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1

Abstract

Reinforcement learning (RL) embodies a foundational paradigm for sequential decision-making
in the face of uncertainty. The rapid growth of model complexity in emerging applications has
significantly amplified the challenges of achieving data-efficient RL, particularly in sample-starved
scenarios where data collection may be costly, time-consuming, or even high-stakes. Consequently,
understanding and improving the data efficiency of RL algorithms has become a central problem
of both fundamental theoretical interest and practical importance.

Despite decades of research, the statistical underpinnings of RL remained remarkably underde-
veloped until relatively recently, particularly in the finite-sample regimes most relevant to modern
practice. Over the past few years, there has been a surge of activity advancing the frontiers of
non-asymptotic statistical RL theory, drawing on ideas from high-dimensional statistics and
probability, information theory, and statistical learning theory. In this monograph, we present
a non-asymptotic treatment for RL based on tabular Markov decision processes, focusing on
three canonical sampling mechanisms — RL with a generative model, online RL, and offline RL

— together with two algorithmic paradigms: model-based and model-free approaches. Centered
around non-asymptotic sample complexity analysis, our treatment emphasizes minimax-optimal
algorithm design, particularly methods that attain statistical optimality without significant
burn-in costs, as well as sharp statistical characterizations of several widely used RL algorithms.
Whenever possible, we provide largely self-contained analyses together with intuitive explana-
tions. We also briefly discuss several extensions, such as robust RL, competitive multi-agent RL,
federated RL, uncertainty quantification, and RL from human feedback. We hope this monograph
equips aspiring researchers with essential tools from modern statistical RL and inspires further
advances in both theory and algorithm design.



1
Introduction

Reinforcement learning (RL) (Sutton and Barto, 2018; Bertsekas, 2019), commonly formulated as
sequential decision-making and learning in a Markov decision process (MDP), has garnered immense
attention in recent years due to its striking empirical success across a wide range of practical
domains. By enabling agents to collect data and learn through repeated, trial-and-error interaction
with their environments, RL has led to major breakthroughs in applications such as competitive
gaming, robotics and control, autonomous driving, e-commerce, power systems, and healthcare,
often achieving state-of-the-art performance in complex decision-making tasks (Silver et al., 2017;
Mnih et al., 2015; Tang et al., 2025; Kiran et al., 2021; Hu et al., 2018; Bastani et al., 2021; Chen
et al., 2022c; Yu et al., 2021; Bai et al., 2025). Beyond these traditional application areas, RL has
recently emerged as a cornerstone for fine-tuning and aligning large language models (LLMs). In
particular, post-training techniques such as Reinforcement Learning from Human Feedback (RLHF)
and Reinforcement Learning with Verifiable Rewards (RLVR) (Guo et al., 2025; Jaech et al., 2024)
have proven highly effective in enhancing instruction following, safety, and sophisticated reasoning
capabilities, among other things, thereby positioning RL as a key enabler in the rapid advancement
of modern generative artificial intelligence (AI).

A central objective of RL is to learn, from a collection of noisy data samples, a decision-
making strategy (commonly referred to as a policy in RL) that approximately maximizes long-term
rewards in an environment (often quantified through a value function), without direct access to
an accurate description of the environment itself. In many modern applications, the state space
(i.e., the collection of possible situations an agent may encounter in the environment), the action
space (i.e., the set of actions available to the agent at each decision point), and the planning
horizon can all be extraordinarily large. As a result, data collection must often be carried out at
a substantial scale, which may be prohibitively expensive, time-consuming, or even high-stakes,
as encountered in domains such as clinical trials, online advertising, and autonomous systems.
These challenges are particularly pronounced in the “sample-starved” regime, where the intrinsic
complexity of the environment vastly exceeds the amount of available data, making accurate model
estimation infeasible.1 Consequently, a fundamental goal of modern RL theory is to understand how

1Here and throughout, the “model” refers collectively to the transition kernels and reward functions of the Markov
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1.1. Statistical framework and scope 3

reliable learning can be achieved in such data-limited scenarios. Accomplishing this goal requires
developing a precise quantitative understanding of the trade-off between statistical accuracy and
sample complexity, as well as designing computationally efficient algorithms that provably attain
optimal or near-optimal performance.

1.1 Statistical framework and scope

To systematically address the data-efficiency challenges outlined above, this monograph develops
a coherent and rigorous statistical framework that accommodates a diverse range of settings. To
help orient the reader, we briefly describe three key pillars underlying the topics studied throughout
this monograph: the sampling mechanisms, the core algorithmic paradigms, and the performance
metrics used to evaluate learning performance.

Data collection mechanisms. The statistical challenges of RL depend fundamentally on how data
are collected and made available to the agent. We emphasize three canonical settings that are widely
studied in the literature.

• RL with a generative model. When equipped with access to a generative model or simulator,
the agent can query the environment in a fully controlled manner. More specifically, the agent
may sample transitions from arbitrary state-action pairs at will, effectively eliminating the
need for exploration and isolating the statistical challenges inherent to policy optimization
and value estimation. See Chapters 3 and 4.

• Online RL. In online RL, the agent interacts with the environment sequentially in real time
and must adaptively determine its actions based on past observations. Since data can only
be gathered through the agent’s own interactions with the environment, one must balance
exploration (i.e., acquiring new information about the unknown environment) and exploitation
(i.e., leveraging current knowledge of the environment to improve rewards). This fundamental
tension leads to the classical exploration-exploitation trade-off, which lies at the heart of online
RL. See Chapter 5.

• Offline RL. In offline RL, the agent is given access only to a static dataset of historical samples
— typically logged by one or more (possibly unknown) behavior policies — and needs to learn
without any further interaction with the environment. As a result, the agent faces fundamental
challenges arising from issues such as limited data coverage and distributional mismatch
between the available data and the target policy to be learned. See Chapter 6.

Algorithmic paradigms. Broadly speaking, there are at least two principal algorithmic paradigms
in RL: model-based approaches and model-free approaches.

• Model-based algorithms typically decouple model estimation from policy learning. Namely,
one first leverages the available data samples to estimate the unknown environment model
and subsequently performs policy optimization by treating the learned model as if it were
accurate and applying classical dynamic programming techniques dating back to Richard
Bellman (Bellman, 1952; Bertsekas, 2017). A notable advantage of model-based methods is

decision process describing the environment, as formalized in Chapter 2.



