Y;}. With the forward process given by (15a), we shall take
the corresponding unguided reverse process {Y;} to be (15¢).

e Selecting the cost function J(-). Choosing J(-) suitably is essential to ensure that our algorithm (35)
matches the CFG update rule in (18). As it turns out, the following choice — which is the the reciprocal
of the classifier probability — satisfies this requirement:

1
J(y) = ———. 41
( Pe| xo(c|Y) ()
In the presence of early stopping, the modified cost function Js(-) admits a simplified expression
1 1

E )X(;:y,c} .

|:pc|XO(C|XO) pc|X5(C|y)

In addition, the cost-reweighted distribution also takes a particularly simple form:

Js(y) = (42)

pxy(y) = px, (y) forall 0 <t <1, (43)

which, in effect, reduces to the unconditional distribution. To streamline presentation, the proofs of
both (42) and (43) and are deferred to the end of this subsection.

With the above components in place, it is straightforward to verify that the proposed SDE (35) coincides
exactly with the SDE (18) underlying CFG.

Theoretical guarantees and implications. Applying Theorem 2 thus leads to the following corollary,
which rigorizes the advantage of classifier-free guidance in terms of improving the expected reciprocal of
classifier probability. This is an immediate consequence of Theorem 2 as well as the description in this
subsection.

Corollary 1 (Effectiveness of classifier-free diffusion guidance). Consider any given 0 < 6 < 1 and any
initialization y € R%. Assume the prior probability p(c) > 0 is positive. Then the guided SDE {Y*} defined
in (18) achieves

1 1
]E{‘Y zy] —E{w‘yw:y]
Pejxs(c|Yiog) | 7° Peix, (e[ Y2 5) 17°
H“’E 1 1 Y, 1 o)l |, d 44
/o , {Pc|X1_t(C|th)HV ogpx,_,|(Y") — Vlogpx,_, (Y, )HQ’ 0 y} (44)
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Several remarks regarding the implications of Corollary 1 are in order.

e Provable benefits of diffusion guidance and connections to the inception score. Corollary 1 indicates
that the average reciprocal of classifier probability decreases — often strictly — when non-zero guidance
is applied, thereby providing a rigorous justification for the improvement targeted by CFG. The metric
Pe| Xs (c|y)~! is oftentimes large for samples with low perceptual quality, suggesting that reducing
Elpe| x,(c] Y1_s) "] effectively prioritizes the mitigation of low-quality or misclassified samples. This
is consistent with the original motivation for introducing guidance (Dhariwal and Nichol, 2021). At a
conceptual level, reducing the average reciprocal of classifier probability is also somewhat aligned with
increasing the Inception Score (IS), the latter of which is associated with the expected logarithm of
the classifier probability, i.e., Eflogp. | x,(c| ysample)],

e Guidance improves overall quality but not individual samples. Corollary 1 states that diffusion guidance
improves the averaged reciprocal of the classifier probability, rather than guaranteeing improvement
in classifier probability for individual samples. Therefore, while overall sample quality is enhanced via
guidance, a small subset of samples might exhibit degradation in sample quality. This observation is
corroborated by subsequent numerical experiments (to be reported in Figures 1 and 2).

Proof of expressions (42) and (43). To justify the validity of (42), we observe that

1 ) i c\Y»
E|: ’XJ _ y76:| _ /pXOX&C(‘rO ‘y C) dzg Q /pX57X0| (y $0|C) pXo(xO) dzo
Pe| x,(c] Xo) Pe| xo(c|20) px;1e(yle)  pxo|e(zolc)p(e)
(i) /pxé 1 %0 (Y| 0)Px, | e(T0 | €) Px, (%0) dag
ng\c(y|C) pX0|c(1'0 |C)p(C)
_ px; () _ 1
px;s ey lople)  pex;(cly)’
where (i) arises from the Bayes rule, and (ii) holds since ¢ - Xy — X forms a Markov chain.
Regarding (43), it is readily seen from the definition (25) that
fpc\xo (c \ xo)_lpxo | (o] C)pxt | Xo (y | @o)dao pro (xO)pXt | Xo (y | wo)dwo

pXi’;"f (y) = = = DX, (y)a

fpc|xo (zz0) " 'Px, | c(zo | ¢)dzo pro (zo)dzo
where the second identity follows from the Bayes rule.
Proof of Corollary 1. Note that Theorem 2 applies to any positive function J(x¢) satisfying E[J(X()] <

00. Thus, equipped with the description in this section, it suffices to verify that E[J(X()] < oo is satisfied
for this special case. Towards this, observe that the cost function J(y) defined in (41) obeys

1 Pdata (I‘o) 1
E [JXo)]= E {}/ D xolc)dryg = —= < o0, (45
XONPdata\c[ ( 0)} Xo~Pdatale | Pc|data (C | XO) p(c)pdata | c(xO | C) data| ( 0 | ) 0 p(C) ( )

as long as p(c) > 0 for every class label c. This justifies the validity of Corollary 1.

3.2.2 Reward-guided diffusion models

We now turn attention to another application: reward-guided diffusion models, as described in Section 2.3.
Rather than applying reinforcement learning techniques to optimize (20), we seek to directly modify the
unguided backward process in (10b) to achieve the goal in (19).

Given a general external reward function ¢ : R? — R, we define the following exponentiated rewards
as objective functions:

r(y) = exp (Bro(y)),  rs(y) = Elexp (Br®*(Xo)) | X5 = y], (46)

where 8 > 0 is a hyperparameter. This ensures non-negativity, as required in Theorem 1. Substituting
the above choice (46) into the algorithm in (26) and Theorem 1, we immediately arrive at the following
performance guarantees.

13



0.95

097

—Elp,x,(1[Y1") ]

P(pex, (1Y) = popx, (1Y)

0.85 * : * * -2.2

w w

Figure 1: Experimental results under the Gaussian mixture model. (Left) Proportions of samples with
improved classifier probabilities; (Right) Averages of —p. | x, (1 | Y¥)~! for varying guidance scales w.

Corollary 2 (Effectiveness of reward-guided diffusion models). Assume that the reward function r®*(-)
satisfies B[ exp (Br®*(Xo))] < oo. Consider the guided SDE {Y{"} constructed in (26) with the reward
functions defined in (46), along with the unguided backward SDE {Y;} defined in (10b). Then for any
initialization y € R and any given quantity 0 < § < 1, one has

E[rs(Y" )| Ys" = y] — E[rs(Yi—s) | Yo = y]
1-6 9
- / E [m_tm”)Hvlogpx;»—_w;m% ~ Viogpx,,(v,")| v = y] dt. (47)
0

Remark 1. Note that the objective function is defined as the posterior expectation of the exponentiated
reward to ensure that the density of X{™* remains positive. If the reward function () is strictly positive,
then Corollary 2 also directly applies to r(y) = r**(y) and r5(y) = E[r*"(Xo) | X5 = y]-

Importantly, the proposed sampler in (26) and (27) offers several practical advantages. In contrast to
prior methods for reward-guided diffusion models — which often require sampling full trajectories to compute
gradients (see Section 2.3) — our method enables training (29) using denoising score matching with only a
single noise level ¢ per update. This leads to a significant reduction in implementation complexity. Moreover,
our sampler only requires training once (i.e., training both the score functions and the reward-reweighted
score functions during the pretraining stage). After this, the pretrained scores can be reused for any choice
of guidance strength w, eliminating the need for retraining when w varies.

4 Numerical experiments

To corroborate our theoretical findings in Section 3, this section conducts a series of numerical experiments
for both classifier-free diffusion guidance and reward-guided diffusion models.

4.1 Classifier-free diffusion guidance

We now provide numerical validation of Corollary 1 using both synthetic and real-world datasets. A key
takeaway from the experiments below is that: classifier-free guidance does not uniformly enhance the quality
of every generated sample; instead, it improves the overall sample quality by reducing the expected reciprocal
of the classifier probability.

The Gaussian mixture model. Starting with syntheic data, we consider a one-dimensional Gaussian
Mixture Model (GMM) with two classes ¢ € {0, 1}, each having equal prior probability p.(0) = p.(1) = 0.5;

14
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Figure 2: Experimental results on the ImageNet dataset. (Left) Proportions of samples with improved
classifier probabilities; (Right) Averages of —p.| x,(1|Y}")~! for varying guidance scales w.

here p.(-) denotes the prior distribution of the class labels. The data distribution is defined as follows:
Xole=0 ~ WN(0,1)
1 1
Xole=1 ~ 5./\/(1,1)4— 5./\/(—1,1).

We focus on data generation for class ¢ = 1. The score functions Vlogpx,_,|.(z[1), Vlogpx,_, (), and the
classifier probability p.| x, , (1] ) all admit closed-form expressions, which are provided in Appendix B.1 (see
(94), (95), and (96), respectively). To empirically verify our theoretical findings, we simulate the diffusion
process with guidance scale w varying from 0.01 to 10, performing 10* independent trials for each w. In each
trial, we initialize the sampler (17) with Y¥ ~ A/(0, 1) and update according to the CFG update rule (17) with
N = 4000 steps. We obtain Y7 and its unguided counterpart ;" with the same initialization Y = Y. The
stepsizes {3, } are provided later (cf. (49)). For each trial, we use the classifier probabilities p, | x,(1|Y¥}") and
Pe| x,(1|Y{?) to approximate the theoretically analyzed quantities p.| x, (Y1 ) and p.| x, (Y1’ s), respectively.
We then calculate two metrics for each choice of w:

e the proportion of trials satisfying p.| x, (1Y) > pe|x, (1] Y?):

1
Pe|xo(11Y1")"

The numerical results are presented in Figure 1.

e the empirical average of —

The ImageNet dataset. Next, we conduct numerical experiments on the ImageNet dataset (Deng et al.,
2009). Samples are generated using a pre-trained diffusion model (Rombach et al., 2021) with varying choices
of guidance scales w, and classifier probabilities are evaluated using the Inception v3 classifier (Szegedy et al.,
2016). For each value of w, we compute the aforementioned two metrics averaged over a total of 2 x 10*
random trials — 20 trials for each of the 10° ImageNet categories. The stepsizes {f3,} are

_a(l—a,)logN <1+ e (1 —an)log]\[)l’

B = o 2 (49)

where the sequence {@,} is recursively defined as:

can (1 —a@,)log N

N .
Here, we set the parameters to be ¢cg = 1,¢; = 2, and N = 4000. The numerical results are illustrated in
Figure 2.

Qp—1 = Qp +
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Numerical findings. In both of the above cases, it is observed that the proportion of samples with im-
proved classifier probability remains strictly less than 1 for all tested values of w, thus indicating that CFG
does not guarantee improvement for every individual sample. However, the average of —p.|x, (1| ye)—t
increases with w, thereby explaining in part how guidance enhances sample quality, as predicted by Corol-
lary 1. Additionally, we remark that in practical applications, the performance of guidede diffusion models
is often assessed by two criteria: diversity and sample quality. The current paper focuses primarily on im-
provement on the classifier probability as the guidance scale w increases, which influences the sample quality;
in contrast, prior work (e.g., Ho and Salimans (2021); Wu et al. (2024a)) also noted that large values of w
may lead to degradation of diversity.

4.2 Reward-guided diffusion models

Next, we implement the proposed sampler (27) and conduct “proof-of-concept” experiments for two basic
examples with synthetic data, one involving a Gaussian mixture distribution and the other a Swiss rolls
dataset.

