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Abstract

This paper delivers improved theoretical guarantees for the convex programming approach in low-
rank matrix estimation, in the presence of (1) random noise, (2) gross sparse outliers, and (3) missing
data. This problem, often dubbed as robust principal component analysis (robust PCA), finds applica-
tions in various domains. Despite the wide applicability of convex relaxation, the available statistical
support (particularly the stability analysis vis-a-vis random noise) remains highly suboptimal, which we
strengthen in this paper. When the unknown matrix is well-conditioned, incoherent, and of constant
rank, we demonstrate that a principled convex program achieves near-optimal statistical accuracy, in
terms of both the Euclidean loss and the £~ loss. All of this happens even when nearly a constant
fraction of observations are corrupted by outliers with arbitrary magnitudes. The key analysis idea lies
in bridging the convex program in use and an auxiliary nonconvex optimization algorithm, and hence
the title of this paper.

Keywords: robust principal component analysis, nonconvex optimization, convex relaxation, ¢,, guarantees,
leave-one-out analysis
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1 Introduction

A diverse array of science and engineering applications (e.g. video surveillance, joint shape matching,
graph clustering, covariance modeling, graphical models) involves estimation of low-rank matrices [CLC19,
CLMW11,CGH14,JCSX11,CPW12,FLM13,DR16|. The imperfectness of data acquisition processes, how-
ever, presents several common yet critical challenges: (1) random noise: which reflects the uncertainty of
the environment and/or the measurement processes; (2) outliers: which represent a sort of corruption that
exhibits abnormal behavior; and (3) incomplete data, namely, we might only get to observe a fraction of the
matrix entries. Low-rank matrix estimation algorithms aimed at addressing these challenges have been exten-
sively studied under the umbrella of robust principal component analysis (Robust PCA) [CSPW11,CLMW11],
a terminology popularized by the seminal work [CLMW11].

To formulate the above-mentioned problem in a more precise manner, imagine that we seek to estimate
an unknown low-rank matrix L* € R™*"2. What we can obtain is a collection of partially observed and
corrupted entries as follows

My = L+ S5+ By, (4,7) € Qobs, (1.1)

where §* = [S;] is a matrix consisting of outliers, E = [E};] represents the random noise, and we only observe
entries over an index subset Qops C [n1] X [n2] with [n] := {1,2,--- ,n}. The current paper assumes that S*
is a relatively sparse matrix whose non-zero entries might have arbitrary magnitudes. This assumption has
been commonly adopted in prior work to model gross outliers, while enabling reliable disentanglement of the
outlier component and the low-rank component [CSPW11,CLMW11,CJSC13,Lil13|. In addition, we suppose
that the entries {E;;} are independent zero-mean sub-Gaussian random variables, as commonly assumed in
the statistics literature to model a large family of random noise. The aim is to reliably estimate L* given
the grossly corrupted and possibly incomplete data (1.1). Ideally, this task should be accomplished without
knowing the locations and magnitudes of the outliers S*.



1.1 A principled convex programming approach

Focusing on the noiseless case with E = 0, the papers by [CSPW11, CLMW11] delivered a positive and
somewhat surprising message: both the low-rank component L* and the sparse component S* can be
efficiently recovered with absolutely no error by means of a principled convex program

minimize  [|L||, + 7S], subject to Pq, (L+S— M) =0, (1.2)
L,ScRn1xn2

provided that certain “separation” and “incoherence” conditions on (L*,S*,Qqps) hold! and that the regu-
larization parameter 7 is properly chosen. Here, || L. denotes the nuclear norm (i.e. the sum of the singular
values) of L, ||S|[1 = _; ; |Si;| denotes the usual entrywise {1 norm, and Pq,,, (M) denotes the Euclidean
projection of a matrix M onto the subspace of matrices supported on Qops. Given that the nuclear norm
|| - |l« (resp. the ¢; norm || - ||1) is the convex relaxation of the rank function rank(:) (resp. the ¢y counting
norm || - ||o), the rationale behind (1.2) is rather clear: it seeks a decomposition (L, S) of M by promoting
the low-rank structure of L as well as the sparsity structure of S.

Moving on to the more realistic noisy setting, a natural strategy is to solve the following regularized
least-squares problem

1
minimize = ||Po,, (L+8 — M)|2 + A L], + 7S], - (1.3)
L,ScRr1xn2 2

With the regularization parameters A, 7 > 0 properly chosen, one hopes to strike a balance between enhancing
the goodness of fit (by enforcing L+.5 — M to be small) and promoting the desired low-complexity structures
(by regularizing both the nuclear norm of L and the ¢; norm of S). A natural and important question comes
into our mind:

Where does the algorithm (1.3) stand in terms of its statistical performance vis-a-vis random noise,
sparse outliers and missing data?

Unfortunately, however simple this program (1.3) might seem, the existing theoretical support remains far
from satisfactory, as we shall discuss momentarily.

1.2 Theory-practice gaps under random noise

To assess the tightness of prior statistical guarantees for (1.3), we find it convenient to first look at a simple
setting where (i) ny = ny = n, (i) E consists of independent Gaussian components, namely, E;; ~ N(0,0?),
and (iii) there is no missing data. This simple scenario is sufficient to illustrate the sub-optimality of prior
theory.

Prior statistical guarantees The paper [ZLW7T10] was the first to derive a sort of statistical perfor-
mance guarantees for the above convex program. Under mild conditions, [ZLW™ 10| demonstrated that any
minimizer (L, S) of (1.3) achieves®
T 2

1L = L*[|p = O (n]| B[|;) = O(on®) (1.4)
with high probability, where we have substituted in the well-known high-probability bound ||E|g = O (on)
under i.i.d. Gaussian noise. While this theory corroborates the potential stability of convex relaxation against
both additive noise and sparse outliers, it remains unclear whether the estimation error bound (1.4) reflects
the true performance of the convex program in use. In what follows, we shall compare it with an oracle error
bound and collect some numerical evidence.

1Clearly, if the low-rank matrix L* is also sparse, one cannot possibly separate S* from L*. The same holds true if the
matrix S* is simultaneously sparse and low-rank.

2Mathematically, [ZLW110] investigated an equivalent constrained form of (1.3) and developed an upper bound on the
corresponding estimation error.
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Figure 1: (a) Euclidean estimation errors of (1.3) and (1.5) vs. the problem size /n, where we fix r = 5,0 =
10~2; (b) Euclidean estimation errors of (1.3) and (1.5) vs. the noise level o in a log-log plot, where we fix
n = 1000,r = 5. For both plots, we take A = 50+/n and 7 = 20+/logn. The results are averaged over 50
independent trials.

Comparisons with an oracle bound Consider an idealistic scenario where an oracle informs us of the

outlier matrix S*. With the assistance of this oracle, the task of estimating L* reduces to a low-rank matrix

denoising problem [DG14]. By fixing S to be S* in (1.3), we arrive at a simplified convex program
minimize (1.5)

1 2
—||L — (L*+ F AL, .
imize LD~ (L7 + )[4 ML,

It is known that (e.g. [DG14,CCF*20]): under mild conditions and with a properly chosen ), the estimation
error of (1.5) satisfies

||L — L*HF =0 (O’\/??,T) ,
where we abuse the notation and denote by L the minimizer of (1.5). The large gap between the above two

bounds (1.4) and (1.6) is self-evident; in particular, if » = O(1), the gap between these two bounds can be
as large as an order of n'®.

(1.6)

A numerical example without oracles One might naturally wonder whether the discrepancy between
the two bounds (1.4) and (1.6) stems from the magical oracle information (i.e. S*) which (1.3) does not
have the luxury to know. To demonstrate that this is not the case, we conduct some numerical experiments
to assess the importance of such oracle information. Generate L* = X*Y*', where X*,Y* € R™™" are
random orthonormal matrices. Each entry of S* is generated independently from a mixed distribution:
with probability 1/10, the entry is drawn from N(0, 10); otherwise, it is set to be zero. In other words,
approximately 10% of the entries in L* are corrupted by large outliers. Throughout the experiments, we
set A = boy/n and 7 = 20/logn with o the standard deviation of each noise entry {E;;}. Figure 1(a) fixes
r =5,0 = 1072 and examines the dependency of the Euclidean error ||1A} — L*||r on the size y/n. Similarly,
Figure 1(b) fixes r = 5,n = 1000 and displays the estimation error ||L — L*||g as the noise size o varies in a
log-log plot. As can be seen from Figure 1, the performance of the oracle-aided estimator (1.5) matches the
theoretical prediction (1.6), namely, the numerical estimation error ||i — L*|| is proportional to both /n
and o. Perhaps more intriguingly, even without the help of the oracle, the original estimator (1.3) performs
quite well and behaves qualitatively similarly. In comparison with the bound (1.4) derived in the prior
work [ZLW10], our numerical experiments suggest that the convex estimator (1.3) might perform much
better than previously predicted.

Allin all, there seems to be a large gap between the practical performance of (1.3) and the existing theoretical
support. This calls for a new theory that better explains practice, which we pursue in the current paper.
We remark in passing that statistical guarantees have been developed in [ANW12, KLT17] for other convex



estimators (i.e. the ones that are different from the convex estimator (1.3) considered herein). We shall
compare our results with theirs later in Section 1.4.

1.3 Models, assumptions and notation

As it turns out, the appealing empirical performance of the convex program (1.3) in the presence of both
sparse outliers and zero-mean random noise can be justified in theory. Towards this end, we need to introduce
several notations and model assumptions that will be used throughout. Let U*X*V*T be the singular value
decomposition (SVD) of the unknown rank-r matrix L* € R™"*"2 where U* € R™*" and V* € R™*"
consist of orthonormal columns and ¥* = diag{c7},...,07} is a diagonal matrix. Here, we let

% * * . —
Omax *— 01 2 09 Z te Z 0, =: Omin and R = Jmax/amin

represent the singular values and the condition number of L*, respectively. We denote by Q* the support
set of S*, that is,
Q= {(4,5) € Qobs : Sf; # 0} (1.7)

With this set of notation in place, we list below our key model assumptions.

Assumption 1 (Incoherence). The low-rank matriv L* with SVD L* = U*X*V*T is assumed to be
w-incoherent in the sense that

. JT—. pr . [T pr
U <./—|U =4/ d ||V <./— |V =4/—. 1.8
10 e < [ E N0 e = (B amd VPl < ([ = /2 (1)

Here, |U ||, o, denotes the largest £y norm of all rows of a matriz U.

Assumption 2 (Random sampling). Fach entry is observed independently with probability p, namely,
P{(i,]) € Qobs} = p. (1.9)

Assumption 3 (Random locations of outliers). Fach observed entry is independently corrupted by an
outlier with probability ps, namely,

P{(i,7) € Q" | (,§) € Qobs} = ps, (1.10)
where Q* C Qs is the support of the outlier matrix S™.

Assumption 4 (Random signs of outliers). The signs of the nonzero entries of S* are i.i.d. symmetric
Bernoulli random variables (independent from the locations), namely,

1, with probability 1/2,

for all (i,4) € Q. (1.11)
—1, else,

sign(Sl-*j) ind. {

Assumption 5 (Random noise). The noise matric E = [E;j] is composed of independent symmetric®
zero-mean sub-Gaussian random variables with sub-Gaussian norm at most ¢ > 0, i.e. ||Eyjlly, < o (see

[Ver12, Definition 5.7] for precise definitions).

We take a moment to expand on our model assumptions. Assumption 1 is standard in the low-rank matrix
recovery literature [CR09, CLMW11, Chel5, CLC19]. If p is small, then this assumption specifies that the
singular spaces of L* is not sparse in the standard basis, thus ensuring that L* is not simultaneously low-rank
and sparse. Assumption 3 requires the sparsity pattern of the outliers S* to be random, which precludes it
from being simultaneously sparse and low-rank. In essence, Assumptions 1 and 3 are identifiability conditions,
taken together as a sort of separation condition on (L*,S*), which plays a crucial role in guaranteeing
exact recovery in the noiseless case (i.e. E = 0); see [CLMW11]| for more discussions on these conditions.

3In fact, we only require E;; to be symmetric for all (i, j) € Q*.



Assumption 4 requires the signs of the outliers to be random, which has also been made in [ZLW*10,WL17|.*
We shall discuss in detail the crucial role of this random sign assumption (as opposed to deterministic sign
patterns) in Section 1.6.

Finally, we introduce several notation to be used throughout. Denote by f(n) < g(n) or f(n) = O(g(n))
the condition |f(n)| < Cg(n) for some constant C' > 0 when n is sufficiently large; we use f(n) 2 g(n) to
= g(n) to

denote f(n) > C|g(n)| for some constant C' > 0 when n is sufficiently large; we also use f(n)
indicate that f(n) < g(n) and f(n) 2 g(n) hold simultaneously. The notation f(n) > g(n) (resp. f(n) <
g(n)) means that there exists a sufficiently large (resp. small) constant ¢; > 0 (resp. c2 > 0) such that
f(n) > c1g(n) (resp. f(n) < cag(n)). For any subspace T, we denote by Pr(M) the Euclidean projection
of a matrix M onto the subspace T, and let Py (M) .= M — Pr(M). For any index set ), we denote by
Pa (M) the Euclidean projection of a matrix M onto the subspace of matrices supported on 2, and define
Pae (M) = M — Pqo(M). For any matrix M, we let | M||, | M||r, || M||«, [|M|1 and ||M||s denote its

spectral norm, Frobenius norm, nuclear norm, entrywise /; norm, and entrywise £, norm, respectively.

1.4 Main results

Armed with the above model assumptions, we are positioned to present our improved statistical guarantees
for convex relaxation (1.3) in the random noise setting. Without loss of generality, assume that

ny Z Nnag.

As we shall elucidate in Section 1.5 and Section 3, our theory is established by exploiting an intriguing
and intimate connection between convex relaxation and nonconvex optimization, and hence the title of this
paper.

For the sake of simplicity, we shall start by presenting our statistical guarantees when the rank r, the
condition number x and the incoherence parameter p of L* are all bounded by some constants. Despite
its simplicity, this setting subsumes as special cases a wide array of fundamentally important applications,
including angular and phase synchronization [Sinll] in computational biology, joint shape mapping prob-
lem [HG13,CGH14] in computer vision, and so on. All of these problems involve estimating a very well-
conditioned matrix L* with a small rank.

Theorem 1. Suppose that Assumptions 1-5 hold, and that r,k,u = O(1). Take A = Cho/nip and T =
Crov/logns in (1.3) for some large enough constants Cy,C. > 0. Assume that

o ni Cnoise Coutlier
ningp > C. n1 log® ny, — < —— and < 1.12
1M2p =2 sample’t1 g 1 Omin P = IOg n Ps > 1ogn1 ( )

for some sufficiently large constant Csample > 0 and some sufficiently small constants cnoise; Coutlier > 0. Then
with probability exceeding 1 — O(n;g), the following holds:

1. Any minimizer (Leyx, Scwx) of the convexr program (1.3) obeys

g n
Hchx - L*”F S C'err ; 71 HL*HF (1.13&)
Omin p
o ny logn
||ch>< - L*Hoo S C(erri 17g1 HL*HOO (llgb)
Omin p
* g n *
||chx - L H S C(erri 71 HL H (113(})
Omin p

for some constant Ce,, > 0.

2. Letting Ley,r = arg ming.ank(p)<r || L — Lew||r be the best rank-r approzimation of Lex, we have

1 o n
Hchx,r - chx||F < ﬁ : - ?1 ”L*”F ) (1~14)
2 min

4Note that while the theorems in [ZLW™ 10, WL17] do not make explicit this random sign assumption, the proofs therein do
rely on this assumption to guarantee the existence of certain approximate dual certificates.



in

ni

and the statistical guarantees (1.13) hold unchanged if Leyy is replaced by Leyxr -

Before we embark on interpreting our statistical guarantees, let us first parse the required conditions (1.12)
Theorem 1. For simplicity we assume that ny = ny = n.

Missing data. Theorem 1 accommodates the case where a dominant fraction of entries are unobserved
(more precisely, the sample size can be as low as an order of n poly logn). This is an appealing result since,
even when there is no noise and no outlier (i.e. E = 0 and ps = 0), the minimal sample size required
for exact matrix completion is at least on the order of nlogn [CT10]. In comparison, prior theory
on robust PCA with both sparse outliers and dense additive noise is either based on full observations
[ZLW*10, ANW12|, or assumes the sampling rate p exceeds some universal constant [WL17]. In other
words, these prior results require the number of observed entries to exceed the order of n?. The only
exception is [KLT17], which also allows a significant amount of missing data (i.e. p = (polylogn)/n).

Noise levels. The noise condition, namely ov/nlogn/p < omin, accommodates a wide range of noise
levels. To see this, it is straightforward to check that this noise condition is equivalent to

np
0 5 i 12
ogn

as long as 7, i, £ < 1. In other words, the entrywise noise level ¢ is allowed to be significantly larger than
the maximum magnitude of the entries in the low-rank matrix L*, as long as p > (logn)/n.

