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Abstract

This paper investigates how diffusion generative models leverage (unknown) low-dimensional struc-
ture to accelerate sampling. Focusing on two mainstream samplers — the denoising diffusion implicit
model (DDIM) and the denoising diffusion probabilistic model (DDPM) — and assuming accurate score
estimates, we prove that their iteration complexities are no greater than the order of k/e (up to some
log factor), where £ is the precision in total variation distance and k is some intrinsic dimension of
the target distribution. Our results are applicable to a broad family of target distributions without
requiring smoothness or log-concavity assumptions. Further, we develop a lower bound that suggests
the (near) necessity of the coefficients introduced by Ho et al. (2020) and Song et al. (2020) in facili-
tating low-dimensional adaptation. Our findings provide the first rigorous evidence for the adaptivity of
the DDIM-type samplers to unknown low-dimensional structure, and improve over the state-of-the-art
DDPM theory regarding total variation convergence.
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1 Introduction

As a cornerstone of the rapidly evolving field of generative Al, diffusion generative models have driven
mind-blowing progress across a diverse range of applications, such as image and video generation, medical
image analysis, and time-series forecasting, to name just a few (Ramesh et al., 2022; Croitoru et al., 2023;
Kazerouni et al., 2023; Lin et al., 2024; Yang et al., 2023). The remarkable effectiveness of diffusion models
has inspired a recent wave of activity aimed at developing and strengthening their theoretical underpinnings.

1.1 Score-based generative modeling: DDPM and DDIM

At their core, diffusion models seek to gradually transform pure noise into new samples that emulate a
d-dimensional target distribution pgata, accomplished by learning to reverse a forward stochastic process that
progressively converts data into noise, detailed below.

Forward process. A common choice of the forward process with finite horizon T is given by
Xo ~ Pdatas Xie=vVar Xi 1 +vV1i—aW, t=1,--- T, (1)

where {W;}1_, comprises independent noise vectors obeying W; Y (0,14), and the sequence {oy}7_; C
(0, 1) controls the variance of the Gaussian noise injected in each step. Informally, as T grows, the distribution
of X; typically converges rapidly to the standard Gaussian N(0, I,).



Reverse process and diffusion-based samplers. As it turns out, the forward Markov process (1) is
reversible in general, a property that follows from classical results in the stochastic differential equation (SDE)
literature (Anderson, 1982; Haussmann and Pardoux, 1986). This intriguing property underpins the data
generation process of diffusion models, which involves constructing a reverse process Yp — --- — Y] — Y

d
that closely mimics the forward process (1) in the sense that Y; = X; for each step ¢. Crucially, the reversal
of the forward process hinges upon access to the so-called (Stein) score function

s;(X) = Vlogpx,(X) (2)

— hence the term “score-based generative modeling.” To formalize the sampling process, one needs to
specify the initialization and iterative steps of the reverse process. The initialization step is straightforward:
given that Xr is approximately Gaussian for large enough 7', one generic choice is to draw Y as pure noise
N(0,1;). As such, a key step underlying the design of the sampling process boils down to how to update
Y; at each step while maintaining the desired distributional proximity. In what follows, we single out two
mainstream paradigms, assuming availability of an estimate s; of the true score function sy at each t:

e Denoising Diffusion Implicit Model (DDIM). The DDIM sampler (or the probability flow ODE sampler)
(Song et al., 2020) adopts a deterministic update rule below:

1 .

Y ~N(0, L), Y= \/—QT(Yt + 0, (V),  t=T,--- 1, (3)

where {nd9m} represents some suitably chosen coefficients. In words, each step (3) computes Y;_; as
a weighted sum of Y; and its score estimate.

e Denoising Diffusion Probabilistic Model (DDPM). Originally proposed by Ho et al. (2020) as a way to
optimize certain variational lower bounds on the log-likelihood, DDPM employs the following stochastic
iterative updates:

YT NN(O7Id)7 }/;5—1 = (}/t'i_n?dpmst(}/t)—’—agdpmzt)a t:Ta 71a (4)

1
VOt
where the Z,’s are independently generated obeying Z; ~ N(0,1,), and {n{*™} and {c%™} are

properly chosen coefficients. A key distinction from DDIM is that the iterative updates (4) inject
additional stochastic noise at each step.

1.2 Harnessing low-dimensional structure?

Motivated by the practical efficacy of diffusion models, the past few years have witnessed a flurry of activity
towards establishing convergence theory for both DDPM and DDIM (Lee et al., 2022; Chen et al., 2022b,
2023a,d, 2024b; Benton et al., 2024, 2023; Li et al., 2024b,c,d; Gao and Zhu, 2024; Huang et al., 2024a; Li and
Yan, 2024b; Tang, 2023; Tang and Zhao, 2024b; Liang et al., 2024; Li and Jiao, 2024). For a fairly general
family of target distributions pgata (without assuming smoothness and log-concavity), the state-of-the-art
theory Li and Yan (2024a); Li et al. (2024¢) demonstrated that for both DDPM and DDIM, it takes at most
the order of (modulo some log factor)

d
— iterations (5)
€

to yield a sample whose distribution is e-close in total variation (TV) distance to the target distribution,
provided that perfect score function estimates are available.

Nevertheless, even linear scaling in the ambient dimension d can still be prohibitively expensive for many
contemporary applications. Take the ImageNet dataset (Deng et al., 2009) for instance: each image might
contain 150,528 pixels, while its intrinsic dimension is estimated to be 43 or less (Pope et al., 2021). As



a result, applying the state-of-the-art theory (5) could suggest an iteration complexity that exceeds one
million, even though practical implementations of DDIM and DDPM often produce high-quality samples in
just a few hundred (or even a few ten) iterations. The discrepancy between theory and practice suggests
that worst-case bounds, such as (5), may be overly conservative. To reconcile this discrepancy, it is crucial to
bear in mind the intrinsic dimension of the target data distribution and explore whether and how diffusion
models can harness this potentially low-dimensional structure.

The development of diffusion model theory that can effectively account for low dimensionality is, however,
still in its early stages. For example, the ability of DDIM to adapt to low-dimensional structure was previously
out of reach in theory, despite its widespread use. The situation for DDPM is more advanced: a few recent
papers (e.g., Li and Yan (2024a); Azangulov et al. (2024); Potaptchik et al. (2024); Huang et al. (2024Db))
explored its low-dimensional adaptation capability, assuming that the target data distribution is supported
on some low-dimensional structure like a manifold. These studies focused primarily on convergence in
Kullback-Leibler (KL) divergence, which, as we shall explain momentarily, is known to yield loose results
when directly translated into convergence guarantees based on other metrics like the TV distance.

1.3 This paper

An overview of our contributions. In this paper, we develop a new suite of total-variation-based
convergence guarantees for the DDIM and DDPM samplers, aimed at uncovering how they leverage low-
dimensional structure to accelerate sampling. More concretely, consider a general definition of intrinsic
dimension for the target distribution pgata, such that the intrinsic dimension is k if the logarithm of the
covering number of the support of pgata is on the order of k (up to some log factor). With this type of
intrinsic dimension in mind, we prove in Theorems 1-3 that both DDPM and DDIM take no more than the
order of

k
— iterations (up to log factor) (6)
€

to generate a sample that is e-close in TV distance to the target distribution, assuming availability of perfect
score estimates. Note that we do not impose stringent assumptions like smoothness or log-concavity on pgata-
For those applications where k < d — a situation that is prevalent in many modern-day applications — our
theory underscores the striking capability of diffusion models to automatically exploit the favorable intrin-
sic structure of pgata Without explicitly modeling the low-dimensional structure or altering the algorithms.
Importantly, these results provide the first theory justifying the low-dimensional adaptation ability of the
DDIM-type samplers, and significantly improve over the state-of-the-art DDPM theory regarding total vari-
ation convergence; see Table 1 and Table 2 for detailed comparisons with prior DDIM and DDPM theory,
respectively.! These convergence guarantees are also shown to be robust vis-a-vis £ score estimation errors.
Furthermore, we illuminate the specific coefficient choices of the DDIM/DDPM samplers, by linking them
with reverse-time differential equations with specific discretization to exploit low dimensionality. Finally, we
develop a lower bound for a single step of the discretized reverse process, which unravels the necessity and
optimality of the coefficient designs proposed originally by Ho et al. (2020); Song et al. (2020).

Notation. For any positive integer n, let [n] = {1,...,n}. For any two functions f and g, we employ the
notation f = O(g) or f < g to mean that there exists some universal constant C' > 0 such that f < Cg. The
notation f = 5(9) is defined analogously except that the logarithmic dependency is hidden. Additionally,
fZgmeans g < f, and f < g means f < g and g < f hold at once. For any two distributions p and ¢, we
denote by TV(p,q) (resp. KL(p || ¢)) the TV distance between p and ¢ (resp. the KL divergence from ¢ to
p). We denote by px, and py, the probability density function of X; and Y;, respectively. For any matrix A,
we denote by ||A] (resp. ||A|lr) the spectral norm (resp. Frobenius norm) of A, and tr(A) the trace of A.

For any vector-valued function f(x) , we let % represent the Jacobian matrix of f(x); for any real-valued

INote that in a large fraction of prior DDPM theory, the bound based on the TV distance is obtained by applying Pinsker’s
inequality (i.e., TV(px,,qv;) < /2KL(px, Il pyy))-
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Table 1: Comparison with prior DDIM theory. The convergence rates and iteration complexities provided
here assume accurate scores and ignore log factors, where the iteration complexity refers to the number of
iterations needed to yield e precision in total variation.

function g(z), we let Vg(x) represent the gradient of g(x). Also, for any random object X, we denote by
supp(X) the support of X.

2 Preliminaries

Before proceeding to our formal theory and analysis, we briefly overview some basics and the operational
mechanism of diffusion models, covering both DDIM and DDPM.

Forward process and noise schedule. As previously described in (1), the forward process progressively
injects Gaussian noise to transform the target distribution pgata into a pure noise distribution that is easy
to sample from. The Gaussian nature of the injected noise allows for a more direct relation between Xg and

X; as follows: o
Xy =vaXg+v1l-—a W,

where we introduce the following parameters for any 1 <¢ < T"

Q= H ;. (8)
i=1

As it turns out, the choices of the coefficients {a;} play an important role in determining the convergence
properties of diffusion models. Here and throughout, we adopt the choices used in the previous work (Li
et al., 2024c; Li and Yan, 2024a,b):

with W, ~ A (0, 1), (7)

1
ﬂlizl—alzﬁ,

log T logT\"
ﬂt+1:1at+1010gmin{61<1+01;g> 71}3 1<t<T, 9)

where ¢g,c; > 0 are some large enough numerical constants. In words, this noise variance schedule (as f;
is the variance of the noise injected at step t) contains two phases: it grows exponentially at the beginning,
and then stays flat after reaching the order of loe T " which is consistent with the state-of-the-art diffusion
model theory (e.g., Benton et al. (2024); Potaptchik et al. (2024); Huang et al. (2024b); Li and Yan (2024b);
Li et al. (2024c)).
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Table 2: Comparison with prior DDPM theory. The convergence rates and iteration complexities provided
here assume accurate scores and ignore log factors, where the iteration complexity refers to the number of
iterations needed to yield € accuracy in total-variation distance.

Score-based generative models. Next, we describe the precise update rules for both DDIM-type and
DDPM-type samplers.

e DDIM-type samplers. As mentioned previously, a DDIM-type sampler starts with Y3 ~ A(0, I;) and
adopts the following deterministic update rule:

ddim

Y1 = (}/t+77?dim5t(§/t))a t:T7 51' (10)

1
VAt

Here, n{“'™ is a design parameter that admits multiple alternatives, and we list a couple of choices used
in previous literature:

ddim __
N

1—
- (original DDIM (Song et al., 2020); this work) (11a)
1+ /Oit_—?t

—{1l-o .

— (Li et al., 2023a, 2024d,c) (11b)
—14+4/a;—3
+ 5 Zi A (Song et al., 2021) (11c)

Importantly, all of these parameter choices lead to samplers that are asymptotically consistent —
meaning that the distribution of the sampling output converges to the target data distribution as T’
grows — under mild conditions on the target data distribution. In this paper, we concentrate on the
parameter schedule (11a) proposed in the original DDIM paper (Song et al., 2020).

e DDPM-type samplers. A DDPM-type sampler adopts the initialization Y7 ~ N (0, I;) and implements
the stochastic update rule:

1 m
= () £ o), =T, (2



with independent noise Z; N (0,1;). Here, n?%™ and o™ are design parameters, with several

choices listed below:

original DDPM (Ho et al., 2020);

(1—as)(ar — ) Potaptchik et al. (2024);
. 1=, \/ o Huang et al. (2024b); (132)
(P, 0y P = a special case of this work
(201 — V), V1 — o) (Benton et al., 2024; Chen et al., 2023a) (13b)
(1— oy, vV1— ) (Li et al., 2023a; Li and Yan, 2024b) (13c¢)

All of the above choices come with convergence theory guaranteeing asymptotic consistency. In this
work, we would like to accommodate a range of parameter schedules that subsumes as a special case
the one (13a) proposed in the original DDPM paper (Ho et al., 2020).

ODE and SDE perspectives. To shed light on the rationale and feasibility of the DDIM-type and
DDPM-type samplers, it is helpful to look at the continuous-time analogs of both forward and backward
processes and resort to the toolbox of ordinary differential equations (ODEs) and stochastic differential
equations (SDEs). We briefly review some basics in the sequel, and will illuminate deeper connections in
Section 3.4.

e Forward SDE. The forward process (7) is intimately connected with the following continuous-time
process with some specific choice of 3(t):

where (B;) represents a standard Brownian motion in R?. In fact, standard SDE theory reveals that
SDE (14) admits the following characterization

X, = exp (- /Ot ﬁ(s)ds) Xo+ \/1 ~ exp ( _ z/ot B(s)ds)Wt (15)

for some W, ~ N(0, I;), whose marginal distribution coincides with that of Eqn. (7) if we set

oy = exp <2 /t ﬂ(s)ds) , t=1,---,T. (16)
t—1

e Probability flow ODE or diffusion ODE. One way to reverse the forward process is through the so-called
probability flow ODE (Song et al., 2021) (also known as diffusion ODE):

dY; = (Yt + S*Tft(yt)) ﬂ(T - t)dt7 te [07T]7 (17)

which enjoys matching marginal distribution Yp_; 2 Xy for all 0 < t < T as long as we generate
Yo ~ px,. To approximately simulate this reverse ODE in practice and obtain a tractable sampler,
a common strategy is to perform time discretization of ODE (17). Note that different discretization
schemes can result in different design coefficients 784™ as in the DDIM-type update rule (10).

e Reverse-time SDE.  An alternative way to reverse the forward process is via a properly chosen SDE.
In view of the classical results in the SDE literature (Anderson, 1982; Haussmann and Pardoux, 1986),
the following SDE,

qY; = (¥; + 257, (Y0) BT — t)dt + /3BT — ) dW;,  t€ [0,T] (18)
with (W;) a standard Brownian motion in R? reverses the forward process (14) in the sense that

Yr—¢ 4 X; for all 0 < ¢ < T as long as Yy ~ px,. Akin to the DDIM counterpart, the DDPM-type
samplers can often be viewed as time discretization of SDE (18), and different discretization schemes
correspond to different coefficient choices of (729%™, %™ as in (12).



e Generalized reverse-time ODE/SDE.
Yy = (Yi+ (14T = 8)s7-,(V) BT = t)dt + V2T = )B(T — )dWy, £ (0,7 (19)

for some general function £(¢) > 0 for all 0 < ¢ < T, where (W}) again represents a standard Brownian
motion in R?. We shall formally demonstrate the desired distributional property of this family of
differential equations in Appendix E.1. When £(¢) = 0 (resp. £(t) = 1) for all ¢ € [0,T], (19) reduces
to ODE (17) (resp. SDE (18)). For a general £(t), suitable time discretizationschemes of (19) can lead
to new samplers other than the original DDIM and DDPM.