The Gaussian mixture model. Consider a mixture of two one-dimensional Gaussian distributions:
1 1
Xo ~ 5/\/(71,02) + §/\/(1,02), and X, =+V1-7Xo+V7Z.

Define the reward function as
rt(z) = —(x — 2)°.

which encourages the sampler to generate samples near 2, that is, on the right tail of the original distribution
Px,- In this setting, we can derive closed-form expressions for the score functions s (-) and s,7"5*(-); detailed
expressions are derived in Appendix B.2.

In our experiment, we evaluate the impacts of different values of w by implementing the sampler defined in
(27), adopting the same stepsizes {3, } (cf. (49)) and the exact score functions s} (-) and s,™"*(-). Parameter
B = 1. For each model with a specific value of w, we generate 10° independent samples. The corresponding
empirical probability density functions are illustrated in Figure 3.

As shown in Figure 3, when w = 0, the proposed sampler in (27) reduces to the standard DDPM, and
our sampler generates samples that approximately follow the original data distribution px, when w is close
to zero. In contrast, when w is large (e.g., w > 1), the guidance term becomes dominant. Consequently,
the algorithm generates samples that concentrate around the value 2 to obtain higher rewards, resulting in
a sample distribution that deviates substantially from px,.

Swiss roll. We next consider a two-dimensional Swiss roll dataset, which follows the uniform distribution
among 10? points in Figure 4. Consider the following reward function

ro([21, 22]) = 101 (21 € [-5,6]),

which encourages the sampler to generate samples whose first coordinate lies within the interval [—5, 6].
The computation of the corresponding score functions in this setting is detailed in Appendix B.3. The
experimental setup uses the same parameter as the above GMM experiments. For each specified value of w,
we generate 103 samples, with the numerical results plotted in Figure 5.

Similar to the GMM case, when w = 0, the proposed reward-guided algorithm generates samples that
closely match the data distribution illustrated in Figure 4. As the value of w increases, the generated samples
tend to concentrate within the rectangular region [—5, 6] x R. Moreover, when w is sufficiently large, nearly
all generated samples are confined to this region in order to achieve a higher reward.

5 Other related work

We now briefly discuss several other recent papers related to this work. A number of works have proposed
various guidance mechanisms to improve sample quality (Guo et al., 2024; Karras et al., 2024; Yu et al.,
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Figure 3: Empirical distributions of reward-guided sampler with specific values of w vs. DDPM (w = 0).

2023; Galashov et al., 2025). For instance, Guo et al. (2024) introduced a gradient-based guidance term and
analyzed its effectiveness under a sort of linear score assumption; Karras et al. (2024) proposed using a “bad”
version of the diffusion model itself as a guidance term; Yu et al. (2023) developed a training-free guidance
method with the aid of an off-the-shelf classifier; Galashov et al. (2025) proposed to learn the guidance
level w in CFG as continuous functions of both the conditioning and the noise level to further enhance
sample quality, and extended this framework to reward-guided sampling. Note that guided diffusion models
have been studied in other settings and applications as well, including inverse problems (Chung et al., 2022),
discrete (state-space) diffusion models (Nisonoff et al., 2024; Schiff et al., 2024), and masked discrete diffusion
(Rojas et al., 2025; Ye et al., 2025), among others.

A growing body of work has sought to theoretically understand the working mechanism of diffusion
guidance. The recent papers Wu et al. (2024a); Chidambaram et al. (2024); Bradley and Nakkiran (2024)
are perhaps most relevant to our work, although they focused primarily on more special families of target
distributions. More specifically, Wu et al. (2024a) established that p.|x, (1Y) > p.|x,(1]YY) for the
Gaussian mixture models (GMMs) under specific conditions; Chidambaram et al. (2024) argued that the
guidance mechanism might degrade the performance of diffusion models by inducing mean overshoot and
variance shrinkage, focusing on both GMMs and mixtures of compactly supported distributions. Moreover,
Bradley and Nakkiran (2024) demonstrated that, at least for GMMs, diffusion guidance does not produce
samples from the distribution px,|.(z|c)*px,(z)*~*, and established the intimate connection between
diffusion guidance and an alternative scheme called the single-step predictor-corrector method. In addition
to these papers, Pavasovic et al. (2025) proved that under certain conditions, the influence of guidance on the
generated distribution diminishes as the data dimension increases; Li et al. (2025¢) analyzed CFG within a
simplified linear diffusion model and subsequently validated the theoretical insights on real-world nonlinear
diffusion models; Jiao et al. (2025a) established some connection between diffusion guidance and test-time
scaling (particularly a soft variant of the best-of-N sampling); Jin et al. (2025) investigated CFG in the
context of Gaussian Mixture Models, while Tang and Xu (2024) studied the effectiveness of guidance for

)
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Figure 4: The target distribution is assumed to be the uniform distribution over the set of points shown in
the figure.

steering generated samples toward a prescribed guidance set. On the score matching side, Fu et al. (2024)
derived sample complexity bounds for estimating the conditional score function used in conditional sampling,
and Liang et al. (2024) analyzed the impact of score mismatch and showed that it induces an asymptotic
distributional bias between the target distribution and the sampling distribution.

In addition to the above work on guided diffusion models, a more principled introduction to diffusion
models and recent development can be found in Lai et al. (2025); Chen et al. (2024a); Tang and Zhao
(2024). It is also worth noting that the convergence properties of discrete-time diffusion-based samplers have
been extensively studied in recent work, showing that the distribution of the generated samplers can well
approximate the target data distribution under mild assumptions; see, e.g., Lee et al. (2022, 2023); Chen
et al. (2022); Benton et al. (2023); Chen et al. (2023); Li et al. (2024b); Gupta et al. (2024); Chen et al.
(2024b); Li et al. (2024a); Li and Yan (2024); Li and Jiao (2024); Li and Cai (2024); Huang et al. (2024); Cai
and Li (2025); Liang et al. (2025); Wu et al. (2024b); Li et al. (2025b,a); Potaptchik et al. (2024); Azangulov
et al. (2024); Jiao et al. (2025b); Zhang et al. (2025) and the references therein.

6 Analysis

In this section, we shall provide details of the proof of our main results. Note that Corollaries 1 and 2 can
be derived immediately after establishing Theorem 1.

6.1 Preliminaries

Before embarking on the proofs of Lemma 2 and Theorem 1, let us single out a set of preliminary facts that
shall be used throughout.
According to the definition of r; (cf. (31)), it is readily seen that

E[rs(Y1-5) | Ve = y] = E[rs(Xs) [ X1+ = 9]

- / / r(@0)Px0 | x5 (%0 | ¥)Pxs | X0, (' | 9)dy'do

- / F(@0)Pxe | X0 (0 | 9)dz0 = Blr(Xo) | Xiy = 4] = ri_e(y),  (50)
ro(y) = ﬁ / F(@0)Pxs_. | x0 (| Z0)Dx0 (0)dt0
E{r(Xo)|p ;s (3)

T ol o0
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Figure 5: Generated samples of reward-guided sampler with specific values of w and DDPM (w = 0).

where we have made use of the definition of px;-w (see (25)). Property (50b) also implies that the function
r1—+(y) is infinitely differentiable w.r.t. (y,t) for any 0 <t < 1, as long as E[r(Xy)] < oc.

Next, we present a key lemma concerning some useful property of r.(-), whose proof can be found in
Section C.1.

Lemma 3. Consider function r(-) defined in (31). For any e >0 and any 0 <7 <t <1—¢, we have
re(x) =E[r (X;)| Xy = x]. (51a)
Equivalently, for any 0 <e <71 <t <1, we have
r-7(y) =E[ri (V) | Vs = y]. (51b)
Here, Xy and Y; are defined in (10).
Finally, we establish a few key properties of r;. Let R < co be some quantity such that

1 1
P(|| Xoll2< R) > 3 and P(]| X5 |2<R) > 7 (52)

Then there exist some quantities Cyqxr > 0 (resp. Ct.dk,RE[r(Xo)] > 0), depending only on t,d,k, R
(resp. t, k, R,E[r(Xy)]), such that for J;_; and r1_; defined in (31), the following bounds hold:

IV*log px, (W) < exp (Cram,r(l+[yll3)), (53a)
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||Vk7"1—t(y) ||i < exp (Ct,d,k,R,JE[r(Xo)] (1+ ||yH§)) ) (53b)

OFry_4(y 2
‘ ﬁ() < exp (CrarErxo) 1+ 1Y13)), (53¢)
F
oVlogpx, . (y 2
Hatl() <exp (Cra,r(1+ [y]3)), (53d)
2
where V*r;(y) denotes the k-th order derivative of function r4(y) with respect to y, and || - ||# denotes the

sum of squares of all entries. The proof is postponed to Appendix C.2.

6.2 Proof of Lemma 2

Denote by Y; the continuous process in (10b). Since processes {Y5} (cf. (10b)) and {Y9} (cf. (23)) follow
exactly the same SDE up to time s = ¢, it follows that

v, vy

Conditioned on Y; = y and the Brownian motion {B;} for s € [t,t + At], we can quantify the difference
between Y9 and Y by comparing (10b) with (23):

1 /¢ d s d
Y?-Y, = 5/ (Y — Yu)% +/ (Vlogpx,_ , (YY) — Vliegpx,_, (Ya)) ;u + glog; (54)
t t

for all t < s < t+ At. In particular, taking s =t + At and applying the triangle inequality yield

t+ At
[V a0 = Yiear = glog ==

1 [t+At du t+AL du
<5 [ Weenl S [ IVioemy () - Viegpx, (V) (55)

t u t u

Before proceeding, we find it convenient to introduce the following event:
t+AL _
e 0 [T (WLIB+ V1) s < OVATY (50
t

where C' > 0 is some sufficiently large constant. When At is taken to be sufficiently small, we claim that
this event £ satisfies

At~ ~ ~
YA 1(E) = (YH_N + 97 + Rw> 1(&) for some residual R, with |Ry,||2 = o(At), (57a)

and for any given y obeying ||y||2 < oo,
P(£°|YY =Y; = y) = O((At)*1/5), (57b)

where ¢ is a small constant such that E[r(X()'™¢] < co. Here, we focus solely on the scaling in At,
with (d,t,y) and the distribution of X, regarded as fixed. The proofs of properties (57) are deferred to
Appendix C.3. With properties (57) in place, we can proceed to the main steps of our proof.