4 Chapter 1. Introduction

their flexibility: once a model has been learned, it can often be reused to solve new downstream
tasks without requiring additional interaction with the environment or revisiting the original
data samples.

• In contrast, model-free algorithms seek to learn the optimal value function or policy directly
from data, bypassing explicit estimation of the environment’s dynamics and rewards. These
algorithms are particularly appealing when constructing or storing an environment model is
difficult. Model-free methods are also often more memory-efficient because they avoid storing
an explicit, potentially large-dimensional representation of the full model.

Characterizing the sample efficiency of model-based and model-free approaches is a primary theme
of this monograph. As a preview, despite their higher memory and computational costs, model-based
algorithms have been shown to attain statistically optimal performance across all three canonical
sampling mechanisms outlined above, even in the most sample-starved regimes. By contrast, many
classical model-free methods, including standard variants of Q-learning, fail to attain optimal sample
complexity in some regimes. Whether model-free methods can achieve statistical optimality across
the full spectrum of problem regimes without sacrificing their memory advantages remains an
important open question.

Evaluation metrics. In this monograph, we evaluate the performance of RL algorithms primarily
through the lens of sample complexity, defined within the classical Probably Approximately Correct
(PAC) learning framework as the minimum number of samples required to guarantee, with high
probability, that the statistical error falls below a prescribed threshold. Depending on the problem
goal, the notion of statistical error can be tailored to the specific object of interest. For value
estimation, we assess the accuracy of the estimated value function, often measured under the ℓ∞
norm to ensure uniform precision across all initial states. For policy learning, we instead measure
the performance gap between the value function induced by the learned policy and that induced by
the target policy. More broadly, such sample complexity guarantees provide a precise, quantitative
characterization of how statistical accuracy improves as additional data become available.

Another performance metric widely used in online settings is (cumulative) regret, which measures
the gap between the cumulative reward that could have been achieved by following an optimal policy
and the cumulative reward actually obtained by the learning algorithm over time. Under suitable
conditions, regret guarantees can be converted into PAC-style sample complexity guarantees, a
connection that we will elaborate on in Chapter 5.1.

Finally, we also briefly discuss the task of uncertainty quantification (see Chapter 7.4), with the
goal of assessing the uncertainty associated with estimated quantities. A common objective is to
construct confidence intervals that are both statistically valid and as tight as possible.

1.2 Towards non-asymptotic statistical foundations

Despite decades of extensive research, the statistical foundations of RL in finite-sample and finite-
time regimes — which carry high operational value in modern practice — remained significantly
underdeveloped until the past one to two decades. Early theoretical analyses of core RL algorithms

— such as temporal difference learning and Q-learning — were conducted primarily in the asymptotic
regime, where the number of samples or iterations tends to infinity while all other problem parameters
are held fixed. Although this line of work provided important insights into the convergence behavior
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of RL algorithms, it offers limited guidance on their data efficiency in modern large-scale applications.
As discussed previously, many contemporary RL problems have to deal with enormous state-action
spaces and long planning horizons. Treating these problem parameters as fixed constants can
therefore fail to capture the statistical bottlenecks in high dimensions.

To overcome these limitations, the past several years have witnessed a flurry of activity aimed
at strengthening finite-sample, finite-time theory for RL. These advances draw heavily on ideas
from modern development in high-dimensional statistics, high-dimensional probability, information
theory, and statistical learning theory. Yet, despite this shift toward non-asymptotic analysis, a
complete understanding of the fundamental sample complexity limits remained largely elusive,
even for the three canonical data collection mechanisms introduced above. As we will discuss in
subsequent chapters, much of the prior literature was, at best, only able to establish sharp or
optimal statistical guarantees when the available sample size exceeded an enormous threshold,
leaving the sample-starved regime poorly understood until fairly recently. Indeed, even today, sharp
and complete statistical characterizations of the performance of RL algorithms are available only in
relatively basic settings, while many important problems and settings remain far from fully resolved.

Notably, RL in high-dimensional, sample-limited settings poses significant technical hurdles that
call for both refined analysis techniques and new algorithmic ideas. In some sense, the paradigm shift
from asymptotic to non-asymptotic RL theory is reminiscent of the rise of high-dimensional statistics
in recent decades, where classical large-sample theory proved insufficient and ultimately motivated the
development of fundamentally new mathematical techniques and algorithmic paradigms throughout
modern statistics.

1.3 Roadmap of this monograph

In this monograph, we aim to present a coherent, non-asymptotic framework that covers core
algorithmic principles as well as cutting-edge theoretical developments. In particular, we seek to
provide sharp sample complexity characterizations for several RL algorithms, benchmarked against
minimax lower bounds to assess their statistical optimality or suboptimality.

The bulk of this monograph is organized around the three sampling mechanisms introduced
in Section 1.1. We devote Chapters 3 and 4 to the generative-model setting, Chapter 5 to online
RL, and Chapter 6 to offline RL. In each setting, we present optimal or widely used algorithms
alongside sharp statistical guarantees and minimax lower bounds. For the major results, we provide
largely self-contained proofs supplemented by intermediate arguments that build intuition. Chapter 7
moves beyond these canonical single-agent formulations and briefly introduces several extensions of
growing importance, including distributionally robust RL, multi-agent RL, federated RL, statistical
inference, and uncertainty quantification.

To develop these statistical foundations in the cleanest possible settings, we focus predominantly
on tabular MDPs, where the state and action spaces are finite, and no low-dimensional function
approximation is assumed. Notably, despite decades of study, the fundamental minimax sample
complexity limits for tabular MDPs under the three canonical sampling mechanisms remained
significantly unresolved for a long time and have only been settled — in several major, though
not all, MDP models — very recently. We believe that obtaining a comprehensive understanding
of these tabular fundamental limits constitutes an indispensable first step toward elucidating and
ultimately achieving optimal statistical efficiency in RL at large, particularly in settings involving
function approximation.
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1.4 Relation to existing RL texts

Several existing books and monographs are particularly relevant to, or complementary with, the
present monograph, and we briefly discuss a few of them here.

