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Abstract

We study the distribution and uncertainty of nonconvex optimization for noisy tensor completion —
the problem of estimating a low-rank tensor given incomplete and corrupted observations of its entries.
Focusing on a two-stage estimation algorithm proposed by Cai et al. [CLPC19|, we characterize the
distribution of this nonconvex estimator down to fine scales. This distributional theory in turn allows
one to construct valid and short confidence intervals for both the unseen tensor entries and the unknown
tensor factors. The proposed inferential procedure enjoys several important features: (1) it is fully
adaptive to noise heteroscedasticity, and (2) it is data-driven and automatically adapts to unknown noise
distributions. Furthermore, our findings unveil the statistical optimality of nonconvex tensor completion:
it attains un-improvable /2 accuracy — including both the rates and the pre-constants — when estimating
both the unknown tensor and the underlying tensor factors.

Keywords: confidence intervals, uncertainty quantification, tensor completion, nonconvex optimization,
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1 Introduction

1.1 Noisy low-rank tensor completion

Tensor data are routinely employed in data and information sciences to model (structured) multi-dimensional
objects [KB09,SDLF+17,AGH"14,Zhal9]. In many practical scenarios of interest, however, we do not have
full access to a large-dimensional tensor of interest, as only a sampling of its entries are revealed to us; yet we
would still wish to reliably infer all missing data. This task, commonly referred to as tensor completion, finds
applications in numerous domains including medical imaging [SHKM14], visual data analysis [LMWY13],
seismic data reconstruction [KSS13], to name just a few. In order to make meaningful inference about the
unseen entries, additional information about the unknown tensor plays a pivotal role (otherwise one is in
the position with fewer equations than unknowns). A common type of such prior information is low-rank
structure, which hypothesizes that the unknown tensor is decomposable into the superposition of a few
rank-one tensors. Substantial attempts have been made in the past few years to understand and tackle such
low-rank tensor completion problems.

To set the stage for a formal discussion, we formulate the problem as follows. Imagine that we are
interested in reconstructing a third-order tensor T* = [T} j x]1<i j k<a € R¥*?*9, which is a priori known to
have low canonical polyadic (CP) rank [KB09|. This means that T* admits the following CP decomposition®

T

T =) wi@u@uj =) (u)% (1)

=1 =1

where u; € R? (1 <1 < r) represents the unknown tensor factor, and the rank 7 is considerably smaller than
the ambient dimension d. What we have obtained is a highly incomplete collection of noisy observations
about the entries of T* € R?*%*4; more precisely, we observe
b: .o

T’Z?j,sk = Tifj,k + Ei,j,lm (17.7’ k) € Q, (2)
where Q C [d] x [d] x [d] with [d] :== {1,---,d} is a subset of entries, ng’sk denotes the observed entry in
the (i, 7, k)-th position, and we use E; ;1 to represent the associated measurement noise, in an attempt to
model more realistic scenarios. The presence of missing data and noise, as well as the “notorious” tensor
structure (which is often not as computationally friendly as its matrix analog), poses severe computational
and statistical challenges for reliable tensor reconstruction.

1.2 Review: a nonconvex optimization approach

A natural reconstruction strategy based on the partial data in hand is to resort to the following least-squares

problem:
- 2
i — ®3 __ rqobs
minimize  f(U) = [(Zw )k Tm,k] : (3)
(2,5,k)EQ =1
Here and in the sequel, we use U := [uq,--- ,u,] to concisely represent the set {u;}1<;<,. Unfortunately,

owing to its highly nonconvex nature, the optimization problem (3) is in general daunting to solve.

LFor any vectors u, v, w € R%, we denote by u ® v ® w € R¥*Xd g three-way array whose (i, j, k)-th element is given by
the product of the corresponding vector entries u;v;wy.



To alleviate computational intractability, a number of polynomial-time algorithms have been proposed;
partial examples include convex relaxation [GRY11, HMGW15, RPP13], spectral methods [MS18, CLC*20],
sum of squares hierarchy [BM16, PS17], alternating minimization [JO14,LM20], and so on. Nevertheless,
most of these algorithms either are still computationally prohibitive for large-scale problems, or do not come
with optimal statistical guarantees; see Section 4 for detailed discussions. To address the computational
and statistical challenges at once, the recent work [CLPC19] proposed a two-stage nonconvex paradigm that
guarantees efficient yet reliable solutions. In a nutshell, this algorithm starts by computing a rough (but
reasonable) initial guess U? = [u{,---,u?] for all tensor factors, and iteratively refines the estimate by
means of the gradient descent (GD) update rule:

Ut =U' - VfUY),  t=01, )

See Algorithm 1 (note that the initialization scheme is more complex to describe, and is hence postponed
to Appendix A.l). Encouragingly, despite the nonconvex optimization landscape, theoretical guarantees
have been developed for Algorithm 1 under a suitable random sampling and random noise model. Take the
noiseless case for instance: this approach converges linearly to the ground truth under near-minimal sample
complexity. Furthermore, the algorithm achieves intriguing ¢ and /., statistical accuracy under a broad
family of noise models.

Algorithm 1 A nonconvex algorithm for tensor completion.

Initialize U" = [u{,-- -, u?] via Algorithm 2.
Gradient updates: for t =0,1,...,tp — 1 do

U™t =U"'-nVfU"). ()

Output U = [uy, - ,u,] :=U'.

1.3 Uncertainty quantification for nonconvex tensor completion

In various practical scenarios (e.g. medical imaging), in order to enable informative decision making and
trustworthy prediction, it is crucial not only to provide the users with the reconstruction outcome, but
also to inform them of the uncertainty or risk underlying the reconstruction. The latter task, often termed
uncertainty quantification, can be accomplished by characterizing the (approximate) distributions of our
reconstruction, which can be further employed to construct valid confidence intervals (namely, giving lower
and upper bounds) for the unknowns. In particular, two questions are of fundamental importance: given an
estimate returned by the above nonconvex algorithm, how to identify a confidence interval when predicting
an unseen entry, and how to produce a confidence region that is likely to contain the tensor factors of interest?

Unfortunately, classical distributional theory available in the statistics literature, which typically operates
in the large-sample regime (with a fixed number of unknowns and a sample size tending to infinity), is not
applicable to assess the uncertainty of the above nonconvex algorithm in high dimension. In fact, due
to the nonconvex nature of the algorithm, it becomes remarkably challenging to track the distribution
of the solution returned by Algorithm 1 or other nonconvex alternatives. The absence of distributional
characterization prevents us from communicating a trustworthy uncertainty estimate to the users. While the
statistical performance of Algorithm 1 has been investigated in [CLPC19], existing statistical guarantees —
which hide the (potentially huge) pre-constants—can only yield confidence intervals that are overly wide
and, as a result, practically uninformative. In contrast, one should aim for valid confidence intervals that
are as short as possible.

Furthermore, an ideal procedure for uncertainty quantification should automatically adapt to unknown
noise distributions. Accomplishing this goal, however, becomes particularly challenging when the noise levels
are not only unknown but also location-varying— a scenario commonly referred to as heteroscedasticity. In
fact, there is no shortage of realistic scenarios in which the data heteroscedasticity makes it infeasible to
pre-estimate local variability in a uniformly reliable manner. Addressing this challenge calls for the design
of model-agnostic data-driven procedures that are fully adaptive to noise heteroscedasticity.



1.4 Main contributions and insights

We now give an informal overview of the main contributions and insights of this paper. To the best of our
knowledge, results of this kind were previously unavailable in the tensor completion/estimation literature.

1. A distributional theory for nonconvex tensor completion. Despite its nonconvex nature, the distributional
representation of the estimate returned by Algorithm 1 can be established down to quite fine scales.
Under mild conditions, (1) the resulting estimates for both the tensor factors and the tensor entries are
nearly unbiased, and (2) the associated uncertainty follows a zero-mean Gaussian distribution whose
(co)-variance can be accurately determined in a data-driven manner.

2. Construction of entrywise confidence intervals. The above distributional characterization leads to con-
struction of entrywise confidence intervals for both the unknown tensor and the associated tensor factors.
The proposed inferential procedure is fully data-driven: it does not require prior knowledge about the
noise distributions, and it automatically adapts to local variability of noise levels.

3. Optimality w.r.t. both inference and estimation. We develop fundamental lower bounds under i.i.d. Gaus-
sian noise, confirming that the proposed entrywise confidence intervals are in some sense the shortest
possible. As a byproduct, our results also reveal that nonconvex optimization achieves un-improvable {5
statistical accuracy —including both the rates and the pre-constants — for estimating both the unknown
tensor and its underlying tensor factors.

All in all, our results shed light on the unreasonable effectiveness of nonconvex optimization in noisy tensor
completion, which enables optimal estimation and uncertainty quantification all at once.

The rest of the paper is organized as follows. Section 2 formulates the problem settings. Section 3
presents our distributional theory, discusses construction of confidence intervals, and develops fundamental
lower bounds. Section 4 provides an overview of related prior work. The proof outline of our main theory is
supplied in Section 5, with the proofs of auxiliary lemmas provided in the appendix. We conclude the paper
with a discussion of future directions in Section 6.

1.5 Notation

For any matrix M, we use | M || and ||[M||r to denote the spectral norm (operator norm) and the Frobenius
norm of M, respectively, and let M;. and M. ; stand for the i-th row and i-th colomn, respectively. We
denote by | M ||2,00 := max; || Mj.||2 (resp. || M ||o := max; ; |M; ;|) the {5 o, norm (resp. entrywise £, norm)
of M. In addition, let A\; (M) > Ao(M) > --- denote the eigenvalues of M and oy(M) > oo(M) > ---
denote the singular values of M. For any matrices M, N of compatible dimensions, we let M ® NN stand
for the Hadamard (entrywise) product.

For any tensor T € R¥*X4 denote by Pq(T) the Euclidean projection of T onto the subset of tensors
that vanish outside the index set . With this notation in place, the observed data (2) can be succinctly
described as

Po(T) = Po(T* + E), (6)

where T°bs .= [T;'fkhgi?j’kgd and E := [E; jk]1<ijk<a.- Here and throughout, we let Tf;’sk = 0 for any
(4,4, k) ¢ Q. In addition, we use u;; (resp. u;;) to denote the i-th entry of u; € R (resp. u € RY).

For any tensor T € R**xd et T..c R4%4 denote the mode-1 i-th slice with entries (Ti: )ik = Tijiges
and T. ;. and T . ; are defined analogously. Let unfold(T") represent the mode-3 matricization of T', namely,

Rdxd2

unfold (T') is a matrix in whose entries are given by

(unfold(T)) =Tk 1<4,5,k<d. (7

kod(i—1)+j

75

For any tensors T € R?*¥*4 the Frobenius norm of T is defined accordingly as || T|r := />, . & Tizj 5 We

use || T||oo := max; jx|Ti k| to denote the entrywise £o norm. For any vectors u,v € R?, we define the
vector products T x5 u € R¥™? and T x; u X9 v € R? such that

[T xsul, ;=) Tijwur, 1<i,j<d; (8a)



[T X1 U X9 v]k = Z ‘Ti,j,kuivj, 1 Skgd (8b)
2,7

The products T xou € R4 T x3u € R4 T x;u xzv € R, T xou x3v € R? are defined analogously.
In addition, the spectral norm of T is defined as ||T'[| := sup,, 4 wese-1 (T, u ® v ® w), where we denote by
S41:= {u € RY|||ul|z = 1} the unit sphere in R<.

We use [a £ b] to denote the interval [a — b,a + b], and we shall often let (¢,7) denote (: — 1)d + ]
whenever it is clear from the context. We denote by [d] := {1,2,---,d}. The notation f(d) < g(d) o
f(d) = O(g(d)) (resp. f(d) Z g(d)) means that there exists a constant Cy > 0 such that |f(d)| < Colg(d )|
(resp. |f(d)] = Colg(d)]). The notation f(d) =< g(d) means that Co|f(d)| < |g(d)| < C1]f(d)| holds for some
universal constants Cp, C; > 0. In addition, f(d) = o(g(d)) means that limy o, f(d)/g(d) = 0, f(d) < g(d)
means that f(d) < c19(d) for some small constant ¢y > 0 and f(d) > g(d) means that f(d) > c;9(d) for
some large constant ¢y > 0.

2 Models and assumptions

In this paper, we shall consider a setting with random sampling and independent random noise as follows.

Assumption 1 (Random sampling). Suppose that Q is a symmetric index set.”> Assume that each (i, j, k)
with 1 < j < k is included in Q independently with probability p. Throughout this paper, we shall define

Xijk = 1{(i,j,k) € Q},  1<d,jk<d (9)

Assumption 2 (Random noise). Suppose that E = [E; j ;]1<i j.k<d is a symmetric tensor.® Assume that the
noise components {E; j i 11<i<j<k<d are independent sub-Gaussian random variables satisfying E[E; j x] =0
and Var(E; ;1) = a?’j’k. Denoting omin := min; j 1 04 .k 0Nd Omax 1= MaX; jk 055k, We assume throughout
that omax/omin = O(1).

Next, we introduce additional parameters about the unknown tensor of interest. Recall that
Zul ® ul ® ul — Zu*®3 Rdxdxd.

To begin with, we define the strength of each rank-one tensor component as follows

Min = min Jufll;  and N = max [luf, (10)

1<i<r 1<i<r
allowing us to define the condition number by
K= A:nax/)‘mln (11)
To enable reliable tensor completion, we impose further assumptions on the tensor factors {u}} as follows.

Assumption 3 (Incoherence and well-conditionedness). Suppose that T* satisfies

Mo
1Tl <4/ 55 1T Ml (12a)
M1
luillg < /77 il 1<i<r (12b)
Cur wp)] < /22 il gl 1<i#g < (120

Further, assume that T™* is well-conditioned in the sense that x (cf. (11)) satisfies K = O (1).

This means that if (3, j, k) € ©2, then (j,4,k), (i, k,5), (4, k, 1), (k,4,7), (k,,4) are all in Q.
3ThiS means that Ei,j,k = Ej,i,k = Ei,k,j = Ej,k,i = Ek,i,j = Ekvjvi for any 1 S i,j,k S d.



Informally, when both py and p; are small, the £, energy of both T* and uj (1 < < r) is dispersed
more or less evenly across their entries. In addition, a small us necessarily implies that every pair of
the tensor factors of interest is nearly orthogonal to (and hence incoherent with) each other. Finally, the
well-conditionedness assumption guarantees that no single tensor component has significantly higher energy
compared to the rest of them. For the sake of notational simplicity, we shall combine them into a single
incoherence parameter

= max { o, p1, f2} - (13)

The focal point of this paper lies in obtaining distributional characterization of, and uncertainty assess-
ment for, the nonconvex estimate (i.e. the solution U returned by Algorithm 1) in a strong entrywise sense.
In particular, we set out the goal to

1) establish distributional representation of the estimate U;

2) construct short yet valid confidence intervals for each entry of the tensor factor {u] }1<i<, as well as each
entry of the unknown tensor T*.

To cast the latter task in more precise terms: given any target coverage level 0 < 1—a < 1l,any 1 <[l <r
and any 1 < ¢,7,k <d, the aim is to compute intervals [c1 4, 2 ,] and [c1,7, c2 7] such that

P{uj; € [crusC2u]} =1 —a+0(1) (up to global permutation); (14a)
P {Tifj,k S [Cl,Ta CQ7T]} =1l—-a-+o (1) . (14b)

Here, (14a) is phrased accounting for global permutation, since one cannot possibly distinguish {u}}1<i<,
and any permutation of them given only the observations (2). Ideally, the above tasks should be accomplished
in a data-driven manner without requiring prior knowledge about the noise distributions.

3 Main results

This section presents our distributional theory for nonconvex tensor completion, and demonstrates how to
conduct data-driven and optimal uncertainty quantification. For notational convenience, in the sequel we
denote by U = [uy,--- ,u,] € R4*" the estimate returned by Algorithm 1, and let T € R%*4*¢ indicate the
resulting tensor estimate as follows

-
T .= Zul®ul®ul. (15)
1=1
In addition, recognizing that one can only hope to recover U* up to global permutation, we introduce a
permutation matrix as follows

M:= min [|[UQ—-U*|,, (16)
QeEperm,.

where perm,. represents the set of permutation matrices in R"*". Additionally, in order to guarantee reliable

convergence of Algorithm 1, there are several algorithmic parameters (e.g. the learning rates) that need to

be properly chosen. We shall adopt the choices suggested by [CLPC19] throughout this paper. Given that

our theory can be presented regardless of whether one understands these algorithmic choices, we defer the

specification of these parameters to Appendix A.2 to avoid distraction.

3.1 Distributional guarantees for nonconvex estimates

We now establish distributional guar%ntees for the nonconvex estimate. For notational corzlver;ience, we
introduce an auxiliary matrix U* € R4 %" ag well as a collection of diagonal matrices D} € R4 xd 1<k<
d) such that

6—* = [ui(@u’l*’ 7u:®u:] ERd2><7‘; (17)
* 2 .o )
(Dk)(i7j)7(i,j) = 044,k 1<4,j<d; (18)



here, we abuse the notation (i,j) to denote (i — 1)d + j whenever it is clear from the context. In words,

U* lifts the tensor factors to a higher order, and D} collects the noise variance in the k-th slice of E. To
simplify presentation, we begin with the case with independent Gaussian noise.

Theorem 1 (Distributional guarantees for tensor factor estimates (Gaussian noise)). Suppose that the
E; j1’s are Gaussian, and that Assumptions 1-3 hold. Assume that p,k,r = O(1) and that to = cglogd,

10g5 d Co Omin Omax pd3/2
>l —e d — < < - 19
precpr e S S e =Y o 1
for some sufficiently large (resp. small) constant cy,ca,c3 > 0 (resp. ¢4 > 0). Then with probability at least
1 —0(1), one has the following decomposition:

IN

UD-U*=Z+W,

where II is defined in (16), |W||, o = 0(}\*‘2‘/";‘\‘[), and for any 1 <k < d one has Zy,. ~ N(0,X%) with
’ max p

5= %(ff”ff*)‘117*TD,:L7*(17*T17*)‘1. (20)

Remark 1. As an interpretation of Condition (19): (i) the sample complexity is pd® > d3/?poly log(d),
which is widely conjectured to be computationally optimal (up to some log factor) [BM16]; (ii) the typical
size of each noise component (as captured by {o; ;1 }) is allowed to be substantially larger than the maximum
magnitude of the entries of T* under the sample size assumption stated here.

In words, Theorem 1 reveals that the estimation error of U can be decomposed into a Gaussian component
Z and a residual term W. Encouragingly, the residual term W is, in some sense, dominated by the Gaussian
term and can be safely neglected. To see this, recall that o; j 1 > omin, leading to a lower bound*

2 2

* O min (17 rrx)—1 (2 — 0(1))0311in . *[|— 20121r11n
Xy = (U*TU*) = diag ([Huz ”2 4]1<i<r> = (1 o 0(1)) *4/37°
p p - p)\max

This tells us that the typical ¢ norm of each row Zj . exceeds the order of \‘7[‘";\“*;//;3, which is hence much
iz

max

larger than |W|2,. (by virtue of Theorem 1). To conclude, the nonconvex estimate U is—up to global
permutation —a nearly un-biased estimate of the true tensor factors U*, with estimation errors being ap-
proximately Gaussian.

As it turns out, this distributional characterization can be extended to accommodate a much broader
class of noise beyond Gaussian noise, as stated below.

Theorem 2 (Distributional guarantees for tensor factor estimates (general noise)). Suppose that {E; ; i}
are not necessarily Gaussian but satisfy Assumption 2. Then the decomposition in Theorem 1 continues to
hold, except that Z is not necessarily Gaussian but instead obeys

|P{Zk, € A} —P{gr € A} =0(1), 1<k<d
for any convex set A C R". Here, g ~ N (0,X%) with covariance matriz X}, defined in (20).

Before continuing, there is another important observation that is worth pointing out (which is not included
in Theorems 1-2 but will be made precise in the analysis): for any three different rows 4, j, k, the corresponding
errors Z; ., Z;. and Z;, . are nearly statistically independent. This is a crucial observation that immediately
allows for entrywise distributional characterizations for the resulting tensor estimate T', as summarized below.

4To see why the penultimate inequality holds, note that under our assumptions,

T 0% = [T} oy oy < diag ([ 12]oo,) + (rmases; (uf Tuf)?) I = (1+ o(1)diag([lui 4], ).



Theorem 3 (Distributional guarantees for tensor entry estimates). Instate the assumptions of Theorem 2.
Consider any 1 <i < j <k < d obeying
(L7 P (LY

+HUzk Hz Omax log3d

5
IT*[|loo | d?p

HQ z] HQ

(21)

for some large constant c5 > 0, with U* defined in (17). Then the estimate T defined in (15) obeys

sup ’]P’{Tid’k Sﬂfj’k—l—r,/vi*jk} —‘I’(T)’ =o0(l), (22)
TER e

where ®(-) is the CDF of a standard Gaussian random variable. Here, the variance parameters {v};,} are
defined such that for any three distinct numbers i, j, k,

* e T T
0F g = Ul . 25 (Ul ) + U125 (U . ) + U(”) Ek(U( ) (23a)
Ui g =4 ﬁ(*z‘ k), ,2*((7(; k), ) + U(i,i),;Ez(U(i,i)g)Ta (23b)
111: 9Uzz) 2*(l'j(zz) )T7 (23C)

where X% is defined in (20).

In short, the above theorem indicates that: if the “strength” of a tensor entry T7; , is not exceedingly
small, then our nonconvex estimate of this entry is nearly unbiased, whose estimation error is approximately
zero-mean Gaussian with variance v} ;. To see this, note that when (19) holds, the right-hand side of

Condition (21) is at most O( —1/4/ \/log ) which is vanishingly small. In other words, the Gaussian
approximation is nearly tight unless the energy ||ﬁ(§k)H2 + |’ﬁék)|‘2 + HU” ||2 is vanishingly small
compared to the average size. This entrywise distributional theory allows one to accommodate a broad
family of noise models.