Step 1: decomposing the reward difference based on event £. To begin with, we observe that
Elrs(Y )Y =y] = /7"5(3/1—5)2?}/1{6 lve (Y1-s |y)dy1—s
(&)
= //T(yﬂpxo 1 xs (W1 [yi-s)pys , ve (Y1-s [y)dyrdyi—s

(b)
= //T(yl)pylm,a(yl |y1-s)pye | |ve(y1—s | y)dyrdyi—s
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(©)

= //T(yﬂpyf ve W lyi—s)pye | ve (yi-s [y)dyrdyi—s = /T(y1)Py19\yf (y1 [y)dys
(€]

= / / Ty ve o W 1Y )pve 1 ve (U [y)dyady’

(e)

= /ﬁ-t—m(?/)pytim e (W 9)dY = Elr i ad(Yi a0 Y =),

where (a) results from the definition of r5(-) in (22), (b) holds since {Ys} (cf. (10b)) is the reverse process

of {X;} obeying Y; 4 X, (c) follows since, by construction, {Y2} (cf. (23)) and {Y;} (cf. (10b)) follow
the same SDE during the interval [1 — 4, 1], (d) inserts the random vector Y} 5, into the integral, and (e) is
valid since, according to the definition of r; (cf. (31)),

Tlftht(yl) = /T(yl)PXMXl_t_At (11 |y’)dy1 = /T(yl)Pyl | Yitar (Y1 |yl)dy1

= / r(y)pyg vz, ., (1 1y)dyr. (58)

Repeating the same arguments gives
Elrs(Yi_s) |V =y] = /Tl—t—At(y')pmm v, (W )y =E[ri——ae(Yerae) Ve =],

which can be clearly seen since Pye|ve

N (W1 1Y) = Pyi | viya, (1| ¥') under our construction. As a result,

E[rs(Y25) |V = y] — E[rs(Yi—s) | Y = y] = E[r("¥) | ¥ = y] —E[r(¥1) | Yi = ]
— E[(r(Y?) —r(V)) 1) | Y = Yi = y] +E[(r(Y?) - r(V)) L(E) VS = Yi=y].  (59)

Regarding the last term in (59), it follows from Holder’s inequality that
1 C
= [E[r () = r(01) 1(E9) |V = Vi = ]|

1
< GE[(r(F) + (V) 1E) |V =i = 4]
(a) 1

S At (E[TH_E(YIQ) ‘ Ytg = y] + E[T1+E(Y1) |Y; = y])l/(1+5) (P(SC | Y;g —Y, = y))f/(l-i-a)
(b)
< (a0 (05) [ =]+ B0 3 =a]) O -

where (a) results from the Holder inequality, and (b) follows from property (57b). Thus, it boils down to
controlling the first term in (59). It is observed that, as At — 0,

lim [ (V) [0 = y] =E[r(11) |V =] = B[4 (Xo) | Xa o = o]

Px,_, |X0(Z/ | 20)

dz
px,_,(Y) 0

:/7“1+E(:co)pxo\xl_t(xo|y)d330 = /r1+5($0)PXo(x0)

E[r'*t(Xo)]
—@2r(1—1)%px,_,(y)

where we have used the assumption that E[r'*¢(X()] < co. Substitution into (60) yields

< o0,

éE[(r(Yf’) CrV))L(E) Y =Yi=y] 50, as At 0.

Taken together with (59), we see that

lim é (E[rs(Vi5) [V = y] = E[rs(Yi-5) | Ve =y]) = lim_ éE[(T(YfJ) (V1)) L&) | Y = Y; = y]

= Jim o (Blr e a0 HE) |V = 4]~ Bl an(Vira) 166) ¥ = y) (61)
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Step 2: computing the limit in (61). In view of (57a) and (61), as At — 0, we have

Alt (Elr < DY = 4]~ Elrs(Viog)| ¥i = 1)

At
E {(7”1 t—At <Yt+At +g +R ) - rltAt(KJrAt)) 1€&)|Y: = y]

(a)

<g+ AV ST At(Y;t+At)>1(g)|Y;5:y

ADEY, , a0 v, [IV?r1-e-ar (Yerae) [11(E) | Ve = y] (62)

where (a) uses || Ry |2 1(£) = o(At) as asserted by (57a). To proceed, we claim that the following inequalities
hold, whose proof is postponed to Appendix C.4:

E[|Vri—i—at (Yerae) 27| Y = y] < o0, (63a)
E [IV2ri—i—at Yiead) || Y = y] < <. (63b)

With inequalities (63) and the property || Ry |2 1(€) = o(At) (cf. (57a)) in place, we can see from (62) that

. 1
Alt_>0 At (E[Té(ylg 6) ‘ Y - y] E[TJ(Ylftg) | th = yD
= lim_ <%,E (V1o ac (Yerad) 1) | Vi = o))
@ g
= Al}fr_rio <?,E (Vrioeae (Yirar) | Ve = y]> ) (64)

Here, to justify the validity of (a), we invoke (63a) and (57b) to show that
’ <%E [(Vrii—ae (Yirar) 1(E) |V = y]> - <%E Vrioi—ae Yigad) |V = y}> ’

_ ‘ (L E[Vrioian (Veea) 1E) Y = o]) \

< @E (IVri—t—at (Yerae) [2 1(E°) | Ve = o]
< ”915”2 E[|Vri—t—ar (Yiead) 571 Y: = o] P P(E°|Yi =)™
= O((AH) ) 0, as At — 0,

where the first inequality comes from the Cauchy-Schwarz inequality, and the second inequality comes from
the Holder inequality.
In order to complete the proof of this lemma, it comes down to establishing that

lim E[Vri_i—a (Yigar) | Y =]
A—0

= lim B[rs(Y1-5) [ Vi = y] (VIogpxye(y) — Viegpx, ,(v), (65)
which forms the content of the next step.

Step 3: connecting the limit (64) with score difference. Towards this, we decompose the expectation
of interest in (64) as

E [VTl—t—At (Y;H-At) |Yt = y]

= /vrlftht (y/)pxl—t—At | X1t (y/ | y)dy/
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= // 7(20)VyPxo | X1—eear (@0 [ U)Xy ae | x0-, (¥ | y)daody’

(a)
= //7“(330)Vy' 108 Do | X1 ae (20 [ ¥)PX0 | X1 e ae (@0 1Y )Px o ar | X2, (¥ [y)daody,

(66)

where (a) follows since vy’pXo [ X1—t—At (‘TO | y/) =DPXo| X1—t—at (‘TO | y/)vy/ longo [ X1-t—at (IO | y/) Moreover,

the gradient V., logpx,|x,_,_ A, (z0o|%’) can be further decomposed using the Bayes rule as

PX1—v_ae | X0 Y | T0)Px, (20)
PX1_ 1 a: (y/)
- vy’ logpxl—t—At | Xo (y/ | IO) -V logpxl—t—At (y/)

VyDxo | X1-0-a: (0 |Y') = Vyr log

Substituting this identity into (66), we obtain

E [vrlftht (Yt+At) ‘ Y, = y]

= //T(OUO)PXO\Xl_t_m(xO|y/)PX1_t_mX1_f,(y/|Z/)Vy' 108 Dx,_,_a | X0 (¥ | 20)dzody’

=D1

- // r (‘To)pXo | X1-t—nt (IO | y/)pxl—t—At | X1-¢ (y/ | y)VIogpxl—t—At (y’)dxody/ .

=:Do

Below we shall calculate these two terms D; and D, separately.

(67)

Step 4: analysis of the term D; in (68). Towards this, we start with the integral in D; with respect to

xo for a fixed y'; namely, we would like to evaluate

I(y/) = /T (‘ro)pxo | X1-t—At (.’EQ | y/)vy’ logpxl—t—At | Xo (y/ | $0)d$0,

which satisfies

D, = /I(y’)pxl_t_mxl_,,(y’Iy)dy’-

VyPX, o as | X0 W [20)
PX1_y_np | Xo W [ 20)

By virtue of the equation Vy/logpx, , ., |x,(# 7o) = , we can simplify

VoyPxy s ar | X0 (Y | 0)
T0) = [ 7o) o, sl |yf) PR B g
le,t,m\xo(y |$o)

T
- /T (xo) Vyle1_t—At | Xo (yl | mo)pXOi(O)de

le—t—At(y/)

1

__ ! v, / F (50) DX,y a0 (' | Z0)Dx0 (20)dzo,
le—t—At(y/) Y ! ac | Xo ’

(69)

where the second line comes from the Bayes rule. In view of the definition (25) of pxr-w, we can further

simplify the above integral as:

1
I'zivf/rx " z0)px, (zo)dz
(y ) DXt s ns (y/) Y ( O)pxl—tht | Xo (y | 0)pX ( 0) 0

E[r(Xo)[Voxpe  (4)  Elr(Xo)lpxpe , (4)Viegpxye | (4')

DXy ac(Y) PX1_oni (V)
=7r1--at(y)V IOgPX;;WLM(Z/),
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where the last line arises from (50). Substituting (70) into (69) gives
D, = /Tl—t—At(y/)VIngXf'_Wt‘_At (Z/)le,t,m\xlft(y'|y)dy/
= / 1 ac(y)Viogpxrw  (Y)Px,_, ap x:-, (¥ [y)dY

+ / r1-t-ae(y’) (V logpxpw (y') — Viogpxrw (y)) Pxy a9y

= Dl,l + DLQ. (71)
This leaves us with two terms to control, which we accomplish separately in the sequel.

e With regards to the term Dj 1, by virtue of the definition of 71_4(y) (cf. (31)), we have

Dy, = Viogpxyw (y)/rl—t—At(y/)pxl,t,At 1 x0 (W9)dY = ri-(y)Viegpxrw | (y)
=E[rs(Yi-5) | Y2 = y|VIogpxrw , (y), (72)

—t—At
where the last line applies (50a).

e With regards to the term D; », it follows from the fundamental theorem of calculus that

/ 2 / /
|Viogpxps () = Viogpxpr , )]| < masx, V2 dogpxpg_, (00 + (1 =)l 1y = o'l

(a) 12 ,
< Cyear(ly =92+ Dy — ¢l

< Cyrarlly—¥15+ Cyrarlly — 9l

Here, (a) invokes (112) which tells us that

"+ (1 =)ylE+ (t+ At)R? Cd?
2 . C(1 - < vy + (1 =)yl
Jnax, [VZlog pxye , (v 4+ (1 =7)y)|| < C max, 0—t- A2 T A
< 21y = wllz + 2|lyllz + (¢ + At)R? cd’
- (1—t— At)?2 1—t— At

where C'is a sufficiently large constant. As a consequence, we can bound D; 5 as

/

[D12ll2 < /rmfm W) Pxae x| Y) HVlogpx;;mm (y') = Viogpxrw (y)HQdy

3
< Cpran [rioemst @i sc 019 (I =l + = v 13) 4 (73)

To continue the bound, we note that ||y — ¢/||5 for n = 1, 3 satisfies

n t+ At t+ At !
||yy'||2§< t +<\/ A y||2>
2
" trAr )
- - o) 4
Y 2+<\/ t 1) ||y|2) ()

n/2
- ((t + At>
- t
Additionally, it is seen that

T1—t—At (y/) PX1_iat]| X1t (y/ | y) = /T(xo)pxo | X1—t—at (:EO | y/)pX1_f,_Ar, | X1+ (y/ | y)dxo
1

=5 /T(.ﬂ?o)pxo (mo)pxl—t—At | Xo (y/ | xo)pxl—t | X1—t—at (y | y/)dl'()
PXi_¢ (y)

t
t+ At

/

Y

y—
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E ' (Xo)
_ ElrXo)] / pxge (o)D) x| Z0)pxp e (u]y)do

- px:-.(y) t
E[r(Xo)]pxy-(y) /

N Px:_, (y) /ng'Wt7XT'—Wf_AtIX{;W;(Io,y | y)dzq
E[r(Xo)lpxy(y) /

N px,_, (y) Py 1 xpe (' |Y)

= 7“1—t(y)pX1T;W;7At | X7-w (y’ ly), 75)

where the last equation uses (50). Substituting (74) and (75) into (73), we obtain

t+ AL\ /2
IDyall < ACy 00 rr1-1(v) ( t )
3
t+ At t+ At , XA | XTI

2
t+ At
+4Cy t,a,rT1-¢(y) < r 1) (lyll2 + ||y||“;’) /PX;‘;W;?M IX{‘_Wt‘(y/|y)dy/- (76)

Now, we claim that (with the proof postponed to Appendix C.5)

t , , At lyllz + VR 11
— ) — et ot dy’ < dlog? — 77
/ Y=\ iz a? QPXFFN\Xl,t(y\y) Y S\ T A — +Vdlog ) (77a)
3 3/2 2 p3
t / / I < At Hy”g + t3/ R 3/2 3/2 1
- r-wt r-wt 1
/ VN T A 2px17t7m\xl_t(y ly)dy’ < +d¥ log”” =

t+ At (1—1t)3/2

(77b)

and hence both integrals tend to 0 as At — 0. It is also seen that

t+ At L (A
FA ) BT s arso (78)
t 4¢2
Substituting (77) and (78) into (76), we arrive at

D122 < CyrarVAL, (79)

where Cy ¢+ 4 r denotes a quantity depending on y, ¢, d, and R but independent of At.
Taking (72) and (79) together with (71) then yields

lim D; =Er;(Yi—s) | Y = y] Alir_r}l@Vlong{-;wL

Am W) =E[rs(Yi—s) | Y = y|Viogpxr-e(y),  (80)

where the limit uses the continuity of logpx,_, (y) w.r.t. .

