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Abstract

We study online conformal prediction for non-stationary data streams subject to unknown distribution
drift. While most prior work studied this problem under adversarial settings and/or assessed performance
in terms of gaps of time-averaged marginal coverage, we instead evaluate performance through training-
conditional cumulative regret. We specifically focus on independently generated data with two types of
distribution shift: abrupt change points and smooth drift.

When non-conformity score functions are pretrained on an independent dataset, we propose a split-
conformal-style algorithm that leverages drift detection to adaptively update calibration sets, which
provably achieves minimax-optimal regret. When non-conformity scores are instead trained online, we
develop a full-conformal-style algorithm that again incorporates drift detection to handle non-stationarity;
this approach relies on stability—rather than permutation symmetry—of the model-fitting algorithm,
which is often better suited to online learning under evolving environments. We establish non-asymptotic
regret guarantees for our online full conformal algorithm, which match the minimax lower bound under
appropriate restrictions on the prediction sets. Numerical experiments corroborate our theoretical findings.
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1 Introduction

Conformal prediction, also known as conformal inference, has emerged as a versatile, distribution-free
framework for quantifying uncertainty in modern data science (Vovk et al., 1999; Papadopoulos et al., 2002;
Vovk et al., 2005; Angelopoulos et al., 2023, 2024b). What sets it apart is its ability to offer rigorous, finite-
sample coverage guarantees under minimal distribution assumptions, allowing practitioners to treat complex
machine learning models as black boxes while still producing reliable measures of uncertainty. In its classical
formulation, we observe n training data taking the form of n feature-response pairs {(X;,Y;) h<i<n C X X R,
and are given a test point X, 41 € X for which the corresponding response Y, 1 is unknown. The aim is to
construct a prediction set C (Xpn+1) that is likely to cover Y, 1. Conformal prediction achieves this objective
in a distribution-free fashion, provided the data {(X;,Y;)}1<i<n+1 are exchangeable (Angelopoulos et al.,
2023, 2024b).

While the ability to accommodate exchangeable data applies to wide-ranging practical scenarios, there is
no shortage of scenarios that naturally violate exchangeability. One notable example arises when the data
distributions drift over time, as is often the case with sequential or online data (Zhou et al., 2025; Fannjiang
et al., 2022). This motivates a flurry of recent studies exploring online conformal prediction, with the objective
to extend the conformal prediction framework to accommodate sequentially arriving data streams (e.g., Vovk
et al. (2009); Weinstein and Ramdas (2020); Gibbs and Candes (2021); Bastani et al. (2022); Zaffran et al.
(2022); Bhatnagar et al. (2023); Lin et al. (2022); Feldman et al. (2022); Auer et al. (2023); Sun and Yu
(2023); Xu and Xie (2023b,a); Xu et al. (2024); Gibbs and Candeés (2024); Han et al. (2024a); Angelopoulos
et al. (2023, 2024a, 2025); Bao et al. (2024); Lee and Matni (2024); Yang et al. (2024); Podkopaev et al.
(2024); Su et al. (2024); Zhang et al. (2024b); Ramalingam et al. (2025); Sale and Ramdas (2025); Humbert
et al. (2025)).



1.1 Online conformal prediction

Setting the stage, consider a sequential data stream {(X;,Y;)}1<i<r generated by a dynamic process, where
X; € X denotes the feature (or covariate) at time ¢ and Y; € R the corresponding response. The data-
generating distribution is allowed to drift over time; namely, the distribution of (Xy,Y;), denoted by Dy, may
vary with ¢. At each time ¢, the task is to use the previously observed data {(Xs, Ys)}s<t, together with the
newly observed feature X, to construct a prediction set C;(X}) that is likely to contain the as-yet-unobserved
response Y;. More precisely, for a prescribed miscoverage level a € (0, 1), a desirable prediction set C;(X;)
would satisfy

P{Y; € C(X:) | {(Xs, Yo st} =1 — . (1)

Central to conformal prediction is the non-conformity score function s;(-,-), which is computed at time
t and may sometimes depend on past observations {(X,,Y;)}r.r<¢. For the most part, the score s;(z,y)
measures the extent to which a data point (z,y) € X x R deviates from the prediction of a fitted model.
A canonical example is the absolute residual score s;(x,y) = |y — fi¢(z)|, where fi;(-) denotes a predictive
model trained by an arbitrary machine learning algorithm (for instance, a neural network, or a nonparametric
estimator). A widely studied class of prediction intervals takes the form

Co(z) =A{y : se(w,y) < i} (2)

for some adaptively chosen threshold ¢;, in which case prediction interval construction amounts to dynamically
adjusting {¢;} given the non-conformity scores.

The online nature of the above problem has motivated a recent line of work to reframe (1) as an online
decision-making task and leverage techniques from online learning to address it. A prominent example is
Adaptive Conformal Inference (ACI), proposed by Gibbs and Candes (2021). In a nutshell, the ACI algorithm
sequentially calibrates the quantile estimates via the iterative update rule:

Q1 = @ + e (U{s:(X0, Vi) > @1} — @), (3)

which can be interpreted as an instance of the online subgradient method applied to optimize the quantile
loss (or pinball loss).

1.2 Prior coverage guarantees and their inadequacy

To establish theoretical validity, a substantial body of prior work developed coverage guarantees for online
conformal prediction methods. For instance, Gibbs and Candes (2021) demonstrated that the ACI algorithm
achieves some sort of time-averaged coverage without imposing any assumption on the data-generating
mechanism; more formally, they proved that, with a suitable constant learning rate schedule, ACI satisfies

T
YN IMiet(X) »1-a (4)
t

=1

1
T

empirical long-term coverage frequency

as T grows, which holds even when the data stream is generated adversarially. Building on this result,
subsequent work has extended time-averaged coverage results to a broader family of algorithms (e.g., Zaffran
et al. (2022); Angelopoulos et al. (2024a); Bhatnagar et al. (2023); Zhang et al. (2024a)).

Note, however, that controlling the empirical long-term coverage frequency in (4) does not, by itself,
preclude vacuous solutions. As noted in prior studies (e.g., Bastani et al. (2022); Bhatnagar et al. (2023)) and
further elaborated in Section 2.3, one can easily construct prediction sets that fulfill property (4) while failing
to incorporate any information of the underlying data distributions. In other words, achieving convergence of
empirical long-term coverage frequency does not ensure reliable coverage at any individual time, nor does it
guarantee that the prediction sets are informative and efficient.

To remedy the above issue, a line of subsequent work (e.g., Bhatnagar et al. (2023); Gibbs and Candeés
(2024); Hajihashemi and Shen (2024); Ramalingam et al. (2025); Zhang et al. (2024a,b)) shifted focus
towards regret-based analysis, drawing heavily from the online learning literature (Shalev-Shwartz, 2012;



Hazan et al., 2016). While multiple notions of regret have been explored in this strand of work, they are
primarily formulated for adversarial online settings, where the underlying data-generating distributions are left
completely unspecified. Consequently, these regret metrics often lack a direct correspondence with standard
conformal validity targets, such as training-conditional coverage. Furthermore, several prior works (e.g.,
Bhatnagar et al. (2023); Hajihashemi and Shen (2024); Ramalingam et al. (2025)) evaluated the cumulative
performance gap relative to global quantile optimized in hindsight (i.e., the quantile computed based on all
data), which is, however, not well-suited to non-stationary environments with drifting data distributions.

It is important to emphasize again that the adoption of empirical long-term coverage frequency and
adversarial regret largely stems from the objective to dispense with distributional assumptions, thereby
maximizing the “distribution-free” nature of online predictive inference. However, if one is willing to impose
more structure on the data-generating mechanism, it may become possible to derive coverage guarantees that
align more closely with classical validity notions. While several prior work (Gibbs and Candes, 2021; Han
et al., 2024a; Zaffran et al., 2022; Xu and Xie, 2023a; Angelopoulos et al., 2024a; Humbert et al., 2025) had
investigated more specialized settings—such as independent data with drifting distributions, hidden Markov
models—the optimality of the resulting theoretical guarantees remain largely unexplored.

1.3 This paper
In this work, we make progress by focusing on the following non-adversarial scenario:

o A non-adversarial setting with independent data: The data {(X,Y:)}1<i<r are independently generated
but otherwise distribution-free. The distribution of (X, Y;), denoted by Dy, is allowed to drift over
time, but the predictive inference algorithm has no prior knowledge of the distributional drift.

The independence assumption enables us to move beyond performance metrics like time-averaged marginal
coverage and adversarial regret, and instead adopt a regret metric that aligns more closely with classical
statistical validity. Informally, we focus on the following training-conditional cumulative regret metric

T
regrety == ZE [|P(Y; € Ci(Xy) | past data) — (1 —a)|], (5)
t=1

whose precise definition is given in Section 2.2. This metric measures, at each time ¢, the deviation of
the coverage probability conditional on past observations from the target level, and then aggregates these
deviations over time. The emphasis on training-conditional (sample-conditional) validity is standard in
conformal prediction (e.g., Vovk, 2012; Bian and Barber, 2023; Amann et al., 2023; Liang and Barber, 2025).

Within this framework, we pay particular attention to two forms of distribution drift: (i) the change-point
setting, where the data distribution is piecewise stationary with several abrupt change points; (ii) the smooth
drift setting, where the distributions evolve continuously and smoothly over time, subject to an upper bound
on its aggregate variation. Note that the predictive inference algorithm operates without prior knowledge of
the drift structure. Our main contributions are summarized as follows.

Online conformal prediction with pretrained scores. Consider first the scenario in which the non-
conformity score functions are pretrained on a separate, independent dataset—a common setting in online
conformal prediction where split-conformal-style methods are naturally applicable. We propose an online
conformal prediction algorithm, dubbed DRIFTOCP (see Algorithm 2), which leverages drift detection
subroutines to adaptively update calibration sets—the set of data used for calibrating g;—over time. Our
algorithm is computationally lightweight, horizon-independent, and adapts efficiently to the distribution drift.
We provide non-asymptotic theoretical guarantees by establishing regret upper bounds for DRIFTOCP that
match the minimax lower bounds (up to a logarithmic factor) in both the change-point and smooth drift
settings. Numerical experiments across a range of distribution-shift scenarios further demonstrate the efficacy
of DRIFTOCP, showing that it adapts effectively to diverse data-generating mechanisms.

Online conformal prediction with adaptively trained scores. Next, consider a more challenging
scenario in which both the predictive models and the non-conformity score functions are trained online,
potentially depending on past observations. To enhance data efficiency without data splitting, we adopt the full



conformal paradigm, and put forward an online full conformal prediction algorithm called DRIFTO CP-FULL
(see Algorithm 4), which integrates drift detection subroutines to tackle non-stationarity. Rather than assuming
permutation symmetry of the model fitting algorithm—which is often violated in online learning—we focus
instead on stable learning algorithms, and establish non-asymptotic upper bounds on the training-conditional
cumulative regret of DRIFTOCP-FULL. We further demonstrate the optimality of our approach by deriving
matching minimax lower bounds (up to a log factor) under appropriate restrictions on the prediction sets.
Notably, our training-conditional lower bound applies universally to all prediction methods regardless of
their specific construction—a result that was previously out of reach. Empirically, we benchmark several
conformal prediction methods and validate the plausibility of constructing prediction sets using sequentially
fitted models.

1.4 Notation

We now gather a set of notations used throughout the paper. For any a,b € R, denote a V b = max{a, b},
a A'b=min{a,b}, (a);+ =a V0, and (a)—- = a A 0. For any integer n, let [n] == {1,...,n}. For x € R, we use
[2] to denote the smallest integer greater than or equal to x, and |z the largest integer less than or equal to
2. For two nonnegative functions f and g, we write f < g (equivalently, f = O(g) and g = Q(f)) if there
exists a universal constant C' > 0 such that f < Cg. We write f 2 g if g < f, and f < g if both f < g and
g < f hold. The notation f = 6(9) and g = fvl( f) is defined analogously, up to additional logarithmic factors.
For the set R of real numbers, we denote by B(R) the Borel sets on it. We denote by ||v|, the Euclidean
norm of a vector v € R%. For a matrix A € R™*?¢ we use |4 == Sup|,, 1 [[Az||, for its spectral norm. For
two probability distributions P and @ defined on a measurable space (Z, F), we denote by TV(P, Q) their
total-variation (TV) distance, i.e.,

TV(P,Q) = jlelr;{ [P(A) — Q(A)| }.

Suppose P and @ admit probability density functions p and ¢ on =, respectively. We define the Kullback—
Leibler (KL) divergence from @ to P by

p(x)
KL(P | @ ::/p z) log—= dx,
(PIQ) = [ pla)iost s
whenever the integral is well-defined. Furthermore, if P and @Q are two probability distributions defined on
(R, B(R)), we denote by KS(P, Q) their Kolmogorov—Smirnov (KS) distance, i.e.,

KS(P, Q) i=sup { | P((~o0,2]) — Q((~o0,a])| }. (6)
z€R

For random objects Z ~ P and Z ~ Q, we overload the notation by letting TV(Z, Z), KL(Z || Z) and KS(Z, Z)

denote TV(P,Q), KL(P || Q) and KS(P, Q), respectively. Also, for any sequence of objects {Z;};>1, we adopt

the notation Zy., = {Zk,..., Zm} for any m > k > 1.

2 Problem formulation and key metrics

2.1 Settings

Cousider a sequence of T independent data points arriving sequentially, denoted by Z; = (X;,Y;) € X x R,
t=1,...,T, where the set X represents the feature domain. At each time ¢, the feature X; is revealed first,
and the response Y; becomes available after a prediction set has been formed. Throughout this paper, we use
Z1.4 = {(Xs,Y5) }s<t to denote the set of all data up to time ¢.

Procedure. An online conformal prediction procedure operates as follows. Given the data {(Xs, Y;)}s<t
observed prior to time ¢ and the newly arrived feature X;, an online conformal prediction algorithm—denoted
by m—seeks to construct a prediction set

G = CZT(Xﬁ{(XSaYS)}sQ) CR,



designed to contain Y; with probability exceeding—and ideally close to—the target level 1 — «. Here, we often
write C; for brevity if it is clear from the context. The set C; is typically built with the aid of a non-conformity
score function s;(+,-) along with a fitted predictive model fi;(-). In this paper, we consider two practically
important scenarios, distinguished by how the predictive models and non-conformity scores are trained.

e Online conformal prediction with pretrained scores. In this scenario, both the score functions and the
predicted models are pretrained on a separate, independent dataset or data stream. As a result, the
s¢(+,+)’s are independent of the online data stream on which the prediction sets are constructed, while
still being allowed to evolve over time.

e Online conformal prediction with adaptively trained scores. In this scenario, we allow both the score
functions and the predictive models to be trained online, possibly depending on the past observations
of the data stream. Therefore, the s;(-,-)’s may be statistically dependent on {(Xj, Y5)}s<:.

For both scenarios, an ideal online conformal prediction algorithm would adapt efficiently to the dynamic
environment while allowing for tractable computation.

Distribution shift over time. Denote by D, (resp. Dy.;) the distribution of Z; = (X;,Y;) (resp. Z1.t).
We allow D; to vary over time, which generally violates the exchangeability assumption. In this work, we pay
particular attention to the following two distribution drift scenarios.

(i) The change-point setting. This concerns the scenario where the data stream is, in some sense, piecewise
stationary. Formally, assume the existence of N (a priori unknown) change points, denote by

l=m9<m < <TNoo < TNeog1 =1 +1, (7)

such that for each kK =0,..., NP,

s¢(X4,Y3) ~ Diore, T <t < Tht1, when scores are pretrained, (8)
(X1, Y1) ~ Dy segs T <t < Tpyt, when scores are trained online,

where D72 (resp. Di seg) represents the score (resp. data) distribution over the k-th time segment 73, Tj41).
In words, the distribution of interest remains fixed within each time segment, but may change abruptly at
the change points 7, ..., 7nw. It is assumed that the number and locations of the change points, as well as
the associated data distributions, are arbitrary and unknown to the online conformal prediction algorithm.

(ii) The smooth drift setting. In contrast to the above change-point setting that is well suited to modeling
infrequent but potentially abrupt distributional jumps, the second setting targets the scenario in which Dy
evolves continuously and smoothly over time. To quantify the overall extent of such distributional variation,
we rely on the following two metrics.

e Cumulative data variation: this metric measures the aggregate total-variation distance between consec-

utive data distributions: -

TV = Y TV(Dy, Dipa). (9)
t=1

e Cumulative score variation: in contrast to TV, which is defined based on data distributions, this
metric is score-based and tracks the cumulative Kolmogorov-Smirnov distance of consecutive score

distributions:
T—1

KSp =) " KS(D;*", D), (10)
t=1
where Di"® denotes the distribution of s;(X¢, Y;) under data distribution (Xy,Y;) ~ D;.

Notably, the score-based metric KSy can be viewed as a particular instance of the more general cumulative
data variation TVr. In fact, similar quantities have been adopted in prior studies on online learning under
data distribution shift (Besbes et al., 2014, 2019; Cheung et al., 2019; Zhao et al., 2020). In this smooth drift
setting, our aim is to design online conformal prediction algorithms whose performance can adapt gracefully
to such cumulative variations.



2.2 Key metrics: training-conditional coverage and cumulative regret

To assess the performance of an online conformal prediction procedure 7, a natural metric is the training-
conditional coverage rate, defined as

ovg, = avgy (Z1:4-1) = P(Y; € C] (X45 Z1:0—1) | Z1:-1), (11)

where we often write cvg, for brevity. This metric quantifies the probability of successful coverage conditional
on all past data (note that the prediction set C; is often constructed based on past observations). Compared
with marginal coverage, training-conditional coverage is a stronger notion that ensures most of the test points
are covered given the constructed prediction set C;.

Ideally, one would anticipate cvg, to match the target level 1 — a. The deviation between the nominal
and actual coverage at time t—which may be interpreted as the ‘“regret” incurred at time t—is quantified by
the training-conditional coverage gap metric defined as

cvg-gap, = cvg-gap] (Z1.—1) == |evg] (Z1:4-1) — (1 — a)). (12)

The training-conditional cumulative regret—hereafter often abbreviated as cumulative regret, or simply
regret—of algorithm 7 is then defined as

T
=1 Z1:4—1~Dig—1

regret = regret. (Dy.7,T) = Z E [cvg-gap; (Z1:-1)], (13)

which aggregates the training-conditional coverage gaps over time and captures the deviation from the target

coverage rate. Here and throughout, we often suppress the explicit dependence on past data and distributions

and write cvg-gap, and regret; when it is clear from the context. Importantly, this cumulative regret notion

bridges predictive inference (through coverage guarantees) and online learning (through regret analysis).
Another metric is the long-term coverage rate defined as

T
1
lt-cvgy = It-cvg, (D17, T) = T ZIP’(Yt € CF(Xt; Zrt-1)), (14)

t=1

which is often abbreviated by It-cvgy and can be viewed as an expected version of the empirical long-term
coverage frequency in (4). This metric reflects the time-averaged coverage probability of a procedure over a
horizon T. A large body of prior work (e.g., Gibbs and Candes (2021); Bastani et al. (2022); Angelopoulos
et al. (2024a)) studied how far the long-term coverage of a procedure deviates from the target level by looking
at the quantity lt-cvg, — (1 — a). Note, however, that this quantity captures only the gap between the average
coverage probability and the nominal level, rather than the average of the coverage gaps over time (i.e., gap
of average versus average of gaps); as a result, it does not necessarily reflect variations across individual times.

2.3 Why training-conditional cumulative regret?

The training-conditional cumulative regret defined above offers a meaningful criterion for evaluating online
conformal prediction algorithms. Unlike long-term coverage metrics like (14), cumulative regret remains
informative under distributional drift by aggregating coverage gaps over the entire horizon. The fact below
summarizes some basic connections between long-term coverage and regret; the proof can be found in
Section A.

Fact 2.1. The following connections between long-term coverage rate and cumulative regret hold.
(i) The long-term coverage rate of any online conformal prediction algorithm satisfies

regret

|lt-cvgp — (1 —a)| < T

(i) Consider any 0 < o < 1/2. There exists an online conformal prediction algorithm such that:



— For everyt =1,...,T, its prediction set C; is either @ or R, and satisfies lt-cvgr = 1 —

— The regret is lower bounded by regrety > oT.

On the one hand, Fact 2.1 asserts that sublinear regret (i.e., regret; = o(T')) guarantees faithful calibration
of the long-term coverage rate. On the other hand, Fact 2.1 indicates that the converse fails to hold—as
already observed previously (e.g., Bastani et al. (2022); Bhatnagar et al. (2023); Gibbs and Candés (2024))—an
algorithm can achieve perfectly calibrated long-term coverage while still incurring training-conditional regret
that grows linearly with 7. More specifically, long-term coverage does not distinguish an algorithm that
consistently achieves coverage close to 1 — « from one whose average coverage only coincidentally approaches
1 — . For this reason, regret; serves as a more informative performance measure for online conformal
prediction.

3 Online conformal prediction with pretrained scores

In this section, we study online conformal prediction with pretrained score functions, and put forward an
algorithm that achieves minimax-optimal regret (up to logarithmic factors) for both the change-point and
the smooth drift settings. To be precise, we impose the following assumption throughout this section.

Assumption 3.1 (Pretrained scores). Suppose the non-conformity score functions {s,(-,-)}1_, are trained
on a separate dataset. Conditional on {s;(-,-)}_,, the samples {(X,Y;)}1_, are independently generated.

In words, the data used to pretrain the scores—such as an offline dataset or a different data stream—are
separate from, and independently generated of, the data stream for which we construct conformal prediction
sets. Consequently, the procedures studied in this section have the flavor of split conformal methods (Vovk
et al., 2005). It is also noteworthy that the score functions are allowed to be time-varying.

3.1 Algorithm

Let us motivate our algorithmic ideas and describe the proposed procedure for handling distribution shifts
over time. Intuitively, when the data distributions drift significantly while the online conformal prediction
algorithm continues to rely on stale quantile estimates, miscoverage can occur frequently, resulting in loss of
regret optimality. To remedy this issue, a natural strategy is to continuously monitor the empirical coverage
and promptly reset the quantile estimates once they become statistically unreliable. This idea underlies our
algorithm design.

3.1.1 Motivating examples

To formalize the above intuition, we begin by examining two simplified cases. A metric that we shall pay
particular attention to is the following block coverage error over the time interval [s, ¢]:

t

cvg-err; (s, t) = Z (P(SZ(XI,Yl) <q)-(1- 04)) (15)

l=s

with ¢ a given threshold; we elucidate how this metric allows us to detect distribution shift below.

A simple case with 1 change point. Before time ¢, there is a unique change point ty < ¢:

seg .

o for every 1 <1 < g, the score s;(X;,Y;) is independently drawn from the distribution P;%;

e for every to <l < t, the score s;(X;,Y;) is independently drawn from the distribution P5.

The threshold ¢ is taken to be the (1 — «)-quantile of P;®¢. Below, we write s; = s;(X;,Y]) for brevity.
Figure 1 provides a schematic illustration of this simple scenario. The left panel plots P(s; < ¢) — (1 — a)

as t varies. By construction, P(s; < ¢) — (1 — a) = 0 before the change point t5. At time tg, the score

distribution shifts from P;® to P35, causing P(s; < q) — (1 — @) to jump to a nonzero value. This jump

reflects the miscalibration induced by applying the pre-change cutoff ¢ to the post-change distribution. The



P(s; < q) cvg-err} (1, 1)
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Figure 1: The case with a single change point at to. (Left) pointwise coverage P(s; < q) vs. t; (right) block
coverage error cvg—err;(l7 t) vs. t along with a detection threshold o.

P(s; < q) cvg-err;(to7 t)
cvg-erry (t1,t2)

A [
J

to tq ta ¢ to ty ta ¢

Figure 2: Schematic illustration of a case with smooth, oscillating distribution shifts. (Left) pointwise coverage
P(s; < gq) vs. t; (right) block coverage error cvg-erry(1,t) vs. t.

right panel plots cvg—err;(l, t) versus t, illustrating the cumulative effect of these pointwise deviations. We
have cvg-err; (1,t) = 0 prior to #o, after which the bias accumulates over time and cvg-err;(1,t) grows linearly.
If we fix a threshold o > 0 and declare a distributional change once cvg-err;(1,t) > o, then for o sufficiently
small the detection time ¢; will occur shortly after ¢3. This illustrates how a simple block-coverage statistic
can enable timely detection of distributional drift.

A case with smooth and oscillating distribution shifts. Consider another simple example, where the
score distributions evolve smoothly over time and the instantaneous deviations P(s; < ¢) — (1 — «) oscillate in
sign. The variation of P(s; < q) vs. t is displayed in Figure 2(left), where P(s; < ¢) crosses the reference level
1 — a multiple times, with the signed deviation being positive on some sub-intervals and negative on others.

Such oscillations cause a cancellation effect. As illustrated in Figure 2(right), the block coverage error
cvg-err; (to, t) may initially increase but subsequently return to 0 as positive and negative contributions offset
one another. Consequently, monitoring deviations from a single starting point ¢ can fail to detect distribution
drift. Motivated by this, our proposed solution is to scan over different starting times within a time window
and track the maximum deviation. As shown in Figure 2(right), the block [to,¢2] exhibits a large deviation
cvg—err;(tl7 t2), even though deviations measured from ¢, cancel out. This maximum-deviation statistic is
therefore capable of detecting smooth and oscillating distribution shifts.

3.1.2 The proposed procedure: DRIFTOCP
We are now positioned to present the proposed online conformal prediction procedure in the presence of

pretrained scores, beginning with a distribution drift detection subroutine.

Subroutine: detection of distribution drift (DRIFTDETECT). Thus far, we have illustrated the
potential utility of cvg-err;(s,¢) in the face of distribution shift. Given that this quantity is not accessible in



Algorithm 1: DRIFTDETECT(q; to, t1;0)

input: quantile ¢; time window [tg, ¢1] C [T]; detection threshold o.
for j =tg,--- ,t; do // scan the entire time window.

|cvg-erry (4, t1)]

compute Zj,t1 — : (Cf. (16)). // construct detection statistics.
Vii—7+1
if Z;+, > o then
L return true. // declare detection of drift once this statistic exceeds the threshold.
return false // no distribution drift has been detected.

practice, we propose to approximate it via the following empirical block coverage error:

t
cvg-erry(s,t) =Y (1{s/(X1,Y]) < q} — (1 - a)). (16)
l=s
Assuming statistical independence, the central limit theorem implies that cvg-err,(s,t) fluctuates around
cvg-err;(s,t) with uncertainty on the order of (& — s + 1)1/2. Moreover, under stationarity of the scores
within [s, ], one has cvg-erry (s,t) = 0. Consequently, testing whether the normalized empirical fluctuation
|cvg—errq(s, t)| / vt — s+ 1 exceeds a suitably chosen threshold o provides a natural criterion for detecting
distribution shifts within the time interval [s,¢]. The intuition is formalized in the subroutine described
in Algorithm 1, denoted by DRIFTDETECT(q;to,t1;0), which scans the window [to,?;] for statistically
significant departure from stationarity. The subroutine plays a pivotal role in our main procedure.

Full procedure. We now describe several key components of our main procedure. The complete procedure,
called DRIFTOCP (short for online conformal prediction with drift detection), is summarized in Algorithm 2.

o Stage-wise decomposition. The entire time horizon is divided into a sequence of stages in a data-
driven manner, where we use n to index stages. A new stage is initiated whenever the subroutine
DRIFTDETECT signals a substantial distribution drift. Within each stage, the score distributions are
treated as approximately stationary.

e Decomposition into rounds within each stage. Provided no distribution drift is detected, each stage is
further partitioned into a sequence of rounds. Following the standard doubling trick (e.g., Cesa-Bianchi
and Lugosi (2006, Chapter 2.3), Lattimore and Szepesvari (2020, Chapter 6)), we let the round lengths
grow geometrically, which eliminates the need for prior knowledge of the horizon length. We use r to
index rounds. For round r of stage n, all data from the preceding round are used to update the quantile
estimate ¢y, which in turn determines the prediction set at any time 7 within the current round:

Cr = {y : ST(XT7y) < Qn,r}'

o Drift detection within each round. Let T, , represent the time at which round r of stage n begins. During
this round, incoming samples are monitored via DRIFTDETECT (qntr; Trrs Tnr + 1t O'n)r), so that each
call to the subroutine DRIFTDETECT operates on a block beginning at the onset of the current round.

We would also like to highlight several appealing features of Algorithm 2. First, it is horizon-free, meaning
that the procedure does not require any prior knowledge of the horizon length T'; as we shall see later, our
algorithm achieves the desirable anytime regret—a terminology commonly adopted in the online learning
literature (Lattimore and Szepesvari, 2020) to emphasize its horizon-free nature. Second, it is computationally
lightweight. Each new observation triggers at most one drift detection subroutine over the current window and
each round only updates the quantile estimate once. In particular, the computational cost at each time ¢ scales
linearly with the length of the current scanning window, instead of recalibrating over many candidate lookback
windows as in some prior work (see Section 3.4). Moreover, the drift detection subroutine is inexpensive in
practice, since the underlying detection statistics can be maintained incrementally. Finally, we emphasize
that Algorithm 2 operates without any prior knowledge of the underlying distributional drift—such as the
number and locations of change points, or the degree of cumulative variation—highlighting its adaptation to
unknown and evolving data-generating mechanisms.
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Algorithm 2: ONLINE CONFORMAL PREDICTION WITH DRIFT DETECTION (DRIFTOCP)

input: target coverage level 1 — a; detection thresholds {0y » }70—1-
initialize: n < 1,7 1,70, 71 < 1, g1,1 + 0.
while true do

fort=1,--- 1T, (ZZ 3r) do // round r contains at most T, = 3" time points.
T+ 17+ 1. // update global time index.

observe feature X and score function s, (-,-); set Xy, .t ¢ Xry Snrt(, ) <= 87(5, ).
construct prediction set C; < {y : s:(Xr,y) < ¢-} with ¢, = gn -

observe Y, ; set Yn,r,t «— Y. // response is observed after the prediction set is formed.
drift < DRIFTDETECT(qp v} Ton,rs Trr + 1 — 15 0 ). // call Algorithm 1.
if drift is true then
q <+ Gnyryn 4 n+1, 7+ 1 // update stage index and round index.
Qn,1 < q, Tna1 < T+ 1. // initialization for new stage.
break. // enter next stage.

ifT drift is false then

qn,r+1 — argminq

Z?:l (]l{sn,m- (Xn,r,jy Yn,r,j) > q} — a) ‘ // update quantile estimate.
| r+<r+1, 77+ 1 // start time of next round.