3 Main results

In this section, we present our main results and discuss their implications. The key assumptions are intro-
duced in Section 3.1, followed by our convergence theory in Sections 3.2-3.3.

3.1 Key assumptions

To begin with, let us single out two assumptions concerning the target data distribution py.ts. We denote
by Xgata € R? the support of pgata, i.e., the closure of the intersection of all the sets X’ € R¢ such that
Pxmpa (Xo € X’) = 1. In order to rigorously define the “intrinsic dimension” of pgata, we find it convenient
to introduce the following definition of covering number (Wainwright, 2019, Chapter 5), which provides a
generic way to measure the complexity of a set X.

Definition 1 (Covering number) For any set X C R?, the (Euclidean) covering number at scale ey > 0,
denoted by N.,(X), is defined as the smallest integer n such that there exist points x1,. .., T, obeying

Xdata g U B(:Cu 60)7
=1

where B(z;,€0) = {x € R | |z — ;]2 < €0} and || - |2 denotes the o norm.
The covering number in turn enables a flexible characterization of the complexity of the data distribution.

Assumption 1 (Intrinsic dimension) Consider eg = T~ %o for some sufficiently large universal constant
Ceo > 0. The covering number of the support Xgata Of Ddata @5 assumed to satisfy

log Neo (Xdata) < Ceoverk logT'
for some constant Ceover > 0. Here and throughout, we shall refer to k as the intrinsic dimension of pdata-

The intrinsic dimension defined above is fairly generic, facilitating studies of a number of important low-
dimensional structures. Partial examples that satisfy Assumption 1 include k-dimensional linear subspace in
R% and k-dimensional non-linear manifolds (provided that Xyata is polynomially bounded as in Assumption 2
below), as well as structures with doubling dimension k (Dasgupta and Freund, 2008). The interested reader
is referred to Huang et al. (2024b, Section 4.1) for a more detailed discussion.

The second assumption we would like to impose on pyata is the boundedness of its support as follows.

Assumption 2 (Bounded support) Suppose that there exists a universal constant cg > 0 such that

sup |lz]|, <R where R:=T*".
TE Xdata

Note that the size of the support Xyata is allowed to scale polynomially (with arbitrarily large degree) in the
number of iterations of the sampler, which accommodates a very wide range of practical applications like
image generation.

Next, we turn to the quality of score estimates and impose the following assumption regarding their
£y accuracy. It is noteworthy that the score error metric esore defined below captures the mean squared
estimation error when averaged over all time steps, rather than representing the error for a single time step.



Assumption 3 ({y score estimation error) Suppose that the estimated score functions {s;(-)}1_, obey

1 * 2
T Z €§C0re,t < 652core with Escore t = ]E[ ||St (Xt) — 5 (Xt) ||2 ] . (20)

The ¢5 score estimation error is commonly assumed in the state-of-the-art results on diffusion models (e.g.,
Chen et al. (2022a); Benton et al. (2024)). Additionally, this form of estimation error also aligns with
practical training procedures such as score matching (e.g., Hyvérinen (2005); Vincent (2011)).

Finally, while our convergence theory for both DDIM and DDPM relies upon Assumptions 1-3, these
assumptions alone are insufficient to guarantee convergence of the DDIM-type samplers; see Li et al. (2024c,
Section 3.2) for a counterexample. Consequently, we introduce below an additional set of assumptions in
order to establish convergence theory for DDIM-type samplers.

Assumption 4 (Additional score estimation assumption for DDIM) Consider the estimated score
functions {s;(-)}]_,. Assume that s;(+) is twice continuously differentiable for each 1 <t < T, and suppose

‘ Os¢(Xy)  Osy(Xy) 2
T Zgﬁacobi,l,t S Ei\cobi,l with €ﬁacobi,1,t = |:H t t tax t ) (213)
_ F
dsi(X1)  9sr(Xe)\>
Z 6Jacobl 2,t = 5Jacob| with Eﬁacobi,Q,t =K |:tr( sg(x t) - Sta(x t)) :| ) (21b)
1 , , o dsi(Xy)  Osp(X)\ ||
2l Z 8Hess,t < €Hess with 5Hess,t =E |: HVtI'< - . (21C)
T pt or Or 9

In short, Assumption 4 is concerned with higher-order estimation errors of the score functions under dif-
ferent metrics, namely, the time-averaged errors w.r.t. the associated Jacobian matrix and Hessian tensor.
Intuitively, given that DDIM is deterministic without bringing in random noise to smooth the trajectory,
additional assumptions like higher-order score estimation accuracy are needed in order to mitigate the prop-
agation of estimation errors in each backward step. We shall see how these error metrics influence the final
sampling fidelity in the next subsection.

3.2 Convergence theory for DDIM

We are now positioned to present below our total-variation-based convergence theory for the DDIM sampler
in the presence of low-dimensional structure. The proof of this theorem is postponed to Appendix B.

Theorem 1 Under Assumptions 1-4, the DDIM sampler (3) with the coefficients nddm = % yields
1+ lt—EO;t
klog® T
TV(le 7pY1) ,S & + (Escore + € Jacobi, 1 + € Jacobi,2 + 5Hess) V IOgT- (22)

T

To the best of our knowledge, this provides the first theory that unveils how the DDIM sampler adapts
to unknown low-dimensional structure of pyata; see Table 1 for a summary of prior results. Noteworthily, this
convergence theory accommodates a very broad family of target data distributions pgata, without requiring
stringent assumptions like smoothness or log-concavity. Several remarks are in order.

o [teration complexity. When accurate scores (i.e., s; = s; for all ¢) are available, the number of steps
needed for the DDIM sampler to achieve TV(px,,py;) < € scales as

6(’;). (23)

As a consequence, if the intrinsic dimension k < d, then the DDIM sampler automatically accelerates,
without any prior knowledge about the underlying low-dimensional structure.



e No burn-in cost. We also compare Theorem 1 with the state-of-the-art DDIM theory (Li et al., 2024c¢)
for the case with k& = d and accurate scores. Recall that Li et al. (2024c) established an O(d/T)
convergence rate, which is consistent with Theorem 1. Nevertheless, the theory therein requires a
burn-in cost T > d? log® T, a condition that contrasts sharply with our theorem as we do not impose
such a burn-in requirement.

e Coefficient choices. Interestingly, the remarkable low-dimensional adaptation capability is achieved

with the coefficient nddim = %t—af’ which matches exactly the coefficient proposed for the original
1+ T,

DDIM sampler (Song et al., 2020). As we shall elaborate on momentarily, not all the coefficient choices
in (11) are capable of adapting to low-dimensional structure.

e Second-order assumptions on score estimation. Unlike previous convergence analysis for DDIM, Theo-
rem 1 makes an assumption about the second-order approximation of s.(+) to s;(-), i.e., the additional
eITOr term £ness in Assumption 4. This arises because, in prior studies, the score error terms in the
convergence rate of DDIM were dependent on the ambient dimension d. For instance, in Huang et al.
(2024a); Li et al. (2024c), the estimation error terms in their respective convergence rates are given by
d%L%EScore and Vdescore + de jacopi. In comparison, in our Theorem 1, the score estimation error term
in the sampling error is nearly dimension-free (except for logarithmic dependency), meaning that this
error does not amplify when the intrinsic and ambient dimensions increase.

3.3 Convergence theory for DDPM

Turning attention to the DDPM-type samplers, we present below our total-variation-based convergence
guarantees for the original DDPM sampler proposed by Ho et al. (2020). The proof can be found in
Appendix C.

Theorem 2 Under Assumptions 1-3, the DDPM sampler (4) with the coefficients nfdpm =1—o4 and
gddpm _ | Jlaema@)(U=ad) g picpes
t -
klog® T —
TV(pXqu1) S L + Escore IOg T. (24)

T

Akin to our DDIM theory, the DDPM sampler — using coefficients proposed in the original DDPM work
Ho et al. (2020) — achieves an iteration complexity no greater than

9] <1;> (25)

when exact score estimates are available, without requiring any sort of smoothness or log-concavity assump-
tions. Our result improves upon the state-of-the-art general theory for DDPM (i.e., O(d/e) as established
by Li and Yan (2024b)) by a factor of d/k, uncovering a substantial speed-up when k < d. It is worth
noting that low-dimensional adaptation of the DDPM sampler was first rigorized by Li and Yan (2024a),
followed by a couple of recent papers to sharpen the KL-based convergence guarantees (Azangulov et al.,
2024; Potaptchik et al., 2024; Huang et al., 2024b). Nevertheless, directly combining Pinsker’s inequality
with these KL-based bounds falls short of delivering tight TV-based results. See Table 2 for more detailed
comparisons.

Additionally, when score estimation is imperfect, our TV-based convergence guarantees degrade grace-
fully, with the bounds scaling linearly in esore (a metric that measures the ¢5 estimation error). In stark
contrast to our DDIM theory in Theorem 1, the convergence of DDPM can be established under fewer
assumptions; for instance, there is no need of imposing assumptions on the Jacobian or Hessian of score esti-
mates as in Assumption 4. This favorable feature of DDPM arises since its stochastic update rule introduces
additional Gaussian noise in each step, which helps smooth the trajectory and eliminates the need to cope
with many boundary cases.
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As it turns out, the coefficients (13a) are not the only choice of DDPM-type samplers that enable the
desirable adaptation. Our convergence theory can be extended to accommodate a broader set of coefficients,
as summarized in the following theorem. The proof is deferred to Section C.

Theorem 3 Suppose that the coefficients 1°P™ and o™ satisfy
ddpm \ 2 )
(1—04,5)(1—1m ) =ap—a,— (0}, t=1,...,T. (26)
—a

Also, assume that there exists some universal constant Cy > 1/2 such that
ddpm . 1 —
Ny o < min Cl(l—ozt),i(l—at) ) t=1,---,T. (27)

o Consider the case with exact score estimation, i.e., sy = sy for allt =1,...,T. Then under Assump-
tions 1-2, the DDPM sampler (4) yields

klog®T

TV(pXUle) 5 T

e Consider the case with imperfect score estimation. Also, assume that
(*P")? < Ca(l =) (@}®™)?,  t=1,--- T (28)

for some universal constant Cy > 0. Then under Assumptions 1-3, the DDPM sampler (4) yields

klog® T
TV(pX17pY1) 5 % + 5score\/10?~

Let us take a moment to discuss the range of coefficients satisfying relation (26). Interestingly, this
relation between 79%*™ and ¢%%™ aligns perfectly with the set of coefficients discussed in Song et al. (2020,

Section 4.1). More specifically, Song et al. (2020, Eq. (12)) singled out the update rule below:

1 . / - .
}/;571 = 7 ()/;5 —V 1— @tego'se(Y}/) + o — Qp — at§t26?0|se(}/;g) + \/O[t§tZt) (29)
vV &t

for some coefficient ¢;, where €/°¢(Y;) = —+/1T — ays;(Y;) serves as an estimate of the noise injected in
the forward process. One can demonstrate its equivalence with (26). The interested reader is referred to
Appendix D for more details.

Additionally, it was conjectured in Li and Yan (2024a) that the coefficients studied therein might not be
the only optimal choice when it comes to total-variation convergence. In light of this, Theorem 3 addresses
this conjecture by showing that the coefficients analyzed therein are a special case of a wider range of feasible
coefficients.

3.4 Interpretation from the lens of differential equations

In order to help elucidate why DDIM and DDPM are adaptive to low dimensionality, we take a moment to
derive their exact correspondence to reversed differential equations. This viewpoint unearths the underlying
forces that steer their trajectories toward the low-dimensional structure of interest, despite the effects of
time discretization. For convenience of presentation, we overload the notation by setting

Q@ = exp (—2 /t B(s)ds) , for all t € [0, T, (30)
0
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where ((t) denotes the coefficient schedule in the forward SDE (14); as alluded to previously, this function @;
coincides with {@;}]_, defined in (8) for the discrete-time process. In addition, we recall from the Tweedie
formula (Efron, 2011) that

* 1 — *
ni(x) =E[Xo | Xi = 2] = —=(v+ (1 —a)si (2)), (31a)
t
and also introduce the noisy counterpart:
1
=— 1—-a . 31b
it () \/ai(x + (1 —a)si(x)) (31b)

In the sequel, we isolate several discretized differential equations that correpond exactly with the DDIM
and DDPM samplers considered in the present paper.

e DDIM sampler. The probability flow ODE (17) can be reparametrized by u} as follows using Tweedie’s
formula (31a):

ay, = (_ ar—¢ Y; + VATt

(Y T —t)dt
Sy O () 6 -

where the drift term exhibits a semi-linear structure. To approximately solve this ODE, one can apply
the exponential integrator scheme on the estimated semi-linear structure and select time discretization

points as t, = n for alln =0,1,--- ,T, leading to the discretized dynamics below:
AV, = [~y 4 VATt () ) BT = 0)dt, € [t tnia). (32)
1—ap_y 1—ar_y

The DDIM sampler is intimately connected with this discretized dynamic, as asserted by the following
proposition, whose proof can be found in Appendix E.3.

Proposition 1 The discretized process (32) is solved exactly by the DDIM update rule (3) with coef-
ficient (11a) in the sense that Y, = Yr_, for alln=0,1,...,T, provided that Yo = Yr.

e (Generalized) DDPM sampler. Similarly, the DDPM-type sampler — with the coefficients chosen as
in Theorem 3 — can be exactly mapped to certain discretized differential equations. More precisely,
consider the generalized semi-linear SDE/ODE (19), which can be reparametrized via pj through
Tweedie’s formula (31a):

dm=(—“ﬂfg“”tm+“*‘f§ﬁ”“T%&xnoﬂ@—wa+¢%w>wMT—waw

Adopting similar discretization scheme as in (32), we arrive at the following discretized process:

1—ar 1—ary

/mtAﬁJ)ﬁT—ﬂ&

+ V2T —t,)B(T —t) AWy,  t € [tn,tns1),  (33)

where we recall that t,, = n. Interestingly, the DDPM-type samplers considered in Theorem 3 corre-
spond exactly to (33) with suitably chosen £(t), as stated below. The proof of Proposition 2 can be
found in Appendix E.2.

Proposition 2 The discretized process (33) can be solved exactly by the (generalized) DDPM update
rule (4) — with coefficients satisfying (26) — in the sense that Y, = Yr_, for alln = 0,1,...,T,
provided that Yo = Y7 and that the standard Gaussian vectors {Z} are chosen properly based on (Wy).
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Remark 1 In the special case with coefficients (13a), the precise connection between such a discretized
differential equation and the original DDPM sampler (Ho et al., 2020) has been discussed and utilized
in the recent work Azangulov et al. (2024); Potaptchik et al. (2024); Huang et al. (2024b).

With the equivalent description (32) (resp. (33)) of the DDIM (resp. DDPM) sampler, one can already
gain insight into how these samplers adapt to unknown low-dimensional structure. Suppose that we have
access to accurate scores, so that py = p¢. A closer inspection of (32) and (33) reveals that: the nonlinear
components of the drift terms of both processes are proportional to 7., , which is defined as the conditional
expectation of Xy (cf. (31a)). In other words, the most critical drift components take the form of conditional
expectation of Xy, which inherently capture the low-dimensional structure of py.ta and steer the sampling
dynamics towards this inherent structure.