Tolerable fraction of outliers. The above theorem assumes that no more than a fraction p; < 1/logn of
observations are corrupted by outliers. In words, our theory allows nearly a constant proportion (up to
a logarithmic order) of the entries of L* to be corrupted with arbitrary magnitudes.

Next, we move on to the interpretation of our statistical guarantees. Note that we still assume that
= ny = n for ease of presentation.

Near-optimal statistical guarantees. Our first result (1.13a) gives an Euclidean estimation error bound

of (1.3)
HAWLWFSJ¢Z (1.15)

This cannot be improved even when an oracle has informed us of the outliers S* and the tangent space
of L*; see [CP10, Section III.B]. We remark that under similar model assumptions, the paper [WL17]
derived an estimation error bound for a constrained version of the convex program (1.3), which asserts
that this convex estimator icvx satisfies °

|Zew = L[ S on", (1.16)

with the proviso that p is at least on the constant order. The restriction on p arises from the dual
certificate constructed in [CLMW11], which is also used in the Proof of Theorem 4 in [WL17]. While
this is sub-optimal compared to our results in the setting considered herein, it is worth pointing out
that the bound therein accommodates arbitrary noise matrix E (e.g. deterministic, adversary), and here
in (1.16) we specialize their result to the random noise setting, namely the noise E obeys Assumption 5.
In addition, under the full observation (i.e. p = 1) setting, the paper [ANW12] derived an estimation error
bound for a convex program similar to (1.3), but with an additional constraint regularizing the spikiness
of the low-rank component. Note that instead of imposing the incoherence condition as in Assumption 1,
the prior work [ANW12] assumes a milder spikiness condition on L*, which only constrains the maximum
entry in the matrix L* is not too large. When {E;;} are i.i.d. drawn from N(0,0?) and when there is

5More specifically, [WL17, Theorem 4] studies the following convex program minimizey gegnxn||Ll[«+A|[S]1 s.t. [|[Pag, (L+

obs

S — M)||p < 4. Here, the quantity 6 needs to be larger than ||Pq (L + S — M)||r. Under our setting, the minimum level of §
should be a high-probability upper bound on ||Pq_, (E)||r, which is on the order of on,/p. With this choice of §, [IWL17, Theorem

4] yields ||Lex — L*||r < [2 + 8v/n(1 + 1/8/p)]6 < ont 5.



Table 1: Comparison of our statistical guarantee and prior theory.

Euclidean estimation error Accounting for missing data
[ZLW10] on? no
[ANW12] oy max{ /7, apslogn} + | L*||eny/s o
[WL17] onl ves (p 2 1)
[KLT17] | max{o, | L*]|c, | §*[loc} v/ (nlog n) /p max{1, \/apps} yes (p 2 (polylogn)/n)
This paper ov/nr/p yes (p 2 k*u?r?(poly logn)/n)

LANW

no missing data (i.e. p = 1), the Euclidean estimation error bound achievable by their estimator L%,

reads
HL?V':'(W - L*||F < oy/nmax {1, \V/nps logn} + || L* || o /ps, (1.17)

which is sub-optimal compared to our results. In particular, (i) the bound (1.17) does not vanish even
as the noise level decreases to zero, and (ii) it becomes looser as ps grows (e.g. if ps < 1/logn, the bound
(1.17) is O(y/n) larger than our bound). Moreover, the work [ANW12| did not account for missing data.
Similar to [ANW12]| (but with an additional spikiness condition on S*), the paper [KLT17| derived an
estimation error bound for a constrained convex program, with a new constraint regularizing the spikiness
of the sparse outliers. Their Euclidean estimation error bound reads

nlogn
p

LT — L¥||p S max {o, ||, 1570}

v max {1, /npps}, (1.18)
which is also sub-optimal compared to our results. In particular, (1) their error bound degrades as the
magnitude || S*||o of the outlier increases; (2) when there is no missing data (i.e. p = 1), their bound
might be off by a factor as large as O(y/n). It is worth emphasizing that the theory developed in these
prior works is developed to accommodate a broader range of matrices. For example, both [ANW12]
and [KLT17] study the set of entrywise bounded low-rank matrices (without assuming the incoherence
condition); [ANW12] even allows L* to be approximately low rank. To ease comparison, Table 1 displays
a summary of our results vs. prior statistical guarantees when specialized to the settings considered
herein.

Entrywise and spectral norm error control. Moving beyond Euclidean estimation errors, our theory
also provides statistical guarantees measured by two other important metrics: the entrywise £, norm
(cf. (1.13b)) and the spectral norm (cf. (1.13c)). In particular, our entrywise error bound (1.13b) in reads

logn
np

HLCVX*L*”OO ,SO' (119)

as long as r, K, =< 1, which is about O(n) times small than the Euclidean loss (1.15) modulo some
logarithmic factor. This uncovers an appealing “delocalization” behavior of the estimation errors, namely,
the estimation errors of L* are fairly spread out across all entries. This can also be viewed as an “implicit
regularization” phenomenon: the convex program automatically controls the spikiness of the low-rank
solution, without the need of explicitly regularizing it (e.g. adding a constraint | L|le < o as adopted in
the prior work [ANW12,KLT17]). See Figure 2 for the numerical evidence for the relative entrywise and
spectral norm error of L.

Approzimate low-rank structure of the convex estimator Le,. Last but not least, Theorem 1 ensures that
the convex estimate L.y is nearly rank-r, so that a rank-r approximation of L., is extremely accurate.
In other words, the convex program automatically adapts to the true rank of L* without having any
prior knowledge about r. As we shall see shortly, this is a crucial observation underlying the intimate
connection between convex relaxation and a certain nonconvex approach.
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Figure 2: The relative estimation error of L, measured by both || - ||oo (i-e. || Lewx — L*||oo/|| L*]|oo) and || - ||
(i.e. || Leux — L*||/|IL*]|) vs. the standard deviation o of the noise in a log-log plot. The results are reported
for n = 1000, r = 5, p = 0.2, ps = 0.1, A = 50/np, 7 = 20+/logn, and are averaged over 50 independent
trials. In addition, the data generating process is similar to that in Figure 1.

Moving beyond the setting with r, k, u < 1, we have developed theoretical guarantees that allow r, k, u
to grow with the problem dimension ni,ns. The result is this.

Theorem 2. Suppose that Assumptions 1-5 hold and that ny > no. Take A = Co/n1p and T = Cro+/logns
in (1.3) for some large enough constants Cy,Cr > 0. Assume that

ni Cnoise and s < Coutlier (120)

o
- - < 77 —
Omin \ P~ /k*urlogng K3 prlogny

for some sufficiently large constant Csample > 0 and some sufficiently small constants cnoise; Coutlier > 0. Then
with probability exceeding 1 — O(ny %), the following holds:

4 2 2 6
ningp > C1sample’€ HoTrny IOg ny,

1. Any minimizer (Leyx, Scvx) of the convex program (1.3) obeys

g n *
|Lex — L*llg < Cerei—"— |2 |1 (1.21a)
Ul’l’lln p
1
Lo — L*||o < Coprn/wtpir - —— [ 108 e (1.21b)
Omin

g n
Hchx - L*” S C’erri e ||L*|| (1.210)

Omin p

for some constant Ce,, > 0.
2. Letting Ley,r = argming.ank(z)<r || L — Lew|lF be the best rank-r approzimation of L., we have

g

ny *
||chx,r - chx”F S ? HL ||F7 (122)

1
—
ny o

and the statistical guarantees (1.21) hold unchanged if Leyy is replaced by Ly r.

Similar to Theorem 1, our general theory (i.e. Theorem 2) provides the estimation error of the convex
estimator L¢y in three different norms (i.e. the Euclidean, entrywise and operator norms), and reveals the
near low-rankness of the convex estimator (cf. (1.22)) as well as the implicit regularization phenomenon
(cf. (1.21D)).

Finally, we make note of several aspects of our general theory that call for further improvement. For
instance, when there is no missing data and n; = ns = n, the rank r of the unknown matrix L* needs to
satisfy r < y/n. On the positive side, our result allows r to grow with the problem dimension n. However,
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Figure 3: Euclidean estimation errors of (1.3) vs. ps under four different ranks r = 5,10, 15,20. The results
are reported for n = 1000, p = 0.04r, 0 = 1073, A = 50./np, 7 = 20+/logn, and are averaged over 50
independent trials. In addition, the data generating process is similar to that in Figure 1.

prior results in the noiseless case [CLMW11,Li13] allow r to grow almost linearly with n. This unsatisfactory
aspect arises from the suboptimal analysis (in terms of the dependency on r) of a tightly related nonconvex
estimation algorithm (to be elaborated on later), which, to the best of our knowledge, has not been resolved
in the nonconvex low-rank matrix recovery literature [MWCC20, CLL20]. See Section 2 for more discussions
about this point. Moreover, when E = 0, it is known that ps can be as large as a constant even when the
rank 7 is allowed to grow with the dimension n [Lil3,CJSC13|. Our current theory, however, fails to cover
the case with ps < 1 in the presence of noise. We demonstrate through numerical experiments that the
dependence of ps on 7 might indeed by suboptimal in our current theory. More specifically, Figure 3 depicts
the numerical Euclidean estimation errors w.r.t. the corruption probability ps as we vary the rank while
fixing the sampling ratio. It can be seen that the estimation error curves corresponding to different ranks
align very well with each other, thus suggesting the capability of convex relaxation in tolerating a constant
fraction ps of outliers.

1.5 A peek at our technical approach

Before delving into the proof details, we immediately highlight our key technical ideas and novelties. For
simplicity we assume n; = no = n throughout this section.

Connections between convex and nonconvex optimization. Instead of directly analyzing the convex
program (1.3), we turn attention to a seemingly different, but in fact closely related, nonconvex program

1 2 A
omimmie Lm0y T s M J(XE 4 IVIE) sl 29)
This idea is inspired by an interesting numerical finding (cf. Figure 4) that the solution to the convex
program (1.3), and an estimate obtained by attempting to solve the nonconvex formulation (1.23), are
exceedingly close in our experiments. If such an intimate connection can be formalized, then it suffices
to analyze the statistical performance of the nonconvex approach instead.® Fortunately, recent advances
in nonconvex low-rank factorization (see [CLC19] for an overview) provide powerful tools for analyzing
nonconvex low-rank estimation, allowing us to derive the desired statistical guarantees that can then be
transferred to the convex approach. Of course, this is merely a high-level picture of our proof strategy, and
we defer the details to Section 3.

It is worth emphasizing that our key idea — that is, bridging convex and nonconvex optimization — is
drastically different from previous technical approaches for analyzing convex estimators (e.g. (1.3)). As it

60n the surface, the convex program (1.3) and the nonconvex one (1.23) are closely related: the convex solution (Lecvx, Scvx)
coincides with that of the nonconvex program (1.23) if Lcy is rank-r. This is an immediate consequence of the algebraic identity
1Z]l« = infx ycpnxr.xyT—z(I X3 +[Y]1Z) [SS05, MHT10]. However, it is difficult to know a priori the rank of the convex
solution. Hence such a connection does not prove useful in establishing the statistical properties of the convex estimator.

10
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Figure 4: (a) The relative estimation errors of both L, (the convex estimator (1.3)) and Lpcx (the estimate
returned by the nonconvex approach tailored to (1.23)) and the relative distance between them vs. the
standard deviation o of the noise. (b) The relative estimation errors of both Scx (the convex estimator
in (1.3)) and Shex (the estimate returned by the nonconvex approach tailored to (1.23)) and the relative
distance between them vs. the standard deviation o of the noise. The results are reported for n = 1000,
r=5,p=02 p, =01, A =50,/np, T = 20+/logn and are averaged over 50 independent trials.

turns out, these prior approaches, which include constructing dual certificates and/or exploiting restricted
strong convexity, have their own deficiencies in analyzing (1.3) and fall short of explaining the effectiveness of
(1.3) in the random noise setting. For instance, constructing dual certificates in the noisy case is notoriously
challenging given that we do not have closed-form expressions for the primal solutions (so that it is difficult
to invoke the powerful dual construction strategies like the golfing scheme [Groll| developed for the noiseless
case). If we directly utilize the dual certificates constructed for the noiseless case, we would end up with an
overly conservative bound like (1.4), which is exactly why the results in [ZLW'10, WL17] are sub-optimal.
On the other hand, while it is viable to show certain strong convexity of (1.3) when restricted to some highly
local sets and directions, it is unclear how (1.3) forces its solution to stay within the desired set and follow
the desired directions, without adding further (and often unnecessary) constraints to (1.3).

Nonconvex low-rank estimation with nonsmooth loss functions. It is worth noting that a similar
connection between convex and nonconvex optimization has been pointed out by [CCF*20| towards under-
standing the power of convex relaxation for noisy matrix completion. Due to the absence of sparse outliers
in the noisy matrix completion problem, the nonconvex loss function considered therein is smooth in nature,
which greatly simplifies both the algorithmic and theoretical development. By contrast, the nonsmoothness
inherent in (1.23) makes it particularly challenging to achieve the two desiderata mentioned above, namely,
connecting the convex and nonconvex solutions and establishing the optimality of the nonconvex solution.
In fact, to establish the connection between convex and nonconvex solutions, we put forward a novel two-
step analysis strategy. Specifically, we first develop a crude upper bound on the Euclidean estimation error
leveraging the idea of approximate dual certificates; see Theorem 3. While this crude upper bound is far
from optimal, it serves as an important starting point towards formalizing the intimate relation between
the convex solution (Ley, Sevx) and the nonconvex solution (X,Y, S), since it is challenging to establish
XY =~ L.y and S = S, simultaneously without the aid of a crude bound. Second, in establishing the
optimality of the nonconvex solution, the nonsmoothness nature of the nonconvex loss prevents us from
applying the vanilla gradient descent scheme (as has been done in [CCF*20]). To address this issue, we
develop an alternating minimization scheme — which alternates between gradient updates on (X,Y’) and
minimization of S — aimed at minimizing the nonsmooth nonconvex loss function (1.23); see Algorithm 1
for details. As it turns out, such a simple algorithm allows us to track the proximity of the convex and
nonconvex solutions and establish the optimality of the nonconvex solution all at once.

11
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Figure 5: The red (resp. blue) line displays the Euclidean estimation error of (1.3) vs. y/n under fixed
(resp. random) sign patterns of S*. The green line displays the Euclidean distance between L, and L*
under fixed sign patterns of S*. The results are reported for r =5, p =1, 0 = 1073, and ps = 1/ logn, with
A = 50./np and T = 20+/logn and are averaged over 50 independent trials. For the random sign setting,
the nonzero entries of S* are independently generated as z - 50, where z follows a Rademacher distribution.
For the fixed sign setting, each nonzero entry of S* equals to 5o.

1.6 Random signs of outliers

The careful reader might wonder whether it is possible to remove the random sign assumption on S* (namely,
Assumption 4) without compromising our statistical guarantees. After all, the results of [CSPW11,CLMW11,
Li13] derived for the noise-free case do not rely on such a random sign assumption at all.” Unfortunately,
removal of such a condition might be problematic in general, as illustrated by the following example.

An example with non-random signs Suppose that (i) ny = ng = n, (ii) each non-zero entry of S*
obeys Sf; = coo, (iii) ps = c1/logn for some sufficiently small constant ¢; > 0, and (iv) there is no missing
data (i.e. p =1). In such a scenario, the data matrix can be decomposed as

M=L"4+S*"+E=L"+E[S*|+ S -E[S"] + E.

=L+ =FE
Two observations are worth noting: (1) given that E[S*] = copsc11T with 1 the all-one vector, the rank of
the matrix L* = L* + E[S*] is at most r +1; (2) E is a zero-mean random matrix consisting of independent
entries with sub-Gaussian norm O(c). In other words, the decomposition M = L*+E corresponds to a
case with random noise but no outliers. Consequently, we can invoke Theorem 1 to conclude that (assuming
7= O(1) and L* is incoherent with condition number O(1)): any minimizer (Ley, Sex) of (1.3) obeys

* T * g T *
Hchx —L* - PsUllT”F = ||chx - L ||F S, ~*) \/EHL ||F
Omin
max i*
< o/ L) (~ ) <ovn

amin(L*)

with high probability. Here the last step follows since L* is of constant rank and condition number. This,
however, leads to a lower bound on the estimation error

Hchx — L*HF > ||cop50'11THF - Hchx —L* — psallT”F = U(Copsn - O(\/ﬁ))
cocLon

= (1—o(1) 2272,

ogn

"Notably, in the noisy setting, prior theory [ZLWT10, WL17] also implicitly assumes this random sign condition, while
[ANW12,KLT17]| do not require this condition.
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which can be O(y/n/logn) times larger than the desired estimation error O(c+/n). Numerical experiments
under the above setting (with ¢g = 5 and ¢; = 1) also suggest that (i) the estimation error under the fixed
sign setting might be orderwise larger than that under the random sign setting; and (ii) under the fixed sign
setting, the estimator (1.3) approximately recovers L* instead of L*; see Figure 5.