3.2 Theoretical guarantees

Next, we establish non-asymptotic upper bounds on the training-conditional regret for the proposed Algo-
rithm 2, encompassing both the change-point and smooth drift settings introduced in Section 2.1.

Theorem 3.1. Suppose that Assumption 3.1 holds. If we set the detection thresholds as oy, == 24+/log(47,.)
for every stage-round index pair (n,r), then Algorithm 2 achieves

O(/(Ne» + 1)T) for the change-point setting;
3

- . 17
(0] (\/T—i— (KSt) TS) for the smooth drift setting. (17)

regretr < {

The proof of this theorem is provided in Section B.1. For the change-point setting, Theorem 3.1 reveals
that the regret scales proportionally to the square root of the number of change points NP, in addition to the
VT dependence on the time horizon—a scaling in T that arises commonly in online learning (Shalev-Shwartz,
2012; Lattimore and Szepesvéari, 2020). In contrast, for the smooth drift setting, our regret bound contains a
term (KSp)/372/3, whose dependence on T is worse than the /T scaling. This suggests that the dominant
source of regret may stem from the temporal evolution of the underlying score distribution, underscoring the
important role of real-time adaptation. We also emphasize that the coverage gap depends on the KS distance
between the score distributions rather than those of the raw data. As discussed in Barber et al. (2023), this
distinction can lead to much tighter guarantees, since the scores may be far closer in distribution than the
underlying data. Encouragingly, these regret bounds match the minimax lower bound (up to logarithmic
factors), as we shall demonstrate next.

3.3 Minimax lower bound

To examine the optimality of Algorithm 2, this subsection develops minimax lower bounds on the cumulative
regret, tailored to the class of online algorithms with pretrained scores. We begin by specifying the admissible
algorithms and distribution classes of interest, which are necessary for the lower-bound analysis.

o Admissible algorithms. For any online conformal prediction algorithm 7 with pretrained scores, let
m; denote its rule for selecting the quantile threshold ¢; (cf. (2)) at time ¢. Let U ~ Unif(0,1) be an
auxiliary random seed, independent of the data stream. We consider a family O of non-anticipating
algorithms m = {m};>1, where 71 : [0,1] = R and m : R*~! x [0,1] — R (¢ > 2) are measurable
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mappings. For each ¢, 7w specifies the quantile threshold

m(U), ift =1,
q =
7Tt(8t,1,. . .,817U), if ¢ Z 2,

where we remind the reader that s; = s4(X;,Y:). Each 7y depends only on the past scores and the
random seed U, hence algorithms in Q are score-based, non-anticipatory, and possibly randomized.

e Distribution classes. We introduce two score-based distribution classes, corresponding to the two settings
in Section 2.1: for given budgets N°° € Z* and KSt > 0, define

L1(NP) = {(Dl, ..., D) (D%, ..., DF®) change at most N times.}; (18a)
T-1

Lo(KSt) = {(Dl, ....,Dp): Z KS(Dj="¢, DY) < KST}. (18Db)
t=1

For a distribution class £, the worst-case regret of algorithm 7 € Q is defined as

regret, (L, T) = sup regret, (D1.7,T). (19)
(D1,...,Dr)EL

Armed with these definitions and notation, we are ready to present our minimax lower bounds.

Theorem 3.2. Consider any fixred o € (0,1). Suppose that Assumption 3.1 holds. For any admissible
algorithm © € Q, its worst-case regret (cf. (19)) satisfies

regret, (£ (V). T) = VN + 1))

regret,. (LQ(KST), T) = Q(\/f + (KST)1/3T2/3) '

Evidently, the minimax regret lower bounds in Theorem 3.2 match the achievable regret of Algorithm 2
in Theorem 3.1 (modulo some logarithmic factors), thereby confirming the regret optimality of our proposed
procedure in a minimax sense. The proof is postponed to Section B.2.

3.4 Comparisons with prior art

Gibbs and Candes (2021) introduced ACI with a time-invariant stepsize schedule, and established guarantees in
terms of the time-averaged long-run coverage frequency (cf. (4)), which hold irrespective of the data generating
mechanism but do not imply valid coverage at individual time points. Stronger (asymptotic) guarantees were
also established under stationary hidden Markov models. Building on this work, Angelopoulos et al. (2024a)
studied ACI with decaying stepsizes and proved asymptotically exact (pointwise) coverage under i.i.d. data;
these results, however, are asymptotic in nature and do not readily extend to settings with distribution
drift. The analysis for the empirical long-term coverage frequency has further motivated the studies of a new
perspective in online learning called “gradient equilibrium,” which yields a useful framework for several other
statistical applications (Angelopoulos et al., 2025). Relatedly, Bastani et al. (2022) generalized the notion of
long-term coverage frequency by proposing an approach that achieves multi-valid coverage guarantees even in
adversarial settings. Their guarantees, however, are stated in terms of empirical frequencies along the realized
sequence and do not yield training-(and-calibration)-conditional coverage guarantees.

Several recent works Pournaderi and Xiang (2024); Humbert et al. (2025) began to investigate training-
conditional guarantees for online conformal prediction. Nevertheless, these results either do not account for
distribution shift or rely on fairly strong assumptions (e.g., a uniform upper bound on the pre-/post-drift
density ratio). Assuming independently trained scores (as in Assumption 3.1), Han et al. (2024a) derived
training-conditional guarantees for online conformal prediction under distribution drift via adaptive lookback-
window selection for quantile calibration. Their results focus on last-step (terminal-time) validity, whereas we
study training-conditional cumulative regret. Our method is also computationally more efficient: at time ¢,
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their procedure requires ¢ quantile estimates and ¢ empirical CDF evaluations, while Algorithm 2 needs at
most one quantile estimate and ¢ empirical coverage computations. The same authors also studied model
assessment and selection under distribution drift (Han et al., 2024b).

When it comes to lower bound analysis, Areces et al. (2024); Duchi (2025) discussed minimax lower
bounds for the training-conditional coverage error in the presence of independently trained score functions.
Compared to their results, Theorem 3.2 moves beyond coverage guarantees under worst-case covariate shift
and explicitly accounts for the effect of distribution drift over time.

4 Online conformal prediction with adaptively trained scores

We now turn our attention to the scenario in which the non-conformity scores and the predictive models are
allowed to be trained online based on past observations. More precisely, we make the following assumptions
throughout this section.

Assumption 4.1 (Ounline-trained scores). Suppose that the non-conformity scores are constructed online. At
each time t, the score functions may depend on the past data {(X¢,Y:)}s<t, but not on any data observed at
or after time t. The data {(Xy,Y;)}—, are independently generated.

Given the flexibility to adaptively update the score functions, we adopt the full conformal paradigm (Vovk
et al., 2005), which leverages all available data for both score construction and quantile estimation, without
resorting to data splitting. While this full conformal approach enables more efficient use of the data, it also
introduces intricate statistical dependence across time, making it challenging to detect distributional drift
and to establish training-conditional coverage. We develop several technical innovations to address these
challenges.

4.1 Algorithm

We first review the standard full conformal prediction method, and then describe how it can be adapted to
streaming data with distribution drift.

Review: (batch) full conformal prediction. Imagine we are given two datasets,

Ztrain — {(X;crain’}/itrain)}" and anl — {(Xical’y’ical)}m

i=1 =1’

which may overlap. While it is common to take 2" = Z<l to maximize data efficiency, we allow Z" and

Z<l to differ, a flexibility that will be useful for subsequent algorithmic development. The test point contains
the feature X'test,
The training dataset Z'" is used to train predictive models via a learning algorithm A, yielding

ﬁ(XteSt’y)(') = A (Ztrain§ (XteSt, y)) (20)

for every candidate response y € R, whereas the calibration dataset 2 is used to construct the prediction
set with the aid of the fitted models i. Importantly, the fitted model ﬁ(XtESt’y) depends on the hypothesized
response y (cf. (20)), and may need to be refitted for each y under consideration. For each (X' y), we
define a set of non-conformity scores (or residual scores) as:

SgXtest,y) — ‘}/ical _ ﬁ(XteSt7y) (X;:al) ’ i = 17 o, (21&)
et _( test
st V= [y = BT (xt). (21b)

The full conformal prediction set is then taken to be:

test . 1 test ks test
c(xtest)::{y;sgg; " gQuant.mM(M (67 + 3680 >>])} )

=1
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where §(a) denotes a point mass (i.e., the Dirac measure) at a, and Quantile; _,(P) denotes the (1—a)-quantile
of distribution P. In words, this prediction set contains all candidate values whose residual scores do not
exceed the (1 — a)-quantile of the empirical distribution formed by the m calibration residuals together
with the candidate’s own residual. When Z'?i" = Z< ynder exchangeability of the data and permutation
symmetry of the model fitting algorithm A, classical results (e.g., Vovk et al. (2005); Lei et al. (2018); Barber
et al. (2023); Liang and Barber (2025)) guarantee finite-sample validity of this full conformal procedure.

Our algorithm: online full conformal prediction with drift detection (DRIFTOCP-FULL). When
distributional drift occurs over time, the assumption of exchangeability breaks down, invalidating the coverage
guarantees of the full conformal algorithm described above. Building on the key algorithmic ideas introduced
in Section 3.1, we extend full conformal methods to online settings with temporal distribution drift.

We refer to the proposed algorithm as DRIFTOCP-FULL (short for online full conformal prediction with
drift detection), and present the full procedure in Algorithm 4. We first isolate several key features of
DRIFTOCP-FULL that parallel those of DRIFTOCP.

e Drift detection subroutine DRIFTDETECT+-. We continue to employ a drift detection subroutine to
identify the occurrence of a distribution drift. We introduce a slightly extended version of Algorithm 1,
formalized in Algorithm 3 and referred to as DRIFTDETECT+. In essence, DRIFTDETECT- differs
from DRIFTDETECT only in that it replaces cvg-err,(s,t)—defined in (16) based on quantiles of the
non-conformity score—with the more general definition of empirical block coverage error

t

Y (a{viecx)} -1 -a)|. (23)

l=s

cvg-erre(s,t) =

e Decomposition into stages and rounds. Akin to Algorithm 2, we partition the entire time horizon into
stages—with the aid of the subroutine DRIFTDETECT+ in Algorithm 3 in a data-driven manner—and
further decompose each stage into rounds. Within each stage, the data distributions are treated as
approximately stationary. As before, we use n and r to index stages and rounds, respectively. We will
repeatedly use the following notation:

— T, = 3": the number of time points in round r of each stage, chosen to grow geometrically in r so
as to avoid requiring prior knowledge of the horizon length T'.

rn: the last round of stage n. We adopt the convention that (n,0) = (n — 1,7,-1).

— Tyt the time index—measured in the original horizon {1,...,T}—corresponding to the first time
point of round r in stage n. We adopt the convention that 7, ., 41 = Tpy1,1 and 7, 0 == Tp_1,r, ;-

— Xn,rt and Yy, ;40 the feature and the response arriving at the ¢-th time point of round r in stage n.

Next, we highlight several full conformal components of DRIFTOCP-FULL that extend batch full conformal
methods to online settings.

e Training and calibration sets for round r of stage n. When constructing the prediction set at any time
within round r of stage n, we choose the training and calibration sets as

(o T B T (6 A 0 M 2y
N——— —/™—™ ™ —

all data before current round all data in preceding round

In words, the training set Z}{ﬁj" comprises all samples observed prior to the current round, while the
calibration set fo'r consists of all samples collected during the immediately preceding round (i.e., round
r — 1 of stage n). Intuitively, the data in preceding round are treated as stationary in distribution and
are therefore well suited for calibration, whereas all earlier data—regardless of whether distribution

shifts have occurred—can be leveraged for model training.

e Fitted models, scores, and prediction sets. The construction of the prediction set follows the standard
full conformal method described in (20)-(22). Consider any time point within round r of stage n. For a
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Algorithm 3: DRIFTDETECT + (C; o, t1;0)

input: set-valued function C(+); time window [to, t1] C [T]; detection threshold o.
for j =tg,--- ,t; do // scan the entire time window.
|cvg-erre(j, t1)|

compute Zj ¢, 7 — (cf. (23)). // construct detection statistics.
Vit —J
if Zj,t1 > o then
L return true. // declare detection of drift once this statistic exceeds the threshold.
return false // no distribution drift has been detected.
Algorithm 4: ONLINE FuLL CONFORMAL PREDICTION WITH DRIFT DETECTION

(DRIFTOCP-FULL)

input: target coverage level 1 — a; detection thresholds {0y, »}70,—1-
initialize: n <+ 1, r<+ 1,740, 711+ 1, C11(2) «+ R; Vz € X.
while true do

construct set-valued function Cnﬂ.(-) by (27). // prediction-set forming strategy for this round.
fort=1,--- T, (=3") do // round r contains at most T, = 3" time points.
T+ 17+ 1. // update global time index.
observe feature X,; set X, .+ < X;.
construct prediction set C; < C,, ,(X,); take C, ¢ < C;. // form prediction set
observe Y, set Yn,r,t ~—Y.. // response is observed after the prediction set is formed.
drift <~ DRIFTDETECT+(Cp 1 Trps Tnr + 1 — 1; 00 ). // call Algorithm 3.
if drift is true then
n<n+1,r+ 1. // update stage index and round index.
L break. // enter next stage.
if drift is false then
| r<r+1, 7+ 7+1 // start time of next round.

feature X observed in this round and an imputed response y, we invoke a learning algorithm A to fit a
predictive model

ﬁ(X,y)(.) =A (Z;rﬁjn; (X7 y)) . (25)

The non-conformity (or residual) scores are then computed for all T)._; points observed in the immediately
preceding round (i.e., fo"r) as well as the hypothesized test point (X, y), yielding

SOV = YR (X)) =1 T, (26a)
st =y — AV (X)]. (26b)

Given these scores, we form the prediction set based on feature X as

Tr_1
X, . 1 X, X,

Cn,T(X) = {y : St(esty) < Quantllel,a <Tr—1+1 |:5(85esty)> + 1:21 (5(85 y)):|> }a (27)
which collects all candidate responses y for which the test residual sﬁjs‘gy) does not exceed the target
quantile of the combined calibration and test scores, in direct analogy to the standard full conformal
framework. The prediction-set construction strategy C,, ,(-) remains fixed throughout the current round,
since the same training and calibration sets are used for all time points within this round.
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4.2 Theoretical guarantees under stability assumptions

We now turn to the regret performance of the proposed Algorithm 4. A dominant fraction of prior full
conformal theory relies on a permutation symmetry assumption of the model fitting algorithm, namely, that
the fitted predictor fi remains invariant under arbitrary reordering of the training samples. However, many
online learning algorithms, such as online gradient descent with time-varying learning rates, do not produce
predictors that are exactly permutation invariant. Enforcing permutation symmetry in these cases would
oftentimes require, at each time step, retraining the model from scratch on all previously observed data,
thereby incurring a substantial computational burden. To better accommodate online model fitting algorithms,
we instead rely on two different assumptions—one concerning the Lipschitz continuity of the conditional
response distribution, and the other pertaining to the stability of the learning algorithm—replacing the
permutation symmetry requirement.

Assumption 4.2 (Lipschitz continuity of conditional response distribution). There exists a quantity L1 > 0
such that, for every time t > 1 and every x; € X, the function g,,(z) = P(Y; < z | Xy = x¢) is L1-Lipschitz
continuous w.r.t. z.

Assumption 4.3 (Stability of learning algorithm). Let Z = {21, -,z } be a training set of size m,
and let [i(-| Z) represent the predictive model returned by algorithm A when trained on Z. We assume
that [(-|-) is a measurable function. For any i € [m] and any replacement sample w, define Z;.,, =
{z1," ", Zi—1,W, Zi+1," "+ , Zm ), which differs from Z only in its i-th element. We assume that there exists a
constant Ly > 0 such that, for an arbitrary m, one has

iz | 2) =z | Ziw)| < % for all z,w, Z, and i € [m). (28)

Assumptions 4.2 and 4.3 are commonly used in full conformal prediction literature (e.g., Barber et al.
(2021); Ndiaye (2022); Steinberger and Leeb (2023); Liang and Barber (2025); Lee and Zhang (2025)). In
fact, Assumption 4.2 is fairly standard in statistical modeling; a common example concerns the setting
Y; = my(X:) + €4, where ¢, is generated independently of X; and admits a density uniformly bounded above
by L;. In addition, Assumption 4.3 formalizes a sort of stability requirement of i: perturbing a single training
example alters the predictive output by at most O(1/m) (assuming a constant Ls). To help illustrate the
practical relevance of Assumption 4.3, we single out a few canonical parametric examples that can be readily
analyzed within our framework:

e constrained M-estimation: see Section D.1;
e linear stochastic approximation: see Section D.2;
e stochastic strongly convex optimization: see Section D.3.

The interested reader is referred to Section D for detailed verification of Assumption 4.3 in these examples.
Armed with the above assumptions, we establish regret upper bounds for the proposed online full conformal
algorithm.

Theorem 4.1. Suppose that Assumption 4.1 holds, and that Assumptions 4.2 and 4.3 hold with quantities
Ly and Lo, respectively. Let L = LyLo. If we set the drift detection thresholds as oy, , = 1010g3(407'n,r) for
every stage-round index pair (n,r), then Algorithm J achieves

O( (NP + L+ 1)T) for the change-point setting,

~ L 29
O(V(L+1)T + (TVT)§T§) for the smooth drift setting. (29)

regrety < {

Despite the adaptive, online training of the non-conformity score functions, the training-conditional
regret attained by our online full conformal prediction algorithm takes a form similar to that achieved with
pretrained scores, provided that L = O(1). A main difference is that the score-based Kolmogorov—Smirnov
distance appearing in the pretrained-score scenario (see Theorem 3.1) is replaced here by the total-variation
distance w.r.t. data distributions, since the scores are now trained based on the observed data. Our result is
fully non-asymptotic, which stands in stark contrast to several prior works (e.g., Angelopoulos et al. (2024a))
that focused on asymptotic coverage guarantees (i.e., T — oo with other parameters held fixed).
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Byproduct: training-conditional coverage for batch full conformal methods. En route to es-
tablishing the regret upper bound of DRIFTOCP-FULL, we need to address the challenge of achieving
training-conditional coverage when scores are trained in-sample using a possibly non-symmetric learning
algorithm. Our analysis leads to new training-conditional coverage results for batch full conformal methods,
which is stated below and may be of independent interest. The proof is deferred to Section C.1.

Proposition 4.1. Consider any integers n > m. Let Z$3 be a calibration dataset and Z{" a dataset used
for model ﬁ?tz‘ng. We assume that the calibration dataset is a subset of the training dataset, and in particular,
Z§3 = Zt@n . The samples in {Z52 Y U{ZTn .} are independently generated. Construct the full conformal
prediction set C(-) = C(- | ZSl ; Ztrain) qs in Eqn. (22). Consider a target pair Z = (X,Y) ~ D. Suppose the
distribution D and the fitted model satisfy Assumptions 4.2 and 4.3 with coefficients Ly and Lo, respectively,

and denote L1Ly as L. Then for any § € (0,1), conditional on any realization ZZ". = z&n = we have

\/7 m
Bo (v € C(X) [ Z8) - (1—a)| < 52L+/mlog(45n/d) log 40/6 ZTV (2, 25 (30)

with probability exceeding 1 — § (with respect to the randomness only in Z$

Remark 4.1. In particula_r, in the most common case where the training and calibration sets coincide (so
that m = n and Z§3 = Z¥3n) this result asserts that the standard full conformal method (cf. (22)) achieves

|HD’D (Y € C(X) ’Z;ribm) (1 - Oé)| < maX{L 1}\/W ZTV Z anl (31)

with probability greater than 1 —§.

Proposition 4.1 establishes a training—conditional concentration bound for full conformal residuals that
holds for a fixed batch of data and a stable learner (no online structure is used). This result captures
the effect of using a data-dependent predictor inside the full conformal construction, and will play a
crucial role in establishing our training-conditional regret bound (when combined with the stage/round
decomposition and drift-detection analysis). In addition, Proposition 4.1 generalizes existing results on
training-conditional coverage for full-conformal-type approach; more detailed comparisons with prior results
are provided in Section 4.4.

4.3 Minimax lower bound

We now complement Theorem 4.1 with a lower bound, which serves to better evaluate the optimality of our
proposed procedure. Before proceeding, it is important to note that, while Theorem 3.2 already establishes
a regret lower bound, that result hinges upon a specific way of constructing the prediction set—mnamely,
one based on quantile estimation of pretrained non-conformity scores. In practice, however, a broader class
of methods is available, including the online full conformal approach, which can induce substantially more
complex and structurally different prediction sets. As a result, Theorem 3.2 does not provide an appropriate
lower bound for the settings considered in this section. We develop a new lower bound for this broader class
of algorithms below.

Lower bound. We start by specifying the scope of the problem.

e Admissible algorithms. Since the prediction-set construction considered in this section no longer relies on
a given set of non-conformity score functions, the first step is to redefine the class of admissible algorithms
accordingly. Denote by Map(X, B(R)) the set of mappings from & to B(R) (i.e., this forms the set of
prediction-set construction functions). Let U ~ Unif(0, 1) be a random variable independent of the
data stream. Let 7 : [0,1] — Map(X B(R)) and, for t>2,let m : (X, R)!"1 x [0,1] — Map(X, B(R)).
Given a sequence of data {Z;}.Z] = {(X;,Y;)}\Z] prior to time ¢, we define C; € Map(X, B(R)) to be
the set-valued mapping induced by algorithm 7; at time ¢, namely,

1 (U), ift=1,

Ct(') = (32)
Wt(Zt_l,...,Zl,U), lftZQ
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The collection of mappings m = {m; };>1 that generate such set-valued functions {C;(-) : t =1,2,---}
constitutes a class of algorithms denoted by P. Moreover, we restrict attention to a structured subclass
of P in which each prediction set is expressible as a finite union of intervals.

Definition 4.1 (K-interval procedure). For every integer K > 1, define the K -interval algorithm class
Px CP as

Px ={r€P|foralte(T] andx € X : Cy(x) is the union of at most K intervals.}  (33)

We shall discuss the practical relevance of this algorithm subclass momentarily.

e Distribution class. Analogous to the score-based distribution class £1(N) (see (18a)) that pertains to
the change-point setting, we introduce a closely related distribution class—defined directly in terms of
the data distributions—that permits at most NP change points:

L3(NP) = {(Dl7 ..., Dy): (Dq,...,Dr) change at most N times.}; (34a)

Additionally, we define another TV-based distribution class concerning the smooth drift setting: for a
given budget TVy > 0, define

T-1
L4(TVy) = {(Dl,...,DT): > TV(Dy, Diy1) gTvT}. (34b)
t=1

Moreover, for a distribution class £, the worst-case regret of algorithm 7 € Py is defined as

regret, (L, T, K) = sup regret, (D11, T), (35)
(Dl 7“‘,DT)€‘C

where we make explicit the dependency on K. We can now present our minimax lower bound that accommo-
dates online conformal prediction with adaptive training.

Theorem 4.2. Consider any fized constant o € (0,1/2]. Suppose that Assumption 4.1 holds. For any
admissible algorithm m € Py, the worst-case regret under m has the following lower bound:

regret,. (L3(N), T, K) = Q) (min {\/m, \/%}) :

~ T
regret, (L4(TV7), T, K) = Q <min {\/TJr (TVT)%T%K*é, }) .
VK
The proof of Theorem 4.2 is deferred to Section C.4. Clearly, when K is a finite constant, the regret
bound in (29) matches this minimax lower bound up to a logarithmic factor, provided L = O(1) (meaning
that the learning algorithm is stable and the conditional response distribution is smooth).

Why restricted to Px? We now elucidate the rationale for restricting attention to the algorithm subclass
Px . In brief, imposing structural constraints on the algorithm class is necessary to formulate a meaningful
minimax problem. Without such restrictions, one can design “irregular” procedures that achieve asymptotically
perfect marginal coverage while using essentially no information about the data-generating process. To
illustrate this point, suppose Y € [0,1]. For each n > 1, define

ey { +<1—a>} | (36)

. n n
=0

obtained by partitioning [0, 1] into n equal subintervals and retaining the same (1 — «)-fraction of each
subinterval. For sufficiently regular distributions, C, captures roughly a (1 — «)-fraction of the total
probability mass, largely independent of the actual shape of the density. The following proposition formalizes
this observation.
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Proposition 4.2. Let {C,},>1 be defined by Eqn. (36). If the distribution D of Y on [0,1] admits a
Riemann-integrable density, then

lim |P(Y €C,) — (1 —a)| =0.
n—roo
This example shows that, in the absence of geometric constraints, marginal coverage alone does not
preclude vacuous procedures. Restricting attention to Py, where each prediction interview is a union of at
most K intervals, excludes such uninformative construction and yields a more meaningful lower bound.

Implications beyond the online setting. Although Theorem 4.2 is stated for the online setting, its
proof proceeds by first establishing a lower bound on the per-round contribution to the cumulative regret,
and then constructing a distribution sequence that allocates the available distribution drift budget in a way
that realizes these per-round bottlenecks. As a byproduct, our arguments readily yield an offline lower
bound for training-conditional coverage error over the algorithm class Pk (see Definition 4.1). We record this
consequence below, which may be of independent interest.

Proposition 4.3. Fiz any o € (0,1/2]. Let S be the collection of distributions on X x R that admit a
density. Let {(X;,Y;)}7 be i.i.d. draws from some D € S, and let U ~ Unif(0,1) be independent of the data.

~

Consider any algorithm 7 that maps {(X;,Y:)}_; and U to a set-valued function C(-) : X — B(R) such that,

~

for each x € X, the set C(x) is a union of at most K intervals. Then we have

| = o(n e )

where the outer expectation is taken over the training sample {(X;,Y;)}'_, and the internal randomization U.

Zs)lg‘)S‘EH (X’}I/P)ND(Y € 5(X) ’ {(X5,Y9) Hgs U) —(1-a)

Proposition 4.3—which is a direct consequence of Lemma C.6 given in Section C.4—is independent of the
online setting and provides a lower bound for training-conditioned validity of full conformal prediction in
the offline regime. The result places no parametric restriction on the prediction set C(-), and is therefore
fundamentally different from those information-theoretic lower bounds in classical parametric estimation
problems. The bound in Proposition 4.3 holds for a fixed algorithm and considers the worst case over a class
of distributions, complementing the result of Bian and Barber (2023), which instead fixes the distribution
and takes the worst case over a class of algorithms. Moreover, relative to prior work, our bound explicitly
characterizes the learning limit in terms of the structural complexity K of the prediction sets (i.e., the
number of intervals). Determining the optimal K-dependence in training-conditional lower bounds remains
an interesting open direction, which we leave for future work. We view this lower bound as a baseline that
may be useful more broadly in the study of conformal inference beyond the online setting.

4.4 Comparisons with prior art

Existing training-conditional guarantees. Prior literature has established training-conditional coverage
guarantees for split conformal methods (Vovk, 2012). More recently, Bian and Barber (2023) showed that
such guarantees can be achieved in a distribution-free manner by K-fold CV-+ when the sample size is
sufficiently large relative to the number of folds, but not achievable by full conformal methods or jackknife+-.
Training-conditional coverage guarantees for full conformal methods and jackknife+ have instead largely
been obtained under stability-type assumptions; see, e.g., Liang and Barber (2025); Amann et al. (2023) and
Pournaderi and Xiang (2024). Proposition 4.1 strengthens these results in three complementary ways.
First, Liang and Barber (2025) expressed their bounds through an m-stability quantity SO

m,n—1
1

Definition 3.1 therein), yielding a coverage error of order O (, / % + ( glj’tnil) 3) (see their Theorems 3.2

and 4.1). To obtain o0,(1) error, one needs both m — oo and g% _; — 0, effectively requiring the fitted

m,n—1
predictor fi() to stabilize as more data arrive. As noted by Amann et al. (2023, Lemma B.7), such stabilization
can fail under distribution shift, where i typically adapts to the evolving data distribution. In contrast,
Proposition 4.1 avoids an explicit m-stability requirement and remains applicable in drifting scenarios.
Second, Amann et al. (2023, Proposition A.2) established a training-conditional under-coverage bound

that inflates the prediction set by an additional slack A > 0, leading to conservativeness and potentially

(see
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wide prediction sets. Their confidence dependence scales as §~'/2, whereas Proposition 4.1 attains a sharper

logarithmic log(1/6) dependence without requiring an explicit inflation parameter.

Third, Pournaderi and Xiang (2024, Theorem 6) provided a training-conditional coverage guarantee
for full conformal prediction under covariate shift. Their result, however, does not address shifts in the
conditional distribution Y | X. Moreover, relative to Proposition 4.1, their analysis relies on additional
structural assumptions, including a uniform upper bound on the train—test density ratio and a parametric
model for the fitted predictor with a bi-Lipschitz dependence on its parameters, which could narrow the
range of settings in which the bound can be verified.

Verification of stability conditions. Stability analyses for both empirical loss minimizers and stochastic
optimization methods have been developed in, e.g., Barber et al. (2021), Ndiaye (2022) and Lee and Zhang
(2025). Compared to our work (mainly our results in Section D), these prior results typically differ in several
important respects. First, they did not accommodate constrained optimization problems. Second, they often
assume that, for every data realization z, the loss £(, z) is uniformly strongly convex, which most naturally
holds for explicitly regularized ERM objectives; in contrast, our verification only requires strong convexity of
the population risk L on C. Third, while Lee and Zhang (2025) (see their Example 2) examined stochastic
optimization methods, their analysis is essentially offline—the algorithm is rerun multiple times on a fixed
dataset under different permutations—and is derived for fixed stepsizes, which does not yield a stability
coefficient that vanishes with the sample size. Such vanishing stability is crucial in our online full conformal
analysis in order to obtain training-conditional coverage guarantees.

5 Numerical experiments

5.1 Experiments: online conformal prediction with pretrained scores

In this subsection, we evaluate the performance of the proposed DRIFTOCP algorithm against the ACI
method under various distribution shift scenarios, assuming the presence of pretrained score functions. The
experimental setup is described below.

Data generation. Consider a regression setting with a data stream {(Xy,Y;)}:>1. The feature vector X,
is in R? with d = 5, and each component is generated by X BN (0,1). The response variable satisfies

iid.
Y =2X;1 + Xio + py + 0p - €4, g N (0,1),
where p; and oy are varying parameters. We examine four distribution shift cases as follows.

e Setting 1 (piecewise variance shift): y; = 0 and

0.5, if ¢ < 4000,
or =4 2.0, if 4000 < ¢ < 7000,
3.5, if t > 7000.