3.5 Other alternatives of coefficient design?

Thus far, our main theorems (i.e., Theorems 1-3) focus attention on specific coefficient choices as in the
original DDIM and DDPM samplers. One might naturally wonder whether other coefficient choices could
also facilitate low-dimensional adaptation capabilities. As it turns out, these particular coefficients — or
those exceedingly close to them — are almost necessary to achieve adaptivity, as explained in this subsection.
For simplicity, consider the case with accurate score estimates (i.e., sy = s; for all ¢), and let us look at
the following mapping;:
D (z,2) = \/10[7 (z + mesy () + 002). (34)
Clearly, both the DDIM update rule (10) and DDPM update rule (12) in the ¢-th iteration can be described
as Yi_1 = @ (Y3, Z;) for some choices of n; and oy (i.e., oz = 0 for DDIM and o} # 0 for DDPM), where Z; is
an independent standard Gaussian vector. To evaluate how well the efficacy of DDIM-type and DDPM-type
samplers, we propose to perform a sort of one-step analysis as follows:

1) Start the sampler from X; of the forward process (1);
2) Compute one iteration Y;—; = ®; (Y}, Z;) with an independent Gaussian vector Z; ~ N (0, Iy);
3) Evaluate the TV distance between Y; and X; and see whether it is well-controlled.

An ideal sampler that can effectively adapt to unknown low dimensionality would not incur a TV distance
blowing up with the ambient dimension d.

As it turns out, in order for the TV distance between X; and Y; to be well-controlled, the coefficients
(e, o) must be carefully chosen, as revealed by the following lower bound. The proof of this lower bound is
provided in Appendix F.

Theorem 4 Consider any k < d/2, and take the target distribution pgata to be N (O7 [ I 0 D Then for

arbitrary choices of (nt, 0¢), we have
l1-@ 2 2
o (1 ”t> + Tt 1,1}. (35)
o — O 1—oy ap — O

In words, Theorem 4 asserts that even when initialized from a point from the true forward process, performing
one iteration of DDIM/DDPM updates might already incur a TV distance that scales polynomially in the
ambient dimension, unless the coefficients are chosen to obey

1-a; U 2 of
(1 - > + —1~0. (36)

ay — Q¢ 176,5

x . d
TV(®; (Xe, Zy), X4—1) > 100111111{ 3
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e Consider the DDIM-type sampler (10), which has oy = 0. The requirement (36) then simplifies to

_ — — 11—«
= a — o —a) (1 —ap) = ————,
1+ Dit:gt

the right-hand side of which is precisely the choice (11a) of the original DDIM sampler.

e The DDPM-type sampler (12) then corresponds to the case with o; > 0. Clearly, all coefficient choices
studied in Theorem 3 satisfy this requirement, subsuming the choice (13a) of the original DDPM
sampler as a special case.

Somewhat surprisingly, while the original DDIM and DDPM update rules (Song et al., 2020; Ho et al., 2020)
were derived heuristically (namely, by maximizing some variational lower bounds on the log-likelihoods)
without any explicit consideration of the low-dimensional structure, the coefficients of the resulting algorithms
prove to be nearly essential for adaptation to low dimensionality.

4 Related work

General convergence analysis of diffusion models. A recent strand of work has been devoted to
analyzing the convergence behavior of diffusion models (Chen et al., 2022b; Lee et al., 2022; Liu et al., 2022;
Lee et al., 2023; Chen et al., 2023a; Benton et al., 2024; Chen et al., 2023d; Li et al., 2023a; Pedrotti et al.,
2023; Cheng et al., 2023; Huang et al., 2024a; Liang et al., 2024; Li and Yan, 2024b; Tang and Zhao, 2024a;
Li et al., 2024d; Ren et al., 2024; Gao and Zhu, 2024; Gentiloni-Silveri and Ocello, 2025); see Tang and Zhao
(2024Db) for a tutorial. Take the DDPM for instance, the work Chen et al. (2022b) established convergence
analysis (based on Girsanov’s theorem) without assuming log-concavity; the smoothness assumption was
further relaxed by Lee et al. (2023); Chen et al. (2023a). Regarding the use of DDPM for a general class of
non-smooth and non-log-concave distributions, Benton et al. (2024) established the best-known KL-based
convergence guarantees, whereas the state-of-the-art TV-based convergence was derived by Li and Yan
(2024b). Turning attention to the DDIM, Chen et al. (2023d) derived the first polynomial-time analysis,
while Chen et al. (2023c) provided improved analysis for a variation of the probability flow ODE (by adding
an additional stochastic step). Li et al. (2023a) improved the TV-based iteration complexity of the DDIM
to O(d2/e), which was subsequently improved by Li et al. (2024c) to O(d/e + d?). Additionally, higher-order
samplers tailored to solving the reverse-time SDE or probability flow ODE (e.g., Lu et al. (2022a,b)) have
been proven to achieve faster convergence (Li et al., 2024a; Wu et al., 2024b; Li and Cai, 2024; Huang et al.,
2024a). Randomized midpoint methods have also been leveraged to provably speed up convergence (Shen
and Lee, 2019; Gupta et al., 2024; Li and Jiao, 2024). The convergence behavior of conditional diffusion
models (or diffusion guidance) is another important topic that has been studied by several recent work (e.g.,
Wu et al. (2024a); Chidambaram et al. (2024); Chen et al. (2024a); Fu et al. (2024); Tang and Xu (2024)).

Score matching. An important stage of score-based generative modeling is score matching or score learn-
ing (Hyvérinen, 2005, 2007; Vincent, 2011; Song and Ermon, 2019; Ho et al., 2020), which aims to learn the
score functions (typically using deep neural networks or transformers). From the statistical perspectives,
Koehler et al. (2023) characterized the asymptotic statistical efficiency of score matching, while Oko et al.
(2023); Wibisono et al. (2024); Zhang et al. (2024); Han et al. (2024); Dou et al. (2024) derived the statistical
error rates and sample complexity for score matching. Another recent work Feng et al. (2024) leveraged some
idea from score matching to tackle convex M-estimation. As the score matching phase is not the primary
focus of our work, we do not delve into further details here.

Diffusion models in the presence of low-dimensional structure. Given the ubiquity of low-dimensional
structure in practice (Pope et al., 2021), a recent line of research sought to unveil the role of low dimen-
sionality in enabling more efficient data generation (Li and Yan, 2024a; Azangulov et al., 2024; Potaptchik

14



et al., 2024; Huang et al., 2024b). More concretely, Li and Yan (2024a) established the first iteration com-
plexity upper bound for the DDPM that is adaptive to unknown low-dimensional structures, without the
need of modifying the algorithm; the iteration complexity therein is proportional to k*, with k the intrinsic
dimension. This k-dependency was subsequently improved by Azangulov et al. (2024) to k3 and then tight-
ened by Potaptchik et al. (2024); Huang et al. (2024b) to linear scaling. However, all of these past results
focused on KL-based convergence, which are loose when translated to TV-based convergence theory using
Pinsker’s inequality. What is more, no prior theory studied how ODE-based samplers adapt to unknown
low-dimensional structure.

Apart from the above-mentioned convergence analysis for the sampling stage, the interplay between
diffusion models and low-dimensional structure has been investigated from other perspectives as well (Chen
et al., 2023b; Wang et al., 2024; Tang and Yang, 2024; Stanczuk et al., 2024; Mei and Wu, 2023; Li et al.,
2023b; Azangulov et al., 2024; Li et al., 2024f,e; Cui et al., 2025). For instance, Chen et al. (2023b) considered
the case where the target distribution lies on a linear subspace and developed sample complexity bounds
for score matching that are independent of the ambient dimension. Wang et al. (2024) assumed the target
distribution to be a mixture of low-rank Gaussians and explored the equivalence between score matching in
this setting and subspace clustering. Tang and Yang (2024) studied the case when the data are supported
on low-dimensional manifolds, and provided explicit convergence rates highlighting the importance of score
estimation methods in such settings. Stanczuk et al. (2024) showed that diffusion models encode the data
manifold by approximating its normal bundle. Moreover, Li et al. (2023b) established theoretical estimates
of the generalization gap that evolves with the training dynamics of score-based diffusion models, suggesting
a polynomially small generalization error that evades the curse of dimensionality.

5 Discussion

We have made progress towards understanding how diffusion models harness (unknown) low-dimensional
structure to accelerate data generation. For the DDIM sampler (or the ODE-based sampler), we have
provided the first analysis demonstrating its ability to adapt to low-dimensional structure. Along the way,
we have managed to eliminate the need of a large burn-in requirement imposed in the state-of-the-art work
Li et al. (2024c¢) for the general full-dimensional case with k = d. When it comes to the DDPM sampler (or
the SDE-based sampler), we have improved the TV-based iteration complexity from O(k/e2) (Potaptchik
et al., 2024; Huang et al., 2024b) to O(k/c). It is worth noting that the coefficients analyzed in the current
work align perfectly with the choices proposed originally in Ho et al. (2020); Song et al. (2020). Through a
lower bound analysis, we have offered insights into the critical role of such coefficient designs in facilitating
low-dimensional adaptation.

Before concluding this paper, we briefly point out a couple of directions worthy of future investigation.
First, careful readers would notice that the coefficients of the DDIM analyzed in Theorem 1 is a special case
of the ones satisfying (26) as isolated in Theorem 3. However, our current analysis for Theorem 3 does not
yet accommodate the case when 7; = (1 — )02, thus leaving a gap in the connection between DDIM and
DDPM samplers. Bridging this gap would offer a deeper understanding of the connection between DDPM
and DDIM and, potentially, offer a unified theoretical framework to study both types of samplers. Moreover,
Theorem 4 currently provides only a lower bound for a single step of the discretized reverse process, which
does not encompass all SDE/ODE-based samplers. It would be helpful to develop multi-step lower bounds
that apply to a wider family of diffusion-based samplers. Finally, while the present paper focuses on the
sampling stage, it does not unpack the score learning phase; in particular, it remains unclear how low-
dimensional structure affects the efficiency of score learning. Establishing an end-to-end theory that takes
into account the adaptivity of both score learning and sampling would be an avenue for future exploration.
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A Technical lemmas

In this section, we present several technical lemmas that prove useful for establishing our main theorems,
with their proofs deferred to Appendix G. For simplicity of presentation, we assume without loss of generality
that k£ > log d throughout the proof.

Before proceeding, let us introduce several notation that will be useful throughout.

o Let {xf}lsiSNeo be an ep-net of Xyaa, with N, denote its cardinality. Let {Bi}lsiSNeo be a disjoint €q-
cover for Xyata such that « € B; for each i. See, e.g., Vershynin (2018), for the definition of epsilon-net
and epsilon-cover.

e Define the following two sets:
IT:={1<i< N, :P(Xye€B;)>exp(—CiklogT)} (37)
and

G = {w eR?: w2 < 2Vd+ /CiklogT, (] — x?)—rw‘ <VCiklogT |27 — xf|l2, V1 <45 < N50}~

for some sufficiently large universal constant C; > 0. As it turns out, both (J,c; B; and G can be
utilized to define certain high-probability sets related to the random vector X ~ pgata and a standard
Gaussian random vector in R<.
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e Let us express
X, =vVaXo+V1—-a.Z (38)
for some random vector Z ~ N (0, I;). By taking
Vo =+VaVi +V1—aZ with V; := X, (39)

we see that
Xt = Vat (40)

for any t. For every a € [0,1 — 1/T7, define a typical set for each V,, as follows
To = {\/avl—r-\/l—aw:vleu&,weg}. (41)
ieT

e Next, we turn to the posterior distribution of V; given V,, which dictates the performance of DDIM
and DDPM samplers. Let us introduce the following shorthand notation:

Py v, (v) = E[Vy | Vo =],

. (42)
COVV1|VQ (v) =EWVV) | Vo =1v]— vy v, (’U)#Vl\va (v)

T

Given that the random objects v vz, (Vz,) and Covy, v, (V,) will be used frequently throughout the
proof, we shall often employ the following shorthand notation

Holt = [V, |V, (V&) and Cov|; = Covy, v, (Va,) (43)
as long as it is clear from the context.

e In addition, we find it convenient to define

e(z) = sy(x) — si(x)  and  el(z) = aséf) - 85;9(6‘”). (44)

Now, let us proceed to present the technical lemmas. While some of these proofs can be found in Li and
Yan (2024a); Huang et al. (2024b), we provide them here for the sake of completeness.

The first lemma demonstrates that, for any o € [0,1 — 1/T)], T, is a high-probability set for V,,. The
proof of this result is deferred to Appendix G.1.

Lemma 1 There exists some universal constant Cy 3> Ceover such that for any « € [0,1 — 1/T], we have

PV, ¢ Ta) < exp (—%klogT) )

Next, we develop a lemma that characterizes the concentration property of the point V; given the obser-
vation V; the proof can be found in Appendix G.2.

Lemma 2 Consider any v € To, and let us write v = \/av] + /1 — aw for some vi € J;cz Bi and w € G
(cf. (41)). Suppose that vi € B,y for some i(v) € Z. Then there exists some universal constant Cy > 0
such that for any C > Cs,

C
P (Va Vi - i, = VORI = a)logT | Vo = v) < exp (mklogT> :

Armed with the above lemma, we can readily establish, for any « € [0,1 — 1/T], upper bounds on the
moments of V; under the posterior distribution P(- | V,, = v), provided that v € 7,. This is stated in the
following corollary.
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Corollary 1 There exists a universal constant C3 > 0, such that for any o € [0,1 — 1/T], the following
inequalities hold for any point v € Ty:

l 11—« 12
E (Vi — i, @]y | Ve =] <€ <aklogT> 1=1,2,3.4, (45)

Moreover, we single out the lemma below that can help control the posterior covariance of interest. The
proof is postponed to Appendix G.3.

Lemma 3 Suppose that Assumptions 1 and 2 hold. Denote 67 = —aloa) - open for any t > 2, the

(ar—ae)(1—ae)
posterior covariance defined in (42) satisfies

~ 2 3
afEXt [ ||Cov0‘t||F} < 3{]E[tr(Cov0|t)] — E[tr(Covo‘t_l)]} + Tio-
We also make note of the following basic property about {ay} (see Li et al. (2024c, Section 5.1)):

11— 11— 1-— 4cqlogT
YT T 208 for any 2 <t < T. (46)
21—0{,5 QOét—Oét 1—0{15,1 T

The lemma below is a consequence of this property, whose proof can be found in Appendix G.4.

Lemma 4 There exists some universal constant Cg > 0 such that for any t > 1,

@t(l — Oét) at+1(1 — Oét+1) < CG 10g2 T o

(at —at)(l —Et) (Oét+1 —@H_l)(l —at+1) - T2 1 —@t'

In addition, Lemma 5 below helps control the tightness of the second-order Taylor expansion of a certain
log-determinant function. Its proof is deferred to Appendix G.5.

Lemma 5 Let A € R¥? be any positive semi-definite matriz, and A € R¥*? be any square matriz. Suppose

nl|A|| < 1, where 0 <n < 1. Then it holds that

log det (I + 714 +nA) = n(tr(4) + tr(A)) — 4 (JAIF + |AIF)

Finally, the Tweedie formula as stated below (Efron, 2011), which establishes the intimate connection
between the score function (resp. its corresponding Jacobian matrix) and the posterior mean (resp. posterior
covariance) of Xy given Xy, will be invoked multiple times. For its proof, one can refer to Robbins (1992).