The take-away message is this: when the entries of S* are of non-random signs, it might sometimes be
possible to decompose S* into (1) a low-rank bias component with a large Euclidean norm, and (2) a
random fluctuation component whose typical size does not exceed that of E. If this is the case, then the
convex program (1.3) might mistakenly treat the bias component as a part of the low-rank matrix L*, thus
dramatically hampering its estimation accuracy.

2 Prior art

Principal component analysis (PCA) [Pea01,Jol11,FSZZ18] is one of the most widely used statistical methods
for dimension reduction in data analysis. However, PCA is known to be quite sensitive to adversarial outliers
— even a single corrupted data point can make PCA completely off. This motivated the investigation of
robust PCA, which aims at making PCA robust to gross adversarial outliers. As formulated in [CLMW11,
CSPW11], this is closely related to the problem of disentangling a low-rank matrix L* and a sparse outlier
matrix S* (with unknown locations and magnitudes) from a superposition of them. Consequently, robust
PCA can be viewed as an outlier-robust extension of the low-rank matrix estimation/completion tasks
[CR09,KMO10,CLC19]. In a similar vein, robust PCA has also been extensively studied in the context of
structured covariance estimation under approximate factor models [FFLO8, FLM13,FWZ18, FWZ19|, where
the population covariance of certain random sample vectors is a mixture of a low-rank matrix and a sparse
matrix, corresponding to the factor component and the idiosyncratic component, respectively.

Focusing on the convex relaxation approach, [CSPW11, CLMW11] started by considering the noiseless
case with no missing data (i.e. E = 0 and p = 1) and demonstrated that, under mild conditions, convex
relaxation succeeds in exactly decomposing both L* and S* from the data matrix L*+ S*. More specifically,
[CSPW11] adopted a deterministic model without assuming any probabilistic structure on the outlier matrix
S*. As shown in [CSPW11] and several subsequent work [CJSC13,HKZ11], convex relaxation is guaranteed
to work as long as the fraction of outliers in each row/column does not exceed O(1/r). In contrast, [CLMW11]
proposed a random model by assuming that S* has random support (cf. Assumption 3); under this model,
exact recovery is guaranteed even if a constant fraction of the entries of S* are nonzero with arbitrary
magnitudes. Following the random location model proposed in [CLMW11], the paper [GWLT10] showed
that, in the absence of noise, convex programming can provably tolerate a dominant fraction of outliers,
provided that the signs of the nonzero entries of S* are randomly generated (cf. Assumption 4). Later, the
papers [CJSC13,Li13] extended these results to the case when most entries of the matrix are unseen; even
in the presence of highly incomplete data, convex relaxation still succeeds when a constant proportion of the
observed entries are arbitrarily corrupted. It is worth noting that the results of [CJSC13| accommodated
both models proposed in [CSPW11]| and [CLMW11], while the results of [Lil3] focused on the latter model.

The literature on robust PCA with not only sparse outliers but also dense noise — namely, when the
measurements take the form M = Pq  (L* + S* + E) — is relatively scarce. [ZLW 110, ANW12| were
among the first to present a general theory for robust PCA with dense noise, which was further extended in
[WL17,KLT17|. As we mentioned before, the first three |[ZLW10, ANW12, WL17| accommodated arbitrary
noise with the last one [KLT17| focusing on the random noise. As we have discussed in Section 1.4, the
statistical guarantees provided in these papers are highly suboptimal when it comes to the random noise
setting considered herein. The paper [CC14] extended the robust PCA results to the case where the truth
is not only low-rank but also of Hankel structure. The results therein, however, suffered from the same
sub-optimality issue.

Moving beyond convex relaxation methods, another line of work proposed nonconvex approaches for
robust PCA [NNST14,GWL16,YPCC16,CGJ17,ZWG18,CCD*™19,LMCC19,CCW19], largely motivated by
the recent success of nonconvex methods in low-rank matrix factorization [CLC19, KMO10, CLS15, SL16,
CC17,CW15,ZCL16,CC18,JNS13,NJS13, MWCC20, CCFM19, WGE17, WCCL16, CW18, ZL16, CDDD19].
Following the deterministic model of [CSPW11], the paper [NNST14] proposed an alternating projec-
tion / minimization scheme to seek a low-rank and sparse decomposition of the observed data matrix. In the
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noiseless setting, i.e. E = 0, this alternating minimization scheme provably disentangles the low-rank and
sparse matrix from their superposition under mild conditions. In addition, [NNST14] extended their result to
the arbitrary noise case where the size of the noise is extremely small, namely, ||E||cc < 0min/n. When the
noise {E;;} ~ N(0,0?), this is equivalent to the condition ¢ < omin/(ny/logn). Comparing this with our
noise condition o < omin/(v/nlogn) (cf. (1.12)) when 7, u, x < 1, one sees that our theoretical guarantees
cover a wider range of noise levels. Similarly, [YPCC16] applied regularized gradient descent on a smooth
nonconvex loss function which enjoys provable convergence guarantees to (L*, S*) under the noiseless and
partial observation setting. A recent paper [CCD™19] considered the nonsmooth nonconvex formulation for
robust PCA and established rigorously the convergence of subgradient-type methods in the rank-1 setting,
i.e. r = 1. However, the extension to more general rank remains out of reach.

It is worth noting that noisy matrix completion problem [CP10, CCF*20] is subsumed as a special case
by the model studied in this paper (namely, it is a special case with S* = 0). Statistical optimality under
the random noise setting (cf. Assumption 5) — including the convex relaxation approach [CCFT20,NW12,
KLT11,Klol14] and the nonconvex approach [MWCC20, CLL20] — has been extensively studied. Focusing
on arbitrary deterministic noise, [CP10] established the stability of the convex approach, whose resulting
estimation error bound is similar to the one established for robust PCA with noise in [ZLW*10]) (see (1.4)).
The paper [KS20] later confirmed that the estimation error bound established in [CP10] is the best one can
hope for in the arbitrary noise setting for matrix completion, although it might be highly suboptimal if we
restrict attention to random noise.

Finally, there is also a large literature considering robust PCA under different settings and/or from
different perspectives. For instance, the computational efficiency in solving the convex optimization prob-
lem (1.3) and its variants has been studied in the optimization literature (e.g. [TY11,GMS13,SWZ14,MA18]).
The problem has also been investigated under a streaming / online setting [GQV14,QV10,FXY13,ZLGV16,
QVLH14,VN18|. These are beyond the scope of the current paper.

3 Architecture of the proof

In this section, we give an outline for proving Theorem 2. The proof of Theorem 1 follows immediately as it is
a special case of Theorem 2. For simplicity of presentation, our proof sets ny = ny = n. It is straightforward
to obtain the proof for the general rectangular case via minor modification.

The main ingredient of the proof lies in establishing an intimate link between convex and nonconvex
optimization. Unless otherwise noted, we shall set the regularization parameters as

A= Choy/np and T =Croy/logn (3.1)
throughout. In addition, the soft thresholding operator at level 7 is defined such that
S; (z) = sign (z) max (|Jz| — 7,0) (3.2)

For any matrix X, the matrix S,(X) is obtained by applying the soft thresholding operator S-(-) to each
entry of X separately. Additionally, we define the true low-rank factors as follows

X =U*(Z)Y?  and Y =V*(EHY?, (3.3)
where U*E*V*T is the SVD of the true low-rank matrix L*.

3.1 Crude estimation error bounds for convex relaxation

We start by delivering a crude upper bound on the Euclidean estimation error, built upon the (approximate)
duality certificate previously constructed in [CJSC13]. The proof is postponed to Appendix D.

Theorem 3. Consider any given A > 0 and set 7 < A\y/(logn)/np. Suppose that Assumptions 1-4 hold, and
that
n?p > Cur’nlog® n and ps < ¢
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hold for some sufficiently large (resp. small) constant C > 0 (resp. ¢ > 0). Then with probability at least
1 —O(n™19), any minimizer (Lex, Sex) of the convex program (1.3) satisfies

* * n 4
[ Lo = L[l + [[Sevx = 8" [ < X*n”log® .+ 15| Pa, (E) || (34)

It is worth noting that the above theorem holds true for an arbitrary noise matrix E. When specialized
to the case with independent sub-Gaussian noise, this crude bound admits a simpler expression as follows.

Corollary 1. Take A = Cyo/np and T = Cro+/logn for some universal constant Cy,C, > 0. Under the

assumptions of Theorem 3 and Assumption 5, we have — with probability exceeding 1 — O(n=10) — that
[Lax — L*||p S on® log®%n  and ||Scw — S S on® log®/? n. (3.5)
Proof. This corollary follows immediately by combining Theorem 3 and Lemma 1 below. O

Lemma 1. Suppose that Assumption 5 holds and that n®p > Cynlog® n for some sufficiently large constant
C1 > 0. Then with probability exceeding 1 — O(n=1Y), one has

||PQobs (E) H S U\/TTp and HPQobs (E) ||F S O'TL\/I?.

While the above results often lose a polynomial factor in n vis-a-vis the optimal error bound, it serves as
an important starting point that paves the way for subsequent analytical refinement.

3.2 Approximate stationary points of the nonconvex formulation

Instead of analyzing the convex estimator directly, we take a detour by considering the following nonconvex
optimization problem

obs

1
minimize F(X,Y,S):= » HPQ

2 A 2 A 2 T
XY ' +8S-M Z X Z Y ~1|S],. (3.6
x ylinimize (XY" + e+ 5, IX1E+ 5 IV I+ 151 (3.6)

= f(X,Y;S)

Here, f(X,Y;S) is a function of X and Y with S frozen, which contains the smooth component of the
loss function F(X,Y,S). As it turns out, the solution to convex relaxation (1.3) is exceedingly close to an
estimate (X,Y, S) obtained by a nonconvex algorithm aimed at solving (3.6) — to be detailed in Section 3.3.
This fundamental connection between the two algorithmic paradigms provides a powerful framework that
allows us to understand convex relaxation by studying nonconvex optimization.

In what follows, we set out to develop the afforementioned intimate connection. Before proceeding,
we first state the following conditions concerned with the interplay between the noise size, the estimation
accuracy of the nonconvex estimate (X,Y,.S), and the regularization parameters.

Condition 1. The regularization parameters \ and T =< )\\/W satisfy
* [[Po(E)ll < A/16 and |[Pay, (E)|e < 7/4;
o ||S—S*|| < \16 and | XY " — L*| o < 7/4;
o |Po, (XY T —L*) —p(XYT — L*)|| < \/8.

As an interpretation, the above condition says that: (1) the regularization parameters are not too small
compared to the size of the noise, so as to ensure that we enforce a sufficiently large degree of regularization;
(2) the estimate represented by the point (XY T, S) is sufficiently close to the truth. At this point, whether
this condition is meaningful or not remains far from clear; we shall return to justify its feasibility shortly.

In addition, we need another condition concerning the injectivity of P+ w.r.t. a certain tangent space.
For a rank-r matrix L with singular value decomposition USXV T where U,V € R™*", the tangent space of
the set of rank-r matrices at the point L is given by

{UAT+BVT|A,BeR""}.

Again, the validity of this condition will be discussed momentarily.
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Condition 2 (Injectivity). Let T be the tangent space of the set of rank-r matrices at the point XY .
Assume that there exist a constants ciny > 0 such that for all H € T', one has

C C

inj | EI2
1 [H Ik

— 2 inj 2 — 2
P Py, (H)[g > == [HIlp  and  p™"[[Por (H)[lp <

With the above conditions in place, we are ready to make precise the intimate link between convex
relaxation and a candidate nonconvex solution. The proof is deferred to Appendix E.

Theorem 4. Suppose that n > k and ps < ¢/k for some sufficiently small constant ¢ > 0. Assume that
there exists a triple (X,Y,S) such that
1 A -
IVF(X,Y;9)| < ﬁ;\/amin, and S ="Pq,, (ST (M - XY )) . (3.7)

Further, assume that any singular value of X and Y lies in [\/Omin/2, V20 max]- If the solution (Leyx, Scux)
to the convex program (1.3) admits the following crude error bound

| Lew — L*||p < on*, (3-8)
then under Conditions 1-2 we have
T g g
HXY — LCVXHF < 5 and IS — Sexllp S 5

This theorem is a deterministic result, focusing on some sort of “approximate stationary points”’ of
F(X,Y,S). To interpret this, observe that in view of (3.7), one has Vf(X,Y;S) ~ 0, and S minimizes
F(X,Y,) for any fixed X and Y. If one can identify such an approximate stationary point that is sufficiently
close to the truth (so that it satisfies Condition 1), then under mild conditions our theory asserts that

XY"'~L, and S=~ S..

This would in turn formalize the intimate relation between the solution to convex relaxation and an approx-
imate stationary point of the nonconvex formulation. The existence of such approximate stationary points
will be verified shortly in Section 3.3.

The careful reader might immediately remark that this theorem does not say anything explicit about the
minimizer of the nonconvex optimization problem (3.6); rather, it only pays attention to a special class of
approximate stationary points of the nonconvex formulation. This arises mainly due to a technical consider-
ation: it seems more difficult to analyze the nonconvex optimizer directly than to study certain approximate
stationary points. Fortunately, our theorem indicates that any approximate stationary point obeying the
above conditions serves as an extremely tight approximation of the convex estimate, and, therefore, it suffices
to identify and analyze any such points.

3.3 Constructing an approximate stationary point via nonconvex algorithms

By virtue of Theorem 4, the key to understanding convex relaxation is to construct an approximate stationary
point of the nonconvex problem (3.6) that enjoys desired statistical properties. For this purpose, we resort
to the following iterative algorithm (Algorithm 1) to solve the nonconvex program (3.6).

In a nutshell, Algorithm 1 alternates between one iteration of gradient updates (w.r.t. the decision
matrices X and Y') and optimization of the non-smooth problem w.r.t. S (with X and Y frozen).® For
the sake of simplicity, we initialize this algorithm from the ground truth (X*,Y™* S*), but our analysis
framework might be extended to accommodate other more practical initialization (e.g. the one obtained by
a spectral method [CCFM20]).

The following theorem makes precise the statistical guarantees of the above nonconvex optimization
algorithm; the proof is deferred to Appendix F. Here and throughout, we define

H':=argmin (|X'R— X*|%+|Y'R-Y*|2)"* (3.10)
RecOTxr

where O™*" denotes the set of r x r orthonormal matrices.

8Note that for any given X and Y, the solution to minimizeg F(X,Y, S) is given precisely by S;(Pq_ (M — XY 1)).

obs
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Algorithm 1 Alternating minimization method for solving the nonconvex problem (3.6).
Suitable initialization: X = X*, Y = Y*, §0 = §*,
Gradient updates: for t =0,1,...,tp — 1 do

Xt+1 :Xt _ anf (Xt,Yt; St) _ Xt _ g [Pﬂobs (XthT + St o M) Yt + )\Xt] : (393,)
Y =Y - gVy f (XY S) =Y - g {[Poe (X'Y'T 8" = M)]" X" +2Y"}; (39b)
§1 =8, [P (M - X*1YHHIT)]. .

Theorem 5. Instate the assumptions of Theorem 2 and define

o n
Op = —.

Omin p

Take to = n*" and n < 1/(nk30max) in Algorithm 1. With probability at least 1 — O(n=2), the iterates
{(X",Y*", 8" Yo<i<t, of Algorithm 1 satisfy

max {[| X H' = X*|[ o, [V H" = Y*{|.} < 6n | X | (3.11a)
max {[| X H' — X*|[,[[Y'H" = Y*||} <6 | X", (3.11b)
max{HXth — x|, [V H - y*Hm} < 1/Tog b, maX{HX*IIQ,OO ’ ||Y*H2m}7 (3110
|S" = 8*|| < o/np. (3.11d)

In addition, with probability at least 1 — O(n=2), one has

. t vyt gt LA
oin [Vf (X5 Y5 8Y, < @5@. (3.12)

In short, the bounds (3.11a)-(3.11c) reveal that the entire sequence { X*, Y*}1° ; stays sufficiently close to
the truth (measured by || - ||, || - ||, and more importantly, || - ||2,00), the inequality (3.11d) demonstrates the
goodness of fit of {S?}o<i<¢, in terms of the spectral norm accuracy, whereas the last bound (3.12) indicates
that there is at least one point in the sequence { X, Y*, §'}¢<;<, that can serve as an approximate stationary
point of the nonconvex formulation.

We shall also gather a few immediate consequences of Theorem 5 as follows, which contain basic properties
that will be useful throughout.