This setting simulates abrupt changes in noise level, representing sudden regime shifts.

e Setting 2 (linear bias drift): o, = 0.5 and pu; = - t with x = 0.002, so that up = 20 at 7' = 10000.
This represents smooth temporal drift in the conditional mean.

e Setting 3 (smooth variance growth): u;, = 0 and o, = /1 + 0.008¢t. This model continuously
increases variability over time.

e Setting 4 (no distribution drift): p; = 0 and o, = 0.5 for all ¢. This serves as a baseline where no
distribution shift occurs.
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Experimental protocol. For each setting, we use a training set of size n = 500 drawn from the initial
distribution (¢ = 0) to fit a random forest regressor (Breiman, 2001) with 100 trees, implemented in scikit-learn
(Pedregosa et al., 2011), as the pre-trained prediction model. The pretrained predictive model fi remains
fixed throughout the online prediction phase and is not updated.

The non-conformity score at each time step ¢ is taken to be the absolute residual between the observed and
predictive responses, namely, s; = |Y; — [1(X})|. The initial quantile gy is set to be the (1 — a)-th empirical
quantile of the training residuals {|Y¥; — (X;)|} ;.

The test horizon is T' = 10,000 time steps. We set the target miscoverage level to be a = 0.1. All
experiments are repeated 40 times with different random seeds, and we report the mean and standard
deviation of cumulative regret.

Numerical evaluation of cumulative regret. We measure performance using the cumulative regret
defined in Eqn. (13). However, since the true miscoverage probability P(s; > ¢: | ¢:) is intractable, we
estimate it via Monte Carlo simulation. Specifically, for each time step ¢, we pre-generate a fixed evaluation
set of M = 500 independent samples {(Xt(m), }Q(m))}%zl from the true distribution D, at that time step.
The instantaneous coverage rate (defined in Eqn. (11)) is then estimated as

M
—~ ]- m ~ m
&g = o > 1 { " —ax™) < -

m=1
The cumulative regret up to time 7' is then calculated as

T

Regrety = Y _ |cvg, — (1 - a)].
t=1

Methods for comparison. We compare the following algorithms numerically.

e DRIFTOCP (Algorithm 2): We use a drift detection threshold in Algorithm 2 of o, , = 4. To avoid
false positives from high-variance estimates, we require a minimum window size of ¢ > 10 before any
drift detection can be declared.

e ACI with decaying stepsizes (Angelopoulos et al., 2024a): n, = (¢t + 1)~ for v € {0.5,0.6}.
e ACI with fixed stepsizes (Gibbs and Candes, 2021): n; = n € {0.01,0.1,0.5}.

Results. Figure 3 summarizes both the regret and calibration dynamics across the four data-generating
settings. The top row plots the cumulative regret over time, while the bottom row tracks the corresponding
evolution of the calibration quantiles; the black dashed curve in the bottom row is an approximation of the
ground-truth quantile, obtained via repeated simulations at each time point. Taken together, the two rows
highlight the tuning trade-off of ACI: a large constant stepsize reacts quickly to distributional changes, but
yields highly variable quantile trajectories even under stationarity, leading to substantial cumulative regret;
conversely, smaller or decaying stepsizes stabilize the quantile updates in stationary periods, yet may adapt
too slowly after distribution shifts and consequently lag behind the moving target (most notably in Setting 1).
As a result, the optimal stepsize for ACI differs across various settings, making it difficult to select a priori
in practice. In contrast, DRIFTOCP adapts to different regimes in a data-driven manner, achieving stable
tracking during stationary segments and rapid re-alignment following change points. This behavior leads to
uniformly controlled regret across regimes, comparable to that attained by hindsight-optimal tuning of ACI.

5.2 Experiments: online conformal prediction with adaptively trained scores

This section examines how our methods interact with different ways of generating non-conformity scores
in the presence of distribution drift. In particular, we pair our drift-aware recalibration mechanism with
(i) a covariate-agnostic score, (ii) a fixed pretrained model, and (iii) an adaptively updated fitted model.
The numerical comparisons illustrate tangible gains from adaptively updated models in terms of predictive
efficiency and validity.
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Figure 3: Cumulative regret and calibration quantiles under four data-generating settings. Top
row: cumulative regret trajectories. Bottom row: calibration-quantile evolution; the black dashed curve
indicates an approximation to the ground-truth quantile obtained via repeated simulations at each time point.
Across settings, ACI exhibits a clear stepsize trade-off: ACI with large constant stepsizes adapts quickly but
produces volatile quantile updates and suboptimal performance under stationarity, whereas ACI with smaller
or decaying stepsizes yields more stable updates at the cost of slower adaptation to distributional changes. In
comparison, DRIFTOCP is stable within stationary time segments and adapts rapidly to distribution shifts,
yielding consistently controlled regret. Curves are averaged over 20 runs; shaded bands indicate +1 standard
deviation.

Data generation. We consider an online regression stream {(X;,Y;)}:>1 with feature dimension d = 10.
Throughout these experiments, we construct prediction sets using a linear predictor, and the non-conformity
score function is computed from linear regression residuals. We then consider two data-generating models for
(X4, Y:) to distinguish well-specified learning from misspecification:

e Well-specified case: Y; = Xt—'—ﬂ* + &, with &, ~ AM(0,1), so the linear predictor can be correctly
specified;

e Misspecified case: Y; = X, 8* + 1351 X:[|3 + ¢, with &, ~ N(0,1), where the additional quadratic
term introduces a mild deviation from linearity.

In both cases, the true coefficient 3* € R? is sampled from N(0, I;) and is subsequently held fixed across
simulation repetitions. For each model specification, we introduce piecewise-stationary covariate shifts with
change points at ¢ € {3333,6667}. Specifically, we consider:

e Mean shifts: X; ~ N (u:lg, 1), where
0, ift< 3333
ne =1 3, if 3333 < t < 6667;
—2, ift > 6667;

e Variance shifts: X; ~ N(0,021;), where

1, ift <3333;
o =<5, if 3333 <t < 6667;
10, if ¢t > 6667.
In each run of the experiments, we first draw npretrain = 100 independent observations to fit an initial ridge

regression model, and then draw an additional n.,;, = 500 observations to initialize the calibration quantile
for the non-conformity scores. We subsequently generate an online data stream of length 7" = 10,000.
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Score construction strategies. We compare three score construction strategies that are paired with
drift-aware recalibration. The first uses our full-conformal variant tailored to online optimization, while the
latter two use DRIFTOCP with pretrained score functions:

e DRIFTOCP-FULL + online SGD: the score is formed using a sequentially updated fitted model,
sy = |Y; — X,T B, where f3; is updated by online SGD with stepsize n; = 0.01/+/%;

e DRIFTOCP -+ pretrained ridge: the score uses a fixed ridge-regression predictor (Hoerl and
Kennard, 1970) with regularization parameter A = 1.0, implemented in scikit-learn (Pedregosa et al.,
2011), as the pretrained model;

e DRIFTOCP + absolute response: a covariate-agnostic baseline s; = |Y;|.

All methods employ the same drift-detection threshold o = 4 and the same doubling-round structure. The
target miscoverage level is a = 0.1 for all settings.

Results. We report the prediction interval width and the local coverage rate computed over a sliding
window of 100 time steps. As shown in Figure 4, the results are averaged over 20 independent runs, with
shaded regions indicating +1 standard deviation. The top row plots the prediction interval width over time,
while the bottom row shows the local coverage rate computed using a rolling window of 100 steps. The
horizontal dashed line marks the target level 1 — a = 0.9 and the vertical dashed lines correspond to the
change points.

Across all four settings—well-specified or misspecified models, and under either mean or variance drift—the
adaptive-score method with online SGD consistently achieves the most favorable tradeoff, producing the
narrowest intervals while maintaining stable coverage around the target level. In contrast, the pretrained-score
baseline tends to be sensitive to mismatches between the pretraining and test covariate distributions, resulting
in wider intervals and a higher degree of coverage fluctuations after the change points. The model-free baseline
(st = |Y3]) is in general conservative and produces substantially wider intervals than the other two methods
throughout. It is also sensitive to distribution shift, exhibiting undercoverage at change points.

We also observe a transient effect at the beginning of the data stream: the adaptive method exhibits
slightly biased local coverage and inflated widths early on, which is as expected since the fitted model is still
in its initialization phase and the online updates are relatively volatile. As more data arrive, the adaptively
fitted model stabilizes, and the resulting score becomes better calibrated, after which the method tracks the
target coverage tightly even after distributional shifts.

Finally, note that the adaptive method relies on an online SGD-trained predictor, whose trajectory depends
on the data order and thus does not satisfy permutation symmetry. The strong empirical performance of this
non-symmetric learning pipeline provides additional evidence supporting our training-conditional guarantees,
which do not require symmetry of the underlying fitted model.

6 Additional related work

In this section, we briefly discuss a small sample of other related papers. To start with, a substantial body of
work has established theoretical coverage guarantees for conformal prediction (Angelopoulos and Bates, 2021;
Angelopoulos et al., 2024b). The majority of these results, however, rely on the assumption that the data are
exchangeable (most notably, i.i.d. observations) (e.g., Vovk et al. (2005); Vovk (2015); Lei et al. (2018); Barber
et al. (2021)). A growing literature has investigated how conformal prediction procedures can be modified to
retain validity when exchangeability is violated, aiming to preserve meaningful coverage guarantees under
various forms of distributional shift. For instance, Tibshirani et al. (2019); Barber et al. (2023) developed
weighted split conformal methods that restore marginal validity under a weighted-exchangeability condition.
Their methods rely on importance weights tied to the data distribution; in a distribution-free setting, one
must either use a non-data-dependent weight (as in Barber et al. (2023)) or impose stronger structural
assumptions (e.g., invariance of Y | X as in (Tibshirani et al., 2019)). In parallel, Podkopaev and Ramdas
(2021); Si et al. (2024) developed split conformal methods under label shift, when the marginal distribution
of Y differs across environments while the conditional distribution P(X | Y') remains invariant. In another
line of work (Chernozhukov et al., 2018; Cauchois et al., 2024; Ai and Ren, 2024; Gui et al., 2024; Aolaritei
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Figure 4: Online conformal prediction with different score constructions. Top row: prediction-
interval width over time. Bottom row: local coverage rate computed with a rolling window of 100 steps; the
horizontal line marks the target level 1 —a = 0.9. Vertical dashed lines indicate change points at t = 3333 and
t = 6667. Columns correspond to the four settings (well-specified vs. misspecified model, each under mean vs.
variance drift). The adaptive-score method (online SGD) yields noticeably shorter intervals and more stable
coverage under variance drift, whereas the pretrained-score method is sensitive to a mismatch between the
pretraining and test covariate distributions. The model-free baseline (s; = |Y;|) is in general conservative
and produces wide prediction intervals; it is also sensitive to distribution shift, exhibiting undercoverage at
change points. Curves are averaged over 20 runs, with shaded bands indicating +1 standard deviation.

et al., 2025), distribution shifts between training and test environments are tackled from a distributionally
robust optimization perspective. Meanwhile, a growing literature developed conformal prediction methods for
time-series data (Zaffran et al., 2022; Xu and Xie, 2021, 2023b,a; Xu et al., 2024; Chen et al., 2024; Cleaveland
et al., 2024; Stocker et al., 2025).

For temporally dependent, non-exchangeable sequences, Oliveira et al. (2024) showed that split conformal
retains approximate marginal validity up to an explicit penalty term controlled by decoupling/mixing
conditions (including B-mixing), with sharper results subsequently obtained in Barber and Pananjady (2025).
These results, however, do not yield sharp training-(and-calibration)-conditional concentration bounds and
typically require stationarity-type dependence assumptions. In contrast, training-(and-calibration)-conditional
coverage guarantees beyond exchangeability are comparatively rarer.

In addition, a line of work connected ACI-style calibration with ideas from online learning and studied
regret bounds under various performance criteria (Bhatnagar et al., 2023; Gibbs and Candes, 2024; Zhang et al.,
2024a; Ramalingam et al., 2025; Liu et al., 2026), which, however, fell short of ensuring training-conditional
coverage. Moreover, the idea of ACT has been extended for broader settings, such as risk control (Feldman
et al., 2022; Farinhas et al., 2024), stochastic control for time series (Yang et al., 2024), and parametric
quantile calibration (Areces et al., 2025), among other things.

7 Discussion

In this work, we have developed two online conformal prediction methods that adapt efficiently to temporal
distribution drift, producing prediction sets that are both valid and informative. For scenarios involving
pretrained score functions, our DRIFTOCP algorithm leverages an efficient drift detection subroutine to update
the calibration set sequentially, achieving regret bounds that are minimax optimal (up to logarithmic factors)
across both change-point and smooth drift regimes. For scenarios where the predictive models (and hence the
score functions) are trained adaptively from prior observations, we propose DRIFTOCP-FULL, a full-conformal-
style online algorithm that enjoys strong regret guarantees under stability assumptions; for this setting, we
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further establish matching minimax lower bounds under suitable restrictions on the prediction sets. Unlike
much of the prior work that focused on metrics like empirical long-term coverage frequency or adversarial
regret, our analysis exploits additional independence assumption across data while remaining otherwise
distribution-free, which has enabled training-conditional regret guarantees. The proposed algorithms are
horizon-free, computationally efficient, and supported by fully non-asymptotic, minimax-optimal theoretical
guarantees.

Our results naturally suggest several directions for future investigation. To begin with, while our current
theoretical development hinges upon independence across data samples, many online predictive inference
problems involve temporally dependent observations, as commonly encountered in, say, time-series settings
(Xu and Xie, 2021; Zaffran et al., 2022; Oliveira et al., 2024). A natural and challenging direction is
therefore to extend our online conformal methods to tackle temporally dependent, non-stationary Markovian
environments, while still delivering rigorous training-conditional coverage guarantees. On another front, the
training-conditional guarantees in Section 4 rely on stability assumptions for the underlying model-fitting
algorithms. When the desirable stability conditions fail to hold or are difficult to verify—e.g., in certain
nonparametric, or deep learning models (Gibbs and Candes, 2025; Lei et al., 2011; Romano et al., 2019)—it
is fundamentally important to develop new online full conformal methods that ensure both validity and
efficiency without stability. Finally, our algorithmic and analysis frameworks might shed light on other online
statistical problems, such as online multicalibration (Collina et al., 2026).
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A Proof of Fact 2.1

Proof of (i). By the triangle inequality, we obtain

T

1

TZIP’(YtECt) (1—a) P(Y; € C) — (1 — )
=1

regret

B €€ 1¢) — (1 - a)f] < B

'ﬂ \

TP
<73l

Proof of (ii). For any time point ¢, let us construct C, as follows:

C, = {@, with probability «,
R, with probability 1 — a.
On the one hand, it can be easily derived that, for any 1 <¢ < T,
PY,eC)=al{Vea}+(1-a)l{V;eR} =1-aq,
thus implying that .
lt-cvgr = = Z Y,elC)=1-a.
On the other hand, it is seen that

B(Y, € 2)— (1—a)) =1-a;
B(Y, eR)—(1—a)| = [1- (1 —a)| = a.
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Therefore, the following holds naturally
[P(Y: € Ct | Ct) — (1 — )] > min{l — o, a} = .

Summing over all t = 1,...,T and recalling the definition of regret;, we complete the proof.

B Detailed proofs in Section 3

Before proceeding, let us introduce some convenient notation.

B.1 Proof of Theorem 3.1

We now turn to the proof of Theorem 3.1. At a high level, we shall first establish a per-round regret bound,
then aggregate these bounds within each stage, and finally sum over all stages to obtain regret bounds over
the entire time horizon [T7].

B.1.1 Additional notation

To facilitate presentation for the analysis of Algorithm 2, we introduce some additional notation. First, write
Sn,rl = Sn,r,l(Xn,r,b Yn,r,l) and St = st(Xtu th)

as long as it is clear from the context. In addition, for any 1 < i < 7 < T, we define the “typical” event:

Al(iyj) = {Stelﬁ {

To see that this is a high-probability event, invoking Lemma E.4 with 6 = j~

Z(Il{st<x}—]?(st<x))‘} <6\/(j—i—|—l)logj}. (37a)

t=1

6 and using the fact

6logj log j 3logj <6 log j
\/g—T 2(j —i+1) ]—H—l j—i+1 j—i+1

we can establish that

P(A(,5)°) <57° (37b)
Moreover, for any stage-round pair (n,r), we define

Tn,r41—1Tn rp1—1

‘A”xT = ﬂ m A(% ])7 (37C)

1=Tp,r j=i+1

where we recall that 7, , indicates the time at which round r of stage n begins and 7, ,,+1 = Ty41,1. For
convenience, we also write

Tn *= Tn,1- (38)

Moreover, we introduce several notations for the change-point setting. Recall that under the change-point
model, the entire horizon [T] is partitioned into N + 1 time segments, within each of which the score
distributions remain fixed.

Definition B.1. We define the following notation:
© 7y, -+ ,Inwy1: the NP + 1 time segments over the entire horizon;
o K, ,: the total number of time segments in round r of stage n;

o Sy and ty: the total number of iterations in round r of stage n;
in particular, let t, = Sy r,, i.e., the number of iterations in the last round of this stage;
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Tnrk (K=1,--- K, ,): the k-th time segment in round r of stage n;

Sy the total number of iterations in stage n;
e J,: the total number of time segments in stage n;
e Z,; (j=1,---,Jn): the j-th time segment in stage n.

Also, for any time segment Z, we let |Z| represent the length of this time segment. In addition, while the
last round r,, of stage n contains ¢, <7, iterations, we generate—for convenience of presentation—a set of
random variables {s, ,.;} for [ > ¢, in a way that obeys

P(sn,rni > Gnry | Guyr,) = forall I > t,. (39)
Moreover, for round r in stage n, we define the cumulative KS distance within this round as

Sn,r—1

KS;?l;“nd = Z KS Sn 1y Sn,r l+1) (40&)
=1

We also define the cumulative KS distance within stage n (which contains r,, rounds) as
KS58e =) " KSpun, (40Db)

B.1.2 Decomposing and bounding the cumulative regret

In order to bound the cumulative regret, we first decompose it based on stages and rounds of DRIFTOCP as
well as the typical events {A,, ,} introduced in Section B.1.1:

N r, T,
|]P)(8t > qt | qt) - Oé| = Z Z Z ’P(Sn,r,l > dn,r | Qn,r) - a|]l{>’4n,'r'}

1 n=1r=1[]=1

N r, T,
Y DD P(snrt > Gnr | @) — o {AS )

n=1r=1[=1

™=

t

(41)

As it turns out, the first term on the right-hand side of (41) serves as the dominant term, as argued below.

Consider any time point ¢ belonging to round 7 of stage n. According to the procedure of DRIFTOCP—
particularly the fact that the rounds length grow geometrically with 7, = 3"—it follows that neither ¢/4 nor
4t lies within the same round (n,r), and as a result,

a g
() [AG.)cA
j=t/ai=1
It can thus be seen from (37b) that

it | Yoo 39
SEDSpwIEEED 3 3L ED OB

j=t/4 i=1 i=tja’

IN

which helps us control the second term on the right-hand side of (41) as

N r, T,
Z ZZ |P(Sn,r,l > qn,r | qn,r) - O[‘ ]]'{Aflﬂ“}

n=1r=1 =1

T
<E|Y |P(si > | ) — o 1{&F}
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As a consequence, the remainder of this proof is devoted primarily to bounding the first term of (41).
Towards this end, we begin by looking at the cumulative coverage gaps in round r of stage n. Informally,
in the change-point setting, the cumulative coverage gap over this round on the typical events defined in
Section B.1.1 is upper bounded by a sum of square-root terms in the lengths of the time segments. In contrast,
under smooth drift, the bound contains a term that scales with a suitable KS distance raised to the 1/3
power, in a manner that resembles the final regret bound in Theorem 3.1. This is stated in the following
lemma, with the proof deferred to Section B.3.1.

Lemma B.1. Consider any stage-round pair (n,r) in Algorithm 2. If no distribution shift has been detected
by the subroutine DRIFTDETECT by the end of this round, then it holds that

[ Knr

O< SV |In,r,k>a for the change-point setting;
k=1

~ 2

(0] (\/T,« + (KS;f’L;"d)%Tﬁ) ., for the smooth drift setting.

T
<Z P(Sn,r,l > Qqn,r | Qn,r) - O‘D ]l{ATLJ“} =

=1

Owing to the doubling trick employed in DRIFTOCP (i.e., the round lengths grow geometrically), we
can lift the per-round cumulative gap bound in Lemma B.1 to a per-stage cumulative gap bound, again on
the typical events defined in Section B.1.1. This result is formalized in the following lemma, whose proof is
postponed to Section B.3.2.

Lemma B.2. Consider any stage n in Algorithm 2, which comprises r,, rounds. Then we have

~f In

O( > \/|In,j|>, for the change-point setting;
j=1

9] (\/Sn + (KSfage)éS,%) ,  for the smooth drift setting.

Tn T
Z (Z P(Sn,r,l > Qn,r ‘ Qnﬂ')_a’) ]I{An,r} =

r=1 =1

It remains to see how the per-stage cumulative regret bounds derived above can be leveraged to establish
Theorem 3.1. To this end, we cope with the change-point and smooth drift settings separately in what follows.

B.1.3 Controlling the dominant term in the change-point setting
Recall the definition of {Ik}N 1 and {Z,, ]} », in Section B.1.1, and denote

Bn = »An,rn—l N »An,rn' (43)

Suppose that DRIFTOCP contains N stages. Applying Lemma B.2 tells us that

Ziim (Snrt > G | Gnr) —a|1{Anr}<0<Z (Z |zn,j|)>

n=1r=1[=1 = Jj=1

< (Z«/Ifm > 1{B, }+Z Tog1 — ) 1{BE} ) (44)

where the second relation follows since, for any n € [N],

In the sequel, we bound the two terms on the right-hand side of (44) separately.

e To bound the first term on the right-hand side of (44), we first show that on the typical events, the
final two rounds of any stage do not share exactly the same score distributions. This is formally stated
in the lemma below, whose proof is provided in Section B.3.3.

Lemma B.3. Consider any stage n in the change-point setting. On the event Ay, . —1 N Ay ., the
rounds T, — 1 and r,, cannot both be entirely contained within the same time segment from {Ik}NCP'H.
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In view of Lemma B.3, each time segment Z;, cannot overlap with more than two consecutive stages; in
other words, each Z;, can contain at most two time segments from {Z, ; : n € [N], j € [J,]}. Asa

consequence,
NP 4+1

i(im)m}q > VIl <2/ T

where the last step follows from Cauchy-Schwarz as well as the fact that ZN T =T

Turning to the second term on the right-hand side of (44), we make note of the decomposition:

N
E [Z(Tn+l =) 1{B}

n=1

<Y E[(ag1 — 7)1 {BS}]

ggj—l Tn =1, Tng1 = J, By,) (45)
oo J k—1

<330 =ip( U U Ak R =i | =i,

n=1 i<j

k=iv {5 lzv

where the last inequality uses a simple property of DRIFTOCP, namely, 167, . 1 > 7,41 due to the
exponential growth of round lengths. Additionally, observe that under the independent data assumption,
for any I, k € [i, j] the event A(l, k)¢ is independent of what has happened prior to time 4, which taken
together with (37b) and the union bound gives

-1

7 k—1 i k
P( U U Ak m=i ] Tn —z‘) < Z P(A(Lk)° | 7 = i)

i —iy j
k=iV 5 =iV {5

k=iv i I=ivis k:z\/% =iV
J
1 1
< > B i)
k=iV 5 (iv )
Substituting this bound into (45) results in
N 00 1
B> (fnpr = m) VB <) (= )P(=i)———
n=1 n=11i<j 4 (l v E)
oo 0o 161 ] i oo _] i
S22 Blr=i) FRRED DR
n=1i=1 j=i+1 j=16i+1 7
23R =05 £ 3 Y R -0
n=11i=1 L n=11i=1 "
— 1

where (a) relies on the elementary bound 7,, > n.

Putting the preceding bounds together, we arrive at

N r, T,
SN P(snira > nr | o) — 0| 1{An,} | <20/ (NP +1)T + O(1)

n=1r=1 (=1

The advertised bound in the change-point setting then follows by combining this with (42).
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B.1.4 Controlling the dominant term in the smooth drift setting

From Lemma B.2, we have established how to bound the cumulative regret within a single stage. As before,
suppose there are N stages in total. Summing over the stage index n then yields the following bound:

T Tr

ZZZ|P S"”>q’”|q”’“ a|]l{-'4nr}<ZO(r+(KSStage)% 2)
n=1r=1[=1
<Z \/7_’_\/7_"_2 Sstage éSE)

1

(Z VS + VT + (ZKSS“ge>S<§:Sn>§>

n=1 n=1

\/\g

() ~
<0

=0 (Z V'S, + VT + (KST)%T§> . (46)

Here, (a) holds since v/Sy < /T, whereas (b) results from Hélder’s inequality
With the above mequahty in mind, a crucial task is to bound Zn 1 \/Sn, which can be decomposed into

> Vs - z VEB Y /S )

n=1 n=1

with B,, denoting the event B, = A,, ., , N Ay, (see (43)). By applying an argument analogous to the one
used to control the second term in (44), we can readily obtain

N-1
S VEB | = o), (48)
n=1

where we omit the details for brevity. Therefore, everything comes down to controlling ZnNz_ll VS, 1{B,},
which forms the main content of the remainder of this subsection.

For n € [N — 1], note that the last round r,, of each of these stages ends with a restart; that is, a drift
detection is declared in round r,,. Following the proof of Lemma B.2, let t,, denote the number of iterations
in round r,, then according to the drift detection subroutine, there exists some j, € [t,] such that

tn

Z (I{snrt > Gnr, } — @)

I=jn

> 24/t — Ju + 1) log(47, 1, ). (49)

On the event B, it is observed that

tn

Z (P(sn,rnt > dnyr, | tnyr,) — @)
I=jn

tn

Z (]l{sn»rnal > q’ﬂ,rn} - Oé)

l=jn

> 24\/(tn —Jn + 1) IOg(4Tn,m) - 6\/(tn —Jn+ 1) log 741 > 18\/(tn —Jn+ 1) log 741,

tn

Z (]l{sn,rn,l > Qn,rn} - ]P)(Sn,rn,l > dn,r, | qn,rn))

l=jn

> (50)

where the last line arises from (49) and the definition of A, ,. . Further, let us introduce

tn
1

Bn = m ; (P(sn,rn,l > dn,r, | Qn,rn) - a)v
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which, according to Eqn. (50), satisfies

L DL B, 1B} > 1B, (51)

log 711

With this inequality in place, we can readily obtain

1
Zfﬂ{B}<ZW<;8m|B|> 1{8.}

sty (X s) (S imnm) <ri(Timime) . o

where the last line follows from Hélder’s inequality and Jensen’s inequality. Thus, it amounts to bounding
N—1 . .
Y ne1 |Bn| 1{B,}, which we accomplish next.
For every B,, it follows from the triangle inequality that

~+

1 n
|Bn| = (P(sn,rn,l > qn,r, qmrn) - 0‘)
- ]n + 1 1=
1 tn 1 A
< mlzj (P(sn,m,z > Gngr, | o) — T ; P(Shr, 1.0 > nyr, an,rn)>‘
=Tn,1
7‘77—1
+ Sn rn—l 1> An,r, | qn, )~ l{snmﬁl,l > Qn,rn})‘
"”n_l =1
=Tn,2
Ty, -1
+ Z ]l{sn rn—1,1 > dn, Tn} - ) 5
r,,—l =1
=Tn,3
where, for each i =1,...,T, _1, S/n,rn—l,i is an independent copy of s, ,, —1,;. The above inequality reduces

the problem to controlling three terms.

e Regarding 7, 1, one can insert P(sp r..1 > ¢n.r, | @n.r,) into each summand to derive

t
1 n
7;L71 < ?5_!]71 Z Sn Tl = Anry, | dn rn) - P(Sn,rml > Qn,r, ‘ Qn,rn))’
n n
I=jn
- (53)
7n 1
3 Bl > e 90n) = e, 10> s [ 00)
O

For any [ € [j,,ts], we can apply the telescoping technique and the triangle inequality to obtain

‘P(Sn,rn,l > Qn,r, ‘ Qn,rn) - P(Sn,rn,l >qn,r, | Qn,rn)| < Sug{mp(sn,rml > Q) - P(Sn,rn,l > Q)’}
qe

-1
< ZSUP{‘P(SMM,J’JA >q) = P(snr,j > Q)’}
j=1 gER
-1 th—1
<Y KS(Smrygs Snrngt1) < D KS(Snm s Snm j1);
j=1 j=1
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Repeating the same arguments and adopting the notation sy, 1,7, _;+1 = Sn,r,,1 also give

T,

n—1
P(Snmul > Qn,r, | Qn,m) - IED(S/n,rn—l,l > qn,r, ‘ qmm) < Z KS(Sn,m—lmSn,m—l,j-ﬁ-l)-
j=1
Substituting these two results into Equn. (53) yields
1 tn tn—1 Trp—1 Ty, -1
Ton € =3 > KS(Snrpj»Snrjt1) KS(Sn,r—1,5 Snru—1,541)
tn —Jn +1 [r— TT‘n—l — —
=jn j= =1 j=1
T1vn71 tn—1
= Z KS(8n,r—1,55 Snra—1,5+1) + Z KS(Sn,1p,55 Snrmit1)s
Jj=1 j=1

where we let r, — 1 represent round r,_; of stage n — 1 if r, = 1. Therefore, when summing over n,
each KS distance term is counted at most twice, and as a result,

T—

N-1
Z 771, Z St, 3t+1 = 2KSy.
n=1

e With regards to 7,2, on the event B, (cf. (43)), we can from the definition of A,, , _1 (cf. (37)) that

1 Trpp—1

Tn2 = ‘T E (P(Siz,rn—l,l > Qn,r, | Qn,rn) - ]l{sn,mrl,l > qn,rn})’ <6
Tn—1
" =1

log 7,11
b
TT'n -1

which in turn implies that

N-1 N-1

10ng+1
D Taal{Buy < 3 64/ = 1{B)

n=1 n=1

(5<) \ 16 10g Tn41 Vin
B 18 V IOg Tn+1

1 7n—1
Here, the last inequality follows from the fact that ¢, <7, <47, _4 forr, >1landt, <7, =1<
T, _1 forr, =1

N-1

| Bn| Il{Bn}) <> 2 1B, 1{B,}.

w

3
Il

e When it comes to 7y, 3, it is seen from the definition of g,, ,—which is chosen to be the a-empirical-quantile
of {snyrn_lyl}li”l"l—that

%,31{8 } = ‘ : Z ]]-{sn,rnfl’l > qn’rn} — a) E{Bn}
T 5
! log 741 (51) 1
< D1 |
o Trnfl I{B } - QW {Bn} = 12|Bn|]].{6n}

Taking together the preceding bounds on 7, 1, 7p,2 and 7, 3 results in

N-1 N-1
n=1 n=1

N 1

< 2KSp + = Z\B|]1{B}+ Z|B\]1{B}—2KST+ Z|B |1{B,},
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N-1
from which it follows that Y |B,|1{B,} < 8KSy. Combine this bound with (52) to arrive at

n=1
N—-1
> VS 1{B,} < 2(KSp)5 T (54)
n=1

To finish up, taking (46), (48) and (54) collectively yields

N r, T, N—-1 L,
E[Z S S Bt > o | o) — a|1{,4n,r}] < 5(1&[ > «ﬁsn] T+ KS%TS>
n=1r=1[=1 n=1

= 5(E[NZI \/51{3“}} HE[NZl \/51{32}} +VT + (KST)éT§>

(54) - 1o
< O(VT + (KSg)#T3).