Step 5: analysis of the term D, in (68). Towards this end, we start with the following decomposition:

Dy = //T (xo)pxo | X1—t—At (xO | y/)dxole,t,At | Xl,t(y/ | y)V longlft—At (y/)dy/

—
o
g

/

/ﬁ—t—At (y/)le,t,At |X1,t(3/ |y)Vlogpx, , a, (y')dy

/

= / ri—t—ae (Y) PX1_tone| Xi—s (' |y)V logpx, , A, (y)dy
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/

+ /Tlft*At (y/)pxl—t—At \ Xl—t(y/ | y) (v longl—t—At (y/) -V longl—t—At (y)) dy
= D21+ Da o,
where (a) applies the definition of r1_;_a+(-) (cf. (31)). This leaves us with two terms to control.

e With regards to the first term D5 1, we can demonstrate that
Dy = Viogpx,_,_ 4, (y)/ﬁ—t—At W) Px1onr 1 X2 W ) dY

© Vlogpx, . a @)E[s(Yis) | Vi =]
— Viogpx, ,(W)Elrs(Yi_s) | Vi = y], as At — 0, (81)

where the limit uses the continuity of logpx, _, (y) w.r.t. t, and in (a) we invoke (70) and (50a) to derive

/

1
7/Tlftht(y/)pxl—t|X1—t—At(y|y/)pX1—t—At<y,)dy
le—t(y)

= m /T(Z‘O)le,t | Xo(y | 20)px, (To)dzo

= /7”0 (@) pxo | x,_, (@ |y)dz =11-4(y) = By, _;[rs(Y1-5) | Y: = y].

/TH,M W) rxy a1 x W Y)Y =

e Next, let us turn attention to the term Dj 5. By virtue of (111), we have
IV1ogpx, s (y') = Viogpx,_,a (9)]] < max V2 logpx, o (v + (1 =09l ly = ¢'ll2

<Cyrar(ly=vI3+Dly -yl
< Cyrarlly —¥13+ Cyrarlly — 9l

Repeating the same argument as in the analysis of D; 2, we reach

|D22ll2 < Cy.t.a,r VAL (82)
Combining (81) and (82) then yields
lim Dy = Vlogpx, (y)Ey, s[rs(Y1-5) | Ve = y]. (83)

At—0

Step 6: putting all pieces together. Combining (80) and (83) with (68) results in

lim [E [Vﬁftht (Yt+At) ]1(5) | Y, = y]
At—0

=E[rs(Y1_s)|Y: = ] (V log pxrw(y) — V logpxl_t(y)) :

Substitution into (64) then yields

i (Elrs(¥5) | = ]~ Elrs(¥i5) | Y = )
E[rs(Yi-s) | Y = y]

- j (9. V10 ;o (v) — Viogpx,_, () (84)

as claimed.

6.3 Proof of Theorems 1 and 2

In this subsection, we present the proof of our main result in Theorem 1. Note that Theorem 2 can be
established using the same argument as for Theorem 1, and hence we omit the proof of Theorem 2 for the
sake of brevity.
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Step 1: computing the limit of reward improvement. We claim that there exists some quantity
d0r > 0 — depending only on ¥, t, and the distributional property of Xy — such that for any é < dg, the

following property holds:

0= %{E[Tl—t—é(m—ﬂi) —r (Y)Y, = yt]}

ori— 1 1 1
- ﬁTt(y)‘y:yt 5 T(VArma(ye) + (Vrie(w), (5o + Viogpx,_ () ) ) +0(0),  (85)

whose proof is postponed to Section C.6. Similarly, it holds that

E{E[Tl—t—tS(}/tﬁ}-é) — -V [V = yt]}

1)

ori-+(y) 1 1 1

= ot ey + ET"(V%lft(yt)) + <V7“17t(yt), (5% + Vlogpx,_, (y:) + wgt*(yt)) ;> +0(0), (86)
where g; denotes the following guidance term:

9; (yt) = Vlogpx-w(yr) — Vlogpx, , (yt). (87)

Comparing the above two relations leads to
Elri——s(Yi4s) | Y = ] —E[ri-¢(Y") | Y = ]
= (E[ﬁ—t—a(yt%) |V =] — Tl—t(yt)) - (E[Tl—t—zi(yt-i-é) Yy =] — T1—t(yt))
(88)

= 62 (Vriu(y). i () + O(5%).

Step 2: computing the gradient of conditional rewards. In order to further evaluate (88), let us

calculate the gradient of interest as follows
()
Vrise(y) = Vy/T(IO)pXo|X17t($0|y)d$0 = /T($0)PXO|X17t($0|y)Vy log px, | x,-, (%o |y)dzo

b
(:) /T(xO)pXo | X1-¢ (l‘o | y) (vy 1ngX1—t | Xo (y | 'IO) - VlngXlit (y))d.]?o

(c)
/T(l‘o)pxoml,t(xo ly)Vylogpx,_, | x,(y|wo)dzo — r1-+(y)Viogpx, _, (v)

(89)

D) (V logpxr-(y) — Vlogpx, , (y)) =7r1-+(y)g; (y)-

v, . . .
LAESESIIE) (b) arises from the identity V, log px,| x,_, (o |y) =

Here, (a) holds since V, log px, | x,_,(zo |y) = e T
Vylogpx, | x,(y|x0) — Viogpx,_,(y) (ie., the Bayes rule); (c) is valid due to the following relation

/r(mO)ng|X1_t (l‘() | y)vlongl—t(y)de = V1ngx1—t (y)/r(xo)pXo|X1_t (ajo ‘y)d.’[}() = Tl*t(y)vlogp)ﬁ—t (y)7

and (d) arises from the following property:

/ r(20)Px0 | X1, (@0 | %)V 108D, _, | xo (y | 20)de0

Pxo| X1 (To|Y)
“Xol X017 prl—tlx()(y|x0)dx0

= / o a0
-/ r(:co)mexu xo (9| z0)dao

_ ﬁVy /T(Z'O)le_t | Xo (y ‘ xO)pXO (xo)d.’lﬁo

Pxqi_
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E[r(Xo)]

VD yrwt
pxn () P W)

V /px we | Xz (Y | 20)pxg-e (T0)dwo =
le t

E (XO ey a in
_ [ )] X1—t( )v1onglT;th (y) pply ng (50Db) -

—t\Y Vlo Pxr-wt .
px,_, (y) +(y)V log pxrw(y)

Step 3: putting all pieces together. Substituting (89) into (88) yields
Efrioes(V4s) |V = u] ~Efrno (V) [V = ] = 07mewoloi w3 + 0% (90)
With this relation in place, we can deduce that
E[r1—-s(Yi%s) | V5" = yo] — E[ri—o(¥}*) | Y3 = yo]
:E[]E[’"l—t—é( 220 1Y) |V = o) — E[E[r-o (%) 1Y) | Y3 = wo
=0 E[Tl (V) lgr (VN3 1Y5" = wo + O(82),

which in turn allows one to derive

SE[r (V)| Y5 = yo] = lim < (E[r—e-s(Y25) | Y3"] — E[ri—o(%") | ¥" = 30] )

ot
w w * w w
= 2B ()t (I3 1Y = wo].

Integrating from ¢ = 0 to 1 — J, we arrive at

1-5
w w w w * w w
E[Ta(yké) Yy = yo] —7r1(yo) = /0 ?]E[Tkt(yt Mgr (Y )”g Y = yo]dt~ (91)
Meanwhile, it follows from (85) that

E[rg(yl,(;) |Y0 = yO] - 7"1(3/0) =0.

The above two identities taken collectively conclude the proof of Theorem 1.

7 Conclusion

In this paper, we have developed an algorithmic and theoretical framework that unifies the design and
analysis of two widely used paradigms in guided diffusion modeling: (classifier-free) diffusion guidance and
reward-guided diffusion. When applied to classifier-free guidance, our results have provided the first theoret-
ical characterization — for general target data distributions — of the specific performance metric that CFG
improves, namely the expected reciprocal of the classifier probability. When applied to reward-guided diffu-
sion, our framework has led to a simple yet effective algorithm with two notable advantages: (i) its training
procedure closely resembles denoising score matching and hence can be effectively accomplished in practice;
(ii) it does not require simulating full diffusion trajectories during training. The numerical experiments on
both synthetic and real-world data have further validated our theoretical findings.
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A Score matching (proof of (29) and (30))

When performing standard score matching w.r.t. pxyw(-) (see Hyvérinen (2005) and Chen et al. (2022,
Appendix A)), the optimal parameter of the network is calculated by

arg min E [‘|€*NN9(mtat)H§}
txo~pxp-wi ()€~ N (0,1) 2=/ I=tzo+V/Te

/

1
argmelnE[r( O)] t

2

xy — 1 —txg
Vit

= argmin E

0 tzo~px, (1),e~N(0,1),xe=v/T—tzo+V'te

— NNg(It7t)

= arg min E;
0 2

pXI‘;wtt | X(;‘-wt (l’t | :I"O)ng'Wt (fl;o)dl’odxt‘|

2
—————— — NNg(x,t)

Ty — 1 —txg
Vit

2

7(T0)Px,_, | xo (Tt | T0)Px, (fo)dxodl‘t]
[7(z0) lle = NNg (e, )[3]

which coincides exactly with the definition of 67" in (29).
When the class of neural networks {NNy} is sufficiently expressive, then one has

NNg, (24, ) = E [e | V1 —txg+ Vite = xt]

;CONng—wt('),ENN(O,I)

—V1-t
[m|mxo+ﬁe=xt]
zOpré'»wt('),CNN(O’I) \/E

\/g/xt\/tlitxo

pXS'—wt ‘ Xtr-wt (IO | :Ef)dl'o

= —ViV 10gpngwt($t),
where the last line follows since

Vlogpxg-wt(fft) = Vp?;);[w:iﬂ:;) = ngi(xt) /thpxg"-wt\xg-wt(zt \IO)PXg-W‘(IO)dIO
1 Ty — V1 —txg

~ pxp(a) / < t
/ (:rt — V1 —txg

t

) Py | xgoe (2 | To)pxg (w0)do

> Pxgvt X{-W‘(JUO | z¢)dzo.