Vay 1

si(ze) = 1_7@#0\15(%) T1-a Zt,
a (47)
s (z4) _ X oy (1) — I
axt (1 *at)Q oft\Lt 1 —a, .
where
/~Lo|t($t) =E[Xo | Xi = 24], (48a)
Covoe(2:) = E[Xo Xy | Xp = 4] —E[Xo | X¢ = 2] E[Xo | X; = 2] . (48b)

B Analysis for DDIM (proof of Theorem 1)

In this section, we establish our convergence guarantees for the DDIM sampler as stated in Theorem 1.
Throughout this section, we define the (deterministic) mapping ®,(-) as

1 . l—«
i(x) = \/E(x + mese(z)) with n, = 71 ! —, (49)
+ Oit:%t
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where s;(x) is the score estimate. According to the update rule (10) and (11a) of DDIM, we know that
(since nfd™ = ;)
Vi1 = ®(V).

We begin by isolating the following recursion that plays an important role in our analysis: for any ¢ > 2,

TV(pXt—17th—1) = Sup {PXt—l(A) - PYt 1 } - jlcll?t‘ {th 1 A) - ]PYt (q)t_l('A))}

< Px, (A —Px, (®, (A Px, (&, 1(A)) — Py, (9, (A

jlép{ X, (A) = Px, (2.7 ”“j‘g%{ x, (P (A)) — Py, (B (A)) } 50)
< sup {Px, ,(A) = Po,x (A} + TV(px,,pv,)
= TV(px,_,,Pa,(x,)) + TV(Px,,pv.),

where the first identity arises from the basic property of the TV distance.
Next, we define a set &; as

1
& = {x € Xdata : Mt ||sg(x)|| < 8} . (51)

Based on the set &, we define an auxiliary map <'l~3t ¢ Xgata — RAU {0} as

&)t(m) _ { @t(x), if x € St, (52)

00, otherwise.

Further, for any vector v € R? with ||v]s = 1 and any = € &, Tweedie’s formula (47) tells us that

0P, (x) 0 (x) 0si(x) Os¥(x)
TO®t _ T _ T _ T t T_J
Ve V7Y Tar 0TV I ar )’ 7" L o )’ v (@)

0s; () 1 9 ur My 1 2
T t T
(I + o )U 3 [v]lz =v 1- 1-a, I+ mcovoh(@ U3 [vll2

Ur 1 23
>(1-— - = —.

Here, the penultimate relation follows from the positive semidefiniteness of the covariance matrix Covo,(x);
and the last inequality holds since

i 1—oy 1—oy 4erlogT 1
—_ = S — S < Rl
- 1-a+(w—a)(d—a) 2w —a) T 4

tagm) is positive definite uniformly over all z € &;.

a consequence of property (46). This result implies that
According to the inverse mapping theorem, we know that ®; is a bijection on &;. Therefore, for any

-1 € P4(&;), we can find a unique z; € & such that <I>t(xt) = x;_1, which in turn allows us to derive

~ o ! T Lt
péf’t(Xt)(xtfl) = pr ((I);l(xtfl)) . det <8®t(1>> - pXt (xt) . det (aa ) -

O0xp—1 Tt—1
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Consequently, we see that: for any ¢ > 2 and any ;1 € &%(6}),

axt _ (1’ )
8xt_1 pXt71 t—1

0
/{pxtho(It | il?o)det< el > = PX, 1| Xo (Tt—1 xo)}pxo(xo)dlfo

O0xi_1

53
pxt,1|X0($t—1 | o) 0xy_1 Oxy (53)
= 1— det Px,.xo (Tt, xo) det dxg
ai)’]t ’ 0

Px.|Xo (¢ | zo) Tr—1

=T (z¢,z0)

0
— /{1 — T (x¢,20)} Px,,x, (@4, To) det (8 Tt > dzg.

Tt—1

P (01-0) = o) = i, G et

The next step is then to analyze T (¢, zo).

Controlling T (z:,z¢): Given how X;_; and X; are generated, we observe that

d
1 2 —lzi—1—y/@—1m0l3
— Oxy_ ( —a_ ) exp{ —a_ } Oxy_
T (xt,0) :pXt*lIXO(xt 1] o) det( It 1) _ Al L =t V det( Tt 1)

Px,|xo (2 | %0) Ozt (1 1 )f exp { *Hféf@ﬂ?ol\%} Oz
—a (1—ay)
4 — 2 _ ) (54)
[ 1-a \? d Oxi_q |2 — vOétJToHQ lzi—1 — Vau—1zo|l5
= — et [ —— ] exp — — — ,
1-— (a7 a.’l?t 2(1 — Oét) 2(1 — O[tfl)
=T1(x¢,x0) =T (x¢,20)
leaving us with two terms to control.
Let us first study the term 77 (x¢, o), towards which we see that
d d
Ti(ruro) = () oy ((Qretmslre ) VY (L2802 g (Olwe tmsilae)
1— [e T} 61’15 o — Qg (’“)xt
d
1—a; \2 a 0 o .
(222 ) et (1m0 4 (slen) — (o)) )
1-@ \? @ 1
(a) — Q¢ it 59
= (Olt_at> det (1 + 1t {(1_%)200%::(1‘0 - 1_%1} +peg (1) (55)

1 - Mt [1—ay Qe l-a
= det 1-— I C
‘ ( Qyp — ( 1- 04t> ’ o — oy (1 —0)? Ovole(e) + Qp — et ()
(b) 1-— it atnt 1-— Et J
= det ([ C —_— .
€ < + ar — @ (L— )2 ovoje(e) + 4/ o _atTth(xt)

Here, (a) arises from Tweedie’s formula (47), whereas (b) follows since

1—@t 17 'f]t _ 1—@,5 (1—at)—77t_\/1—at \/(O{f*af)(lfaf):]- (56)
ap — O 1—@ \/Oét—at l—at ap — Q¢ 1—@,5 ’

Next, we turn attention to the term T5(x¢, zg), which satisfies

log Ta 0 20) = & — vao|; e+ mese(ae)) //ow — Vai_izo||;

21 — @) 2(1 —@—1) (57)
M= vawolly et mesien) — Vol
2(1 —@t) 2(0{t *at) ’
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Let us first look at the term xy + ns¢(x1) — v/arzg. It follows from Tweedie’s formula (47) that

e + mese(x1) — Vaizo = (1 - ma) z + I/OZZ oy () — Varmo + ne (si(w1) — 57 (w1))
(1= 12 ) o = Vo) + Y2 g ) — i o) = 7 20)
= (1= 2 ) = V) + Y2 ) = ) + (o) = s )
_ (1 - - jta) (we — Vaszo) + @(um(ﬂct) — o) +meei (w1).

Substitution into (57) yields

e — v/@rol 1 m o\’ — 2
log Ta(@¢, wo) = 201 — @) 2 - 2oy — @) (1 1 —tozt> th - \/OTNCOH2

+ (1 S ) ( vaum (z¢ — \/a»tl”o)T(ito - Ho|t(117t)) - O )2 Hl”o - Ho\t(%&)”i

1 — Q¢ (673 —at)(l —@t) 2(O[t —at)(l — Qi
2
— T T
b (1) G V) e o)+ o) o) ) + s e
(53)

We now control each term of the above display. It follows from (56) that

1 1 n ) 1 1 a—a
— - ——(1- ) = - T,
2(1 — Oét) 2(0[,3 — Oét) 1-— Qg 2(1 — Oét) 2(Oét — Oét) 1-— Qg

thus implying that

B 1—ay

|22 = V@rol, 1 ( m
— — 1-—
2(1 — at) 2(&15 — at)

2
) Nl = vl ; =

Further, invoke Tweedie’s formula (47) once again to reach

ap — Qi 1—675 ap — O

M (12 ) o= V(o) ) = = O ) e ().

Additionally, consider the following component of log T2 (x¢, zo):

(1 _ ) ( Vaum (2 = Vo) " (w0 — pope(t))

1—@ Oét—at)(l—at)
= 2
Q7] 2 Nt T
T 200 —a) (1 — )2 w0 = mope(ze) ||, + o — O (koje () — o) " €5 (24).

Taking the expectation of the above expression under the conditional distribution px,|x,, we find that

I et r(Covoe(zy)) — i r(Covoe (e
(1= 725) gt Comn(o0) = g t(Covnta)

=— (1— N e ) ( O tr(Covops(w¢)).

1 —at) Qg —at)(l —Et)

Defining

Q¢ — atth
() = (1 e >( VO (4 aae)T (20 — poge(a)) s oo — o)

71—525 at—at)(l—@) Q(Oét—at)(l—a
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UG T sc Ui [l
+Olt —a (Hoje(ze) — w0) & (o) + (1 21— at)) (r —a)(1— at)tr(COVo\t(xt)),

one can easily verify that

/ §(we, 0)Pxo)x, (To | 2¢) = 0, Vo € Ayata-
xo

Thus, based on Eqn. (58), we can further simplify log 75 (x, ) as follows:

QM Mt
1 = - 1—— ) tr (C
0og 7-2(5525’ xO) g(xtaxO) (at — at)(l — at) ( 2(1 _ Oét)> r ( OV0|t(xt))
nt(]- — 0 — nt) * T _sc _ 77152 sc 2
+ o — T sp(we) &7 () 2Naw — ) €3 ()2 (59)
Qg Nt
= — 1——— | tr (C
(@, o) (r —a)(1—a@,) ( 201 — at)> Y( 0V0|t(9€t))
1-a; * T _sc 77262 sc 2
1/ o —a, (ze) &7 (@) ey —ay) g5 (o)l
where the last equality holds since
1—Oét—’l7t:\/(1—0475)(@15—0[,5):\/1—0415
oy — Qi ay — Q¢ Oét—at.
Now, to streamline the presentation, define
W (z;) = log det (I + - a—t aﬂlt 5 Covope () + - aj 77t£i(£t)) - 777?* [EEB]E
Qi — O (1 — Oét) ay — O Q(Oét — Oét)
QMg ul L—@ 0 T
1- tr (C .
(o — @) (1 — ) < 2(1 - at)) r( Ovo‘t(xt)) * o — Ot misi (@) e (@)

Then for any z; € Xyata, it holds that
/ (]_ _ e&(It,IO)) QW(wt)pXO\Xt (1,0 ‘ $t)d$o S 76W(It)/ f(xtaxO)PXO\X, (1»0 ‘ xt)dwo =0. (60)
Zo Zo

where the inequality results from the elementary inequality 1 — e* < —z for all z € R. Putting (53), (54),
(55) and (58) together reveals that: for any A C Xyaa N &,

]P)cf’t(xt)(“‘l) —Px, ,(A4) :/A {pgt(xt)(xtﬂ) - PXH(%A)} da

0
:/ {1 =T (z,20)} Px,,x, (@1, T0) det (3 Tt ) dzodzi_q
AX-Xdata

Tt—1
:/~ {1 =T (@, 20)} Px,,x0 (4, ¥0)dTodws
‘I):l(A)XXdata
:/~ {1 _ ef(@emo) | eW(xt)}pX“XO (4, xo)dzoday
By (A) X Xata

(2/ {(1 - eg(x"’m")) W) 4 (1 - €W(z")) } Px.. Xo (T4, To)dzodzs
2, (A) X Xara

(d)
S/ B {1_8W(mt)}pXt(xt)dxt S/ - W (ze)px, (w)day,
z, €D, (A) €D, (A)

where (a) follows from simple telescoping, (b) invokes (60), and the last inequality follows from the elementary
inequality 1 —e* < —x.
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B.1 Controlling the function —W(x;)

For z; € &, applying Lemma 5 reveals that

]. — @t @mt ]. — at J
—logdet | I C
ogae < + ay — oy (1 — at)2 0V0|t(xt) + ap — ay My (l't)

dain; 401 —a)n; [Bx
- (Olt—at)(l—a 3 Oét_Oéf

[1—a; 11—y J
— tr (C — t
ap —ap (1 —@)? r (Covope(a2)) oy — Oy et (€3 (1),

provided that y/1=% 1)t ||ef(21)|| < ;. Combining this with the definition of W (z;) results in

| Covon o)l + 2)|r

W(xy) = @ 1— ")t (Covope(a)) + _ 5 (20 |2
U (g —ay)(1 —at) 2(1— o) O 9y — ) 8 N2
1-— T sc 1-— Qay at’ﬂt 1-— O J
“Vaa Lt (me) T €3 (ay) — log det (I + P at)2COVO|t(l‘t)+1 / po—— ez (xt)
dan? i

4(1 - Olt)ﬁt H J

2 SC
[Covor(@nlle + =g et s + 5"y ekl

- (Oét —at>(1 —Oé 3

et (- ale) Vo ] = (Comta)

1 -0 «
/= 77,5 (st () T3 (2y) + tr (5t (a:t)) )
L
(62)
Recalling the choice of the coefficient 7, = (1 — ay) /(1 + 4/ ==t ), we have
Q) (1 _ Mt ) - agy
(C%t — at)(l — at) 2(1 — at) Qp — O (1 — at)Q
_ Qe (1 _ Nt o — Oét)
(O[t —Et)(l—at) 2(1—615) Oét—at
_ Qe (1 I n UL ) _ an;
(Ott *at)(lfat) lfat a — Q¢ 2(1*at) 2(Ott *at)(lfat)z,
where the penultimate equality holds due to Eqn. (56). Substituting this result into (62) yields
4ain; AL —ay)n? n; 2
-W < t'ht C t J t sc
() < (o — ) (1 — @) H OvOlt Ty HF o — @ Hgt(xt HF 2ar — ) [Fox (l’t)Hz
&% 1- Qi * sc
o att)77(t1 — at)Ztr (Covo‘t(xt)) Vo m (St (z4) "5 (y) + tr (et(mt)))
= A(F ().l () (63)
dain; AL =) |y, n; >
C I S L 2 . r C
= lag —a)(1l—@)° 7 ||Covoe (s HF o — 0 ez ()| + 2o — @) €3 (o) [l
amt 1—a J
Ao (e (Covoulen)) =/ o mA (e @), i(@).

B.2 Controlling the term related to score estimation errors

In this subsection, we would like to control the term A(e§(x;),{(x¢)) related to the score estimation error.
Specifically, we aim to prove the following lemma.
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Lemma 6 For any set A C X, we have

2
/thA —A(&jic({bt), 5%] (xt))PXt (xt)dxt S \/17—7@ {Escore,t + € Jacobi,1,t + € Jacobi,2,t + 5Hess,t} .

Proof of Lemma 6. To begin with, consider the inner product term s} (z;) "&5(x;). For any set A,

X 1 — T
l/ —%($0T5%$0PXA$Od$t=L/ (0 — Vo () " (@)px (z)dz,
€A t€EA 1 — Oy

x

1
:/ —a (20 — Vauwo) e (ve)px, (x)pxo|x, (o | ¢)dasdag
-AXXdata - at

(64)

1
=/ (2 — Vo) €5 (me)px, %0 (¢ | 20)Px, (0)daedag

0,T+ € Xgata X A 1 -
1 —
<[ e vVam) e )
XdataXXdata

— oy
For any given point zg € Xyata, applying the Cauchy-Schwartz inequality gives

/
Xdata
é

1—oy
1 2
<(/ ( (2, - fatxofs?(xt)) P (@ | zo)day (65)
Xdata 1 - O{t

1
2

Px,|xo (%t | 20)px, (w0)dwdao.