We can immediately finish the proof for the smooth drift setting by combining the above result with (42).

B.2 Proof of Theorem 3.2

Counsider a given T, along with a change-point budget N in the change-point setting and a cumulative
variation budget KSt in the smooth drift setting. In what follows, we intend to construct a subclass of
distributions £’ and use it to establish the claimed minimax lower bound.

Step 1: construction of a distribution subclass £'. Partition the horizon [T] := {1,...,T} into m
consecutive time segments 7, ..., Z,, of (nearly) equal size, where
Z; = {G - DIT/m] +1, ..., min{j[T/m], T}},  j€[m].

Define £ as the collection of distribution sequences whose corresponding score distributions {D$¢}T_ | obey

1. for each t € [T, D" € {Exp(1), Exp(l + ¢)}, where Exp(/3) denotes the exponential distribution with
the rate parameter 8, and the parameter € € (0, 1] will be specified momentarily;

2. Di° is blockwise constant, namely, for each j € [m], one has D" = D™ for all ¢,¢’ € Z;.

Clearly, if m = N? 4+ 1, then £' C £;(N). We also verify that in the smooth drift setting, £ C Lo(KSt)
for sufficiently small . To see this, we make the observation that

KS(Exp(1), Exp(1 +¢)) = sup{|e™* — 67(1+€)I|} =sup{e *(1—e ")}
x>0 x>0

< sup{sme‘x} < 2e,
x>0

where we have used the elementary inequalities 1 — e ™ < u for u > 0 and ze™* < 1%: < 1 for x > 0.
Consequently, for any {D;}1 | € L', it is easily seen that

T-1 m—1
Z KS(Dj*"¢, DiF°) < Z KS(EXp(l),EXp(l + 5)) < 2em.
t=1 j=1

Choosing € < KSp/(2m) ensures that 23:11 KS(Djeere, D) < KSt, and as a result, £’ C Lo(KSy).
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Step 2: lower bound for a single time segment. Consider a fixed time segment and suppress the

segment index here for notational simplicity. Within this time segment, the score random variables {s;} are

ii.d. drawn from either Exp(1) or Exp(1 4 €). Denote s1.+ = {s1,...,5t}, let ¢ = ¢(s1.+) be an arbitrary
- 1

estimator based on the past observations, and set ¢j := log(1/a) and ¢f == 17 log(1/a).

Denote by D" and D}75°°"® the joint distributions of (sy,...,s;) when s; ~ Exp(1) and s; ~ Exp(1+e¢),
respectively. Let the Bernoulli random variable H ~ Ber(0.5) indicate which distribution generates the
sequence {s;}. Then, letting s be a random variable—independent of s1.; conditioned on H—such that
s|H=0 ~Exp(l) and s | H=1 ~ Exp(1l + ¢), and denoting by Py (resp. P1) the distribution when H =0
(resp. H = 1), we can derive

1 1
EH,sl;tND{{fm ([Pr(s>q|q:) —af = §E[|P0(S > qi|q) —afl + iEslth]P)l(s > qilqr) — o]
(e —al+1e- )]

E[(Je — a| + e 0+9% —a|) 1 {q € K}] + TP (@ ¢ K)

1
2

55
: (53)
2

>
a
= ]EH,Sl:tN,Df{éscore [IPr(s > qt|q) — | 1{qg: € K}] + ZIF’(qt ¢ K),

where we take IC = [%, log %] Here, the inequality above holds due to the elementary fact

|e*‘1 — a| + }67(1“)‘1 —a| > %
as long as ¢ > 1og% or g < %.

Furthermore, for any A € {1,1+ ¢}, the mean value theorem tells us the existence of some £ between ¢;
and ¢y obeying

Pr(s > arla) — ol = [Pu(s > | ar) = Pul(s > qip)l = A |ae — qjyl-

Note that when ¢ < 1/2, 1 < A < 1+¢ and € < log(2/a), we have Ae ¢ > e Aogd > g~(I+e)log g —
(a/2)1F¢ > alT¢/3, and as a consequence,
1+e

«
Pu(s > aql@) - ol Ha €K} > —

l9¢ — q77| 1{gr € K} (56)
Substituting (56) into (55) leads to

«
EH’sl:tN,DlP{t,score HIP)H(S > qt ‘ qt) - a” 2 Z]P)(qt ¢ IC) + EH,SLt"VDf{fcore [|]P)H(S > qt |qt) - a| ]].{qt E IC}] ( )
o7
1+e

> “—Ellg - ais| Har € K} + JPlar £ K).

To further bound the second term on the right-hand side of (57), let us look at the following test:

H=0 if qr > w; H =1 otherwise.

Then given that H € {0,1}, it can be derived that

{H #HY < 1{|a: —ai| > (@ — a7)/2},
and hence . . . .
* do — g qdo — 4

Ellg: — qf|1{q: € K}] > %PO%_(IEI' > =2 5 L g GIC)

(58)

v

B~ o5
02 LP(H +# H; ¢ €K).
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_ log(1/a) _ elog(1l/cx) < 3
14+« - 1+¢ 4

In addition, if ¢§ — ¢7 = log% , then we have

14-¢ 14-¢

3

(67

TB(ar ¢ K) > Pl ¢ K H # H) > “o— (a5 — aD)Pla ¢ K H # H). (59)

Substituting (58) and (59) into (57) yields

al—i—s R R
E g0y it [Brr(s >t a0) = all = (a5 — o) (Pl € K5 H # H) +Plas ¢ K; H # H))
_ateelog(l/a)

61 +e)

(60)
P(H # H).

It remains to lower bound the probability P(f[ # H). Le Cam’s two-point method (Tsybakov, 2009,
Theorem 2.2) and Pinsker’s inequality (Tsybakov, 2009, Lemma 2.5) imply that:

P(A # H) = 3 Po(H £ 0) + S P1(H £ 1)

1 score score 1 score score
S (1= TV D)) = 5 (1 /A KL(DV | D)),

v

Since the observations are i.i.d. within this time segment, one has
KL(DY;;%" || D15") = t - KL(Exp(1) || Exp(1 + ¢)).

Moreover, the KL divergence admits the following closed-form expression:

1
KL(Exp(1) || Exp(1 +¢)) = log T+ +(1+e)—1=¢—log(l+e),

and for € € (0,1] we have & — log(1 + €) < £2/2 since log(1 + 2) > x — 22/2 for x € [0, 1]. Therefore,
KL(DY= | DY) <1222,

Choosing ¢ < 1/(4¢2) yields KL(DJ3%®||D175°") < 1/8, hence TV(DJ:%®, D}:3°"%) < 1/4. Consequently,

~ 1 ~ 1 ~ 3
BT # H) = JBo(ll #0)+ SR £1) > 2 (61)
Substituting (61) into (60) then yields, for all € < 1/(2v/1),
atteelog(l/a) 3 alteelog(l/a
E [PH(5>Qt|Qt)_a” 2 Gg( / )gz 16g( / ) (62)

H~Ber(0.5), s1.4~Die

Step 3: extension from one time segment to entire horizon. We now demonstrate how the single-
segment lower bound in Step 2 can be adapted to establish a lower bound for the entire horizon [T]. Recall
that, at Step 1, [T] is partitioned into m consecutive time segments 71, ...,Z,, obeying |Z;| < T/m. Let
Hy,...,H,, beii.d. Bernoulli random variables, and construct a random distribution sequence {D5"¢}T_,
by setting, for each time segment j and each ¢ € Z;,

DSCOFE — Exp(1)7 HJ = 07
i Exp(l+¢), H;=1
Counsider any online procedure producing ¢; = ¢(s1.¢). Condition on the history up to the end of time

segment j — 1. Since H; is independent of the past, the conditional prior on H; remains uniform over {0,1},
and the observations within time segment j are i.i.d. from Exp(1) or Exp(1 + ¢) accordingly. Therefore, the
single-segment lower bound (62) applies for all times within time segment Z;, with the proviso that 4te? < 1.
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To ensure that (62) holds throughout the entire time segment Z;, we impose the condition 4¢? |Z;| < 1.
Let F;_1 denote the o-field generated by the samples s; observed prior to time segment j. We can then take
the sum of (62) over ¢t € Z; to reach, for each Z;,

€a1+5
E{Z|P(St>qlﬁ ‘qt)*a| -7:3—1} > |Z] 16 -log —,
teZ;
and hence, summing over j = 1,...,m and taking expectation over {H;}7", gives

sup E
(DFyi,

T T
> P(se > qi | ar) — a!] > E Y ‘P(St >qr | qr) — a”
=1 Himsur | T

-3y E

k=1i€T), *Tk
altee 1) & Tealte 1
> log — T > log —
> (g e ) ol g loe

provided that € < % To connect this inequality to the advertised minimax lower bounds, we look at the
two distribution-shift settings separately.

HM&>%|M—QH (63)

o Change-point setting. In this case, taking m = N + 1 and € = /(N + 1)/(4T) in (63) yields

=Q (Tea““E log ;) =Q (a2 log(l/a)\/m) .

T
sup E P(s: > q | ) —
{Diere i, ;‘ o ’

e Smooth drift setting. In order for (63) to be applicable in this setting, it suffices to choose € such that

e < min{%, \/Z}

Now, if KS74/T > 1, then we can choose

KSL/3
m=KSY TV (2 1), e= 20,

which satisfies the above requirement. Plugging this choice into (63) gives

T
1
sup E lZ‘]P’(st >q | @) —al| =0 (TgozH"E log a) =Q (a2 log(1/a) KSCIF/STQ/?‘) .

e, =1

On the other hand, if KS7+/T < 1, then one can apply (62) to the entire horizon [T to arrive at

T

Bl Ber(0.5), s1onpHsore [Z“PH(S >qe | @) — CV|]
t=1

T

E ]ESI:tNDf{t,score [
t=1

- o't Telog(l/a) 3  a'™Telog(l/a)
- 6 8 16 ’
for all e < ﬁ Thus, taking € = ﬁ leads to

= Eg~Ber(0.5)

P(s > g; | ;) — o] ’ H]

sup E
{Di i,

T
> IP(se > ai | ar) - 04|1 =Q (azﬁlog(l/a)) :

t=1

These two cases taken collectively conclude the proof for the smooth drift setting.

36



B.3 Proof of auxiliary lemmas
B.3.1 Proof of Lemma B.1

Since round r has not been terminated due to the detection of distribution shift, it follows that
J

Z (]]'{Snﬂ”-,l > QH,T} - a)

=i

< ono/T— i1 < 24y/(j —i+1)log(dm, ) (64)

for every 1 <4,j < T,. On the event A, ,, combine the definition (37) of A, , and Eqn. (64) to reach

<30y/(j —i+1)log(dr, ). forall 1<i<j<T,. (65)

J
Z (P(Sn,r,l > qnr | Qo) — O‘)
=1

Below, we look at the two drift settings separately.

Change-point setting. In this setting, the score distribution remains fixed within each time segment Z,, , 5.
Consequently, for every | € Z,, .k, the conditional exceedance probability P(s, .1 > ¢n,r | ¢n,r) is identical
(i.e., does not depend on 1), which in turn implies that

Z (P(Sn,r,l > dn,r | Q’n,r) - Oé) .

€Ly, rk

Z ’P(Sn,r,l > dn,r | Qn,r) - O“ =
€Ly, r i

Combining this with Eqn. (65) yields

< Z |]P)(5n,r,l > Qn,r ‘ Qn,r> - Ot’) H{An,r} S 30\/‘In,r,k| log(47-n,r)-

l€Tn rk

Summing this inequality over k = 1,..., K, , (i.e., summing over all segments in this round) yields the
advertised bound for the change-point setting.

Smooth drift setting. Consider a given g, . Partition the time indices 1,2,...,7}, into K consecutive
time segments 7y = {ix—1 + 1,...,ix}, k = 1,..., K, with i9 = 0 and ix = T,.. This partition is chosen
so that, for [ € 71,73, ... ,1'2[%]“, the quantity P(s,,r; > gn.r) — @ has the same sign; without loss of
generality, assume that the signs are positive. Then for any | € ZoU- - -UIQ[§]7 we have P(sp 1 > qnr)—a < 0.
Consequently, the cumulative regret within this round can be expressed by grouping terms with positive and
negative signs as follows:

T
Z‘P(Smnl > Qn,r ‘ qmr) — Oé’

=1
Z Z (P(Sn,r,l > qn,r | qn,r) - Oé) + Z Z (Oé - P(Sn,r,l > qn,r | qn,r))

k:k is odd I€Z}, k:k is even lEZ,
K

= Z Z (]P)(Sn,r,l > dn,r | qn,r) - O[) +2 Z Z (0[ - P(sn,r,l > dn,r | qn,r))~ (66)
k=11€Z; k:k is even lEZ,

The first term on the right-hand side of (66) can be readily controlled on the event A, ,; more specifically,
it is seen from (65) that, on the event A, ,,

K T
Z Z (]P)(Snml > o | o) = a) = Z (P(Snml > o | Gngr) — a) < 304/T, log(47n,7). (67)
k=11€Zy =1
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We then turn to the second term on the right-hand side of (66). For every k € [K], set

Ak:: Z a — P(Snrl>an‘an))
‘I’“| IET,,
On the event A, ,, it agains follows from (65) that

\/@ Ak: V |Ik <| | Z Snrl>qﬂT)|q"T)> Sl (68)
k

30+/log(47, ) 30+/log(47y,r) €Ty,

This allows one to deduce that, on the event A,, ,,

S (P >t lann)) = > TlAv= Y Tl (1T )T 4]

k:k is even l€Z}, k:k is even k:k is even

(68) . 1 Z 3
< > 30|Ik3A,§\/logT<30\/logT< > |Ik|>( > Ak>, (69)

k:k is even k:k is even k:k is even
where the last inequality follows from Holder’s inequality. This leaves us with two sums to control.

e Regarding the summation of |Zy|, it is easily seen that
K

Z |Zk| < Z |Zx| =T (70)
k:k is even k=1

e Let us now turn to the summation of A;. Given the way we partition the sets Zy, we see that for any
even number k (> 2), P(Sn,r,z‘k,l > qnyr) > «. Consequently, for any even k, one can bound Ay as

Ak Z Ol ]P)(snrl>an‘Qnr))
\Ik| =
1 - (71)
Z Sn,T,ik,l > Qn,r | q”,T) - P(Sn rl > Qn,r ‘ dn r)) =7 Z Z n,ryis
‘I’“| 1T, 1| €Ty
where we define
An,r,i = P(Sn,r,i > Qn,r | Qn,r) - IP)(Sn,'r',i+1 > Qn,r ‘ Qn,r)-
The definition (6) of the KS distance tells us that
An,r,i < KS (Sn,r,i7 sn,r,i-‘rl) for all ¢ € [T7']7
which combined with Eqn. (71) leads to
Ak s ‘I | Z Z KS Snrzvsnrz+l)
€Ty i=ik_1
’Lk 1 Z‘k-*l
‘Ik| Z Z KS Sn ryis Sn TZ+1 = Z KS(Smr,ia Sn,ni-i—l)- (72)
l€Ty i=ip—1 i=ig_1
Let sy,.0 = Sp,r,1. Summing over all even k yields
ip—1 T
Z Ak < Z Z KS Sn i Sn,r 7,+1) = Z Ks(sn,r,ia 5n,r,i+1)~ (73)
k:k is even k=11=13_1 1=0
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Putting Eqns. (70) and (73) together yields

z 3 T. 3 L
( Z |Ik|> ( Z Ak) STr% (ZKS(Sn,r,uSn,r,iﬂ)) Z(Ksﬁind)gTﬁ

k:k is even k:k is even =1

which taken together with Eqns. (66), (67) and (69) establishes that
Tr
=1

B.3.2 Proof of Lemma B.2

P(Snri > Gnr | Qo) — a‘ 1{A,} <30\/logT (\/er (KS;S,“T”")%TT%) =0 (\/TT + (KSiﬁ”,,"d)%Tf) .

Cousider stage n, and denote by t,, the number of iterations in the r,-th round (recall that r,, denotes the
index of the last round of stage n). Observe that for any r € [r, — 1] (resp. for r = r,,), no initiation of a new
stage—i.e., no detection of distribution drift—is triggered within iterations {1,...,T,} (resp. {1,...,t, — 1}).
In what follows, we look at the two drift settings separately.

Change-point setting. Note that the collection of time segments {Z,, , } described in Section B.1.1 can
be viewed as a refinement of {Z, ; }‘j];l; for instance, a given Z, ; might appear in more than one round,
possibly due to imperfect drift detection. For each j € [J,,], denote by ) the index of the first round that
overlaps with the segment Z,, ;; it is straightforward to see that the last round that overlaps with Z,, ; cannot
exceed r(+1) (here, if this is already the last time segment in stage n, we can simply let rU*D be the last
round of this stage). Note that Z, ; may share its first and/or last round with Z,, ;_; or Z,, j11. Therefore,
we have

FUHD 1 K,
., C { U U Ink} UREANTIPII UL s AT S (74)

r=r) 41 k=1
which in turn gives

PG 1 K,y

rn Knor Jn
Z Z \/ |In,7‘,k < Z Z Z \/ |In,7‘,k + \/ ‘Zn,r(j),Knn.(j) + \/ ’In,r(f+1),1| . (75)
Jj=1

r=1 k=1 r=r)+1 k=1

Recognizing that each of the intermediate rounds r) 4 1,...,r0+Y — 1 is fully contained within Z, ;,
we see that, by construction, each of these rounds also contains a single time segment from the collection
{Z,.1}. This means that for each r € {r0) +1,...,70+*) — 1}, we have

Ko r
Z \/'I”ﬂ“»kl = \/|In,r,1‘ < \/ﬁ
k=1

Consequently, for each j € [J,,], we can bound

POHH-1 K, U+ -1

Z Z \ | Zor k| + ’/|I”"“(j)vKn,r<j) + /| Zor+0 1 |< Z VT, +24/|Ta 4, (76)

r=r@+1 k=1 r=r0) 41

Next, we bound the summation of v/7,. on the right-hand side of (76). If r@) 41> U+t — 1, then this
summation term is equal to 0; otherwise, it can be seen that (by construction)

where the last inequality holds since Z,, ,.i) g o Y Inrai g € Inj-

Trrv-1 = | Ty raen—11] < |Tnyl,
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which implies that

PUHD -1 P+ -1 P+ -1

> Vh< ¥ VIR X siss R BV e r W AR R ()

r=r() 41 r=1

Here, (a) and (b) are valid due to our choice T, = 3" and the fact that, except for the last round of this stage,
the r-th round has time length exactly equal to 7.
Invoking Lemma B.1 as well as (39), we can demonstrate that

Tn T,
Z { Z |]P)(Sn,r,l > dn,r | Qn,r) - a‘ }H{An,r}

r=1 =1
rn—1 T, tn—1
S Z { ’P(Sn,r,l > Qn,'r | Qn,r) - a|}]1{An,r} + { Z ’P(Sn,rn,l > Qn,rn Qn,rn) - a‘ }H{An,rn} + 1
r=1 =1 =1
Kn.r I
(Z \/ In,r,k|) +1 <O(Z\/|In,j|>7
r=1 k=1 j=1

where the last line follows from Lemma B.1 and the fact that no distribution shift has been detected before
the last iteration of stage n. This taken collectively with (75)-(77) then yields

Tn T Tn n r JIn
Z { Z “P)(Sn,r,l > qn,r | Qn,r) - a|}1{An,r} S O<Z \/ In,r,k|) S O<Z |In,j|)
r=1 ~ =1 r=1 k=1 7=1

as claimed.

Smooth drift setting. To begin with, Lemma B.1 tells us that

Ty 2
{5 1Bt s L) = alt f (A} = O (VI (kSz) ) rmn2eimm1 (s

=1
and
tn tp—1
Z }P(SYMTHJ > qnarn ‘ qnfrn) - Oé|]]'{‘/4n17"n} S Z }P(Sn,rn,l > Qn,rn ‘ qnv"ﬁ) - Oé|]]'{‘/4n17"n} =+ 1
=1 =1
~ 12
=0 (Vi + (KS2) 8 ). (78b)

Sum Eqn. (78) over all rounds in this stage to arrive at:

rn—1 T, tn
Z Z‘P(Snml > qng | Qo) — a’]l{An,r} + Z !P(Snn‘n,l > G,y | Gnrn) — O‘|]1{An,rn}
r=1 [=1 =1

r”z_: O (\/>_|_ (KS;;’";"d)%TT%) +0 (m_i_ (Ksround)§ E)
1

a) Tn . rn—1 N 2 12
(S ) <232 + Z (Kszl_;nd)é (KS;?l;and)é n)
r=1 r=1

(b) ~ n Tn 3 2\ (0 ~ 1 2
<0 (3 + (Z (Ks;f;"d)> Sﬁ) < 0(VS.+KSi s, 51).

r=1
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Here, (a) holds since T, = 3" and ¢, < 3™, (b) follows from Holder’s inequality, and (c) holds since the total
number .S, of time points within stage n satisfies

rn—1 1/2
VS, > ( Z 3r> = 3%,
r=1

This taken together with (39) concludes the proof.

B.3.3 Proof of Lemma B.3

We establish this lemma by contradiction. Suppose that round r,, — 1 and round r, are completely contained

within the same time segment from the collection {Ik}iv:fl. According to the procedure of DRIFTOCP, on

the event A, , _1 N A, there exists an index j, such that

Trr -1
1 n (
1 Sn,rp— >Qn7’7, 70‘) S ) 79a
- g {Snram1 > G, } T (79)
t,
1 ~ 24+ /log (47 1)
IS (Mt > G} —a) | > R 79b
tn_]n+1 l—jn( { ! o L} tn_.]n+1 ( )

where (79a) is valid since g, ., is taken to be the a-empirical-quantile of the set {Sn,rﬂ,—l,l}lﬁ”{_l, and in

(79b) we use the detection threshold oy, , = 244/log(47y, ).

Since the two rounds lie within the same time segment from the collection {Ik}fj:fl, the scores in these
two rounds are identically distributed. Let s denote an independent copy of the score from this segment.
Then, on A, ,,,—1 N A, -, (cf. (37)), we can invoke (79a) and the triangle inequality to obtain

Ty, -1
1 n
’]P)(S > qnﬂ'n | qn7T7L) - a‘ = T Z (P(Sn7rn_17l > qn7"'n | qn7r'rz) - a)
[ =t
1 Ty, -1 Ty, -1
< T Z (1{3 > Gy, b — O‘) + T Z (H{Sn,mfl,l > qngr, } — P(s > qnyr, qn,rn))
rp—1 -1 Tn—1 -1

1 6/10g Tn41 - 7\/10g Thi1 - 14+/log 7, 11

< +
- TTn_l \V T’I"nfl - V TT‘»,,,_l B \V/ TT’n

In the meantime, applying (79b) again on the same event and invoking the triangle inequality gives

(80)

tn

1
P(s > gnr, | an,r,) — O“ = 1 Z (]P(Sn,rn,l > Gnr, | Gnr,) — a)
tn —Jn +1 =
1 tn
> 1 > — )
e tn — ]n i 1 l_zj ( {571,,7"7,,,l Qn,rn} «
1 t’Vl
- Z (l{sn,rn,l > qn,rn} - ]P)(sn,rn,l > qn,rn ‘ Qn,rn))
tn —Jn +1 I=j

(;) 24, /log(47y ,,) 6+/10g T +1 S 18+/log T +1 (81)
N \/tn_jn+1 th_jn“‘li \/Trn 7

where (a) follows by combining (79b) with the event A, . . However, (81) contradicts (80), which in turn
completes the proof.
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C Detailed proofs in Section 4

This section is devoted to establishing the main results in Section 4. Throughout this section, we define, for
any cumulative distribution function (CDF) F', the quantile function

Qi_o(F) =inf{z eR: F(z) >1—a}. (82)

Also, we denote by C(- | S St"in) the prediction-set mapping constructed via (22), where St is used to
fit the model and S is used to form the quantile.

C.1 Proof of Proposition 4.1

We first present the proof of Proposition 4.1, which concerns the training-conditional coverage guarantees
for standard full conformal methods. Before embarking on the proof, we introduce the following convenient
notation (when there is no ambiguity), which shall be used repeatedly throughout Section C.1.

Definition C.1 (Basic notation). We introduce the following notation, all conditioned on the realization

Ztrain = ztrain - (i.e., the portion of the training set that is disjoint from the calibration set).

e For any dataset S C X xR, let jis(-) = A(SUztrain ) be the fitted model trained obtained by algorithm
AonSUZzZRN.,.

e For any dataset S C X x R and any Z = (X,Y), let 1Z(:) = fsuizy () be the fitted model trained
obtained by algorithm A on S U{(X,Y)} U 22",

e For any dataset S C X xR and any Z = (X,Y), Z' = (X',Y"), define the scores

ss(Z2) =Y —fis(X")| and  s¢(Z') =Y - pZ(X")). (83)

Remark C.1. Note that we introduce ji%(-) in addition to Jis(-). This is because, in the full conformal
algorithm, the target sample Z is used for both model fitting and construction of the calibration quantile. To
emphasize this role and distinguish it from the pretrained-score setting, we adopt a separate notation.

C.1.1 Key lemmas

We first single out two key lemmas that play a pivotal role in the proof of Proposition 4.1. Here and
throughout, we take L = L1 L.

The first lemma characterizes the discrepancy between the tail distribution of the scores conditional on a
random calibration set and the corresponding tail distribution obtained after averaging over the randomness
of the calibration set, provided that a stable learning algorithm is used for model fitting. The proof is deferred
to Section C.3.1.

Lemma C.1. Consider the same setting as in Proposition 4.1. Let ﬁ(X’Y)(-) denote a fitted model trained on
the data Zi" together with the target sample Z = (X,Y), and assume that i™Y)(-) satisfies Assumption 4.3
with coefficient Ly. Further, suppose that for each i € [m], Z& = (X Y is independently drawn from
D;, and let the target pair Z = (X,Y) ~ D. Then, for any 6 € (0,1) and conditional on any given realization

Ztain = ziran | we have

16L 1
< —y/mlog = 84
< - —\mlog s (84)

sup {
z€R

PD (’Y - //Z(X7Y) (X)’ >x ’ Zfavlqw Z::iiknl:n = Z:rrzarlzn> - PDl:m xD (’Y - //j‘\(X,Y)(X)| > .’E)

with probability at least 1 — §. Here, we adopt the notation

Py (Y = BV > 2) =By, [P (Y = A5V > 2| 285, 270 = 2|
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Another key lemma establishes a high-probability upper bound on the deviation of the average empirical
scores from their mean over a given time window. In contrast to the pretrained-score setting, full conformal
methods induce complicated statistical dependency among the scores {s;}, leading to additional technical
difficulties. The proof of this lemma is provided in Section C.3.2.

Lemma C.2. Consider the same setting as in Proposition 4.1. Let i(-) represent a fitted model trained on
Ztrain satisfying Assumption 4.3 with coefficient Lo. Further, suppose that for each i € [m], Z& = (X&' Yl
1s independently drawn from D;. For everyi=1,...,m, we let

— Y A, i=1..m.

Then, for any § € (0,1) and conditional on any realization Z},;‘i“lm = zm“m, the following event

> log(1 241/
S {’ g ]l{sl<x} P 1m<52<91j ’}< 24 og 0/5 \/ 10m >
zER D

happens with probability at least 1 — 4.

C.1.2 Proof of Proposition 4.1

For notational convenience, we write Z.,, in place of Z&  throughout this proof when it is clear from the
context. Fix an auxiliary sample zg = (x9, 3o), which shall be treated as deterministic in the following. We
introduce several addition notation:

® 5i=5z. U{z}(Zi) = ’Y Bz gz} (Xi) | fori=1,...,m, and Siest = | Y — iz, Ufz0} (X) |, where
(X,Y) is not used for model fitting;

(X V)= =57 (Z:)= |Y; — ﬁ(Z)f Y)(Xl-) | fori=1,...,m, and sﬁjﬁg’”) = | Yfﬁ(Z)i’:)(X) |, where (X,Y)
1s used for for model fitting;
e Q 0=Qiu (Wlil{&{sﬁjﬁg”} + > 5{55X’Y)}})7 which indicates the quantile when (X,Y) is also
i=1
used for model fitting;

Q. - 1 (XY)y | X : (X,Y) i m
e Qo =Qi_, (m—&-l {5{stest o+ 21 5{51}}) ; note that except for syef ’, the remaining scores {s; }7
=

are computed when (X,Y) is not used for training;

o Fest(i 21m) = Prxyyon (| Y = i85 (X) ] £ 0), Feaw) = Bz, Fress (4 Zim)]:

o Fi(u) :=Ppxp,., (s (XY)<u) and F?(u) :==Pp,,,, (s; <u) fori=1,...,m.