According to the definition of s7"*(x) (cf. (28)), we can take t = 1 — @, to complete the proof of (30).

n

B Settings and basic calculation for numerical experiments

B.1 Setup for the numerical experiments in Section 4.1
We intend to calculate score functions for a general one-dimensional GMM with data distribution
K
Xo~ > meN (pr, 1), (92)
k=1

where 7 is the prior probability, and uy is the mean of the k-th component. In the numerical setup, the
data distribution pgat, corresponds to a GMM with K = 3 components and parameters

m =1/2, me=m3=1/4, w1 =0, pe=-1, and puz=1.
The conditional distribution for class ¢ = 1 is a GMM with K = 2 components and parameters

m=m=1/2, pp=-1 and p =1
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In view of Lemma 1, the random variable X;_; follows the distribution

K
Xy~ ZWkN(\/iny 1),

k=1

with the corresponding density function given by

= 2

k=1

The gradient of the log-density logpx,_, (x) can be directly computed as:

Vpx, . (z K K
Vlogpx,_,(x) = Xl(i)) ==Y m(e—Vim) = -z + V) mhm, (93)
PXxi_¢ k=1 k=1
where
o meexp (- Ll

7Tk = — NG
Zf; T €Xp ( - L 2%) )

Under the aforementioned numerical setup, the conditional and unconditional score functions s, (- | ¢) and
sp(-) at t =1—[,_;(1 — Bx) are given respectively by

V(1 = exp(—2vix))

sp(x|1l)=Vlo z|l)=—x+ ; 94
(@11) = Viogpx, (a1 e (99
V(1 — exp(—2V/tx
Sn(x) = Vlogpxl—t (.’L‘) =-—x+ ( p( t)) . (95)
1+ exp(—2v/tz) + 2exp (L — Viz)
In addition, the classifier probability p.|x, ,(1|z) is given by
ey (1] 2) = P12 1OPE) L+exp(~2vta) (96)
el px,_, () 1+ exp(—2V/tx) + 2exp (§ — Vix)
B.2 Basic calculation for the Gaussian mixture model
For the external reward function r®t(z) = —(z — 2)2, the exponentiated reward r(x) is proportional to a

Gaussian distribution, i.e.,

r(z) = exp (Bre“(x)) = exp ( - B(x — 2)2) o ¢ (x ’ 2, 15) ,

where ¢(-|u,0?) denotes the densify function of a Gaussian distribution with mean p and variance o2.

Substituting this into the expression for the distribution p Xg.wt(~) gives

prpeto) = 2528 2, (29) ) — AL 10 Nhe |2 03 )+ ke L )ota 229)
1

=57, [p—16(x | p—1,57) + prop(a | p1,5%)]

where Z3 , is a normalization factor dependent on 3 and o, and the mean and variance parameters of the
resulting Gaussian mixture distribution are given by

e o? 4802 — 1 4B02% +1 o 85 1
o— = _ = - = - _ = X _——— = .
1+260_27 M1 1+260_27 M1 1"‘260'27 P-1 p 1+2602 ) P1
Here, X[™* also follows a two-component Gaussian mixture distribution:
Xpt o LN (1,87 + PN (1, 5). (97)

p—1+p1 p—1+m
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Calculation of the score function. The score function is given by

n

sn()=Vlogpx, (), witht=1-[[(1 -5
k=1

By virtue of Lemma 1, the random variable X;_; follows the distribution

1 1
Xi_¢ ~ 5/\[(—\/%7 to? +1—1t)+ 5/\/(\/E, to?+1—1t), Xi_4|Xo~NHtXo,1—1).

Direct calculation gives

V |px,_, z)px, (zo)d tXo—x
R A
z Vi
T t
=- + vt (1—2pi(2)).

1o 1) +1 o2 —1)+1

Here, the last equation makes use of the posterior expectation derived from

Emumtzﬂ:-4+fjf;fqm@+P+f§f;f>u_%m>
2
B t(a;/EJl)ij 1T t(g21_ 1§ 1 (1= 2p(2)),
with the posterior probability p:(x) given by
1 2 __2Vix
pe(x) = . s0(x| — Vi t(e? —1)+1) B exp( C 1)+t)
30 ] = VLU = 1)+ 1)+ 560 [ Vi~ 1) +1) 14 exp(— 2l

"

Calculation of the reward-reweighted score. The reward-reweighted score function is given by

S:L_Wt’*(') = VIngXf'_Wt‘(')a Wlth t= 1-— H(l — 6k)
k=1

By Lemma 2 and (97), the random variable X7 follows the distribution

r-W P—1 ~2 P1
X_tNiN\/E_,tO' +1—t)+ —— J ,tCT +1—1t
R )+ LN (Vi )

Direct calculation gives

€z \/% T-W T-W
1—t+mE[XO t|X1 tt—.I‘:I
T Vit 2p5(x) — 4802 — 1

(62 —-1)+1 t(G2-1)4+1 142802

Vlog pxyw(x) = —

where the last equation uses the following posterior expectation:

VG — Vi)

Ve (x — /tu_1)
E[X"™ wt X wt __ — B 7-wt 1—
[ 0 ‘ 1—t ] M1+ t(82—1)+1 :|pt ($)+|:“1+ t(82_1)+1 (
\/Z&Qx 1—1¢ rowt

= t(82_1)+1 7t(’0-\2_1)+1(pf ( )(:u'l*,u—l)*ﬂl)
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(z) -

Vitoix 1—t ( 2 ot

144802
tG2—1)+1 t@2—1)+1\1+282"

1+ 2802
with the posterior probability given by

p_1¢(x | Vip—1,t(6% — 1) + 1)
pro(x [ Vipr, (@2 — 1) + 1) + p_1¢(x [ Vip_1,t(@2 — 1) + 1)

Vi( )@ 88(1—1)
€xp ( (52 11)il1 (1+2ﬁa2)(t(3271)+1))

ViE(p—1—pa1) 8p(1—t '
L+ exp ( t(éQ—ll)/ilx - (1+2/302)Et(32)—1)+1)>

P (x) =

B.3 Basic calculation for the Swiss roll

Let S ={s1,--- ,sn} C R? denote the Swiss roll dataset, and assume that the target distribution DX, = Ddata
is uniform over S. We define a reward region S C S as the subset of samples whose first coordinate lies in
the interval [—5, 6]:

S = {s € S : the first coordinate of s resides within the intervel [—5,6]}.

According to the definition of score functions, the gradients of the log densities can be computed as

T Vi T Vi
Viegpx,_ (2) = —3— + EE[XO|X1—t =a]=-7—+ NG —1) D sipxg | x,_, (si] @),
n=1
N
x Vi rw x Vi
Viegpxjw(z) = —1— + 17 7tE[X0|X1 P =] = T 7T N{—1 D sipxge | xp(si| @),
i=1

where the posterior probabilities px, | x,_, (s z) and pxzw| xr-=(s|z) are given respectively by

llz—V/2s||
Cpxmels  oe (CI55E)

Pxo) - (82) = Npx,_,(z) SN exp (_M)’

2(1-1)
P xpn( ] s) exp (1081 (s € )
(18117 = 1) +1S1) pxp (@)
exp( o lls 1 105 1(s € 5))

z—/ts z—/ts']|2 ’
Zs'e§exp( I e )Hz + 105) X vedens exp( : 2(1:&)“2)

Pxge | xpe(s| ) =

C Proof of some auxiliary results in Section 6

C.1 Proof of Lemma 3

According to the equivalence between X; and Y; (see (12) in Lemma 1), it is sufficient to focus on establishing
the first relation (51a).
In view of the definition of r(-) in (31), we can show that, for 0 < 7 <t,

Elr-(X;)| X =2] = /TT(IT)pXT | x, (o7 |2)d2, = //T(xo)pxo | x, (To | v-)px. | x, (%7 | 2)dz-dg

pxo To)px, \X0($r|330 Px, | x, (z |z )px, (zr)
dx, dxg
px. () px.(z)
pxo To)px, \XO(IT |Io)pr\x (z|zr)
dz.dxg
px, ()
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@) /r(mo)pxg (w0)px, | x, (7] w0)

px,(x) dzg = /T(xo)l’xo | x, (w0 | w)dwo = 74 (T),

where (a) uses the Markovian property of sequence X; and hence

[ o ar Lo, x. o 2)de, = b, x, (o 0)

This completes the proof.

C.2 Proof of Claim (53)

Before delving into the proof, we first provide the following lower bound on px, _, (y). Recalling the definition
of R in (52), we have

oz [ pena—0) e (- lo Vil

1 —d/2 (lyll2 + vER)®

>—(2r(1—t —_—— ).

> g (en(1 - 0) e (- (99)
In addition, we can see that r1_(y) is finite for any given y, since

(zo)px,_, | X0 (¥ | Z0)

dz
Px_. (y) ’

roiy) = / r(@0)pxy | xo_, (y)dao = / (o) 20

(%) 2exp (W) /T(xo)pxo (z0)dzo = 2E[r(X)] exp <W) _

Here, (a) makes use of (98) as well as the fact that px,_,|x,(y|zo) < (27(1 — t))~4/2.
Now we are ready to present the proof of (53).

(99)

Proof of Claim (53a). Here, we shall focus on establishing this claim for £ = 1 and k = 2; the proof for
a larger k is similar and is hence omitted for brevity.
Recalling the definition of R in (52), we have the following lower bound for density px, _, (y):

Pxi_, (y) > Pxi_ ¢, 1{|| Xoll2<R} (ya 1)
= ]P)(”XOHQ < R)le—t | |\X0\|2<R(y)

> g (27r(1—t))‘d/2exp< ”y2 \[x“’) (100)

= 2 woillwoll2<R (1-1)

%(271’(1 — t))_d/2 exp (—W) , (101)

Y

where px, _, 1{)x,|l.<r} denotes the joint probability density of X;_; and the indicator variable 1{|| Xol[2 <
R}, and px,_, || x,.<r(y) denotes the probability density of X;_; conditioned on the event [|Xolls < R.
For t < 1, given that the X;_; | X follows the Gaussian distribution N '(v/tXo, (1 — t)I), the score function
admits the following expression:

Viogpx. () = ~pr )7 [ pxfan) et - 0) Ve (- 1 VIlEyu T Vi,

2(1—1t) 1—t
Yy — \/iilfo
= _/ Pxo | X1 (X0 | y) =7 ——dwo. (102)
xo
Moreover, observing that for any D > 0, one has
Yy — \/Exo
1 LA indt)
||v OgPx;_ t H2 — / ||y fto | pX0|X17t(x0|y) H 1—¢ 2C1.130
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- ~d/2 ly — Vtxoll3\ y — Vizg
+ |lpx,_, (y) 1/ Dx, (o) (2m(1 — t) exp(— ) dxg (103)
“1 vor|| 1oz | sp T ( ) 2(1—t) 1t )
The first term above can be bounded by
y — iz D
Y| dzg £ ——. 104
s ey (ool ) [P0 | o < 2 (101)

Regarding the second term above, substituting (98) into the second term on the right-hand-side of (103)
yields

Jio
2 1—t¢ —d/2 ( ||y \[xOHQ)y
o7 [ o et = e (- Rl |
+\[R Vix —Viz
< 2€Xp ((”yH?l _t / . pXo(xO) exp( ||y 1 _t0||2> Hy — 0 ity
s, >p 2
2 (lyllz + vVtR)? 2
< -+ —¢D d 105
< i oo (T ot ), (105)

where c¢ is some universal constant. By choosing

tR
(=

for some constant C’ > 0 large enough, we can see from the above bounds that

H 2D ||y||2+\/R d
2*\/fN 1—t Vit

In addition, by replacing X, with Xo|c and X§™*, we obtain the following two inequalities via similar
arguments:

|V logpx,_.( (106)

||y||2+\fR d

1—t VI=t
lyll2 + VIR d

Note that we can bound the Jacobian matrix in a similar way. Direct calculation gives

< ly — ﬁ$0||§> (y = Vo) (y — \/ﬁo)dx
2(1 —t) 1—t 0

Vogpx, . (y) = — . / px, (20)(2m(1 — 1))~ Y2 exp

(1 =t)px, ., (¥) Jay

+ Id+VI0ng1—t(y)(v 10ng1—t(y))T

1-1¢

Invoking (106), we immediately obtain

9 logpx, 1 < g [l (on(1 — )™ enp (L VERE ) Iy = il

(1= 1)px, (V) Sy 2(1—1) 1t

1 d lyl3 + tR?
+1_t+0(1_t)+0( T ) (108)

It suffices to analyze the first term above. Applying similar arguments as for (104)-(105), we reach

pX_l(y)/x P (o) (2m(1 — 1)) /2 exp( ||1/2(1\fwt;||2> ly 1{;co||2d
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(lyllz + VER)?