Corollary 2. Instate the assumptions of Theorem 5. Suppose that the sample size obeys np > /<a4,u2r2nlog4 n,
the noise satisfies 6, < 1/\/k*urlogn, the outlier fraction satisfies ps < 1/(k3urlogn). With probability
at least 1 — O(n=3), the iterates of Algorithm 1 satisfy

| XY = L*||, S w0 | L5l (3.13a)
XY - LY| S Ve logn o, 1LY (3.13b)
[ XY'T —L*|| < 6, I L7 (3.13¢)
simultaneously for all t < tg.
Proof. See [CCF*20, Appendix D.12]. O

3.4 Proof of Theorem 2
Define

o . t oyt oty
ty = argoggo IVAXY Y 8Y)|r; (3.14)
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(chvm }fncvxa Sncvx) = (Xt* Ht* s Yt* Ht* 5 St* ) . (315)

Theorem 5 and Corollary 2 have established appealing statistical performance of the nonconvex solution
(X nevxs Yoevx, Snevx)- To transfer this desired statistical property to that of (Leyx, Scvx), it remains to show
that the nonconvex estimator (XnCVX};nva? Snc\,x) is extremely close to the convex estimator (Lcyx, Scyx)-
Towards this end, we intend to invoke Theorem 4; therefore, it boils down to verifying the conditions

therein.
1. The small gradient condition (cf. (3.7)) holds automatically under (3.12).

2. By virtue of the spectral norm bound (3.11b), one has

o = X1 = X =] 5% [ ) < Y,
Omin P 10

as long as ov/kn/p < omin. This together with the Weyl inequality verifies the constraints on the
singular values of (Xpcvx, Ynevx)-

3. The crude error bounds are valid in view of Theorem 3.

4. Regarding Condition 1 and Condition 2, Lemma 1 and standard inequalities about sub-Gaussian random
variables imply that ||Pq,. (E)|| < A/16 and [|[Pq,.(E)|lec < 7/4. In addition, the bounds (3.11d)
and (3.13b) ensure the second assumption || Spex—S*|| < A/16 and | XY " — L*| » < 7/4 in Condition 1.
We are left with the last assumption in Condition 1 and Condition 2, which are guaranteed to hold in
view of the following lemma (see Appendix C for the proof).

Lemma 2. Instate the notations and assumptions of Theorem 2. Then with probability exceeding 1 —
O(n=1%), we have

[Po(XYT — M*) —p(XY T — M*)|| < /8, (3.16a)
1 1

5 IPa, (H)lp > o |Hlz,  YHET, (3.16b)
1

p~" |Par (H)| < |H|}, VYHeT (3.16¢)

— 128k
simultaneously for all (X,Y) obeying

N o nlogn N N
I = X € Coon= T [P e (X [¥ o (3.17a)

o nlogn N
1Y =¥y < Coono ey B ma {1 X o 1Y ¥ }- (3.17b)

Here, T denotes the tangent space of the set of rank-r matrices at the point XY T, and Cs > 0 is an
absolute constant.

Armed with the above conditions, we can readily invoke Theorem 4 to reach

g g
Hchvxlfn—crvx - chxHF S E and ||Sncvx - chx”F ,S n5

with high probability. This taken collectively with Corollary 2 gives

HLCVX - L*”F < HX"CVXYnva - chXHF + Hchvan:vx - L*HF

g (oa n
<2 4k A
nd O'min\/;” ||F

g n
— Il -
L [
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Similar arguments lead to the advertised high-probability bounds

— O nlogn
Hchx - L*”oo S Hd/”ﬂo_i_ P ”L*”oo ’

o n
HLCVX_L*” S HiHL*H
Omin p

Finally, given that Xncux Yolu 18 a rank-r matrix, the rank-r approximation Leyy - = arg min Zirank(Z)<r || Z —

L||r of Leyx necessarily satisfies

T o 1 o n
||chx,r - LCVX”F < HXHCVXYvncvx - chxHF SJ ﬁ < E : O'mm\/;”L*” ’
which establishes (1.22). In view of the triangle inequality, the properties (1.21) hold unchanged if L is
replaced by Ly r-

4 Discussion

This paper investigates the unreasonable effectiveness of convex programming in estimating an unknown
low-rank matrix from grossly corrupted data. We develop an improved theory that confirms the optimality
of convex relaxation in the presence of random noise, gross sparse outliers, and missing data. In particular,
our results significantly improve upon the prior statistical guarantees [ZLW ™ 10] under random noise, while
further allowing for missing data. Our theoretical analysis is built upon an appealing connection between
convex and nonconvex optimization, which has not been established previously.

Having said this, our current work leaves open several important issues that call for further investigation.
To begin with, the conditions (1.20) stated in the main theorem are likely suboptimal in terms of the
dependency on both the rank r and the condition number x. For example, we shall keep in mind that in the
noise-free setting, the sample size can be as low as O(nrpoly logn) and the tolerable outlier fraction can be as
large as a constant [Li13, CJSC13], both of which exhibit more favorable scalings w.r.t. r and xk compared to
our current condition (1.20). Moving forward, our analysis ideas suggest a possible route for analyzing convex
relaxation for other structured estimation problems under both random noise and outliers, including but not
limited to sparse PCA (the case with a simultaneously low-rank and sparse matrix) [CMW13|, low-rank
Hankel matrix estimation (the case involving a low-rank Hankel matrix) [CC14], and blind deconvolution’
(the case that aims to recover a low-rank matrix from structured Fourier measurements) [ARR14]. Last but
not least, we would like to point out that it is possible to design a similar debiasing procedure as in [CFMY19]
for correcting the bias in the convex estimator, which further allows uncertainty quantification and statistical
inference on the unknown low-rank matrix of interest.
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A An equivalent probabilistic model of (2* used throughout the
proof

Recall that Q* is the support of the sparse component S*. In this section, we introduce an equivalent
probabilistic model of ©2*, which is more amenable to analysis and shall be assumed throughout the proof.

90ur ongoing work [CFWY20] is pursuing this direction.
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1) sample Qgps from the

e The original model. Recall from Assumption 3 the way we generate Q* : (1)
Q* independently with

(
i.i.d. Bernoulli model with parameter p; (2) for each (4,7) € Qobs, let (i,5) €
probability ps.

e An equivalent model. The model involves over-sampling and rejection method: (1) sample Qops
from the i.i.d. Bernoulli model with parameter p; (2) generate an augmented index set 5, C Qops such
that: for each (4,j) € Qobs, we generate (i,j) € Qaug independently with probability paug; (3) for any
(4,7) € Qaug, include (7, 5) in Q* independently with probability ps/paug-

It is straightforward to verify that the two models for Q* are equivalent as long as ps < payg < 1. Two
important remarks are in order. First, by construction, we have 0* C €Q,,,. Second, the choice of p,,s can
vary as needed as long as ps < paug < 1.

The introduction of this augmented index set €2,,; comes in handy when we would like to control the size
|Pax(A)||r for some matrix A € R™*™. The first inclusion property Q* C Q,,, allows us to upper bound
|Pa-(A)||r by [|Pa,,(A)|r, and the freedom to choose p.ug allows us to leverage stronger concentration
results, which might not hold for the smaller ps. See Corollary 3 in the next section for an example.

B Preliminaries

B.1 A few preliminary facts

This subsection collects several results that are useful throughout the proof. To begin with, the incoherence
assumption (cf. Assumption 1) asserts that

[ X 200 < Vpr/n || X*|| - and Y ]ly o < Vpr/n Y7 (B.1)

This is because
1X 500 = U250 SNU Mg o0 |(E)V2]] < Vpr/n | X7

where the first inequality comes from the elementary inequality |AB|2,00 < ||All2,00]| B, and the last
inequality is a consequence of the incoherence assumption as well as the fact that [|(Z*)'/2|| = || X*|.
The next lemma is extensively used in the low-rank matrix completion literature.

Lemma 3. Suppose that each (i,j) is included in Qo C [n] X [n] independently with probability py. Then
with probability exceeding 1 — O(n=1°), one has

||'PT* - po_lpT* Pa, Pr-

1
< = B.2
<3 (B2)
provided that n%py > wrnlogn. Here, T* denotes the tangent space of the set of rank-r matrices at the point
L= X*Yy*T.
Proof. See [CR09, Theorem 4.1] O

In fact, the bound (B.2) uncovers certain near-isometry of the operator py 'Pgq, () when restricted to the
tangent space T*. This property is formalized in the following fact.

Fact 1. Suppose that |Pr- — py ' Pr-Pa,Pr+|| < 1/2. Then one has

1 2 _ 1 2 _ 3 2
5 I e = —|Pa, (H)llp < 5 [Hlz,  forall HeT"
Po 2
Proof. The proof has actually been documented in the literature. For completeness, we present the proof for
the lower bound here; the upper bound follows from a very similar argument. For any H € R"*™, one has

[Py, Pr (H)|g = (Pa,Pr« (H),Pa,Pr+ (H)) = (Pr+ (H), Pr«Po,Pr+ (H))
= po |Pr+ (H)|[% — po (Pr+ (H) , (Pr+ — pg Pr+Pa,Pr+) (Pr+ (H)))
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> po |Pr- (H)|[z — po | P+ — pg *Pr-Pay Pr|| | Pr+ (H)|%

P
> 3 |[Pre (H)[z.-

Here, the penultimate inequality relies on the elementary fact that (A, B) < ||A|r||B|/r, and the last step
follows from the assumption ||Pr+ — palPT* Pa,Pr+|| < 1/2. O

The following corollary is an immediate consequence of Lemma 3 and Fact 1.

Corollary 3. Suppose that ps < payg < 1/12 and that n®ppaug > prnlogn. Then with probability at least
1 —0(n=1%), we have

|Pa:Pr-||* < p/8.
Proof. Recall the auxiliary index set {25, introduced in Appendix A. Since 2* C ..y, we have for any
H 6 RTLXTL

2 2 _ 3pp 2 _ 3pp 2
1Po-Pre (H)|lg < ||Po.,Pre (H)||p < =5 [Pre (H)[lp < =5 [ H]

Here, the second inequality arises from Lemma 3 and Fact 1 (by taking Q¢ = Qaug and po = ppayg). The
proof is complete by recognizing the assumption p,,y < 1/12. O

As it turns out, the near-isometry property of p, 17390(~) can be strengthened to a uniform version
(uniform over a large collection of tangent spaces), as shown in the lemma below.

Lemma 4. Suppose that each (i, j) is included in Qo C [n] x [n] independently with probability po, and that
n%pg > prnlogn. Then with probability at least 1 — O(n=10),

1 1
5352 | HIE < - [Po, (DI < 405 | HF, for all H €T

holds simultaneously for all (X,Y) obeying

* C
max {| X = Xy o0 [¥ = Y7 lly 00} < == IX]].

S

Here, ¢ > 0 is some sufficiently small constant, and T denotes the tangent space of the set of rank-r matrices
at the point XY T.

Proof. See Appendix B.2. O
In the end, we recall a useful lemma which relates the operator norm to the ¢ o, norm of a matrix.

Lemma 5. Suppose that each (i,7) is included in Qo C [n] X [n] independently with probability po, and
that n%py > nlogn. Then there exists some absolute constant C' > 0 such that with probability at least
1—0(n™19),

[Pay (ABT) = poAB™ || < C/npo || Al o0 1Bl o

holds simultaneously for all A and B.
Proof. See [CLL20, Lemmas 4.2 and 4.3]. O

B.2 Proof of Lemma 4

The lower bound has been established in [CCF20, Lemma 7], and hence we focus on the upper bound. We
start by expressing H € T as H= XAT + BY ", where A, B € R"*" are chosen to be

(A.B)=  agmin __ {JJAI}/2+|1BJ}/2}.
(A,B): H=XAT4+BYT

The optimality condition of (A, B) requires
X'B=A"Y, (B.3)

see [CCFT20, Section C.3.1] for the justification of this identity. The proof then consists of two steps:
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1. Showing that || H||% is bounded from below, namely,
2 _ 49 2 2
VHG 2 sosomn (1415 + 1BI)

To see this, we can invoke the bound on a3 stated in [CCFT20, Appendix C.3.1] to yield

1 1
|HI; = | XAT+BY T[> 2 (|X"AT[; + IBY*[2) = 155omn (I4l7 + IBI)
1 2 2 1 2 2 49 2 2
> ~omn (Al + 1B} ) = 7os0min (1415 + 1BIF) > t550mn (I4I% + 1BI)

2. Showing that ||Pq«(H)||% is bounded from above, namely,
1 2 2 2
2o [Pa (ED)IE < 9o (JAIE + 1BIZ).
To this end, one starts with the following decomposition
1 2 1 2 1 2 1 2
— H =—||H — H ——||H|7- B4
o P, (BDIE = 3 LR+ 5 [Po, (DI - 1 (B.4)
Apply [CCF*20, Equation (83)] to obtain
1 2 2 2
5 |1XAT+ BYT|[} < 80w (IAIG + 1B -

In addition, the bound on ay stated in [CCF*20, Appendix C.3.1]| tells us that

1 1 1 2 1 2
5 [Pos (D)= 5 IHIE = 5 |[Pa, (XAT + BYT) [ - 5[|xAT + BYT[

IN

1 2 2 1 2 2
o5 (IX AT L+ 1BY*12) + S (1411 + 18I

1 1 2 2
<320max + 250m1n> (”A”F + ”BHF) .

Substitution into (B.4) gives

1 2 2 2 1 1 2 2
2 IPa0 (D) < Somas (141 +1BI) + (320 + 250) (14l +1813)

< 90ma (11412 + |1 BI})

Putting the above two bounds together, we conclude that

30 IPou (B < 9omas (141 +1BI%) < Zg - goomn (1417 + 1Bl ) < 20 | H
as claimed.

C Proof of Lemma 2

With Lemma 4 in place, we can immediately justify Lemma 2.

To begin with, the first two parts (3.16a) and (3.16b) are the same as [CCF*20, Lemma 4. Hence, it
suffices to verify the last one (3.16¢). Recall from Appendix A that Q* C Q,,,, where Q.. is randomly
sampled such that each (i, ) is included in €2,z independently with probability ppaus. Applying Lemma 4
on g finishes the proof, with the proviso that paug < 1/k? and ps < Paug-
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D Crude error bounds (Proof of Theorem 3)

This section is devoted to establishing our crude statistical error bounds on || Leyx — L*||r and || Scux — S™*||F-
logn
np

Without loss of generality, we only consider the case when 7 = A . The proof works for general choices

TXA log " with slight modification. To simplify the notation hereafter, we denote
Ap = Lcx— L, and As = Scx — 57,
= (Pa,, (AL) +As)/2,  and = (Pa,, (AL) — As)/2,
which immediately imply
Ar :A++A7+ngbs (Ar), and Ag=AT—A".
These in turn allow us to decompose ||AL||Z + [|[As||Z as follows

IALIE + [|As]E = AT +A™ + Pog (AL)[[; +[|AT — A7}
— [|AF|2 + |A™ + Pas, ( +2(AT, A + Pac (AL)) + A2+ |AT|% - 2(AF, A7)

= 2[[A*[fg + A7+ Pag, (An) [+ A" [l +2 (AT, Poy, (Ar)). (D.1)

obs

L)HF

L)HF

Since (Leyx, Scvx) 1s the minimizer of (1.3), it is self-evident that S, must be supported on Qups. Then by
construction, Ag, AT and A~ are all necessarily supported on {ops, thus indicating that

<A+7PSZng(AL)> =0.
Making use of this relation, we can continue the derivation (D.1) above to obtain
1ALl + 1Al = 2 [AF[5+ A7+ Poy, (A + A~
=2[|A" g+ [Pr (A7 + Pag, (An))llg + [Por (A7)l +[[Pres (A7 + Poy, (Ap)) [ + [[Po-e (A7)
——

obs obs

= =ior =a3
In the sequel, we shall control the three terms aq, @y and as separately.
Step 1: bounding «;. By definition, we have
o =2 HA+H§ = 2 IPo. (&) + AsliE = 2 [Pau. (Ar + As)l2
||7>Qobs (Leve+ Sewc— M + M — L* — 8*)[|}
< ||7>Qobs (Lew + Sev = M) + [Py, (L* + 8% = M)
= [ Po, (Lo + Sewx — M)|7 + [|Pa,, (B)Ip, (D.2)

where the third identity holds true since Ag = Pq_, (As), the penultimate relation is due to the elementary
inequality ||A + B3 < 2||A||Z + 2||BJ|%, and the last line follows since Pq,, (L* + S* — M) = Pq,, (E).

— obs

To upper bound ||Pa,, (Lex + Sex — M)||%, we leverage the optimality of (Leyx, Scx) W.I.t. the convex
program (1.3) to obtain

2
IIPQO.,S (Lev + Sewx = M)|[p + Al Lol +7 [ Sewxlly

(L* + 8" = M)z + ML, + 7|18 - (D-3)

obs

<P
5 = IPa
Recognizing again that Pq,, (L* + S§* — M) = Pq,,.(E), we can rearrange terms in (D.3) to derive

1P, (Lewk + Sewx = M)l < [ Pag, (B) [IF + 23 [ L*], + 27 [ S*]l, = 2M\|| Low|], — 27| Sewil,
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(i)
< [Poy, (B) [ + 2 [|ALl, +27 [As]

obs

(ii)
< [P, (B) 15 + 2200 [|ALllp + 27/ |Qobs| [ As]lp
(iii

)
< [Py, (B) IIE +2v2xy/nlogn (| ALl + | Asll) . (D-4)

where |Qqps| denotes the cardinality of Qops. Here, the relation (i) results from the triangle inequality,
the inequality (ii) holds true since ||A|. < /n||A||r for any A € R™*™ and ||Ag|i = [|[Pa,.(As)]1 <
V/ |Qobs|||As||r, and the last line (iii) arises from the fact that |Qops| < 2n2p with high probability as well as

the choice 7 = A,/ %. Combine (D.2) and (D.4) to reach
a1 < 2| Pay, (B) [If +2v20y/nlogn (| ALl + || Asllp)
< 2|Pa,, (B)ll + 4/\vn10gn\/HALva + [ AslEs (D.5)

where we use the elementary inequality a + b < V2 Va2 + 2.