For introductory material, the foundational textbooks Sutton and Barto (2018), Bertsekas (2019),
and Szepesvári (2010) provide excellent and comprehensive introductions to RL for readers with
little or no prior background, albeit with much less emphasis on modern statistical foundations.
The special cases of multi-armed bandits and contextual bandits have been covered in several books
(e.g., Bubeck and Cesa-Bianchi (2012), Slivkins (2019), and Lattimore and Szepesvári (2020)), with
Lattimore and Szepesvári (2020) offering perhaps the most comprehensive and up-to-date treatment
of modern bandit theory. The monograph Agarwal et al. (2019a) has become a widely used resource
for researchers entering RL theory, owing to its broad coverage of contemporary topics. A substantial
portion of the present monograph instead focuses on advances in the statistical theory of tabular
RL that appeared after Agarwal et al. (2019a) first became available. These include substantial
progress in characterizing and attaining sharp statistical limits for RL with a generative model,
online RL, and offline RL, as well as in deriving sharp sample complexity guarantees for Q-learning.

We also note the monograph by Foster and Rakhlin (2023), which develops a statistical per-
spective on interactive decision-making, with a primary focus on the general framework of function
approximation. In addition, Zhang (2023) contains chapters on bandits and RL that briefly dis-
cuss several modern topics, including linear mixture MDPs and the Bellman–Eluder dimension.
The recent book Guo et al. (2026) offers a comprehensive introduction to modern development
of continuous RL from the perspective of stochastic control. The emphasis of these three texts,
however, differs drastically from that of the present monograph, as none of them centers on the
state-of-the-art statistical development in tabular RL.

Moreover, the present monograph grew out of several tutorials and courses taught by some of
the authors in recent years, which also led to lecture notes such as Chi et al. (2025b). In comparison,
Chi et al. (2025b) offers a bird’s-eye view of the recent statistical and algorithmic advances in RL,
including developments in policy optimization, whereas the present monograph focuses more squarely
on the statistical foundations of RL, offering a thorough and in-depth treatment accompanied by
largely self-contained mathematical proofs.

1.5 Notation

For clarity and consistency, we introduce below a set of notation and conventions to be used
throughout this monograph. Additional notation specific to individual chapters will be introduced
later as needed.

Asymptotic notation. Let X :=
(
S,A, 1

1−γ , H,
1
ε ,

1
δ

)
, where the meanings of these parameters will

become clear shortly. The notation f(X ) = O(g(X )) or f(X ) ≲ g(X ) means there exists a universal
constant C1 > 0 such that f(X ) ≤ C1g(X ). Similarly, f(X ) = Ω(g(X )) or f(X ) ≳ g(X ) means
that g(X ) = O(f(X )), while f(X ) = Θ(g(X )) or f(X ) ≍ g(X ) indicates that both f(X ) = O(g(X ))
and g(X ) = O(f(X )) hold simultaneously. Additionally, the notation Õ(·) (resp. Ω̃(·) and Θ̃(·)) is
defined analogously to O(·) (resp. Ω(·) and Θ(·)) but with logarithmic factors suppressed.
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Vectors and matrices. For any vector a = [ai]1≤i≤n ∈ Rn, we overload several scalar operators in
an entrywise manner. For instance, we write

√
a := [√ai]1≤i≤n, |a| := [|ai|]1≤i≤n, and a2 := [a2

i ]1≤i≤n.

For vectors a = [ai]1≤i≤n and b = [bi]1≤i≤n, the notation a ≥ b (resp. a ≤ b) means that ai ≥ bi
(resp. ai ≤ bi) for all 1 ≤ i ≤ n. We use

a ◦ b := [aibi]1≤i≤n

to represent the Hadamard product of a and b. We also let ∥A∥ and Tr(A) denote the spectral norm
and the trace of a matrix A, respectively.

For any finite set S = {1, . . . , S}, we let ∆(S) = {p ∈ RS | p ≥ 0, 1⊤p = 1} represent the set of
probability vectors (i.e., the probability simplex) over S. For any matrix P , we define its ℓ1 norm
(i.e., the maximum row-wise ℓ1 norm) as

∥P∥1 := max
i

∑
j
|Pi,j |. (1.1)

Probability divergences. For any two probability measures P and Q defined on the same measurable
space (Ω,F), the total-variation (TV) distance between them is defined as

TV(P,Q) := sup
A∈F

∣∣P (A)−Q(A)
∣∣. (1.2a)

When P is absolutely continuous w.r.t. Q, the Kullback-Leibler (KL) divergence and χ2 divergence
between them are defined respectively by

KL(P ∥Q) :=
∫ (

log dP
dQ

)
dP, (1.2b)

χ2(P ∥Q) :=
∫ (dP

dQ − 1
)2

dQ. (1.2c)

These divergences play a central role in mathematical statistics, information theory, and probability
theory as measures of the “statistical distance” between probability distributions; see, e.g., Tsybakov
(2009) and Polyanskiy and Wu (2025), for in-depth discussions. These divergence metrics are also
related through standard inequalities; for instance, it is well known that (Tsybakov, 2009)

2 TV2(P,Q) ≤ KL(P ∥Q) ≤ χ2(P ∥Q). (1.3)

Miscellaneous. For any positive integer n, we denote [n] := {1, . . . , n}. We use ei to represent the
i-th standard basis vector. The notation 1{·} stands for the indicator function.



2
Preliminaries

We begin by reviewing the fundamentals of Markov decision processes (MDPs), the canonical
framework for developing and analyzing reinforcement learning algorithms. This framework sets the
stage for the discussions in the chapters that follow. We focus on two widely studied formulations:
discounted infinite-horizon MDPs and finite-horizon episodic MDPs. Additionally, we present core
concentration inequalities and techniques for deriving minimax lower bounds for multi-hypothesis
testing, which serve as the primary analytical tools for this work.

2.1 Discounted infinite-horizon MDPs

We first introduce the basics and notation for discounted infinite-horizon MDPs. More comprehensive
introductions can be found in classical references such as Puterman (2014) and Bertsekas (2017).

2.1.1 Basic components

A discounted infinite-horizon MDP can be represented by a tupleM = {S,A, P, r, γ}, which models
an agent’s sequential interaction with its environment over an unbounded time horizon (see Figure 2.1
for an illustration). Its key components are:

(i) S = {1, . . . , S}: a finite state space consisting of S distinct states. A state can be used to
describe, for example, the agent’s current situation (e.g., the position of a self-driving vehicle,
the health condition of a patient in a treatment model).

(ii) A = {1, . . . , A}: an action space consisting of A distinct actions available to the agent (e.g.,
the direction of movement in a navigation task, the choice of medication to prescribe to a
patient).

(iii) P : S ×A → ∆(S): the transition kernel of the MDP, where P (· | s, a) specifies the probability
distribution over the next state when action a is executed in state s.