3.2 Confidence intervals

The preceding distributional guarantees pave the way for uncertainty quantification. However, an outstand-
ing challenge remains in computing / estimating the covariance matrices {¥}} and the variance parameters
{vl, j - In particular, these crucial parameters are functions of both the ground truth {u;} and the noise vari-
ance {Ji j, 1> which we do not have access to a priori. To further complicate matters, in the heteroscedastic
case where {02-2) j,k} are location varying, it is in general infeasible to estimate all variance parameters reliably.

Variance and covariance estimation. Fortunately, despite the absence of prior knowledge about the
truth and the noise parameters, we are still able to faithfully estimate these important parameters from the
data in hand, using a simple plug-in procedure. Specifically:

1. Rather than estimating all {0, ; 1} directly, we turn attention to estimating the noise components {E; ; x }
instead, with the assistance of our tensor estimate T as follows

n . obs
Bijp=T

i, ik — Lijks (4,7, k) € Q. (24)

We then construct a diagonal matrix Dj, € R4 x4’ (1 <k <d) obeying
—172
(Dk)(i7j),(i,j) =p Ei,j,kﬂ{(i,j,k)eQ}- (25)
Note that Dy, is not really a faithful estimate of the Dj defined in (18), but it suffices for our purpose.

2. Estimate U* (cf. (17)) via the plug-in estimator U := [u, ® Us|i<s<r € R xr,



3. Substitute the above estimators into the expressions of the variance parameters to yield our estimate.
Specifically, for any 1 < k < d, we compute

2 ~ ~ o~
¥ = ;(UTU)‘lUTDkU(UTU)‘l (26)

as an estimate of 3y (cf. (20)). We also compute the estimates for {v;,,} such that: for any three
distinct numbers 1 < 4,5,k <d,

vigk = UGB (OGa.) | +Uaw.55 Oan.) | + U S (Ua).) (27a)
Vi =4 ﬁ(i,k),:zi(ﬁ(i,k),:)T + U Zh (ﬁ(i,i),:)T; (27b)
Ui,i,i =9 ﬁ(iﬁi)’:zi (ﬁ(iwi)ﬁ)—r. (276)

Confidence intervals. With the above variance / covariance estimates in place, we are positioned to intro-
duce our uncertainty quantification procedure, which consists in constructing entrywise confidence intervals
for both the tensor factors and the unknown tensor as follows.

e Foreach 1 <k <dand 1< <r, weconstruct a (1 — «)-confidence interval for the k-th entry of the
I-th tensor factor (up to global permutation) as follows

C|11”7;j = [Ul,k + (Ek)l,l . @—1(1 — 04/2)], (28)
where ®71(+) is the inverse CDF of a standard Gaussian, [a & b] := [a — b, a + b], and X}, is constructed

in (26).
e Foreach 1 <14, j,k <d, we construct a (1 — «)-confidence interval for the (4, j, k)-th entry of T* as follows
Cl = [Tt Vg - 7 (1= a/2)]. (29)
where v; j  is constructed in (27).

As it turns out, the proposed (entrywise) confidence intervals are nearly accurate, as revealed by the following
theorem. The proof is postponed to Appendix E.

Theorem 4 (Validity of constructed confidence intervals). Instate the assumptions of Theorem 2. There is
a permutation 7(-) : [d] = [d] such that for any 0 < oo < 1, the confidence interval constructed in (28) obeys

U,k

p{u;w ecﬂ—a} —l—a+o(1), VI<I<rl<k<d.

In addition, for any 1 <i,5,k < d obeying (21) and any 0 < « < 1, the confidence interval constructed in
(29) obeys

P{Ty, e} =1-a+o()).

This theorem justifies the validity of the uncertainty quantification procedure we propose. Several im-
portant features are worth emphasizing:

o “Fine-grained” entrywise uncertainty quantification. Our results enable trustworthy uncertainty quan-
tification down to quite fine scale, namely, we are capable of assessing the uncertainty reliably at the
entrywise level for both the tensor factors and the tensor of interest. To the best of our knowledge,
accurate entrywise uncertainty characterization for tensor completion is previously unavailable.

o Adaptivity to heterogeneous and unknown noise distributions. The proposed confidence intervals do not
require prior knowledge about the noise distributions, and automatically adapt to noise heteroscedasticity
(i.e. the case when the noise variance varies across entries). Such model-free and adaptive features are of
important practical value.

e No need of sample splitting. The whole procedure studied here —including both estimation and uncer-
tainty quantification — does not rely on any sort of data splitting, thus effectively preventing unnecessary
information loss due to sample splitting.

10



Lower bounds. One might naturally wonder whether the proposed confidence intervals can be further
improved; concretely, is it possible to identify a shorter confidence interval that remains valid? As it turns
out, our procedures are, in some sense, statistically optimal under Gaussian noise, as confirmed by the
following fundamental lower bound.

Theorem 5 (Entrywise lower bounds). Consider any unbiased estimator u; for uf (1 <1 < r) and any
unbiased estimator T for T*. Suppose that {E; ;} are i.i.d. Gaussians and that Assumptions 1-3 hold. If
Kk, = 0(1) and
log®d

a2
for some sufficiently large constant cg > 0, then the following holds with probability at least 1 — O(d~10):

D= Cp

Var[tx] > (1 —o0(1)) (Ez)l l, 1<k <d;

Var[T; 1] > (1 —o0(1) v}, 4, 1<i,jk<d

Taken collectively with Theorems 2 and 3, the above result reveals that our nonconvex estimators {u;}
and T achieve minimal mean square estimation errors in a very sharp manner at the entrywise level. Recog-
nizing that the proposed confidence intervals allow for accurate assessment of the uncertainty (by virtue of
Theorem 4), we conclude that the proposed inferential procedures are, in some sense, un-improvable under
ii.d. Gaussian noise (including both the rates and the pre-constants).

3.3 Back to estimation: /; optimality of nonconvex estimates

Thus far, we have established optimality of the estimators u; (1 <1 < r,1 <k <d) and T} (for those
i,j, k obeying (21)) in an entrywise sense. These results taken together allow one to uncover the ¢5 optimality
of the nonconvex optimization approach as well. Our result is this:

Theorem 6 (Optimality w.r.t. £5 estimation accuracy). Instate the assumptions of Theorem 2. With prob-
ability exceeding 1 — o(1), the estimates returned by Algorithm 1 obey

2

fotngy i [ = EFO I Ty (300)
plluil,
2

||T _ T*HIQJ‘ _ (6+0(11))) O'maxdr (SOb)

for some permutation 7(-) : [d] — [d].
In addition, if {F; ; ,} are i.i.d. Gaussians, we have the following lower bound:

Theorem 7 (Lower bound w.r.t ¢5 estimation accuracy). Instate the assumptions of Theorem 5. The
following holds with probability at least 1 — O(d~1°): any unbiased estimator @, (resp. T) for u} (resp. T*)
necessarily obeys

(2 - 0(1)02,d -
TR R E[HT—TIIHZ

~ ) 6—o0(1))o2, dr
E (i - i) > ( (;) . (31)

pllurly

Here, the characterization of the ¢ risk (30a) for w; is a straightforward consequence of Theorems 1-2,
and the lower bounds (31) follow immediately from Theorem 5. Establishing the £5 risk (30b) for T requires
more work, as Theorem 3 is valid only for a set of entries obeying (21). Fortunately, a majority of the
entries of T satisfy (21), thus allowing for a nearly accurate approximation of the Euclidean risk of T.
All in all, Theorems 6 and 7 deliver an encouraging news: when the noise components are i.i.d. Gaussian,
nonconvex optimization is information-theoretically optimal when estimating both the unknown tensor and
its underlying tensor factors.

11
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Figure 1: Q-Q (quantile-quantile) plots of R}, RY, and RY 3 vs. a standard Gaussian distribution (where
r=4,p=0.2,0=0.1and g =5).

3.4 Numerical experiments

To validate our theory and demonstrate the practical applicability of our inferential procedures, we perform
a series of numerical experiments for a variety of settings. Specifically, we set d = 100, p = 0.2, and

generate the ground-truth tensor T* = Y";_; u} in a random fashion such that u} ESY (0,1,). Regarding
the algorithmic parameters for nonconvex optimization (i.e. Algorithm 1), we choose L = r2, ey = 0.4,
Ny = 3 x107°/p, and ty = 100. The noise components are independently drawn from Gaussian distributions,

obeying FE; j 1 ~ N(O,sz7k), 1 <i <5 <k <d with variance O'szC constructed as follows. We generate
wi ik FUNIf[0,1],1 < 4,4,k < d and let

2, B 3
O Wik d

2
O’. . = —_—
4,5,k B
Yi<icj<kca Wik ©

)

where [ represents the degree of heteroscedasticity. The noise becomes more heteroscedastic as [ increases,

and setting 5 = 0 reduces to the homoscedastic case where the noise variances are identical across all entries.
In what follows, we set § = 5.

Tensor factor entries. We begin with inference for the entries of the tensor factors of interest. Consider
the construction of 95% confidence intervals (i.e. @ = 0.05). Define the normalized estimation error as follows

1

Ry = (wk —ufy), 1<i<r,1<k<d.

Ek)l,l

For each 1 <1 <r and 1 < k < d, we denote by CR;} the empirical coverage rate for the tensor factor
entry u;;, over 100 independent trials. Let Mean(CR) (resp. Std (CR)) denote the average (resp. the standard
deviation) of {CR;x} over all tensor factor entries. Figure 1 displays the Q-Q (quantile-quantile) plots of
Ril vs. a standard Gaussian random variable, and Table 1 summarizes the numerical results for varying p, r
and 0. Encouragingly, the empirical coverage rates are all very close to 95%, and the empirical distributions
of the normalized estimation errors are all well approximated by a standard Gaussian distribution.

Tensor entries. Next, we turn to inference for tensor entries. Similar to the above case, we intend to
construct 95% confidence intervals. Define

1
T
Ri,j,k = 7\/@ (Ti,j,k - Tz‘*,j,k) )

For each 1 < i < j < k < d, we record the empirical coverage rate CR; ; j for the tensor entry 77, , over
100 Monte Carlo trials. Denote by Mean(CR) (resp. Std(CR)) the average (resp. the standard deviation) of
{CR; jx} over entries 1 <i < j <k < d. Figure 2 depicts the Q-Q (quantile-quantile) plots of R] ; ;, R] | ,

1<i<j<k<d.

12



Table 1: Empirical coverage rates of tensor factor entries for varying r and o.

(r,o) Mean(CR) | Std(CR)

(2,107%) [ 0.9481 0.0201

(2,1071) 0.9477 0.0228
(2,1) 0.9478 0.0215

(4,1072) 0.9450 0.0218

(4,1071) [ 0.9472 0.0231
(4,1) 0.9462 0.0234
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Figure 2: Q-Q (quantile-quantile) plots of R, ;, R, and R, 3 vs. a standard Gaussian distribution
(where r =4, p=10.2, c = 0.1 and 8 = 5).

and RI273 vs. a standard Gaussian random variable. Table 2 collects the numerical results Mean(CR) and
Std(CR) for a variety of settings. Similar to previous experiments, the confidence intervals and the Q-Q plots
match our theoretical prediction in a reasonably well manner.

{5 estimation accuracy. Finally, let us verify the Euclidean estimation guarantees we develop for Algo-
rithm 1. Figure 3 plots the Euclidean estimation errors of the tensor factor estimate u; (resp. the tensor
estimate T'). In this series of experiments, we focus on the homoskedastic case, i.e. 8 =0. As one can see,
the empirical /5 risks are exceedingly close to the Cramér—Rao lower bounds supplied in Theorem 6.

4 Prior art

Much progress has been made in the past few years towards understanding and solving low-rank tensor com-
pletion. Inspired by the success of convex relaxation for matrix completion [CR09, CP10, Grol1l, CCFT19,
Li13], an estimate based on tensor nuclear norm minimization was proposed by [YZ16,YZ17], which enables
information-theoretically optimal sample complexity. Unfortunately, the tensor nuclear norm is itself NP-
hard to compute and hence computationally infeasible in practice. To allow for more economical algorithms,
a widely adopted strategy is to unfold the tensor data into a matrix [THK10,GRY11,LMWY13,MHWG14],

Table 2: Empirical coverage rates of tensor entries for different r and o.

(r,o) Mean(CR) | Std(CR)
(2,1072) | 0.9494 0.0218
(2,10°1) | 0.9513 0.0218

(2,1) 0.9475 0.0222
(4,1072) | 0.9434 0.0225
(4,107Y) [ 0.9494 0.0220

(4,1) 0.9494 0.0219
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Figure 3: (a) £z estimation error of u; vs. the Cramér-Rao lower bound; (b) Euclidean estimation errors of
T vs. the Cramér—Rao lower bound (where r = 4, p = 0.2 and § = 0).

thus transforming it into a low-rank matrix completion problem [CR09, KMO10a,CLC19]. However, unfold-
ing a third-order tensor often leads to an extremely unbalanced matrix, thereby resulting in sub-optimal
sample complexity when directly invoking matrix completion theory. To address this issue, a recent line of
work [BM16,PS17] suggested the use of sum-of-squares (SOS) hierarchy, which performs convex relaxation
after lifting the data into higher dimension. The SOS-based algorithms achieve a sample complexity on
the order of rd?/? for third-order tensors, which is widely conjectured to be optimal among all polynomial-
time algorithms. However, despite their polynomial-time complexity, the SOS-based methods remain too
expensive for solving large-scale practical problems, primarily due to the lifting operation.

Motivated by the above computational concerns, several nonconvex approaches have been developed,
which often consist of two stages: (1) finding a rough initialization; (2) local refinement. Existing initial-
ization schemes include unfolding-based spectral methods [MS18, XYZ20, CLPC19, CLC*20, XY 19a, LM20].
tensor power methods [JO14], tensor SVD [ZA17], and so on. To improve the estimation accuracy, the local
refinement stage invokes nonconvex optimization algorithms like alternating minimization [JO14,1L.M20], gra-
dient descent [CLPC19, HWZ20], manifold-based optimization [XY19a], block coordinate decent [JHZ16],
etc. These were motivated in part by the effectiveness of nonconvex optimization in solving nonconvex
low-complexity problems [BMO03, Sre04, KMO10a, KMO10b, JNS13, CLS15, CC17, CW15, MWCC19, CC18,
CCFM19, NNS*14, HZC20, ZCL16, CLW17, CLL19, WG16, CFMY20, SQW18, QZEW19, TMC20, ZZLC17];
see an overview of recent development in [CLC19]. Various statistical and computational guarantees have
been provided for these algorithms, all of which have been shown to run in polynomial time. In particular,
(unfolding-based) spectral initialization followed by gradient descent converges linearly to an accuracy that
is within a logarithmic factor from optimal [CLPC19].

However, none of the above results suggested how to evaluate the uncertainty of the resulting estimates
in a meaningful way. Despite a large body of work on statistical estimation for noisy tensor completion,
it remains completely unclear how to exploit existing results to construct valid yet short confidence inter-
vals for the unknown tensor. Perhaps the work closest to the current paper is inference and uncertainty
quantification for noisy matrix completion and matrix denoising [CFMY19, XY19b, CWC20], which enables
optimal construction of confidence intervals on the basis of nonconvex matrix completion algorithms. Infer-
ence for singular subspaces has also been investigated under both low-rank matrix regression and denoising
settings [Xial8,Xial9]. While these results might potentially be applicable here by first matricizing the data,
the resulting sample complexity, as discussed above, could be pessimistic. Finally, we remark that construc-
tion of confidence intervals has been extensively studied in a variety of high-dimensional sparse estimation
settings [Z2Z14,vdGBRD14, JM14,RSZZ15,NL17, CG17, CLR16, MLL17,SCC19, JvdG18, MM18]|. Both the
inferential approaches and the analysis techniques therein, however, are drastically different from the ones
employed to perform inference for either tensor completion or matrix completion.

5 Analysis

This section outlines the proof for our main theorems.
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5.1 A set of more general theorems

We begin by presenting a set of more general theorems that allow both r and © to grow with the dimension d.
As can be straightforwardly verified, the theorems stated below subsume as special cases the main theorems
presented in Section 3.

Theorem 8 (Distributional guarantees for tensor factor estimates (Gaussian noise, general (r, 1))). Suppose
that the E; ;1 ’s are Gaussian, and that Assumptions 1-3 hold. Assume that k < 1, and that ty = cologd,

4,475 1/6
uer IOg d C2 Omax C3\/f7 d

> _ — < < d < _— 2
Peam—pn 0 qio = xS shgalgg 0 TS ( 16 10g d (32)

hold for some sufficiently large (resp. small) constant cg,c1,co > 0 (resp. ¢z, cq > 0). Then with probability
at least 1 — o(1), one has the following decomposition:

UIl-U*=Z+W,

where II is defined in (16), |W|, o = o()\fﬁ‘;‘:[), and for any 1 <k <d, Zy. ~ N(0,X}) with covariance
, e /P
matriz X7, defined in (20).

Remark 2. Theorem 8 subsumes Theorem 1 as a special case.

Theorem 9 (Distributional guarantees for tensor factor estimates (general noise, general (r,u))). Suppose
that Assumptions 1 and 3 hold, and that {E; i} are not necessarily Gaussian but satisfy Assumption 2.
Then under the condition (32), the decomposition in Theorem 8 continues to hold, except that Z is not
necessarily Gaussian but instead obeys

P{Z).€ A} —P{gr € A} =0(1), 1<k<d
for any convex set A C R". Here, g ~ N (0,X%) with covariance matriz X} defined in (20).

Remark 3. Theorem 9 subsumes Theorem 2 as a special case.

Theorem 10 (Distributional guarantees for tensor entry estimates (general (r, u))). Instate the assumptions
of Theorem 9. Consider any 1 < i < j <k < d obeying

~ ~ ~ Omax | 153 log® d
1+ 0Bl + 1Tl > e [ B )

for some large constant c5 > 0, with U* defined in (17). Then the estimate T defined in (15) obeys

sup P{Ti,j,k < Tfjk + T4 /U;-‘j k} - ‘I’(T)‘ =o(1),
TER e

where ®(-) is the CDF of a standard Gaussian random variable. Here, the variance parameters {vl*]k} are
defined in (23).

Remark 4. Theorem 10 subsumes Theorem 3 as a special case.

Theorem 11 (Validity of confidence intervals (general (r, it)). Instate the assumptions of Theorem 9. There
exists a permutation w(-) : [d] — [d] such that for any 0 < o < 1, the confidence interval constructed in (28)
obeys

P{“;(z),keal_a}:1_a+0<1)’ vistsrlsksd

UL,k

In addition, for any 1 < i,5,k < d obeying (33) and any 0 < « < 1, the confidence interval constructed in
(29) obeys

i {T;fj’k € CllT:_fk} —1-a+o(l).
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Remark 5. Theorem 11 subsumes Theorem 4 as a special case.

Theorem 12 (Entrywise lower bounds (general (7, 1)). Consider any unbiased estimator w; for wy (1 <1<

r) and any unbiased estimator T for T*. Suppose that {E; jx} are i.i.d. Gaussians and that Assumptions
1-8 hold. Assume that k < 1 and that

2rlog?d d
>t r<q osd

hold for some sufficiently large (resp. small) constant cg > 0 (resp. ¢z > 0). Then the following holds with
probability at least 1 — O(d=10):

Var[t ] > (1-0(1)) (%), 1<k<d;
Var[Tpji] = (1 —o(M)vf;y,  1<ijk<d.
Remark 6. Theorem 12 subsumes Theorem 5 as a special case.

Theorem 13 (Optimality w.r.t. ¢5 estimation accuracy (general (r,u)). Instate the assumptions of Theo-
rem 9. With probability exceeding 1 — o(1), the estimates returned by Algorithm 1 obey

2
fosny — wi [ = B2 <y <
pluill,
||T . T*Hi‘ _ (6+0(1))O—r2naxd{r
p

for some permutation 7(-) : [d] — [d].
Remark 7. Theorem 13 subsumes Theorem 6 as a special case.

Theorem 14 (Lower bound w.r.t {» estimation accuracy (general (r, u))). Instate the assumptions of The-
orem 12. The following holds with probability at least 1 — O(d~'°): any unbiased estimator 4, (resp. T) for
uj (resp. T*) necessarily obeys

2—0(1) 0. d

_ 2
4min : E |:Hf_T*H12::| 2 (6 0(1))0 d?”.
*
p [l

min
p

E [J|a - uilly] =

Remark 8. Theorem 14 subsumes Theorem 7 as a special case.

The rest of this section is dedicated to establishing Theorems 8-11. The proof of Theorems 12 and 14
(resp. Theorem 13) is deferred to Appendix G (resp. Appendix F). Before continuing, we introduce several
notation for simplicity of presentation. First, we rescale the loss function as follows

o0 = o 0) = i [Pa (e )

throughout the rest of the paper. By defining U = [U?Q]lglg € RT*T a5 before, we can express the
gradient of g(U) as follows

Vy(U) = [p‘l%(iuz@‘% ~T* —E) 3 up %o 1<i<d
i=1 -

— unfold (p*1739 ( Z u® - T E))ﬁ (35)
=1

where we recall the tensor vector products x; and x5 are both defined in Section 1.5, and unfold (-) denotes
the mode-3 matricization of a three-order tensor. Here and throughout, for any matrix A = [a4,...,a,] €
R we denote

A = [a1®a1,...,ar®ar]€Rd2w, (36)
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alb
where for any a,b € R?, we let a ® b := ; € R%,
adb
In addition, we define an event & on which several important properties (59)-(63) (which we defer to

Appendix B to streamline presentation) hold. In what follows, we shall primarily work with this event &,
which happens with probability exceeding 1 — o (1) as guaranteed by Lemmas 11-14 in Appendix B.

5.2 Proof outline for the distributional theory

We now outline the proof strategy for our distributional theory, namely, Theorems 8-10.