Step 1: eliminating the dependence of the fitted model on (X,Y). The first step of the proof is to
examine the effect of removing the dependence of the fitted model 7i*-Y)(.) on the target sample (X,Y). To
be precise, consider the discrepancy between

Pp(Y €C(X) | Zim) =Pp(sias ) < Qioa | Z1n)  and  Pp(siy”) < Quia).
For the two score sets {stesty)} U{s; (X, Y)}m , and {stesty)} U {s;}7,, Assumption 4.3 tells us that

maoe {57 = s} < max{| 750 (X))

N L
s — iz, (Xi) |} < 72

Then by virtue of Han et al. (2024a, Lemma B.1), we obtain

~ L
| Qlfa Ql « | < 2
n
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for any (X,Y) and Zi.,,. Combining this with Assumption 4.2 yields
Po(Y € C(X) | Zim) — Pp(sta”) < Qi_a | Ziam) \

= ’PD SE:s(tY) < él—a | Zl:m) PD(St(est ) < Ql o | VAR m) ’

S IP)'D (Sgs({ ) S [ ’Ql @ - (5170( H l Zl:m) (86)
S IP)'D (Sge)s(tY) S |:Q17a - 61 @ + 7:| ‘Zl m)
< 411 Lo _ g?

n n

where the penultimate line results from (85), and the last line is due to Assumption 4.2. This inequality

allows us to switch attention to IPD(SE;’;Y) < Qi_a | Z1.m)-

Step 2: replacing Q1 o With an adjusted quantile independent of (X,Y). Note that by definition,

Qi « still depends on the test score sEeftY) which motivates us to consider replacing Qi « with an alternative

quantile independent of S.Eest’ ). More precisely, define the following adjusted quantile

Qi_o = inf {IER: Z]l{si <z}> [(lfa)mfoz]}., (87)

n=1
which satisfies the following property.
Claim C.1. The adjusted quantile defined in (87) satisfies

{Stes Y < Ql } — {St(gs;:y) < Qlfa}'
It then follows immediately from Claim C.1 that

Pp (st(est < Ql @ | VAR m) =Pp (S*Se)s(t < Qlfa ‘ Zl:m) = Ftest(Qlfa; Zl:m)a (88)

where Fiest(+; +) is defined at the beginning of this subsection. It then boils down to controlling Ftest(Ql_a; Z1im)-

Proof of Claim C.1. From the definition of the quantile functional, one has

m

Zl{siéq}zl—a}

1
{Stesty) < Ql Ot} — SEest Y < lnf{q eER: Tl{stes7y) = q} +—0 m-+1

Aand ]l{sgs’ty < Stesty)} + Z I{s; < stes } <[(1—=a)(m+1)].
i=1
Given the trivial fact 1{s{%¥ < s{Z¥)} = 1, the last display is equivalent to

m

Yo a{s <sEVY < TA—a)(m+1) = 1] = [1 - a)m —al.

i=1

By the definition (87) of Q1_a, this inequality holds if and only if sEj;ty) < Qi_q. This proves the claim. [

Step 3: controlling Ftest(Ql,a; Z1.m). In order to control Ftest(Ql,a; Z1.m), we begin with the following
decomposition:

y . . 1 & . y
Ftest(Ql—a§ Zl:m)_(l - a)’ < |Fte5t(Q1—a; Zl:m) - Eest(Ql—a)| + ‘m Z [FZ'O(Ql—a) -1 {Si < Ql—a}]
—~ i=1

=T
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. 1 i
+ | Frest(Qu—a) — o ZFZ'O(Qlfa) + ‘ Z 1{s; <Qi—a}—(1—a)|, (89)
i=1 i=1
=T3

=T
where both Fiet(-) and F?(-) are defined at the beginning of this subsection. This decomposition leaves us
with four terms to cope with.

e Bounding T1 and Ts. Define the typical events & and & as

16L 2
& = { sup { Eest(u§ Zl:m) - Ftest(u)‘} < — };
u€eR n

522—{21€1£{’;§(]l{51§u} FO(u }<24,/10g40/5 24L\/ +n)}

Lemmas C.1 and C.2 imply that, with probability at least 1 — d, these two events occur simultaneously.
On the event & N &, the terms 7; and T satisfy

« “ 16L+/mlog(2/0
T = ‘Ftest<Qlfa;Z1:m) - Ftest(Qlfa)‘ < SU% Ftest(“? Zl:m) - Ftest(”) ‘ < g( / )
ue
< sup

7= s 2 (@)~ 1o < Q] Ssup 25 [0 150 < ]
\/W 24L\/ +n> (91)

e Bounding T3. Regarding T3, it follows from the triangle inequality and the definition of the total-variation
distance that

;o (90)

m

x 1 o= 0/ 1 & 3 .
T = | Frest(Qi-a) = — D> F(Qua)| < — > [Freat(Qi-a) = F(Qi-o)|
i=1 i=1
1 m
< % ; <1S}e1§{ |Ftest(u) — Fz(U)‘ } + iu%{ |on(u) — Fz(u)‘ })
(%) 1 Z (KS(S(X’Y) (X y)) 4L

8L
2 (RS (e 2 fZ;Tv (2,2) + (92)

where F;(-) is defined at the beginning of this subsection. Inequalities (a) and (b) are justified below
— To validate inequality (a) in (92), observe that

F(u) = Fi(u) = P(s{") <u) = P(s; < w)

S (u_ |AZ1 m ) MZlmU{ZO}(X)‘ <siSu+ ’/J’Zl 7,L)(Xi)_ﬁZ1mU{ZO}(X-)|)

Lo
(u——<sl§u—|— )
n

I/\“

L _ L
< P((iz1uen (X0) = 1) = 22 < Vi < (fizy e (X)) —u) + 2

X;

’ n
(iii)
WAL L, AL

’
n n

~ L = L
+P((Mzmu{zO}(Xi) +u) - ;2 <Yi < (fzy., 00001 (Xi) +u) + 2)

where (ii) arises from Assumption 4.3, (iii) follows from Assumption 4.2, respectively, and (i) is a
direct consequence of the definition of s( ¥)

and s; (see the beginning of the subsection) and the
following elementary fact.

45



Fact C.1. |P(la| > u) — P(|la + 6| > u)| < P(u—[8] < |a| < u+[]).
Proof of Fact C.1. We observe that

|P(la| > u) — P(|a + 6| > u)| = max {IP’(|a| > u) —P(la+d| > u), P(la + | > u) — P(la| > u)}
< P(la[ + 16| > u) = P(la] — |6] > u) < P(u —[0] < |a| < u+1d])

as claimed. O

— We now justify inequality (b) in (92). Consider any index i, and define Z},,, as the dataset obtained
from Zi.,, by replacing the i-th sample Z; with the target sample Z. Based on Z:, , introduce
the auxiliary score

P |Y _A(Z)f Y)(Xz)|

1:m

In view of Assumption 4.3, s, differs from SEX’Y) by at most 2Ls/n. Combining this with
Assumption 4.2 immediately yields

KS(S’» S('X’Y)) < % — g

v n n

As a consequence, for each i = 1,...,m we have

KS (st ), s ) < KS(sio™, s1) + KS(s), s

R 1, Z’ Z
. . AL
< TV((Zims 2), (Zn Z0) ) + =

W) AL
< 2TV(Z, 7)) + —.
n

Here, (iv) is valid since sEe)it’Y) and s} are outputs of the same measurable mapping, evaluated at

(Z1.m, Z) and (Z1.,,, Z;), respectively, whereas (v) invokes Barber et al. (2023, Lemma 1).

e Bounding T4. According to the definition of Qi_a, the term 73 can be bounded by

T; = %Zm:]l{siSQka}—(l—a)

i=1

[(1—a)m—«]

s _(-a)l< % (93)

where the last inequality follows since

l—aym—a]l—(1—-a)m

—“l<(l—-am—-a—(1—a)m<][(
l—am—-—a+1l-(1-a)m<1.

Substituting the preceding bounds on 77, ..., 7y into (89), we arrive at

Ftest(Qlfod Zl:m)_(l - a)’ < 16L\/m log(2/9) + 24\/10g(:10/5) + 2471[/\/7774 log (40,”7/ + n)

n 1)
2 & 8L 1
2NTTV(Z,Z)+ 2 =
+m; (2,2:)+ =+ —

4OL\/mlog 45n/5 log 40/5 8L 1
™VGZ, Z)+ — + —
2= Z e

< 48L\/mlog 45n/5 /log 40/(5 ZTV 7.7, (94)
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Step 4: putting all this together. Finally, taking the above results (86), (88) and (94) collectively, we
can readily finish the proof of Proposition 4.1.

C.2 Proof of Theorem 4.1
This section is dedicated to establishing Theorem 4.1.

Notation. For ease of presentation, we adopt the notation introduced in Definition B.1 as well as in
Section 4.1. In addition, we shall adopt the following notation:

e For any k <m <t € [T], let

Q™ = Qi (1 (5{s§;:m(zt)} +) 5{s§§:m(Zl)})> : (95)
=k

m—k+2

representing the quantile when (i) the data Z;.,,, U{Z;} are used for training; and (ii) the data Z.., U{Z;}
are used for calibration.

e For any k£ < m < i < j, define the event

J

SO(1%.(2) < Q) Po (5%, (20 < QL7 | 21)|

t=1

A(k,m;i,g) = {

<2¢U—i+nby%&j (96a)

which is concerned with the deviation of the empirical coverage from the training-conditional mean
coverage over the time window [¢, j]. As we shall see momentarily, this is a high-probability event.

e For any stage-round pair (n,r), take

Tn,'r+1_1 Tn,r+1_1

An,r = n m A(Tn,r—h Tn,r — 1; ia ]) (96b)

I=Tn,r J=i+1

Step 1: regret decomposition. Following the proof structure of Theorem 3.1, we decompose the
cumulative regret of interest as

T Tr

T
Z }/tGCt Xt)|ct 1—OL|—ZZZ’P nrlecnr( nrl)|cn7) (l_a)’]]-{An,r}
t=1 n=1r=1 (=1
(97)

n Tl S Cn r( n r,l) | Cn,r) - (1 - O‘)’ ]]-{Anr

BD»H

n=1r=1[]=1

Here we write P(- | Cp,) (or P(- | C;)) for the conditional probability given the set-valued mapping C,, ,-(-)
(or Ci(+)). Further, similar to (39), we augment the data to simplify notation: although the last round of
stage n contains only ¢, < T, time instances, we still generate Z, ,; = (X, r.1, Yn,r1) for every I > ¢, in an
i.i.d. manner obeying

P(Yonri €Crnr(Xnrt) | Cnp) =1—a for all I > t,. (98)

Step 2: bounding the second term on the right-hand side of (97).  Akin to the pretrained-score
setting, the first term on the right-hand side of (97) is the dominant term in the above regret decomposition.
To justify this, let us look at the second term on the right-hand side of (97). Fix a realization Zi.,,, = z1.p,-
Then for each t € [i,j] with m < ¢, the indicator ]l{szzlt” (Zy) < Qk m t} is a function of Z; only, and hence
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this collection of indicator variables over the time window [¢, j] are statistically independent. Moreover, the
conditional mean of this indicator variable at time ¢ is ]P’Dt( sz (Zy) < Qk it | Z1.m = 21 m) Therefore,
Hoeffding’s inequality readily yields

]P’(.A(lc,m;i,j)C | Z1m = zl:m) <378 for all z1.m (99a)
= P(A(k,m;4,5)) <Egz,,, [P(Ak,m;4,5)° | Zim)] <575 (99b)

Now consider any time point ¢ > 4 that resides within round r of stage n. By the construction of
DRrIFTOCP-FULL, we have

Tn,r

t
— <
16 = 4

< Tnr—1 < Tn,r <t< Tn,r+1 < 4t.
Consequently, defining
t
() Alk,msi, 5)
i=4%
in which the index pair (k, m) ranges over all values that (7, ,_1, 7, ) may take, we have

gt g An,r'

Regarding this event &, it follows from (99) that

t m 4t 7 4t
<3N S P(A, mii, ) <tQZﬂP’ (i, ) < €3 = = O(™)
m=§ k=fs =} i=} =5

Therefore, the second term on the right-hand side of (97) can be bounded above by

N r, T,
E|:Z Z Z’P(Yn,r,l S Cn,r(Xn,r,l) ‘ Cn,r) - (1 - Ol)’ ]]'{Afr:z,r}]
n=1r=1[=1
Z (Y; € C(Xy) | Cuyy) — @ 11{55}] <> P(&)=0 (Z ;4) =0(1).

t=1

Step 3: bounding the first term on the right-hand side of (97). It remains to bound the first term
on the right-hand side of (97). The overall proof follows a similar strategy to that used in the pretrained-score
setting. To avoid unnecessary repetition, we shall focus primarily on the steps that differ nontrivially from
the pretrained-score case.

To begin with, by adapting the arguments in the proof of Lemma B.2, we obtain the following result,
whose proof of Lemma C.3 is deferred to Section C.3.3.

Lemma C.3. Consider any stage n in Algorithm 4, which comprises r, rounds and S, time points. Reusing
the notation introduced in Definition B.1, we have

rn s Ty
3 (Z P(Ypri € o | Con) — (1 — a)D 1{A,,}

r=1 =1
~ J’Vl
O( > |In7j|>7 for the change-point setting,
< = . (101)
0 (\/Sn + (Tv;tage)%ss) ,  for the smooth drift setting,
where we set
Tn Sn,r_l
TVIRE =" > TV(Zrts Znirisn)- (102)
r=1 [=1
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Given that Lemma C.3 controls the cumulative regret within a single stage, it remains to extend this
bound to the entire time horizon, which we handle separately for the two drift settings in Steps 4 and 5.

Before proceeding, let us introduce a collection of typical events that will be used in both settings. For
any two time points 1 < k < m < T, define the event

log(40
g(km {‘P<an¢c( m|ka laZ1m 1)|Z1m 1)_a‘§26 Orgn(i_;n)
27L\/(m — k) log(40m) 1=
+ - +— Z TV(Zom, Zl)}, (103)

=k

as motivated by Proposition 4.1. Here the notation C(- | -,-) is defined at the beginning of Section C. For any
stage n, define the typical event B,, as follows

By = An.r, VG (Tnr—1, T, )- (104)

In addition, the following two lemmas will be used in the analysis for both drift settings, and we therefore state
them here for subsequent use. The first lemma shows that B,, is an event with sufficiently high probability
(even when suitably weighted by 7,,+1); the proof can be found in Section C.3.4.

Lemma C.4. For any n > 1, recall that T, denotes the starting time of stage n. Then we have
E[THHI{B,CL}] < O(nfz).

Another useful lemma shows that the aggregate total variation over the last two rounds of each stage is
sufficiently large (at least on some high-probability event). The proof can be found in Section C.3.5.

Lemma C.5. For any stage n < N — 1, define

T, —1 T,

n—1
Tvtall Z TV n,rn,jr Zn rn,]Jrl) + Z TV(Zn,'rnflﬂﬁ Zn,’l“nfl,i+l)7 (105)
j=1 i=1
and introduce the event
Trn,ry
H, = {Trn,1 log(407,,,,) < 2 } (106)

Recalling that t, < T, is the number of iterations in round r, of stage n, one has

Vi, TVE'L{B, NH,} >3- 1{B, NH,}.

Step 4: analysis for the change-point setting. In this setting, Lemma C.3 allows one to decompose

N r, T, N Jn
33 S0 €0 016 ol 10401 <0 3 (3551 )
n=1 7j=1

n=1r=1[=1 i . . .
< O(Z (Z Lw‘) R{Bn}+Z(Tn+1 —Tn)ﬂ{BfL}), (107)
n=1 “j=1 n=1

where the last line follows since, by Cauchy-Schwarz,

Jn
\/ | In,j S
j=1

o We start with the last term on the right-hand side of (107), for which Lemma C.4 indicates that

JZ‘InJ|—\/ Tn+1_Tn)<Tn+1_Tn

N 0
E{Z:I(Tmrl — ) I{B], } ZE Tar1 I{Bg}] < (Z:l 732) =0(1). (108)
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e When it comes to the first term on the right-hand side of (107), we first divide it into

(ZM) SERED (Zﬁ)
+;\/m]1{6n NHa) +i\/m]l{%%}a

where H,, is defined in (106). We shall bound the three terms on the right-hand side of (109) separately.

(109)

— As for the first term on the right-hand side of (109), we first make the observation that: the time
segments Z,, ; (n=1,...,N and j = 1,...,J,, — 1) belong to distinct time segments in {Z; }2 T
As a result, we can derive

Jn—1 NP+1

> D> Tl < Z VTl < V(N® +1)T, (110)

where the last relation arises from the Cauchy-Schwarz inequality.

— With regards to the second term on the right-hand side of (109), by the construction of Z,, ; we
know that, for each terminal interval 7, ; , there exists a unique time segment 7; defined in
Definition B.1 such that Z,, ;, C Zj, . Moreover, the indices are nondecreasing, namely k,, < k41
forn =1,...,N — 1. In particular, when J, > 2, stage n must contain a distribution change,
which implies k,, > k,,—1. Using these properties, we can obtain

N N
S o 145, 1 E STtz
n=1 =

< Z A/ Ik

Here, (a) follows since, on the event B,, NH,,, we have /£, TV®' > 3 > 0 (according to Lemma C.5),
which implies that stage n must contain a distribution shift and hence necessarily requires J,, > 2.

N (111)

o1} < Z VITH < V(Ne + )T

— It remains to bound the third term on the right-hand side of (109). To this end, we make note of
the following relations between the two sequences {7, , }n» and {7} },:

Tn—1,rp_1 S Tn,r,—1;3 Tnr, = Tnyr,—1 = Trn—1~

In particular, the intervals {[7,, . —1 + 1, 7nr, |}N_; are pairwise disjoint, and as a result,

N N
Tn.r 256L log 4OT Tn o Tnr —1)
HHY =S 10T, _1\/log(407, , ) > —ln =
> 100) = - {1 foslinn, ) > 22 | < g

Tn,rn

< 256L+/1og(40T") Z >

n=14i=7y, r, —1+1

Tn,rp
1

N
<256L\/log(d0T) Y Y. -

n=14i=7p r, —1+1

n7T’!L

—_

T
< 256 L+/log (407 Z* 256L (og(40T))? (112)

.

Consequently, taking this together with the Cauchy-Schwarz inequality yields

N N N N
S T JI{HS <> V/Sal{Hg} < (Z sn> (Z 1{%2})

n=1

(113)
N 112
< T(Z 1{7{%}) (g)é(\/ﬁ).

n=1

50



Combining (107)—(111) and (113) reveals that
(114)

—a|1{A.,}| <O(W(N® +L+1)7),

Tn

ZZZ“P n,r,l ¢Cnr( nrl)|cnr

n=1r=1[]=1
which together with (97) and (100) establishes the advertised regret bound for the change-point setting
N

Step 5: analysis for the smooth drift setting. With Lemma C.3 in mind, we first analyze > ', v/

Recalling the definition of TV',:f'iI in (105), we make the observation that
N

S VEL(B) € VEn + Y VS M LB + 3 VI (HE) 1B,

<VT+ Y V5, (ﬁ?TvS“)% + (Z Sn> (Z 11{Hz}>

<VT+ Z S§ TvEN SaT (Z ]1{%;}) (115)

< VT + <isn> 3 (Z TV““') T (Z 11{%%})

N
< VT +2T3TVE+ | T (Z 1{7{%}) (12 6(T%Tv§ +V(T+1T),
where the second line arises from Lemma C.5 and the Cauchy-Schwarz inequality, the penultimate line results

from Holder’s inequality, and the last inequality holds because for any n TV@! is counted at most twice in
the summation from 1 to N. Taking this collectively with Lemma C.4, we can demonstrate that

3 ﬁnus;}]
Z Tn+11{82}]

+E

N N
> vE] <=y vEam)
n=1 n=1

<0 (\/(L + 1)T+T%Tv§) +E

n=1
-0 (\/m+T3TV%+§::2> =0 (VIL+ T +TViTH).
n=1

Armed with the above bound, we can readily invoke Lemma C.3 and apply Hélder’s inequality to yield
1 2)
Si

o Eoven

3

n7l ecn r( nr,l)|cn,r) 1—0( ‘]l{-An T}

n=1r=1[=1

N 5
<5<¢m+wgﬁ+(zwgage) (an) )
<O(VIL+ 1T +TViTH).

Taking this together with (97) and (100) establishes the claimed regret bound for the smooth drift setting
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C.3 Proof of auxiliary lemmas
C.3.1 Proof of Lemma C.1

For notational convenience, we write Z1.,, here in place of Z$'  as long as it is clear from the context.
To apply McDiarmid’s inequality, consider two given calibration datasets, z1.,, and z}.,,, which differ in
exactly one sample. For any given point (z,y) € Z, define the corresponding scores as

X,Y)

s (@,y) =y -l D@, s5(

~(X,Y)
Zlm ( )’

z,y) = |y — 1,

Note that both ﬁ(zﬁf)( -) and ﬁ(fy)() are trained on n + 1 data points. Then, by Assumption 4.3, for any

1:m

z € X we have I
A (@) - (@) < 2.

le m n

Z1im

Combining this with Assumption 4.2, which assumes the Lipschitz continuity of the distribution function, we
see that: for (X,Y) ~ D,

Po (s89(X,Y) > u) = Pp (s57(X, ) > )| ©p (u-a<sEXY) <urta)

(b)
< arysup {[E07(X) - 757 ()|}
XY 1:m
414 L 4L
< Mals 4L (116)
n n
where A = |ﬁ§f‘y (X ﬁgf Y)(X )|- Here, (a) is a result of Fact C.1 whereas (b) follows since
Pp (u—ASs(Zﬁ’f)(X,Y) Su—!—A) S]P’D( u—A<Y — M(XY) < u+A>
+Pp (u—ASY—ﬂifgf) §u+A)
<supPp (4 —u)~ A <Y <A+ (4—u))
peER
+ sup ]P’D((u Fu) A <Y <A+ (u+t u)) < 4L (117)
nER

with A" := sup {|ﬁg{my)(X) - (x )|}
XY

Zim

From (116), we observe that Pp (sgmy) (X,Y) > u)—when viewed as a function of z1.,,—satisfies the

bounded difference property with coefficient 4L /n. Now, we make the following definition:

Q(zlzmv ’PD ( X Y)(X Y) > ’LL) - PDl:m,XD (S(Z)ffn/) (X’Y) > u) ’
Q(z1:m) = sup {Q(z1:m,u) },

where oy y
Po,,p (5500 (X.¥) > 0) = Bz, iy [Poxyren (500 (X4 Y) > | Zim )| (118)

Then, basic calculation yields
Q(21:m) — Q(zl m) = sup {Q Z1:m, U )} - Su% {Q(lemvu)}
ue

u€R
4L
< sup {Q(Zl:m>u) - Q(zi’ﬂﬂu)} <.
u€eR "
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Hence, by applying McDiarmid’s inequality (Lemma E.1), we can demonstrate that

iléﬁ{‘lpp ( (X, Y) > u ‘ Z, m) —Pp,_xp (sgf;j)(x, Y) > u) (} = Q(Z1m)

(119)
log 1
S ]Ezlz'rn, [Q(Zlm)} + 4L@

n
holds with probability exceeding 1 — 4.
Now consider any given zy = (0,%o), and denote % (-) = ﬁ(xo’y")(-) and s (z,y)=|y— 702, (2)]

Z1:m

Let Z7.,, be an independent copy of Zj.,,. Then one can show that

B2 Qi) = B, s [Ep (52 (4Y) > ul Zuun) ~ By oo (52 (4Y) > )

Z1:my LY LUER

—~ ~ L
<am ) B Jswp By |[A,,00 - i, (0] + 2| |
Z1:myZY o |U€ER Lim n

< E {Sup Po(sp (X, Y) > u| Zim) — Pp(s5e (X, Y)>uZ1m)”
b (120)

=4l B[, 00 -5, ()] + =
VARSI o

1:m>

Here, the second line follows from Jensen’s inequality; the penultimate line follows since, for any given two
arrays zi., and z7.,,, one has

‘PD( CI(X,Y) > u) - Bp (s (X,¥) > u)

< PD( EV)(x)y) > u) —Pp (sgm (X,Y) > u) H Pp (sgf)(x, Y) > u) —Pp (sg;m (X,Y) > u) ’
+ ‘ Py (sgm(x, Y) > u) ~Pp (sgf:m (X,Y) > u> ‘

(c) % + ’PD< (Z)l (X,Y) > u) 7]%(52;”"(X,Y) = u)
Factgc ! g +Ex [P (u— [, (0 = 7%, (0] £ 52, (X, Y) w2, (X) -, . (X)] | X)]
(d) 8L [ }

< —+4041Ex
where (c¢) holds by Fact C.1, Assumptions 4.2 and 4.3 (similar to the arguments for (116)), and (d) makes
use of Assumptions 4.2 (similar to the arguments for (117)).

To control the first term on the right-hand side of (120), we introduce the quantity below for any given X:

A2, (X) =i (X)

vi(X) =E[uy, (X)|Ziin] - E Ay, (X)| Zwi], i=0,...,m—1.

It is readily seen that {v;(X)}/",' forms a martingale difference sequence. Moreover, Assumption 4.2 tells us
that, for any i =0,...,m —1 and X € X,

W O1 S 5D Bz, ([ 0020, () = Bz [B 02002000, (0] || <
Z1:i+1

Lz,
n
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Therefore, it holds that

4 IZE* X Hﬂ%hm (X) B ’aozf:m (X)H < 2ED1 m Huzl m X) B EZl:mNDI:m [ﬁ%ym (X)] H
1ims&qms )

<2Ep,.,. [

=0

=9 (Z—: Ep,.. [yi(X)2]> < 2L2n\/m,
=0

where the last equality holds since {v;(X)} is a martingale difference sequence. Taking (119), (120) and (121)
together yields that, with probability at least 1 — 6,

sup {‘IP’D <5(Zf;:)(x, Y)>u ’ lem) —Pp,.xp (S(Z)f;:j)(x, Y) > u) ’}

m—1 m=l ? %
o] <2 (on [(Ere) )
=0

[N

u€R
§4L\/mlog(1/(5 8L 8L\/mlog 1/6) < 16L\/mlog 1/5
n

thereby concluding the proof of Lemma C.l.

C.3.2 Proof of Lemma C.2
Before proceeding, we introduce several additional convenient notations below.
e Zy.,: we often use it in place of Z§2| when there is no ambiguity.

e [z, (-): we remind the reader that this indicates the fitted model trained on Zi.,, U 252" .. (see
Definition C.1).

o Z7..: this refers to {(x;,Y;)}™,, where the features are frozen to be {x1,..., 2 }; with this notation
one clearly has fom = Z1im-

. ;{sz}m (+): the fitted model trained on {(z;,Y;)}™,, with fixed features {z;}"; and random responses
Yiiit,

® [iz,,, (z;): the expected prediction of jizz (-) w.r.t. z;, with the expectation taken over the randomness
of Y1.,m, i.e.,

ﬁxl;m (xz) = EYL,H\Xl;m [///ZZ{":W (xl) | Xl:m = xl:m} ) 1= 17 ceey, M, (122)
The proof of this lemma is organized into several steps below.

Step 1: proximity of fizz and its conditional expectation. Equipped with the above set of notation,
we immediately note that:

® iz, () is a function jointly dependent on the random objects Xi.,, and Yi.p,;

e For any fixed realization z1.,, the collection {fizr (z;)}{Z; can be viewed as a family of functions
dependent on the random variables Y7.,,;

e Conditional on Xi.,,, = 1., the random variables Y7, ...,Y,, are mutually independent.
We now make note of the following basic fact.

Claim C.2. Recall the definition of lizs (x;) and fix,.,, (z;) defined at the beginning of this subsection. Then
for any fived 1., and any 0 < 6 < 1, the event

~ Lo 10
E1(T1m) = { sup {|Mzim( i) = B (T }} < f\/mlo m} (123)
ie{l,...,m} n 1)

occurs with probability at least 1 — 6/5.
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Proof. This claim follows directly by invoking McDiarmid’s inequality (Lemma E.1) along with Assumption 4.3
and a union bound over i € {1,...,m}. We omit the details for brevity. O

Step 2: a surrogate empirical distribution. With Claim C.2 in place, our next step is to approximate
the target empirical distribution

Py (u) = % SO0 {si < u} (124)
i=1

using a surrogate empirical distribution
~ 1 & _ _ _ )
Fy,. (u)=— Z 1{s; <u}, wheres; = |Yi — qu:m(Xi)|, i=1,...,m. (125)
miz

In words, the fitted outcome fiz, . (X;) is now replaced with fix,  (X;), the latter of which averages out
the randomness over Y7.,, (cf. (122)). On the event & (X1.,) defined in (123), we can bound the difference
between these two quantities as follows

o (126)
< {u— iz, (Xi)—lix, ., (X)) <5 <u+lfz,,, (X)—fix,,, (Xi)] }
=1
(z)iil u—&\/mlo 107m<§_<u+7“m1 10m
= - n g ; P> 5 s

where (a) holds because of Fact C.1 and (b) arises from the definition of the event & (X1.n).
For simplicity of notation, denote

- @ 10m

JANSp mlog and  B(u,e) = (u—¢e,u+¢g|, (127)

and consider the event

1
52($1zm) = {sup {
uweR | ™

We would like to prove that this event occurs with high probability conditional on X7.,,, = x1.,,. Towards
this end, we first observe that, for any ¢ = 1,...,m and any = € R,

i (]1{'53; € B, Ay ) }—P(5i € Blu, Apn) | Xpom = :clzm)) |} <10 log(l(’/‘”} _

: m
=1

1 {gz € B(’LL, An,m)} - P(gz € B(’LL, An,m) | Xiim = xl:m)
= (]]‘{gl <u+ An,m} - ]P)(gz <u+ An,m |X1:m = ml:m))
- (]]-{gz <u-— A'rL,m} - P(gz <u-— An,m ‘Xlzm = xl:m)),
which in turn implies that

1

m

i(n{'gi € B, M)} —P(5i € Blu, M) | Xiom = xlzm)) ’
=1

< % Z(ﬂ{'sz <ut D)} = PG <ut A | Xiom = zl:m))

i=1

) ‘
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m

Z(l{gl <u—Apm)}— P(gi Su—ADpm| Xiim = $1:m)> ‘ (128)
i=1

1
4+ =
m

In addition, it is straightforward to verify that: conditional on X7.,;, = #1.,, the quantity s; (see (125) and
(122)) is independent of Y7.,,, \ {Y;}, so that the collection {5;}*, forms a set of mutually independent random
variables. Hence, Lemma E.4 readily tells us that, conditional on Xi.,,, = 1.,

m

Z(]l{gz <u+Apn}— P(Ei <u+Apm| Xim = x1:m))‘} =

i=1

Z(]l{'svl <u-— Am,n} - ]P’(:Svi <u—Apm| Xim = $1:m))|} =5 %

i=1

log(10/4)

m

1
sup{ —
ueR | M

1
sup{ —
ucR | T

hold with probability exceeding 1 — ¢/5, which taken together with (128) shows that for any realization x1..,,

)
]P)(52(1'1:m) ‘ Xl:m - xl:m) > 1-— g (129)
Continuing from the derivation in Eqn. (126), we can now see that: on the event & (z1.,) N E2(x1.m), for

any u € R we have

~ ~ 1 & _
FZl:m (u) - FZ1:m (u)’ S E Z 1 {Si € B(“v An,m)}

i=1

Ly ps log(10/8
< — > P(5: € B(us Ann) | Xt = 21m) + 10 %
- (130)
1 Zm log(10/5
< E _ 2L1An,m + 10 M

=1 m
2L 1 log(1
2L 1o 0™ 4 19,/10800/9)
n 1) m

where the second line is valid on &3 (x1.,), and the third line makes use of the assumption stated in
Assumption 4.2, along with the fact that the interval B(u, ) has length 2¢. As a remark, in view of Claim C.2
and (129), we know that (130) holds with high probability when conditioned on X1.,,, = 1.1

Step 3: the surrogate empirical distribution vs. the marginal coverage rate. Next, we would like
to bound the discrepancy between the surrogate empirical distribution Fyz,  (u) (cf. (125)) and the marginal
coverage rate

Foo(u) = %ZPD“" (3: <w). (131)

Towards this end, we find it convenient to introduce two auxiliary coverage rates conditional on Xi.,, as
intermediary quantities, namely,

~ 1 & ~ — 1 — ~
Fx,., (u) = ~ Z;P”‘Xi (i <ul| Xim), Fxy,(u) = ~ Z;P”‘Xi (3 <ul| X;), (132)
where for any i = 1,...,m, we define
Py, x,(3: < u | Xi) =Ex, . \(x,} [PGi <u | Xim)]. (133)

56



It then follows from the triangle inequality that

Fy. (0) = Fra(u)|

IN

| P (W) = Py ()] + | Pty (0) = oty ()| 4 [Py, () = Fon ()|

1

m

> (15 <}~ Priwe (<0 | Xion))|

i=1

=T1(u, Z1:m)

1| & ~ B
+ E Z(PYi|X1;m (31 <u ‘ Xl:m) — ]P)yi|X1. (Si <u | Xz)> ‘ (134)

i=1

=Tz (u,X1:m)

+
\

)

1| & _
- Z Py, x, 51§u|X) Ppl:m(sigu))
i=1

=T3(u,X1:m)

thus leaving us with three terms to cope with.