(iv) r : S × A → [0, 1]: a deterministic reward function, where r(s, a) indicates the immediate
reward received by the agent for taking action a in state s. Rewards are normalized to lie

8



2.1. Discounted infinite-horizon MDPs 9

Figure 2.1: An illustration of an MDP, where an agent interacts sequentially with the environment. At time step t,
the agent observes state st of the environment, selects action at, and receives an immediate reward rt. The environment
then transitions to state st+1 according to the transition kernel P .

within [0, 1] without loss of generality. To streamline presentation, we assume throughout this
monograph that the reward function is fully known to the learner a priori. Note, however,
that this assumption is not essential and can often be substantially relaxed.

(v) γ ∈ [0, 1): the discount factor, which guarantees that the infinite-horizon cumulative discounted
reward is always finite (as we shall see shortly). The quantity 1

1−γ is commonly referred to as
the effective horizon of M: it is proportional to the number of steps needed for a reward to
be discounted to half its value, and hence reflects the time scale over which future rewards
remain significant.

Here and throughout, we assume the discounted infinite-horizon MDP to be stationary (or time-
homogeneous), meaning that both the transition kernel P and the reward function r are time-invariant.
In addition, we introduce the following notation for convenience:

Ps,a := P (· | s, a) ∈ R1×S . (2.1)

Throughout this monograph, we focus on regimes in which the number of states S, the number
of actions A, and the effective horizon 1

1−γ are all large. This emphasis reflects a common challenge
arising in modern RL practice, where algorithms must contend with vast state–action spaces and
long horizons.

2.1.2 Policy, value function, Q-function, and occupancy distribution

At each time step, the agent selects an action based on the current state of the environment.
Such an action-selection rule is called a policy. Formally, a stationary policy π : S → ∆(A) is a
mapping that assigns to each state s ∈ S a probability distribution over actions; namely, π(a | s)
indicates the probability of selecting action a in state s. Clearly, this definition allows policies to be
randomized. When π is a deterministic policy, we often abuse the notation by letting π(s) represent
the action selected by policy π in state s. We further denote Pπ : S → ∆(S) the equivalent transition
probability when action a is drawn from π(· | s), namely,

∀s ∈ S : Pπ(· | s) := E
a∼π(· | s)

[P (· | s, a)]. (2.2)

As a remark, for the stationary infinite-horizon MDPs considered here, it is typically sufficient to
restrict attention to time-invariant policies.

To evaluate a policy, we introduce two central performance measures (or “utility functions”) in
RL: the value function and the Q-function. Consider a sample trajectory {(st, at)}t≥0 generated
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Figure 2.2: An illustration of a trajectory rolled out by an MDP, where rt = r(st, at) is the immediate reward gained
at time step t.

by the MDP under policy π, which selects action at after observing the state st at time step t (see
Figure 2.2 for an illustration). Note that the trajectory depends on the policy π as the choice of
action at affects the next state st+1. We now define the value function and the Q-function associated
with this policy.

• Value function. The value function V π : S → R of policy π is defined as the expected discounted
cumulative reward:

∀s ∈ S : V π(s) := E
[ ∞∑

t=0
γtr(st, at) | s0 = s

]
, (2.3)

where the expectation is over the sample trajectory {(st, at)}t≥0 generated under policy π,
with at ∼ π(· | st) and st+1 ∼ P (· | st, at) for all t ≥ 0, starting from an initial state s0 = s.
Intuitively, V π(s) represents the long-term reward an agent can expect when starting from
state s and following policy π, with future rewards geometrically discounted over time. Since
immediate rewards are assumed to lie in [0, 1], it follows that

0 ≤ V π(s) ≤ 1
1− γ

for every policy π. Moreover, if the initial state is randomly drawn from some state distribution
ρ ∈ ∆(S), then we can also define the value function of policy π under initial state distribution
ρ as:

V π(ρ) := E
s∼ρ

[
V π(s)

]
. (2.4)

• Q-function. Analogously, the Q-function (or action-value function) Qπ : S ×A → R of policy
π can be defined such that: for every (s, a) ∈ S ×A,

Qπ(s, a) := E
[ ∞∑

t=0
γtr(st, at) | s0 = s, a0 = a

]
. (2.5)

In contrast to the value function, the Q-function conditions on not only the initial state s0 = s,
but also on the initial action a0 = a, with subsequent actions drawn from π. It therefore
quantifies the expected long-term return by first taking action a in state s and then following
policy π thereafter. This function provides a natural way to compare the relative benefits of
different actions in a given state. The intimate connection between the Q-function and the
value function is reflected in the following identity:

V π(s) = E
a∼π(· | s)

[Qπ(s, a)] . (2.6)
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As is well known, there exists at least one deterministic policy, denoted by π⋆ throughout, that
is optimal in the sense that it simultaneously maximizes V π(s) and Qπ(s, a) for all state-action
pairs (s, a) ∈ S ×A (see, e.g., Bertsekas (2017)). We adopt the following shorthand notation for the
corresponding optimal value function and optimal Q-function:

∀(s, a) ∈ S ×A : V ⋆(s) := V π⋆(s) and Q⋆(s, a) := Qπ
⋆(s, a). (2.7)

Next, we find it helpful to also introduce the discounted occupancy distributions associated with
policy π, quantifying the frequencies with which each state (or state-action pair) is visited under
policy π. Given an initial state distribution ρ ∈ ∆(S), define the state occupancy distribution
dπ(s; ρ) and the state-action occupancy distribution dπ(s, a; ρ) such that: for every (s, a) ∈ S ×A,

dπ(s; ρ) := (1− γ)
∞∑

t=0
γtP(st = s | s0 ∼ ρ), (2.8a)

dπ(s, a; ρ) := (1− γ)
∞∑

t=0
γtP(st = s, at = a | s0 ∼ ρ), (2.8b)

where the sample trajectory starts from s0 ∼ ρ and follows policy π (i.e., at ∼ π(· | st) and
st+1 ∼ P (· | st, at) for all t ≥ 0). In words, these functions describe the visitation frequencies of
states and state-action pairs — with each visit discounted geometrically over time — under a policy
over an infinite horizon. The prefactor 1− γ is the reciprocal of the total weight, ensuring that these
distributions are normalized.