Step 2: bounding a, via az. To relate as to ag, the following lemma plays a crucial role, whose proof
is deferred to Appendix D.1.

Lemma 6. Suppose that |Po-Pr-||* < p/8 and that |Pr« — p~ 1 Pr«Pq
(A, B) of matrices, we have

Pr«|| < 1/2. Then for any pair

obs

1Pr+ (A5 + [P (B)| < % IPag, [Pr- (A) + Pa- (B)]|lp- (D.6)

Suppose for the moment that the assumptions of Lemma 6 hold. Taking (A, B) as (A~ +Pqe _(AL), —A7)
in Lemma 6 yields

4
a2 = [[Pr- (A7 + Pag, (Az) [ + [P (A7)[[2 <~ [[Pos [Pre (A7 +Pag, (Ar)) = Pa- (A7)][[p-

By virtue of the identity

Pr+ (A” + Pog, (AL)) = Pas (A7) =A™ + Pag, (Ap) = Pres (A” +Pog, (AL)) =A™ + Pra)(A7)
= Pngs (AL) - ’PT*L (Ai + Pﬂgbs (AL)) + P(Q*)c (‘Ai)7

we further obtain
4
az <o P [Pac, (AL) = Pros (A~ + Pag,_(AL)) + Py (AD)] |15

w [Pres (A™ + Pag_ (AL)) — Pramye(A7)] 1

4
He
p

A
<5 [Pres (A + Pog_ (AL)) = Pianye (A7)

8 8 8
< 2 Pres (A + Py, AL 7+ 5 [Py (A = Sa o7

Once again, the derivation has made use of the elementary inequality |A + Bz < 2||A||Z + 2||B||2.

Step 3: bounding a3 via «; and ||Pq,,. (E)|lr. The following lemma proves useful in linking as with
a1, and we postpone the proof to Appendix D.2.

Lemma 7. Assume that n?p > nlogn, ps < 1 and |[Pr« —p~ (1 — ps) ' Pr+ Pay o Pr+|| < 1/2. Further
assume that there exists a dual certificate W € R™ ™ such that

|Pr« [AW + 7sgn (§*) = AU*V* || < 7/V/n, (D.8a)
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Py NW + 7sign (S*)]]| < A/2, (D.8b)
Paw\2)e (W) =0, (D.8¢)
AW <7/2, (D.8d)

where sign (S*) = [sign(S};)]1<ij<n- Then for any Hy, Hg € R"*" satisfying Pa,, (Hr) + Hs = 0, one
has

NIL* + Hy |, + 78" + Hslly > ML, + 78", + 2 [Pros (o)l + - |[Pagiar (Hs)],

Again, we assume for the moment that the assumptions in Lemma 7 hold. Setting Hy, = A~ +’PngS(A L)
and Hg = —A~ in Lemma 7 gives

AT+ A7+ Pag, (An)]|, + 7|8 - A7,
A
> ML+ 71181y + 5 [[Pres (A7 +Pag, (Ap))||, + % | Pasaar (A7)]]; -

In addition, recalling the identities Loy = L* + AT + A~ + Pﬂﬁbs(AL) and Sox = S* + AT — A~ we can
invoke the triangle inequality to obtain
MEewll, + 7 1Sewlly = A || L* + A~ + AT+ Pae (AL)||, +7[|S*— A~ + A",
ML+ A7+ Pag, (Ar)l|, + 78" = A7, = A[JAT] =7 []AT]], .

Adding the above two inequalities and using the fact support(A~) C Qups lead to

T _ A _
o A, + TP (A7), = 3 [Pres (A + Pag (ML), +
S M Lewdl, + 7 [[Sewlly + A ||A+|| +7 || AT = AL, = 71187,

A
Z H,PT*J- (A +PQC

T _
Z ||PQobs\SZ* (A )Hl

1
< P (7 + 8 = M~ L [P (Ban + e~ M)IE + A AT+ 747

1
< 5 1Pos (B)llg + 42/nlogn A (D.9)

Here, the penultimate line results from the inequality (D.3) and last line follows from the same argument in
obtaining (D.4).

We are now ready to establish the upper bound on a3. Invoke the elementary inequalities | A||r < ||A]|«
and ||Allr < || A1 for any A € R™*™ to show that

a5 = |[Pres (A + Paz, (Ap)) |y + [Py (A7) < [Pres (A7 4 Po, (An)[; + [Py (A7)

Iz
16 16\ /A _ T _ 2
< (3+2) (F1Pr (4 +Po WD), + 5 [P ()],

This combined with (D.9) allows us to obtain

16 16 2 (32 32\ /(1 2
0= (53 +33) (31Pae @I + i a7 ) < (545 ) (§ 1P (B + 16010 A4,
where we have used the elementary inequality (a + b)? < 2a® + 2b%. Recalling that 7 = \//np/logn and
that np > 1, we arrive at

64n
S5

16np

1 2
<4 ||Pﬂobs (E)”% + 16)\2n10gn HA+HF> H’PQobs (E)”%‘ + 29n2pa1 IOgTL, (D]'O)

where we have identified 2||AT||Z with a;.
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Step 4: putting the above bounds on aj,as, a3 together. Taking the preceding bounds on ag, as
and aj collectively yields

) 8 (ii) 16
ALl + |As]z2 = a1 + oz + a3 < a1 + <1 + p) a; < a1+ —ag

) . 28n 4
< (2 n“logn + 1) o) + bVl [P (B

(iv) 28n
< (2"n’logn +1) [2||7>ch5 () +mlog /ALl + [As]E| + 57 [Po., (B}

Here, the first inequality (i) comes from (D.7), the second inequality (ii) follows from the fact 1 < 8/p, the
third relation (iii) is a consequence of (D.10), and the last line (iv) results from (D.5). Note that this forms
a quadratic inequality in \/||A|[3 + [[As||3. Solving the inequality yields the claimed bound

2 2 2 n 4
1ALl + 1Al S A*n?log®n +n? logn [ Pay, (B) g + 13 [Py, (B)[
Further, the elementary inequality a? + b2 > 2ab yields

(B)l[g = 2n°log®? n||Pay, (B) |5 = n*logn||Pay, (B)|g ,

obs obs

n
Anblog®n + 2 |Pa
leading to the simplified bound

2 2 n 4
ALl + [ AsllE S A*n°log’n + 32 1Pss (Bl

Step 5: checking the conditions in Lemmas 6 and 7. We are left with proving that the conditions
in Lemmas 6 and 7 hold with high probability. In view of Lemma 3 and Corollary 3, the conditions
|Prs — p~tPr+Pa,, Pr«|| < 1/2 and |Po-Pr-||*> < p/8 hold with high probability, provided that n?p >
prnlogn and ps < 1/12. In addition, Lemma 3 ensures that [|[Pp. —p~'(1 — ps) "' Pp«Po, o Pr+|| < 1/2
holds with high probability, with the proviso that n’p(1 — ps) > urnlogn, which holds true under the
assumptions ps < 1/12 and n?p > prnlogn. Last but not least, the existence of the dual certificate W
obeying (D.8) is guaranteed with high probability according to [CJSC13, Section II1.D], under the conditions
ps < 1 and n2p > p2r2nlog® n.'0

D.1 Proof of Lemma 6

Expand || Pq,, (Pr+(A) + P« (B))||% to obtain

[Pr- (A) + P (B)]llp = [Paw.Pr- (A)[g + | Pa- (B)II +2 (Pa,, Pr- (A), Pa- (B))
> 2Pr- ()} + IPa: (B[ +2(Pa.Pr- (4), Pa: (B)).

[ Pa

obs

obs

Here, the equality uses the fact Q* C Qgps, and the inequality holds because of the assumption ||Pp« —

p~ Pr-Pq,, Pr-|| < 1/2 and Fact 1. Use Q* C Qqps once again to obtain
2 (Pag, Pr+ (A) , Pax (B)) = 2(Pa+Pr+Pr+ (A) , Pa- (B))
> =2||Pa-Pr« | [|Pr+ (A)lg [[Pax (B)llg
1
> =2||Pa-Pr-|* [Pr- (A7 ~ 5 [ Par (B)l

Here, the last relation arises from the elementary inequality ab < (a?+b2)/2 and the fact that ||Po-Pr-| < 1.
Combine the above two inequalities to obtain

Pa

obs

P 1
Pr- (4) + Par (B2 2 (2~ 20PaPreI) [Pr- (A + £ [Par (B

1ONote that [CJSC13, Section IIL.D| requires n2p > max{y, uz}rnlog‘sn under an additional incoherence condi-
tion |[U*V*T||oo < +/u2r/n2. While we do not impose this extra condition, it is easily seen that |[U*V*T|e <
1U*|I2,00 IV *|l2,00 < pr/n and hence po < p?r.
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’U

P Pre (A2 + 5 IPo- (B
(||7>T* (Al + IPo- (B)IIF)

as claimed, where we have used the assumption ||Po-Pr-|? < p/8 in the middle line and the fact 1/2 > p/4
in the last inequality.

\’Uﬂk

D.2 Proof of Lemma 7
In view of the convexity of the nuclear norm || - ||, one has
IL* + Hp ||, > | L[|, +(U*V*T + G1, Hy) = | L*||, +(U*V*T, Hr) + | Pres (Hi)l, -

Here, U*V*T 4+ G, is a sub-gradient of || - || at L*. The last identity holds by choosing G such that
(G1,HL) = ||Pr«s (HL)||+ Similarly, using the assumption Pq, (Hr)+ Hg = 0 and the convexity of the
¢y norm || - ||1, we can obtain
15" + Hsll, = [[S™ = Pay, (He)l,
> [15™, = <S'gn (87) + G2, Po,, (Hi))

(i) * . *
= ||8*||, — (sign (S*) , Pay,, (HL)) + || Pagao+ (HL)|,
(11

obs
|5*]l, — (sign (S*), HL) JrHpﬂobs\ﬂ* (Hp) ||1’

where sign(S*) := [sign(S;)]1<i j<n, and sign(S*) + G2 is a sub-gradient of || - ||; at §*. The first equality
(i) holds by choosing G2 such that —(G'a2, Py, (HL)) = [[Pag o+ (HL)||1, and the last relation (ii) arises
since S|gn(S*) is supported on Q2* C Qups. Combine the above two bounds to deduce that

= A|L*+ Hgl, + 78"+ Hsl|, — A|L*[[, — 7 [|S™[

>)\<U*V*T Hp)+ \|Pr.. (H)||, — 7 (sgn (8*) , Hr) + 7 || Pagao+ (HL)||,
= (A\U*V*T —7sgn (8*) ,Hp) + A |Prr (HL)|, + 7 || Pay\o (HL)|,
= (\U*V*T — 75gn (8%) = AW, Hp) + (AW, Hp) +\ ||Pp.. (Hp)||, +r||7>Qobs\Q* (Hp)||,, (D.11)

=04 =02

where W € R™*" is the dual certificate stated in Lemma 7.
In what follows, we shall lower bound the right-hand side of (D.11). To begin with, for §; we have

01 = (Pr« [\U*V*T — 7sign (8*) = A\W ], Pr. (HL)) + (Prer [A\U*V*T — 7sign (S*) — AW, Pr.. (Hr))
(Pr+ [N\U*V*T — 7sign (§*) — A\W |, Pr« (HL)) — (Pr.. [1sign (S*) + \W], Pr.. (HL))
- HPT* AUV — Tsign (S*) = AW || IPr (HL) |l — [Prss [rsign (S*) + AW]|| [ Pr-+ (HL)],

v

I V

f [Pr- (He)g - H7’T*L (HL)l.,-

Here, the penultimate line uses the fact U*V*T € T* and the elementary inequalities [(A, B)| < || A||r||B|¢
and |[(A, B)| < ||A]|||B]|«, whereas the last inequality relies on the properties of the dual certificate W,
namely, (D.8a) and (D.8b). Moving on to 62, one has

0y = <)\7DQ bs \ 2% (W HL> + <)\7D(Qobs\Q*)c (W) HL>

= (AW, Pq,.\o (HL)) > — AW || [|Pagro+ (HL) ||1 > 77H7>Q°bs\m (Hp)|, -

obs

Here, the second identity uses the assumption (D.8c), the first inequality (i) uses the elementary inequality
[{A, B)| < ||Alloo||Bl]|1, and the last relation (ii) holds because of the assumption (D.8d). Substituting the
above two bounds back into (D.11) gives

a8z _T [Pr+ (HL)lp + HPT*L (Ho)l. + 5 ||7’Qobs\ﬂ* (Hp)|, - (D.12)
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Continuing the lower bound, we have

| Pos\2+ (HL) H1 > Hpszobs\sz* Hy)|lp = |PayaoPr+ (HL) + Po o Prer (HL)| o

||PQobs\Q*PT* HL ||F Hlpﬂobs\Q*IPT*L HL ||F
> ||Pounr Pre (H)||p = [ Pres (HL)llp

where (i) holds because ||A]|; > ||A||r for any matrix A, and (ii) arises from the triangle inequality. Putting
the above relation and (D.12) together results in

A

]
Az - pr (Hl+ (5 -

) Pres (HR)I. + X [Pawa Pre (Ho)p + T [Pasar (Ho),

(Hp)llg + HPTu (Hg)l|, ||7’Qobs\ﬂ* (Hp)|, ,

> 2 [Posa-Pre (HL) |, - (D.13)

\/* HPT*

where the last line holds since A = 74/np/logn > 7 (as long as np > logn). Everything then boils
down to lower bounding ||Pq,,\q+Pr+ (H)|lr. To this end, one can use the assumption ||[Pps —p~'(1 —
ps) PrPo, 0 Pr+| < 1/2 and Fact 1 to obtain

1

2
[PowrPre (HR)|2 > 2p(1— ) [P (HIL). (D.14)
Take (D.13) and (D.14) collectively to yield
as (T pa—py - 2 1P (HD)I + ||7>Tu (HL)|. + 7 [Pase: (Ho)|,
1V 2 Jn

> = ”PT*J- (Hp)|, Hpﬂobs\ﬂ* (HL)’

where the last relation is guaranteed by np > 1 and p; < 1. Recognizing that Pq, \o+(HL) = —Pq,.\o (Hs)
finishes the proof.

E Equivalence between convex and nonconvex solutions (Proof of
Theorem 4)

The goal of this section is to establish the intimate connection between the convex and nonconvex solu-
tions (cf. Theorem 4). Before continuing, we remind the readers of the following notations:

e XY " =UXVT: the rank-r singular value decomposition of XY T;
e T: the tangent space of the set of rank-r matrices at the estimate XY T.

In addition, we define
AL = chx - XYT7 AS = chx - S7 (El)

and denote the support of S by
Q= {(i,4)| Sy # 0}. (E.2)
E.1 Preliminary facts

We begin with two useful lemmas which demonstrate that the point (XY T, S) described in Theorem 4
satisfies approximate optimality conditions w.r.t. the convex program (1.3).
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Lemma 8. Instate the assumptions in Theorem 4. The triple (X,Y,S) as stated in Theorem / satisfies

1
1P (XY'+S8S-M)=-UV' +R, (E.3)

for some matriz Ry € R™*™ obeying

kp |V f (X,Y,S)HF < i and |Pre (R <

)\\/ Omin ~ nto

Proof. The proof can be straightforwardly adapted from [CCF*20, Claim 2| by replacing E therein with
E + S*— S. We omit it for the sake of brevity. O

[Pr (R1)lp < : (E.4)

N | =

Lemma 9. The point (XY 7, 8S) as stated in Theorem J obeys

%Pgobs (XY + 85— M) = —sign(S) + R, (E.5)
for some matrix Ry € R™™ ™ where Ry satisfies

Pa(Rs:) =0 and [Pac(R2)|| o, <1 (E.6)

with Q defined in (E.2).

Proof. By definition, one has S = Pq_, [S,(M — XY ")]. Clearly, this is equivalent to saying that S is the
unique minimizer of the following convex program

o1 ~ 2 A A ~
S = argmin fHPQm (XYT+5- M)H + 2 IX 2+ S YR + 78], (E.7)
Sernxn 2 F 2 2
The claim of this lemma then follows from the optimality condition of this convex program (E.7). O

Additionally, in view of the crude error bound (3.8) and Condition 1, the matrix A (cf. (E.1)) obeys
82l = o= XY < W= Ll + XY T = L], € B — B+ | XY T L]
< ont +nr =< ont, (E.8)

where we use the the elementary inequality ||A||r < n|| A/ and the fact that 7 < o+/logn.