Step 4: a bound on the first term in (134). Regarding the first term 77 (u, Z1.,,) on the right-hand
side of (134), consider the following event w.r.t. a given realization x1..,:

53(x1:m) = {SUpTl(U’ Zl:m) S 5 10g(5/6)} . (135)

u€eR m

As mentioned earlier, when conditioned on X7i.,;, = #1.1m, the random variables {5;}, are mutually indepen-
dent, allowing us to invoke the generalized DKW inequality (Lemma E.4) to show that

]P(gfi(xl:m) | Xl:m - xl:m) 2 1-— 5/5 (136)

Step 5: a bound on the second term in (134). Regarding the second term 7z (u, X1.,,) on the right-hand
side of (134), we first single out a few properties about Fx,  (u) (cf. (132)). Without loss of generality,
consider two realizations z1.,, and zi,,, that differ only in the first sample (i.e., x1 # z}). We would like to
show that, for any ¢ > 1, the function IF’mem (§1 <u| Xy, = I1;m), viewed as a function of x1.,,, satisfies
the bounded difference property. In fact, in view of the definition of f,,,, (z;) (cf. (122)), we have

o @) = Fiat, @0)] = [Brmfenn [z, (@0)] = Bxy e, [z (@0)]]

(a) = =
< EYg:m\me |:EY1\:61 [MZ'f:m (xz) | YVQm} - EYI’\:c’l [,U/Zis:/m (xz) | Yv2m]i| ‘

= EYQ:WL‘xZnL [EYl xY{|(%1,2) HﬁquZ;m (zi) — 'ZZZ‘TIUZ'Q”W (z | Y2:m:| }
() Lo
< EYQm‘fEQm |:EY1><Y (z1,27) |: ‘ Y'Qm:|:| = ?» (137)

where we denote Z¥, = {(x}, Y)Y\, Z¥ = (x1,Y1), and Z¥ = (2,Y{). Here, (b) results from Assump-
tion 4.3. Regarding (a), it follows from the fact that xs.,,, = x5.,,; in particular, Ya.,, and Y5.,,, have the same
joint distribution, and are both independent of (Y7, YY), which allow us to couple Y;.,,, and Y7, so that the
two samples differ only at the first data point, i.e., (z1,Y7) # (2}, Y{). Consequently, combining (137) with

Assumption 4.2 reveals that, for any i = 2,...,m,
[ Py (1Y = o (@) > 0) = Pyge, (Vi = iy, (1)] > ) |
< P |, (@) = fiag, (00)] < (Vi = fian, @) S 0+ [y (@) = fiag, ()] )

2L1Ly 2L

< 2L4 |y, (%3) = iy, (23)] < T (138)
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Now, let us return to F, (u). Applying the above bound (138) along with straightforward calculations
reveals that, for any =z,

~ ~ 1 _
Foy () = F-Tﬁ:m (u)’ S m |PY1|1‘1 (51 <ul xlim) o ]P)thv’l (541 Sul xllzm)|
1| ~ 1 2L
i=
where 5} == |Y/ — Hat (})|- Also, note that Py, (3; < u | 2;) is a function of z; only, and hence
_ — 1 ~ ~ / 1
| Fy,(u) = For (u)] = E‘ Pyyjay (51 S| @1) = Py 1o (37 < w | 2h) | < —

As a consequence, for any z, the function | Fy . (u) —Fy,, (u) | satisfies the bounded difference property
with coefficient % + % If we define

T2(x1:m) = sup {T2(u, T1:m)} »

u€eR

then simple computation yields

E(xlzm) - 7-2(1‘/1771) - Sup {E(U,Z‘l;m)} - su% {7-2(1/5 xllm)}
u’' €

u€R
2 2L
S sup {E(uvxlzm) - 7-2(U,.’L'I1m)} § —_ 4 —.
u€R m n

Thus, we can apply McDiarmid’s inequality (Lemma E.1) to derive

sup {‘ﬁXlzm (u) — Fx,. . (u)‘} = To(X1:m)

u€R -
2 2L 5 (139)
<Ex,.,, [(Xtm)]+{ =+ — mlog —
m n )
holds with probability at least 1 — ¢/5.

It then comes down to bounding E[72(X7.,)]. From the definition of 73(X1.n,), we have

E[T2(X1:m)] = Ex,.,, [Sup
u€eR

S (Prix B < w | Xum) ~ Py, (s < u X»)H

|
]

1 & _ -
< EXl;m sup — Z‘ PYL'\Xi (31 <u | Xl:m) - ]P)Yi|Xi (Si <u | Xl)
w i=1

erR M =

1 & ~ ~
< > Exi.., [SUE‘ Pyiix,(8i S u | Xim) = Py x, (5 S u | X)
i=1 ue

1 — _ ~
<— Z]Exi E [Sup Py, 1x, (i S u | Xim) — Pyyx, (8i S u | Xi) |X1:| ;o (140)
m = X1:m \{Xi} tueR
= Ki(X1:m)
which motivates us to control K;(X1.,), ¢ = 1,...,m. Without loss of generality, it suffices to analyze

K1(X1.m), since the same argument applies to the remaining ¢. Fix X; = x4, it is seen that fix,  (-) satisfies
Assumption 4.3 with parameter Lo /n with respect to the remaining samples Xs.,,,. Applying Lemma C.1
reveals that, for any z; (it can be regarded as the target sample is (X1,Y7) and X; ~ dy,,} at this time),

16L
Ki({z1} U Xom) < %\/mlogn
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holds with probability at least 1 — 1/n, which combined with (140) gives

1 & 16.L 1
BT (X1 < =S Ex Ki(Xim) | X]| < =2 /m1 -
T < 03 B || B G | X0 < g+

Plugging this into (139) yields that the following event

&y = {SUP{7—2(U Xim)} < 34/ Log( 5/6 log —|—n } (141)
u€eR

happens with probability at least 1 — §/5.

Step 6: a bound on the last term in (134). We now turn attention to the last term 73(u, X1.,) on the
right-hand side of (134). Define

H(U,X,) :Pyl‘xi(gzgu‘Xz), 221,,771

It is easily seen that the random variables {H (u, X;)}1<i<m are mutually independent. Moreover, for any i
and any fixed X;, H(u, X;) is a non-decreasing function in u. Applying Lemma E.4 reveals that the event

Es = {Slel]yg{‘F)ﬁ:m (u) — Fm(u”} <5 log(w} (142)

m

happens with probability at least 1 — §/5, where we remind the reader of the definitions of F'y, , and F,, in
(132) and (131), respectively.

Step 7: putting all pieces together. To finish up, let us put together the preceding results. First, define

m

Z v (50 < ) (143)

On the event (ﬂl 1 5»(x1;m)> N &4 N Es5, we see that for any x € R, it always holds that

Sup (P, (0) = Fon ()| < | Py (0) = P (w)] | Py () = Fon o)
ue
(134) -
< sup{|Fz,., )PAAWH+wMﬂW&mH
u€eR u€eR
+su§{7'2(u Z1. m)}+sup{7§,(u 7. m)}—i—sup{‘F Fm(u)|}
ue

/ 107m N 10\/log 10/6) 5\/10g(5/5)
/log 5/5 / /log 5/6 —
1og +n +5 JriléEﬂFm(u)*Fm(U)H

\/W 24L\/ +n>

To justify the last inequality, we observe that, for any u,

B (u) — Fn ()] < % > IPG: < )~ Pls < )
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1 & N ~ o R
S { i (X) = 2 (X0 € 0) = P (5o + i (X3) = i1, (X0)| < u)}
=1
zli P(si € B(u,A)) + 1ip(‘~ (Xi) -1 (X')|>A)<g mlo n+l
- m — ? — qulzm, K ,u‘th.m 1 = g n’

where A = %\/mlog n, and (a) follows by invoking the same argument as in the analysis of &1 (X1.).
By combining our uniform high-probability bounds on &;(x1.,,) for ¢ = 1,2,3 given any Xi.,, = Z1.1m, and
applying the high-probability bound of &4 and &5 as well as the union bound, we arrive at

Pp,.,, ({ <(3] si(Xlzm)> NéEN 55}C> =Po,.,, ((J&(Xum)) s uE)

6 0 20
< Z]P’Dl o (Ei(X1m)®) + = s ZExl o [PYim X1 (Ei(X1m)C | X1:m)] + =
35 20
— =.
=5 + 5

This completes the proof of Lemma C.2.

C.3.3 Proof of Lemma C.3

The proof closely follows the arguments in the proof of Lemmas B.1 and B.2. The only difference lies in that,
for the smooth drift setting, inequality (71) in the pretrained-score setting needs to be modified as follows:

o m\ > (0= B(¥iri ¢ Cor(Xur) | Cur)

€Ly

|I]{:‘ Z n Tyl —1 ¢ Cn r( n r,ik,l) ‘ Cn,r) - P(Yn,r,l ¢ Cn,r(Xn,r,l | Cn,r)))

€Ty

|Ik‘ Z Z { n,r,i % Cn,T(Xn,r,i) | Cn,r) - P(Yn,r,i—i-l ¢ Cn,r(Xn,T,i+1) | Cn,r)} (144)

LETy 1=t 1

for any even k, where we invoke the same arguments as in (71), albeit with notation adjusted to the full
conformal setting. We observe that, for any ¢ € ix_1,...,0 — 1,

P(Yn,r,i ¢ Cn,r(Xn,r,i) | Cn,r) - P(Yn,r,i-l-l ¢ Cn,r(Xn,r,i-‘rl) | Cn,r)
= ]E[]]-{Yn,r,i ¢ Cn,r(Xn,r,i)} | Cn,r] - E[]]-{Y;L,T,i-‘rl §é Cn,r(Xn,r,i—&-l)} | Cn,r]

< sup {E[h(znﬂ‘,z)] - E[h(Zn,r,i—i-l)] } = TV(Zn,r,iy Zn,r7i+1)7
heM([0,1])

where M([0,1]) denotes all measurable functions of Z € X x R that are bounded in [0, 1]. Accordingly, the
bound (72) on Ay in the pretrained-score case can now be replaced by

ip—1

Ay < |Ik\ > Z TV (Znris Zurin) <> TV (Znis Znrisn)

lE€Ty i=ip—1 i=ip_q

for each even k. As a result, under smooth drift, the complexity measure used to control the cumulative
regret in stage n should now be TV (cf. (102)) rather than KS3%8¢ (cf. (40)).

The remaining arguments are the same as for Lemmas B.1 and B.2, and are hence omitted for brevity.
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C.3.4 Proof of Lemma C.4

For any n, given that B, = A,, .. NG(Tnr,—1,Tn,r, ), One has
E[rn11{B;}| < Elrmp1 {45, } +E[rmse11{G (T, —1, Tnyr )3, (145)

leaving us with two terms to control.
We first bound E[Tn+1]l{./4c }] Recognizing that n < 7, _1 < Tp, and Tp41 < 47, (since the

n)T’IL

round lengths grow geometrically), we can deduce that

E[Tn+1 ]l{Aan}] < Z E[4m H{A%,T,,L}H{Tn,rn—l =k; oy, = m}}

1<k<m<T

Z 4mE{]l{Tn,7.n_1 =k; Tor, = mYE[L{A; . } | lem_l]}

1<k<m<T
< Z 4mE |:]1{Tn,rn1 = k7 Tnr, = m}( Z P(A(kvma iaj)c ‘ Zl:m1)>:| (146)

1<k<m<T m<i<j<oo
(99) s
< Z AmE |1, -1 =k; T, = m}( Z J )

1<k<m<T m<i<j<oo
2 2
. _ —6 _ -5

< Z 4mE {I{Tnmn_l =k; Tpr, =m}(m /42)} = EE[THWL] < TP

1<k<m<T

Next, we turn attention to the term E[TnleI].{g(Tnyrn,l,Tn’rn)c}]. Using 741 < 167, -1 (which is
again due to the geometric growth of the round lengths), we obtain

N

E a1 1{G (Tira 1, )Y < D E[16k 17,1 = K} G(R, 7, ) }

k=1
T o0
< ZE[le Wrnro =k S (G m) | Z1a) )]
k=1 m=k+1
o " (147)
< Z]E[le: {7 1 = k}( 3 m—4)}
k=1 m=k+1
L 6
< 3 6E[k U {ry, 1 = k}] S 6E[2 )] < 3

k

Il
_

where (a) follows from Proposition 4.1 with § = m~*.

Taking together (145)—(147) thus completes the proof.

C.3.5 Proof of Lemma C.5

Recall the algorithm procedure of DRIFTOCP-FULL: in stage n (< N — 1), the distribution shift is detected
in round 7, and this round contains t,, iterations. Then in light of our drift detection subroutine (see
Algorithm 3), there exists some j, € [t,] such that:

tn

> (Yo € Cor, (X, )} — @)

l=jn

> 10v/t, — jn + 1log® (407, ).

Then on the event A, ., (cf. (96)), it holds that

tn tn
Z (P(Yn,rn,l ¢ Cn,?“n (Xn,rn,l) |Cn,rn) - 05) > Z (]]-{Yn,rn,l ¢ Cn,?“n (Xn,rn,l)} - a)
l=jn l=Jn
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tn
Z (H{Ynﬂ‘",l ¢ Cn,rn (Xn,rn,l>} - IP>(Yv’n,'rn,l ¢ Cn,r” (Xn,r",l) Cn;rn))‘

I=jn

> 10\/t — Jn + 1108%(4071,) = 24/ (tn — i + 1) 108(273141.1)
> 8y/tn — jn + Llog®(407, ., ). (148)

As a consequence, if we define

t
1 n
B, = ——7— P(Yy,r nrn (Xnyr n,rn ) ’ 149
tnjmll;(( rut G (K ) | €nr) = ) (149)
then (148) implies that
tn — jn+1
”3—“ |By| > 1. (150)
8log” (407, )

The next step is to analyze the quantity B,, defined in (149). Note that 7,, ., — Tnr,,—1 = Ty, —1. Then
on the event B,, defined in (104)—more precisely, on the event G(7, ., —1, T, ) defined in (103)—we have

|Bn| < ‘ P(Yn,rml ¢ Cnr, (X, 1) |Cnﬂ“n) -« ‘

in

1
+tn_]n+1lz

=Jn

P(Yn,rn,l ¢ Cn,m (Xn,rn,l) |Cn,m) - P(Yn,rml ¢ Cnn"n (Xnﬂ"n,l) |Cn,7"n) ‘

(a) 1 tn
<’]P)an Cnr an Cnr _a"f'i TV n,r 7an
<|PYnrn1 & Cor (X 1) [Crirn) _j"+1zz; wids Zngr 1)
(b) 1 o log(407,,,, 27L
S t_ji_'_l Z (26 g; 7L17 n) + . \/T'f’n—l 10g(407’n,7-n)
tn Trp—1Trp—1
_]n+ 1 Z ZTV TLT’nj7Zn r,,,j+1 T . Z Z TV n,rn,—1,%s nrn—l z+1)
l=jn j=1 " =1 =l
log (407, .- 2"L :
<20 Oggp : 2 = \/Trn_llog(él()rn r) 4 TV (151)

where (b) is valid on B,,, and (a) results from the fact that, for any I = j,, ..., t,,

‘P(Yn,r,l ¢ Cmr(Xn,r,l) ‘ Cn,r) - IP)(}/’n,r,l ¢ Cn,r(Xn,nl) | Cn,r)
- ’E[]]-{Yn,r,l ¢ Cn,r(Xn,r,l)} ‘ Cn,r} - E[]]-{Yn,r,l ¢ Cn,'r(Xn,r,l)} | Cn,r]

S sup {E[h(zn,r,l)] - E[h(zn,r,l)]} TV( nrlyZn,r,l)a
heM([0,1])

where M([0,1]) denotes the set of all measurable functions h : X x R — [0, 1].
Regarding the first term on the right-hand side of (151), one can apply (150) together with a little algebra
to show that: when 7, , —1 > 2:

log (407, . ) (150) 26 tn — jn+1 1
g( > n) S 5/2 J |Bn| S = ‘Bn| (152)
Ty, -1 8log® ?(407,.,.) 1,1 2

Combine this with (151) and rearrange terms to reach

IB,| < \/TT _ 1 log(407,, ., ) + 2TV,

Tn,r,
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To finish up, recall that #H,, = {Trn,l log(407, ) < 725672 } On the event B, N H,, combining the

above expression with (150) allows us to establish the following inequality:
. tail Ln .
24 2v/ty —gn + 1TV, > /ity —jn+1
n,ry
(150)
2 \/tn_jn+1|Bn| 2 8»

281

VT, -1 log(407, ) + 2Tv§§‘“)

which in turn implies that

V=g F LTVE{B, N H,} >3- 1{B, N H,}. (153)

This immediately concludes the proof of this lemma.

C.4 Proof of Theorem 4.2

Throughout this subsection, we consider the case where no features {X;}7_; are observed; instead, only the
response Y; is available at time ¢. Under this simplification, the set-valued functions {C;(-)};+>1 induced by
algorithm 7 = {m;};>1 in (32) admit the simpler representation

’7'1'15(Y—t,1,...,le,[])7 lftZQ,

where m; : RI=! x [0,1] — B(R) for ¢+ > 2. In this setting, C; is uniquely determined by Y7, 1 and U,
accordingly, we often write it as C(Y7..—1,U) as long as it is clear from the context.
Our proof of Theorem 4.2 is organized into several steps, presented below.

Step 1: constructing a class of distributions with piecewise flat density. We begin by introducing
the distribution class Z, constructed as follows.

e First, divide the interval [0, 1] into k subintervals:

j=1y , k-1
I =|—.,>], =1,...,k—1; Iy=|—1|. 155
=5 v= B ] (155)
e For any given sequence V,...,V; € {—1,1}, generate a distribution with probability density function
k
Fly | Vi) =Y fily), (156a)
j=1

where f;(-) is nonzero only within the subinterval I; as follows:

fi(y) o< (1 +¢€V;) 11, (y),

with € a small positive constant to be specified shortly, and 17, (y) := 1{y € I;} the indicator function
of I;. The normalization constant can then be computed as

k

- 1+ eV _
/I(1+6Vj)dy:§: kEJ::1+fV7

j=1"1;

j=1

thereby allowing us to express

(I4+eVil(y) .
(y) = i 0 k. 156b
fi(y) TV J (156b)

e Accordingly, we construct a distribution class as follows

Z={fy|Viw)|Viw € {-1,1}* }. (157)
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Step 2: constructing a family of distribution sequences contained in £5(N) and L£4(TV7). With
7 in place, we would like to construct a family £’ of distribution sequences such that it is composed of all
{D,}L, satisfying the following two conditions:

1. Dy e foreveryt=1,...,T,

2. For every [ = 1,...,m + 1, it holds that D, = D,y for any ¢ obeying (I — 1)|T/m| +1 < t <
min {{|T/m],T}. In other words, the distributions are identical within each segment

T = [(1 = )|[T/m] + 1,min {I[T/m|, T}], (158)
where each batch 7; (except for the (m + 1)-th batch) contains |7/m| time instances.
We now verify that £’ belongs to both L£3(N) and £4(TVr) under an appropriate choice of parameters.
e Regarding the change-point setting, it is clearly seen that £’ C L3(NP) when m = NP,

e Turning to the smooth drift setting, we claim that £’ C L4(TVr) for sufficiently small e. To justify
this, consider any two distributions Dy, D, € Z, and suppose that their densities can be written as
o, (y) = f(y | Vl(fk)) for ¢ = 1,2. Assuming that € < 1/2, we can calculate

1+ eV(l) 1+ eV(z)

1+ V( b1y V(2)

1
TV(Dl,D2):%/O ‘fl(y\vﬁ) fl(?/|V1(3c) Z/

(159)
(4e + 26 < 10e,

PT\[\D

k
2 — _ _
< Z z ‘e(Vj(l) I V(2) _ Vj(z) _ V(l)) n 62(‘/]_(1)‘/(2) z)V ‘ Z

Jj=1

where the inequalities in the last line result from ¢ < 1/2 and [lg]lax {|Vj(i)|, |V(i) I} < 1. As a result,
jE[k],i=1,2
if we take € < min{TV7/(20m),1/2}, then for any {D;}; we have

T-1
> TV(Py, D) ZTV( = 1)L%J+1’DJ‘L%J+1)
t=1

(159)
<m sup TV(Dy,D3) < 20me < TVrp,

D1,Dy€T
thus ensuring that £’ C L4(TV7).
Step 3: establishing a general regret lower bound. We now look at the cumulative regret within

each batch 7; (i =1,...,m+ 1) defined in (158). To this end, we first establish the following lower bound on
the coverage gap for a single time point; the proof is deferred to Section C.4.1.

Lemma C.6. Suppose that 0 < a < 1/2, k > 25K gpd e < mm{ 20/0 B /Wﬁk/lﬁ)}. Consider any
n > 1. Then, for any admissible algorithm © € ’PK (cf. (33)), the set-value mapping C induced by  satisfies

12 [IP’Y € C(Y1.,,U) | Y] U)—l— ] >a%e_ ab
ﬂDeI{YLnND@vU’VPU | (nJrl ( 1ins )| 1iny ( Oé)| }7m W’ (160)

where U is independently drawn from an arbitrary continuous distribution with density function py(-), and T
is defined in Step 1 (with the parameter €).

With this intermediate result in hand, we can now analyze the cumulative coverage gap within each batch
T: (cf. (158)). In fact, letting 7; .= (¢ — 1) |T/m] + 1, one can write

S E[|P(Y € C(¥iu1,U) [Yia-1,U) = (1 - a) |

teT;
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= Z EU ]P’(Y} S C(Yl;ﬂ_hyn;t_h U) ’YIZt—la U) —(1-a) ‘:| .

teT;

Note that by construction, the distribution selected for each batch is independent of the distributions assigned
to all preceding batches. Therefore, we can view (Y7.-,_1,U) jointly as a new random variable U ~ P; for
some distribution Py, which is independent of all randomness within 7;. Consequently, we shall write the
prediction set C(Y1.r,—1, Yr,.t—1,U) as C(Yr,.4-1, U) in the sequel (as long as it is clear from the context),
in order to underscore the role of Y,,.;—1. Armed with this simplified notation, we define, for any given
distribution D and any index i € [m + 1], the cumulative regret over batch 7; as

regret, (D, T;) = Z]EHIP’(Y;GC(Y“_l,Ym 1 U) | Vi 1,U)f(1fa)H
teT;

-3 E HIP’(Yt €C(Vpt1,0) | Vero1, (7) —(1- a)H .

teT;

Applying Lemma C.6 for each time ¢, we reach

|I|Zregret (D,T7) = ZZ [[P(vi € C¥ra1.0) [V, U) = (1= )|

DeZ DeI teT;

Z{ 7 ZEHP(Yt €C(Yr—1,U |Yri,t—1a(7) —(1_04)H} (161)
teT; DeT

age 0[6 O[gG aﬁ
> = - il
2 (144\/ <T/m>3k3> <14m 4<T/m>3k3> 7

provided that

< mi a3 1 amk (162)
min —_—, —_— .
€= 200" 64 \/ Tlog(Tk/am)

Now, putting all batches together yields the following regret lower bound: for any algorithm 7 € Pk,

m—+1
regret, (L', T,K) = sup regret (D, T Z sup regret. (D, T;)
{De}i_ eL Del
(163)
m—+1 7- (161) 0456 CVG
regret, (D, > ——— | T
Z Iz Ipze:I ¢ V2 e e

Step 4: instantiating the general lower bound to two drift settings. It remains to connect the
above lower bound to the two distribution-drift settings, which we discuss separately below.

e The change-point setting. In this drift scenario, setting m = N ensures that £’ C L3(NP) (as discussed

in Step 2). Then, taking k = % and € = min {%/02, é %} in (163) yields

200v%’ 16 \/ log(Tk/a)

- Q(min{\/%, (Ncp+1)T}>.

e The smooth drift setting. In order to simultaneously satisfy (162) and £ C L4(TVr) (which needs
e <min{TV7/(20m),1/2} as discussed in Step 2), we take € to be

min a3 TVr 1 amk
€= — ¢ .
2007 20m’ 64\ T'log(Tk/am)
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Substitution into inequality (163) leads to

5 5
2T az TVr 1 amk
t (L4(TV1), T, K) > regret, (£, T, K) > -~ _min{ oo YT = [ 98 L gy
regret, (La(TVr), T, K) > regret, (L, T, )2 3007 ™™ 200" 20m 64\ Thog(Th/am) (- (164

‘We now divide into two cases.

2 1. 2
TVL T3 log3 (Tk/a)

I

(ak)®

Oé%T . Ozg TVT amk . T ] . %
300v% =Q| — L (kT'TV
300vE { 200" 20m’ \/ 28T log(Tk /o) } (@ i { ’ (k T) })

1 9
~ T TViTs
= Q| min { —, %Td .
vK  Ks
Plugging this into (164) yields

~ T TViT3
regret, (L4(TV7), T, K) > Q (min { L }) (165)

— If TVpy/2L > 1, then let us take m =

_ 256K i ;
5 2 and k = == giving rise to

VK K%

12K
sequence Dq.p with Dy = -+ = Dp = D belongs to L4(TVr), since its cumulative variation equals

0. Then one can apply Lemma C.6 with € = min {%/02, 1/ W{;Kﬁﬂ} and k = %K to the
entire horizon [T] to arrive at

— Next, consider the case with TVy,/-2L < 1. Note that for any D € Z, the constant distribution

T
regret, (L4(TV7), T, K) > sup regret (DT, T,K) > D]EI LZ_; ‘ P(Y; € C(Y1:4-1)) — (1 — @) ”

ﬁ(mm{\}%{ﬁ}) (166)

Combining the bounds (165) and (166) establishes the desired lower bound for the smooth drift setting.
The proof of Theorem 4.2 is thus complete.

C.4.1 Proof of Lemma C.6

Throughout this proof, we shall often write C(Y1.,,U) simply as C, as long as it is clear from the context. For
each j =1,...,k, we define

a; = CLj(len, U) = /J(C N Ij), (167&)

where we often abbreviate a;(Y1.,,U) as a;. Here, I; is given in (155) and p(-) denotes the Lebesgue measure
on the interval [0, 1]. Further, let

=

a =

k
Zaj and aj=a;—a (j=1,...,k). (167b)
j=1
The following lemma characterizes the range of 2521 5?, which will be used repeatedly in our analysis. Its

proof is deferred to Section C.4.2.

Lemma C.7. For any given realization of Y1.,,U, it always holds that
k
1 2K O —p@) 1
- - - < A
k (“(C)(l me) -5 >+ <2< k = 1k
j=1
We now embark on the proof, which contains a few steps below.
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Step 1: an expression for the training-conditional coverage gap. Under the distribution D with
parameters Vi, (see (156)), we can derive

k
L4V,
P(Yis1 €C|Yim, U) :Z/ 1y Ny

k

k
1+€V; € -
= g = a; + —— Vi —=V)a
S S T
. k
( => Vil
1 j=1
where (a) follows since the sets {C N I;}¥_, are mutually disjoint and the last equality results from
k k k
3y =471 S 0, =3 v
j=1 j=1 j=1

Note that each distribution D in Z (cf. (157)) is uniquely determined by the sequence Vi., € {£1}*. To make
the subsequent analysis clearer and more concise, we define

Jj=1

k
2 ul€) + = >V = V)a; = u(©)

1+ eV
J

w\'—

l(Vltk‘aC) = |P(Yn+1 S C | Yl:'n,a U) — (]. — O[){ s
which, according to the above calculation, can be written as

k
€ ~

(168)

As can be easily seen, averaging over D € Z on the left-hand side of (160) is equivalent to taking
expectation with respect to Vi, drawn from the uniform distribution D{i = Unif({il}’“)7 namely,

1
T, E
2| £y Yin~r

[[P(Yas1 € CVin, U) | Vi, U) = (1= @) |
, U~pu

= E [ E [|P(Vas1 €C1Yim,U) = (1-a)]]]. (169)

Vi~DE LD xpy

By fully expanding the right-hand side of (169) w.r.t. the generative process of U, Vi, and Y3.,, we obtain

E [ E [|P(¥ai€ClYin V)~ (1-a) ]

Vige~DE LD Xpy
1
= 5% > {/ I(Vix, € <Hf yi | Vi k)>pU( )dylmdu}, (170)
Vin [0,1]" xU

where U is the support of U, and the summation ranges over all 2% choices of V.;, in {#1}*. Denote by
Nj(yrn) = i | i € [n], 4 € I} (171)

the number of responses that fall in the interval I;; when there is no ambiguity, we abbreviate N;(yi.,) as
N;. This allows us to express the joint density as

14 €V Hk=1(1+EVj)N"
% Vi = : —\n 5
H (i | Vi) H(l—i—eV) (1+eV)
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which combined with (170) yields an expression for the expected training-conditional coverage gap:

E |: E [’P(Yn-i-l eC ‘ Ylim U) - (1 - a)H:|

ViDL D7 xpy

_ bu (u) H?:l(l + er)Nj(?h:n)
- Z { 2k(1 4 V)

Vi No,jnxu

= p(Vi.k,Y1:n,u)

Here, the term p(Vi.x, Y1.n, u) represents the joint density of the random tuple (Vi.x, Y1.n, U).