Correspondingly, we adopt the notation of the discounted occupancy distributions associated
with the optimal deterministic policy π⋆, denoted by d⋆, as follows:

d⋆(s; ρ) := dπ
⋆(s; ρ) and (2.9a)

d⋆(s, a; ρ) := dπ
⋆(s, a; ρ) = d⋆(s; ρ)1

(
a = π⋆(s)

)
(2.9b)

for every (s, a) ∈ S × A, where the last equality in (2.9b) is valid since π⋆ is assumed to be
deterministic. Here, we dropped the dependency on ρ for notational simplicity.

2.1.3 Bellman operators and Bellman equations

Central to the design and analysis of reinforcement learning algorithms are the Bellman operators
and the Bellman equations, named after Richard Bellman (Bellman, 1952), which we now introduce.

Bellman consistency operator. Given a policy π, the Bellman consistency operator T π : RS×A →
RS×A is defined such that, for any input Q ∈ RS×A, the (s, a)-th entry of the output T π(Q) is given
by

T π(Q)(s, a) := r(s, a) + γ E
s′∼P (· | s,a)

[
E

a′∼π(· | s′)

[
Q(s′, a′)

]]
. (2.10)

Intuitively, the operator T π performs a one-step lookahead: it evaluates a state–action pair (s, a) by
adding the immediate reward r(s, a) to the discounted value of the next state–action pair, assuming
that future actions are drawn from policy π.

It follows directly that the Q-function of policy π (cf. (2.5)) is a fixed point of this Bellman
consistency operator, satisfying

Qπ = T π(Qπ). (2.11)
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The solution is also unique (see Bertsekas (2017) and also (2.15)). Combined with the relation (2.6)
between V π and Qπ, this further implies that the value function satisfies

V π = Tπ(V π), (2.12a)

where the operator Tπ : RS → RS is defined such that for any V ∈ RS , the s-th entry of Tπ(V ) is
given by

Tπ(V )(s) = E
a∼π(·|s)

[r(s, a)] + γ E
s′∼P (·|s,π)

[
V (s′)

]
. (2.12b)

Since the Bellman equations in (2.11) and (2.12a) form systems of linear equations in Qπ and V π,
respectively, they can be solved to evaluate a given policy, provided that the transition kernel P
and reward function r are known a priori.

Bellman optimality operator. We now introduce another fundamental operator, the Bellman
optimality operator T , which is also a mapping from RS×A to itself. Concretely, given any input
Q ∈ RS×A, the (s, a)-th entry of the output T (Q) is defined as

T (Q)(s, a) := r(s, a) + γ E
s′∼P (· | s,a)

[
max
a′∈A

Q(s′, a′)
]
. (2.13)

In words, T (Q)(s, a) combines the immediate reward with the discounted expected return of the
best possible action in the next state s′. A fundamental property of the Bellman optimality operator
is that the optimal Q-function Q⋆ (cf. (2.7)) is its unique fixed point (Bertsekas, 2017), satisfying

Q⋆ = T (Q⋆). (2.14)

As we shall see momentarily, this celebrated result underpins the design of various algorithms like
Q-learning.

Contraction of Bellman operators. A remarkable property of the above Bellman operators is
γ-contraction: specifically, for any Q1, Q2 ∈ RS×A, it holds that (Bertsekas, 2017)

∥T π(Q1)− T π(Q2)∥∞ ≤ γ ∥Q1 −Q2∥∞, (2.15a)
∥T (Q1)− T (Q2)∥∞ ≤ γ ∥Q1 −Q2∥∞. (2.15b)

In other words, applying either the Bellman consistency operator or the Bellman optimality operator
brings two Q-functions strictly closer under the ℓ∞ norm. This contraction property is fundamental:
it ensures the uniqueness of their fixed points and enables rapid convergence of many iterative
algorithms in dynamic programming and RL.

Proof of γ-contraction (2.15). Regarding T π, recall the basic fact
∣∣E[Q1(s, a)−Q2(s, a)]

∣∣ ≤ max
s′,a′
|Q1(s′, a′)−Q2(s′, a′)

∣∣

for any (s, a). This combined with the definition (2.10) yields
∣∣T π(Q1)(s, a)− T π(Q2)(s, a)

∣∣ = γ
∣∣E
[
Q1(s′, a′)−Q2(s′, a′)

]∣∣

≤ γ
∥∥Q1 −Q2

∥∥
∞
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Figure 2.3: Planning in an MDP with a fully specified model. Classical dynamic algorithms, such as policy iteration
and value iteration, can efficiently compute the optimal policy π⋆ and the associated optimal value given complete
knowledge of P and r.

for any (s, a) pair, where the expectation is over s′ ∼ P (· | s, a) and a′ ∼ π(· | s′). This establishes
the γ-contraction property of T π.

The contraction for T can be proven by repeating the above arguments along with the basic
fact that ∣∣max

a
Q1(s, a)−max

a
Q2(s, a)

∣∣ ≤ max
a

∣∣Q1(s, a)−Q2(s, a)
∣∣.

Details are omitted here for brevity.

2.1.4 Dynamic programming under full model specification

With the Bellman operators in place, we are now ready to introduce the classical dynamic program-
ming algorithms for solving discounted infinite-horizon MDPs, assuming a fully known model (i.e.,
both the transition kernel P and the rewards r are available to the learner). The interested reader
is referred to Bertsekas (2017) for in-depth discussions.

Planning. Assuming access to exact model specification (i.e., P and r), we describe two classical
algorithms for computing the optimal Q-function Q⋆ and the optimal policy π⋆, a task commonly
referred to as planning (see Figure 2.3).

• Value iteration (VI). Initialize the Q-function estimate Q0. For each iteration k = 1, 2, . . .,
update the Q-function as

Qk = T (Qk−1), (2.16)
with T the Bellman optimality operator (cf. (2.13)). In words, the Q-function estimate is refined
iteratively by repeatedly applying the Bellman optimality operator to the latest Q-function
estimate.

• Policy iteration (PI). Initialize the policy estimate π0. For each iteration k = 1, 2, . . ., update
the policy as

∀s ∈ S : πk(s) = arg max
a∈A

Qπk−1(s, a). (2.17)

Namely, the policy is updated by acting greedily w.r.t. the Q-function of the current policy
estimate.
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Encouragingly, both algorithms achieve fast linear convergence to the optimal Q-function, as
asserted by the following lemma.