<D*+2
< + exp( 2(1—1)

—cD? + cd) . (109)

By taking D < (||y|l2 + VtR)/v/1—t + d, we have

1 - ly = Vtwol3 ) ly = vEwoll3 lyll3 + 12
—_— om(1 —t))~%? — 2 Zdwg S 2 4 4% (110
o [ ptoen( -y ey (I ) IR, < WREEE Lo
Substitution into (108) yields
2 2 2
yl|3 +tR d
IV*logpx, . ()l S Il (111)

(1—1)2 1—t

In addition, by replacing X, with X§™*, we obtain the following inequality via similar arguments:

2 2 2
, o < Iyl R d
IV log i W) S =7 + T4

(112)

Proof of Claims (53b). As before, we shall focus on proving the claim for the case with k& = 1; the proof
for the case with a larger k follows from similar arguments and is hence omitted for brevity.
In view of the definition of 71_; (cf. (31)), we can derive

I9r-i)lls = |7 [ ool o)

2

— H/r(xo)l)xgxu(xoly)vy log px, | x,_, (zo | y)dxo
2

< /T(CUO)PXO 1 xi (20 |9) || Vy logpx, | x,_, (0 | ) |, do. (113)

By virtue of (106) and the Bayes rule, we have

Hvy 1ngX0 | Xl—t(xo | y)HQ = Hvy longl—t | Xo (y ‘ .IQ) + vy Ingxl—t(y)HQ
< Hvy longl—t |X0(y ‘ xO)HZ + ||vy 10ng1—t,(y)||2
ly = Viwolla + llylls + ViR d
1—1t V1=t

N

Substituting into (113), we arrive at

— Vixolls + + ViR d
Vel S [ r(m)pxﬂxlxmoy)(”y ollz + Iyl ; )dxo

1—-t V-t
ly — Vtwoll
= Tl—t(y)/ 14 Pxp-wt| X;'-_W;(fo | y)dzo

IIyHQJr\/z?RJr d )
1—¢ Vi—t)'

it

Here, we have used the following identity:

Px,_ .| Xo (y | w0)px, (w0)

T(l’o)pxo | X1+ (1‘0 ‘ y) = ’I”(fo)

px, . (y)
_ Pxi i xo (W] @o)pxgn (o) Pxp ()
) px;: () () X0

= DPxpowe| Xlr;w;(ﬂco ly)ri—e(y),
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where the second line uses the definition of p'¢* (cf. (25)), and the last line comes from (50). Repeating the
proof of (106) results in

ly — Vtwoll2 lyll2 + VR d
e r-wt r-wt d < . 114
/ 1-¢ Px3 | xp- (2o | y)dwo < 1—¢ N (114)
Taking the preceding bounds together leads to
lyll2 + VIR d
Vri_ < E[r(Xo) | X1t = + . 115
I9rs-s(le S Bl (o) | 1o = (PR 4 a15)

Further, it follows from (99) and (50) that E[r(Xg) | X1-+ = y] is finite, thus completing the proof.

Proof of Claims (53c) Let us again focus on proving the claim when k = 1; the proof for the case with a
larger k is similar and is hence omitted.
Define X;_; = X;_4/v/t. According to the definition of 7; (cf. (31)), we have

r1-(y) = /T(wo)PXMXl_t(UCO ly)dzo = /T(xo)pxopzlft(iﬁo ly/Vt)dao.

Denote 7 = y/+/t. It follows from the basic calculus that

0 1 0
Sri) = = g [ 160 (Vo 0| Dw)doo+ [ rlon) oy, ol Ddo. (110

=17 =7y

In the sequel, we shall look at the terms Z; and Z, separately.
Regarding Z;, we observe that

1

I = W /T(Z'O) <ngVpr0|X1_t(x0 | y),y> dxg

= E ’I“(xo) <vpr0\X17t(x0 ‘y)7y> dzo.
Moreover, notice that

/T(CUO)VyPXolxl_t(Io |y)dzo = /7"($0)PX0|X1_f,($0|y)V10gPXo|X1_f,($o | y)dxo

_ / r(@o)pxox, . (w0 |¥) (V1ogpx, ,ixs(y] ) — Viogpx, ,(y)) do

Vix
/r(xo)px0|x”(fﬂo|y)< o T OVIngx1 X0 (W o) — Vlogpxl_t(y)> dzo,

which in turn allows one to derive

Vix
122l < ”3!2 /r(%)pxowxlft(xow)”y 1— 0H2d * ||:1;H2 /r(x‘))pXO\Xl—t(xo\y)l\Vlogpxlft(y)llzdxo
@ IylEr Ko)lpxps®) [yl + VIR | d .
) 1) (ol £ ViR, Y W10,
2tpx, . (y) 1—t Vit 2t
© JlElr(Xo)lpx;-(v) <||y||2 FVER ) , lyllari) (|y||2 FVIR | d >
2tpx,_, (y) 1—t Vi—t 2% = Vi
© lyllars—oy) (lllz+ VIR - d
- 2t 1—t Vizi)
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Here, (b) uses (106), (c) results from (50), and the first term on the right-hand side of (a) arises from (114):

Hy——vﬁxdbd _ Elr(Xo)lpxg(y) lly — v”xdb
T(il?o)PXolxlft(xo ly) 1—¢ Ty = Pxe, @) pxg-wqx;;wg(xo ly)———— 1—

. Blr(Xo)lpx; (y) (Ilylz +V1tR L d ) .
Pxi_, (Y) 1t VI—t

When it comes to Zo, we see that

0 0
5iPx0 1 % (@0 1U) =Py 5, (201 ¥) 5 logpy 7, (20]9)

0 ~
=Py 15, (@0 10)5; (8D, x, (F]20) ~logpg, @)

_ Pxo g 00l (g —aol  fHT—ols ) g
2 2(1 —t) 2(1 —¢) “XolXa70 0

_ Pxolxi . (®0]y) (Ily Vo3 /Iy\ffvollz
= 2

2 1 —t pXo|X17t(I6 |y)dx6>

According to (106), we have

Ha (117)

apxo|§17t($0 Yy

< Pxo1xi (@0 |Y) (lly = Vizoll3 | lyllz +ER2 oY
~ 2 2(1—1) 1—t

Substitution into the definition of Z, leads to

T2l < [ 10 | gpva 5 s
S %2 7(20)Px0 | X, _, (%0 | Y) <||y2—(1\/f3;)|§ + ||y2—(1\/5xt;)||§ + ||y\|1§j—;fR2 —|—d2) dxg
S ETU PR ||y2(1{ x;HQ 4 0 (nyl%jtmz . dz)
< Tl;g(y) (IlylliirttR2 +d2) _

Combining the above bounds on ||Z;||2 and ||Zz||2 with (116), we arrive at

< o) (ylaUylle +VER) | dlyls | lylls +tR2 4
t 1—t V-t t(1—1t) t )

It has also been shown in (99) that 71_;(y) is finite, which completes the proof of (53c).

Hﬁ t

Proof of Claim (53d). It is first seen that

OVlogpx, ,(y) /y Vixg
Y

5 ¢ PXolxi.(zo]y)dzo

9 Vit

T o1t (U —xo)px, | %, ,(@o|y)dzo

WVt . ~ y
= 5 (1 [T 0y, 5, 0 | DV ogny, 5, (00| D)oo ) 52

= Il

1+t ~ ~
e

=75
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Ve ?

1-: (y— xo)apxo %, (@o | y)dwo, (118)

=73

leaving us with three terms to control.
Regarding 7, invoking (106) and (109), we can demonstrate that

y y — iz
1Tl < g2 (14 [ = Visllap, ol (P22 4 9 0, )l ) o)

1- 1—t
lyll2 lyl3 +tR* |

< 1 d .

Sui-p\ T (-

With regards to Zo, it follows from (106) that

1+t (yllz + VIR d
(lt)( 1 +\/ﬁ>'

Tolls <
[ 2||2Nt

In view of (117), we can bound Z3 as

Vi [ pxo 1%, (0 |Y) (lly = ViEwoll3 | llyl3 +tR
T < VvV _ ol X1t 2 2 2)d
7l 5 125 [ 17 - ol Pl R e e L
Ul R
<1l I3 HR (119)
t 1—1) Vi—t

Taking the above bounds on 77, Zo and Z3 together with (118) completes the proof.

C.3 Proof of property (57)

The starting point of this proof is the relation given in (55), which motivates us to focus attention on the
score difference Vlogpx,_,(Y.9) — Viogpx, ., (Ya).
For notational convenience, we introduce the interpolation between Y and Y,, as follows:

Yu(7) =Y + (1 -9V, (120)

for any v € [0,1]. The fundamental theorem of calculus allows us to express the score difference of interest
as an integral involving the Jacobian matrix:

1
Viogpx,_. (V) = Viogps,_,(¥) = [ Vlogpx, . (Tuln))dy (V7 - Vo)
0
which in turn implies the following ¢s-norm bound:

|Viogpx, ,(Y) — Viegpx,_, (Ya)||, < ax, |V logpx,_, ()N/u(’y)) |YVd = Yall,- (121)

Note that the spectral norm of the Jacobian matrix has been bounded in (111) as

Y3 +tR? d?
(1—1t)2 1—t

v ospx, . ()] < 0 ) = VI + G (122)

where Cy > 0 (resp. Cy r,q > 0) denotes some quantity depending only on ¢ (resp. ¢, R (cf. (52)) and d),
independent of At. Substituting this into (121) and using the definition of (120) of Y, (v), we arrive at

[Viogpx, , (YY) — Viegpx, ,(Yu)|, < (CelllYull3 + IVIII5) + Crra) |V = Yal|,- (123)
Therefore, taking this bound together with (55) gives
t+ At

iftz_At - Y;H—At -9 IOg

t+ At 1
t HZ S 5 u:t<132i(+At ||YU{] o Y“HZ IOg

W nax Y =Yl (124)

t+At
Yoll3 + Y93
[ GV VR + Cord) T max
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Proof of property (57a). We are now positioned to prove the first claim (57a), concerning what happens
on the event £. Taking the ¢ bound in (54) (similar to the arguments for (124)), and maximizing over
t < s <t+ At, we derive

1 t+ At t+At
max Y =Yillo <5 max Y7 —Yi|2log + llgll21og

sit<s<t+At' ° 2 sit<s<t+At

t+At , , du
H — 9 _
[ CUMIB+ 1Y) + Cona) S| a2 - Yo,

1 VAL
< 5. Y7 -Y Hz i IIgIsz +(CCy + Ci p.a) o dmax |Ye - Yi|,—
< ||g||2g+chd max ||YSLY5||2\/E, (125)

sit<s<t+At

where the penultimate inequality follows from the definition (56) of £ and the elementary inequality log(1 +
r) <z, and Cf p ; > 0 is a quantity dependent only on ¢, R, d and the constant C. By choosing At small

enough so that C} p ;VAt <1/2, we can rearrange terms in (125) to immediately reach

At
Y = Yallo < 2fgll2 = 126
s:t<1?gt)§-AtH s 2 < 2[gll2 7 (126)

Substitution into (124) reveals the following bound when restricted to event £ (cf. (56)):

t—|— At 1
H < — max
2 2 wit<u<t+At

VAT
(t + 20;7R7d> @(At)w. (127)

v yuglog”mwgw max ||V2 Y|, VAT

YI .. —Y, lo
H tEAL t+At — glog wit<u<t+At

IN

This taken collectively with the basic fact log £E8t = & + o(At) establishes (57a).