5.2.1 Distributional theory for tensor factors

Recall the definition U := [u®?,.-- u®?] € R¥*" We start by making note of the following crucial
decomposition of UTI:

UTI = unfold (p~" P, (E)) UTL((UTD) O~ + U*O* T OTL((UT) UTI)

+unfold (T — p~'Pq) (T — T*)) UTI((UT) TUTL) " + Ve(U)(U'U) ', (37)

where II is defined in (16), Z stands for the identity operator, and Vg(U) is given in (35). As a result, we
arrive at the following key decomposition

UIL - U* = unfold (p™ P (E)U*(U*T0*) ' + Y Wi, (38)
=X

1<i<4

where the W;’s are given by

W, = U0 Ton(Oon) o) - 1,); (39a)
W, := unfold(p~ ' Po(E)) (UTI(UTN)TOT) ! — UX@*TU*)Y); (39b)
Wj := unfold (( — p~'Po) (T — T*) ) UTI((UTL) UTI) " ; (39¢)
W, = Vg(U)(UTU) 'L (39d)

In what follows, we shall demonstrate through a set of auxiliary lemmas that UII — U™* is approximately
characterized by the term X defined in (38). More specifically,

e Lemma 1 reveals that, under Gaussian noise, each row of X is approximately a Gaussian random vector.
e Lemma 2 extends the above (approximate) normality result to the case with non-Gaussian noise.

e Lemmas 3-6 deliver upper bounds on the {3 o, norms of the remaining quantities Wy, Wy, W3 and Wy,
respectively (in particular, they are provably negligible compared to the typical size of each row of X).

Theorems 8-9 then follow immediately by combining Lemmas 1-6.

Lemma 1. Instate the assumptions of Theorem 8. Conditional on the event £ where (59)-(63) hold, with
probability at least 1 — O (d’w) we can decompose X = Z + Wy such that (i) for any 1 < k <d, Zj. ~
N(0,X%) with covariance matriz X} defined in (20), and (ii)

2
Omax prlog”d urlogd
Woll2.00 < \/ . 40
|| 0“27 ~ )\*2/3 p{ d\/ﬁ + d ( )

min

Proof. See Appendix C.1. O
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Lemma 2. Instate the assumptions of Theorem 9. Conditional on the event & where (59)-(63) hold, with
probability at least 1 — O (d_lo), the decomposition X = Z + Wy in Lemma 1 and (40) continues to hold,
except that Z is not necessarily Gaussian but instead obeys

’P{Zk S .A} P{gk S A}’

d3/2
for any conver set A C R, Here, gy ~ N (0, %) with covariance matriz 7, defined in (20).
Proof. See Appendix C.2. O

Lemma 3. Instate the assumptions of Theorem 9. Conditional on the event & where (59)-(63) hold, the
matric Wy defined in (39a) obeys

Omax 212 log™/? d log d u2r? logd Umax ur?’dlog d
||W1||2 S ~ %x2/3 d3/2
A \/f) p mm

min

with probability at least 1 — O(d~1Y).
Proof. See Appendix C.3. O

Lemma 4. Instate the assumptions of Theorem 9. Conditional on the event € where (59)-(63) hold, the
matric Wy defined in (39b) obeys

Omax Omax |pr2dlogd
Wally o, § 222
mln \/> min p

with probability at least 1 — O(d~10).
Proof. See Appendix C.4. O

Lemma 5. Instate the assumptions of Theorem 9. Conditional on the event £ where (59)-(63) hold, the
matric Wy defined in (39¢) obeys

Omax p3r2log? d

2,00 S
2, )\*2/3\/5 d2p

min

W3

with probability at least 1 — O(d~1Y).
Proof. See Appendix C.5. O

Lemma 6. Instate the assumptions of Theorem 9. Conditional on the event € where (59)-(63) hold, the
matric Wy defined in (39d) obeys

o 1
IWall,, %*
oo~ x2/3
mln \/7 f
with probability at least 1 — O(d~10).
Proof. See Appendix C.6. O

Before we move on to the distributions of the tensor entries, we make note of the following observation
that will play a useful role later. Define

W = Wy+ W, + Wy + W3 + Wy. (42)

Taking Lemmas 1-6 collectively, we obtain

w

g, (o2
< C max — 0 max , (43)
N2 /B (Aﬁfv@)

where € is defined in (41). The last relation holds true due to our assumptions (32) on the sample size, the
noise level, and the rank.
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5.2.2 Distributional theory for tensor entries

As it turns out, the theoretical guarantees for the tensor factors enable us to characterize the distribution
of tensor entries. Towards this, let us first define

A=UN-U", A:=[AP] __ eR"*

<

and recall the decomposition in (38), (39), Lemma 1, and (42), i.e. A = Z + W. With these in mind, we
can expand

(U Uy,
+ (A UG )+ (A UG ) )

I I

+ <U7:’ &(J»k)7> + <U]*77 &(ivk)):> + <UI:757 A(i’k)’:> + <Ai’:’ &(Jk)7>

=(Zi, Ul 4y ) + (2. Ul gy ) + (20 U jy ) +Ri ik (44)

=:Yijk

for any 1 <4, j,k < d, with the residual term R; ;j given by

Ri,j,k = <Wi,:7 ﬁ(*j)k;) > + <Wj,:7 ﬁék)7> + <Wk,:7 ﬁ(t,y) >

I I

(U A+ (Us Bg.) + (U Bigya) + (Bis Bga..)- (45)

Armed with the distributional characterization for Z (cf. Lemma 2), we can show that Y; ; x is approxi-
mately Gaussian, as formalized by the lemma below.

Lemma 7. Instate the assumptions of Theorem 9. On the event £ where (59)-(63) hold, one can decompose
Yijr=Gijr+ Hijr for each 1 <1i,5,k < d such that

sup [P{ Gie < 7,/07, 4} — o(r)| 5 m/r (46)

TER ~ d\/137
where ®(+) is the CDF of a standard Gaussian random variable; further, with probability at least 1—O (d_lo)
one has , /
. 3/2
|Hz,*j,k\ < py/rlog*d N \/M_,_ ur \/logd. )
Vi T dvb d d

Proof. The key step boils down to proving that Z;., Z;. and Zj, . are nearly statistically independent (as
alluded to previously). See Appendix D.1. O

In addition, given the /3 o bounds of the residual term W (cf. (43)) and the estimation error A (cf. (59b)),
we can demonstrate that R; ;, (cf. (45)) is negligible in magnitude, as stated in the following lemma.

Lemma 8. Instate the assumptions of Theorem 9. Conditional on the event € where (59)-(63) hold, one

has
|Ri7'l7 | Omax MS/QT logd ~ ~ . 1
s s o T (10 o + 10l + 1550.1) ()
5,75 min

for any 1 <1, j, k < d with probability at least 1 — O (d*m), where ¢ is defined in (41).
Proof. See Appendix D.2. O
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Proof of Theorem 10. With Lemmas 7 and 8 in place, one can readily prove Theorem 10. Applying the
union bound yields that: for any 7 € R and any &1,e5 > 0,

]P’{Ti,j,k =T7 5 < Ty /U;M} < P{Gi,j,k < (T+e1+e2)y /v;j,k}
+ ]P){|Hi’j,k| > €14 /v;:j,k} +P{|Ri,j’k‘ > €94 /v;Lk,}
<P(r+e14e2)+o(l)+ P{’HLJ’J@! > €714 /v;j,k} +P{|Ri’j,k| > €94 /”;j,k}v

where the last line results from (46) and the sample size condition that p > p?rd—3/2. By setting

/T log? d prlogd — pr3/2\/logd
g1 X + + )
dp V4 d

amxu3/2rlogd ~ ~ ~ -1
com ¢+ T OO (g7 b T+ T )

min

one sees from (47) and (48) that

P{|Hijx| > e1y/vf;,} Sd7° and P{|Ri k| > eay/v};,} Sd71°

In particular, in view of the assumptions (32) and (33), one has max{ej,e2} = 0(1). Consequently, we can
obtain

P{Tos = Ty S 7 f0050 ) = O() S 7 +e1+22) = B(7) + 0(1)
<eirtezto(l)=o(1)

for any 7 € R, where the last step arises from the property of the CDF of a standard Gaussian. The lower
bound on P{Ti,j,k =Ty < T /vi*’jﬁk} — ®(7) can be obtained analogously. These taken together lead to the

advertised claim
sup [P{T; s = T < 7 f07 0} — @(7)‘ =o(1).
TER e

5.3 Proof outline for the validity of confidence intervals

With the above distributional guarantees in place, the validity of our confidence intervals can be established
as long as the proposed variance / covariance estimates are sufficiently accurate. Before proceeding, we make
note of the following crucial observation:

A |Eijk — Bijk| = A |T2%% = Tijk — Biji| < |IT =T o

Omax | #3712 logd
S Anas 49
)\;ﬂn d2p ( )

where E”k is defined in (24). Here, we have used the relation (59¢) provided in Appendix B. As we shall
see momentarily, this simple fact plays a crucial role in ensuring that our procedure returns faithful variance
estimates.

5.3.1 Confidence intervals for tensor factors

We start with the tensor factors. For each 1 <[ <7 and 1 < k < d, we can decompose
U,k —Uzk Ul k —uf),g Ul k —uzk Ui,k —uzk

VEDL  VEDu i VEOL  VEDL

=Jik

(50)

As it turns out, the approximation error term J; j is quite small, as formalized in Lemma 9 below. The proof
is postponed to Appendix E.1.
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Lemma 9. Instate the assumptions of Theorem 11. Conditional on the event & where (59)-(63) hold, one

has
et log®d | o [tridlog” d
ikl S ’”dfg Tma [ 1rdlog Vi<l<ml<k<d (51)

with probability at least 1 —

Proof of Theorem 11 (the part w.r.t. ufk) Fix arbitrary 1 <1 < r and 1 < k < d. By virtue of
Theorem 9 and the continuous mapping theorem, we know that

sup P{ul,k —up < (zz)u} - @(T)] =o(1). (52)

Given the decomposition in (50), one can use the union bound to find that for any 7 € R and any ¢ > 0,

P{ul,k—uzk <T (Ek)hl} —<I)(T) <P{ulk—ulk (T+¢) (Ez)l,l}'i‘PﬂJl,kl >E}—‘I)(T)

—
=

<O(t4+¢e)—@(r)+o(1)+P{|Ji k| > ¢}
(ii)
< €+O(1)+P{‘Jl7k| >€},

where (i) follows from (52), and (ii) arises from the property of the CDF of A/(0,1). Set

pir3log® d amax r2dlog d
a2p

where the last identity is valid as long as p > p*r3d=2log*d and e /A, < \/p/(13r2dlog® d). By

Lemma 9, we have P {|J; x| > e} < d719 Applying a similar argument for the lower bound, one arrives at

sup P{uz,k —ulp ST (Ek)z,z} - @(T)’ <et+o)+P{|Jix| >c}=0(1)
TE

as claimed.

5.3.2 Confidence intervals for tensor entries

Next, we turn to the constructed confidence intervals for tensor entries. As before, let us decompose

. _ * . _ * . _ * . _ *
Tw,k Tz‘,j,k o Tw,k Ti,j,k n Tm,k Ti,j,k _ Tm,k Ti,j,k (53)
— - * — *
V/ Vi,j.k Yidk v/ Vi,j,k VvV Vi gk

= Kijk

for each 1 < 4,7,k < d. The following lemma reveals that the residual term Kj ; j is considerably small; the
proof is deferred to Appendix 10.

Lemma 10. Instate the assumptions and notation of Theorem 11. Conditional on the event & where (59)-
(63) hold, one has

p5r3log? d
dp

LL47'3 10g3 d L 0max
Kiinl SA =2, — <||U G alla T 10G k.o + 0G4l ) NDE

min

: l<ijk<d

with probability at least 1 — O (d_lo).
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Proof of Theorem 11 (the part w.r.t. TZ*J,C) Fix arbitrary 1 < ¢ < 5 < k < d. Recalling the
decomposition in (53), we can apply the union bound to show that: for any 7 € R and any & > 0,

P{Tiﬂ',k — ﬂka S T\/Ui,j,k} — (b(T) S P{Ti,j,k — T;:j,k S (7' +6)1/U;,j,k} +P{|Ki,j,k| > 8} — (I)(T)
(i)
<P(t+e)—P(r)+0(1) + P{|Ki’j’k;| > E}
(i)
<e+o(l)+P{|K; il >e},

where (i) follows from Theorem 10, and (ii) arises from the property of the CDF of a standard Gaussian.

Set
,LL47"3 10g3d rrx r 7 ~! Omax NSTB 10g2d
&= \/7+ (1Tl + 10 a0, + 1T 11) Nk \/7 =o(),

where the last equality holds due to our conditions p > ptr3d =2 log® d and (33). Then Lemma 10 guarantees
that P{|K; ;x| > e} < d™1°, allowing us to reach

P{Tijn—T7 50 < TUigr) —@(1) <e+o(1) +P{|Ki k| >} =0(1).

The lower bound can be obtained analogously. The proof is thus complete.

6 Discussions

This paper has explored the problem of uncertainty quantification for nonconvex tensor completion. The
main contributions lie in establishing (nearly) precise distributional guarantees for the nonconvex estimates
down to an entrywise level. Our distributional representation enables data-driven construction of confidence
intervals for both the unknown tensor and its underlying tensor factors. Our inferential procedure and the
accompanying theory are model-agnostic, which do not require prior knowledge about the noise distributions
and are automatically adaptive to location-varying noise levels. Our results uncover the unreasonable effec-
tiveness of nonconvex optimization, which is statistically optimal for both estimation and confidence interval
construction.

The findings of the current paper further suggest numerous possible extensions that are worth pursuing.
To begin with, our current results are only optimal when both the rank r and the condition number xare
constants independent of the ambient dimension d. Can we further refine the analysis to enable optimal
inference for more general settings? In addition, our theory falls short of providing valid confidence intervals
for tensor entries with very small “strength”. This calls for further investigation in order to complete the
picture. It would also be interesting to go beyond uniform random sampling by considering the type of
sampling patterns with a heterogeneous missingness mechanism.
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A More details about Algorithm 1

A.1 The initialization scheme

For self-completeness, we record in this section the detailed initialization procedure employed in the two-
stage nonconvex algorithm proposed in [CLPC19] (namely, Algorithm 1). This is summarized in Algorithm 2,

22



with auxiliary procedures detailed in Algorithm 3. As a high-level interpretation, Algorithm 2 estimates the
subspace spanned by the tensor factor {u}}i<;<, via a spectral method (similar to PCA-type methods
[MS18,ZCW18, CLC*20]), whereas Algorithm 3 attempts to retrieve estimates for individual tensor factors

from this subspace estimate Uspace. Here and throughout, we denote Tobs .= [ﬂfgfk]lgi,j,kgd, where we set
T;th = 0 for any (i,7,k) ¢ Q.

Algorithm 2 Spectral initialization for nonconvex tensor completion

1: Let UspaceAUsgace be the rank-r eigen-decomposition of

B = Puiraing(AAT), (54)

where A = unfold(p*1T°bs) is the mode-1 matricization of p~'T°" and Posi-diag(Z) extracts out the
off-diagonal entries of Z.
2: Output: an initial estimate U® € R%*" on the basis of Uspace € R%*" using Algorithm 3.

Algorithm 3 Retrieval of low-rank tensor factors from a given subspace estimate.

1: Input: number of restarts L, pruning threshold e, subspace estimate Uspace € R?X" given by Algo-
rithm 2.

2: forr=1,...,L do

3: Generate an independent Gaussian vector g7 ~ N (0, I).

4: (v, A+, spec-gap, ) <~ RETRIEVE-ONE-TENSOR-FACTOR(T°*, p, Ugpace, g7).

5: end for

6: Generate tensor factor estimates {(fwl7 A1)y (w7, )\T)} — PRUNE({ (IIT, Ars spec—gapT) }le, €th)-
7. Output: initial estimate U° = [A}/gwl, ceey )\}n/gwq.

1: function RETRIEVE-ONE-TENSOR-FACTOR(T, p, Uspace, 9)
2: Compute

0= UspaceUsIaceQ = PUspace (9)7 (553‘)
M =p1T°% x50, (55b)

where X3 is defined in Section 1.5.
3: Let v be the leading singular vector of M obeying (T°° v®3) > 0, and set \ = (p~1T°b, v®3).
return (v, A, 01(M) — 03(M)).
5: end function

—_

function PRUNE({ (v", \;,spec-gap, ) }le, €th)
Set © = {(v7, A+, spec-gap,) }le.
fori=1,...,r do
Choose (V7, \;, spec-gap, ) from © with the largest spec-gap.; set w’ = v™ and \; = \,.
Update © <~ ©\ {(v™, \;,spec-gap,) € O : [(17,w')| > 1 — € }.
end for
return {(w', \1),..., (w", \)}.
end function
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A.2 Choices of algorithmic parameters

To guarantee fast convergence of Algorithm 1, there are a couple of algorithmic parameters — namely, the
number of restart attempts L, the pruning threshold ey, in Algorithm 3, as well as the learning rates 7, —
that need to be properly chosen. Unless otherwise noted, this paper adopts the following choices suggested
by [CLPC19]:

A48 logd | owin [rd] d 1 d
L= 047“2” logg/2 d, m= C5 *Ig‘/% and € = cg (MT 08 g ra’os Hr og
p)\ mm

max

where ¢4 > 0 is some sufficiently large constant, and c5,cs > 0 are some sufficiently small constants. The
interested reader is referred to [CLPC19] for justification.

B Preliminary facts

In this section, we gather a few preliminary facts that prove useful throughout the analysis.

B.1 Leave-one-out sequences

To facilitate the analysis and decouple statistical dependency, we introduce the following set of auxiliary
tensors and loss functions for all 1 < m < d:

Tobs7(m) = Pﬂ_m (TObS) -l—pP (T*)

0 = (S xS
=1

F

)

where Pq_, (resp. Py,) is the Euclidean projection onto the subspace of tensors supported on {(i,j, k) €
Q:i#mandj#mand k # m} (vesp. {(i,7,k) € [d]*: i = m or j = m or k = m}). We shall denote by
U(™) the leave-one-out estimate returned by Algorithm 4.

While the algorithms look somewhat complex, the idea is very simple. In words, the new estimate
U™ is obtained by dropping all randomness from the m-th slice (namely, those data from the index set
{(i,j,k) € [d)?>: i = mor j = mor k =m}). This means that U™ is statistically independent from the
data coming from the m-th slice. These leave-one-out sequences enjoy several useful properties that have
been established in [CLPC19], which we shall present in the next subsection.

Algorithm 4 The m-th leave-one-out estimate

Initialize U%(™) = [u)™ .. 4™ via Algorithm 5.
Gradient updates: for t =0,1,...,tp — 1 do

Utthm) — yt(m) _ ntVf(m)(Ut’(m)). (57)

Output U(m) — [ugm)’ . (m)] Uto

Algorithm 5 The m-th leave-one-out sequence for spectral initialization

1: Let UspaceA(m) Us(;;c)e be the rank-r eigen-decomposition of
B = Pt giag (A AT, (58)

where A(™) = unfold(p_1T°bs’(m)) is the mode-1 matricization of p~1T°b%("™)  and Posr-diag(Z) extracts
out the off-diagonal entries of Z.
2: Output: an estimate U%(m) ¢ RAX" on the basis of Us(;:c)e € R¥*7 ysing Algorithm 6.
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Algorithm 6 The m-th leave-one-out sequence for retrieving individual tensor components

1: Input: number of restarts L, pruning threshold e,, subspace estimate Us(,;;lc)e € R¥*" given by Algo-
rithm 5.
forr=1,...,L do
Recall the Gaussian vector g7 ~ N (0, I;) generated in Algorithm 3.
(vm(m), AU spec-ga pi’”)) + RETRIEVE-ONE-TENSOR-FACTOR(T (™), p, U\, g7).
end for
Generate tensor factor estimates

A - 4

{(wl’(m), A§’">), oy (wm (™) AW)} < PrUNE({ (b™(™), Alm) spec-gap(m)) }le, €th)-

T

7. Output: an estimate U%(") = [()\gm))l/?’wl’(m), ceey ()\sam))l/Sw’"v(m)].

B.2 Properties of the nonconvex estimates

We now collect several important properties of our tensor estimates as well as the associated leave-one-out
estimates, most of which have been established in [CLPC19]. To begin with, Lemma 11 quantifies the
estimation error of U and T'.

Lemma 11. Instate the assumptions and notations of Theorem 9. With probability at least 1 — o (1),

Omax leogd )\*1/3, (59&)

)\* max ?

min p

* Omax pur log d *x1/3.
U =T, S 555 | = A (59D)
Omax /'L3T2 IOg d *
\ / Al 59
)‘:nin d2p max ( C)

The next lemma demonstrates that the leave-one-out sequences {U (m) } L <m<q constructed in Algorithm 4

| —U*

A

I

1T -7

N

are sufficiently close to the true estimate U. As a result, U™ (resp. T(™)) also serves as a faithful estimate
of the ground truth U* (resp. T*), where

T = 3 (uf™)* (60)

The results are summarized as follows.

Lemma 12. Instate the assumptions and notation of Theorem 9. With probability at least 1 — o (1), for all

1 <m <d one has
U~ U, 5 Goe [H08E s (61a)
>\min p
o G FEE (61b)
(m) N Omax | prlogd “1/3
HU n-uv ||2700 /S A*. T/\max; (61C)

u3r2log d N
d2p max*

m * Umax
| 7| < T

min

(61d)

In addition, Lemma 13 collects several simple properties about the true tensor factors and their corre-
sponding estimates. The proof can be found in Appendix H.1.
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Lemma 13. Instate the assumptions and notation of Theorem 9. With probability at least 1 — o (1), there
is a permutation 7(-) : [d] — [d] such that

* * T
10l < VA 100 < 3/ 5 Nl (62a)

o1 (U*) = Nl (1+0(1)), or(U") = Aoin (1 +0(1));5 (62b)
[wniy —uill, = o (1) uflly [wriy —ui]| = o (D) [Jufll, 1<i<m (62c)
e’ S llwilly S N \[ i’ S [ AM\f Nkl 1<i<n (620)
max |[rdlogd
max  |(u;, u;)| S { +Z raos } A2/3, (62e)
1<i£j<r Al in
ol(U) = X3 (14 0(1) U)=X\, (1+0(1)). (62f)

In addition, these results hold unchanged if we replace w; with ugm) forall1 <m <d.