Lemma 2.1 (Linear convergence of VI and PI). Both value iteration (cf. (2.16)) and policy iteration
(cf. (2.17)) achieve

∥Qk −Q⋆∥∞ ≤ γk∥Q0 −Q⋆∥∞
for every k ≥ 1, whereas in policy iteration we take Qk = Qπk .

Proof. In light of the fixed-point property (2.14) and γ-contraction (2.15) of T , the VI iterates obey
∥∥Qk −Q⋆

∥∥
∞ =

∥∥T (Qk−1)− T (Q⋆)
∥∥
∞ ≤ γ

∥∥Qk−1 −Q⋆
∥∥
∞.

Applying this inequality iteratively completes the proof for VI. The proof for PI is omitted here and
can be found in Agarwal et al., 2019a.

This lemma reveals that, to achieve ε-accuracy in the sense that ∥Qk −Q⋆∥∞ ≤ ε, it takes no
more than

1
1− γ log

(∥Q0 −Q⋆∥∞
ε

)

iterations. Importantly, this iteration complexity is on the order of the effective horizon 1
1−γ (up to

some logarithmic factor), irrespective of the dimension of the state-action space.

2.1.5 Vector and matrix notation

It is also convenient to introduce several pieces of vector and matrix notation, which allow our
results and analysis to be presented more compactly. Here and throughout, we allow a slight abuse of
notation by letting the same symbols represent both vectors/matrices and functions, whenever it is
clear from context (e.g., the notation r may denote either the reward function or the corresponding
reward vector).

• r ∈ RSA: a vector representing the reward function, so that its (s, a)-th entry is the corre-
sponding immediate reward.

• V π, V ⋆ ∈ RS : vectors representing respectively the value function of policy π (cf. (2.3)) and
the optimal value function (cf. (2.7)).

• Qπ, Q⋆ ∈ RSA: vectors representing respectively the Q-function Qπ of policy π (cf. (2.5)) and
the optimal Q-function (cf. (2.7)).

• P ∈ RSA×S : a matrix representing the transition kernel, where its (s, a)-th row is a probability
vector representing P (· | s, a).

• π(· | s) ∈ R1×A: a row vector [π(a | s)]1≤a≤A representing the action distribution induced by
policy π in state s.

• Ππ ∈ RS×SA: a matrix associated with policy π taking the following form

Ππ =




π(· | 1)
π(· | 2)

. . .
π(· |S)



. (2.18)
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• P π ∈ RSA×SA and Pπ ∈ RS×S : two square probability transition matrices induced by policy π
over the state-action pairs and the states, respectively, defined by

P π := PΠπ and Pπ := ΠπP. (2.19)

• rπ ∈ RS : a reward vector associated with policy π; namely,

rπ(s) = E
a∼π(· | s)

[r(s, a)] for all s ∈ S, (2.20)

or simply, rπ = Ππr.

We further introduce several variance-related objects, which shall be used frequently in our
statistical analysis. For any vector V = [Vi]1≤i≤S ∈ RS , we define the vector VarP (V ) ∈ RSA, whose
(s, a)-th entry is given by

[
VarP (V )

]
(s,a) = VarPs,a(V )

=
∑

s′∈S
P (s′ | s, a)(Vs′)2 −

( ∑

s′∈S
P (s′ | s, a)Vs′

)2
; (2.21)

that is, the variance of Vs′ when s′ is sampled from the probability vector P (· | s, a). This can be
expressed compactly via matrix notation:

VarP (V ) = P (V ◦ V )− (PV ) ◦ (PV ), (2.22)

where we recall that a ◦ b denotes the Hadamard product [aibi]1≤i≤S (see Section 1.5). Similarly, we
define, for any given policy π,

VarPπ(V ) = Pπ(V ◦ V )− (PπV ) ◦ (PπV ) ∈ RS . (2.23)

The following lemma provides a perturbation bound for VarP (V ).

Lemma 2.2. For any vectors V, V̂ ∈ RS obeying 0 ≤ V ≤ 1
1−γ 1S and 0 ≤ V̂ ≤ 1

1−γ 1S , one has

∥∥VarP (V̂ )− VarP (V )
∥∥
∞ ≤

4
1− γ ∥V̂ − V ∥∞.

Proof. From (2.22), we have the decomposition

VarP (V̂ )− VarP (V ) = P (V̂ ◦ V̂ − V ◦ V )− (PV̂ ) ◦ (PV̂ ) + (PV ) ◦ (PV )
= P

(
(V̂ − V ) ◦ (V̂ + V )

)− (P (V̂ − V )
) ◦ (P (V̂ + V )

)
.

Hence, it follows that
∥∥VarP (V̂ )− VarP (V )

∥∥
∞ ≤ ∥P∥1∥V̂ − V ∥∞∥V̂ + V ∥∞ + ∥P∥21∥V̂ − V ∥∞∥V̂ + V ∥∞
≤ 4

1− γ ∥V̂ − V ∥∞,

where the last line is valid since ∥V̂ ∥∞, ∥V ∥∞ ≤ 1
1−γ and ∥P∥1 = 1.
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2.1.6 Additional basic properties

Equipped with the above notation, we present a couple of basic properties that will be useful
throughout.

To begin, the Bellman consistency equation (2.11) can be expressed in vector/matrix form as

Qπ = r + γPV π, (2.24a)

which, when combined with (2.6), yields

V π = ΠπQπ = rπ + γPπV
π. (2.24b)

Solving (2.24b) for V π immediately gives

V π = (I − γPπ)−1rπ. (2.24c)

Substituting (2.24b) into (2.24a) and solving for Qπ yield

Qπ = r + γPΠπQπ = r + γP πQπ =⇒ Qπ = (I − γP π)−1r. (2.24d)

In addition, the Bellman optimality condition (2.14) admits a vector/matrix form as

Q⋆ = r + γPV ⋆. (2.25)

The careful reader would immediately remark that, for (2.24c) to hold, the matrix I − γPπ must
be invertible. Fortunately, this requirement is automatically satisfied whenever 0 ≤ γ < 1. A few
basic properties of this inversion are provided in the lemma below.

Lemma 2.3. For any 0 ≤ γ < 1 and any policy π, it holds that

(I − γPπ)−1 = I +
∞∑

i=1
(γPπ)i, (2.26a)

(I − γPπ)−11S = 1
1− γ 1S , (2.26b)

∥∥(I − γPπ)−1∥∥
1 = 1

1− γ , (2.26c)

where 1n denotes the n-dimensional all-one vector. It also follows directly from (2.26a) that (I −
γPπ)−1 is a nonnegative matrix.