(20 — Vagxo) e (24)

Px,|xo (Tt | 20)day

= </de ﬁ (g5 (@)ei () T (w0 — Vo) (xe — Varzo) ) pxyx, (1 | xo)d:m)

Note that for given zg, one has X; | Xo = xzo ~ N(\/atfo, (1-— at)*lf). As a result,

— 2
VE i (@ | 20) = V, {(2(11>) exp (‘W>}

B 1 : v — Vo e = VoI
_<27r(104t)) V“{_ 1-a OeXp<_ 201 — @)

_ 1 %677"”;(1‘/_%’”)0”% (z¢ — Vagwo) (ws — Varwo)T 1 I
C\2n(1 — @) (1 — )2 1—-a,

(N[SW

(.’ﬂt — atxo)(l't — atl'o)—r 1
_ v v _ iy
pthXo(xt | CCO) { (1 — @t)Q 11—
From this, we can derive
(xt — \/atxo)(xt — \/atl’o)—r 1
1—a)? Px.1xo (%1 | T0) = V2, 0x,1x0 (21 | 0) + P, x0 (20 | 20) o I.
Substituting this into (65) yields
1
| | o = V) e ) o oy
Xdata - Oét
1 3
< ([ (ertenes@™ T o [ 20) + s | an) T do
Xdata (1 - at)
sc sc T 2 2 1 sc 2 2
< \% d _— d
< ([ Grere” s ) dn) + o ([ 1B o o)

(66)
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where the last inequality follows since va + b < v/a + v/b, Va,b > 0. With regards to the first term of the
above bound, note that

d d
62
<5§c(xt)5§c( i),V P, X0 (Tt | 350 ZZ (z4)]ile ﬂUt)]ngxﬂxo(xt | zo),

i=1 j=1

where [v]; represents the i-coordinate of the vector v. We can start by analyzing each (i, j) component. In
fact, for any 1 < i,j5 < d, we have

sc sc 82 (a) 8 sc sc a
/de (e (4)]ile7 (xt)]jmpmxo (z¢ | zo)dwy :_/de oz, ([e3°(@e)]iler"(z)];) B, Pl (21 | o)dwe

®) 0 « «
2| ngn (@Rl @) pxx, (o0 | zo)da,
data ? J
(67)

where (a) applies the integration by parts formula with respect to x;, and (b) applies integration by parts
with respect to z;. Denoting by [A];; the (4, j)-th element of the matrix A, we have

e (etCeler (wly) = ( g o ) ol + (ool (5 e (a0l )
+ el el + Eeolulel el

Substitution into (67) yields

/de (@) (@) s Vipxiio (@ | a0)) dar = ;; de (x4)]i[e3 (xt)]ﬂa 8; “Px,|x0 (e | 2o)dy
d 2
:ZZ/X 333?8% ([er(@e)]iley (ze)]5) Px, | x0 (%1 | @0)day
d d 82
e (@)l ) [ (@n)]; + [ (@0)]s | 55— e (@)]; J1Xo (@t | wo)day
;;/de {<31‘z i > i i (3%3%‘ i )}px - ’
d
+23 [,, (el kel + Elenldelwls) pxis e | s

(68)
We now proceed to investigate each term in the above expression. For any two indices ¢ and j, we observe

that ,
<ax?ax] et (el ) e (el = (88% [eim)]ﬁ) (o)l

Consequently, we have

S5 [ {5l el + Erteo (52evtail ) o
= 22/ 8, (i:[d(xt)hi> [e3°(2e)]ipx, 1 x, (4 | 20)day

Xdata 6$] i=1

= / 2 <Vtr(€f(xt)),ei‘c(act)>pxt|xo (x4 | wo)day
Xdata
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Next, for terms of the form [e7(z4)]:;[e7 (z4)]js and [e7 (w¢)]s]e](24)] 5, simple calculations yield

d d

SN e @)lisled (@)l gi = (el(we), (1)) = Hd(ﬂ)”i?

=1 j=1

d d d d ,
ZZ & (zo)]uiler (z4)]5 = (Z £} ()] > Zst (z))j; | = tr(ei(ze))”.
=1 j=1 i=1 j=1

Substituting these results into (68), we obtain
/ (e T VP, x0 (w1 | o))
Xdata
- / {2 (Vtr (21 (20)) »5(20)) + (tr(ed (20)))” + Hgi(xt)Hi}th\xo(wt | o)das
Xdata
= / {HVtr i) ”2 + ||5§c(95t)||§ + (tr(é‘g(zt)))z + }|€_t](xt)||i}pxt|xo(xt | zo)day.
data

Combining the above inequality with (64) and (66), we can obtain

2

1

* T _sc sc 2

—sy(xy) ' (vy)px, (vr)dry < —— / </ e (x5 px, 1 x, (1 | o dxt) px, (xg)dzo
/rcteA t ) t( t( ) T—a. ar Jx,, X, Ht )|2 ¢ 0( | ) 0( )

2

+ [ ( / <s§°<mt>e§°<xt>iv2px,,xom|xo>>dxt) pxo (0}
aZOE-XdaLa Xdata

<(14+—— ol odn) 4 ([ [T s de,
(=) (U ) (/.. )

([ teteattmeatn)' + ([ ochaas)

S ﬁsscore,t + € Jacobi,1,t + € Jacobi,2,t + EHess,t-
- Gt

Thus, we arrive at

/ —A(sic(xt),sg(xt))pxt (z4)day :/ {—sf(wt)Teic(xt) — tr(e; () )} px, (ze)da,
z €A €A

2
< -
V-

2
< -
V11—

Escore,t + € Jacobi,1,t + € Jacobi,2,t + EHess,t + / |tr(5;5] (xt)) | pPx, (xt)dxt
Xdata

(Escore,t + €Jacobi,1,t + €Jacobi,2,t T EHess,t) .

B.3 Controlling the TV distance between X; ; and ®;(X;)

In Appendices B.1 and B.2, we have developed bounds for all terms in —W (x;). In this subsection, we
combine these results and substitute them into (61), in order to establish a bound on the TV distance

between X;_; and ®¢(X;). Recall the definition of the set & (51) and the function @, (52). Then for any
set A C Xyata, we can partition the points in Xyt based on whether they belong to the set £ and obtain

]P)q?‘t(Xt)(A) - ]P)Xt,l(A) S P((I)t(Xt) S A; Xt S gt) — ]P)(Xt,1 € ./4) + ]P(Xt ¢ gt)
@ p (cpt(xt) €A Bi(X;) € cpt(gt)) — Py, (A) +P(X; ¢ &)
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<Pg x) (AN®(E)) —Px, , (AN P(E)) + P(X, ¢ &)
+(Xy)
©]
< / (1 - eW(m) px, (we)day + P(X; ¢ &).
T €@ H(ANE,

Here, (a) follows since ®; = ®; on &, and (b) holds by combining (61) and the following fact:
O (AN D (E)) = B (A) N 0 B (&) = D71 (A) N E = B (A) N

Next, let us look at the two terms on the right-hand side of the above inequality.
In what follows, we would like to make use of inequality (63), which provides a bound for —W (z;).
Before applying this result, we look at the key coefficients in the inequality. According to Lemma 3, we

define o7 = % For the DDIM coefficient choice (11a), it holds that n, = 11_7(”_, <1-ay.
t— Ot at + alt—aaf_t
Taking these results collectively, we arrive at
ain; < MO ( (1 — o) >2: Q= Ot oy,
(at —at)(l—@t)3 - 1—@t (Oét—at)(].—at) 1—@t t
am; mo w(l-a) T

(at—at)(l—at)2 - 1—6,5 (at—at)(l—@t) o ].—at

Substitution into (63) allows one to control the term fmteb_l( (=W (z1))px, (x)dz, as follows:

A)NE,

o ay — Oy 2
-W da, < —t T 4 (C - —5H|C d
/ptl(A)m& (z¢)px, (z¢)dws < [I>t1(A)ﬁ8t {2(1%) r (Covop(r)) + 1-o o, || OVOIt(%)HF}pxt(%) Tt

41 -« 772 2 772 sc
L R el g eI oGy
o7 (ANE, )

Qp — oy (o —

-

Ut/ A(e5 (1), 61 (w¢) ) px, ()
o7 (ANE,

ar — Qy

527’” (673 —@N 2
< /de {Mtr (Covo‘t(xt)) + I Uf HCOV0|t(9Ut)HF}pXt (z¢)dxy

4(1 - at)ﬁ? J 2 77t2 sc 2
ST )N o d
o [ el + gy el | o)

1-w
+

:mmm/—Mﬁmmmmwmm%
at - at vAngata .A

In view of Lemma 6, we know that for any measurable set A C Xyata,

1-—1ay

— — A(5 (@), &1 (w4) ) px, (e )day
Qp — Qg

< 2m
>~ \/ﬁ {gscore,t + € Jacobi,1,t + € Jacobi,2,t + EHess,t} .
t — &t

Thus, we can further deduce that

/ W (z)px, (z)dzy < ﬂﬂix [tr(Covmt)} + Qo EfEX [HCOVO|tH2 ]
BILA)NE, ’ —2(1—a) 1—a; ! F
41 —a@)ng n; 2 (70)
+ ap — o EJacobi,l,t + 2(0% 7 at)Escore,t
27725

+ ﬁ{gscore,t + EJacobi,1,t T EJacobi,2,t T+ 5Hess,t}~
t — ¢
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Regarding the second term P(X; ¢ &), apply Markov’s inequality to obtain

POX ¢ 80 =P (|60 > §

_ _ _ (71)
1-—a; 2 1—a; 2 1—ay
< 64% = N Ex, [Hsi(Xt)H } < 64at e N Ex, |:H6;51(Xt)||1:‘:| = 64ﬁ77?€facobi,1,t-
Putting (70) and (71) together yields
TV(pXt717p®t,(Xt,)) = Ssup {]P)Xt—l(A) - P‘Dt(Xt)(-A)}
.ACXdata
oPny Qr — O 2, 41 —a)n} n;
T - at)]Ext [tr(Covop)| + L a, 5, Ex, [||Covope | ] +70‘t —— L& acobite + oy — ) t_at)sfcore’t
277t 1-— @t 2 9
T score acobi acobi ess 16 — acobi
+ m{6 t + EJacobi,1,t + EJacobi,2,t T EHess,t} + at—atnm bi,1,¢ (72)
527715 ap — Qi 2 20(1 — at)nz 772
< mExt [tY(COVo|t)] =+ 1—a, 5;Ex, [HCOVO\tHF} +Tatt€?acobi,l,t+2(at7t_at> zcore,t
+ L {55coret + €Jacobi,1,t T €Jacobi,2,t + EHess t} .
m ) y 1, )25 )
Lemma 3 tells us that
Ot~ Qtzap 1o 2] o 30 = @) 2 rpr E[tr(C L 73
1—a, Oy H 0V0|tHF =1 _& 0y { [r( OVXlet)] - [r( OVX0|Xt—1)]} + T10° (73)
Taking (50), (72) and (73) collectively, we can demonstrate that
TVx, 1 pviy) < TV(x, 1 Pa(x,)) + TV(px,, py,)
2(n + 3o — 3ay) 3(ar —ay) 1
< TV(pXtvat) + t T o E [tr (COVOH)} - 1—7@0—?E [tr (COVO\t—l)} + ﬁ
= St,l (74)
2n, 20(1 —a@y)n? n?
+ ﬂ {Escore,t+5Jacobi,l,t+5Jacobi,27t+€Hess7t}’ +ﬁ€?acobi71,t + mgime,t .

=S¢ 2

Here, we divide the residual terms generated by recursion into two parts, &1 and S;o. The term S

represents the discretization error, while S; 5 is associated with the score estimation error.
T
Let us first cope with the accumulated discretization error ) Sy 1. Simple algebraic transformation yields
t=1

T T-1 , ~3 =2 = \52
Zst,l = Z ( it + 3(at at)gt — 3(at+1 at+1)at+1> E [tr (Covo\t)]
t=1

— 1—5,5 ].—at 1—at+1

o (nr + ar —ar) 1
L Tl—aTT ERA:) [tr (COV()‘T)] + =

+ 79

Applying Lemma 4 and the basic property (46), we can show that

TN +3(Oét — )07 (a1 —®y1)07,  Oim 43 (1 1= CYt) 52 (1 1- at+1> ~2
t =

1—a, 1—a, 1— Qs T1-a 1—a, T 1@, )
3(1 — at)ﬁf 3(1 - Oét)&? 3(1 — Oét+1)a:t2+1 ~9 ~92
— 3(52 —
S l—w [T P S C A
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<3 1—ayq1 2 5%4-1 Cs log2T a7 2C’6 log T o
- 1—at+1 T2 1—0&,5 - T2 l—Oét

Equipped with this, the accumulated discretization error can be further bounded as follows:

T 2T-1 _ _
I 1 1
E Sia< (w) § . atf E [tr (COVo‘t)] + 2Cs log T aTi E [tr (COVO|T)] i

1=

_ _ 9
p T — o T 1—ar T (75)
() 206logT\? 2C5Ceklog*T 1 klog®T 1 klog® T
< C3kTlogT <
< C3kTlog ( T ) + T + 75 < Cy T + = 7o < < Cio T

where (a) applies the moment inequality (45) with [ = 2.

. . . T . _
Next, we turn to the cumulative estimation error ), ; S;2. Given that —t— < 7 < ooy <
8¢y logT
T

, we can derive

T T
S _ 27715
E t,2 = § ﬁ {Escore,t+5Jacobi,1,t+5Jacobi,2,t+EHess,t}
t—

t=2 t=2

20(1 — @y)n?
+ Z ap — ay Jacobl 1,t + Z at . Oé score t

t=2

T
8cylogT
< 1T {Z Z:‘score,tJr Z 5JacObi717t+ Z EJacobi,Q’t+ Z 5Hess,t}
t=2 t=2 t=2
C 1og T T
10 2
{Z €J3‘3°b' 1.t + Z 5score,t} (76)
t=1

(@) 8¢y logT

T T T T
E 2 E 2 E 2 E 2
< \/T sscore,t + aJacobi,l,t + EJacobi,2,t + €Hess,t

t=2 t=2 t=2 t=2

T
ClO log T Z Z 2
5Jacob| 1,t + 5score,t

t=2

(b) Ciolog=T
< 8¢y (Escore + €Jacobi,1 + EJacobi,2 + 5Hess) IOgT + % (5score + gJacobl 1)

<Cn (Escore ~+ EJacobi,1 + EJacobi,2 T+ EHess) logT,

where (a) results from the Cauchy-Schwarz inequality, (b) follows from Assumption 4, and the last inequality
holds provided that logT (€score + E€Jacobi,1) < 1.
Applying inequality (74) recursively from 1 to T, and combining (75) and (76), we reach

Tv(pxlapY1) ST pmeYT Zstl+zst2

klog® T
<Cho o8

+ Cll (5score + € Jacobi,1 + € Jacobi,2 + €Hess) log T + TV(PXT »PYT)

log® T
< C1ok o8

1
710"
where the last inequality arises from Li and Yan (2024a, Lemma 10). The proof is thus complete.

+Ci1 (Escore + €Jacobi,1 + €Jacobi,2 + 5Hess) 1OgT +

C Analysis for DDPM (proof of Theorem 3)

Given that Theorem 2 is a special case of Theorem 3, we shall focus on proving Theorem 3 in this section.
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Define the extended d-dimensional Euclidean space R? U {co} by adding the point co to RY. From now
on, the random vectors can take value in R% U {o0}, namely, they can be constructed in the following way:

P X', with probability 6,
| o, with probability 1 — 6,

where # € [0,1] and X’ is a random vector in R? in the usual sense. If X’ has a density px/, then the
generalized density of X is
px(x) = Opx: (x)1{z € R} + (1 — )5,

where d,, indicates the Dirac measure at oo.