Finally, Lemma 14 summarizes several useful bounds regarding U* := [ur®?) <1<, € RT*" and U =
[ul®2]1§lg € R*". The proof is deferred to Appendix H.2.

Lemma 14. Instate the assumptions and notation of Theorem 9. With probability at least 1 — o(1),

0], < Y702 1T, < v 223, (63a)
01(U*) = Mild (1 +0(1)), o, (U) = A’ (1 +0(1)); (63b)
o1(0) = N (1 +0(1), 0, (0) = A’ (1 +0(1)); (63¢)

T — ]|, < T [TH08 yuas, (63d)
AIIlll’l p
(O - T, < T [1E7108 Dy (63¢)
2 e N A;kl']ln dp max

for all

In addition, the above results continue to hold if U is replaced by Um = [ m) & u(m)}
1<m<d.

1<i<r

B.3 A Berry-Esseen-type theorem

The distributional guarantees are built upon the Berry-Esseen-type inequality [Ben05, Theorem 1.1], which
will be used multiple times in the analysis.

Theorem 15. Let {x;},,., be a sequence of independent zero-mean random vectors in R?. Denote by ¥
the covariance matriz of Yy ;<, ®i, and let z ~ N(0, %) be a Gaussian vector in R?. Then one has

sup ]P’{ 3 zie A} _P{ze A ‘ < dtp, (64)

AeC 1<i<n

where C is the set of all convex subsets of R?, and p is defined as follows

> E[[57 ;). (65)

1<i<n
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C Proof of auxiliary lemmas: distributional theory for tensor fac-
tors

Given a symmetric random tensor, we can always partition it into six sub-tensors such that the entries

within each sub-tensor are independent. Therefore, whenever orderwise bounds are sufficient, we shall treat

{Ei jk}1<ijk<a and {Xi jx}1<ijk<a (see the definition in (9)) as independent random variables in order to
simplify presentation.

C.1 Proof of Lemma 1

Fix an arbitrary m € [d|. Let us define a sequence of random vectors {2; ;1 }1<i jk<d in R" as follows:
Zigk =D EijxxigkUf ) (OO 1<i,j,k<d, (66)

where we recall the notation (¢,5) := (¢ — 1)d + j defined in Section 1.5. Then we can express

= Z Ziim + 2 Z Zijm

1<i<d 1<i<j<d

as a sum of independent zero-mean random vectors in R”. Let us further define a matrix Z € R4*" whose
k-th row is given by

= \/5 Z Ziik +2 Z Zi.j.ks (67)

1<i<d 1<i<j<d

and let Wy := X — Z. Straightforward calculation gives

1 ~ — ~ ~ N o~
E[(Xm,) Xm:| = -(U*TU*)'U*" (2D}, — C;)U*(U*TU*) !
p
92 ~ N o~
E[(Zm7:)TZm7:} — *(U*TU*)_IU*TD;LU*(U*TU*)_l _ E:n’
p
where we recall that D}, (resp. X7,) is defined in (18) (resp. (20)), and C};, is a diagonal matrix in R xd”

m
with entries
o2, if i=j,

(Con)i i) = {o,w’m if .

In what follows, we will prove (i) X,, . and Z,, . are sufficiently close, i.e. the £ o, norm of Wy is considerably
small; (ii) Z,,. is a Gaussian vector with mean zero and covariance matrix X% with high probability.
We begin with the first claim. Observe that

(Wo)m, = (V2 —1) Z p_lEi,i,mXi,i,mﬁ(:"i),;(ﬁ*Tﬁ*)_l
1<i<d

is a sum of independent zero-mean random vectors in R". By (63a) and (63b), it is straightforward to
compute

* rrx T s\ —1 < Omax || 77 rrTrr\—1| < Omax ,U,\[)\;:?a{f
By i= max (o™ Evimxiim U, (0770, S o U o IO UDTH S =05 =
min
1 2 r rrxTrrxy—1]|2 Jrzrlax rx 21T 1r*y—1][2 Jrznax MTA;’fa/f
V1= Z TE[Ei,i,mXi,i=m]||U(m'),:(U U, s = Z HU(ivi)v:H2||(U U= NSy
1<i<d P 1<i<d p A nin
where || - ||y, denotes the sub-exponential norm, and we use the following bound in the second line:
1Tlla= 30 30 uit < max lluf 12 1075 < 77 An
Z )i d
1<i<d 1<i<d 1<I<r
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We then invoke the matrix Bernstein inequality [Kol11, Corollary 2.1] to find that with probability exceeding
1—0(d™1),

1% log® d urlogd
mll, < Bjlog?d V logd < _Jmax pyr \/7 63
H( 0) ’.HQN 1 10g +m~ )\*2/3 p{ d\/ﬁ + y , ( )

min

where we have used the assumption x =< 1.
We move on to consider the distribution of Z,,.. Conditional on {Xi,j,m}lgi,jgda the vector Z,, . is
zero-mean Gaussian with covariance matrix

_ 2 2 P T T\ =1 (T7 T77 P T Fe —1
Shim g 2 ThunXean (@O OG0 0l (OTT)
1<i,j<d
which satisfies
E[S}] =25,
Lemma 15 below demonstrates that S}, and X7, are, with high probability, sufficiently close in the spectral
norm; the proof is deferred to the end of the section.

Lemma 15. Instate the assumptions of Lemma 1. With probability exceeding 1 — O (d_lo),

12173@”5*” —Enl s )\*4/3p d2p =0 /\*4-/3]9 : (69)

In what follows, we shall work on the high-probability event where (69) holds. From the definition of the
covariance matrix 37 , it is easily seen that

202, o~ -~ 202 o~
E:nt O—mln(U*TU*)fl and Efnj JmaX(U*TU*)fl'
p p

Additionally, it follows from (63b) that

* Ur2nin * O—rgnax
Amin () > TN and  Amax(Z3) < T (70)
max max

We then know from Weyl’s inequality and the conditions omax/0min < 1 and k< 1 that

2
* * * * O min
/\min(sm) = Amill(zm) - ||Sm - 2m” z )\*4/3 > 0. (71)

This implies that S}, is positive semidefinite and, therefore, S;{l/ % is well-defined. Asa result, Z,n,:SZfl/ 22:,%/ 2
is a zero-mean Gaussian vector with covariance matrix 37, .
With slight abuse of notation, we will treat Z,, . — Zm,:S,*n_l/QEf,}/Q + Wy as the residual term for the

Gaussian approximation. Hence, it remains to show that Zm,:SZfl/ 22:,%/ ? and Z,,,. are exceedingly close
in the 5 norm. To this end, we observe an upper bound

1Zm: = Zon S5 2S00y = 12 oS5 (S0 = B0 2) |y S 012l (1S5S0 = 2072

[

By the perturbation bounds for matrix square roots [Sch92, Lemma 2.1], one knows from (69), (70) and

(63b) that
1 Omax MZTlogd
5*1/2 _ 2*1/2 < S* Y| < ,
IS5 ol Amin (S ") + Anin (Sn/?) IS = 2l 2 A/

where we use the conditions omax/omin < 1 and & < 1. In addition, Z,, . is a sum of independent zero-mean
random vectors with bounds

-1 7 Frx T sy —1 <O'max oyl S T 77wy —1 <Grnax /14\/7?)\:;12&{)?
By ::12%);(1”10 Ei»jvaiajva(iJ),:(U U”) H¢1~ » HU H2,oo||(U U”) HN » ' AN

min
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*4/3

1 max ?ﬂax 7 Amax
Ve 3 BBIE ][ (007 5 T 0 07D g e TR
1<i,5<d min

which rely on (63a) and (63b). It then follows from the matrix Bernstein inequality that

OmaxA max /T 10g d OmaxV 1 logd
||Zm, ||2<B210g d—+ \/valogds “4/3 d Tlogd XT (72)
)‘mln p f Amin \/]3

with probability at least 1 — O (d_ll), as long as p > p?d =2 log® and k =< 1. Therefore, we arrive at

*4/3
HZm: s ;S*_1/2§]*1/2H < Omax VT logd . ma/xp Omax 1 Tlogd Omax M7 logd (73)
; »&m m 2 )\*2./3 . *2/3 d2 *2/5 d\/‘

Combining (68) and (73) and then taking a union bound over 1 < m < d, we reach the advertised bound on
the f5 o norm of the residual term Wj.

C.1.1 Proof of Lemma 15

Recalling the definitions of S}, and X}, we can express

S:;l - E:n = p U*TU* Z UZ] m p Xl’j m 1)(ﬁ(*i,j),:)—rﬁ(*i,j),:(ﬁ*Tﬁ*)_l

1<i,5<d

as a sum of independent zero-mean random matrices in R%*?. By (63), it is straightforward to bound

B = max ’
1<i,j<d

o0 i = DO, )|

O a2 o wlr
< U 0 & 7 T A

and

— i T i
- H Y 0Bl Xagm = V)OG5 ) UG5 (U5 UG )

1<i,j<d

12,00l

< U?nax“i—j—* 2 ﬁ*Tﬁ*H < max M 7“)\*4/3 )\*4/3
p p

d2 max max

Invoke the matrix Bernstein inequality to reveal: with probability at least 1 — O (d_u)7

| > 02 N = DTG0 Tt S Blogd+v/Viogd

1<i,j<d

473 urrlogd p2rlogd
N H]dX max d2p d2p

\ra/3, [P 2rlogd

max max d2p k)
where the last line holds as long as p > u?rd=2logd. Combined with (63b) and the condition x < 1, we
conclude that

4/3
||S:n _ E:n” S O-1r21r1ax>‘:(‘ﬂa/x /1’27n logdH U*TU* 1|| r2nax ﬂzr logd =0 ( U?nax ) ,
p

d2p *4/3 d2p )\*4/3

min min

where the last step arises from the assumption that p > u2rd=2log”d.
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C.2 Proof of Lemma 2

As before, let us use the notation Z and Wy := X — Z as defined in (67) in Lemma 1. Tt is easily seen that
(68) continues to hold in the non-Gaussian noise case (using the same proof). Therefore, it suffices to show
that Z,,. converges in distribution to a Gaussian random vector g,, ~ N(0,X% ) in R", towards which we
resort to the Berry—Esseen-type theorem in Appendix B.3. In order to do so, we need to upper bound the
quantity p defined in (65), which we proceed as follows

0 Y E[|p 7 By S0 ) (G0 7
1<i,j<d

1
- Z jEUE’L]7m|3Xl)]7 :IHU(’L] U*TU*> 12* 1/2H2

1<i,5<d
(i) Uf’nax ~ 3 ~ T 1113 . 3
N 2 ST @ To) =)
1<i,j<d
Ugnax rTx 7 e *—
S 2O, O @ TO) P2
(2) Umax M\/>A*2/3 A*4/3 1 A* axp3/2 (iii) wr 3/2
~ p2 max max )\éil]n o_?nin N df

Here, (i) follows from the property of sub-Gaussian random variables, (ii) arises from (63a), (63b) and (70),
whereas (iil) results from the assumptions omax/0min < 1 and & =< 1. Therefore, invoke the Berry-Esseen
theorem in Appendix B.3 to conclude that: for any convex set A C R%,

3/2

P{Z,,. € A} — P{g,, € A}| < =

/d3/2p’

where g,,, ~ N (0,X7)) is a Gaussian random vector in R”.

C.3 Proof of Lemma 3

Without loss of generality, assume that IT = I,. to simplify presentation. Fix an arbitrary m € [d]. One can
use (63a) and (63b) to upper bound

U, (OTO@TO) ~ L), = |U},.(U = U TOOT0) |, < U0 (O =T TO | GTO)

< <y Sl @ =T,

min

It then suffices to bound the spectral norm of (ﬁ — ﬁ*)—rﬁ. For notational convenience, we define

Agi=u; —ul, 1<s<r; (74a)
A:=U-U" (74b)

Let us decompose L _ o _ L o
U-U"'"U=U-U"U+U-U)"(U-U", (75)

and look at these two matrices separately.

1. We begin with the first term (U — U*)TU* in (75), whose entries are given by

((ﬁ- _ ﬁ*)Tﬁ*)_ o

oy = ()" = (o)™ =l o+ Avwg)” = ()’

=2 (uf, w) (Ag,ul) + (A ul) (76)
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for all 1 <i,j < r. Here, we have used the fact that (a®?,b%%) = (a, b)? for any a,b € R?. Therefore, one
can express

U -U"T0" =2U0""U") 0 (ATU") +(ATU") 0 (ATUY), (77)

where we recall that ® is the Hadamard (entrywise) product. In the sequel, we shall treat these two terms
individually.

e With regards to (ATU*) ® (ATU*), we can simply bound
[(aTU") 0 (ATUY| < [ATT) o (AT, £ AT Ao,

(ii
< max [[Ally max [lufll; [ Al U]

1<i<r
3 g OB oy afp e [TI8E s
Amm p )\mln p
(i") 2 . rdlogd
S /\;1223 P (78)
Here, (i) is due to [[A © Al = 32, ; A}, < max; ; A7, 35, - A7, < [|A[S[|AllF for any matrix A; (i)

arises from the inequality that ||AB|p < HA|| ||B||r for any matrlces A, B; (iii) uses (59); and (iv) arises
from the condition that x < 1.

e Bounding the term (U*TU*) ® (ATU™*) turns out to be more challenging. Towards this, we shall look
at its diagonal and off-diagonal parts separately. For the off-diagonal part, by the incoherence condition
(12¢), one can bound

(| Poft-diag (U*TU*) © (ATU))|| < ||Pofr-diag (U U*) © (ATU*))

[Potr-aiag (U*TT™)| . [|& U

e |(uf,wh)[ Al U7

<\l o TRy
>\m1n p
< O AL/ | urlogd
max p Y

where we also use (59) and x < 1. Turning to the diagonal part, one observes that

I

IN

I

IN

max

[Pang (U TU) © (ATU) | = max sl (A up)] < max (A up)] X2

As result, the key step lies in upper bounding max;<;<, [{A;,u})|, which will be accomplished in the
lemma below. The proof is deferred to the end of this section.

Lemma 16. Instate the assumptions of Lemma 3. With probability at least 1 — O (d’lo), one has

O’m'].X

mmax, K& udl S 237 f
mln

where we recall the definition of ¢ in (/1) and the definition of A; in (74a).

(79)

With the above results in place, we conclude that

|00 © (AT < [[Parane (U TU) & (ATU)| + [[Paag (U T @ (ATT) |
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< amm{s,/“’" DEC o [S N

=0 mdx)‘élld/j Tk
where we use the condition x =< 1, as well as the definition of ¢ in (41) (which indicates that ¢ >
\/%) in the last step.

e Combining the bounds above demonstrates that

(T -0"TO*|| < (U TU*) @ (ATU)|| +[[(ATU*) o (ATUY)||

<0'm'1 )\*1/3 é C Gmax leogd )\*1/3 d C

+ = xAmax
max p \/W :1121{13 p m'l ma. \/7

where we have used the fact that ¢ 2 Spexy/ ’”SdTIOgZd. In particular, we obtain the following upper

min

(80)

bound for the spectral norm of U-U*

|0 =0 = (@ = 0700 < [T |@ - )0 5 i’f‘”‘ﬁ 2l

where we use the conditions that p > p3r3d=3/21og® d, omax/Noi, < V/p/(r2d3/2) and r < d/(ulogd).

2. Turning to the second term (U — U*)T (U — U*) in (75), one can use (81) and x = 1 to upper bound

2
000 < (e ) o

3. Taking (78) and (80) together leads to

@~ 0770 < 2@ - 00| + (@ - 0T (@ - )|
2

ma»x)\*l/3 d C + Umax g)\*Q/g = max)\*l/3 glic
N max \/— mm p max max p\/ﬁ

where the last step arises from the definition of ¢ (cf. (41)) that ¢ 2 Swex “de. Therefore, one can use the
condition k =< 1 to establish that

P T (T L 1 Ty x1/3 1/3 é ¢ Imax
U (@O D) IT)HQgA;i{IB\/; N oI S

as claimed.

C.3.1 Proof of Lemma 16

Fix any 1 < i < r. Recall the decomposition in (38) and (39) as well as the assumption II = I,. (without
loss of generality). Left multiplying it by U* and right multiplying it by U TU we arrive at

U (U-UNU'U=-U"U"(U-U")"U"+B, (83)
where we use the following fact:

U*TU* (ﬁ*Tﬁ(ﬁTﬁ)fl _ Ir) _ U*TU* (ﬁ*Tﬁ(ﬁTﬁ)fl _ ﬁTﬁ(ﬁTﬁ)fl)
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_U*TU*(ﬁ- _ ﬁ*)Tﬁ-(i—jTﬁ-)—l
and B is given by
~U*TU*(U ~U*)" (U — U*) + U*"unfold (p~ ' Po(E)) U

=:B; =:B>
+U*Tunfold (Z — p~'Po) (T — T*)) U +U*"Vg(U). (84)
::Bg ::B4

One can compute the (i,i)-th entry of U*T (U — U*)U U on the left-hand side of (83) as follows

(UTWU-UNO'0),,=uw (U-UNUTU,;= > (u},A,) (us,u;)’,

1<s<r

where we recall that A, := u, — u?. In view of (76), the (i,)-th entry of U*TU*(U — U*)TU* on the
right-hand side of (83) is given by

(U*TU*([} _ ﬁ*)Tl—}*)i}i _ (U*TU*)L;((} _ ﬁ*)Tﬁ—:i
= Y (g ul) (2(ulul) (A ul) + (A uf)?),

1<s<r
Therefore, substituting these into (83) and rearranging terms lead to
4 * (14 *
(Mlaeilly + 2 fluflly ) (A uf)
== > (fugu)® + 2l ul)®) (Agul) = Y (uf,ul) (Aguf)? + B (85)

$:8F1 1<s<r

It then suffices to control the quantities on the right-hand side of (85).
For the first term of (85), apply the Cauchy-Schwartz inequality to yield

|3 () 2 ) (Do) | < mase { (e, wi)? + (ud )} i, 3 1A

S:8F£1 sis7 s#i
< mape { (g, i) + (o ud) 2}, V7T = U
(‘) rdlogd o rdlogd
max )\*4/3 A*l/d . Ymax )\*1/3
~ {d + )\:ann p } max max \/F )\;mn p max
(2) . u?r?logd N o2 ..rd logd.
dp p

Here, (i) is due to the incoherence condition (12b) as well as (59a) and (62¢), whereas (ii) arises from the
noise condition Omax/Mo;, <€ \/p/(r?dlogd). Turning to the second term of (85), the Cauchy-Schwartz
inequality tells us that

| G (A ) | < 5 (A )’ 4 ma G, ) 3 (145

1<s<r s:571
3 4 2
< [ Ailly feefllz (A i) + max fluffly [U — U

dlogd
0(1)HUIH3|<A1‘7UI>\+)\*4/3 O'maXT 0og *2/3

max )\*2 max ?
min

where we use (59a) and (62c). Substituting these into (85) and using (62d) and x < 1, we arrive at

* 2 21 d dl d
N3 (A w)] < Oma N | L2108 | Tmacrdlog

min max d
p

+ | Biil - (86)
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It remains to bound |B; ;|. Towards this end, we claim for the moment that

d
|Bi,i|50mdx)‘:nax - ¢ )
P /ur

where ( is defined in (41). If this were true, then one could use (86) and the condition k < 1 to obtain the
advertised bound

2 2
(A u)| < Unia); g ury/logd n Omax | T%dlog”d n ¢ _ Omax d ¢
A\ p d Ahin p VT [ XS\ p

m1n

(87)

3/2 3/2 -
where the last step holds due to the fact that ¢ 2 F——7""2% Viced | Spax Wdfiogzd.

The remainder of the proof is thus devoted to proving the clair?lm(87). Recalling the decomposition in
(84), we shall control (Bj;);,, 1 < j < 4 separately.

e For By, using (62b), (63d) and x =< 1, we can simply upper bound

(B, | < U0 (@ - 0@ -0 < |Ur|P|0 - T < U0 - O

2
(/\;12{3 O'EE;,; [rdlog d) < maxrdlogd (88)
>\min p p

e Regarding Bs, we can decompose
(B2);,; = (p7'Pa(E),uf @ u; ®u;)
= (p7'Pa(E), u;**) + (p”'"Po(E),u] ® A; @ u;) + (p ' Po(E), uf @ u} @ A;),

=m =172 =73

leaving us with three terms to control.