E.2 Proof of Theorem 4

We now present the proof of Theorem 4, which consists of three main steps:
1. Showing that (XY T, 8) is not far from (Leyx, Sevx) over Qops, in the sense that Pq, (AL + Ag) ~ 0;

2. Showing that Ay, (resp. Ag) is extremely small outside the tangent space T (resp. the support Q*), and
hence most of the energy of Ar (resp. Ag) — if it is not vanishingly small — has to reside within T
(resp. %);

3. Showing that Ag =~ 0 and A ~ 0, with the assistance of the preceding two steps.

In what follows, we shall detail each of these steps.
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E.2.1 Step 1: showing that P (AL + Ag) ~ 0

obs

Since (Leyx, Scux) is the minimizer of the convex program (1.3), we have

(chx + chx - M)HI%‘ + )‘ ”LCVX”* +7 HSCVX”l

Po. (XY T + AL+ 5+ As— M| + M| XY + ALl + 7S+ Asl|,
< [ Pows (XY T+ S = M)|2+A|XY |, + 7S], -

3 1Pe

obs

—1
-2

obs

Here, the equality arises from the relations Loy = XY T + A and Sox = S + Ag. Expanding the squares
and rearranging terms, we arrive at
L [Po (Ap + As)E < - (o, (X¥T 48— M), Ap + Ag) + M| XY T~ A XYT + A,
+7lSl =718+ Asll; - (E.9)

In view of the convexity of the nuclear norm || - || and the ¢; norm || - ||1, one has

XY™ + ALl > | XY+ OV + W, AL L | XY+ (UVT,AL) +|Pri(AL)],; (E.10a)
IS+ Asll, > S|, + (sign () + G. As) D[S, + (sign (S) . As) + [ Pax(As)]], (E.10b)

Here, UV'T + W is a sub-gradient of || - ||, at XY T. The identity (i) holds by choosing W such that
(W,AL) = ||Pr.(AL)||«. Similarly, sign(S) + G is a sub-gradient of || - ||; at S and one can choose G
obeying (G, Ag) = ||Pa-(Ag)||1 to make (ii) valid. These taken together with (E.9) lead to

(AL + As)|p < —(Pay, (XY T +8 - M) AL+ As) — MUV, AL) — A|[Prs (AL)],
— T<sign (S) ,As> — T ||’PQC (AS)Hl .

% | | Pﬂobs

Recall the definitions of R; and Ry from Lemmas 8 and 9. We can then simplify the above inequality as

(Az + As)lp € —A(Ri,Ar) = M[Pro(Ap)ll, —7 (R, As) — 7||Pac(As)]), (E.11)

=0, =05

3 IPa

obs

In the sequel, we develop bounds on 6; and 6.

1. With regards to 6, one can further decompose it into

0y = —=A(Ry,Pr(AL)) = ARy, Prs (AL)) = A[Pre (AL)|l,
S AMPr (R)lg 1Pz (AL)llp = A = [[Pre (R [P (AL)]

.

A
< AMPr (Ry)llg [Pr (AL)lle = 5 [Prs (AL, (E.12)

where the middle line arises from the elementary inequalities [(A, B)| < ||A||r|Bllr and |(A, B)| <
IIA||||B]l+, and the last inequality holds since |Pri(Ry)|| < 1/2 (see Lemma 8).

2. Similarly, one can decompose 65 into

02 = —7 (Ra, Pa (As)) — 7 (R2, Poc (Ag)) — 7 || Pac (As)|,
<7 (Pa(Rz2),Pa(As)) — 7 (1 = [[Pac (R2)| o) [Pac (As)|l, <O0. (E.13)

Here, the first inequality comes from the facts that |(A, B)| < || All«||B|l1 and |(A, B)| < [|A|lr|B||r;
and the second one utilizes the facts that Po(R2) = 0 and ||Pge(R2)||oc < 1 (cf. Lemma 9).

Combining (E.11), (E.12) and (E.13) yields

A
3 [ Paw, (AL + As)llp < MPr(R) g IPr(AL)r — 5 IPre(AL)], (E.14)
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A o.\/Nnp o?
Sz 19 ”AL”F 5 19 0-77’4 /S 14.5°
n n n

where we make use of the upper bound |Pr(Ry)|lr < nt (cf. Lemma 8), the choice A < o,/np as well as the
crude error bound ||AL (g < on? (cf. (E.8)). Consequently, we have demonstrated that P, (AL +Ag) ~ 0
in the sense that

obs

o g

[P (AL + As)llp S T3 < (E.15)

[s)

ﬁ.
E.2.2 Step 2: showing that P,.(AL) ~ 0 and Pq+)(As) ~ 0

We begin by demonstrating that Py (Apr) ~ 0. From the inequality (E.14), we have

1 1
3 IPre(A)l, < 1Pr(Ru)lg Pr(AL)le = 53 Pow. (AL + As)llk

1
< [Pr(Ry)lle IPr(AL)llp S 55 1ALle,

where the last inequality again results from the estimate ||Pr(R1)|lr < n™ 1 given in Lemma 8. Invoking
the condition [|AL||r < on? (cf. (E.8)) yields

o
15

g

S n147

(E.16)

1
HPTL(AL)HF < HPTL(AL)H* S mezl S

which demonstrates that the energy of Ar outside T' is extremely small.
We now move on to P(g«)c(Ag). This term obeys

Pa+)e(As) = Po,\a-(As),

where the relation holds since Ag is supported on Qps. To facilitate the analysis of Qops\2*, we introduce
another index subset
O = {(i,7) € Qobs : |[(As)ij| < [IPay. (AL + As)lloo} - (E.17)

The usefulness of 2; can be seen through the following claim, whose claim is postponed to the end of this
section.

Claim 1. Under Condition 1, we have
Qobs\Q* g QL

An immediate consequence of Claim 1 is that
[Py (As) HF = [|Pag\0 (As) ||F < |Pa, (As)llp
< nl[Pa, (As)lle < nllPau, (AL + As)llo
o
< n||Po,, (AL + As)lp < oy (E.18)

obs

which justifies our assertion that the energy of Ag outside 2* is extremely small. Here, the last inequality
arises from (E.15).
E.2.3 Step 3: controlling the size of Ag (and hence that of Ap)

In view of (E.15) and the triangle inequality, we have

— > || Pay, (AL + As)llp

> | Pog,Pr (AL)lp — [P Pre (AL)|lp — IPa- (As)llp — ||Pasar (As) g
> ||Pay,Pr (AL) g — [|Pas (As)llp — 1P+ (AL)|g — [P (As)||n

g g

2 [IPau, Pr(AL)p — [Pa- (As)lp — -5 — 53 (E.19)
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where the last step follows from (E.16) and (E.18). By Condition 2, we have

Cinj 1 Cinj
[Pog. Pr (AL)llp = 4/ KJPHPT (Ar)llp  and  |[Po-Pr(AL)lle < 54/ KJPHPT (ALl

given that Pr(Apr) € T. The latter inequality combined with (E.15) and (E.16) further gives
[Pax (As)llp < IPax (As + AL)llp + [Par (AL)llp

< IPay. (As + Ar)llg + [[Pa-Pr (AL)llp + [Po-Pre (AL)lp
g 1 Cinj g
< g tgy o PIPrALle +

Substituting the above bounds into (E.19) gives

o Cinj 1 /cin; o o 20
Y plIPr (AL)llg — 3\ TPHPT (Ap)lr — poc ey S 73

1 Cinj 20
- A _ =
- 2 K pHPT( L)”F n67
which further yields
g K g
||7DT (AL)”F ~ n6 5 = 7745’

provided that n?p > k. This combined with (E.16) allows one to control the size of Ap:

g

[AL]p < I1Pr(AL)le +1Pre (An)le S -

In view of (E.15) and the fact that Ag is supported on Qgps, we have

[Aslp = [Pog, (As)llp < 1Pas (AL + As)llp + [[Pog, (ALl
g
< Pogs (Az + As)llp + [ALllr S 5

thus concluding the proof.

E.2.4 Proof of Claim 1
We first recall the facts that
S="Pq, [S:(M-XY")] and S+As=Pq, [S:(M-XY' —AL)],

where the second identity follows since (Leyx, Sax) = (XY T + A, S + Ag) is the optimizer of the convex
program (1.3). These allow us to write

As="Pq, [S:(M-XY —AL)-S, (M-XY")]
=Py [S- [M - XY+ As— (AL +Ag)] -8, (M- XY T)]. (E.20)

This characterization of Ag turns out to be crucial when establishing the inclusion Qops\2* C ;. Towards
this end, we need to introduce another index subset

Oy = {(z’,j) € Qobs + 7~ |Pa (AL + Ag) oo < [ (M~ XYT), | < T} .
As it turns out, the sets Q,Q; and Q9 obey the following three conditions
BLNO=0, Qup\QCQUQ,  and  QUQ C Q%
which immediately lead to
0o\ € D\ (QU0) Y (00 2\ © (2 U\ € .
Here, (i) follows since QU Qs C Q*, (ii) holds true since 25 N Q = &, and (iii) results from the condition

Qobs\Q C Q1 UQy. Tt then boils down to proving each of the above three conditions.
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1. The first one Q5 N Q = & is straightforward to establish. Note that for any (i,5) € 2, one must have
|(M - XYT)Z.j’ < 7 and hence [S-(M — XYT)]”. = 0, which means that (i,7) ¢ . This proves the
relation Qo N Q) = @.

2. Moving on to the second one Qops\2 C Q1 U Qq, we prove this via contradiction. Suppose that this
inclusion is false, i.e. there exits an index (i, ) € Qops\ 2 such that

((As)ij| > [Pay (AL + As) and [(M = XY )| <7 —|[Pay, (AL + As) o (E.21)

obs obs

Here, we have taken into account the fact that
(M — XY ");;| <7,  forany (i,5) € Qops\ L
To reach contradiction, we find it convenient to state the following simple fact.
Fact 2. Suppose that |a| < 7 and that S;:(a+b) # 0. Then
|Sr(a+b)| < [b]+ |a] — 7.
Proof. Given that S;(a + b) # 0, one necessarily has |a + b| > 7. Without loss of generality, assume that

a+ b > 0, which gives
S;(a+b)y=a+b—7>0.

This together with the fact 7 > |a| yields |S;(a+b)|=a+b—7 < |b| + |a|] — T. O
With this fact in mind, we can deduce that

[(As),| = [{S: M= XY+ As— (Ap+Ag)] = S, (M- XY}

@ ’{ST (M- XY +As— (AL +As)]}

(ii)
<

j

[AS - (AL + AS)]ij

+(M-XYT) |-7

)
(iii)
< [(As);] + 1Paw (AL + As)llo — [Pag (AL + As)ll

= |(As)ij|’ (E.22)

taking a = (M — XY ");; and b = [Ag — (AL + As)l;;), and (iii) is a consequence of (E.21) as well
as the triangle inequality. The inequality (E.22), however, is clearly impossible. This establishes that
Qobs\2 C Q1 U Q.

where (i) holds true since [S,(M — XY T)] ; = 0 for any (1,7) € Qobs\Q, (ii) follows from Fact 2 (by

3. We are left with the last one QU Qs C Q*, which is equivalent to saying Q2 C Q* and Q2 C Q*. First, for
any (i,7) € Q, one has

S| >0 = (i,)) €Qobs and |(L*+ S +E-XY") [>T
= (i,j) € Qops and |5 >7—||[L* = XY || _ - |E|,, > 0.

Here, the last step comes from the triangle inequality and Condition 1. This reveals that Q C Q*.
Similarly, for any (i,7) € Qs we have

T — ”PQobs(AL +As)||oo < |(M—XYT)|

)
— 17— |Pa,(AL+ Ag)|l < [(S*+ L fXYT+E)ij|
I_Z50
2 n ’

where we have used Condition 1, the bound (E.15), and the fact that 7 > o. This demonstrates that
Qo C Q. We have therefore justified that QU Qy C Q*.

= S5 >2 7= ||IL* = XY ||~ | Bl — IPaw (AL + As)p >
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F  Analysis of the nonconvex procedure (Proof of Theorem 5)
This section is devoted to establishing Theorem 5. For notational convenience, we introduce

Fl=[XT V7]  eR? and P = [X0TYT]T e RIV (F.1)
These allow us to express succinctly the rotation matrix H? defined in (3.10) as

H'=arg min ||[F'R-F*

ReOmxr

||F . (F.2)

With the definitions of F** and H* in mind, it suffices to justify that: for all 0 < ¢ < ¢ty = n", the following
hypotheses

tpyt _ px g n A *
[P = P e (S 24 ) e, (F 30
L e N R L (F.3b)

|PE B, < O ( Vo ) L. (F.50)

A
XX - Y'Y < Crrn (U"A % oo ) N (F.3d)
|S* — 8*|| < Cso/np (F.3e)

hold for some universal constants Cr, Cop, Cos, C, Cs > 0, and, in addition,
F (Xt, 1/157 St) < F (thl, thl; Stfl) o g va (){'tfl7 thl; Stfl) ||12:‘ (F4)

holds for all 1 < t < tg = n*7.

Clearly, the bounds (3.11a), (3.11b), (3.11c), and (3.11d) in Theorem 5 follow immediately from (F.3a),
(F.3Db), (F.3¢), and (F.3e), respectively. It remains to justify the small gradient bound (3.12) on the basis of
(F.3) and (F.4), which is exactly the content of the following lemma.

Lemma 10 (Small gradient). Set A = Chov/nplogn for some large constant Cx > 0. Suppose that
n2p > w3urnlog?n and that the noise satisfies —2—, /% < ——A—o . Take n = 1/(nk30max)- 1If the

Omin p \/ Kkiurlogn

iterates satisfy (F.3) for all0 < t < to and (F.4) for all 1 < t < tg, then with probability at least 1 —O(n=5),
one has

) 1 A
min HVf (Xt,Yt;St)HF < ﬁ;\/Umin.

0<t<to
Proof. See Appendix F.3. O

The remainder of this section is thus dedicated to showing that (F.3) and (F.4) hold for {(F*, S")}o<t<1,,
which we accomplish via mathematical induction. Throughout this section, we let X . denote the ith row
of a matrix X.

F.1 Leave-one-out analysis

The above hypotheses (F.3) require, among other things, sharp control of the ¢5 o, estimation errors, which
calls for fine-grained statistical analyses. In order to decouple complicated statistical dependency, we resort to
the following leave-one-out analysis framework that has been successfully applied to analyze other nonconvex
algorithms [ZB18, MWCC20, CLL20, CCFM19, CCF*20, CLPC20, LWC*20,DC20].
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Leave-one-out loss functions. For each 1 <[ < n, we define the following auxiliary loss functions

FO(X)Y,8)

1 2 1 a2 A A T
= g5 1P (XY S =ML+ 5P (XY = 2) [+ o IXU + o IV IR+ 1S

=fM(X,Y;8)

Here, P(q,,)_,.(-) (resp. P;..(-)) denotes orthogonal projection onto the space of matrices supported on the
index set {(7,7) € Qops | ¢ # I} (vesp. {(i,7) | i = 1}), namely, for any matrix B € R"*™ one has

Bij, if (i,7) € Qobs and i # 1,
0, otherwise

By, ifi=1,

0, otherwise.

[P, (B)],; = { and [P, (B)],; = {

The above auxiliary loss function is obtained by dropping the randomness coming from the Ith row of M,
which, as we shall see shortly, facilitates analysis in establishing the incoherence properties (F.3¢). Similarly,
we define for each n + 1 <[ < 2n that

FO(X,Y,S)

1 2 1 a2 A A
= g5 [P o XY 48 = M) SIP (XY T = B2 4 3 IX T+ 3 IV 47 S]]

=f)(X,Y;S)
where the projection operators P(a,,). __,., (-) and P. ;_p)(-) are defined such that for any matrix B € R"*",
B;;, if (i,5) € Qops and j £l —n B, ifj=l—-n
P B } _ ijs ) , d P (B)] = s s
[ (@as). - (B) ij {0, otherwise o [Pt € )]” 0, otherwise.

Again, this auxiliary loss function is produced in a way that is independent from the (I — n)-th column of
M. In the above notation, f() (X,Y;S) is a function of X and Y with S frozen.

Leave-one-out auxiliary sequences. For each 1 <[ < 2n, we construct a sequence of leave-one-out
iterates {F*(), 841,54 via Algorithm 2.

Algorithm 2 Construction of the Ith leave-one-out sequences.