Step 2: a lower bound on the coverage gap using auxiliary conditional distributions. Now,
consider the conditional distribution of V7., given y;., and wu, denoted by p(Vi.x | ¥1.n, ). As it turns out, one
can construct a set of auxiliary conditional densities ¢;(- | y1.n,u) for j =1,...,k, whose product provides a
good approximation to p(Vi.x | y1.n,w). This is formalized in the following lemma, whose proof is given in
Section C.4.3.

Lemma C.8. For any y1., andu, let p(y1.n,u) == ZUM p(V1:k, Y1, w). There exists a collection of conditional
distributions {q;(V; | ylm,u)}é‘;l such that

E [ E [|P(Yon GC\len,U)—(l—a)m
Vise~DE LD xpy
ol (173)

EQ (yl:n7 u)p(yl:na u)dylndu - m

Wl

[0,1]7 xU

as long as € < ,/m, where
k
ol = 3 (H (V5 1)) Vi, ). (174)

As can be seen, each summand in £g(y1.n,u) (cf. (174)) involves the product distribution based on

{Qj(' | Y1im, )}

Step 3: a decomposition of Lg(y1.n,u). With Lemma C.8, we now turn to the analysis of the quantity
Lo(Y1:n,w) (cf. (174)). Given (y1.n,u), define Dg as the product distribution

k
Q(Vix) : H (Vi | 1n, ), (175)

and draw an independent copy V], of Vi, from the same distribution Dg. Then, invoking (168) and the
triangle inequality, we can derive

k
Lo(y1n,u) = Z <H (Vj | Y1n, u )) I(Vi.k,C) = Ep, I:Z(Vl:knc)]

Vlk j=1

= §E’DQ [Z(Vl;k, C):I + %E’DQ I:Z(Vll:]w C)}

(168) 1 € _ € ;- ]
=" ZEp2 C)—(1- + — (Vig,a1.)| + C)—(1- + — (Vi au
503 |[(10) = (1= @)+ =" G|+ €) — (1 =) + —“— ()
1 € € €
“Epe — (Vig, a1 Vi, + — — ) (V. an
=5 DQ{<1+6V<1.ka1k> +V<1ka1k>> <1—|—€V 1+€V/)<1.ka1k>:|
1 € € €
—Ep2 Vie — Vi, Vi avi)| ],
= 5Dy |:1_'_6V|<1k 1:k alk] H(l—ke\/ 1+€V/)<1.Ic al.kw
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from which it follows that

EYl:mU[ﬁQ(Yltm U)] > %EYMHU []EDé [1 JfGV (Vi — Vll:kvalzk>|:|:|
=L
S . {Epz {( £ ___° )(V’. al.k>”. (176)
P e | AT T v

=Ly

This leaves us two terms to control.

Step 4: lower bounds on £; and £5. Next, we would like to control the two terms on the right-hand side

of (176) separately. Before continuing, we introduce some additional notation: for any j = 1,2,...,k, define
_ A N ,
‘/j = 5(‘/}_‘/;)’ V= i(v_v)v Vi = i(vlik_vl:k)' (177)

It is straightforward to see that since V;, V] € {£1}, we have ‘7} € {-1,0,1} for all j =1,2,... k.

e With regards to L1, recognizing that ’eV| < |e| < 1/4, one has

Ly > %EYM,U {E% [|<‘71:k,51:k->|“ ) (178)

the right-hand side of which is further controlled by the following lemma. The proof can be found in
Section C.4.4.

Lemma C.9. Let k > 64/« and € < min{%, gj,/Wfk/QQ)}. For any admussible algorithm
whose resulting prediction set C is the union of at most k intervals, we have

Ey,...u [EDg [|<‘71:k,51:k>‘” > (02,% - 1023)2 %,

where we define
2K
o2 =Ey,,.u [(M(C)(l —u(C)) — k) ] . (179)
+
Consequently, taking (178) and Lemma C.9 collectively reveals that

8¢ o a H
> — X - — . 1
51—3\@(2 16) e

e When it comes to L5, we make the following observation:

7

B € € ; o~
Ly =Ey,, v []Epg H (1 A eV'> (Vi.gs G1:x) ”
Y E € € Y eE Ep. [[V -V
D R | Py e vl | Yh”’U{ e [’ N |H (181)
1@ 1 o=\ 2] @ ge2
2 2 2
= 8¢By,,,.u [Epg, [|V]]] < 8By, 0 KE% [sz;VJ D <
=

Here, (a) is valid since [(V], a1k} < Zle la;| < p([0,1]) =1 (see (167)); (b) follows from the fact
that min{1 + €V, 1 + eVI} >1—¢€>1/2; (c) applies Jensen’s inequality and uses the properties that
{V;} are independent zero-mean random variables; and (d) arises from the inequality V? < 1.
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Combine Eqns. (180) and (181) with (176) to yield

Eylzan [‘CQ (Yl:m U)]

Y

1 1
Ly — =L
91 9™

() aem () ™

Step 5: putting all pieces together.

o

To finish up, we divide into two cases and analyze them separately.
o If P(Ju(C) — (1 —a)| > /8) > 1/4, then one has

Ev,. Ln@pu [P(Yas1 €€ Yim,U) = (1= )] } >E D”(C) (- - ’ Vi) }
k k
> 5 —QEE[ ;Vj’dj } > g5 2B J (;wQ)(;'d?)]
@ « 0 « « o
> - _ =

—e> =,
- 32 —32 64 o4
where (e) invokes Lemma C.7, and (f) is due to our choice of e.

o If instead P (|u(C) — (1 — a)| > «/8) < 1/4, then it holds that

P(l—ggagu(c)§1—8>zj (183)

We can then lower bound o2 (cf. (179)) by

(® /490 2K 9 Ta 3«
>({—-—) P(1—-—<uO)<l—— | >
> (135 k)+( g SHO= 8>— 8

Here, (g) holds when a < 1/2, and the last inequality follows by combining k > 2585 and (183). Taking

this together with (182) and € < & 200 , we arrive at

5

4e 90 a\? a3 ade
By, vlLo(Yim U)] > —— [ (222 ) _ 22 ) 5 22¢ 184
ot LoV U] = £ <<32 ) 64> — (180

Substituting Eqn. (184) into (173), we obtain

1 ab ase o
S B [Lo(Yim, U)] - > _ ,
3Y1;I§,U[ Q(Y1n, U)] An3k3 T 144k 4nBk3

The above two cases taken collectively conclude the proof of Lemma C.6.

D" Xpu

E { E [[P(Yar1 €C| Vi, U) - (1 - a)@ B
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C.4.2 Proof of Lemma C.7
Upper bound. According to the definition of a; and @ (see (167)), it is readily seen that

N2 g 22 w1 —p@) 1
a? — ka’ _kZaj = 3 S@’

tj»
|

Pj»
M»

j=1 j=1 j=1

where the first inequality follows since a; < u(I;) = 1/k and @ = p(C)/k, and the last inequality comes from
the AM-GM inequality.

Lower bound. To establish the lower bound, we exploit the structural property of the prediction set C
(i.e., C is the union of at most K intervals). Consider the following conditions:

e suppose [ intervals from {I; }?:1 (without loss of generality, {I; }5:1) are completely contained in C;

e at most 2K of the {I;}¥_, (without loss of generality, {I;, }?X) are only partially covered by C, which
always holds due to the structural property of C.

Since the intervals {I; }?:1 are mutually disjoint, the total Lebesgue measure of these at most [ + 2K intervals
must be at least p(C). This leads to

l+2 ! 2K
Z L]+ 15| = w©)
j=1 i=1

thus indicating that
1> (uCk —2K) . (185)

Now, let us look at {Zij}g?’:l. For each 1 < j <1, we have a; = u(CN1I;) =1/k and ka = Z] 1a; = p(C),
allowing one to derive

This combined with the trivial fact Z . a2 > 0 establishes the advertised lower bound on Z o1 @ ]

C.4.3 Proof of Lemma C.8

By virtue of Bayes’s rule, the conditional density p(Vi.x | ¥1.n, %) admits the following expression:

p(vl.k' | Y1:n U) = p(vlilﬁylzmu) _ <pU(U) H (1 * €V ) /Qk 1 + GV)
ST Rl t) 5 (o) T (L )™ ) /250 + D) -
(I (4 evi)™) /(4 V)
S (T (L o)) /(1 + o]
For any given V1., we observe that
k k _ eVn
IV € € —eVn | € _
<j1;[1(1+ev’> >/(1+ V) <1;[ tev) ) (1+ev)"
. (187)
H (1+eV)NiemVik = H%(Vj,yl;n%
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where the last line follows from the elementary inequality (e®)” > (1 + z)" for all z € [—1, 1], and we define
qj(‘/ja yl:n) = (1 + G‘G)NJ e_EVJ' % .
Further, define

(Y1) =Y _(1+ V) Niem ik, j=1,..k (188a)
‘/rj
k
q(y1m) = ZH [(1+eVy)NemeVit] H (Y1:n); (188Db)
Vi j=1 j=1
qj(‘/jvyl:n) 3
4 (V| y1n) = ——— j=1,...,k 188¢
]( J| 1 ) Qj(yln) ( )
k

Combining the above analysis and notation with a little algebra, we reach

Ev,., {mem [|P(Vas1 € C| Y, U) = (1 - ) |H

72
(1: ) { Zp(‘/lk | Y1:n, U)Z(Vl:lm C) }p(yl:’n, u)dylndu

[0,1nxu  Vik
o {Z (It )™ ) (4 )"
oatoe Lo X (Mo (4 0™ ) +7)

l(Vlzk7 C) }p(yl:ny u)dylndu

“? 3 I, (V5 1) (Vi ©) § ply1ons w)dyp.ndu (189)
[0,1]" xU Vi Zvl;k (H]:l(l + EU]') j) (1 + 66)7?1
(188) q(yl:n) b
= / & ] — Z Hq](‘/] | yl:’rL)l(VYl:kaC) p(yl:nau>dy1:ndu-
[0,1]" xU Zm:k (Hj:1(1+evj)N])(l+ev)7n Vi j=1

= g(yl:n)

The next step is to control G(y1.,,). Specifically, by expanding ¢(y1.,) and applying Eqn. (186), we can
establish the following inequality:

sty Sovie (TDoy (1 V)N ) (14 €7) "= )"
g(ylin) ( 8:8b) o ( )( ) . _2 (iﬁ) Zp(vl:k | yl:n) (1 tvl/v)*
va (Hj:l(l + €vj) j) (1 + 61}) Vi €
> p(Vi | ym)%ﬂ {\V! < /6k1 log(2nk3/a2)}
Vi ‘ (190)

LS oV Lyt {|7] < VB TTog(2ak/a?) )

Vi
1 — log(2nk/a?
_3<1]P)<V> M Yl:n_y1:n>>-
To justify why (a) holds, note that
2
e[V] < k [6log(2nk/a?) _ 1
12nlog(2nk/a?) k 2n

k
72




holds under the condition that |V‘ < \/2k~1log(nk/a), which combined with the elementary fact 1+x+22 >
e? (z € [-1,1]) gives

eVn 1 Va T2\ " e n 1\™
¢ ng( +€V+<€V)) < (1+2(eV)?) §(1+) <e<3.
(1+€V) 1+eV n

As a consequence, substituting Eqn. (190) into Eqn. (189) yields

Evlzk [ED"XPU |: |]P(Yn+1 eC | Yin, U) — (1 — a)| :|:|

3 k
L1 (1—}P’<V> Wg(zgk/m ‘y» S L6 )iV, ©) b ol w)dyrnd

[0.1]" < Vi j=1
® 1
Zg / ZH%VH/ln Vi, C) ¢ p(Y1:m, w)dy1:ndu
(0,1 x \ Vi =1

o / 2)
/ <V 610g 2nk/a Y1: n) yl n, U )dyl ndu
1 — 61 2 k 2
=3 / L6 W1:)P W1, >dy1nduP<v \ B og(2nk/a”) ) (191)

[0,1]™x

where (b) relies on the fact that

ZHqJVIyM (Vig,€) 2 E B cC1¥int) —(1-a)[] <1.

Vi j=1 Viae~q(Viik | Y1in)

Finally, recalling that Vi.; are k independent Rademacher random variables, we can apply Hoeffding’s

inequality to yield
— log(2 2 6k log 2nk 6
P<‘V‘> 6<>g("k/a>>gexp{ og 2 }< o

k 2k ~ 4n3k3
Substitution into the above bound (191) concludes the proof of Lemma C.8.

C.4.4 Proof of Lemma C.9
As discussed earlier, we have IN/J € {-1,0,1} (see (177)). Further, define

sgn(vj), if 6; =1,

6, =1{V; #0}, and & =
’ ! g, if §; = 0,

Y1., and

U. It is then straightforward to verify that Vj = ¢;0;. Additionally, it is easy to see that for any given yi.,
and u, one has

where {(; }] . are k independent Rademacher random variables, generated independent of (6;)* Ly

P(Ej =1,0;=1 | Y1im, u) = ]P(VJ > Vj/ | Y1:nsu) = P(V] < Vj/ | Y1m,u) = P(gj =-1,0;=1 | Y1n, ),
where the second identity follows from the fact that V; and Vj’ are independently and identically distributed.

This implies that, conditional on d; = 1 and (y1.n,u), the variable &; is a Rademacher random variable.
Similarly, when §; = 0 and when (y1.,, u) are given, we have &; = (;, which is also Rademacher.
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Moreover, since {V;}¥_, and {V/}¥_, are independent within each sequence (with Vi, ~ H?:1 q;(Vj |
Y1:n,u)), it follows that {¢; }?:1 are independent Rademacher random variables, which are also independent
of ({5 }j 1> Yim, U). Therefore, for any fixed ({5j}§:1,y1:n,u), applying Lemma E.2 to {¢; ;?:1 yields

E[[(Viups an) | E[ _k EM ‘k

(5]

where the last equality holds since (52 =9;.

05

050

[ {03, {aj};?_lH
(5) ]

p 1?6} Note that, given (y1.,,u), under the distribution

(192)

> Lk

7

To continue, let us first examine E [Z

Hj:l QJ(‘/J | Yi:n, 'I_l,) one has
E[(SJ | yl:nyu] = P(‘/] 7é ‘/j/ | yl:nyu) = 2(]](1 | ylzn,u)qj(O | yl:n’u)

1 1-(2q; — 1)
= 92 (1 - (qu(l ‘ yl:nau) - 1)2> = (2—])7
where we define
(1+e)Nie=ck
ZV:il (1 + €V)Njefe%v ’

¢ =q;(1| yrn,u) = (193)

From this, we can derive that

k
ElZ&?@-] = Z (2g; — 1) ] (194)

As for the first term on the right-hand side of (194), applying Lemma C.7 and then taking expectation over
Y1., and U yield

k
“E Za?] —~ 7E

Jj=1

11@[%52} > IE[(M(C)(l — u(C)) - ﬁ) } (195)
2 = T T 2k k /+
Also, the second term on the right-hand side of (194) satisfies
1 k
Z 2qj - 1 ‘| = 2k‘2 231(2(1] - 1)2 . (196)
j=

To control E[Z§:1(2Qj —1)?], we resort to the following lemma, with the proof given in Section C.4.5.

Lemma C.10. Recall that g; is defined in (193). For any admissible algorithm whose resulting prediction
set C is the union of at most k intervals, we have

k
2nk ab
2
z:: 2, — 1) ] < 321ne*log (72 ) +

Taking Eqns. (194), (195), (196) and Lemma C.10 together yields

E é?ﬁ&] QkE[( (€)(1—pu(C) - zlf)J l<;12 (161n6 log (Q”k) * M(zjk‘a)

v
B
|

(197)
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where the last line holds as long as k > % and € < min {%/02, A /W&/QZ)}.

To finish up, denoting E [Ej 1 J(S ] as A, and applying Lemma E.3 with § = 1/2, we arrive at

I \/

. 1 A2
fP(Z 5> >>MAE[@7 =

1 )\5/2 Lemma C.7 k2 )\5/2

] e

5

)Q\f a?

> 2 k2>\5/2 ).
V2 \/E 2 16

Combining this with Eqn. (192) establishes the advertised result of the lemma.

k
e
Z a;o;
j=1

C.4.5 Proof of Lemma C.10
To begin with, the TV distance between two Bernoulli distributions Ber(g;) and Ber(1/2) obeys

TV (Ber(ay), Ber(1/2)) = o 5| 4]0 = 09 - 5| = 20 - 11

which combined with Pinsker’s inequality (Tsybakov, 2009, Lemm 2.5) yields

(2g; — 1)* = (TV(Ber(g;), Ber(1/2)))* < =KL (Ber(g;) || Ber(0.5)) . (198)

N | =

Note that the distribution ¢(Vi.x | y1.n) = H?:1 ¢;(V; | y1.n) factorizes. Therefore, recalling the definition of
¢; in (193), one can apply the chain rule of the KL divergence to derive

k [k
2E [Z(qu —1)2| <Ey,, Z KL (Ber(q;) || Ber(0.5))
Jj=1 Lj=1
[k
= ]EYI:n Z (V~~q'1%|YA ) [lOg (QqJ(‘/J Yln))})]

[ k
N | Vise~a([Yim) 31;[1 J( J | Y1)

=Ev,., | Y a(Viik [ Vi) log (28¢(Vi | Yin)) |-
L Vi

Recognizing that ¢(Vi.x | Y1.n) is an approximation of p(Vi.x | Y1.n,U) (recall the arguments in (186)-(188)),
we consider the following decomposition by incorporating the term p(Vi.; | Y1.n, U) into the preceding identity:

k
q(ilzk |Y1:n) k

E (2¢; —1)*| =E E Vi | Y1, U)——————1 2°q(Vig | Yin

< q;j ] Yl;n,Ul p(Viak | Y1. )p(Vm\YLmU) 0g q(Viik | Y1in)

Vi

Q(ilzk | Yl:n) k

=E E—l 2°0(Vig | Yiin, U Vie | Y1, U

Yi:n,U |J/ p(Vie | Yiom, U) Og( P(Viik | Y1, ))p( 1k | Yiin, U)
1ok

=+ EYLH,U [Z (q(Vlzk | Yl:n) ) log ( (q(Vl:k ‘ Yl:n) )p(Vlk | YL»,“U) (199)

v (Vi | Y1.,,,U (Vi | Yl:an)
1k
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Next, we examine the ratio term %, which appears multiple times in (199). From the elementary

fact 1+ 2 < e” as well as the definitions (186) and (188), we can demonstrate that

Wi L) Lo ((rapMeit) 8, (Tt )™ )0+ @)™
Vi [y w) 52, T, (@ ep)Moem=it ) (T1y (1 eV)N ) (1+ €7) =
= (1+ev)" ) Lo (Hf:l(l + evj)Nj)(l te (1 vy / (ZP (1:k | Yo, u )(1 - )

e€Vn Zvl:k H?:l ((1 + E'UJ) Je—euj%> e€Vn ecun

_ F,(eV) _ F.(eV) < 1 ’ (200)
EVl:kNP('|y1;n,u) [F"(GV)] F(yl:nvu) F(yl:nau)

where we define

V1:k

— 1+eV)n —
FuleV) = (66% and F(y1m,u) = ]EVlszP('\?h:mu) [Fn(EV)] (201)
Further, given that the choice of ¢ guarantees that ’eV’ < 1/2, we can invoke the elementary inequality
l+z<e®<1+z+a? (Jx] <1/2) to derive

1 eV 1 —&-eV—i—eQVQ ! 052\ " T\ 2
1< — = —— < — <(1+2 < 2 . 202
T FL(eV) (].+€V)n o ( 14 €V ) - ( +2e°V ) 7exp{ (eV) n} (202)

Substituting (200) and (202) into (199) leads to

k
Z QQJ - 1 ] = EYI n Z le (Qkp(vlck | Yl:nv U))p(vlzk | Yl:n; U)
j=1 Vi na
F,(eV)
+Ey,.,u VZ Yln, <W>p(vl:k | Yiin, U)
= EYlm,.,U |: E |:10g (2kp(V1:k ‘ Yl:na U)):|:|
Viie~p(-|Y1:in,U)
=8y
)]
+ Ey,., E —————— — 1) log (2"p(V1.k | Y1iin, U
et [v1;k~p(-|Ym,U) KF(YLmU) 8 (2P (Vi | Yin, U)
::81
F,(eV) ( F,(eV) ﬂ
+Ey,... E — 7 _log | ———>— , 203
Vil [Vl:kNP('Yl:n,,U) |:F(Y1:n7U) & F(Yl:naU) ( )
=S,

leaving us with three terms to cope with.

Bounding the term S;. Towards this end, we first define I(Vj.x;Y7.,) to be the mutual information
between V7., and Y7.,, namely,

(Viiks Y1
I(Viag; Yin) = Z/ (11«91)) p(Visk, Y1) dYiin, (204)
Vi 105 1]» ( :n)
where
p(vlzkaylzn) = / p(vlzkvylznau) du and yl n = Zp Vvl ks Y1: n (205)
u Vik
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As it turns out, the term Sy (cf. (203)) is equivalent to this mutual information quantity since

So=Ey,, v [ E [log (2"p(Vi | Yiin, U))H
Vl:kNp('Iylzan)

p(vltkvylzn)pU(u)
= E Vi, Y1:n u)lo dy.,du
3 /[0,1]"xup( ks Y1 JPU () g< Q_kp(ym)pU(u)) o

p(V1:k7y1:n)
N P(Viiks Y1) log | 5= ) dyr:n = 1(Vik; Yiim),
%/[0,1],,, (1 1in) (Z‘kp(ym)) 1 (1 1n)

where the second line holds since U is independent of (Vi.x, Y1.,,) (as it only affects the construction of the
prediction set C).

According to the data-generating mechanism and the chain rule of the KL divergence, one has

p(‘/l:k)p(yl:n | Vl:lc)
I(Vy, aY:n = V; n V; lo d n
Vi, 11 ) VEM /[071]n P( 1k)20(y1 \ 1k) g (Vi) p(yim) U1

RS p(yi | Vi) . p(yi | Vi)
*ZZ/ o k log o) k dy;

=22 21k ) (p(yi | Viie) = p(yi) + p(yi | Vik) (pp(yi)) — 1) ) dy;

1 Vir [0,1] (yi | Viek

2
pi | Vik) ( (i) > (©) 2
—1) dy; < 36n€, 206
/,1 2k p(yi | Vi) Y (206)

where (b) follows because both p(y;) and p(y; | Vi.) are density functions; (a) and (c) are proven below.

e To justify (c), suppose that y; € I; (defined in (155)). Denoting by V/,, an independent copy of Vi.x,
one can derive

ot 1) = (ot )

(v | Vi) )
<E / 7—1
= (p(inVm)

B ((l-i—d/'j’)(l—keV/)_l)
N+ V)L eV

i — — — —/ N\ 2
<e(vj'+v —V; V) + VIV -V,V )) - a6e,

= EVf;k T
(I4+eV))(1+€V)

with the proviso that e < 1/6. This also implies that

p(yi)

‘P(yi | Vi) ' (207)

| =

1'§1 as long as € <

e Regarding inequality (a), we invoke the elementary fact log(1 + z) > x — 22 for x € [~1, 1] along with
(207) to reach

p(yi | Vi)

Ply; Vi) lo
(s | Vi) log p(yi)

P(yi)
= —p(y; | Vi.k)log —=——
(i | Vi) gp(yi ‘ Vm)

| ) ()Y
< Pl [ Vi) <p<yz-|v1:k> - (i 1))

— p(yi | Vlk) —p(yi) +p(yi | Vl:k) (Zm - 1) .
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Bounding the term S;. Based on the definition (cf. (203)), we can write

Sy = EYM,U[ | |:<Fn(6V) - F(Ylm,U)) log (25p(Viek | Yien, U))] /F(YM, U)} (208)

E
Vl:kNp(‘|Y1:n7U

= SN (Yy.,,U)

We begin by examining ST"™(Y7.,,,U). For notational simplicity, set

o = /16k~1log(2nk/a2). (209)

Consider any given yi.,,u, and any two realizations vy, v].,. If [0] V |0/| < o, then by the mean value
theorem, there exists a real number ¢ between €v and €0’ (which means (| < €(|v]| V [t']) < €0) satisfying

Fo(e0) = Fy(e0') | < | FL(Q) | - | v — ev' | < 2eno|(le™¢ (1%()”—1 < 6e?0’n, (210)

where the choice of € ensures eo < 1 and we have used the definition (201) of F,(-). Splitting the expectation
in the definition of SM™(Y7.,,,U) into two parts based on whether or not [V|V |V/| < o, we can derive

Sy, U) = E {(Fn(eV) - E 7, (67’)]) log (2¢p(Vi.y | YM,U))]
Vi ~p(-| Y10, U) Vl':kwp('|Y1:n,U)

F.(eV) - F, (EV/)

< x| -
Vl:k’Vllszp('IYI:an) p(Vl:k' | Yl:na U)

eo . {1 1 ]
< 6e“c°n og—————
Vie~p(-|Y1:0,U) p(‘/lik | Yin, U)
_ I 1
n E (V) — F, (V7 ‘1 VIV[V]|>ollo } 211
vl;k,v;:pp(wYm,U)[ (V) (VIAVIVIV]> o} g<p(V1:k|Y1:mU)) (211)

where the second line follows from Jensen’s inequality and the following:

[(Fn(d/) ~ Py (7)) g (2k)] 0.

E
Vl:kavllrkNp("Yl:an)
e Regarding the first term on the right-hand side of (211), it is observed that for any given 1., and wu,

1

E log } =log2" — E log (2°p(Vik | Y1, u
Vie~p(c|y1in,u) [ P(Viik | Y1:n, 1) [ ( ( | ! ))]

Via~p(lyiin,u)
=klog?2 — KL(p(VM; | Y1.m, 1) ||p(V1,;€)) < klog?2.

Plug this into the first term on the right-hand side of (211) and use (209) to yield

6e20°n E

2nk
log———— | <96e3nlog —. 212
Vi1 Yin,U) { & p(Vik | Ym,U)] - & (212)

e As for the second term on the right-hand side of (211), it can be derived that

_ e 1
FnV—FnVI’ILV\/V/ ] }
Vl:kavll:kN%('lYl:an) [ (V) (6 ) UVIVIVI > alog <p(V1:k ‘ Yl:an)>
(202) _ — 1
< 1{|[V|v |V log (——
- Vm,wzw%(mmm [ {‘ VIvi> U} o8 (p(Vm | Yl:mU)):|
¢ 4enP<|V| VIV >0 Ym,U>. (213)
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To justify step (a) of (213), consider any two different realization vy, and v}, which obey

k N
P(Vhg | 910,0) _ p(0h)p(yrin | vidpu(w) _ T (Lt ep)™

p(vlzk | yl:n»u) p(vlzk)p(ylzn | Ul:k)pU(u) B H?:l(l + EUJ‘)NJ

1 p(V1I~k | yl:nyu)
= log (—) = log ( E [—] < 4en.
P(Vik | Y1ms 1) Vilyrou LP(Visk | Y1ins w)
Consequently, by substituting (213) and (212) into (211), we arrive at
num 2 2nk I/
ST (Y1, U) < 96 nlog —- + 86ﬂP(|V| >0 ‘ Yin, U). (214)
a

Now, we switch attention to the term m Applying Jensen’s inequality yields

1 eCV/n/
< E —
By pmp(- Vi s0) [Fn(€V)] ~ Vismp(-Yim,0) | (14 €V)"
CV'"/ o eeV’n
Vl;kNp(~|Y1m,,U) (1 + EV) {’ | U} Vl:kNp("Yltan) (1 + EV) {| ‘ U}

- [eQ(Ev)Q”]l (V] < a}} +E [62(6V>2n]1 (v > 0}]
Vie~p (- Y1, U) Vie~p(+|Y1:n,U)
J— 2 J—
<3+, B [exp {2(7)"n} 1{|7] > 0}] | (215)

where the last line follows since 2(67) n < 322’; . 16—” = 1 provided that e < mln{ 152/;, 614, /ﬁm}.
We are now ready to bound S;. It is readily seen from (208) that

s <m SPum(Yy,,,, U)] (214) . 96¢*n log (Q"k) + Sen]P’(|V| >0 | Vi, )
< bt S Sl L0 R B
Pt { F(Yin,U) ] B Y““U{ F(Yin, U) }

2k [(966 nlog( k) + senP(\w > 0| Yin, )) (3 + E {e2<67>2"1{|7| > o}Dl

Yi.:n,U Vie~p(- Y10, U)

2’1’Lk V)2n — —
< 100€2n log (?) (3 +Ev,, [62“’) 1{[V] > U}D +24enP (V] > o)

+8en E

lin,

IP(|V| >0 | Yim, U) [62<€V>2”11{|V| > J}H . (216)

Vie~p(+|Y1:0,U)

Note that Hoeffding’s inequality tells us that

— — 16log(2nk/a?) att

Pri (VI > 0) = Pry,y (V| > % < ToarERs’ (217)
we also have for any A > 0 that
Ev,., [egVQ]l {egVQ > e’ H © egAQ]P’VM (egvz > 6§A2> / , Py <€§ v )
41
=Py, (7] > A) g <|V| >/ Ogy>
EA2 0 . 3 A2
Se‘T—i-/k , 2e2lo8ydy < e~ 7—2y a2z = 3e” ey (218)
e 2 e 4
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where (a) follows from Fubini’s formula, namely, for any non-negative random variable X with CDF Fx and
any =z > 0,

E[X1{X > z0}] =/:xFX(dx) :/OO (/Oxdt)FX(dx) :/OOO (/Oit Fx(dx))dt

o oo oo
_ / P(X > ao)dt + / P(X > t)dt = 26P(X > z0) + / P(X > t)dt.
0 x

0 Zo

Further, when e < 6—14 erl’c/cﬂ)’ one has
—2 k —2 k—2
2¢> < — <=V
e“Vn < 128”‘/ n < 4V

Combining this with (217) and (218) (with A set to o), and substituting the resulting bounds into (216),

yields
16

s + 8enBy,, [ef7 1{|V] > 0}

2nk o2
81 < 100¢%n log (%) (3 + 36*’“7) +
(218) ok 16 2

< 60062nlog (%) + 4;):#]{8 + 2Uene™ T (219)

(209) onk al6 a®
(oo )+

2

Bounding the term S;. We first rewrite Sy (cf. (203)) slightly by using (202) as follows:

E [ F,(eV) o ( F (V) )}
Viae~p(-1Y1:n,U) F(Yl:naU) & F(Yin’U)

Do [ET Ly
- ViU Vi ~p (| Y1in,U) F(lean) & F(Ylm’U>

1 1
E Io ( )}
Vie~p(-|Y1n,U) |:F(Y1naU) & F(}/lnaU)

S =Ey,,.vu [

)

SEmmUl

where the last line holds since log (m) > 0. It can be easily verified that the function % log% is convex

when 0 < z < 1. Further, since F,(ev) = (1:7?”)” < 1, one can invoke Jensen’s inequality to obtain

1 1
Sy < Ey,,,,, E lo
2 i U |:V1:k~p('ylzan) |:F(Y11"7 U) g (F(YLT“ U)):|:|

1 1 1 1
=Ey.. 1 < Ey,. E — 1 —
Yi:n,U [F(YM,U) og (F(lenaU)>:| > Byq.,,,U Lﬁ:wp(-Ylm,U) [Fn(ev) og Fn(eV)”

<Ey,, [(2(67)271) exp {2(67)2TLH )

where the last inequality follows from (202), together with the fact that the function z — xzlogx is
monotonically increasing on [1,00). By letting A in (218) be 0, we arrive at

Sy < 262nEy, , [Q%Vz] < 6e2n. (220)

Putting all this together. Finally, combining (206), (219) and (220) with (203) yields

k
2E|:Z(2q]‘ — 1)2:| <Sop+81+8 < 642n€> IOg (

Jj=1

2nk> ab

o2 ) T ek

thereby concluding the proof of Lemma C.10.
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C.5 Proof of Proposition 4.2 and Proposition 4.3
C.5.1 Proof of Proposition 4.2

Denote pp(+) as the density function of the distribution D. According to the definition of Riemann-integrability,
for every € > 0, the following holds for large enough n:

l—a

Z/Z(M /n) — po(y))dy
i (YG i/n, (z+(1—a)/n) (1-a) pr (i/n)

P(Y €C,) — (1 — a)

<|PY el —(1-a) Z_:pb(i/”)
1=0

IN

(i+(1—a))/n
= Z/ (po(y) —pD(i/n))dy‘ +e<(2— k.

i/n
This immediately establishes the result of Proposition 4.2.