— For ~;, observe that v; = ZKM)Kdp‘lEMJXjklu;ju;ku;l is a sum of independent zero-mean
random variables. Applying the Bernstein inequality shows that with probability at least 1—O (d’2o),

log®d . logd . 3% log? d log d
|71| 5 Omax { ” ” » ” ||2} O-Ilflax)‘max { d3/2p +

p

logd
= O—maXAfnax & )

p

where we use the incoherence condition (12b), and the last step holds true as long as p > p3d =3 log;3 d

— Regarding 72 and 3, we know from [CLPC19, Lemma D.4] that with probability at least 1—O (d

_ N log®?d dlogd . 1og/ d dlogd
I 17’sz(E)X1uiH§0max{ [l | ) 5]l ¢ S OmaxAide

[dlogd
= Uma.x)\;}a/f %ga

where we use the incoherence condition (12b) and the assumption that p > ud =2 log* d. Consequently,
we can use (62d) and (59a) to obtain

el + sl < [P~ Pa(B) > i || (llwilly + [l ) 1Al

< AL/ dlogd AL/ Omax rdlogd/\:nl!j
p Auin || P
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— Combining the bounds above and using the condition s =< 1, we find that

log d 2 dlogd
[ (B2),. ] S a2 +"m“\/; ogd, (89)

e Turning to Bs, we can upper bound

|(Bs),i | = (T —p7'Pa) (T = T*) ,uf @ uf®)| < ||[(07"Pa =) (T —T)|| s} |l

Hence, it boils down to upper bounding the spectral norm of (p~*Pq — I) (T — T*). Towards this, we
decompose

T-T" = Y A0ud®+ul®A ou, +u}®’ oA,

1<s<r

Applying Lemma 21 in Appendix I, one obtains

|67 P =) (T =T < [ Pa (15%) = 15| 32 Al (el + e g Nl + sl
1<s<r
< 7 Pa (13%) = 157 7 max AL max fusl

where we use (62c) that ||A;]| < [|uf]|,. In addition, from [CLPC19, Lemma D.2|, we know that
HPQ (1®3) —p1®3H <log®d+ /dp log5/2 d

with probability at least 1 — O (d’zo). Consequently, we obtain

7 P = 2) (T~ 7)) S - (1og? d 4 p log?/2 ) S22 [ L1 0E s L

min

d | pd/2e3/2 log7/2 d pd/?rs/? log3 d
,-S Omax - + .
P d3/2p d\/ﬁ

Together with (62d), this enables us to conclude that

} (B3)z,7, ‘ ~ A:nax H(p_LPQ - I) (T - T*)H

< A* d M3/2T3/2 10g7/2d N M3/2r3/2 1Og3d (90)
~ OmaxA\max » d3/2p d\/ﬁ .

e It remains to look at By. As shown in [CLPC19|, the loss function g(U) is locally strong convex and
smooth with respect to the initial estimate U°. By the standard result of convex optimization, we know
that the Euclidean norm of the gradient undergoes contraction at each iteration, in the sense that

IVg @ H)lp < 2 Ve ()5

for some constant 0 < p < 1. By the construction of our estimate U := U and the assumptions
Omax /Aoy = d7 109 and ¢y < logd, one has
d1
”VQ(U)”F 5 O'max)\;ix/)?\/; d (91)
Consequently, we can upper bound
dl
‘(B4 ‘ = |U*Tvul (U )| < HUZ*HQ ”VQ(U)”F < Umax)‘r*nax\/;d~ (92)
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e Taking collectively (88), (89), (90) and (92) yields that

|B“| < | (Bl)q',,z‘ | + | (B2)i,11 | + ‘ (BS)M ‘ + | (B4)i,i |

< \* d | 32372 10g7/2 d n p3/ 2312 log® d n logd n Omax | 2dlog?d n 1
Omax max - 3
d3/?p dy/p d " ANuax p d

i;aﬂmx me\/ﬁw/

where we recall the definition of ¢ in (41).

C.4 Proof of Lemma 4

Without loss of generality, we assume that IT = I,. for simplicity of presentation. For any fixed m € [d], it
is straightforward to decompose

e, unfold (P (E)) (ﬁ(ﬁTﬁ)_l - ﬁ*(ﬁ*—rﬁ*)_l)
= e,,unfold (Po (E)) (U — U*)(UTU)™! +e,),unfold (Po (E)) U*(UU)™ — (U*TU*)™Y).
=:61 =: 2

In the sequel, we shall upper bound ; and (35 separately.

C.4.1 Controlling 3;
From the fact (63¢) that Amin (U TU) = N3 one has

min

||emunfold (Pq(E))(U -~ U*)(UU)™!, <He unfold (P (E))(U - T*)|,||[(TTO)7!

= *4/3 |e unfold (Pq(E ))(U—U*)||2. (93)

min

Hence, it suffices to control the 5 norm of the m-th row of

unfold (P (E)) (U — U*) = [PQ(E) X1 Us X2 Us — Po(E) X1 ul Xo u:} ,

1<s<r

which admits the following decomposition

[PQ(E) X1 Uy X3 us — Po(E) X1 u* x2u;} = [PQ(E) w1 ™ o u™ — Po(E) x, u* x2u;} »
<s<r 1<s<r

=M

+—{¢kﬂ1§)x],us XQTLS—-ikﬂlg)Xl uénﬂ X21Lgnq1< o

=172

Here, we recall the leave-one-out matrix U™ = [ugm)} € R¥" returned by Algorithm 4. In what

follow, we shall control v and -5 separately.

1<s<r

e Let us start with ;. For notational convenience, we denote A; = us — uj, Agm) = ugm) —ul,

Asi = (Ay), and Aif?) = (Agm))i for each 1 < s < rand 1 < i < d. With this notation in place, for

3
each 1 < s < r we can expand

(PQ(E) ( ™) s u —Pa(E)x1ul xzug)m
= ugm)T(Pﬂ (E )):’:,mugm) - U;T(PQ (E)).,.mus
=2 Agm)T(PQ (E))..mus + Agm)T(Pﬂ (E)):,:,erAgm)v

36



where R. . ,,, € R4%4 denotes the m-th mode-3 slice of a tensor R € R4%4%¢ a5 defined in Section 1.5.

We first look at A™ T (Pg (E)).. mu’. By construction, A is independent of the m-th mode-3 slice
of Pq (E). Consequently, A ém)T (Pa (E)). . us = > 1<ijca BijmXij, mA( "™y* - is a sum of indepen-

,m Ug J
dent zero-mean random variables (condltlonal on ngmZEﬁ Using the 1ncoherence assumption (12b),

straightforward calculation gives

Brim 1B s A, S [ < il 5 07

Viem >0 B[] (ML) 70 S ot 1ALl ]l; < ohaciiie AL
1<4,5<d

We then apply the Bernstein inequality to find that with probability at least 1 — O (d~2°),
AT (P (E)), ., ui| < Bilog®d+ /Vilogd
< Omax A3 {\/510de Al + v/plogd !|A§m>||2} : (94)
Applying a similar argument, we can also upper bound
AT (Po (E)).,. 0 A| S Gmax {log?d A2, + Vplogd A3}

<omif2 {50 a Al + Vorgaaim], b o9

where we utilize (62) in Lemma 13 that ||Agm)||Oo < /A NaLE and |}A§’")||2 < A3 in the last
inequality.

Combining (94) and (95), and summing over s € [r], we obtain

e, [Pa (BE) x1 ul™ xoul™ — Pq (E) x; u} xo ul]

1<s<r 2

G P e e

< TN/ [ H g2 g, Tmax WA;};E plogd - max rdlogdx:r}gj
d A p Anin p

2
_ Umax\/ﬁomax rd 10g Cl7 (96)
i P
where the last step holds as long as p > p?rd—2log®d and r =< 1.
Turning to 7, we can decompose
(7%)(12)X]7US x21Ls—-7%)(12)x]jugn)x2'ug“))m

=2 (us —ul™) " (P (E)), ., ul™ + (u, = u{™) " (Po ()., (4 — ul™). (97)

For the first term, we use the Cauchy-Schwartz to derive
m T m m

(g = ul™) " (Po (E)), . u™] < s = ul™ ]| (Po (E)), . ™,

This motivates us to bound the 3 norm of (Pq (E)) ul™ = Zl<z J<d J,sz',j,meiejTugm) — which

is a sum of independent random zero-mean matrices. By Lemma 13, 1t is straightforward to calculate

By := lgl%)éd HE i,4,mXi,j,m€i€; u(m)Hw S Tmax Hu(m)H < Jmax)\r*;?{’?\/;’

37



Z E ij1]m]( ‘(:;L)) = maxdeu(m HQN max)‘;fa/fdp'
1<4,5<d

In view of the matrix Bernstein inequality, we show that with probability exceeding 1 — O (d_QO),

| (P (E)). . ul™]|, < Balog® d++\/Valogd < omax Al {\/glogz d+ s/dplogd} = Omax N3 /dplog d,
where the last step holds as long as p > ud~2log® d. Consequently, we reach

[(us = ul™) " (Pa (B)),,, ™| S s AiblV/dplog d [, — ul™],. (98)

For the second term of (97), invoke [CW15, Lemma 11] to demonstrate that: with probability at least
1-0 (d=%),

max [[(Pa(E)),, .|l S omax(V/dp +logd). (99)

1<m<d

This enables us to bound

(s = u{™) " (P (E)). ., (us —ul™)| < [|(Pa(B),_[lws —ul™]];
< O (V/p + log d)[|s — u(™ 2. (100)

Taking together the bounds (98), (100) and summing over s € [r], we obtain

He:n [Pa (E) x1 us X2 us — Po (E) x4 wl™ x4 ugm)]

1<s<r 9

< o’max)\;la{f\/m HU — U(m) HF + O'max(\/%“r log d) HU — U(m)Hi

max logd * / max logd *
< O—max)\:r}a/)?\/ dp IOg g il pog )\rr}a/)? + Umax( dp + 1Og d) )\*2 = pog )\m2a/)§

mln min

- o'max\/ﬁa ,U/l”d 10g2 d
)\*1/3 max P )

min

(101)

where we have used the conditions that owmax/Npi < /B/d>*, p > prd=>/? log?d and & = 1.

e Putting (100) and (101) together and substituting them into (93) yield

2
Jeunfod (s~ Pa(E)) (O T*) (O70) |, 5 PP G [ L1085, (102)

C.4.2 Controlling (5

Recognizing that

el unfold (p" ' Po(E)T*(UTU) ™ —(U*TT*) )|, < ||es,unfold(p~ Pa(E))T* || (TTO) ' —(T*TT*) ™

b

it suffices to control the ¢ norm of e;';unfold(PQ(E)ﬁ*). Let us express

enunfold (Po (B))U* = > E;jmXijmUf .
1<i,5<d

as a sum of independent zero-mean random vectors in R". By (63a), it is straightforward to compute that

B3 = 1g%§d||Ememe(z 7)5t le S Omax HU ||2oo ~ ma")‘:fi/’fudf
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Vim0 B o] [0 S haed |07 5 o2t
1<i,5<d

where || - ||, denotes the sub-exponential norm. Applying the matrix Bernstein inequality yields that

2
||e:n/unfo|d(p71PQ(E))ﬁ*H < Bslog®d+ +/Vslogd < omax/\ffa/)f’ {u\frdlogd + +/rplog d}

= Jmax)\;za/f \/rplogd

with probability at least 1 — O (d_zo), where the last line holds as long as p > u?d—?2 log®d.
In addition, we can use (63b) and (63c) to upper bound

[@T0) — @7 < |@T0) T (T - T + (@ -5 T @ TE |

<@ o) Y@ o) |10 - T (1T + O]
1 r rT max d *
<19 -0 5 o [z 0y

where we use (81) in the last step.
Taking together the above bounds, we arrive at

exunfold (v~ Pa(E))T* (T 0) " = (@70 || < ”‘:j;/*g/ﬁ ‘;rf“,/rdl;’gd. (104)

2 .
min min

C.4.3 Combining ; and [,
Putting (102) and (104) together, we conclude that with probability at least 1 — O (d=2°), one has

Jonfold (4 o) (B (070 0 (0707) ) 5 T T W

min \/]3 )‘min

C.5 Proof of Lemma 5

Without loss of generality, assume that IT = I,. for simplicity of presentation. Fix an arbitrary 1 < m < d.
From (63c), we can upper bound

He,:lunfold((p_lpg - I)(T - T*))ﬁ(ﬁTU) 1H2 < Hezlunfold((p_l’l)g —I)(T - T*))ﬁHQH(ﬁTI})_lH

= *1/3 e unfold ((p~'Pq — I)(T — T*))I}HQ. (105)

min

As a result, it suffices to upper bound the ¢, norm of the m-th row of unfold((p~'Pq — Z)(T — T*))ﬁ.
Observe that this matrix can be decomposed as follows

unfold ((p~'Pq — I)(T — T*))U = unfold((p~'Pq — Z)(T™ — T*))U™

=:f1
+ unfold ((p~'Pq — I)(T — T*)) (U — U™)
=: B2
+ unfold ((p~'Pq — I)(T — T™)) U™,
=:fs

where U™ = [ul™ © u{™],_,_..

simplify presentation, let us define

In what follows, we shall control these three terms separately. To
€ i=u—ul™,  1<s<r (106)
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C.5.1 Controlling 3,

By construction, we can express

e unfold((p~'Po — T)(T™ —T)T™ = 3= (TC) —T*) (07 Xijom — DU
1<i,j<d

as a sum of independent zero-mean random vectors. We claim for the moment that

2
S (o) S B (107)
1§1,]§d e min p
Combined with (61d) and Lemma 14, it is straightforward to compute that
m _ rr(m 1 m rr(m
Bi= max (T =T 07 Nagm = DO, S IIT0 =T O,
o1 Owma [Wirlogd,,  py/T N
~ p A;;nn d2p max d I
and
* — rr(m Lymm m *
V= Z ]E[(T(m) -T )lg,jml(p 1Xiaj7m - 1)2] ||U((z,j)),||§ < 1; ||U( )||§,oo Z (T( ) - T )?,j,m
1<i,j<d 1<i,j<d
< 1 . IU‘QTA:SLZ{E . Ur2nax ur 1Ogd)\*2
~ ) d2 A;]an P max*

In view of the matrix Bernstein inequality, one has with probability at least 1 — O (d729),

e unfold (p~ ' Po (T — T*) — (T™ — T*))U™||, < Blog®d + +/V logd

Tmax Ml 1372 /7 log®? d N p3r2log? d
~ AninVP d>p  dyp d?p
- Umax)\:r?a{)? ,UB'T'Q 10g2 d
VP ?p

where the last step holds as long as p > p?rd =2 log®d and k < 1.
Now we are left with justifying the claim (107). Observe that

(108)

1<i,j<d w
where F(™) and F* are diagonal matrices in R"*" with entries Fi(,;n) = (ugm))m and FY; = (uj),, . Note
that [P0 < maxicicy [u™ oo, [F¥]) < maxicicy [[uf]|cand [ = P < U0 ~ 0|, . By
the triangle inequality, it is straightforward to bound 7
||U(m)F(m)U(m)T _ U*F*U*THF < H(U(m) _ U*)F(m)U(m)THF + HU*(F(m) _ F*)U(m)THF
+ U U™ -7,
< U = [[ [ F T+ o EC - F o)
+IUIE [ (Jot™ U
< [[o = Ul poax flu™ o [U ] + U [U - U

ol

U™ H

U s g U = U
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D max ,rdlogd x1/3 x1/3 y*1/3 «2/3 Omax |[prlogd 3
S )\;m D Ama/x \/>/\m'1/x >‘ma/x +)‘me{x ' )\;lm p >\ma/x
TN RNy PV BTy R LV
A1‘{(1’1111 p

< UTaX urlogd -
AIIlll'l p

where (i) results from Lemmas 11-13.

C.5.2 Controlling (5

For each s € [r], we can further decompose

(unfold((p~' P — I)(T — T*)) (U - T™)),
=u ((p™'Po —I)(T - T)), w5 —ul T (07" P = I)(T - T)),,ul™
=& (0 Po - DT - T%), us +ul™ T (07 Po - I)(T - T%)), &,

where we recall that f(m) =U;— ugm). Let us first upper bound the spectral norm of the m-th mode-3 slice

of (p™'Pq —I)(T —T*). Recalling the notation A := U —U* and A, = us, —uZ,1 < s < r, one can express

T-T = ) AQu,Qus+ul @A Qu,+uldul A,
1<s<r

and consequently,
(T —T*)....=AFU'" +U*FA" + U*F*AT,

where F' and F* are diagonal matrices in R"*" with entries F; ; = (u;) m and F}; = (uj),, . Applying [CL17,
Lemma 4.5] yields

(™ Pa-D)(T-T)),, .|| < |07 Pa(1®%)=1%%) [[I|Ally o (IUF |y o+ U Flly o + U F*|ly . )-

The matrix Bernstein inequality then reveals that with probability at least 1 — O (d_QO),

logd dlogd
0g+ ogd

—er 1®3 _1®3 <
||(p Q( ) ):,:,m” ~ p P

Moreover, we know from (12b), (62a) and (62d) that

max max

|UFlly o + U Flly o+ |0 F* 5. < \f al JE e,

Combining this with (59b), we demonstrate that

_ « logd dlogd Omax rlogd * * T
L I B R R e S CE AR E O
< O max logd+ dlogd u3r? logd/\;ax
Aoin | P p d?p

As a result, one can use (61a) and (62d) to bound

€ (07 Pe = D)(T = T),usl < (07 P = DT =T), 1€ [[us],
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N u3r2logd | logd /dlogd m

Clearly, the upper bound also holds for u(m)—r ((p’lpg — I) (T — T*))
conclude that

i (™ Summing over s € [r], we

Hellunfold((p_lpﬂ —I)(T - T*)) (ﬁ - ﬁ(m)) ||2

2logd | logd [dlogd

1/3 312 log g g

S Umax)‘:(na{x d2p { p + P } HU - U(m) HF

< AL/ u3rlogd | logd N dlogd Omax | prlog d)\*mle{f
d?p p Anin p

*2/3 2
Urnax)\max ,U r 1Ogd
109
<5 pos (109)

Here, the last inequality holds due to our assumptions p > p2d=3/21og® d and opax /AL
k=1

< /p/d** and

min

C.5.3 Controlling 33

For each s € [r], we have

(unfold ((p~"Po = Z)(T =TT )T™) = u(™T((p~ " Po —T)(T =T™))  ul™.

m,s

Recall the definition of ££m)(cf. 106, we decompose

T — T(m) — Z (ugm) +£gm))®3 . (ugm))®3

1<s<r
= Y M oul™ @ul™ +ul™ @™ @ ul™ +ul™ @ ul™ @ gm
1<s<r
+&M @ g™ @ul™ + €M o ul™ @€ +ul™ @ g @ € + €M g™ o g,

(110)
In view of the triangle inequality, it suffices to control these terms separately.

e Let us first consider the terms which are linear in terms of gém). For 21<S<T Egm) ® ugm) ® ugm), one
can write o

ug7rz)7{(p—lng _ I)( Z £gm) ® ugnz) ® ugm)) } . ugm)

1<s<r

D0 0 (g — ) (™), (ul™) (€0), (™)

1<i,j<d 1<s<r

Do ™), DT (), D0 (@) @) X~ 1)-

1<s<r 1<i<d 1<5<d

We shall use the Cauchy-Schwartz inequality to upper bound the absolute value of the quantity above. By

construction, ugm) is independent of {x; jm }1<i j<d- Applying a similar argument in [CLPC19, Lemma

D.9], we know that with probability at least 1 — O (d~%°),

2 1
3| 3 @) ) 0 v = ]S s s

1<i<d 1<j5<d
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This leads to the following upper bound

30, ST (), (@) (0 K — 1)

1<i<d 1<5<d

< D EM)T YYD @) ) g — 1)

1<i<d 1<i<d 1<j<d

‘2
’2

1 m m m
< lles el 12 a1
It then follows that

[ {omre-n( 3 e eueu)) ]

1<s<r

W) ST ST (6 DD @) ()] i — 1)

1<s<r 1<i<d 1<j<d

m m m m 4
(™) D0 I Il 1

1<s<r 1<s<r

2

2

‘ 2

(]

-

IN
w
IN
3

A

'U\>—~ BM—* D=

m m 2 m 4 m 2
[Nl e s (a2, mass [ful™ [T~

*x2/3 *2/3 *2/3 *x10/3
r/\ma/x ,u)\m{X A3 02 . prlog d/\ma/x < aiax/\ma){ 13r2logd (111)

d d max\x2 D ~ONE D d?p

min

A

(m)

where we use Lemmas 12 and 13 in (12b). Clearly, the upper bound is also valid for ZKSQ ®

£ @ ul™. In an analogous manner, one can show that with probability exceeding 1 — O (d=20),

m)Tf (~1p _ () g 24 g £(m) (m)
H [US L {(p PQ I ( Z Us L ® Usm ® 55 L )}:,:,musm :|1§s§7"
< Y (€M Y ‘ S (™) @) (p g — 1)‘2

1<s<r 1<s<r 1<4,5<d

1
SED DI G WD DN ] N (7

p 1<s<r 1<s<r

2

2

< Lo = U 2 max [l s [ 300

< 1 Urnax ur IOg d)‘zlzd/;g . 2)‘330\/3 )\*2/3 7A)\*él/?) < r2nax)‘;:113(‘)x/3 /1’37.2 log d

~ P )\*2 P d2 max max ~J )\;(mnp d2p )

min

(112)

where the last step arises from use (61) and (62).

e Next, we turn to the quadratic terms with respect to S‘gm) in (110). For 21<S<T ™ ® E’s ® ugm), we

can expand

u{ e Pa-1)( Y €M eem eul))  ulm

1<s<r
= > (™), > (€m),(€m);({™),(u{™),(p" Xijm —1).
1<s<r 1<i4,5<d

Use the Cauchy-Schwartz inequality and the Bernstein inequality again to yield

> (&), (6™ (ul™), (™) (0™ X — 1)

1<i,j<d

’ 2
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m 4 m 4
S = € 1 ™1

with probability at least 1 — O (d_20). Consequently, we find that

2
b (omen( £ emee o) ],
1
SIY G T et
1<s<r 1<s‘<r
1 m m m
S LU s [l s [ — a2 - O
S 1 MT')\ma/x )\;fa{)? /1)\:112!;(3 ) m2ax M?"logd)\;?a/f N JIQnaxA;la(‘)x/S 3 210gd’ (113)
P d MR v NEp  @p
where the last line holds true due to Lemmas 12 and 13, and Hus - us )|| < luslloe + ”“gm)noo N

A b )\max Using a similar argument for (111), one can verify that with probability at least 1—O (d_QO) ,

(m)T ) (= — (m) (m) (m) (m)
| [ut {1 I><1§§fs oulm@em)]  uf

2
M LSSST

2

1 m m m m
S o =T, ma [lul™ [ max [lul™,][T - T

0 1<s<r 0 1<s<r
Lo ARl AR s O prlogdAl R Amal” it logd (114)
~ b d d e )‘;(nZln b ~ )‘;mnp d2 ,

where we use (61), (62) and [|U — U™ 300 < [|U]|2.00 + [U™ |l2.00 S v/pr/dAds in the last step.
Note that the same bound also holds for 7, . u™ @ el™ e,

e As for the cubic term in (110), arguing similarly as in (113), we know that with probability greater than
1-0(d?),

[ {1 Pa-1)( T e egmegm)}  up |
1<s<r o 2
1 m 4 m) (14
LS X et
1<s<r 1<s<r
1 . m m)||2
< lv-ut )Hiwggzﬂug )”21@%”‘5 o —o™|;
<1 /M“)\ma/x /3 Mﬁfj o2, prlog NS < Tmax 1073 1312 10g d (115)
Np d max d )\;12111 D ~ )‘:mnp d2 )

where we use (61), (62) and |U — U ||z.o < [|U]l2,00 + ||U¢

S/ ur/ )\max in (115).

e Putting the results (111)-(115) together with the condition x =< 1 reveals that: with probability at least
— 0 (d0),

w3 | 372 10g? d

7 7 (116)

||em

unfold((pilPQ - I)(T - T(m)))ﬁ(m) ||2 S i
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C.5.4 Combining the bounds on 3, 8> and 33
Substituting (108), (109) and (116) into (105), and taking the union bound over m € [d], we conclude that

Omax /’63742 10g2 d
HQ,oo ~ /\*2/3

2
min\/]3 dp

[unfold (p~'Po —Z) (T —T*)) U(U )™

with probability at least 1 — O (d~'Y), provided that < 1.