C.1 Introducing auxiliary sequences

Let us define two auxiliary sequences that play a pivotal role in our theoretical analysis. First, define an
auxiliary reverse process Y; based on Y;* as follows:

— : px; (Yy )
y; , with prob. b () A1,

?;—1 | ?t ~ Yt*—l | Yt*a ?t | {?; =y} =
oo, otherwise.

Here, a A b := min{a,b}. One can derive the following property of the auxiliary sequence {Y;}?°:

t

py, ) = [ b g (019005 = () A o o) (77)

To control the estimation error, we introduce another auxiliary reverse process Y; based on Y;:

. o y; , with prob. %(y;_)) A,
Y, | Yi~Yia | Y, i [{Yy =wt}= Py e
00, otherwise.
We can use induction to show that
Py, (l‘) > pf/t (I)7 Vo € Xdata (78)
holds for all £ = 1,--- , T In fact, we can check that py;. = pg,_. Suppose (78) holds for ¢ + 1, then

i) = [ pogs 2 pg () = (W : 1) Py (2) < py- (@)

p?; (r)
_ L AV ’ / ’ ’ r_
= /Rd Py 19,,, (@ | 2)pg, (a))da’ < /Rd Pyl (@ | 2)pyiy, (27)da’ = py, (2).
In order to facilitate discussion, we define the following set

A = {:c ipx, (x) zpvf(x)}.

t

It can be easily verified that

TV(px,,py) = /A (pXt (z¢) — Py (x))dx

Note that, for density pi— (2¢-1), we have
t—1

p?t,l(xt—l) = / Py; e (w1 | xt)P?t (z¢)day = / Py |y (-1 | ft)p?t (x)dxy
Xd - Xdata
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= / Py vy (@1 | 2)px, (ve)dae +/ Py, vy (T | @) (py, (21) — px, (24))day.
data

data
Further, by plugging the above equation into the expression of the TV distance between px, and py;, we
can derive the following recursive relationship for all ¢ > 2:

(a)
TV(PXt_th,l):/ (pxo_y (1) —py,_, (w1-1))dzq = /A (th_l(fftfl)—pv;_l(xtfl))dxtfl
t—1

t—1

:/ px,_, (T4-1) —/ Py vy (Te—1 | m)px, (2¢)day—1day
A1 At—1 X Xdata

=Ri-1
+f Py ve (@it | 20) (px, (@) — py, (we))dar—1da,
v‘lt —1X (‘fdata
(b)
< Ri-1+ pyy vy (i1 | o) (px, (20) — py, (1)) a1 day
Ai_1 XAt

()
=Rt +/ Py« vs (Ae—1lze) (px, () — Py, (z¢))dwe < Ryt + TV(px,,py,)-
Ay

Here, (a) follows since py, = = Py~ on Ai—1, (b) holds due to the fact that py- |y (wi—1 | z¢)(px, (7¢) —
py,;(7¢)) < 0 on Af, and (c) is valid since Py |y (Ai—1 | @) <1 for all z; € Xyara. Denote px, ,(x¢—1) —
Jvpyy vy (@1 | 2e)px, (v0)das as Ry—1(x4-1), then we can see that

Ri_1= Ri—1(xe—1)dzi—1.
A1

In the ensuing subsections, we would like to bound R;_1(x¢—1) for x;_1 € A;_;, which can then be invoked
to bound R;_;.

C.2 Analysis of R, 1(x4_1)

Recall that Y,* | = \/%(Yt* + 87 (Yy") + 0y W,). For the vector z;, denote

uy = x + st (Ty).

Note that for t > 2,

4 — 2
2 —
exp (_let_1 \/at—1$0”2> ’

1
ptor ) = () 1)

d 2
L) [V =l
th*_ﬂYt* (xt—l | ut) = @ exXp | — 20_? )

which means both px, ,|x, and py~ |y are density functions of conditional Gaussians. In light of this,

we can find another conditional Gaussian distribution py,|x,(u¢|zo) such that the following convolutional
formula holds

Px,_1|Xo(Te—1 | To) :/ Py vy (@1 | w)bu, x, (we | ®o)dug,  Vai—1 € A1, o € Xyata- (80)

Tt

Further, we can derive

Ri—1(z1-1) = px,_, (T1-1) —/ Py vy (Te—1 | T)px, x, (T | 0)p(xo)dzoday

Z0,Tt
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(ue | o)
PU,| X0 (ut | 20)
)pxt|xo (Ut | on)
( )

DU, X, (ue | o

Pxi|xo\U

= pxs (w1-1) — / e (@ | ) B (e | 20) 2 p(zo)dzodz;
o :Dt

o (42 izt

= px;ﬁl(ﬂﬁt—ﬁ —/ Yy (Te—1 | Ut)pUt|Xo (ug | zo
Zxo aff
= (/ Px, 1 |Xo (Tt—1 | To)p(x0)dzo —/ Py vy (Ti—1 | ue)pu,|x, (e | xo)P(fﬂo)dwodut>
xo x0,Tt

—/ v v (@1 | ue)pu, x, (ue | x0)<
ﬂio,iﬂt

d
P (e | %0) det <$t) — 1)p(xo)dxodut'
P, x, (Ut | o) duy

According to (80), the value in parentheses at the end of the above equation is 0. In addition, combining
the definition of u; leads to

Px,|x, (Ut | o) dxt
—/M’It v v (@1 | ue)pu, x, (ue | xo)(pUth:(W et ( — | — 1 |p(wo)dzodu,

dz pu, U | T du
— 7/ Py v (@ee | we)px, x, (ur | zo) det <t> (1 - M det ( t)) p(zo)dzoduy
0,2t

duy Px,|x0 (Ut | o) dzy

D d
Puilxo e 1 %o) (u | o) det <ut) — 1) p(z0)dzoday.
Px,|x0 (e | Zo) dxy

P, xo (Ut | 2o) ot (dut>

Pxi|Xo (u | xo) dTCt

:/ Py vy (Tt-1 | Ut)pquo (ut | zo) (
Z0o,Tt

Let

Gai | wo) =

then we can derive the following equation via the above analysis
Ri1(wi-1) = / Py vy (¢ | Ut)pXt|Xo(Ut | mo)(g(l‘t,l’o) - 1)p($o)d$od$t- (81)
Z0,Tt

Next, we have two steps to accomplish. The first one is to determine the specific form of the surrogate
distribution py,|x,(ut | zo), while the second one is to control the magnitude of G(xs,z9) — 1. These are
detailed in the subsequent subsections.

C.3 Determining the surrogate distribution

Suppose that py,|x, (u|zo) satisfies Uy ~ N'(A\zo,571). It is easily seen that the distribution of the proba-
bilistic density function fmt Py vy (w¢—1|ut)Pu, | x, (we|zo)duy is

pY 2 —=2
Xt—1NN( 1o, Ut+gt>,
v/ Ot (673

while under the choice of py,|x, we have

Px, 1 |Xo (Tt—1 | o) = / Py vy (Te—1 | we)pu, x, (we | w0)duy, Vay 1 € A1, o € Xata-
Tt

2, =2
This implies that N (\;‘O%xo, at(jtgt ) is the same as N (y/@;_170,1 — @;_1). Combining this with the choice

of o2 leads to
)\t:\/at-\/&t,l :\/at; Ef:at(l—&t,l)—af.

Hence, the surrogate distribution of density py,|x, is N (\/atxo, oy — o — af).
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C.4 Bounding the residual G(z, ) — 1

Since both py,|x, and px,|x, are Gaussian distributions, we can derive that

_o\—d/2 ||ut—¢itw0||z
G(ws, z0) = det (d(xt + ms,?(xt))> ) (@) eXP{ B T}
(

= 2
dae 1—a)~/2 eXp{ B ||mt27(gj)0“ }

2
_ d(ze +mesi (z0)) | (L—ay)?? |#e = Vauwoll,  |lue— fx0]|2
= det ( dl’t ) o FOXP 2(1 — at) B 2Ut

01
=:G2(x+,%0)

(82)

=:G1(x¢,x0)

From Tweedie’s formula (42), we can further simplify Gi(x¢, zo) as follows:

H _=\d/2
G1(wt, wo) = det (I + ntast (%)) (1-a@)

6$t O'td

(a) a 1 1 — @,)/2
= det (I+77t {Wcovolt(gjt) — 1 — I}) . %

— 0y

Ul ayny (1 —ay)¥?
- 1- I AT
det (( . at) + = at)ZCOVOt(xt)) =
(1+ ==

= det

= det (I +awm" .
* (1—a)(1—a; - m)CovO|t(xt)> ¢ ( o C0v0|t(xt))

Here, nt( = (““t)(?—fatm) Eqn. (a) follows from the expression of % listed above, whereas (b) holds
by combining det(AA) = A% det(A) and the relationship (26).
We then move on to Ga(x¢, xg). Towards this end, we make the observation that

e = Va@wolly  lue = vawolly  [lve = v@zolls  [lw = V&wo + mest (@)

2(1 — @) 252 o 2(l—m) 257
2

(st a2 ) eVl - oy eo) st o) 2y L )1
L (z¢ — Vit%o)T(@Mo\t(xt) - %ﬁ) -

03(1 )

1 1 — 2
+ (M_z) [z =@z,

- Nt 2
= (2(104) ) Hl‘t \ﬁxOHQ ( 2(1 — oy ) 252 (1 — @) ) H\ﬁﬂon x4 _xtHQ
" m(r% B \Fuo“(xt)) (V@ipoe (1) — x1),

log Ga(2¢, x0) =

—~
s)
N

— 2
W H@Mou(%) - l‘tHQ

(84)
where (a) follows since s} (z:) = %uon(:ﬂt) - %mxt. Further, in view of (26), one has
p— 2 p—
1 1 57— (1—at)_(1_04t)(1_ ,a) - (1 -@)
2(1—a) 252 200 -m)oe 2(1 — @;)5?

2(1 — ;)% 1 —ayo? 201 — a5

:_2(1—@75)7%—7%2 :_< Mt n; )
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2

Denote (1722),2 5 Z 7T a8 77t . Substituting these equations into (84) yields

gt

10gg2($ta950)*77t {H\/>Ho|t t) thQ H\/>$0 $f|’2} \/>77 (xo H0|t(If))T(\/a>tﬂ0\t($t)*xt)

Oét —Oét)

=: ((x¢,z0) — / log Ga (¢, £0)px,|x, (To | ¢)dze = ((4, OEO)—atm@)tlr (Covoye(zy)) -

(85)
Here, ((z, zo) satisfies fxo C(xe, 20)Pxo|x, (o | 2¢)dzo = 0, Voy € Agata. Now, to streamline the presentation
of the proof, we define

Z(z) == log det (I + Emgl)CovO“(xt)) - amt@)tr (Covoye(zy)) -

It is readily seen that, for any z; € X,

/ (eC(x"”") - 1) eZ(’”")pXO‘Xt (zo | z¢)dzo > ez(x")/ (4, m0)pxo|x, (%o | #¢)dzo = 0. (86)
xo o
We now proceed to the analysis of R(x:—1). With (81) in mind, we can obtain
Ri—1 = Rt71(5€t71)d9€t71—/ Py vy (Te—1lud)px,, xo (T4, 20) (G (@4, 20) — 1) drodzedrs—q
A1 Ap_1 XX

data

= /A , Py (ze—1|ut)px, xo (T, 70) {G1 (24, 20) G2 (24, 70) — 1} daodaidas o
t—1X éthata

= /A L DYy (zt—1]ue)px,,xo (T1, T0) {6<(I"1°)+Z($‘) - 1} dzodzida,—y
t—1 XX

data

< / Py vy (Ai—1lue) px, (21) {/ (GC(I”’EO)—1)€Z(xt)px()\xt (wo | 2¢)dwo+ lez(mt)—l‘}dwt

Zo

—~
=

b

< / pXt(l't) {/ (eC(mt,mo)_ ) (xt)pX \Xt(l‘o | It)d$0+‘ (ze) _ 1‘}d$t
Tt o

—~
=

- / pXuXo(xt’ x0)€<(mhz0)+Z(zt)dxtdx0 - / Px, (xt)ez(mt)dxt +/ Px, () ‘eZ(m) B 1‘ da.
Xt,To Tt

Tt

87
Note that e¢(@t:20)+2(@) = G(zy, xq) = % det (d;“) As a result, o
/ DX,.Xo (wt,xo)eg(’”“mon(m‘)dxtdxo = / P, |xo (wt|z0)p(z0)dusday = 1.
T¢,T0 Tt,T0
Substituting this into (87) gives
Ri—1 <1 —/ pXt(It)EZ(zt)dl‘t +/ px, (Tt) eZl@) _ 1‘ dxy
o o (88)

= 2/ px, (%) (1 — eZ(m)>+dxt < 2Ex, (—Z(Xt))+

where the last inequality holds by combining 1—e® < —z and the fact that the function ()4 is non-decreasing.

C.5 Controlling the discretization error

From equation (88), we know R,_; < Ex, [(— Z(Xt))+]. By setting the square matrix A in Lemma 5 to 0,
we can show that for any positive semi-definite matrix A € R4x9,

log det (I + A) > tr(A) — ||A][%. (89)
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Equipped with this result, we can derive the following inequality:

Ex, [(—Z(Xt))Jr] =Ex, [(atnétr (Cov0|t) — log det (I + O‘tn,gl)COVOt))J

(%) Ex, |:<O‘t (”t@) ¢ )) tr (COVolt) +at( ) ||COV°“H ) ] o

— i (1 ~ 1) E [tr (Covor)] +2 (") E [l Covorl 2]

Here, (a) holds by combining (89) and the fact that the function () is non-decreasing. Then we begin
to deal with the coefficient o (77152) — ngl)) and o (né ))2. Combining the definition of nt( , nt(Q) and the

relationship (26) results in

(,7(2) 77(1)>:at< o n; B e )
t t (1—a)z: 2001—a)%5: (1—a)(l—a;—n)

2
) 1_at_77t_E% am 1—at—nt—(1—at) (1_ 1277(;15 + = at)z)

Tl-m oi(l-a—-n) l-a (1 —a —n)o?

[ 77?/(1 —ay) < 8aun?

l—a@ (1-—a—m)or ~ (1—ay)’

2
where the last inequality holds by utilizing n; < 1(1—a;) and 77 = (1—a) (1 - ar) > (1—ay) (1— %)2 =

4(1 — @;). Applying the same conclusion and arguments, we can also derive the following inequality:

a2 (77(1))2 _ apn; < dain; AC% (1 —ay)®> Yeer T
AL (1 —at)Q(]. — oy —nt)2 - (1 —at)2(06t —at)z - (1 —at)z(at —at)Q &
where 67 = (ata'ét)((ft)a According to Lemma 3, one has
2 ~ 3
E | [[Covoy|5] < 357 {E [tr(Covx,px,)] = E [tr(Covy x, )]} + 7g-

Back to (90), now we have

C
710

8an?