C.5.2 Proof of Proposition 4.3

The claim follows immediately by invoking Lemma C.6 with

256 K

k:=——— and e:= min{a
o

52 ] ak
200" 64\ nlog(2nk/a?) [

D Examples of stable learning algorithms

To illustrate the applicability of Assumption 4.3, this section verifies it for several learning algorithms
commonly used in statistical applications. In particular, Section D.3 describes how to incorporate stochastic
optimization methods into our online conformal framework: the fitted model can be updated incrementally
using the newly arrived data at each time step, without retraining from scratch.

D.1 Constrained M-estimation
We begin with the classical constrained M-estimator (Van der Vaart, 2000) that minimizes the empirical loss:

3,1:&1" minf/nﬁ = argmin — 09 Z;)
§€C () §ec nz

where {Z,;} C R%z denote n independent data samples with Z; drawn from the distribution D;, C C R¢
represents a closed convex constraint set, and £(-;z) is a loss metric assumed to be differentiable in ¢ for
every z. We also introduce the population risk

Zzl D7 Z)]-

i=1

3\>—‘

Note that we allow for a non-identically distributed sequence {Z;}7,, which is compatible with the drifting
environments considered in the present paper.
We impose the following standard assumptions ensuring well-posedness and curvature of the loss functions.

Assumption D.1. Suppose that the loss functions satisfy the following properties:

1. L is p-strongly convex on C for some p > 0, in the sense that

V2L(Y) = uly  for all¥ € C.
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2. For any v € C, ||Y]|, < D¢.

3. For any 9,9 € C and Z, ||[Vol(9; Z)|| < Br and |V3L(0; Z) — V3E(V; Z)Hoo o SBs |9 =, Here

s

With Assumption D.1 in place, we obtain the following stability guarantees for the constrained M-estimator.

2
Proposition D.1. Suppose that Assumption D.1 holds. For any n > 32d’8 D¢ log (HBZDC), We can find a

32,872D2} such that the following holds:
s7C
consider two adjacent datasets in £, {Z;}1_; and {le "_., that differ only in the last coordinate, i.e., Z] = Z;

typical set £ in the n-sample space R2*™ obeying P(£¢) < d? exp{ —

fori=1,...,n—1 and Z!, # Z,, and denote by 19 and 19;1 the corresponding constrained M-estimates
N . n—1
¥, = argmin E 9, Z;) ¢y, U, = argmin 095 Z;) + L(0; Z))
then one has A
19 -3, < 2%
un

The proof of Proposition D.1 is deferred to Section D.4.1. With the above proposition in hand, consider a
prediction model pu(- | ¥). Assume that, for every input z, the mapping ¥ — p(x | 9) is Lo-Lipschitz. Then,
by Proposition D.1, for any two neighboring data sequences {Z,,} and {Z/,} that both lie in £ (which happens

with high probability), the corresponding fitted models pu(- | 5) and p(- | v ) satisfy:

-~ ~ ~ 451 L
0o | D) = e | )] < L0 =9, < P52, voe .
thereby validating Assumption 4.3 for this setting with Lo = 45?%

D.2 Linear stochastic approximation

Next, we verify stability for an important class of online learning methods based on stochastic approximation.
Unlike the previous example in Section D.1, where the estimator is obtained via empirical risk minimization,
stochastic approximation updates the parameter incrementally as new data arrive (Bottou et al., 2018). This
makes it particularly well-suited to our online conformal framework, as it avoids retraining from scratch while
still enabling control over the sensitivity of the fitted model to individual observations.

To be concrete, consider a linear prediction model

//L\(.’IJ | Zl:n) = x—rﬁru

where the parameter 9,, € R? is updated online using the data Zy., = {(X;,Y;)}™,. At iteration n, the
squared loss function is defined as

Ly(9) = (Yo — X9 =0"X, X0 —2v, X 9+Y2
Its gradient at 9, is given by
Vi (9y) = 2X, X, 0, — 2Y, X, = Aniy,
N—_—— N——
= A, E——
The linear stochastic approximation (LSA) recursion with a decaying stepsize n,, for iteration n is

where we denote 4, = E[A,] and A, = 4, — A,.
To validate stablhty, we compare the LSA iterates generated from two adjacent data streams. Consider
two sequences {(Az, b; )}" L and {(A! b’)}"_1 that differ in exactly one index [, i.e., (A;,b;) = (A7, ) for all

17 7 17 71

i # 1, but (A, bl) # (A;, ’) We impose the following assumptions.
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Assumption D.2. Suppose that there exist constants L,y > 0 and 7,0 > 1 satisfying the following properties:
1. Ay = pul foralli>1;
2. | Al <5, | Al <o, |[billa < L for alli > 1.

With Assumption D.2 in place, we establish stability of the terminal LSA iterate. In particular, changing
a single observation in the data stream alters 9,41 by at most O((log® n)/n) with high probability.

Proposition D.2 (Bounded differences for LSA). Consider any fized ¢ > 1, and suppose that Assumption D.2
holds. Assume that the LSA recursion (221) adopts the stepsize n, = min{1/7,v,/n} at iteration n, where

v, = Clogn for some constant C > CH) > 0. Then there exists a constant K > 0 (independent of n) such

that, for any n > d¢ and any two adjacent datasets differing in a single time index [, the corresponding LSA
iterates {9,152, and {9, }5°, satisfy

1 3
[Boss = ], < K2

n
with probability at least 1 —n=¢.

The proof of Proposition D.2 is postponed to Section D.4.2. We now return to verify Assumption 4.3.
In this example, our prediction model takes the form fi(z | Z;.,) = ' 9J,,. Assume that the covariate X is
essentially bounded, i.e., || X|| < B, almost surely. Then, for any two neighboring samples Z;.,, and Z.,,
in a typical set & with P(£) > 1 — n~¢, the corresponding parameter estimates—denoted by ¥,, and ¥/,
respectively—obtained by LSA satisfy

1 3
| 270, — 20| < |lally |00 — 0,1, < BJK—2-.

Hence, this justifies Assumption 4.3 with Ly = B, K log®(m + 1) (with m the size of the training set used in
this assumption).
D.3 Stochastic strongly convex optimization

We now turn to another case where the predictive model ji(- | {Z;}7) is trained in an adaptive manner.
For parametric statistical models, a natural approach is to maintain a parameter vector and update it using
an incremental optimization rule. Suppose that the model used at iteration 7 is i (-) = a(- | ¥;), where ¥,
is learned from the data {(X;,Y;)}]. _1 via stochastic optimization (or, more generally, an iterative online
training procedure). Starting from 9,_1, after observing the new data point (X,_1,Y,_1) we update

Uy =0,_1 — nrflf(ﬁ‘rfl; (X‘rfl,Y‘rfl))y (222)

where f(; (X,Y)) denotes the update direction and 7,_; the stepsize. Let © denote the parameter domain
and Z the domain of data points.
To study stability for such adaptive methods, we impose several standard conditions on the update map f.

Assumption D.3. There exist constants 0 < p < L and B > 0 such that, for any 9,9 € © and (x,y) € Z,
o Strong convewity: (f(9; (v,y)) = f(9's (,9)),9 = 9') > pll9 —'|3;
e Smoothness: ||f(%; (x,y)) — f(¥;(x,y))|l2 < L||¢ — ¥||2;
e Boundedness: || f(V; (z,v))|l, < B.

With Assumption D.3 in place and suitably decaying stepsizes, a single-sample perturbation has an O(1/n)
effect on the parameter iterate, as asserted in the following lemma. The proof is provided in Section D.4.3.
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Proposition D.3. Suppose that Assumption D.3 holds. Consider the parameter sequence {9, }52 , updated
according to (222) with stepsize n, = min{vy/n, 1/L}, where v > 3/u. Then there exists a constant K >0
(independent of n) such that, for any two adjacent datasets differing in a single time index I, the corresponding
iterates {U, 1521 and {9}, satisfy

K

|0 — 97,
n

=

We now discuss how to incorporate the above adaptive updates into the online full conformal construction.
In particular, when forming the augmented dataset (X, ,.;,y) in the proposed full conformal procedure, we
update the model parameter using the same one-step rule. For any pair (x,y) € X x R, define

ﬂg—m’y) =vU;_1 — nT—lf(ﬁ‘r—l; (l‘7y))

Accordingly, in round r of stage n, we redefine the residual score s;(X,, 1, 7) from Eqn. (26) as follows:

SgX’y) = Yn r—1,4 = (X’rial‘ 1,0 | ﬁs'fi;y)) s t=1,... 7T7'—1a (223&)
st )y a(x o8 ’;‘”)‘ (223b)

Equipped with (223), we can then construct the prediction set according to (27). This leads to a modification
of Algorithm 4 that incorporates adaptive updates of the fitted model.

D.4 Detailed proofs
D.4.1 Proof of Propostion D.1

Since C is convex and £(-; z) is differentiable in the first argument, the standard optimality condition (Boyd
and Vandenberghe, 2004) yields

(v
(v

In particular, taking ¥ = ¥/, in (224) and ¥ = 9, in (225), adding these two inequalities, and setting
A, =19 —3,, we obtain

(
n(

), 9 — 19>>0 for all ¥ € C, (224)

Lo (9,
VL, (3,),0 — ) >0 foralldecC. (225)

By construction, the gradients of the two empirical loss functions satisfy
VL (9) = VL, (9) + %(ww; Zl) — Vi; Z,)),
which, when evaluated at ¢ = 19’ , yields
V(@) = VIn @) + %(W(@;, 71) — U, 7,)).

Substituting this identity into (226) yields

o~

—~ ~ o~ 1 —~ —~
(VLa(Vn) = VLa(07,), An) = (VUL Z3) = VO, Zn), An) 2 0.
Rearranging terms, we are left with

(VL (0h) = VLa(0n), An) < = (VU5 Zy) — VDL Z0), Ay). (227)

1
n
According to Assumption D.1 there exists a quantity 87, > 0 such that

Ve(; z) — VE(0; 2|, < 28L for all ¥ € C, z,2. (228)
2

84



With (228) in mind, we can bound the right-hand side of (227) using the Cauchy—Schwarz inequality:

1 -~ -~ 1 -~ -~
~ (VW Z0) = VD, Z0). An)| < [ VED,: Z3) = VE,: Za) |, 1| Anl
Qﬁ
< T A
Combine this with (227) to arrive at the upper bound
T (9 T (9 QBL

On the other hand, the left-hand side of (229) can be expressed in terms of the empirical Hessian.
Specifically, by the fundamental theorem of calculus for vector-valued functions,

~

1
V(D) = VEn(Dy) = / V2L, (D + 1A,) A, dt,
0
and as a consequence,
1
(VLn(9) = VIn(D,), A) = / ATV2L, (0, + tA,) A, dt.
0

In particular, there exists some J lying within the line segment between @n and @L such that
(VIa(0,) = VIa(02), A) = AT VLo (9) A,

We now control the empirical Hessian V2L, () uniformly over all 9 € C. Denote N (£4-,C) as the “-cover

18,
d
of C. Then we have |N (44 e, C)l < (%) . According to Bernstein’s inequality, we have

sup {Hvzin(ﬁ) - VQL(ﬂ)HOO’OO} < (230)

196]\/'(45 , )

=

212
with probability at least 1 — d? exp{ - }, provided that n > 32d5 5 De log (HBZDC). Combining this

with Assumption D.1 leads to

pin
3282D2

sup { [V2Lo(0) = V2LO)| . | < Bosup  inf  {|v—0" 2}

el 19€C19*€N(ﬁ,c
~ (230)
+ swp o VL) - VL), .} S B+t
ﬂ*eN(w .C 7 B

This combined with the strong convexity assumption and (230) tells us that: for all ¥ € C and every unit
vector u € R?,

w2 L, (0)u > u V2L(9)u — || V2L, (9) — VELO)| > p — % = g
Putting all these pieces together, we arrive at
. S S 2
28l < ATV a2 = (VEa(T,) ~ VI, A0 ) < 25,

If A, =0, the bound is trivial. Otherwise, cancelling ||A, |2 from both sides yields ||A, || < %.
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D.4.2 Proof of Proposition D.2

Without loss of generality, we assume that 13 = 0. Note that under the stepsize choice 1, = min{1/7,~,/n},
it can be easily seen that: for any unit vector u,

U= [lull; > w" (I = noAn)u > [[ull; = 76 = 1= 1,6 > 0.
This implies that for any n, ||I — annH < 1. According to the LSA update rule (221), we have
||19n||2 S H (I - nn—lAn—l)ﬁn—lHQ + 7]7L—1anH2

() CLlog(n — 1) ", CLlogi 9
< ||19n—1||2+T§---§Z ; < CLlog"n,

(231)

i=1

where we have made use of Assumption D.2 and the choice that n,, < ~,/n.

Stability at iteration [. By construction, ¢; = ¢} holds for all ¢ = 1,...,l. At the perturbed iteration
I+ 1, it holds that

Vi1 =V = {?91 — (21191 *Ez)] - {192 —m (22792 *ZE)] = - {(gl — A9y — (b — b))

Taking this together with 7, < ;/l, o0 > 1, and Assumption D.2 leads to

~ ~ 2, L
19 =Dl < 2 (1A + A ) 1oul + 2=
(23 27 ACoLlog’l o

< T(CLlog?HL)g z
Error propagation after iteration [. Let us define, for all i > 1, A; :=19; — 0. For every i > [, the two
recursions share the same (A;, b;), so subtracting their updates yields

Ay =(I— WiA\i)Ai-

Tterating over ¢ = [,...,n gives

Appr =17, 001, 17, =[] T-nd), (233)

i=1+1
where the matrix product is ordered from ¢ = [ 4 1 (the rightmost) up to n (the leftmost). Combining (232)
and (233) yields
4CoLlog®l
l

Hence, it boils down to controlling the operator norm of the random matrix product an.

[Ansillz = IT7, Aurllz < 1T, 1Al < T, - (234)

Tools for analyzing products of random matrices. To bound [[I'}, ||, we follow the framework of
Durmus et al. (2021); Huang et al. (2022). For any matrix B € R%*? let (oy(B))%_, denote its singular values,
and for p > 1 define the Schatten p-norm ||B||, = (Zzlzl Uf(B))l/p. For p,q > 1 and a random matrix X,
define || X||p,q = (E[||X|\g])1/q. We record the following two useful lemmas from Durmus et al. (2021).

Lemma D.1 (Proposition 2 in Durmus et al. (2021)). Let {Y; : £ € N} be an independent sequence. Assume
that for each € € N, there exist my € (0,1) and op > 0 such that

IEYII? <1—my and ||Yo—E[Y,]| <o almost surely.

Define Zy, = [1,—q Yo = YnZn—1 for n > 1, with an arbitrary starting point Zy. Then, for any 2 < q < p and
n > 1, one has

1Zal2,, < [T = me+ (0 — Do) | 2],
/=1
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Lemma D.2 (Lemma 1 in Durmus et al. (2021)). Let A € R, B > 0, C > 1, and py,p1 € R with
1 <po<p1 <oo. Let X be a real random variable satisfying, for any p € [po, p1],

E[|X|"] < Cexp(—Ap + Bp®). (235)

Then, for all § € (0,1], with probability at least 1 — § one has

log(C/é
1X| < exp(—A + Bpo + 2y/Blog(C/3) + Og;/))
1
High-probability bound on [T/ [. We intend to apply Lemma D.1 to analyze the matrix product

F}m = H(I —midi + nigi), j<n.

i=j

Take Y; = I —1;A; +1;A;, and Zo = I;. Then E[Y;] = I —n;4; and Y; — E[Y;] = n; A;. With Assumption D.2
in place, by setting
m; = U, 0 = O,

we see that |[E[Y;][|? <1 —m; and ||Y; — E[Y;]|| < 0;. Lemma D.1 then tells us that, for any 2 < ¢ < p,

1/ .
E[IT] 80" = Tl < TT(1 = i+ 0 = Don2) I 2all
=]

<dPexpd—pd ni+(p—1)0"Y 0l b, (236)
i=5

=]

where the last step makes use of the elementary inequality log(1l + z) < z.
Since ||I —n;A;|| <1 for each i, we have ||’} || <1 for all | <n. By introducing an index

j= max{l, [12C0? /], [2C510g(CT) ]| }

we can easily check that n; = ~;/i for every ¢ > j. Further, we can derive the following inequality:

no_2
2 Vi 2 2 2 1 1 Cu 2
§—<C 1 — - < —=1
Ji:in_ Uogn<j1 n>_12 og’n
(237)

@)y (" Clogx U Clogi ="
<k dz < ¥ _ AN
—G/j @ x—ﬁg i 6%@'

Here, (a) holds whenever n > 3j. In the regime n < j, the desired claim follows directly by combining (234)
with the bound Hr;nH < 1. Taking p = ¢ in (236), we obtain

n n 2
i i
E[IT7,l5] < dexp{ —pu) - +p*0” ) 4 ¢ (238)
i=j i—j

2
Applying Lemma D.2 with py = 2, p1 =00, C =d, A= p> ;" 3%, B =03 " 3%, and using the fact

=5 i

that (238) implies (235) for all p > 2, we can deduce that, with probability at least 1 — §/n,

n ) n 2 237) n ) d

Yi 9 v; dn | ( [ Y4 n

v < _ AL I P < _= A P
HFLRH exp o E ; + 30 2 + log 5 exp 5 ; + log

i=j i=j i=j
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logi
B

Using the elementary fact E?:j > log?n — log® j = log(n/j)log(nj) > log(n/j) logn, we further obtain

Culogn

< 22y (230)

n

Since [T}, || < [IT7 .|| holds by construction and [T}, || < 1, combining (239) with the trivial upper bound 1
yields, for all [ < n and with probability at least 1 — 4,

Culogn
2

in (max{l, [12C02 /], [20810g(03ﬂ}> " (240)
5 o

Bounded-difference property of 9J,1. For ease of exposition, we introduce the following notation:
Co = max {[12C0? /], [2C5 log(CT)] } .

Substituting (240) into (234), we arrive at

4CoLlog?1 in {1 dn (max{l, Co})c“l;gn}

A <
1Anifl2 < =5 (P

(241)

holds for any [ = 1,...,n. Let x := o/u and choose § =n=¢, C = w . For I < Cy, use (241) to obtain

(¢+1) logn
|Ani1lly < 4CoLlog® Comin {1, dnSt1 <CO> }

n

3
n(C+Dlogn=1) < 4CoLlog? Cy

1
dOéC'f‘l)lOgn )(H—l)(l@g"—l) (b) BC’S
o

(a) 3
< 4CoLlog” Cy

Here, (a) results from the fact that a < a* for any a, A € [0, 1], and (b) holds since ATl < e provided
that n¢ > d. Thus, in this setting, Proposition D.2 holds by taking K = 8e(¢ + 1)xLC3 log® C.
For | > C, similarly we can derive

3 (¢+1) logn
Bl < 2CTHOE 1 {1,dn<+1 ;) }
n

4CoLlog*n [ dI(¢+Vlesn \ @ETD
= l (n(<+1>(logn—1)>

4eCoLlog®n inrosn _ 4eCoLlog®n 1 16eCoLlog® n
< == . <=2 gt <= 7

[ (CFD)Togn=T) ogn—
n n n

In this setting, Proposition D.2 follows by taking K = 16eCo L.

D.4.3 Proof of Proposition D.3

We let K = 2BLY and prove this result by induction. Fix two adjacent data streams, and let {¢;}r>1 and
{9} }x>1 denote the iterates generated by (222) from the same initialization. Assume for the moment that

. K 2B
|19 — 97, ||2 §m1n{n7L} (242)

holds for some n > 1, and we would like to bound ||,,41 — 97, ,1][2-
We divide into several cases according to the index at which the two data streams differ. First, consider
the case where the two streams differ at the most recent observation, i.e., (X,,Y,) # (X,,Y,)) while

n? n
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/

(X3, Y:) = (X[,Y/) for all i <n — 1. In this case, the iterates coincide up to time n, hence 9, = 9,.

of the update rule (222),

In view

Wt = T ll2 = 1| (93 (X, ¥0)) = £ (9 (X3, Y)) |

. 2vyB 2B . K 2B
<min{ —, — , <min{ ——, — o,
n L n+1 L

where penultimate inequality arises from Assumption D.3 and our stepsize choice, and the last inequality
holds since
2vB < 4vB < 2BLy K
n ~n+l" pun+l) n+l
Next, consider the case where the two data streams differ at some index [ < n — 1. Then the current
update at time n is computed from the same observation Z, = (X,,Y,) in both streams. Since n,, < 1/L,
Lee and Zhang (2025, Lemma 2) implies that the update map is nonexpansive, which, taken together with

the induction hypothesis (242), yields

K 2B
Wt = Pl < 19 = T 1o < min =, == 1.

In addition, a direct expansion of the recursion yields

2
[9ns1 = Ty 113 = [0 — 0y = 10 (F (95 Z0) — F (003 Z0)) |5
< N0 = 3 = 200 (f s Zn) = F (015 Zn), O = 95) + Loy [ 0n = 0713 (243)
K? (1 = 2pmy, + LP17)

< (L= pmy + LP02) [0, — 0,13 < 2

which follows from Assumption D.3. Further, it can be derived that

n+1)2 (a) (b)
(1= 2um+ 2202) P (i sm) €,

where (a) is valid provided that n +1 > % and (b) holds as long as v > 3/u. Substitution into (243) yields

2 K?
[Onr = Ol < e

Moreover, if n + 1 < Lo , then it still holds that

2B 2BL?%y K

I
Hﬁ”“ _19”+1H2 = L ~pLn+1) n+1

We have thus concluded the proof of Proposition D.3.

E Auxiliary concentration inequalities

This appendix collects several classical concentration inequalities that will be used repeatedly in our analysis.
Their proofs can be found in, e.g., Boucheron et al. (2013); Vershynin (2018).

Lemma E.1 (McDiarmid inequality). Let Xi,..., X, be independent random variables taking values in

measurable spaces Xy, ..., Xy, and let f: Xy X -+ x X, = R be a measurable function satisfying the bounded

differences condition: there exist constants ci,...,cn > 0 such that for all x1,...,x,, ¢, € X,
’f(;vl,...,xi,...mn) —f(xh...,x;,...,xn)’ <.

Then, for allt > 0,

P(|f(X1,..., Xo) —E[f(X1,... . X)]| > 1) < 2exp(—zzt2cz).
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Lemma E.2 (Khintchine inequality for p = 1). Let {g;}", be independent Rademacher random variables,
that is, P(e; = 1) =P(e; = —1) = 1/2. Then for any real coefficients ay,...,ay,, one has

Lemma E.3 (Paley—Zygmund inequality). Let Z be a nonnegative random variable with E[Z?] < co. Then,
for any 6 € [0,1], the following inequality holds:

P(Z > 0E[Z]) > (1- 9)2%.

Lemma E.4 (Generalized DKW inequality). Let Xi,..., X, be independent random elements taking values
in X. Let F : X xR — [0,1] satisfy that, for every u € X, the map x — F(u,x) is nondecreasing and
right-continuous. Define

n

> F(Xiz), Fla)= % ZE[F(Xi, x)].

1
n
i=1

Then for any § € (0, 1), with probability at least 1 — ¢,

~ — 4 log(1/4)
2161§|Fn(m) —F(z)| < N +14/ —on

Specifically, when X; =R, i =1,...,n and F(X;,z) = 1{X; < 2} we have:

1y P < )| < A [ les1/0) _
P<22§”i=1(ﬂ{XZS} P(X; < x)) SN o )21 4.

Proof of Lemma E.4. The proof comprises the following steps.

Step 1: applying McDiarmid around the mean. Let

g = Sup|ﬁn(r) — F(2)].
z€R

Fix any 7 € [n]. Replace X; by an arbitrary X;, and define
1 - ~ - _
Fo(z) =~ (F(Xi, 2)+ Y F(X;, x)), 7 = sup| B (z) — F(a)].
" i v€R
Since 0 < F' < 1, for every = € R,

~

|F(2) — Fo(a)] = %|F(Xi,z) ~ F(X;,z)| < —.

1
n
Using ||u| — |[v|| < |u —v| and |sup,, a(z) — sup, b(x)| < sup, |a(x) — b(z)|, we obtain

3

S|

lg—gl < Suan(fC) - Fn($)| <
xre

so g satisfies bounded differences with constants ¢; = 1/n. By McDiarmid’s inequality, for any ¢ € (0,1),
with probability at least 1 — 4,
log(1/0)

g <Elg+ /2 (244)
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Step 2: controlling E[g] via symmetrization and a reduction to indicators. Introduce a ghost
sample X1,..., X}, independent of (Xq,...,X,) satisfying X/ < X, and let €1,..., €, be ii.d. Rademacher
signs, independent of everything else. Recognizing that E[F(X;, z)] = E[F(X/, z)], we can express

n

F,(z)— F(z) =Ex/ li > (F(Xi,2) - F(X],)) ‘ X] :

i=1
By the Jensen inequality and the convexity of sup, we have

n

Z (X;,2) — F(X],2))

’L:1

Fw)| < Bx|sup |1

z€R

] |

Using exchangeability of (X;, X/) to insert Rademacher signs and then invoking the triangle inequality gives

E [sup ’ﬁn (z) —
TR

Ex,x |sup |y (F(X;,x) —F(X;,x))‘ =Ex x.c [sup > e(F(X, ) —F(X;,x))H
T li=1 T li=1
<Ex xzslbup Zez (Xi,z)|| +Ex x/.c [sup ZEz ,T) —ZEXS[bup Zez (Xi, ) ] .
=1 =1 =1

Taking the above inequalities together yields

Bl = E|

Au(e) = o) | = 2 sop| e (215)

zcR z€R

We next bound the Rademacher term. Since 0 < F(X;,x) < 1, for each ¢ and =z,
1
F(Xeo) = [ 1{F(X0) 2 0}t
0

Therefore, for any fixed z € R,

‘;EiF(Xi,x)} = ’/0 geil{F(Xi,x) > t}dt‘ S/o ‘;eil{F(Xi,x) > t}’dt7

and hence

sup’Zel Xl,x‘f/ sup’ZeZ]l{F Xi, x) >t}‘dt (246)

zER 0 z€R

Fix ¢t € [0,1]. For any u € X, define the threshold
a(u,t) =inf{x e R: F(u,z) >t} € [-00,+].
Since z — F(u,x) is nondecreasing and right-continuous, we have
{x eR: Flu,z) >t} = [a(u,t),o0),

and thus, for every x € R,
Y{F(Xi2) > t} = L > a(X,, 1)}, (247)

Consequently,
sup ’ Zeil{F(Xi,x) > t}‘ = sup ’ 2611{95 > a(X;,t)}.

z€R i—1
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Let a(1)(t) < -+ < a(y)(t) be the order statistics of {a(X;, 1)}, and let €q)(t),...,€m)(t) be the corre-
sponding reordered signs. Then the mapping = — Y ., ;1{z > a(X;,t)} is piecewise constant and, as =

increases, it takes values Z 1 €(j)(t) for some k € {0,1,...,n}. Hence,
k
1z > a(X;, ¢ ’ - (¢ ‘
o[ o 2 a0l = g [ Y
Since (€1,...,€,) are i.i.d. and independent of the X,’s, conditionally on Xj., the reordered sequence

(€(y(t), ..., €m)(t)) has the same joint distribution as (e, ..., €,). Therefore,

k
>
=1

> =
E g SettP0n) 21| ] =

]

Let Sk = Z 1€, k=0,1,...,n. Then (Sg)}?_, is a martingale, and Doob’s L? maximal inequality yields

]E{Or<nax |Sk| ] §4E[|Sn|2] =

By Cauchy—Schwarz,
E| | <2vm
o2, 9] <2V

Combining this with (246) and applying Tonelli’s theorem gives

1
Ex7e[sup’Zel (X, x) H S/ 2¢/ndt = 2+/n.
0

z€R

Substituting into (245) yields

2 4
Elg] < —-2 = —. 248
o)< 22V = (21)
Step 3: completing the proof. Substituting (248) into (244) completes the proof. O
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