C.6 Proof of Lemma 6
Without loss of generality, assume that IT = I,.. By (91), it is straightforward to invoke (63c) to obtain

IVo@)@TO) |, o, < V9@, [OTO) | < [[V9 @[ [[@TT) |

HQ,oo

d1 1 o 1 1
*2/3 max
5 max>\max \/7 d A*4/3 5 *2/3 \/’

mln

il
2,00

where the last step follows from the condition x = 1.

D Proof of auxiliary lemmas: distributional theory for tensor en-
tries

D.1 Proof of Lemma 7

Fix arbitrary 1 < m < n <[ < d. In what follows, we shall focus on the case m < n < [. The analysis
naturally extends to the case where m=n <I,m<n=Ilorm=n=1L

Before we embark on the proof, we remind the readers of the definitions of z (resp. Z) in (66) (resp. (67)).
While Z,,, ., Z,,. and Z; . are not mutually independent due to the symmetric sampling, we can show that the
dependence between them are extremely weak. This in turn allows us to invoke the Berry-Esseen theorem
to prove the advertised distributional guarantees.

We now begin to present our analysis. To decouple the weak dependence, we define the following auxiliary
random vector:

Zm,: = va,:zu];y,l/22*ml/2 (1].7)
with
Zm,: = \/5 Z Ziim + 2 Z Zim,m + 2 Z zi,j,m; and i:m = E[(Zumy;)TZumy;] .
i:9#n,l iEm,n,l (4,4):t,5#m,n,l
1<i<j<d

The vectors Zn and 217: are defined in a similar manner. By construction, it is easy to verify that 2m7;, 27,,,:

and 21,: are mutually independent. Moreover, Lemma 17 as stated below reveals that the constructed
auxiliary vectors are sufficiently close to the original ones.

Lemma 17. Instate the assumptions and notation of Lemma 7. With probability at least 1 — O (d_13), one

has
Iz - 2) s Omax | p/7log?d N urlogd N w32y /log d
el dve TV d d '

min

.and (Z — 2)1,;.

,

In addition, the upper bound continues to hold for (Z — 2)n

With these in place, we then define random variables

Gm,n,l = <2m7;, ﬁ(*n,l),:> + <2n,:7 ﬁ'(*nl,l),;> + <2l,:7 ﬁ(*mn),>’
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Hm,n,l = Ym,n,l_Gmnl - <(Z Z)m 7U(nl) >+< Z Z)n ,ﬁ(m 1), > <(Z Z)l 7ﬁ(mn) >

By construction, G, is a sum of independent zero-mean random variables with variance v}, , , defined in
(23). In the sequel, we shall apply the Berry-Esseen theorem [Ben05, Theorem 1.1] (cf. Appendlx B.3) to
show that G, is close in distribution to a Gaussian random variable. As before, we need to control the
quantity p defined in (65). From (63a) and (63b), it is straightforward to upper bound

1 ~ ~ ~
5 2 BB xess [0 OO (Tg.)
1<i,5<d
< Tmax oy Tt (O T (O ) Oty (OO (O )
ST 18554 1Y G COEVEECE (n.D).:
3 ~ ~ ~ ~
< 0, oo [@TO) P T
J?nax /J‘\f * * 3 O max/\max :u’\[
S T Il () @ i 5 A,@/;‘ @)

min

In addition, we can use (70) to lower bound the variance as follows
’U* ,n,l 2 /\l‘ﬂiﬂ (E:n) ||ﬁ*n 1), H; + )\min (E:L) “ﬁg(m l),: ||§ + /\min (EZ() Hﬁ(*m,n),: H;

2
2 3t (100 1+ 18 12): (118)

max

Combining these two bounds, we arrive at

* Jmax max lu‘\[ \/F
PSS W) MW 5 ([T + 1T 1y + 105 ]12) < 5 N

min
using the conditions opax/omin < 1 and x < 1. As a consequence, invoke the Berry-Esseen-type theorem in

Appendix B.3 to derive
< T
P{ G < )
sup {Gonna <7\ fop 1} — 2] S S ayp

where ®(+) is the CDF of a standard Gaussian random variable.
We then move on to the residual term H,, ;. By Lemma 17 and the Cauchy-Schwartz inequality, one
can easily upper bound

S (162 = 2y lly + 12 = Z)nilly, + 1102 = 20clly) (1060l + 100 + 100l

pyrlog’d  [prlogd pr/?\logd | owmax ()5 = -
g{ e\ e (187 + 0B 1T 1)

min

/T log? d [urlogd — pr®/2y/logd
< *
- { d\/p * a d V/ Vmnit

where the last step arises from (118) and the conditions omax/0min < 1 and k =< 1.

|H,

D.1.1 Proof of Lemma 17

By the triangle inequality, we have

02 Dl (2 2), 2 B2 )
—

=: 51 =: B2

I

We shall upper bound these two terms separately.
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1. For f31, observe that (Z — Z)m’; =V2zynm+ \/izl,l’m + 221-:#”71 (Zin,m + Zi1m) is a sum of inde-
pendent zero-mean random vectors. From (63a) and (63b), straightforward computation gives

L rrx T 7%\ —
B:= lgzlajuéde E; juxijnUf 5 (U TU*)

Om: ~ ~ ~
'y, 25, T
< Omax ) ,U,\/; *2/3 1
~ p d max A*4/3

min

and

- 7 rrx T ey —1]|2 Ur2nax rrx T 7y —1(|2 rrx 2
= > [ i) | UG (OO, < =220 TO) 7 D0 (107 5.,

1<i<d p 1<i<d

2
a Frx T 17y —1|2 2 2
< Zmax * T rr*\—1 * *
T | @ TO) | e 31U
< J121r1ax . 1 . )\*2/3 ur )\*2/3
~ +8/3 max max

p )\min d

Applying the matrix Bernstein inequality reveals that with probability exceeding 1 — O (d_20),

max/\max l d 1 d
H( ) HQSBlog d++/Vlogd U/\*4/3 ; {M\/;\;)ié +Vu7“;)g }

min

In particular, we can combine it with (72) and k =< 1 to obtain

Zu'm,:HQ S ||Zm,1||2 + H(Z - Zu)m,:HQ

max log? d log d max /7 10g d
s g (nllgtd, forbed i) cum D
)\min\/ﬁ d\/ﬁ d )\min\/ﬁ

with the proviso that p > p2d—2log®d and p < d.

(119)

2. Turning to B2, we invoke the independence between (Z — Z Ym,: and ZVW: to derive

9

E:n - zv]m = E[Zm :ZlT ;] - ]E[(Zm,:)TZm,:] = E[(Zm,: - Zm,:)T(Zm,: - Zm,:)]

= 70’nnm(U*TU*) (U* ')Tﬁ(*n,n),:(ﬁ*—rﬁ*)_l

(n,n),:
9 S ~
+];<7121.m(U*TU*)_1(U(* 0),: )TU(z D),: (oTUn)T
+7 Z 0 U*TU*) (U(* n),:)Tﬁ(Z,n),:(ﬁ*TU*)_l
zz;ﬁnl

4 r7 =7 ~ ~ ~ ~
T Y. ol UTU) UG, UG (U707
ii#£n,l

One can then use (63b) to upper bound

2 ~ ~ ~ ~ ~ ~
125 = Bl £ 22 @ TT) P | 3 ) T + 3 Ofiny) T
B:i#£l iiFEN
Ur2‘r1ax rrxT r7x\— I r7
< 22 |@ T 3 (10l + 10%0.1)
1<i<d
< O-r2nax . 1 . BT\ xa/3 < U?nax Hr 0-12111n
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where the last line arises from the assumption that omax/omin < 1, £ < 1 and r < d/p. Combining this
with (70) and Weyl’s inequality, one arrives at

2 2

)\max(jm) 5 O,;max and )\min(im) Z imin :
A8 A p

Applying the perturbation bound for matrix square roots [Sch92, Lemma 2.1] yields

*2/3 2
! (80, — 3| g 22 VP T 17,
) Omin A p d

min

21/2 o 2*1/2 < §
= b )‘rln/ii(zfn) + )\il/ii(zm
This taken collectively with (119) implies that

|20 8522 (812 = 2312 |y S 12 | B2 12302 = =37

e OmaxV/T log d ' )\;123{)?\/}3 . )\;12()/,? D o2 wr
~ )\*2/3\/]3 Omin Omin )\*4/3]) d

min min

< Omax w32y /log d
~ )\*2/3@ d ’

min

where the last line follows from the conditions omax/0min < 1 and & < 1.

3. Putting the above bounds together allows us to conclude that

N max log>d  [urlogd 3/2\/logd
||(Z — Z)m :H2 < (72 a py/1log i ki log + Hr og .
' A /3\/ﬁ d/p d d

min

D.2 Proof of Lemma 8

We shall bound the terms in (45) separately, followed by the triangle inequality. In what follows, we denote
uh ;= (uy); and Ay ; == (A,), forany 1 <s <rand 1<i<d.

S,1 *

1. Regarding the first three terms involving W, combine the Cauchy-Schwartz with (43) to show that
|<W’m757 U(*n,l),:> + <W"a1’ U(*m,l),:> + <VVZ7:’ U(*m,n),:>|
<MW e (107000411 + 1Tl + [Tl

Omax 7 7 Tk
S Cm (1T 3.y + 1803l + [Tyl (120)

min

where we recall the definition of ¢ in (41).

2. We now turn to (U, , Aup),:) = Di<say UsmAsnlsi. By virtue of (12b) and (59b), one can invoke
Cauchy-Schwartz to bound -

2
> walada] < [T A2 3 a2, < Al max .

1<s<r 1<s<r 1<s<r 1<s<r
2
Omax |prlogd . /5 L e1/3
S A | ) G A 121
~ ()\;}in p max d max ( )

Clearly, this upper bound also holds for both (U} ., &(m,l),z> and (U}, &(m,n) ).

i

3. As for the last term (A,, ., &(n,l),:>a we know from (59b) and (62c) that

2
max 1 d
| Y A S IALS . max 1A, < (”* (R A;;/f) \ﬁ a2 (22
T lss<r )\min p

1<s<r
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4. Combining (120), (121) and (122), we arrive at the advertised bound

2
Omax rTx rT* rTx Omax pur logd * *
|Rmnl| 5 C)\*Tgp(HU(n,l),:H2 + ||U(m,l),:H2 + ||U(m,n),:||2> + (}\* H p )‘mla/)?> \/>Anf11'1/)§

min

) Omax 113/?rlogd /) ~, o Pk -t @) *
¢ (<+ T 18 57y 1+ [T ) ) o) i

Vdp

Here, (i) arises from the lower bound on v
whereas (ii) makes use of the assumptions

min

jogy (cf (118)) and the conditions omax/omin < 1 and k =< 1,
(32) and (33).
E Proof of auxiliary lemmas: confidence intervals

E.1 Proof of Lemma 9

Fix arbitrary 1 <[ <r and 1 < k < d. Before proceeding, we pause to introduce some notation for simplicity

of presentation. Recalling the notation U* := [uZ‘@z] 1<i<r € ER*T and U = [w ®2] 1<i<r € R X" we define
two d? x r matrices as follows
vV .=U*U*"U""', V.=U0U"U). (123)

These allow us to express the covariance matrix as X} = V*D;V* (resp. X, = VD,V), where Dj
(resp. Dy) is defined in (18) (resp. (25)). In addition, let us define

SZ(,k = (Ez)l,l and Sk = (Ek)l,l

Lemma 18 below collects several useful properties regrading V. ; and V7; the proof is deferred to the end of
this section.

Lemma 18. Instate the assumptions and notation of Lemma 9. For each 1 <1 < r, one has

1+0(1) w1 1
|| l||2 I *H ’ ||V1*l||oo S d *2/3’ Z V(l k).l 5 d )\*4/3’ (124)
u, 2 min 1<k<d min
Omax |d 1 Omax | pirlogd 1
V- vill s T [0 vl s G (P L o
min min min
With these in place, we are ready to control J ;, which can be expressed as
Uk — U ULk — U, ST~ Stk 1
Jl’k = S - * = (ul,k - ul*,k) * * :
Lk SLk SLEST K Sik TSk

This suggest that we control both u; ; — uj, and sl*% — s%k

e Regarding the estimation error of u; j, combining (124) with the assumptions omax/omin < 1 and x < 1
allows us to lower bound

* * * Y/ * 1 * * (12 O.anin
it = (Vz,l)TDkV:,l > —Amin(D}) ||V:,l||2 2 e (126)
p pllufll,

Hence, we know from (59b) and the conditions omax/omin < 1 and x < 1 that

e = uia] < U =0 5 G (BN S s Togd

min
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e Next, we claim that

r210 d omaX [ n2rdlog d
51*?@_5121@‘5{ a S a s }lk<<8lk7 (127)

if this were true, then one would further obtain
* * *
Stk > ST — Sk — STkl 2 STk

e Putting the above bounds together reveals that

U u st —s 2] d max 2rdlogd
il g L T W = o] g f [ ot | e il
slk d*p AhinP p

as claimed.

Hence, the remainder of the proof boils down to establishing the claim (127). Towards this, our starting
point is the following decomposition

B (st —si2) = (V) DV, — (V) T DV

= (V)" (Di = Di)Viu + (Vi) ' DiViy — (V) T DRV, (128)
=:61 =: B2

where ﬁk. € R*4 g 4 diagonal matrix with entries given by
(Di) i),y = P B jaXigws  1<i,j<d (129)
In what follows, we shall control 5, and By separately.

E.1.1 Bounding f;

To begin with, let us decompose

B = (V) (Dy — Dy) V5 +2(V5) (D — D) (Viy — V)

=7 =72

+ (Vi = V) (Dy = D) (Vi = V3) .

=8

e With respect to =1, the triangle inequality yields

_ 2 2 —1 *2 o2 2 -1 *2
ml= ’ > (Bl —B2u)p  Xigw Vi < G (B — Byl > P XV
1<i,j<d 7 1<i,j<d

From (49), we know that

Omax | #3712 logd
m E Eiil < 22 AL max\/ logd
(i), ]?J)}éﬂ | ik — Ligk| S )\:mn 42 » max <K Oma og a,

where the last inequality arises from the conditions p > p?r2d~2 and x =< 1. By the standard results of
the sub-Gaussian random variables, one also has

|Ello < Omaxy/logd (130)
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with probability at least 1 — O (d—zo). This reveals that

max ‘E-Q-k—E-2<k‘< max ’(Ei'k_Ei’k)(E\i‘k+Ei‘k)‘<0'2 M. (131)
(i,j,k)GQ 1,7, 1,7, — (i,j,k)EQ 5Ty 3Js 5Ty 5Ty ~ Y max dgp

In addition, apply the Bernstein inequality to find that with probability at least 1 — O (d_QO),

S ViR S Vil +p logd |V + Vo log || ViVl

1<4¢,5<d
@ jeren2 2 W Wrrlogd) Gi) 1
= [Villo + 27 logd [ VIS S <75 {1+ Zr } = m 03)

where (i) follows from the AM-GM inequality, (ii) makes use of (124), and (iii) holds true as long as
p > p?rd=2logd. Combining the above bounds, we arrive at

2
o\

with probability at least 1 — O (d’zo).

e Turning to -2, one can use the triangle inequality and Cauchy-Schwartz to obtain

2 2 —1
|72|:’ ST (B2 —E2)p X¢,j,k‘/<§,j),z(‘/(i,j>,l*V&j),z)'
1<i,j<d
< max B - B V- Vil S [ sV
< (max B — B (Vi "l||°°1<ij<d P Xigk Vi g
< max (B = Bl [V = Vil ] 20 prixaaaVid [ D0 p s
(i,5,k)€ 1<i,j<d 1<i,j<d

It is straightforward to apply the Bernstein inequality to find that, with probability exceeding 1—O (d*m) ,

> pigk Sd2+p Hogd + \/d?p~Tlogd < d, (133)

1<i,j<d

with the proviso that p > d~2logd. Taking this with (125), (131) and (132) collectively, we conclude

that
ol < 52 pir? log2d _ Omax w2rlogd 1 ) 1 i afnax Omax | po13 10g3d
721 < Tmax d2p Mo dp )‘;21{13 /\I*ngi{l?, )\;41{13 P dp? :

e Regarding 3, we can develop an upper bound in an analogous manner:

Ivs| = ‘ > (B2, — B2, )0 Xk (Vi — V(?,j),l)Ql
1<i,j<d
= 2 _
= (zr]nl?)}ég B2k — B2l Vi — V:,*IHOO 1§%:§dp "Xk

2
(i<) 9 p3r2log? d [ omax [p2rlogd 1 e
~ Omax d2p )‘:nin dp )\*2./3
(éi<) 02, Omax | p5r3log®d

)\2{13 )‘:nin dp2 '

Here, (i) uses (125), (131) and (133), whereas (ii) holds as long as omax/A5;, < v/p/(1?rdlogd).

min
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e Taking these bounds together, we demonstrate that with probability at least 1 — O (d_12),

o2 p3r2log® d amax b3 log d o2, | udr2log? d
61l S NE d2p NE d2p

mln

where the last step relies on the noise condition Gpay /A < \/p/(u2rd3/2logd).
E.1.2 Bounding s
Next, we move on to the term 5 defined in (128), which admits the following decomposition
B2 = (Vi) DiViu — (V)T DV + (Vi) T DV — (V2) T DRV
=2(V3) " Di(Viy = Vi) + (Voy = Vi) T Di(Viy = V) + (V) T (D — D)V

=174 =75 =76
In the sequel, we shall upper bound each of these terms individually.
e To begin with, invoke the Cauchy-Schwartz inequality to bound
2 -1
Ival = ’ Z E;jxkp Xz',j,kv(;j),l(v(i,j),l - V(?,j),l)'
1<i,j<d
< ||V»l_V,*l||oo Z zykp X%Jk (zy)l Z P XZ,jk
1<i,j<d 1<i,j<d

Applying the Bernstein inequality yields that, with probability at least 1 — O (d_13)7

D2 Bl ik Vida S e IV 07 08 @ Vi + Vo Tlogd [V Vi |

1<i,j<d

< ot [Vl 97 og* V3 )
i) gt p2rlog?d) Gi) ok,
< {”d%}nw

min min

where (i) is due to the AM-GM inequality, (i) uses (124), and (iii) holds as long as p > p2rd=2log? d.
This combined with (124) and (133) further leads to

|’Y4| < Omax ,u2r10gd 1 d- 012nax _ Ulgnax Omax ﬂQTdIOgd
SR T D AP e

e Next, we turn to the term 75. By (125), (130) and (133), the following holds with probability at least
-0 (d713),

ST B o gk (Ve — Vi) S IEIZ Vi - Va2 S0 p'xiw
1<4,5<d 1<4,5<d

2
2rlogd 1 o2 [u2rdlogd
S O max IOgd : UTaX SRR *2/3 d2 < félla/); UTax Hreos )
Amm dp Amin )‘mm A min p

where the last step holds as long as omax /A, < \/p/(u2rdlog® d).
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_ *2 —172 2 ;
o As for 4, we can express 7 = Zlgi,jgd V(m.)’l(p E; ; kXijk Uw-’k) as a sum of independent zero-mean
random variables. With the assistance of (124), one derives

2 2
3= s IV 7 B s — oLl < 2 Vi 2, St
min
4 4
Vis 0 Vel Bl B s — o750 £ PR VAL ||v*||2w"f;7§§2’"
1<i,5<d p )\mm

Applying the matrix Bernstein inequality, one has with probability at least 1 — O (d~2°),

2 2 2
o2 | n?riog®d prriogd | _ oZ.. |m rlogd
Ive| < Blog®d + /Vlogd E { Zy T By [ e 2

where the last step holds as long as p > p?rd—?2 log® d.

e Putting the bounds above together, we reach

max /L r IOg d Umax Nzrd log d
82| < \*4/3 a2p » :

E.1.3 Combining 8; and 8 to establish the claim (127)

Taking the bounds on 1 and (3 collectively yields that, with probability exceeding 1 — 10

o2 w312 log? d crmax 1 rdlogd u3r2 log? d amax 1 rdlogd
Stk = STk A3, a2p 2p

where we have used the lower bound on s (126)) as well as the conditions omax/omin < 1 and k < 1
in the last step.

E.1.4 Proof of Lemma 18

1. We first consider the £ norm of V. Let A* € R™*" be a diagonal matrix with entries A}, = ||uf||g for
all 1 <14 < r. We can then decompose

_ (ﬁ*A*fél/B): l + ﬁ*((ﬁ*'l’ﬁ*)fl o A*74/3) _ ||ul ||2 u*®2 + U*((ﬁ*Tﬁ*)fl _ A*74/3): -

One can use the assumption (12b), as well as the conditions (63b) and x =< 1, to bound the second term
Hﬁ*((fj—*Tfj—*)—l _ A*—4/3

)l S NT @ TT) YT TT - A3 ||A=272

1 1 pr o(1)
< A2/ -7 max |(u], uj s S q T e (134
Sl S S S = g 09

where the last step arises from the condition r = o (d/s). Therefore, we obtain that || \% H2 (1+0(1)) |luy ||272

2. Regarding the £ norm of V}, we can use (63a) and (63b) to upper bound

rrxTrrxy—1 /14\/7?)\;12&/3 1 ,U/\[ 1
@ TG 5 Y i

min min

vl < o

H2,oo

3. Moreover, for any 1 <14 < d, one can apply (63a) and (63b) again to demonstrate that

SooVE= > (U @ TN < D UG L0 T

1<k<d 1<k<d 1<k<d
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1 N N
<o Y Y Wi < Sz U7 e o, [

)\mm 1<k<d 1<s<r min

< 1 . )\*2/3 ,11,7“)\*2/3 < T Hr 1
~ )\*8/3 max d max ~v d *4/37

min mln

where the last line holds due to = 1.
4. Regarding the /5 loss, invoke (63¢), (81) and (103) to upper bound
[V~ V), < [O@T0) - 0@ 70|
<|[U-oj@To) |+ orfOTo) T - @ To

< T [ONES . a2 T S < T [0
Ain | P A AL p Noin | 2 A2

which holds as long as k < 1.