0,(1
Initialization: X00 = X*, Y0.0) — y*, §0.0) — g+ F0.0) — [ X0

y0.0) }, and the step size n > 0.
Gradient updates: for t =0,1,...,tp — 1 do

v [ XL X0 _ 9 fO(XH0, Y0, gh0)

FU= 1 yoo | =] yro - pyy fO(x60 yu0, gtoy) | (F.5a)

gt o [ 57 Pl (M = XHHOYHLOT)] + Py (57), if1<i<n, F.5b
P [P(Qobs)_ﬂ_(l_n) (M — X"’“v(l)Yt“’(l)T)} + P 1ony (S*), ifn+1<1<2n. (F.5b)

Properties of leave-one-out sequences. There are several features of the leave-one-out sequences that
prove useful for our statistical analysis: (1) for the lth leave-one-out sequence, one can exploit the statistical
independence to control the estimation error of F“() in the [th row; (2) the leave-one-out sequences and the
original sequence (F, S*) are exceedingly close (since we have only discarded a small amount of information).
These properties taken collectively allow us to control the estimation error of F* in each row. To formalize
these features, we make an additional set of induction hypotheses

|FtH 7Ft,(l)Rt,(l)HF <q ( o \/@+ A > | F*
Omin p POmin
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6,0 gyt,(1) _ g* o nlogn A .
2, (F 0 H F)l,.HQSCQ'f(Umm\/ ) +pamm>|F [ (F.6D)

max HP I, (S’ St (l))H \/nlognHF*H ||F*||200, (F.6¢)

1<i<n
Jmax [P (8* = 8| < C%m Vnlogn | F*|[[|F*|, ., - (F.6d)

Here, the rotation matrices H>®) and R“(") are defined respectively by

FtOR_— F* and RV = arg min |[|[F*WR - F!

HYW = arg min ||F, R in
cOrxr

ReO™xr

-

F.2 Key lemmas for establishing the induction hypotheses

This subsection establishes the induction hypotheses made in Appendix F.1, namely (F.3), (F.4) and (F.6).
Before continuing, we find it convenient to introduce another function of X and Y (with S frozen) as follows

A A 1
Foug (X, Y3 8) = — HPQO.,S (XYT +5-M)|;+ 2p X IE+ 2 1Y I+ 5 {1 X7 X - YTY|L. (F7)

The difference between fag and f lies in the following balancing term
1 2
fairr (X,Y) = ) ||XTX - YTY||F7

that is, f = faug + faifr-
The following four lemmas, which are inherited from [CCF*20] with little modification, are concerned
with local strong convexity as well as the hypotheses (F.3a), (F.3b), (F.3d), (F.6b) and (F.3c).

Lemma 11 (Restricted strong convexity). Set A = Cho\/np for some large enough constant Cy > 0.
Suppose that the sample size obeys n’p > kurnlogn and that the noise satisfies =/ "log" < 1. Let the
function faug be defined in (F.7). Then with probability at least 1 — O(n=1%),

vec (A) " V2 fog (X, Y5 S) vec (A) > oin A7

max {[|V* faug (X, Y3 S)|[ L [[V2/ (X, Y[} < 100max

hold uniformly over all X, Y € R"*" S € R"*™ obeying
X - X*
Y -Y*

and all A = [ Ax ] € R2"*" lying in the set
Ay

X, 18— 8" < Csoynp

1
[ —
2o 1000r+/n |

s L e Nl iz |50 | o= [ 52 L)

Lemma 12 (Frobenius norm error w.r.t. F'). Set A = Cy\o./np for some large enough constant C > 0.

a n 1 T
Omin \/ P < V/r4urlogn

the iterates satisfy (F.3) in the tth iteration, then with probability at least 1 — O(n=190)

Suppose that the sample size obeys n>p > kurnlog®n and that the noise satisfies

R I e L

Omin p POmin

holds as long as 0 < 1 < 1/(K*/?0max)-
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Lemma 13 (Spectral norm error w.r.t. F). Set A\ = C\o/np for some large enough constant Cy > 0.

g

; 2 4,22 2 ; ; n 1
Suppose that the sample size obeys n°p > k*p°r°nlog”n and that the noise satisfies p— \/; < T

If the iterates satisfy (F.3) in the tth iteration, then with probability at least 1 — O(n=1%), one has

HFt+1Ht+1 _ F*H < Cop ( g Q + A ) ”X*H

Omin p POmin
holds as long as 0 < 1 < 1/(K30maxy/T) and Cop > 1.

Lemma 14 (Approximate balancedness). Set A = Cy\o,/np for some large enough constant Cy > 0.

g

; 2 2,22 ; : n 1
Suppose that the sample size obeys np > k*p“r*nlogn and that the noise satisfies - \/; < Jtogn If

the iterates satisfy (F.3) in the tth iteration, then with probability at least 1 — O(n=190),

A
Xt X Yt+1TYt+1HF < Cyhn ( o [n. > Jro?
Omin p POmin
LT xt+1,(0) _ yt+LOTyt+L,0) || < o n A 2
121}%)2(” ||X X Y Y HF N CBKTI (Umin p * POmin \/;O-max

hold for some sufficiently large constant Cg > C2,, provided that 0 < n < 1/omin-

op’
Lemma 15 ({3 o norm error of leave-one-out sequences). Set A = Cyo/np for some large enough
constant Cy > 0. Suppose that the sample size obeys n?p > k*p2r2nlog®n and that the noise satisfies
o n 1 . . , . . . . .. o
e \/; < Ve If the iterates satisfy (F.3) in the tth iteration, then with probability at least 1
):

O(n7100
. lo A .
max H(FtJrl,(l)HtJrl-,(l) _F )l7.’|2 < Oy (Uai Inlogn " - ) 7 [P
Sisan min p POmin

holds, provided that 0 < n < 1/(k*\/Tomax), Cop > 1 and Co > Cyp.

Lemma 16 ({3 ., norm error of the true sequence). Set A = Cyo,/np for some large enough constant

g

, > ' ' I j ' :
Cy > 0. Suppose that n > pur and that the noise satisfies P \/; < Jiosn If the iterates satisfy (F.3)

and (F.6) in the tth iteration, then with probability at least 1 — O(n=%), one has

HFtJrlHtJrl — F*H2 o S Cxk (JU. \/@4- )\. ) ||F*||27oo’
> min p POmin

provided that Csy > 5C1 + Cs.

Proof of Lemmas 11, 12, 13, 14, 15 and 16. As it turns out, Lemmas 11, 12, 13 and 14 follow immediately
from the proofs of [CCFT20, Lemmas 17, 10, 11, 15| respectively. More specifically, the proofs can be
accomplished by replacing E in the proofs therein with E := E + S* — §*. To see this, we remark that the
only property of the perturbation matrix E utilized in the proofs therein is that ||Pq, (E)|| S o/np with

probability at least 1 —O(n~1?); under our hypotheses, the new matrix E clearly satisfies this property since

1P, (E)|l < [P, (B)|| + S = S| S o/

t,(1)

Regarding Lemma 15, we note that ;""" = S by construction. Therefore, the update rule regarding the

Ith row of {X lt ’,(l)}tzo and {Ylt.’(l)}tzo is exactly the same as that in the leave-one-out sequence introduced

in [CCF*20]. Thus, Lemma 15 follows immediately from the proof of [CCF*20, Lemma 13|.
Finally, the proof of Lemma 16 is exactly the same as the proof of [CCF*20, Lemma 14]. O
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Next, we justify the hypotheses (F.3e), (F.6a) and (F.6¢) in the following three lemmas, which require
more careful analysis of the properties about {S*}.

Lemma 17 (Spectral norm error w.r.t. S). Set 7 = C.o+/logn for some large enough constant C; > 0.
Suppose that the sample size obeys n?p > k*urnlogn, the noise satisfies ﬁ\/% < 1/+/K?logn, the outlier

fraction satisfies ps < paug <K 1/\/ KOpr log®n and N2pPaug > pnr log?n. If the iterates satisfy (F.3b) and
(F.3c) in the (t + 1)-th iteration, then with probability at least 1 — O(n=109),

HSH'1 - S*H < Cso+/np
holds for some constant Cs > 0 that does not rely on the choice of other constants.
Proof. See Appendix F.4. O

Lemma 18 (Leave-one-out perturbation w.r.t. F). Set A\ = Cxo./np for some large enough con-
stant Cx > 0. Suppose that the sample size obeys n’p >> H4u2r2nlog4 n, the noise satisfies JL\/% <

1/\/K*urlogn, the outlier fraction satisfies ps < paug < 1/(k*urlogn) and n’ppayg > prnlogn. If the
iterates satisfy (F.3) and (F.6) in the tth iteration, then with probability at least 1 — O(n=109),

max ||[FHHUH! - Ft+1,(z)Rt+1,(z)H < o [nlogn N A IF|
1<i<2n P2 \omn P pomin e

holds for some constant Cy > 0, provided that n < 1/(nk?omax) and Cp > Cs.

Proof. See Appendix F.5. O

Lemma 19 (Leave-one-out perturbation w.r.t. S). Set 7 = C.0+/logn for some large enough constant
C; > 0. Suppose that the sample size satisfies n*p > k*pr?nlogn, the noise obeys == % < 1/4/K2%logn

and the outlier fraction satisfies ps < pauwg < 1/k. If the iterates satisfy (F.3b), (F.3¢c) and (F.6a) in the
(t + 1)-th iteration, then with probability at least 1 — O(n=100),

max [Py, (S — SO || < O /nlogn | F*|[ | F*|l,... ,

1<Ii<n Omin
g
max [P, (85— 8H0)| < 05T y/nTogn [ FH| F
< min

hold for some constant Cs that does not rely on the choice of other constants.
Proof. See Appendix F.6. O

Finally, it remains to justify (F.4), which is a straightforward consequence from standard gradient descent
theory and implies the existence of a point with nearly zero gradient.

Lemma 20 (Monotonicity of the function values). Set A = Cyo,/np for some large enough constant
Cy > 0. Suppose that the noise satisfies ﬁ\/g < 1. If the iterates satisfy (F.3) in the tth iteration, then
with probability at least 1 — O(n=1%9),

F (X" y"h st < F (XYY S') - g |[Vf (XY 8 ||§

holds as long as n < 1/(knomax)-
Proof. See Appendix F.7. O
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F.3 Proof of Lemma 10

Summing (F.4) over t = 1,...,to gives
F (X", v, 8%) <F(X°Y° 8% - ;710201 Vs (X758 I
which further implies
Jmin [[VF (X Y5805 < itﬂf V(x5 Y s,
<t<to to =5
< 2P OC Y8 P (XY, 8] 8

Here, the last inequality results from our choice (X9, Y? 8%) = (X*, Y*, §*). Therefore, it suffices to
control F(X*, Y* §*) — F (X' Yt Slo).
We first decompose the difference into

F(X*Y* 8% —F (X", Y" 8§) = f(X*Y* 8+ ]Zj 1%, — f (X', Y"; 8%) — ]39 |S™|,

= (X", Y*8%) — f (X', Y, 8%) + f (X', Y, 8%) — f (X', Y, 8%) +§ 18|, — % |S™,

=/ =:Ay =:Ag
In what follows, we shall bound A, Ay and Ajs separately.
1. In view of the proof of [CCF*20, Lemma 9|, we have

2
|A1] < ri? ()\> ;
p

1

\/riurlogn

2. When it comes to A, we deduce that

provided that =, /2 <

] =5 [Pow. (KT 45 = B+ ZURIR = 3 [P (3T 45 a) - b

= [(Po (X% 4 80 ) 57 -5 ¢ |- 5
< [P, (XY T 4 8% = A 57— 8+ 5 5" = 8¢ ®9)

where the last step arises from the elementary inequality (A, B) < | A||r||B||lr and the triangle inequality.
It is straightforward to derive from (F.3¢) that

18* = S*|[r < V/n||S* — 8| < ony/p.
Moving on to the first term in (F.9), one has by the triangle inequality

obs

HPQ (XtOYtOT + 8%~ M)HF < HPQobs (XtOYtOT - X*Y*T)HF + HPQobs (Sto - S*)HF + [Py, (E)”F

5 ||P52obs (XtoYtoT o X*Y*T)HF -I-OTL\/];,

where the last bound follows from Lemma 1 and the bound above ||Pg,, (S — S*)||r < [|S™ — S*||r <
ony/p. We can further decompose ||Pq,, (XY T — X*Y*T)|r into

1Paw, (XY™ = XY )| < [[Pag, [(XH" = X*) Y]

[ HPQ [XfOHfO (YtoH™ — Y*)T] HF

39



)
S Vi ||(XH" = X7) YT ||+ i | X HY (YoH? —Y*)T|
SVEp || X HY — X

F

Y*| + rp || X H"|||[Y*H" - Y

I | I

(i) n A > A
< + X |1 X)) S &322 /r. F.10
Vi (o ) 11 X S (¥.10)

Here, the relation (i) utilizes Lemma 4, and the facts that (X * H?o—X*)Y*T € T* and that X' Hto (Yt H'o—
Y*)T € T?, where T* denotes the tangent space at XY * . In addition, the last line (ii) holds because
of the hypothesis (F.3a) and the simple fact || X H'|| < 2||X*||, which is an immediate consequence of

the hypothesis (F.3b) provided that ﬁ\/% < 1. Collecting the bounds together, we arrive at

A A A
B2l £ (K3/2\/;+‘7" p) cony/p+o*n’p+ = - kSr S oPn’p,
VP vp vP p p

with the proviso that np > x3r.

3. In the end, we have the following upper bound on Ajs:

Bl < T8 - 57 < n||St°—S*HF,§1# \/Aﬂm 2\ logn,
D /np/logn

where we have made use of the elementary fact that ||A]|; < n||A|r for all A € R™*™.

Putting the above bounds together, one can reach

2
|F(X*,Y*,S*) —F(XtO,YtO,StO)‘ < ri? (;) +on?p + Un \/logn< n( ) vl1ogn

as long as n > k%r and A < o,/np. Substitution into (F.8) allows us to conclude that

2
min ||V (X, ¥4 8], < \/171 (;) Viogn < %%,rmm,

0<t<to nto
provided that < 1/(nk30max), to > n*7 and n > k.

F.4 Proof of Lemma 17

In view of the definitions Q* = {(i,5) : Sf; # 0} C Qayg C Qobs and St = S [Pq,.(L* + S*+ E —
XTY*1T)] we have the decomposition

Sttt — 8% = Pq,, (S) = Pa,,, (8) + Pag, (S)
=8, [Pa,, (X*Y*T + 8+ E— XY™ - Py, (8*)+8: [Poy\au, (XY + E— XY T
= At+1 =Bt+1
(F.11)
We shall control || A+ and || B**!|| separately.
1. We begin by controlling the size of A**!, which can be further decomposed into
AT =Pq, (E)+S; [Pq,, (8* + E)| - Pq,, (S + E)
=A;
+S, [Pﬁaug (X*Y*T _ Xt+1yt+1T +S*+ E)] -8, [,PQaug (S* + E)] ) (F]_?)
::Ag+1
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First of all, we know that ||Paq,,, (E)| < 0\/MPpaug < /1D, as long as n*ppaug > nlog?n. This arises
from standard concentration results for the spectral norm of sub-Gaussian random matrices (cf. Lemma 1).
Regarding A, we know from the definition of S.(-) that ||A1]/cc < 7. More precisely, we have

—T lfSZ}—f—EUZT,
(Al)ij = 752 7Eij if —7< S:j +E¢j <T,
T lfSZ*J—FEZ]S—T

Recall from Assumption 4 that S§* has random signs on its support Q* C Q,, and FEj;; is symmetric
around zero. It then follows from standard concentration results for the spectral norm of matrices with

i.i.d. entries that
| ALl S 7v/1Dpavg = Cro/nppaug logn,

provided that n?ppaug > nlog;2 n. Moving on to A§+1, since it is supported on ,,, we can further
decompose || AL into

A5 = [Pa, (51| < D A5 + [P, (A5) ~ ppusg ™. (F13

g aug

Invoking Lemma 5 with A = A;Jrl, B =1I,, and py = ppaug, We have
||P9aug (A§+1) - pPaUgAnglH < C\/ TPPaug ||A§+1||2,oo ’ (F’14)

with the proviso that n®ppaug > nlogn. Combine the above bounds to reach

1457 | < poae [ A2 || + O /PP | 427 o < HAt“H + OV/bpass [ A2 |5 o

as soon as ps < paug < 1/2. We are then in need of an upper bound on || A5"(|2 o, which is supplied in
the following fact.