Additionally, the above results continue to hold if Pπ is replaced with P π and 1S is replaced
with 1SA.

Proof of Lemma 2.3. With regard to (2.26a), it suffices to note that

lim
i→∞

∥∥γi(Pπ)i
∥∥

1 = lim
i→∞

γi = 0,

where we have used the fact that (Pπ)i is also a probability transition matrix (so that ∥(Pπ)i∥1 = 1).
This implies that the matrix geometric series in (2.26a) is convergent, thus justifying the validity of
the Neumann series expansion in (2.26a). Regarding (2.26b), we can see from (2.26a) that

(I − γPπ)−11S =
(
I +

∞∑

i=1
(γPπ)i

)
1S =

(
1 +

∞∑

i=1
γi
)

1S = 1
1− γ 1S ,

where the penultimate relation follows since (Pπ)i is a probability transition matrix. This combined
with the nonnegativity of (I − γPπ)−1 and the definition of ∥ · ∥1 (cf. (1.1)) immediately justifies
(2.26c).
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Moreover, combining Lemma 2.3 with the Bellman equations in (2.24) reveals basic perturbation
bounds. Consider two discounted infinite-horizon MDPsM = (S,A, P, r, γ) and M̃ = (S,A, P, r̃, γ),
which differ only in their reward functions. Denote by Q̃π (resp. Ṽ π) the Q-function (resp. value
function) of policy π in M̃, and similarly, let Q̃⋆ (resp. Ṽ ⋆) represent the optimal Q-function
(resp. value function) in M̃. For any policy π, it holds that

∥∥Qπ − Q̃π
∥∥
∞ =

∥∥(I − γP π)−1
r − (I − γP π)−1

r̃
∥∥
∞

≤
∥∥(I − γP π)−1∥∥

1∥r − r̃∥∞ = 1
1− γ ∥r − r̃∥∞, (2.27a)

and similarly,
∥∥V π − Ṽ π

∥∥
∞ ≤

1
1− γ ∥r − r̃∥∞. (2.27b)

Given the validity of (2.27) for every policy π, we immediately reach
∥∥Q⋆ − Q̃⋆

∥∥
∞ =

∥∥∥max
π

Qπ −max
π

Q̃π
∥∥∥
∞
≤ max

π

∥∥Qπ − Q̃π
∥∥
∞

≤ 1
1− γ ∥r − r̃∥∞, (2.28a)

and similarly,
∥∥V ⋆ − Ṽ ⋆

∥∥
∞ ≤

1
1− γ ∥r − r̃∥∞. (2.28b)

2.2 Finite-horizon episodic MDPs

The second class of MDPs studied extensively in this monograph is that of finite-horizon episodic
MDPs, which we now introduce. In contrast to infinite-horizon MDPs, where the time step can
continue indefinitely, finite-horizon episodic MDPs model problems with a predetermined number of
steps in each episode.

2.2.1 Basic components

A finite-horizon Markov decision process, denoted by M = {S,A,H, P, r}, consists of the following
key components.

(i) S = {1, . . . , S}: a state space containing S different states, akin to the infinite-horizon
counterpart.

(ii) A = {1, . . . , A}: an action space comprised of A distinct actions, similar to the infinite-horizon
counterpart.

(iii) H: the horizon length, which specifies the number of time steps in each episode of the MDP.
This parameter dictates the planning horizon for decision-making.

(iv) P = {Ph}1≤h≤H , with Ph : S ×A → ∆(S) denoting the transition kernel at step h (namely,
Ph(· | s, a) stands for the transition probability of the MDP at step h when the current
state-action pair is (s, a)). Conveniently, we introduce the following S-dimensional row vector

Ps,a,h := Ph(· | s, a) ∈ R1×S (2.29)

for any (s, a, h) ∈ S ×A× [H] to indicate the corresponding transition probability.
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(v) r = {rh}1≤h≤H , with rh : S × A → [0, 1] denoting the reward function at step h (namely,
rh(s, a) indicates the immediate reward gained at step h when taking action a in state s).
Akin to the infinite-horizon setting, we assume throughout that all immediate rewards are
deterministic, fully known to the learner, and lie within the interval [0, 1].

Hereafter, we focus on nonstationary (i.e., time-inhomogeneous) MDPs within the finite-horizon
framework, where both the transition probabilities and reward functions are allowed to vary across
time steps. We are particularly interested in regimes in which the size S of the state space, the size
A of the action space, and the horizon length H are all large, reflecting the challenges inherent in
high-dimensional, long-horizon RL problems.

2.2.2 Policy, value function, Q-function and occupancy distribution

We next introduce the counterparts of the preceding concepts for finite-horizon episodic MDPs. Let
us begin with the notion of a policy. A (possibly randomized) policy, denoted by π = {πh}1≤h≤H
with πh : S → ∆(A), is an action selection rule, such that πh(a | s) specifies the probability of
choosing action a at step h when in state s. When π is a deterministic policy, we again overload the
notation and write πh(s) to denote the action selected by π in state s at step h.

Next, we define the value function and Q-function for finite-horizon episodic MDPs. To this end,
consider an episode {(sh, ah)}1≤h≤H with length H, with sh and ah denoting, respectively, the state
and the action at step h, which serve as the basis for the definitions that follow.

• Value function. The value function of policy π is denoted by V π = {V π
h }1≤h≤H , where for each

step 1 ≤ h ≤ H, V π
h : S → R quantifies the expected cumulative reward from a given state

when starting at step h and following π until the end of the episode. More precisely, we define

∀s ∈ S : V π
h (s) := E

[
H∑

t=h
rt(st, at) | sh = s

]
, (2.30)

where the expectation is over the randomness of the trajectory {(st, at)}Ht=h when policy π is
implemented (i.e., at ∼ πt(· | st) and st+1 ∼ Pt(· | st, at) for all t ≥ h). Moreover, if the initial
state s1 is drawn from some state distribution ρ ∈ ∆(S), we find it convenient to define the
value function of policy π under ρ as

V π
1 (ρ) := E

s∼ρ
[
V π

1 (s)
]
. (2.31)

• Q-function. Analogously, the Q-function of policy π is denoted by Qπ = {Qπh}1≤h≤H , which
extends the definition of the value function by also conditioning on the first action to be taken.
To be precise, for each 1 ≤ h ≤ H and every (s, a) ∈ S ×A, we define