WE [tl"(COV0|t)] + 053 {E [tr(ConMXt)} —E [tr(COVX(ﬂXt,l)]} =+

Ex, [(-2(x),] < (91)

where C represents a new universal constant in the above inequality. Taking (79), (88) and (91) together
results in

Tv(pxt—l7p?t_1) SRi—1+ TV(pXHp?t) < TV(pXHp?t) + ]EXt [(_Z(Xt))Jr]

— 9
< TV(pXt,p?t)-f— (C&tz—k(latg)s) E [tr (C0v0|t)] — CGiE [tr (C0V0|t,1)] +
— 0y

C
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Applying the above result from 1 to T recursively, we arrive at

T—1 _
8a,n> o
TV(pxopy,) < TV(pxspve) + 3 (” Lo@E - afm) E [tr (Covop)]

=2 (1 —a@)?
+ (C&? + m> E [tr (Covorr)] + %
2T7T—-1 _
Vs oy )t (CI;gT> ; - f“atE [tr (Covops)] (92)
Cl;gT : ?TQTE [tr (Covoyr)] + %
< V(osrpr,) + CobTlog T (€28 T)2 G T, C
. % +0203klo§3T % - C8k:lozgf)’T.

Here, (a) applies Lemma 4 and the basic property (46), (b) makes use of the moment inequality (45) with
I = 2, whereas the penultimate inequality results from Li and Yan (2024a, Lemma 10).
C.6 Controlling the term related to score estimation errors

In this subsection, we bound the TV distance between py, and py . Observe that

WViovory,) = | (7, (@) = @) Loy, (2) > oy, )}do + B(V: = o)

@ / (w () — py, (x)) py, (x) > py, (x)}dz +P(Y, = o0) (93)
Rd

(b) (©) klog®T
< WV(py,.p5,) + TV(px,.py,) < /KLy, | p5,) + O,

where (a) holds due to (78), (b) follows since P(Yy = o0) < TV(Xy,Y)), and (c) invokes Pinsker’s inequality
and (92). Regarding the KL divergence term, it follows from the data processing inequality that

KL(py, [l py,) < KL (P?h?l—y...yTy; | P?lyl—’...yTyT—)

T

@

< Kby 1 p5:) + D Err, [KU by s, P52, 500,
t=2

+
[M]=

Evinpy— |KL (P77 125152

~+

=
M= 1

T
(©)
]Emi"’p?t |:KL (pvtifl‘?t:wt H p?tiﬂ?t:xt)} - Z]EthP?t |:KL (thil\Y;*:xt H th_llYt:mt)iI '

~
||
N

Here, (a) follows from the chain rule of KL divergence, (b) holds since the conditional distributions of Y;
given }/}[ =z and Y given Y, = x are identical, and (c) arises from the construction of the two sequences
Vo |V and Vo, | T

Recall that Y* | | Y* = ¢ and Y;—; | Y; = ¢ are two Gaussian distributions with different means but
the same covariance. More precisely,

. N Ty + nes; (x Tt + Nese(
L G B S a0
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with n;, o? satisfying n? < C(1 — a4)o?. Further, the KL divergence between two Gaussian measures can
be computed in closed form, i.e.,

xy + meS; (@ Ty + MeSe(x
2 2
U /at * 2 n /at sc 2 C(l — at) sc 2 sc 2
= ;0? llse(xe) — sy ()]s = ;Utz e (xe)]l5 = e i (ze)llz < C(1 = ag) [l5° (@) 5 -

Therefore, we can calculate that

KL(py, | py,) < ) Ea,npy, {KL (pY;,1|Y;:xt I PYH\Yt:xtﬂ

M= 11

(@) &
s¢ 2 SC 2
<300 - s mpy, [Hgt (ﬂct)Hz} < ZC(l — o)Eqnpy, [Hst (-Tt)||2:| (94)
— t=2
c1ClogT L
1
<D et < 10008 T) e,
t=2

where (a) follows from (77). Combine (92), (93) and (94) to reach

TV(pX17pY1) < TV(levp?I) + TV(pVI,pyl)

klog®>T klog®>T
<C 7 +C T +4/KL(py, |l pfﬁ)
klog® T klog®T
<20 Oﬁ +Vee2logT =C o;{ + +v/c1Clog Tegcore,

thereby concluding the proof of Theorem 3.

D Equivalence between relation (26) and Song et al. (2020, Eq. (12))

Recall that eM°®¢(Y;) = —/T —ays:(Y;). Substituting this expression into (29) (i.e., Song et al. (2020,
Eq. (12))) results in:

1
Vv

Vi = — (Yot (1= a)su(¥) = /(1= @) (o — @ — aue?) se(¥5) + Va2 ).

By taking

w1 —m) - - a - m—as)  and ol — e,

we can derive

(1 —515) <1 _ n?dpm >2 _ (1 _at) (1 3 (1 —Et) — \/(1 _at)(at —a; — (U?dpm)2)>2

].—O[t

at_at_(o_?dpm)Q ddpm) 2
:(1*675) :at—at—(atp),

1—ay

which is precisely the relation in (26).
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E Proofs about reverse-time differential equations

E.1 Generalized reverse-time differential equations

We formally state the time-reversal property of the generalized reverse-time differential equation introduced
in Section 2.

Proposition 3 Suppose the generalized reverse-time differential equation

AY; = (Vs + (1 +&(T = ) s7_,(Y2)) BT — t)dt + \/26(T — t)3(T — t)dW,,  t€[0,T]  (95)

has a unique strong solution, where (W) represents a standard Brownian motion in R?. Then under the
boundary condition Yy 4 X, it satisfies Yp_4 4 Xi forall0<t<T.

Proof of Proposition 3. Recall that the continuous-time forward process is given by

with (B;) a standard Brownian motion in R?. Denote by px(x,t) the probability density of X; at point
x w.r.t. the Lebesgue measure in R?. 1In the following proof, we use V (resp. V-) to be the gradient
(resp. divergence) operator taken w.r.t. the first argument (i.e., z) of the function, and denote by A the
corresponding Laplace operator. The Fokker-Planck equation then tells us that

oo (1) = V- (25(0)px (2.1)) + 3 A2B(0px (2.1)
=BV - ((pr(xﬂf)) + ﬂ(t)A(pX(:r,t)). (96)

Similarly, denoting by py (z,t) the probability density of Y; at point 2 w.r.t. the Lebesgue measure in RY,
then we can apply the Fokker-Planck equation once again to obtain

it 5.0 = =5+ ((a (1 €07 = )5t (@)) BT ~ oy (2.0)) + FAQET = 0BT oy (0.1)

= —(a+ (1+&(T — 1) s7_(2), BT —)Vpy (2,1))
—tr (Lo + (14 E(T = 1) Vi, (1)) BT = py (2,8) + T = )BT = DA (pyr (2,)). (97)

Recall that our goal is to show that X; and Yr_; have the same marginal distributions, i.e., px(z,t) =
py(z,T —t), or equivalently, px(z,T —t) = py(z,t). Since the generalized differential equation (95) is
assumed to have a unique strong solution, the induced Fokker-Planck equation has a unique strong solution.

From the assumption Yj 4 X7, we know that px(x,T) = py(z,0), and hence it suffices to show that
px(x,T —t) is a solution of the partial differential equation (PDE) (97). It is readily seen from PDE (96)
that

0
apx(xa T—t)=—-B(T-t)V- (zpx(z, T —t)) = B(T — t)A(px (z,T — 1)). (98)
Replacing py (x,t) with px(z,T — t) on the right-hand side of PDE (97), one can derive

- <:r + (L +&T — 1)) sp_(x), BT = t)Vpx (2, T — t)> — tr(La) B(T — t)px (z, T — t)
(L+&(T = 1) B(T — t)A(log(px (x, T — t)))px (x, T — t) + &(T — ) B(T — t) A(px (2, T — 1))
+(

=50+ (T - 0) BT G- 1)) - dB(T - (T
[V (@ T~ )3

(14T 08T — 1) (= (+ET = 1) + €T )BT - )A(px (e, T~ 1)

px(z, T —t)
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= —B(T — t){z, Vpx(z, T — t)) —dB(T — t)px (z, T — t) — B(T — t)A(px (z,T — 1))
— BT~ OV - (epx( T~ 1) — T — OA(px (2.7 1)

= O T —0) (99)

where we invoke PDE (98) in the last line. Eqn. (99) reveals that px(x,T — t) is a strong solution of
PDE (97), which is equivalent to px(x,T —t) = py (z,t).

E.2 Proof of Proposition 2

We prove this result by explicitly solving SDE (33) when ¢ € [t,,tn,+1). To begin with, we make the
observation that: under the time transformation

¢
bt = / B(s)ds, (100)
0
SDE (33) can be rewritten as

~ T—/ AT _ypr ~ 1 T—/ « 4
dyt/:<_§( ty) +or-vg | A+ t"))VO‘Tt Tt Yt/>dt+\/7—t’th/

1—ar_y 1—ap_y¢

for t € [t],,t;, 1), where t;, and ¢, are the images of ¢, and ¢,,; under the transformation (100). Note

no

that this transformed SDE has the same form as SDE (33) when 3(t) = 1 for t € [t;,,t],, ). Thus, without
loss of generality, it suffices to assume B(t) = 1 for all ¢ € [0,T] and solve SDE (33). Under this assumption,

we can simplify
Qp = exp (—2 /Ot B(s)ds) =e 2. (101)
Recall that SDE (33) with {(T' —t,) =& > 0 and §(¢) = 1 can be written as
ay, = ( §+ar- Ly 4 (148 voar—

—ar—¢ 1—ar_

KT —t,, Y;gn ) dt+ \/ th (102)

To solve SDE (102), we find it convenient to introduce the following function

—§(T—1)

.f(t) = (1 _ 672(T7t))1+75 .

It follows from It0’s formula that

a (%) = ( (70— 52010 Bt Y g, a?tn))dt V2 (1) dW,

1— 07—y 1—-ar_,

= %ﬂtm_tn (Vi,)dt + /26 (£) AWy

Integrating both sides of the above display from ¢, to t,41, we obtain

~ _ tnt1 = tnt1
Fltni) Vs — F(ta)Vi, = / QFOVAT—t iy oy s [ V() AW

1 - O(T_t tn

From It6’s isometry property of the Brownian motion, we can write, for each 0 <n < T — 1,

1/2

) th=</t:n+l2£(f(t))2dt> Z,

tn
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for some Gaussian vector Z,, ~ A (0,1;), where {Zn}nzo,wT,l are statistically independent. Consequently,

~ ~ tnt1 ~ " tnt1 /2
i)V s = F(E) Vo + / dr8)var— W“f(t)dt-ummm( / 2£(f(t))2dt) 7.

tn 1—ar—

= A, =: B,

Taking this together with the definition (31b) of u;, we can express the update rule induced by SDE (102)
as

v f(tn) + An/\/ Qr—t, < 1- a7, An d Bn >
Y, = Y, + —— L st—t,(Yi,) + ——Zn. 103
) 0 Vs, T T ) 0%
To simplify the notation, we define
_ —(T—ty)
771/ =e .
The terms A,, and B,, can be explicitly calculated as follows:
tn+1 1
An:/ ( +£)7vaT7tf(t)dt
tn 1-— ar_¢
tnt1 e—(1+E(T—t)
= 1 dt
/tn (1+¢) (1 = 20y B2
_ _ tn+1 §+1
_ e~ (1+E)(T—1) _ S B &1 (104)
1 1 )
(1—e2r-0) 2L (=2 )% (1=
where we have applied (101). Through similar calculation, we can reach
tn+1 9
B, = / 26(f(t))"dt
tn
tnt1 €—2§(T—t)
/tn 5(1 — e 2AT-0)) e
—oe(T— tnt1 2¢
_ € 2(T-1) _ '7n+1 _ 77215 (105)

=)t =)

_o(T—1)\&
(1*6 AT t)) t

n

Substituting (104) and (105) into (103) and comparing the coefficients with the DDPM update rule (4), we
obtain

ag,, =

— 2
ftn) + An/v/ar—1, _ < Tn ) — e~ 2tnt1—tn) (106)

J(tns1) Yn+1

which coincides with our choice of @y, i.e.,

oy, = e 2(tnt1—tn) ain-%—l.
' at,,
Additionally, we can easily verify that
+1
’ VT Tl e ) \(—a2)F (-2 )
1/2 2 1/2
Uddpm = Jar - Bn/ _ Tn . ’Vnil B %215
" T fltng) () \(1=120)8  (1=192)8
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We are now ready to show that the relation (26)

nddpm 2 )
(1 —Oétn)<1 — ) = Qy, — 0y, — (Ugjpm)

is satisfied by this solution for all n. Towards this end, calculate the left-hand side above as:

ddpm 2 E+1 £+1 2
_ Mt 2 1 Tn+1 n
<1atn><1" ) -2 (1- - -
1—ay, Ttrfltni) \(1-92, )% (1-92)%

1re 2

) (2 ) 7
TAEE -

B ,YTQL(§+1) . (1 _ 712L+1)1+£

T T (1 2)8

n+1
2(6+1
_ 2 (1-92) " _ %(E : ) (1 =74
= 1
Top1 T\ yffff” (1=12)¢

= Oétn —@tn — (Ugjpm)Q.

Thus, setting ¢, = T —n for n =0,1,...,T exactly recovers the relation (26).

E.3 Proof of Proposition 1

Proposition 1 can be regarded as a corollary of Proposition 2 in the following sense: if we set (T —t¢,) = 0 for
alln=0,1,...,7—1, then SDE (33) degenerates to ODE (32). In addition, the whole proof of Proposition 2
in Appendix E.2 works for (7" — t,,) = 0. Thus, the proof of Proposition 1 can be directly completed by
repeating the proof arguments in Appendix E.2.

F Proof of the lower bound in Theorem 4

Let Xo ~ N (O, [ T D, then it follows from (7) that

0

X, =vVaXo+V1I—a, W, ~N<0, [ I (1 - @)y D . (107)

It is then easily seen that

si(z) =— Ty - x = L x
K (I —a) g ==l |
As a result, the mapping ®; admits a closed-form expression as follows

1
NG (x + sy (x) + Utz) = — (A +02)

P (z,2) = \/at

where

A [ (1 —ne) Ik

e *

(1= 7)) Las } '

These properties taken together further imply that
1 I of
O ( Xy, Zy) ~ 0, —A _ A —1;),
(X, Zy) N(’Ozt m[ (1—0%)]11—!@} mJFat d
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or equivalently,

(1—7102[
@I(Xt,zowv(o, [ ok

2
+ ”f]d> . (108)
Qi

1;7? (1 - 11%@ )QId*k

Armed with the above basic properties, we can proceed to derive the advertised lower bound. Towards
this end, we resort to the following result concerning the TV distance between two multivariate Gaussians
with the same mean, whose proof can be found in Devroye et al. (2018).

Lemma 7 (TV distance between Gaussians with the same mean) Consider any u € R?, and any
positive semidefinite matrices X1, Xy € R4X4. Then it holds that

100 mm{1 |]21122—I|| }

R Gl Rt )]

With this and (108) in mind, we take

IN

3
2

Recall from (107) that

2
O

+ 7Id7
Qi

(1—71t)21k

at

Iy,

5 = Sy =

a-nes ] I

which satisfy
= "it) +0't I

S, = o - 2
oztiogt (1 - 11]tat> + ar—ait Id k

Invoke Lemma 7 to arrive at the following lower bound:

1
0 Omln{l

2
1 1— )%+ o2 ? 1-@ ? 2

S NP ST 1 (L ik P IR (e U I RN/ S
100 Q¢ y — O ].—Olt O — O

2
1 d{1-a ? ?
> —min 1, 4| = Oit 1-— 77t7 + ati -1 )
100 2 y — Ot 1 — Qg Qr — Qg

where the last line follows from our assumption that d > 2k. This concludes the proof.