Fact 3. Suppose that n? PPavg > prnlogn and —>— ,/"lo% < 1/k. Then with probability exceeding
1—0(n=19), one has

I A
HA§+1|\M<Woﬁppauacmmzcop)( 7 ,/"jf% _ )||F*||2,OOX*||.

min pO-IIlln

With the help of Fact 3, we can continue the upper bound as follows

—vnlogn|[Fl; o [ X7l

45+ < 20 yDpaug || 45" |y e S (Co + Cop) VTPE pave ;-

All in all, we obtain the following bound on A**!:
A < [P, (Bl + [[As]l + ||A5]
S oynp 4 Croy/nppaug logn + (Coc + Cop) /1P paug
< Cgsoy/np,

with the proviso that ps < payg < 1/4/KSur log? n. Here, the last line uses the incoherence assumption

\/nlognllF*llgooHX*ll

[F*[l2,00 < /pur /| X[ (cf. (B.1)).
2. When it comes to B*t! we first note that
HX*Y*T - Xt+1Yt+1T|| _ H(X* _ Xt+1Ht+1) y*T o Xttt (v* - Yt+1Ht+1)TH

o0

< [ = XTHT|, Yl oo + (| X HT], Y- Y HT,
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Inl A [nl A
< SCOOH< o nlogn n ) HF*H%OO <30k < o nlogn T > ﬂomax. (F.15)
Omin p PO min ’ Omin p POmin n

Here, we have plugged in (F.3c) for the (t41)-th iteration and its immediate consequence || X 1 H'1 |5 o <

[F 2,00 < 2]/ F*||2,00, as long as 72—/ "10% <« 1/k. As a result, for all (7,7) we have

’(M_Xt+1yt+1T) ‘ _ ‘(X*Y*T +E _Xt+1Yt+1T)ij‘ < ’Eij| n ||X*Y*T _ Xt+1Yt+1THOO

ij
® Inl A
< |E1J|+3Coo/€< g n Ogn+ ) ﬂO—max
Omin p POmin n

(i)

< Cho/logn=r.

Here, the inequality (i) comes from (F.15), and the last line (ii) relies on the property of sub-Gaussian
random variables (namely, |E;;| < 7/2 with probability exceeding 1 — O(n~'0?)) and the sample size
condition n?p > k*1?r?nlogn. An immediate consequence is that with probability at least 1—O(n=190),

B =S, [Ponn, (X¥T + B- XY )] <o (F.10)

Substituting the above two bounds into (F.11), we conclude that ||S*+ — §*|| < Cso/np as claimed.

Proof of Fact 5. In view of the definition of A**! in (F.12), we have

145 ], e < [P, (XY XY,

where we use the non-expansiveness of the proximal operator S; (). Apply a similar argument as in bounding
(F.10) to obtain

Hpﬂaug (Xt+1yt+1T _ X*Y*T)

H2,oo

S ||7)Qaug [(Xt+lHt+1 _ X*) Y*T}

4 HPQaug [Xt+1Ht+1 (Yt+1Ht+1 _ Y*)T] H2

||2,c>o

< \/40KPpayg || (XHlHthl — X*) Y*T||2,oo + \/40EDpaug

o nlogn A
< VA40Kppayg (Cock + 2C,p) (U —4/ » +pa : )||F*||2,OO|X*||»

as long as n’ppaug > prnlogn. Here, the last line uses the induction hypotheses (F.3b) and (F.3c) for the
(t41)-th iteration and their immediate consequence || X H |5 o < 2|[F*||2 0, as long as =1/ % <

’Xt+1Ht+1 (Yt+1Ht+1 _ Y*)TH

2,00

1/k. Taking the preceding two bounds together concludes the proof. O

F.5 Proof of Lemma 18

Without loss of generality, we only consider the case when 1 <[ < n. The case with n+ 1 <[ < 2n can be
derived similarly with very minor modification, and hence we omit it for the sake of brevity.
To begin with, since (H**', R*1H()) is the choice of the rotation matrix that best aligns F'*' and
Ft*10) | we have
HFt-‘rlHt-‘rl _ Ft-‘rl,(l)Rt-‘rl,(l) ||F S ||Ft+1Ht o Ft+1’(l)Rt’(l) HF

In view of the gradient update rule, one has
Ft+1Ht o Ft+1’(l)Rt’(l)
_ [Ft VS (Ft; St)] H — [Ft,(l) B nvf(l)(Ft,(l); St,(l))} RO
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_ Fth o nvf (Fth, St) . [Ft’(l)Rt7(l) o an(l)(Ft’(l)Rt(l), St,(l))]

— F'H' - FtORND _ |:vfaug (Fth; St) YV faug (Ft,(l)Rt,(l); St)} _q [vfdiff (Fth) — Y fai (Ft,(l)Rt,(l)):|

=C, =Cy
+n [Vf(” (PO RN §40) _ v f (FHO REO), St,a))} 47 [vf(sz)Rt,m; St0) — v f(FOREO, St)} .

=:C3 =:Cy

Here, the second identity relies on the facts that Vf(F; S)R = Vf(FR;S) and VW (F; S)R = VfV(FR; S)
for any orthonormal matrix R € O"*". We shall then control Cy, C3, C3 and C} separately.

Employing the same strategy used to bound A; and A; in the proof of [CCFT20, Lemma 12|, we can
demonstrate that

Omin noA
[Cllp < (1 TR ) |F H — F*ORMO| . and  [|Callp <1 (0\/;+ p) | F

provided that ﬁ\/% < 1/y/kturlogn and n < 1/(nk?omax). With regards to Cs, it is seen from the
definitions of Vf and V£ that

[Pl (Xt l)Yt @ _ L*) _piltp(Qobs)L.v (Xt,(l)Yt,(l) _ L*)] Yt,(l)Rt,(l) _’_pflfp(Q
[P (XtOYHO - L¥) — PP (XtOyHO - L*)]T XtORND 4 p=1P,

(E)YH-(WRHW
(B)" xt:ORHO

obs)l,~

C3=n

obs)l,-

which has the same form as As in the proof of [CCF*20, Lemma 12]. It thus follows from [CCFT20, Claim
5, 6 and 7] that

nlogn 2r2logn
||C3||F S no Tg ||IT'*||270<J + n\/THFty(l)Rt,(l) _F*

provided that —— \/7 <

We are then left with controlling the term Cj. Towards this, we invoke the definition of f to decompose

Omax;
2,00

and that n?p > nlog® n.

n2 logn

71PQobs ( St) Xt l)Rt [©)
P—lv (St,(l _ St)yt,(l)Rt,(l) ‘| n

7173 St. 0 _ StYyt l)Rt @)
Guma| im0

_n
) [P_L'(St,(z) _ St)]TXt,(l)Rt,(z) +]; [P (850 — St)]Txt,(l)Rt,(l)

P (880 — §1) YO RLO ]

=:D; =:D>

Here, we have used the fact that both §%() and S* are supported on Q* C Qqps. Regarding the first matrix
D, , we have the following fact.

Fact 4. Suppose that the sample size obeys n’p > rk*p’r’nlogn, the noise satisfies %1/”10% < 1/k,
the outlier fraction satisfies ps < payg K 1//13 and n2ppaug > uprnlogn hold. Then with probability at least
1 —0(n~100), we have

nlogn‘

1D1 e < mo |F*

’|2,oo'
With regards to Ds, recall that St 0 = S .. Using the decomposition (I'.11) in the proof of Lemma 17,
and recalling that B**! = 0 from the proof of Lemma 17, we obtain

P (800 — s Y ORND =P (A + E)YORN 4P (AL YO RED, (F.17)
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where

A =S8, ['szaug (S* + E)] —Pq (S* + E) ;
Al =S, [Po,, (XY - XY + 8"+ E)] - S, [Pa

aug

(S*+ E)|.

aug

For the first term Py .(A; + E)Y*®OR%® | the independence between Y5 R%(®) and the I-th row of A; + E
allows us to obtain the following bound.

Fact 5. Suppose that ps < paye < 1/logn and that n’*p > n10g4 n. Then with probability at least 1 —

O(n~100), we have
[P (A Y ORO|| < ov/mplogn Y7y

The term involving A% is controlled in the following claim, which relies heavily on the small scale of the
entries in A%.

R — "k’# L 1/K, ps < pavg < 1/(kpr) and that n?ppaug > nlogn. Then
with probability at least 1 — O(n~100), we have

[P (4) YHOR | S o/nplogn Y]

Combining the two bounds in Facts 5 and 6 gives

[P (840 = $HYEORND| S o\/uplogn [Y7 ...
The same bound applies to ||P;.(S4®) — §)T Xt RHD || via the same technique. As a result, we have

nlogn

[ Dz[le < no 1™ 2,00

Putting the above bounds together yields
|FHHS — FHYORFLYO| < ||Cylp + |Calp + [Csllp + 1D1]lp + ([ Dallp

< (I*Umm ) HFth Fb Z)Rt l)H +7]( \/% ) HF*HQOO
~ 1 1
+c< nlogn ||F*||2m+nWHFt VR - E
D Omi o [nlogn A noA A
< (1- min )C F* e n F* CZ||F*
= ( 20 n 1 <Umin p + pUmin> || H2,oo + n (U\/;+ p) || ||2,oo + D H H2,oo
= [u2r?logn o nlogn A N ~ nlogn .
+ Oy |08 (k4 Cy) ( —, f + —— ) [IF"|lg,c Omax + Cio 1F ),
np Omin p POmin ’
(ii) o nlogn A .
Omin p POmin ’

where (i) invokes (F.6a) and its immediate consequence that

nlogn

1F*

||2,oo

Umax) + 0770

—~

HFM”RW) _F* (F.18)

< HFth _ Ft,(l)Rt,(l)H + HFth _ F*HQ
F ,00

o nlogn A N
< (Cooki + C) (0 S\ )IIF [ (F.19)

The last line (ii) holds as long as n?p > k*u?r?nlogn and C; is large enough.
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Proof of Fact 4. First notice that S* is supported on (.., which is a consequence of (F.11) and (F.16)
as long as L.,/”lo% < 1/k and n?p > r*p2r’nlogn. By replacing Xt (resp. Y1) with X*t+1.(

g

(resp. Y1) and invoking (F.19) instead of (F.3c), the same arguments yield the fact that S“() is also
supported on Qaug. Define w;; :== 1(; jyeq,,,- The Frobenius norm of the upper block of D; can be bounded
by

aug *

n 2

Z (St O ) . cht;(l)

k=1

] eSS S (s s,

ii#£l j=1 Lk=1

[P (520 - sf)va“)Rfv(l)Hi -y

il j=1

£ -

iitl j=1 Lk=1

i

where we use the Cauchy-Schwarz inequality in the last step. Converting to the matrix notation, we obtain

2
5 an ) =[P v |

Applying a similar argument as in bounding (F.10), one can obtain from Lemma 4 that
t, ()12
ZHPQaug (el TYt )H < praugZHY ( HF :Kppaug”Yt’(l)HI%‘v

provided that n?ppayg > prnlogn. This allows us to reach

= 2
Hp_l,_(stv(l) _ St)th(l)Rt,(l)HF < Z lz Wik (St,(l) _ St)ik
R

=:v%@£@HP4.(stm-ng [y=0,
< Co/Rpaus —/nlogn | F*|[*|[ P,
S o\/WHF*HQm.

Here, the penultimate step comes from the hypothesis (F.6¢), whereas the last step holds as long as ps <
Pavg K 1/ 3. The Frobenius norm of the lower block of D; admits the same bound. As a result, we obtain

D] < 770'\/@HF*||27Oo as claimed. .

Proof of Fact 5. Regarding the first term on the right-hand side of (F.17), we can write

- /FpPaug || Y[

1P (Ay + E)YSORSO| sz (44 B),Y! l)H _ HZ wiy [SH(Sf + Eyj) — S5 Y,

=u;

where wyj = 1{(l,j) € Qaug} is a Bernoulli random variable with mean pp,.,s. Since Y*® is independent
of {wij}1<j<n and Sj , the vectors {u;}7_; are statistically independent conditional on YH(®. We can thus

apply the matrix Bernstein inequality to control this term. Specifically, conditional on Y*(®) we have

e llall,, < 5O, ety [S-( %+%>&Mu<ﬂw”H;

n . D80T
Ve [B[X0, 6 (557 + Bo) - i) YEOVOT]| S ppagr? O],
where || - ||, denotes the sub-exponential norm [Verl7]. Here, the relation (i) holds since

lei [ST(Sl*j + Eij) — Sl*]] le < HST(SZ*J' + Eij) = S

s, < IS-(S55 + Eig) = (S5 + B, + 135,
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< [ (St + i) = (S8 + Big) | + 1 B, < 27,

where we have used the fact that |S-(z) — x| < 7 and ||Ejj|ly, < [|Eijllg, < o < 7. In addition, the second
inequality (ii) comes from the identity E[wfj] = ppaug and the fact that

E[(S-(S7; + Bij) = S5)°] < 2B [(S+(SF; + Big) = Sy — By)’| + 2E [E}] S 72

With the aid of the above bounds, we can invoke the matrix Bernstein inequality [KLT11, Proposition 2] to
reach

13w, s vViogn + Il 102

S V/Ppagr? [Y O g logn + 7 [ YO, _log?n
S (V/rppaglogn + 7log?n) YO,

with probability at least 1 — O(n~'°). Here, the last inequality arises from [[Y*W |2 <
Consequently, we conclude that, with high probability,

HPl (A, +E)Y" () (1) H < (T\/nppauglogn—&—Tlog n) HYt l)H2C>C o /nPIOgnHY*HQ,OOa

with the proviso that ps < paug < 1/logn and n?p > nlog* n. O

Proof of Fact 6. Regarding the second term on the right-hand side of (F.17), we have
t () pt,O|| _ " t t,(1) H
[P (a) Yy ORNO| = |3 (ay), V0|

0
< 2nppaug || Ad | [ YOl

(ii) o nlogn A r
< 12nPPaugCoo & + 'LLUmax HY*HQ oo
Omin p POmin n ’

111

< oy/nplogn ||Y™ H2 o -

Here, the first upper bound (i) arises from the fact that {j | (A%);; # 0} € {j | (I,J) € Qaug}, whose
cardinality is upper bounded by 2npp,,; with high probability as long as nppayg > logn. The second
inequality (ii) comes from the simple fact that |[Y5") s o0 < 2||Y*|l2.00 as well as the bound

[43] . = S7 [Pau, (XY™ = X'Y*" + 8" + E)] - S, [Pa
< [[Pa,, (X*Y*T - X'Y'T + 8" + E) - Pq
< v x|

Omin \/ p POmin n

where we use the non-expansiveness of S;(-) and the established bound (F.15), which holds as long as

0_—_,/”10% <« 1/k. Last but not least, the relation (iii) holds as long as ps < payg < 1/(kpr) and
n > KUr. O

we (8" B
(8*+E)|_

aug

F.6 Proof of Lemma 19

Without loss of generality, we assume 1 < [ < n. Following the definitions of ') and S**!, we have

t+1,() _ qt+1y]| — oyt L (DL T oyt Lyt LT
[ENE S [lp = [P [S-(a1 = x40y ) =S (M - x|
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< [[Pan, (8)]| + | Pas, )] . (F.20)

where we denote A = S,;(M — X+t1Oy**1L.OT) S (M — X!H1Y*+1T) Recall from Appendix A that
each (4, j) is included in €,,, independently with probability ppaug, where 1 > paug > ps.

1. For the first term ||Pq,,, (A)||r, the non-expansiveness of the proximal operator S;(-) yields

aug

||77§zaug (A)HF < HPQ“g (Xt+1,(l)Yt+1,(z)T _ XtHYtHT)HF-

Apply Lemma 4 and a similar argument in bounding (F.10) to obtain

P, (A < HPQ [X’H”HH1 (Yt+17(l)Rt+1,(l) _ Yt+1Ht+1)T:|
aug F =

aug

F
[(Xt+1,(l)Rt+1,(l) B Xt+1Ht+1> Rt+1,(l)TYt+1,(l)T} H

aug

+ [P :

< /FPPog HXt+1Ht+1H HYt-‘rL(l)Rt+1,(l) _ Yt+1Ht+1H
F

+ \/mHYt-&-l,(l)Ht-&-L(l)H HXt+1,(l)Rt+1,(z) _ XtHHtHHF’

with the proviso that n?ppsue > prnlogn. In view of (F.6a) and the simple facts | XTI H!T!|| <
2| X, YO HHLO | < 2| X ||, one has

N o nlogn A N
[Pos () < Vg 1X° (Umm,/ B Mm) 7]

g *
< Cs——+/nlogn |[F*[ly . [ F],

Omin

2,00

provided that p,ug < 1/k.

2. Regarding the second term ||Pgg, (A) [|r, we first recall from (F.16) that
8; [Pag, (M - Xty *H1T)] — 0.

By replacing X**! (resp. Y1) with X0 (resp. Y*+1(1)) and invoking (F.19) instead of (F.3c), the
same arguments that we used to prove (F.16) also allow us to demonstrate

S, [Pag, (M - X110y 10T ] — g

provided that n2p > k*u%r?nlogn and 7=/ ”1;# < 1/k. Consequently, we have Pac,, (A)=0.

Substituting the above two bounds into (F.20), we conclude that

[P (57440 = )| < [Pos (A < o™ Togm [ |

F.7 Proof of Lemma 20
Following [CCFT20, Lemma 18], we already know that

fX*L Y™ 8 < (XL YS) - g [V (XY 8|5, (F.21)
As a result, one has
F (Xt+1,Yt+17St+l) (é) F (Xt+17Yt+1,St) — f (Xt+17Yt+1; St) 4T ||StH1
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(ii)
L (xSt - s (xS s,
— P (x4 8) - T er (xS

where (i) follows since, by construction, S'*1 is the minimizer of F(X™! Y+ §) for any given (X1, Y!T1),
and (ii) arises from (F.21).
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