Proof of property (57b). Next, we turn to the proof of (57b). To this end, we first bound ||Y;|| given
Y; = y by using (10b) and the triangle inequality as follows:

Walls < ol + [ (510l + 1910, (vl S+ | [
S . f

Similar to (122), we can establish an upper bound on the size of the score function as

Yl +vsR  d
IV, (Vall, £ == i

for some quantity Cy > 0 (resp. CA'S’R’d > 0) depending only on s (resp. s, R (cf. (52)) and d) and independent
of At; see also the corresponding result in (106). Maximizing over t < s < t + At gives

= C4||Ysll2 + Co.na (128)

R _ At
[Vilo+ max O, max [Villa+ max CS,R,d)f

1
max [|Yll2 < lyll2 + ( t

ma:
sit<s<t+At 2s t<s<t+At sit<s<t+At s: t<s<t+At sit<s<t+At

é t<5<t+At H

Taking At to be small enough so that (1/2 + maxg.<s<i+as 6'5)At/t < 1/2, we can rearrange terms in the
above display and reach

At

~ !
Yila <2 2 =i |
st<a<t+AtH I2 lollz + t<r£1§t}i—At Cs.r.a t i s:t<1£13§§-m /t Vu

wll -
2
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This immediately implies the following bound on the integral of interest:

2

1 51
—dB,
/H/ad 2

A 2 2 A2 At ?
— Y. |l5ds < 12 12 (O — 12
i B < a2 mex Ceg(51) 412 max

As a consequence, by choosing C; as

~

12maXs:t<s§t+At CiR,d N ? (2 N 1) a

Cy = 12lyl3 +

which depends on y, t, R, and d, we have

t+At -
P {/ 1V, [2ds > Clx/At} < P{ max
t

sit<s<t+At

/”de
VTR

2275\/4&(2+i> d}, (129)

which links the integral of interest with the magnitudes of a Brownian motion.
To finish up, note that process j;s ﬁdBu shares the same distribution as a standard Brownian motion

Wy(s) with t(s) := log(s/t). Applying the reflection principle in (129) gives

t+At ) - t+At 1 2 4 1
P Ys|lzds > C1V AL p < 2P —dB,|| >—1(2+-)d
[ g G | [ Ram,z e (24 1)
t+At 4
< =
2P H/ f > 2 ( )dAtlogA
< 4exp (—(( )logA )) 4(At)2HL/e,

N R
P {/ [Y7]|5ds > Clx/E} < 4(AH)ZHVE,
t

2

Repeating the same argument also yields

Taking C' = 2C; readily establishes (57b).

C.4 Proof of inequalities in (63)

In this subsection, we shall focus on proving (63a); the proof of (63b) can be completed in a similar manner
and is hence omitted for brevity.
According to (115), we have

IVri—e—ac@ )2 SEF(Xo) | Xi—t—ar =

J] ||3/||2+\/t+AR+ d
1—t— At 1—t—At)

With this relation in mind, we can readily obtain
[HVH t— At(Kﬁ+At)H%+E Y, = y]

/ V1 ae @I xs s ae 31 (0 | 9) Y

1+e

14+ _ 1912
2 [ s =T e
VE+ ALR d e -
(ot ) B s = o 0 )
®) [ E[r(Xo)"™e | Xi_t—ar =] 1+
2 [ e = 1 b )
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+(\/t—|—AtR d

14¢
14 _
A =) B X =l (130)

where (a) uses the cauchy-schwarz inequality that E[r(Xo) | X1_—a¢]' T8 < E[r(Xo)'*e | X1_t_a], and (b)
applies Lemma 3. Regarding the first term of (130), we define

14¢
Xr—wt,s |Xr-wt,s -~ N \/%X’I”—Wt,e (1 . t)I - 5(1’ ) — 7'( ) pX()( ) for anv z, € Rd
1—t 0 0 ) d)s DxpweTo Ex [r(Xo) 1+ Yy Zo .
0"~ Pdata

It is seen that

/ E[r(Xo)™ | X1me-ar = ¢y 157 Dy as 10y (0 | 9)Y
/ 1957 0) Py (01300, 3, (0 [ 9)0y

px // 1911575 (20) e px0 (20)Px, o ae | x0 (U 1 Z0)Dx1 4 | X1 ar (U |y )dzody
1— f

XO 1+s
— / J e NP E O S AP L
1 t
Elr <Xo>1+€ st

= P t // Hy ||1+E Xr _wt, e Xlr-—wttht ((EO ‘ yl) XT —wt, EAt |Xf;wtt,g (y/ | y)dxody/

—E[r <X0>1+6|X1 e= 1) [ I Do, gm0 |90

where the last identity relies on (50). By invoking a similar proof as for (77), we can demonstrate that

1+e
t+At R t
3 pxpme | e '< —
/Ily 27 pxre | xrwee (¥ [y)dy < ; /Hy Ay
t+ At =R 14e
+ ; ylly™ page, | xpvee (4 [y)dy

At lyll2 + VIR NN >
E Yll2 2 e _
N<t> <(_)(1+€)/2+dlogAt> +< : ) Iyl

E[r(Xo) ™ | X1_¢ = y] < 2E[r(Xo) ] exp (W) -

1+e¢

Pxpe | xros (v |y)dy

where R is defined in (52), and R is some quantity such that

P([| X ™[l < R) >

N | =

The above results taken collectively conclude the proof.

C.5 Proof of inequalities in (77)

Let us focus on establishing (77a); the proof of (77b) is similar and is hence omitted for brevity.
First, we make the observation that, for any D > 0,

t
Y= my Dxp-w m|ert(y |y)dy
2
= — e (Y | ) t I dy’
= ) eevaraEsny || o P ad X T AT Y | Y
v At/(t+Aat) 2=
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2w At ) —d/2

+ pxrowe (y)71 / Pxrw . (y/) (

| v -V | Rt LA
M Var/erar 2
t+ At t 2 F /
| R - dy" 131
oxp (= a7 I t+Aty||2> Hy t+ae’| (131)
For the first term, we have
At
/u v—/ITGTADY Py, 1 xpe (W Y) |y — t+Aty/ dy <D t+ At (132)
Vil s aran 112<P

For the second term, recalling the definition of R in (52) and repeating the proof of (98), we obtain

(lyll2 + \/ER)2> ’

rowt >
leit (y) - 2<1 _ t)

%(%(1 —1))" 2 exp <

Substituting this into the second term on the right-hand side of (131) gives

1 N[ 2wAt —d/2
pxpe W) L s Dpr'—Wf—At(y) t+ At '
Vil At aran 27

dy’
2

t+ At e i,
eXp<_ 2 v = H—AtyH?) Y=\Virary

o ((1 —t><t+At>)d”eXp (Ul + ViR

- At 2(1—1¢)
D? At
ot / e 2 ’
/y,. ’y— t/(t+At)y’ D leftht (y )eXp ( 2 + IOg (D )) t + Atdy
N Vavaran 2
At (lyll2 + VIR)*> D d (1—t)(t+ At)
<2 — —+logD+ —log————~|. 133
= t+AteXp( 21— ¢) g Tlog g los At (133)
By taking
+VtR (1 —t)(t + At)
D — Cl ||yH2 dl 1/2
( =g T Vdlos At
for some constant C’ > 0 large enough, we arrive at
t , , , At
p— r-wt r-wt d < D
/ Y T ALY 2PX17t,At\XH(y ly)dy’ < T AL
< [ A (et VIR | \/dlog -0+
t+ At V19—t At
(134)
C.6 Proof of Claim (85)
We start by decomposing the expectation of interest as follows:
Elri—i—s(Yegs) — r1-e(Y2) | Ve = y¢]
=E[r11(Yigs) =Y | Yi = we] + E[rioi—s(Yis) — ri—t(Yigs) | Yo = ue]. (135)

In the following, we shall analyze these two terms separately.

42



Analysis of the first term in (135). Recall the SDE governing (Y;) in (10b). Ito’s formula tells us that
t+48 1 )
r1(Yirs) — mioa(¥:) = /t {%Tr(v r(Y2))ds
T/1 ds 1
+ Vi (Ys) (53/; + Vlogpx,_, (Ys)) S5 7 ﬁst) } (136)

Regarding the first term above, we can invoke Ito’s formula again to show that
Tr (v%l_t(ys)) —Tr (v%«l_t(yt))

[ {(eom(@n a0 o (00 (5 S+ Lan)

According to the bound (53b), we have, for ¢t <r,

E[Tr (V2Tr(v2r1ft(Yr))) |Y: = yt} < E[exp(cr,dA,R,E[r(Xo)] + CT,dA,R,]E[T’(Xo)]||Y’I"H%) Y, = yt} < 00

(138)
and E[VTr(Vzrl_t(Y,.))T(%Y,. + Viogpx, ., (Y:)) |V =] < . (139)

Inserting (138) and (139) into (137) reveals that: for ¢t < s <t +4,
Tr(V2r(Ya)) = Tr(V2r0 (%)) + 0(). (140)

Applying similar analysis arguments reveals that for t < s <t +4,

1 1
E[Vri (V)T (5% + Viegpx, . () ) 1Yi = 01| = Vraoa(we) " (590 + Viogpx,, () ) + 0(9), (141)

which makes use of the facts that

]E[Tr (V2 (Vrl_t(Yr)T (%Yr + Vlogpxlr(yr))>) Y, = yt}

1
Yo = o] + dE 9% 1og 1 (V) 391 -0 (V) % | Vi =
2

< d]E[||v3r1_t(YT)||i, 5Yo + Viogpx, _, (¥;)

1
(131 () 3l 51+ V2 log i, (V)| Y = 1] < o0,

1 ! 1
Bl (57 + Vioenx, . 00) ¥ (Tro)7 (37 + Viowrs, .00 ) 1% = u]

1 N 1
<E| (2 - Vlogpr(Yr)) V2 (1) (2 -+ v1ogpx”(YT)) Vi =)

)
1 1
<[ (37 + Viogpx, 7)) (et Plowpx, (9)) Prai() 1Y =] <o

and

0
E|Vri(Y)T 5 Vpx, -, (¥:) | Y = ] < oc.

Taking (140) and (141) together with (136) establishes that

1
EE [rlft(y;ﬂré) - rlft(yt> |Yt = yt]
1

1 1
2tTr(V2r1_t(yt)) + Vri—e(ye) " (*yt + vlongl—t(yt)> n + 0(9).