5. Finally, combining (63e¢), (63¢), (63a) and (103) allows us to upper bound the ¢, loss by

(Ve = v

IN

|0 =T, OO+ 07|, o [(@TO) = @ TT) 7

< Omax TlOgd )\*2/3 1 + :u\/>)\*2/3 Omax g )\*2./3
~ )\;rnln dp max )\::11{13 d max )\ﬁn p max

_ Omax |MPrlogd 1
Tk, dp )\*2/3’

min min

oo

where the last step arises from k =< 1.

E.2 Proof of Lemma 10

Fix any 1 <i < j <k < d. In order to control K; ;, we will apply an almost identical argument as in
Appendix E.1 for Lemma 9. We omit some details of proof for the sake of conciseness.
By definition, one can express

,-_Fi,j,k - Ti*j k ,-_Fi,j,k - Ti*j k ,U i,7,k — Uik 1
iz az (Ti g — 77, k) —F
Vi gk Vi gk VVid kY i AV T VUi
Recall the definitions A := UIL — U* and A = [AP?]
it is straightforward to bound

Kijr =

1<1<r € R %" In view of the decomposition in (44),

T = Tige] S I1Allg o0 (HU(u) I 410G k.1l + 10k, Hz)

(U B i) + (U Bay) + (Ui B )+ (Ais A,

Q) Omax ,LLT'IOgd * rTx rTx rTx
< [ Ar;a/f(||vu,j),:||2+||U<1-,k>,:||2+HUU,M,:HQ)
2
Omax | prlogd
(G et (e

) Omax [1,3/27" lOgd r rrx r -1
S { prlogd + A*l/SWO‘U&L’Z)’:HQ + HU(m,l),:HQ + HU(*m,n),:Hz) } vi*.,j,k

min
(iii)

< prlogdy fv
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where (i) uses (59b), (121) and (122); (ii) follows from the lower bound of v}, in (118) and conditions
Omax/Omin, & < 1; and (iii) arises from the assumption (33).
Then the claim (135) would immediately follow as long as we could show that

"Ui,',k_vt',” u3r2log d ~ ~ o “lomax [pirilogd
S ST (1Tl + 1wl 4 18G0,0k) 555 =55 = o).

(135)

Indeed, one can apply the triangle inequality to show that v; j , < v} I and consequently obtain

1
Kokl S —573 | Tisk = Togel[vigk = vl
i,5,k

pAr3log? d ~ ~ ~ L omax | por3log®d
sVt 108l + 100w+ 1060.0,) S5,

min

as claimed.
Therefore, it remains to justify (135). For notational convenience, we define the following d? x d? matrices:

P=UU'U)'U", P :=UU"U)'U". (136)
We can then express
* 2 * * * * * * * * *
RET (P(i,j),;Dk ) T Bk D Pk T Eny, Di P:,(j,k))a (137)
2
Vigk = (P(i7j),:DkR,(i,j) + P k), DiP. ix) + P(j,k),:DiR7(j,k)>7 (138)

where Dj (resp. Dy) is defined in (18) (resp. (25)) for each 1 < k < d. Lemma 19 summarizes several
bounds regarding P and P*, whose proof can be found at the end of the section.

Lemma 19. Instate the assumptions and notations of Lemma 10. For any 1 <1i,j < d, one has

* 1 7 * M\/F 1 r7x
16Nl = S2mllUtaale 1Pl = =5 V.l (139)

min min

max |dlogd . max | dlogd p?
[P = Pl s 222 [RBIE o oy 5 22 [ g

min min

With these in mind, we are positioned to upper bound v; jx — v ; ;. By (137), (138) and the triangle
inequality, we will show below how to upper bound Py; jy. Dy P. (; j) — P(*i ) :D;P:*(i ) The other two terms
can be controlled analogously.

Recall the auxiliary matrix Dy, (cf. 129). One can then expand

P j):DrP. i gy — P

DiP’; iy = P j),.(Di — Di)P. i j) + P j), DiP. ) — Pj ) DiPl,

23) )

=:B1 =: B2
In what follows, we shall control 5, and B individually.

e For 31, one decomposes it as follows

B = P ) (D = D) P jy +2 (P = P7). .5 (Dy, — Di) P, )

=iy =172

+ (P — P*). (i,5)(Dr — Dy)(P — P*) (

5(8,9) -

=73
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The term +; can be bounded by
752 2 ~1 *2
Il < G EZ ik —E2 1<;<dp X, kB0, (s,0)-
Using (139), we know from the Bernstein inequality and the AM-GM inequality that with probability at
least 1 — O (dil?’)7

S Xk P oy S Pyl 0 logd || PG |12+ Vo Togd | PG || PG

(4,9),: Hz
1<s,l<d

2 _ 2 1 w'rlogd
= PG llz +p7 log || PG |15 S <3 {1 + dp} 15,11
1

= )\*4/3 HU(LJ'),:HQ7 (141)

min

min

where the last step arises from the condition p > p?rd=2logd. This combined with (131) leads to

02 [pPr2log?d
)\*4/3 d2p

min

Ml S

Loz

2°

As for ~q, invoking Cauchy-Schwartz and applying (131) and (141) give

el < max (B = B2l [P = Pl | 20 p7%unPony | 2o P s

1<s,1<d 1<s,1<d

p3r2log? d O’max dlogd p’r 1 ~
S O\ [, v @ iUl d
< 02 . Omax dlogdu r
~ )\;21{13 )\* N p || (z,j) ||27

as long as p > p?r?d—2 log? d. Regarding ~3, we can upper bound

sl < maxe B2 = BLual (P = POl D 7o
1<s,l<d

2
@) 372 Jog? 2
< Urznax wir ;og d ar*nax legdL; e
d*p Avin P d
2
(i) o [dlogd p?r
< 2 max [
~ Jmax ()\;(nin p d Y

where (i) uses (131), (133) and (140); (i) holds as long as p > pr?d—2log® d. Taking the above bounds
for 71,72 and ~y3 together indicates that

2
max /,1,37"2 logzd ~ 2 O’?ndx Omax dlong r Omax legduQT
|51| ~ *4(;3 d2p HU(*i,j)>:H2+ /\*2/3 )\*a \/T H (w Hz"_amax ()\;?n \/ P d

e Regarding 5, we start by decomposing it as follows

B2 = Plij):DiP. i) = B j) De PG 5y + Bl ) DiPl ) = B ) DiPl j)

2P(”) Dk(P P*). iy + (P =P j).: (Dk — Dp)(P — P"). ) +P(”) (D — D) P (i) -

=:74 =175

=76
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To bound 74, we can combine (139), (140) and (133) with the Cauchy-Schwartz inequality and the
Bernstein inequality, to obtain with probability at least 1 — O (d_13),

|74|=‘ Z Eslkp XslkP(,J)(sz)(P(w)(sl) ( )(sl))‘
1<s,1<d
< H(P_P*)(i’j)1:Hoo Z Eg,l,kp_IXSJ,kP(ij(S,z)\/ Z PN ke
1<s,1<d 1<s,1<d

<[P =Pyl e {1 Piyally +27 0w P} -

Uﬁlax Omax dlogd/ﬂr ~
5/\;21{13 o A @ UG,

as long as p > p?rd—2log®d. As for s, combining (130), (133) and (140) shows that with probability at
least 1 — O (d_13)7

2
= > EXp eak (Pagyisn = Plsn)

1<s,l<d

Omax /dlode,uQT
< ”EHOO H P P* Z P Xs Lk N O max )\*& p 7
1<€l<d min

Finally, observe that g is a sum of independent random variables. By (139), invoking the Bernstein
inequality reveals that with probability at least 1 — O (d_l?’),

2

log® d log *
|'7()| Sgﬁlax{ ||P(lj) H ||P(1J) H HP(741J)7||2}

e | #Prlog’d urlogd Tiax urlogd
s g (1Rl fi }n ol = ooy [

as long as p > p2rd=2log® d. Therefore, we combine bounds for 4,75 and g to conclude that

o2, wrlogd rlogd 02, Omax dlogd,u r Omax | dlog? d pr
B2l < )‘;i{f HU(U) ||2 )\;121{]3 A \/ » HU(z,J)7:||2+UEﬂaX AE \/ p d

e Putting the above bounds for 5, and S5 together reveals that

2

P j):DyP. i ) — Pl ) DiPY |

Tmax | #3712 logd Tmax Omax |dlogd p°r Omax | dlog?d p2r
/SAZLZJ’ d?p H (m ||2 )\;1223 )\*an D HU(” ||2+Umax )\I*n?n D a4

e Clearly, we can apply an analogous argument to bound P; ) .D; P (; 1 —P(*i7k)7:Dj*-Rf(i7k) and P ). Di P. (j )~
Pl 1) . D P ; 1y Taken collectively with the lower bound of v} ; (cf. (118)) and the conditions omax/Tmin =<

1 and Kk < 1 we obtain

2

U',',k*UZ-’k| M?’r?logd Lomax |dlogd p2r
Zjvf)jk =2 d2p (HU(M) H2+HU(H€ H2+HU(J]€ ||2> NE p d

min

- _ 2 [ opmax | dlog?d p2r
+ (1085 + 10wl + 1T .11 s\ T a
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u3r? logd L omax | dlogd p®r
E 8 (1000l + 10 sy + 100, 11,) i\ =W

d2p
min

where the last line holds due to the assumptions (33) and p > p®r?d=2log” d

E.2.1 Proof of Lemma 19

Fix any 1 <14,5 <d.
e We start with the norms of the rows of P* (cf. 136). By (63b), it is straightforward to deduce that

10 LN TO IO S 75

15 5).:Il, <
* r7x rrx T Th\ — rT* ﬂ\[ 1 U
1Pl < UG LI @O IO, o < = 27 (Loze

e Next, we move on to the £, norm of (P — P*)(; .., which can be decomposed as
(P~ Py, =UupUT0)T" - ﬁé,j)7;(ﬁ*Tﬁ*)_lﬁ*T
=(U-U"U0)'U" +U;,. (U0 — @0 HUT
(142)

+ U, (OO (U -0

By the triangle inequality, we shall control these three terms separately. From (63¢), one has
—1
ol

1O =T*)3.5) (OTO) T, < (O = T*) i |,|(OTT
Omax ILL?“IOgd * 1 *
= N U“‘zﬁ B

As for the remaining two terms, from (63a), (63c) and (103), one has

rT rT r max d
(@O0 < ‘/’\*3 \/7)\;38{3 NN

T L@
Omax
< /f Gl

Combining (63a), (63b) and (81) yields
FrxTrxy—1 * 1 Umax d *2/3 || 7%
M@ TG =T 5 75 - 55 w10 I

min I’Illn
Umax

. *5/3\/>H (w) ||2
mm

The above bounds taken collectively allow us to obtain

O max (u\/rlog e HU H ) _ Omax |dlogd py/r
P max (4,9) )‘:nin p d

H(P_P*)(i,j)ﬁuz ~ )\*5/3

min

10

*Q/S/d and k =< 1.

max

where the last step arises from the incoherence condition that |[U*||2 00 < py/rA
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e Finally, let us look at the £, norm of (P — P*)(; ;.. Armed with the decomposition in (142), we can
bound

mewwvw@MW1wm

TG L@ = @ TO) U o0 + 10 LI @ TTH T =T,
(i) Omax /,L2T10gd * 1 M\f * Omax d M\f * r7
)\:nln dp )‘mga{)? : )\:ri{f d )\Hia{)? A;in /\:nQa/)? d Arr?a{)?HU(:,j),HQ

1 Omax | M2rlogd o1~y
+ )\*4./3 ’ P dp )‘ma/x HU(i,j),:HQ
Qo JIoBT (I (7, 0,) 8 [P T
)\:‘ri{f dp J A* dp d

Here, (i) relies on (63) and (103), (ii) is due to the condition x =< 1, whereas (iii) arises from (63a) and
k=<1

F  Proof of /; estimation guarantees (Theorem 13)

As before, we assume that IT = I,. for simplicity of notation throughout this section.

F.1 /5 risk for tensor factor estimation

Fix an arbitrary 1 < [ < r. Recalling the decomposition in (38), (39) and (42), we can write u; — uj =
Z.;+W._ ;. In what follows, we will first prove that Z. ; converges to a Gaussian random vector in distribution.
Then we can use the standard Gaussian concentration inequality to show that the f5 norm of the Gaussian
random vector concentrates around its expectation. Combined with the observation that the ¢ norm of W, ;
is negligible as shown in (43) (established in Lemmas 3-6), this implies the advertised bound on the ¢ norm
of u; — uj.

Now we begin the proof. For convenience of presentation, we adopt the notation in (123) that V* :=
U*(U*TU*)". Then we can express

—1 * —1 *
Zy=V2 ) p T EixiiiVigser+ D EigaxiiaVi)er
1<i,k<d 1<i,j,k<d

as a sum of independent zero-mean random vectors in R?. Let us first compute the covariance matrix
Sr = IE[Z;,Z(Z:J)T] Straightforward computation yields that for each 1 < i < d,

(SZ()’L,'L = 2 Z p_lo—i2,k:1,k2‘/(7€21,k2),l; (143)
1<k1,k2<d
and for each 1 <1 # j <d,

(51 =2vV2p~ 02 ViaaVig l+2fp UZJJWJJ)l‘/(%Jl+ Z 4p UJ’“V(”“)ZV(J’“)
ki,

_ —1_2 —152
=4 > ol Vi Vimae — (4= 2V ol Vi Vi — (4= 2V2)07 08 VG Vi
1<k<d
(144)
Lemma 20 below collects several properties of S} and the proof is deferred to the end of this section.

Lemma 20. Instate the assumptions of Theorem 6. One has

2 2
)\Inax(S*) < a.m'lx )\min(S*) 2 O-mln
plluily’ pllurly’
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2 1Mo2, d 2 d
( +O( )) max , ||Sl*||F 5 Jmax*\/;.
plluy ||2 pllu; ||2

Recall that we want to show Z. ; converges to a Gaussian random vector g; ~ N (0, S}) in distribution. By
the Cramér—Wold theorem, it suffices to prove that for any a = (a1,--- ,aq)' € RY, aTZ:J converges to a ' g;
in distribution. Towards this, we apply the Berry-Esseen theorem [Ben05, Theorem 1.1] (cf. Appendix B.3)
again and upper bound p defined in (65). Without loss of generality, we assume ||a||2 = 1. We can compute

tr(S7) =

1
> Ellaw™ BuwxisaVipl’] < slal Vil Y st E[IB xasl Vi,
1<4,5,k<d 1<i,5,k<d
) O-?nax * (i) O—r?)nax N‘f 1 1
N P2 lal ||a||2||V H HV Hz N 2 d )\*2/3')\*4/3’

where we use the property of sub-gaussian random variables in (i), and (ii) follows from (124) and ||a|,, <
lall, =1 . Moreover, from Lemma 20, it is easy to see that
Var(a” Z.;) = a” Sfa > Auin(S) a2 2 —Zmin > Tnin
5 - Z A\min 2 ~ ~ °
p”“ﬂ'z p/\:fa{f

One can then bound p

3/2)\*2 o3
_ T —3/2 —1 * 3 max 9max ,U/\/;" M\/;
p= (Var(a Z;,z)) E ]E“akp Ei,j,kXi,j,kV(m)ﬂ } Py T2 ap? S d\/p

lgi,j,kgd min min

=o0(1)

where we use the condition that opax/0min, & < 1 and p > p?rd—3/2. Therefore, we justify the claimed
distributional convergence of a' Z.;, which further implies the convergence of Z.; by the Cramér—Wold
theorem.

Given that Z.; converges to g; in distribution, we now apply the Gaussian concentration inequality
[HKZ12, Proposition 1] to demonstrate the squared ¢ norm of g; is tightly concentrated around its mean
with high probability. By Lemma 20, we can use the Gaussian concentration inequality [HKZ12, Proposition
1] to find that with probability at least 1 — O (d~'1),

(v/dlogd + log d) — o (1) o2..d

43
pllully plluill,

lgills — tr(S7) S 11871l viogd + 1S} || log d < T

and consequently,
2(14+0(1))02,.d
2
lgill? < 2 Tinax
pllufll,

Moreover, we know from the continuous mapping theorem that HZZHg converges to || gl||§ in distribution
because || - ||3 is a continuous function. Therefore, we find that with probability at least 1 — o (1),

2(1+0(1)) o d

4
plluill;

It remains to upper bound ||W.||,, which is easily accomplished with the help of (43). Indeed, it is
straightforward to find that with probability at least 1 — O (d~'1),

1Z.]15 < (145)

2 2 0(1) 0 _ 0(1) 0fad
Wl < 3 1%l < d- = res = = L
1<k<d min P pliugils

where we use the assumption that x =< 1 in the last step. Taken collectively with (145) finishes the proof.
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F.1.1 Proof of Lemma 20

To begin with, let us consider the trace of S}. From (143) and (124), it is straightforward to calculate

w(sH= > (8 2 > plol Vi

1<i<d 1<i,5,k<d
2000 2 _2(1+0(1))oR.d
- H 37l||2 - p||u*||4 :
112

As for the Frobenius norm of S}, we note that it is an immediate consequence of the claim for the
spectrum of S/. Indeed, since S} is a positive semidefinite matrix, we know that
2 2 *) < Ufnaxd
ISTIE = tr(S2) = 30 M(Si?) = 3 AR(SP) < d- A2 (87) S e

max

1<i<d 1<i<d p ||uz*H2

as claimed.
Hence, the remainder of the proof amounts to controlling the eigenvalues of Sf. Let us decompose
Sy =:28F — S € R¥? where the entries of S} and S} are given by

-1._2 2 e -
(§l*) — Z1§k1,k2§dp Ji,kl,kzv@l,ky,zv if =7,
" 23 ickea? 0L Vim Vw1 i

and

& 0, if i=j,
7 (4-2v2)p~ to?; ViV T (4-2v2)p~ o}, VonVipe i 177

Our proof strategy is to show that the spectrum of S} is mainly determined by §l* (since ||S7| is a negligible
term). One can then invoke Weyl’s inequality to establish the conclusion.
Now we start the analysis. Note that by the symmetric sampling pattern, one equivalently express

o . 1/3
af] = s?s?si for each 1 < 4,5,k < d with max;<;<45; < ol We then can decompose

S; =2AAT + Pying(S; —24A7),

where Pgig(Z) extracts out the diagonal entries of a matrix Z, and A€ R*4 is a matrix with entries

Air=+/1/ps? skV( L Let us first control the spectral norm of Pd.ag( — 2AAT) From (124), it is easy
to see that for all 1 <7 < d,

R o2
’(Sl _2AAT)M = o HV ||2 Z Vl (4,k),1
1<k<d
< (1 +0(1)) Jl?nin + 20max ,Uﬂ“ 1 (1 +0<1))Ur2nax (146)
=l N pllully
~ 2. 202 (1- 0(1))02~
(Si —2447), > Zmin ||y |2 - e Ve = 272", (147)
| : Zd O gl

where we have used the condition that omin/omax < 1, £ < 1, and r = o (d/u). It then suffices to focus on
the spectrum of AAT, whose entries are given by

(AAT), =p7lsist Y siVinVime  1<ii<d

i9j
1<k<d

Recalling the definitions V* := U*(ﬁ*Tﬁ*)_1 and uj,; = (uy), for each 1 <1 < r,1 <i < d, we can
decompose

Vi = ﬁ(*i,k),:(ﬁ*—rﬁ*):ll = ij(z k),: A.*, AR ﬁ(*zk) ((ﬁ*Tﬁ*)_l - A*_4/3)

5l
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S ~ ST
= [luflly” Ufigy + U&,k),:((U*TU*

*—4 % % rT* rrxT 7%
= luplly " uiuiy + Uf g . (UTU

-1 *—4/3
) —A / );,z
)Th— AT (148)

=: 6i,k
We will show shortly that Vi, is extremely close to ||uZ‘||;4 uj;uf - Then we obtain that for each 1 <
i,j <d,

p(AAT), =il (Y0 stuid) (stupy) (s3ui,) + i s (stup) > siuie (s30,)

1<k<d 1<k<d

+luilly® (suiy) D skuly (s30i0) + D si (s70i) (s3850)

1<k<d 1<k<d

=Ty 5

or equivalently,
pAAT =aa’ Z siuﬁC +ab" +ba’ + 7,
1<k<d
where a,b € R? with entries a; = 52 Uz 7/ luy ||42l, bi = Y 1<p<d SHUL L (s26; k) and Y = [T, j]1<ij<a € R
It is straightforward to see that aa’ >, ., -, spujy is a rank-1 matrix with the non-zero eigenvalue

T T 2, %2 oh
B < Amax (aa Z Spu fk> < e (149)
Hul ”2 1<k<d ”ul ”2

In addition, the remaining three terms are all small with respect to the spectral norm. Indeed, recalling the
decomposition in (148), we can use (134), x =< 1 and the condition r = o(y/d/p) to show d; j is sufficiently
small, i.e.