TV(X; 1, (X)) >

1E = )

G Auxiliary lemmas and related proofs

G.1 Proof of Lemma 1
Recall that V,, = v/aVj + /1 — aW, where V; ~ pgata and W ~ N(0, I3). From this, we can derive that

P(Va¢7&)=P(\/5V1+\/71—04W¢7:x)ép<{v1¢UBi}U{W¢g}>

i€l
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< Y PVieB)+PW ¢G).

JE[NGINT
According to the definition (37) of Z, we know that, for any j ¢ Z,
B(Vi € B;) < exp{—Ciklog T},

with C7 > 0 a universal constant. Taking this with Assumption 1 yields

Z P(Vi € Bj) < N, exp{—C1klogT}
JENGN\T

< exp {Ceoverklog T — C1klog T} < exp {—zC’lklog T} ;

where the last inequality holds as long as C'y > 16Ccover-
In addition, we can establish an upper bound on P(W ¢ G) using the definition of G as follows:

P(W ¢ G) <P (||W||2 > 2vd + \/W)
—I—IP(HlSi,jSNeO s.t. ’x —x W‘> CiklogT

) (109)

leaving us with two terms to control.

e Using the concentration property of x? random variables (e.g., Laurent and Massart (2000, Lemma
1)), we find that the first term on the right-hand side of (109) satisfies

P (HW||2 > 2Vd + x/CﬂclogT) < exp{—c;k‘logT} .

e When it comes to the second term on the right-hand side of (109), we observe that: for every pair of

fixed points z}, x}, one has ﬁi m*)H W ~ N(0,1). Thus, it follows from the concentration property of

standard Gaussians that
P (s -2 W] > VERTRT i - 5],) -
Combining this with the union-bound and Assumption 1, we can obtain
P(31<0j< Ny st | —2)) W[ > /CrklogT |2} — 53 ,)
< > P(}(z;f — ) W] > /CiklogT ||z} 7I;H2) < > exp{c;klogT}

1<i,j<Ney 1<i,j< N,

(2} — )"
==l |

C’lklogT> < exp {C;klogT} .

< N2 exp {CklogT} < exp{ Ceover — C1/2) klogT} < exp {:ClklogT} ,
where the last inequality holds provided that C7 > 16Ccoer. Consequently, it holds that

P(W ¢ G) < exp{—c;klogT} + exp {—2ClklogT} < 2exp {—:Clk‘logT} .

To finish up, we make the observation that

P(Va ¢ Ta) < Y. P(Vi€B)+P(W ¢G)

JE[NI\Z

1
< 3exp {ZClklogT} < exp {4ClklogT} .
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G.2 Proof of Lemma 2
Define the set

Ea,c(v {U1 ’f||vl 7(1;)”2 > \/Ck(lfoz)logT}.
Invoke the Bayes rule to obtain

fgavc(y) 2 (Ul)Pvan (v | vr)doy fgavc(v) Px, (Ul)pVa|V1 (v ] vr)doy

I px, (V1)pv, v, (v]v1)doy - fglelgi(v) Px, (01)pv, v, (v | v1)dvy

P(lu,c(v) | Vo =v) =
fgmc(v) pXO (’Ul)pV(,ﬂ/l (U | vl)dvl 1 ) Supl‘o€€a,c(v) pVa|V1 (U | ’Ul)
= P(Biw)) infz,e8,,, Pvava (v [ 01) T P(Biw))  infgen,,, Pva v (0]01)

1 _
< exp(C1klogT) sup eXp{M [HU—\/&’le—HU—ﬁ”l”ﬂ}-
(110)

v1 Efaﬁc(u),ﬁl EBi(,U)
Here, the last inequality follows from the property P(B;,)) > exp (—C1klog T), which is a direct consequence
of the assumption v € 7T,.
Further, consider any (vq,v1) with v1 € £4,c(v) and v1 € Bj,). Without loss of generality, suppose
v1 € B;. Using the expression v = y/av] + /1 — aw, we can show that

lo = Va5 — [l — vaw
= —allv} — v +2v/a(l - a) (v — 51, w) + a v} — 53

(a)

< —w (fo(z) — ||, - 260) +2v/a(l — a) (vy — 0y, w) + daed

(b)

< 40{60”2171(1) x;HQ—aHx;‘(v) a(l —a) {< Tj(y), W w) + 2( Vd++/CiklogT) 60}

Here, (a) follows from the property of the ey-net, while (b) combines the definition of the ey-net with the
norm bound for w € G. Moreover, since w € G, it is clearly seen that

<x;‘ — xl(v > < +/CiklogT Hx z(v)Hz'
/Eklog T
In addition, with the choice of ¢; satisfying ¢y < uo‘min{l, \/“?T} < %, the following

property holds:
4y/a(1 — a)(Vd + +/Ciklog T)ey < 5(1 — a)klogT.

With the preceding bounds in place, we can readily obtain

lo = Vawl; = fJo = Vaw|; < ~alls,) -
+ (2\/C’1a (1- a)klogT—l—4a60) |2} — =

(1-a)klogT

wll2
—%HIZ‘@) — 23|24+ 401 — a)klog T

< —%Hx?@) — 0|2 +4(1 — a)klog T

< —%(1 —Q)klogT +4(1 — a)klog T < —%(1 —a)klogT.

Here, both (a) and the last inequality follow since v1 € &, ¢(v) and C > C,. Taking the above bound
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collectively with (110) yields

1 2 2
P(Ea,c(v) | Vo =v) < exp(CiklogT sup exp { v—+oav || — ||lv — Van }
(Eac)| ) e S e i 51 2]
<exp(CirklogT) - ex —g#(l —a)klogT | <ex —leo T
< exp(C1klog Pl-S o) gT ) <exp ( —55klog

as claimed.

G.3 Proof of Lemma 3
To simplify notation of this proof, we shall often employ the following shorthand notation (cf. (42))

COVVl\Va = COVV1|Va (Va) and COVXO\Xt = COVX0|Xt (Xt) (111)

whenever it is clear from the context. )
To bound the term Ex, [ HCOV Xo| XtHFL we resort to the following result, originally developed in the
stochastic localization literature (Eldan, 2020) (see also Benton et al. (2024, Lemma 1)).

Lemma 8 Let \; .= /1 —e=2t, then for allt > 0,
A3 d 2
2L SRy, [C U] =B, [(C )’
2, diU [Covuju, (Ur)] = Eu, |(Covyyju, (U))
where Uy := €' Xo 4+ V1 — e~ 2 Z with Xo ~ pdata and Z ~ N(0,14). Here, we let Covy, |y, (u) = E[U, U] |
Uy =u)] —E[U; | Uy = ] E[Uy | Uy = u]T, and denote by A, the derivative of A with respect to t.
Now, let us introduce the bijection a(t) :== e~2! that maps t € [0,00) to a € (0, 1]. Define

1

1
Vo = VaXo +V1—aZ, Vo = V1 —q, and t(a) = 3 log = (112)
Then it can be readily seen that
Vo = Uga) and Va = Ag(a)- (113)
Straightforward calculations allow one to rewrite the result in Lemma 8 as
2 d\ L
dEv, [Covviv,] = 55— o Ev, [Covdyy, | dtla) = S22y, [Covd,y, ] da
t(a) t=t(a) a
1o (114)
(1—a)” 2 1 2
= _mEVQ |:COVV1|V&:| da = —WEVQ |:COVV1|VQ] da.
Integrating the above equation over the interval a1, @;), we obtain
't 1 9
| [Covvllva] da =Ey,, | [covvl‘vam} — Ev., [Coviyva,]
Qi1
ZEle [COVX0|XH1] —]Ext [COVX0|Xt] . (115)

Next, we proceed to control the relative magnitude between Covy, |y, (with a € [@41,@]) and Covy, Ve -

To achieve this, we resort to the following SDE to describe the random process {Covy, v, }, whose proof can
be found in Eldan (2022, Section 4.2.1):

1
dCOVV1|Va = —WCOV%&‘VD‘(}.O{ + M&S)dBﬁ
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Here, (B;) denotes the standard Brownian motion in R? and
MY =E [(Vi —E[Vi|Va))® | Va]. (116)

For a vector-valued stochastic process (M;), we denote its quadratic variation process by (M). Apply Itd’s
formula to obtain

d(tr (Cov%/l‘va) ) =2 <COVV1\VQ7dCOVV1\Va> +d [tr (<Covvl‘va>)]

2

—2 <COVV1|VQ,MS’)dBﬁ> “O—ar

1
2 3 3
<COVV1|VQ , COVV1|VQ> da + m(/\/lg ), fo )>da.
Taking expectation then yields
2 1
d |:tI‘ <E [COV%/I‘VQ}>} = 7(1—704)2]]4: |:<COVV1|Vaa COV%/1|VQ>:| dOl =+ WE |:<M513)7M£13)>:| dOL. (117)
We now analyze E[(Covy,|y,,Covi, |y, )]. Towards this, use the symmetry of Covy, |y, to derive that

E [<00vv1|va, Coviy v, >} —E [tr (COVQIV@)} <E {HCOVVl\Va I [Covvive, ”i“}
<E {tr(COVvﬂVa) |[Covyyv, Hi‘}

= E |:tI'(COVV1|Va)IL{Va c 7;} . HCOVV1|V(1 H§:| +E |:t1"(COVV1|Vm)]].{Va ¢ 7-&} . HCOVV1|VO, ||i}

11—«

< Cy=—2(k1og T)E [||Covvy v, |[5] +E [tr(Covvy v ) 1{Va # Ta} - [|Covea v, [12]

(%

Here, the last inequality follows from the definition of 7, in (41) and Corollary 1. Regarding the last term
of the above inequality, combining Assumption 2 and Lemma 1 results in

E {tr(CovVl‘Va)]l{Va ¢ To}- HCOVVI‘VQHH < 8T%rP(V, ¢ Ty) < 710"

As a consequence, we arrive at

1

l1—«

E |:<COVV1‘VOL,COV%/1‘V& >} < (s (klogT)E [HCOVVAVQ le«“} + (118)

«

Substitution into (117) yields

dE {HCOVVlIVaHH = —ﬁﬂi |:<COVV1|VQ,COV%/1‘VQ >} do + ﬁﬂl KM&”’)’M&%)H da
> —ﬁﬂi [<COVV1|VQ,COV%/1‘VQ >} da
> -4 _2a)203 ! —2(klog T)E || Covy v, 7] dar - %da
> aifffll‘igi)lﬁ {HCOVVIWQ ”H dor — %da,

where the last line holds since « € [@¢41,a;]. In view of Grownwall’s inequality, we can derive

203kalogT 2053kais1 1 log T
oxp { ZEE e v 7] - oo { B b e fconae, ]

1 @ 2C3ka’ log T
> [ e {ZNE o
T [P Oét+1(1 — th)
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_ at+1(1 — at) ox 2C5kalogT Cex 203]65754,_1 logT
- QCnglo IOgT P at+1(1 —at) P 5t+1(1 —at) '

2Cskayq logT
1 (1—0v)

Dividing both sides of the above inequality by exp {

ox 203]6(04 —6t+1)logT
P Q1 (1 — @)

}, we obtain

2 2
b [lcovvae 2] ~ B [Icovvae [
2 _ at+1(1 — at) exp 203]1(0{ — at+i) ].OgT _1).
2C3kT 0 log T a1 (1 —ay)
According to Lemma 4, any « € [@y11, @] obeys
2C5k(a — @yq1) log T < 2C5k(1 — ayyq1)logT < 8C5c1klog? T <
1 (1 — @) - Qg1 — Oy - T -

L

provided that 8Csc1klog? T < T. Consequently, we have
2 2C3k(ac — Qpq1) log T 2
< E[|c |
| <o {ZER B T g [ Covy
a1(l — @ 2C53k(a — @ logT
4 Gl - t) exp sh( ) log T
2C3kT10log T arp1(l —ay)

at+1(1 — at) ox 203]{3((1 - at+1) logT 1
20 kT 0 log T \ P Tl —a)

|Vat+1

E |:HCOVV1

(119)

< 3E [[|Covwgyv. 7] +

(a) 2 2(@ — 1)

< 3E [[|Covisyua 5] + T,

where (a) holds since e* —1 < 2z for all z < 1. Combining (115) and (119), and making use of the equivalence
between X; and Vg,, we arrive at

E [tr (COVX0|X,L+1)] —-E [tr (COVXO|Xt)] = /at ﬁﬂi [tr (Cov%/ﬂva)}

Qg1
o 1 21 2@ — @)

> —— _!E - an Sl

Z AHI 3(1 —a)2 { [ F] T10 da

(1 —oyqr) a;(l—ai)?

2
= 3(1—a)(1— 5t+1)E U|COVX0|Xt+1 HF} - T — @) (1 — agg1)

2
‘(;‘OVV1 ‘VEH—I

This in turn allows us to derive

~ 1—ay)e,
o, oo ] = L [ (o) .
< 3{E [tr(Covx,x,)] — E [tr(Covxyx, )] } + %,
thus completing the proof of this lemma.
G.4 Proof of Lemma 4
A little algebra yields
a(l—o) Qpp1(1 —oupr) _ (=) —@y) @l —an)(1 @)
20 —a)(L =) 2(aes1 — Q1) (1 — @ep) 2(1 = —1)(1 — @) (1 — Q@q1)
(@ @1 (1 — ay)[(1 — A1) — o + @) _ @1 (1 — )l —ap + (1 — apgq))
T 2(l @) (1 —a)(1 - Qi) 2(1 —@—1)(1 — @) (1 — @ey1)

at,1(1 - O[t)(]. - O[t+1) < (861 10gT>2 o
T —@1)(1 =@ (1 — @) T 1—a;’

51



where (a) follows since 1 — oy < 1 — ay41, and the last inequality applies (46).

G.5 Proof of Lemma 5

Note that for any matrix B, we know that B and B' have the same determinant. As a result,

1
logdet(I +nA+nA) = 3 {logdet(I + nA+nAT) +logdet(I +nA+nA)} (121)
121
1
= logdet (I+2nA+n(AT + A)+7*(A+A)T(A+A)).

For any vector # € R%, we observe that
e (I +nC2A+AT +A))a = |z] + 202" Az +n2 " (AT + Az

2 2 2 1 2
> ey =nf|AT + Al ll2l; > (1 =20 lAD 2] = 5 =13,

which implies that the matrix I + 2nA + (AT + A) = 0. Further, it is easily seen that
T+20A+ (AT +A) T+ 2pA+ (AT + A) + (A + A)T(A+A).

According to the Lowner—Heinz theorem, log A < log B holds for any 0 = A < B. This in turn allows one
to derive

logdet (I +2nA+n(AT +A)+ 72 (A+A)T(A+A))
= tr(log (T+ 204+ (AT + ) +72(A+ A)T(A+4)) ) (122)
> tr(log (I+2nA+n(AT + A))) =logdet (I +2nA +n(AT + A)).

For any symmetric matrix B € R¥9 we denote its eigenvalues as {\;(B)}%_,. Then according to Weyl’s
inequality, we have

Xi(2nA+n(AT +A)) > 2n\i(A) — 1 HAT + Al = -2n]A] > —% for all i < d.

Further, it can be verified that log(1 + 2) > x — 22 holds for any x > —1/2, which results in

d d
logdet (I +2nA+n(AT +A)) =Y nhi 24+ AT +A) =Y 9?A? 24+ A7 +A)

i=1 i=1 , (123)
=ntr (2A+ AT +A) —? |24+ AT + A,

> ontr(A) + 2ntr(A) — 807 | A7 — 807 Al

The proof can thus be completed by combining (121), (122) and (123).
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