2
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Analysis of the second term in (135). The second term can be expressed as:

t+5 a
Elrio-s(Vies) ~ rioiies) Y= u) =E| [ nuhea)ds| ¥ = .
t

Similar to the above analysis of the first term in (135), we observe that

0 0 s 02

%7’1—5(21) - aﬁ—t(y) = ae" (y)di.

According to (53c), one has

82

E| g (i) [¥i = | < oc

Taken collectively these allow us to demonstrate that

2 ) +00).

1
E[r1—i—s(Vigs) = 11—t (Yers) | Ve = y¢] = 5

4]

Putting all this together. Combining the above two results with (135) completes the proof.

D Time discretization and stability

In practice, the diffusion-based sampler operates in discrete time and often rely on imperfect score estimates.
To account for such practical considerations, we provide in this section a stability analysis that incorporates
both time discretization and errors in score estimation. In particular, we will show that the discrete-time
sampling process (27) is able to approximate its continuous-time counterpart (26) as the number of iterations
N becomes sufficiently large, thereby justifying the applicability of Theorem 1 in more practical settings.
Note, however, that establishing the sharpest possible convergence guarantees is beyond the scope of this
work and not our primary focus.

D.1 Assumptions and theoretical analysis

To avoid notational ambiguity, we shall denote the continuous process (26) by th’mnt, and the discrete
process (27) by Y;"¥* throughout this section. We adopt the stepsize schedule £, given in (49), under
which the score function s,,(-) corresponds with the gradient Vlogpx, . (-).

We begin by introducing the assumptions required for the stability analysis. We assume access to score
function estimates s, (), sn(-|c), and s/""*(-), whose time-averaged mean squared estimation errors are
bounded as follows:

Assumption 1. Assume that the score estimation errors of sp(-), sn(-|c), and si™"(-) are bounded by

1 N

"Sn(y) _VIng)ﬁfan H } = score7

N
Z prYu cont { |Sn yl ) VIngXl_an c || } > score7 (1423)
n=1
1 al - Wt 2 2
N Z E’prylu,cont |:||5 ) - V1ngX1T;‘”én (y)||2] S Escores (142b)
n=1 an

where the sequence Yo "™ is defined in (26).

Additionally, we assume the following bounds concerning second-order moments.
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Assumption 2. There exists some quantity R > 0 such that, for any 0 <t < 1, the following holds:

EYN}/tw,ccnt |:||Y||; + HVIngXl + ||2 + HVlngXl t‘ Y| ||2 + HVlngXT wt )||§:| S RQ,

)0V10gpxl . H H@V logpx,_, le (Yle) H2 N H8V10gPX{;Wg

Y) 2 )
ot ot H2] = (143)

EYNY;/w,cont |:

where Y™ is defined in (26).
Finally, it is assumed that the score functions are Lipschitz-continuous as follows.

Assumption 3. For all 0 <t <1, the score functions Vlogpx,(z), Vlogpx, |(v), and Vlogpxrw(z) are

Lipschitz-continuous with Lipschitz constant L, i.e., for all 1, x5 € R,

[V 1ogpx, (961)—V10gpxt(362)H2 < Lz — 2|2,
[V31ogpx, |c(x1]c)=Viogpx,|c(z2 | )|, < Lllay—z2|2,
HVIngX{;‘”f(xl) VlngX7 wt .’1,‘2 H2 < L||x1—x2||2 (144)

Armed with the above assumptions, we are now ready to state our performance guarantees for the
discrete-time sampler. The proof is provided in Appendix D.3.

Theorem 3. Suppose that Assumptions 1, 2 and 8 hold. Then the KL divergence between the endpoint
distributions of the discrete-time sampler (27) (with stepsizes given in (49)) and the continuous-time process
(26) is bounded above by

; 1
(TV( wcont7Y1w,d|SC))2 S §KL(Yw ,cont || Yw dISC)
1+w?)L2dlog® N (1 +w*)L2R%log* N
<o(Uret g L)k + (L +w?)edo logN)  (145)

for some sufficiently large constant C' > 0. Here Y M ond YU are defined in (26) and (27), respectively,
and KL(X || Y) (resp. TV(X,Y)) denotes the KL dwergence (resp. total-variation (TV) distance) between
the distributions of X and Y.

In words, this result shows that for sufficiently large N and reasonably accurate score estimates, the
distribution of the generated sample Y;""**¢ can well approximate that of the continuous-time limit Y%

For a positive-valued function r;, the reward difference between the discrete-time and continuous-time
processes can be bounded as follows:

Bo7 )] = [ 15y > [ 160y )y + [ 150 (e ) = e ()
= [ ratpyemdu+ [ rsiay
> Elrs (V25 — B[rs(5™) 1 (rs(125™) > 7/(126™)],
where R = {y : pylw,disc(y) < pyﬁ,;om(y)}. Here, we choose
Py) 1y € R) = pywas(y) Ly € R) — pywen(y) L(y € R) (146)
when restricted to the region R, which satisfies
ply) < pywe(y)  foryeR,

/ Ply)dz < TV(pyw.as(y), pywen (y));
R
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and 7"(X) is the threshold such that the probability P(r;(X) > 7) does not exceed the TV distance:
7'(X) = argmax { TV(Y"'5°", ¥, %%) < P(r5(X) > ) }. (147)

By setting 1—¢ := @, we can further derive a bound on the relative error between the discrete and continuous
processes:

Elr1—a (Y;" ")) = Elr—a, (Y"™)] _ | Eln-a (V™) = Elri—a, (V"))
Elr1—a, (Ya, ™)) = Elri—a, (Ya,™)] Elri-a (Ya, ™)) = Elri-a, (Ya, ™))
1 Bl O 1, (020 > 1)
B E[rlfal (Yaui’cont)] - E[T1*51 (YEOI,COH’C)]
Similarly, in the case of cost reduction, we have
E[J5 (lew,diSC)] S /J5 (y)pylui,(csont (y)dy + /]; J(s(y) (pylw,disc (y) — pyl’ui,;ont (y))dy
< ]E[Ja(Yf"_’st"t)] + E[JS(YfU—’giSC) 1 (JzS (Yfi’gisc) > T(Ylw—’gisc))L
where R == {y : Dy dse (y) > pylw_,gmt(y)}7 and 77(X) is defined in a similar way as (147):
7(X) = argmax { TV(Y"5°", ¥, %) < P(J5(X) > )}
Accordingly, we have
Bl ()] ~ Bl (V™)) ) Elhom 0™ L0, O™ > 70 ™))
E[J1-a (Y, ™)) = El1—a, (Ya ™)) — E[J1-a (Y, ™)) — El/1—a, (Ya, ™))

D.2 Numerical validation

For different values of the TV distance, we evaluate the relative error (148) on the ImageNet dataset and
the guidance task (cf. (17)). Specifically, for each value of w, we generate 2 x 10* samples Y;***° and
their unguided counterparts Ylo’d'sc by using a pretrained diffusion model (Rombach et al., 2021). Then we

calculate the classifier probability p. | x, (c| Y;9) and Pe| x,(c| Y245 by using the Inception v3 classifier
(Szegedy et al., 2016). Finally, we compute the relative error

w,discy — w,discy —
E[pe | x, (e[ Y1) 7 L (pe | x, (¢ | Y1"%) 71 > 7)]
E[pc | Xo (C | Ylovdlsc)_l] - E[pc | Xo (C | Ylwﬁdlsc)_l]

(150)

In light of (149), we take the cost function J(-) = pex, (¢|) ™", use E[p, | x, (¢| Y **) " ~Elp,| x, (c] Y1) 1]
to estimate E[p| x, . (| Yaol’cont)_l] —Elpe| x,_, (| Ya“i’cont)_l}. The numerical results are reported in Ta-
ble 1. As can be seen, the relative error remains small, particularly for practical values of w > 1, thus
corroborating the stability of the discrete-time sampler.

Table 1: Empirical values of (150) under varying choices of w and the TV distance.
TV |w=02 04 06 08 1 2 3 4

0.30 | 0.447 0.196 0.115 0.085 0.029 0.006 0.006 0.002
0.10 | 0.440 0.194 0.114 0.085 0.029 0.006 0.005 0.002
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D.3 Proof of Theorem 3

Repeating similar analysis as in Chen et al. (2022, Section 5), we can show that

( wcont H Yw dlsc < Z |:/ ||5n Yw cont) VIngXl,t (iftw,cont)
w,cont w,conty7(|2 dt w,cont y w,disc
+ w[gn(Yan ) —9: (V" H + KL(YaN YN, (151)
where g, () == si"(-) — s, (-) and gx(-) = sy"*(-) — si(-). Separating the discretization error and score

estimation error, we obtain

N

anfl dt
KL(Yaui,cont H Ylw,dlsc Z |:/ Hsn Yau::cont) v log PX n (Yu: cont) + w[gn(Yaz{:L,cont) ;1: cont H2
a" ! w n w n 2
+4Z / |:|V1ngX1 (Y < t) Vlongl f(Y COt ||2
dt i
g, (Vo™ — g (v =) 2| S KL(veen, vrd=)
=& + & + &, (152)
leaving us with three terms to control.
According to Assumption 1, the first term &; in (152) can be bounded by the estimation error as
51 —9 Z Oén 1= an |:H Sn Y’w Cont) vlongl,an (Yau_::cont) 4 w[gn(YE?’i;’,Cont) * w Cont H :|
n=2 Qn
2clog N ol
S T Z E Msn (Yau:cont) _ VIngXl,En (Yaui,cont) + w[gn (Yau;,cont) * w cont H :|
n=2
5 (1 + w2) score logN
Moreover, observing that the distribution of YgN’mnt is initialized as px, ., we can bound the last term &3
n (152) as
—2
ay 1
& S anE[|| Xoll3] +d 5 N2
as long as an < min{E[||X,|3]7t,d"1} /N2
When it comes to the second term &3 in (152), note that it can be bounded using the Lipschitz property
of Vlogpx, , and g; as follows:
- n aty (2 nt " aty (2 dt
B [ IV 0ex, o, 022 = Viogpx, o, 00 F | + 0B ] [ o 0 g, e 2

2dt]

[e29)

S L2(1+w2)E|:/0¢n1 ||Yw ,cont Yw contH

Qn—1

< L*(1+ w2)E[/a

) G1— 7\’ Tt — 7\ 2
R e e RO E sy

a a,

5t

di+dBT
N

t Y w,cont
/ { ( T 5 + V longl . (Yw cont) + ng (YTw cont))

R2(1 ) 10g® N dlog? N
§L2(1+w2)< Utw)los N dlog )
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where (i) invokes Assumption 2. Moreover, we make the observation that

E[/ B [HVlngXI (Yw Cont> Vlong1 t(Yw cont ‘|2+w2“ga Yw cont) (Y;w,contwﬂ dj:|
" 2

dt

g

where the last inequality arises from Assumption 2. Combine the above two inequalities to yield

N
R2(1 +w?)log® N dlog? N R2(1 +w?)1log® N dlog? N
525L2(1+w2)§( ( X’[S)Og + 3\%2 >5L2(1+w2)< ( 7\;.2)% + Ojgv )
n=2

*( w,cont)

dg; (Y;
ot

= + w?
Qn

2
(@1 —T)? l {HaVIogpxl,Y“""t)

2
1+w?)R?log® N

<

~ N3 )

(153)

Inserting the above bounds on &, & and & into (151), we establish the upper bound on the KL
divergence. The proof is thus complete by invoking the Pinsker inequality to bound the TV distance.
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