2
Z T —4/3|2 4/3 Lopr s _ o(1)
1< k<d5 |U*||FH U* U*) A* || ,S TA:(nax (A:ff d Amax) - ;ﬁ{ld : (150)

It then follows from the Cauchy-Schwartz inequality that

3
O' /J,’I" 2
o= 3" | 37 stuie () | < a8 Y0 wit Y m”f:;; i 13

1<i<d 1<k<d 1<k<d 19 k<d min
2
2 0.2 2,,,3
12 2 max M
Il = E ' E . sk (s70in) (55 5]’@)‘ <1I£11a<xds ’ E: Oik| S </\*4/3 a2 '
1<i,j<d 1<k<d 1<4,k<d min

This combined with the condition 7 = o(1/d/u) and k =< 1 reveals that

T T ot Onlax i3/ o2 1w2r® o(1)o?
* max _ max

||(1b +ba +TH §2||a||2||bH2+HTHFN ||’U,*|| *2/3 d || ||2 )\*4/3 d2 ”u ||4

1112 min min 12

Taken collectively with (146), (147) and (149), we conclude that

- 0.2 R 0.2
)\max(Sl*) < max )‘Hliﬂ(Sl*) 2 min
pHulHQ pHul ||2

Applying a similar argument, one can easily show that

Srx U?nax U?nax /“n o (1) U?nin Q9
ISFl S =22 3 Vit S = —2— = 0(1) Amin (57).

N} 4/3 4
1<k<d - )‘:n1{1p d p||u?||2

Therefore, the advertised bound of the eigenvalues of S} = 2§l* - S’l* immediately follows from Weyl’s
inequality.

62



F.2 /¢, risk for tensor estimation

To begin with, we recall the notation A; := u; —u;,1 <1 < r, allowing us to expand

T-T"= ) Aeu+ ) uwodou+ Y w0l

1<i<r 1<I<r 1<i<r
2 2
+ E uf @ AP + § A @ul @A+ § AP’ @uf + E AP
1<I<r 1<I<r 1<I<r 1<I<r

By symmetry, straightforward calculation yields

* 2 * 2 2
IT—T ||§:3H 3 Al®u7®2HF+3H 3 4 @A?2||F+H 3 A;®3HF
1<1<r 1<I<r

1<i<r
=:p1 =: B2 =:f4
+6 < Z A @ u®?, Z u®? ® Az> + Bs,
1<i<r 1<i<r
=:B4

where

5= 6( 3 wie AP Y APPeu)+6( 3 uieai, 3 AF)

1<I<r 1<I<r 1<I<r 1<I<r
s X Amu X wieaP)ro( Y asu Y A
1<i<r 1<i<r 1<i<r 1<i<r
12 3 Aeu Y AP @),
1<I<r 1<I<r

In what follows, we shall control the §;’s separately. In particular, we want to show that the £ loss of interest
is mainly controlled by (8, with the remaining four terms being negligible with high probability.

1. We start with ;. Recalling (38), (39) and (42) that A := U — U* = Z + W as well as the notation

2 .
U* = [u;‘®2] L<i<r € R¥ X" we can easily see that

b= |ATT|[p = 20T |[p + (WO T||; +2 (20T, WO T).

One can apply an analogous argument as in Appendix F.1 to show that the distribution of Z U*T con-
verges to a multivariate normal distribution, whose Euclidean norm concentrates around its expectation
with high probability. We omit the detailed proof for conciseness. One can verify that with probability
exceeding 1 — o (1),

||Zﬁ-*T||2 _ (2 +o (1)) Urznaxd Hﬁ-*(ﬁ-*'l’ﬁ*)—lﬁ*TH2 _ (2 +o (1)) O-rQnaxrd.
g p r P
In addition, we know from (63b) and (43) that
- - 2 g
WO T < O FIW e S X2 - W I o = 0 1) 722,
which further implies that
_ ~ _ _ 2
ZU T WU | < |20 || |[WU*T]|.. = o (1) Tmax"C,
T T T . T . g . rd
As a result, we find that
2
‘ Z Al®u?®2Hi — (2+0(1))0’max7ﬂd. (151)

1<i<r p
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. Next, let us look at 85. We denote by A= [A?Q] € RdeT7 whose Frobenius norm can be bounded

by

1<i<r
IAle= > 1afls= 3 llad; < pax A IALR < [U - U5 U -U* 5. (152)
1<I<r 1<i<r

Consequently, we use (59a) and (59b) to obtain

= |UAT|Z < [U* P AL S 0P 10— U5 o IU — U3

2
<2 UTgax ur logd)\:ri{)f UT;X rdlogd)\:riQ —o(1) amaxrd7 (153)
’X111111 p )\111111 p p

where the last step holds as long omay /N, < \/p/(urlog® d) and # < 1.

. In a similar way, we can use (59) and (152) to upper bound S5 as follows

ATII2 X 2 2 2
Bs = |AAT|L < |AIPJAIR S U -U** |U -U* |} . |[U - U

dlogd logd dlogd 2 xrd
< Toes 10080y e 108y e IR s ) Tt

where the last step follows from the conditions that oyax /N5, < \/p/(urdlog® d) and & =< 1.

. As for 84, one can apply the triangle inequality and Cauchy-Schwartz to upper bound

|54|=‘ Do Anu)llufll+ Y (Anul) (uf A (uful)

1<I<r 1<l#s<r
2
S S @ 3+ e It udl (Y 1A, i)
1<I<r 1<I<r

2 2
< max (A up)” U+ max |(ufu)) [[U = U3 U7}

We then use the incoherence assumption (12c), Lemma 16 in Appendix C.3, (62a) and (59a) to find that

0% d N amax rdlogd N Ufnaxrd
|B4|:0(1)T/3p )\E?a/f \/>)‘m23{>§ 2 )‘m23{)§ )\mi/j 0(1)77 (155)

min

where we use the assumption that r = o (y/d/(rlog?d)) and < 1.

. It remains to bound 5. Given the Cauchy-Schwartz inequality |(A, B)| < ||A|| || B|p, it immediately
follows from (151), (153) and (154) that

2] 3 woart + (| X weal, ] ¥ wear])] 2 o,
1<i<r 1<i<r

1<I<r

2 rd
o] 3 wear ] X u*%AzHF:MU%-
1<i<

This taken collectively with (155) finishes the proof.

G Proof of lower bounds (Theorem 12 and Theorem 14)

In this section, we establish the lower bounds claimed in Theorems 12 and 14 (which subsume Theorems 5
and 7 as special cases, respectively). Recall the assumption that {F; ; ,} are independent Gaussians. For the
sake of notational simplicity, we shall assume throughout this proof that o? k= =02, forall<ijk<d.
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Given that the noise components {E; ; » | (i,j,k) € Q,1 <1 < j < k < d} are assumed to be independent
Gaussian, the probability density function (conditional on ) can be computed as

Tobs 7"_ wrur ur 2
f(TobS) —c H eXp( ( i,5,k Zlfl 1,51, l,k)

202
1<i<j<k<d, (i,5,k)€EQ

min

for some normalization constant ¢ > 0. Here, we abuse the notation f(-) to represent the probability density

function whenever it is clear from the context. Denote by vec(U*) the vectorization of U* = [u], -, u}],
namely,
uj
vec(U™) := : e R,
u*

r

By virtue of the Cramér-Rao lower bound, any unbiased estimator U for U* necessarily obeys
Cov|vec(U)] = (Za) %,

where L, € R4 denotes the corresponding Fisher information matrix (conditional on Q) as follows
T
To = Zo(U") = E| Vaee(wr+) 108 [(T*) (Voec(r) log f(T)) |

_ {E {V% log f(T*) (V. log f(T°bS))T]] : (156)

1<ly,l2<r

It then suffices to compute the Fisher information matrix. Towards this end, we start by observing that

oTr. our ur ur
i,5,k TATI TR k) - * %

T =2 g = gtk li=sy e lg=sy gLy, (157)
’u’l,s =1 ul,s

and

dlog f(T°) b
= > (T 2 ok gt ) (i gy g gy + 05 L )
be (i,4,k) €9, i<j<k

- 2 EJ”“(“U“! plimsy +uugpl=sy + g ui 1= s}) (158)
(i,5,k)€Q, i<j<k

forany 1 <! <rand 1 < s < d. In addition, let us define a collection of vectors {h; ; ; }1<i<j<k<a in R
with entries

hi7j’/€(l, 8) = hi)j7k((l — 1) X r—+ S) = u;‘)juzkl{izs} + uziuzkﬂ{jzs} + uf’iuf,jll{k:s} (159)

forany 1 <[ <rand 1< s <d. One can then express

1 1
2 T
To=1 > E [E]1] Pigihisp = 2 o Xigwhigihl, (160)
W (4,5,k) €9, i<j<k min j<;<j<k<d

where we recall the notation x; jx := Ly jxeq)- Let us further define

T .= ]EQ [IQ] = QL Z hz 7 kh1] k (161)
Tmin 1 <;<Gj<k<d

where the expectation is taken over randomness of {x; j«}i<i jr<a. In what follows, we shall compute the
spectrum of Z, and show that Zq is, with high probability, sufficiently close to Z in the spectral norm. In
addition, denote (I,s) :==(l—1) xr+dforall 1 <l <r1<s<d.
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Spectrum of Z. First, it is straightforward to calculate that for any 1 < s < dand any 1 <ly,l <d

2
in _ *2
» I(l1,s),(l2,s) - E ull zulg 1ul1 julg 7 + 3ul1 Sul2 s E ull 7.ul2 i + 5ul1 sul2 s
(4,5):<3 1<i<d
= 1<u +3 (uj ,up)+5 ¥
=35 1, W u11 lulg i Ull su12 s\Upy, Uy, U11 sUly,s»

1<z<d
and for any 1 < s1 #£ s9 <d, 1 <ly,ly <d,

0.2

min _x * * *
(11,81),(l2,82) = Uiy 53Uy 5y <ul1 ) ulz>'

As a consequence, one can express

) slutllsla + [lufl3uut”
O-minI _
p 1 * |14 20 ko x|
gllurllada + [Juyl3uruy
0 co (e uP)uru T
+ . : + v
(uf, ur )ulu*T 0
=P
where @ is a matrix in R %" with all-zero diagonal blocks and (I1,l2)-th block equal to (uj ,u} )uj u; ',
and W is a matrix in R¥ >4 with entries
@mae— Y uit+2ullu |3+ suit; i b =ls, s = s,
1<z<d
1 .
\11(1175)7(1275) = §<ul1’ 2 Z ull zul2 i + 2ul1 Sulg s<ullvul2> + 5ul1 suz*fs» if ll 7& l27 S1 = 82,
1<z<d

\I/(ll,sl).,(lz,52) =0, otherwise.

In the sequel, we shall control the spectral norm of ® and ¥ separately

e For &, we can bound

2
@] < [[@flr < > <ul*17ul*2>2|!ul*2ul*f||F§\/ max_(uf,uf)? Y g 3]l

l
1<l1 #l2<r 1<l1 #l2<r 2
< ry/5 max [ralFs ——0< min ||u*||4>
= Vaizz (o2 iz )

where we have used the incoherence condition (12¢) and the assumptions r = o(w/d/ u) and kK <1

1<ly,l2<r

e As for ¥, we note that each block of W is a diagonal matrix. By the incoherence conditions, its entries
can be bounded by

Py
“1’(1,5),(1,5)’ S i 2 lluf 3 < < g max (w13,

and

1
Wity 02, | S (wdy o uiy)® + 13w 113 + 2l ool oo [l 2l Nl S 5 [max 712

thus indicating that

I 4
1%l < 5 max [Juf 2
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Given the special structure of ¥, one can easily permutation its columns and rows to arrive at another
matrix W = [¥; ;]1<; j<, such that (1) ¥ is a block diagonal matrix; (2) ¥ contains d x d blocks each of

size r x 1; (3) each diagonal block \il“ of U has spectral norm at most

B, ille < 7))o S 5 max ufl4.

”‘I,“ ~ d 1<i<r

Consequently, one can derive

9 = 191 < e 19500 < 25 o 13 = o (min [l ).

provided that r = o(d/p) and k < 1.

e Putting the above two estimates together, we conclude that

Slugl$Ls + fufBuiu;”
T2 + —— (@] + 1) L,
" Ll + fuslBupu™ [
Llugl$La + Juf lBuiu;”
= (14 0(1)) UQL_ . (162)
C A AR

Controlling || Zg — Z||. By construction, Zo — Z = ?1“ Yicj<r(Xigk — p)hi,j,khzj’k is a sum of in-
dependent zero-mean random matrix in R4 > By the incoherence conditions, it is straightforward to
bound

— o A < 12
Bi= _max  [|(xigk = phiguhijl| < | _max kil
i) pr
S a4 < 2 s fu 4

where (i) arises from the definition of h; ;5 in (159). In addition, we also have

V= H > El(xijk — )i jkl3hi g, khzij

i<j<k
1<Z<j<k<d " Z,MCHQH 1<z’<Jz’;k<dh 7J7kh bk H
S prmax o |5 max [lu;
S o .

~od?oi<i<r

Here, the second inequality arises from (159) and (162), whereas the third comes from our bound above for
Z. Invoking the matrix Bernstein inequality, we conclude that with probability at least 1 — O(d~1?),

Blogd+ +/Vlogd P w’rlogd  p~/rlogd
S max w3 +
2 o2, 1<I<r d?p d\/p

p
— o(1)—y— min |lujl3 (163)

1Ze - T 5

min

where the last step holds as long as p > p?rd—?2 log?d and k < 1.
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Combining the spectrum of Z, and the bound on | Zg—Z||. Combining (162) and (163) with Weyl’s
inequality reveals that with probability exceeding 1 — O(d=1?),

sllutlls s + [lufl3uiuy”

Zo = (1+0(1))

2
min

sllwrlI3a + [l ||3ur

By the Woodbury matrix identity, it is straightforward to check

1 * * * * 71 2 2u* *T
(nuinémnu ||§uuT) _ 2 4(Id i )
2 1\ 3T 2

Hence, for any unbiased estimator U of U* we have

2 2 *o kT
) o | e (- 3
Cov[vec(T)] = (Zo) ™' = (1 - 0(1))% (164)

2 ( I,— z%)
sl 3 [zl
A few consequences from the above Cramér-Rao lower bound are in order.

e For each unbiased estimator u; of ], one necessarily has

R 9 2 92 U*Z
E[(@ — uf1)?] 2 (Ta) ™ = (1 - o(1)) - min (1 = 3] )

plluflls 3 [Jufll3
202, 2 H FIIZ >
(1= o) s fuf
(i) 202
> (1 - o(1)) = Zmin (1—>
(1= o) s
(i) 202, *
> (1—o(1)) = (1=0(1)(ZP)ut,
p|| l||2

where (i) arises from the incoherence assumption (3) and (ii) holds as long as p = o(d). This further
implies that

~ * 112 d ~ * \2 20121'11nd
E[”ul — U H2] = ZE[(U‘IJC - ul,k) ] Z (1 - 0(1))])”’[1.*”% .
_ l

e Any unbiased estimator ﬁ gk Oof TF; . necessarily obeys [Sha03]

* *

- oT>. T oT*.
2 i — i
E{(Ti,m _7-‘7:]"/6) } > [’J’k):| (Zq) — L

Ovec(U* 3vec(U*)
2
T
Z 1 _ O Z Z < @7, lc)
1<5<d 1<I<r p|| 8ul
ii)

= (1 — 0(1))7):-"]-’,6,

where (i) uses (164), and (ii) follows from (157), (23) and direct algebraic manipulations.

—
=

—

e Any unbiased estimator T of T* necessarily satisfies

E[IT - T3] = SB[ (Togn — T254)°] 2 (1= 0(1) 3 vi

.5,k 0,4,k
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(i)

1 _0 Z Z Z mln *2 *2
P”uz s
1<i<d 1<7,k<d 1<I<r

- (1- o<1>)—mmd’“,

p

where (i) arises from the definition of v}, in (23).

H Proof of auxiliary lemmas: preliminary facts

H.1 Proof of Lemma 13

1. To begin with, by the incoherence assumption (12b), it is easy to derive

IU*|p < v max [luflly < VXL
1<i<r

max ?
KT\ x1/3
[0l e < V7 e 7 < /25 AL
2. Regarding the properties about the spectrum of U*, we refer the reader to the proof of [CLPC19, Lemma

D.1].

3. From Lemma 11, it is straightforward to show that: there exists a permutation 7(-) : [d] — [d] such that

* * g T’legd «1/3 *1/3
112?<Xr Hu - ||2 < HUH -U HF ~ )\;nm H p )‘ma/x - </\min ) ’

o [fprlogd \ML/3
e ety — ui, < JUT= 0l € 7 /208 o — o R,

where we have used the conditions that oyax/A5;, < \/p/(urd3/2logd) and k =< 1. Recognizing that
A;llif’ < uf|ly < A3 and that \/1/d)\*1./3 < fuf| o < \/u/d)\;lﬁ for all 1 <4 < r, one immediately

min

obtains (62c) and (62d) by invoking the triangle inequality.

4. For any 1 <1i # j < r, applying the triangle inequality and the Cauchy-Schwartz inequality yields

(g, ws)| < (g, )| + (i —ul,ug)] + |(uf, g — b))
< [(ul )] + s — uflly llwglle + g — w2 [l

max |rdlogd
<\l G AR

5. Next, we move on to the spectrum of U. In view of (59a) and the conditions that omax/AL;, <

\/p/(rd3/2logd) and < 1, one can deduce that

. N Omax [rdlogd 1/3
||UH - U || S ||UH — U ||F ~ )\*a \/T)‘Inla/)? - (A:HI{I ) :

Therefore, (62f) is an immediate consequence of Weyl’s inequality and (62b).

6. Finally, we know from Lemma 12 that the estimation error bounds for [UII — U*||p and |[UIL - U*||,

continue to hold if we replace U with U(™). Hence, the above results are also valid for U™ and ul(m)
(1<i<r).
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H.2 Proof of Lemma 14

1.

To begin with, it is straightforward to compute

1T = 3wt euili= 3 llullh < raifs.

1<s<r 1<s<r

. For any 1 <4, j < d, the incoherence assumption (12b) yields

||U(z Z w22 N 7"/\*4/3

ER ag = 2 “'max
1<s<r

)yt Hz

This leads to the claimed bound regarding ||U*||2.o -

Regarding the spectrum of U* and ﬁ, we refer the reader to the proof of [CLPC19, Lemma 4.1 and
Lemma D.1].

Next, we turn to |UII — U*||p. Without loss of generality, assume that IT = I,. Using the fact that
(a®? b®?) = (a, b>2 for any vectors a,b € R%, we can straightforwardly calculate that

us? = w5 = [ug? | + ||u§®2||§ = 2(ud® ul®?) = fusly + [y - 2 (us, w)?

4 4 242
= [luslly + [lugll; — (Husl\2+Hu*H2 s — ufl3)

1

2
= 5 Clusll3 = azl13)" +

1

2 2 2 4
+ (sl + lufllz ) llees = w3y = 5 llws = will; -
From the triangle inequality and the Cauchy-Schwartz inequality, we know that

2 22 2 2 2 2 2
(lluaslly = ufllz)™ = (llwslly + Tuglly)" (luslly = il )™ < 2(1wsly + ludll) s = ull; -

The above two results taken together with (62) reveal that

~ max

2 2 2 2
[ = w2, < 2 (s + lualllz ) s = wllly S A s —wllls
and consequently,

T -0l = 3 s i A2 S el = 222 U - 0

1<s<r 1<s<r
Then the advertised bound on ||U — U*||p follows immediately from (59).

We proceed to the term Hﬁl’[—ﬁ*Hg,o@. Again , let us assume IT = I,. and recall the notation u, ; := (us);
and u} ; := (u}),; for any 1 < s <r,1 <i <d. Then we can upper bound

Soo@@-w®?)) = > (e —ululy)’ S Y (e —uwh) U D ul? (ua — )

1<s<r 1<s<r 1<s<r 1<s<r

2
< max flu% U - U

for any 1 <14, j < d. This taken collectively with (62d) and (59b) yields the claim.
Finally, we note that all bounds for u; are also true for ul(m) . Hence the above-mentioned results continue

to hold for U™ and u(™ (1 <1<7).
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I Other auxiliary lemmas

Lemma 21. Let T € R¥¥4%4 pe gn order-3 tensor with decomposition T = Yo u Qv @ w,;. Here,
{u;, v, w;};_, is a collection of vectors in R?. Then for any index subset Q C [d]3 and any t € R, one has

1P (T) —¢T|| < [|Po (19%) — t1%°]] 3 lfuil o vl o llwil o »
i=1

where 1 € R? denotes the all-one vector. Here, ) can be arbitrary.
Proof. Fix arbitrary vectors @, y, z € R? with ||, = |y, = [|2]|, = 1. We have
[(Po(T) —tT, x @y Q z)| = ’<PQ (1®3) —-11%3. To (w®y®z)>‘
< [[Pa (1) 1T O @2y @ 2) |,

where we denote by |||, the tensor nuclear norm [YZ16]. By the linearity of the Hadamard and tensor
product, we can express

ToO(xRy®z)= (ZUi®vi®wi)®(w®y®z)
i=1

T
:Z(ui®vi®wi)®(m®y®z)
i=1

=Y (wor)®(voy) ® (w06 2).
i=1
From the triangle inequality, we can upper bound

HT@(m@y@Z)H* SZH(WQCL’)@(W@y)@(’U’i@Z)H*

T
<D lui @y v © yll, llw: © 2|,

i=1
T
<D luillog il llwi o
i=1

Here, the second inequality holds due to the fact that la @ b® c|| = |la ® b® ¢||, = ||al|, ||bl, ||c||, for any
vectors a, b, ¢ € R?, whereas the last inequality follows by observing the following inequality

d d

2 2 2 2
lus @@l =) (wi)j o < Jluill 2 Y 2F = Juills
j=1 j=1

and similarly [|v; © Y|l < [|vi|lo and |Jw; © 2|y < ||w;i]|s. Consequently, one arrives at
T
(Po (T) T, x @ y © 2)| < [|[Pa (1%%) = 1% Y Juill o J0ill o llwill -
i=1

Given that this holds for arbitrary x,y, z € R? with ||z, = |ly|l, = ||z, = 1, we finish the proof by the
definition of the spectral norm. O
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