Qπh(s, a) := E
[
H∑

t=h
rt(st, at) | sh = s, ah = a

]
, (2.32)

where the trajectory {(st, at)}Ht=h is sampled in a way such that st+1 ∼ Pt(· | st, at) and
at+1 ∼ πt+1(· | st+1) and for all t ≥ h. In words, Qπh(s, a) quantifies the remaining expected
reward of taking action a in state s at step h and then following policy π thereafter.
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No discount factor is needed because the value function and Q-function are always finite over a
finite horizon. As in the infinite-horizon setting, there always exists at least one deterministic policy
that simultaneously maximizes the value function and the Q-function for all (s, a, h) ∈ S ×A× [H]
(Bertsekas, 2017). In light of this, we shall denote by π⋆ = {π⋆h}1≤h≤H an optimal deterministic policy
throughout this monograph, which allows us to use π⋆h(s) to indicate the corresponding optimal
action chosen in state s at step h. The resulting optimal value function and optimal Q-function are
denoted respectively by V ⋆ = {V ⋆

h }1≤h≤H and Q⋆ = {Q⋆h}1≤h≤H :

∀h ∈ [H] : V ⋆
h := V π⋆

h and Q⋆h := Qπ
⋆

h . (2.33)

Furthermore, we introduce the occupancy distributions associated with policy π = {πh}1≤h≤H ,
describing how often states or state-action pairs are visited at a given step. Specifically, for any step
1 ≤ h ≤ H, define

dπh(s; ρ) := P
(
sh = s | s1 ∼ ρ;π

)
, (2.34a)

dπh(s, a; ρ) := P
(
sh = s, ah = a | s1 ∼ ρ;π

)
= dπh(s; ρ)πh(a | s), (2.34b)

which are conditioned on the initial state distribution s1 ∼ ρ and the event that all actions are
sampled according to π. As a sanity check, note that at the beginning of the episode, the occupancy
state distribution simply coincides with the initial state distribution, i.e.,

dπ1 (s; ρ) = ρ(s) for any policy π and any state s ∈ S. (2.35)

For convenience, we introduce shorthand notation for the occupancy distributions induced by the
optimal deterministic policy π⋆ = {π⋆h}1≤h≤H :

d⋆h(s) := dπ
⋆

h (s; ρ), (2.36)
d⋆h(s, a) := dπ

⋆

h (s, a; ρ) = d⋆h(s)1{a = π⋆h(s)} (2.37)

for all (s, a, h) ∈ S ×A× [H], where the last identity holds given that policy π⋆ is assumed to be
deterministic.

2.2.3 Bellman equations and dynamic programming

Next, we present the Bellman equations for finite-horizon MDPs, which underlie the design of
classical dynamic programming algorithms.

Denote the terminal value functions as V π
H+1 = 0 and QπH+1 = 0 for any policy π = {πh}1≤h≤H .

For a given policy π, its associated value function and Q-function can be computed through backward
recursion starting from the terminal states as follows: for each h = H, . . . , 1,

Qπh(s, a) = rh(s, a) + E
s′∼Ph(· | s,a)

[
V π
h+1(s′)

]
, (2.38a)

V π
h (s) = E

a∼πh(·|s)

[
Qπh(s, a)

]
(2.38b)

for every (s, a) ∈ S × A. Intuitively, at each step h, the Q-value consists of two components: the
immediate reward received at that step, and the expected remaining value of proceeding according
to π from the next state at step h + 1. Analogously, given that V ⋆

H+1 = 0 and Q⋆H+1 = 0, the
Bellman optimality equations assert that: for every h = H, . . . , 1,

Q⋆h(s, a) = rh(s, a) + Es′∼Ph(·|s,a)
[
V ⋆
h+1(s′)

]
, (2.39a)
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V ⋆
h (s) = max

a∈A
Q⋆h(s, a) (2.39b)

for every (s, a) ∈ S ×A.
In summary, given full knowledge of the model, the above recursions — often referred to as

value iteration (VI) — allow the finite-horizon value functions and Q-functions to be computed step
by step via backward induction, starting from the terminal step and proceeding backward to h = 1.
This procedure embodies the dynamic programming principle: optimal decisions at each step can be
determined by reasoning backward from the end of the episode.

2.2.4 Vector and matrix notation

As in the discounted infinite-horizon setting, the following vector and matrix notation will streamline
the presentation (with a slight abuse of notation).

• rh ∈ RSA: a vector representing the reward function at step h, so that its (s, a)-th entry is the
corresponding immediate reward at step h.

• V π
h , V

⋆
h ∈ RS : vectors representing, respectively, the value function of policy π at step h

(cf. (2.30)) and the optimal value function at step h (cf. (2.33)).

• Qπh, Q
⋆
h ∈ RSA: vectors representing, respectively, the Q-function of policy π at step h (cf. (2.32))

and the optimal Q-function at step h (cf. (2.33)).

• Ph ∈ RSA×S : a matrix representing the probability transition kernel Ph at step h, whose
(s, a)-th row is the probability vector corresponding to Ph(· | s, a).

The Bellman equations (cf. (2.38) and (2.39)) can therefore be expressed compactly using the above
vector and matrix notation as

Qπh = rh + PhV
π
h+1, 1 ≤ h ≤ H, (2.40a)

Q⋆h = rh + PhV
⋆
h+1, 1 ≤ h ≤ H. (2.40b)

In addition, we introduce the notation for variances. For any vector V = [Vi]1≤i≤S ∈ RS , we
define the scalar quantity VarPs,a,h(V ) ∈ R and the vector VarPh(V ) ∈ RSA as

VarPs,a,h(V ) =
∑

s′∈S
Ph(s′ | s, a)(Vs′)2 −

( ∑

s′∈S
Ph(s′ | s, a)Vs′

)2
, (2.41a)

VarPh(V ) =
[
VarPs,a,h(V )

]
(s,a)∈S×A

= Ph(V ◦ V )− (PhV ) ◦ (PhV ), (2.41b)

representing the variance of V (s′) when s′ is drawn according to either a single distribution Ps,a,h
or, collectively, all rows of the transition matrix Ph.

2.3 Model-based vs. model-free approaches

Thus far, our discussion has centered on the fundamentals of MDPs and on dynamic programming
algorithms given complete model knowledge. While classical dynamic programming provides powerful
and efficient methods for identifying optimal policies when the model is fully specified, reinforcement
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Figure 2.4: The model-based approach vs. the model-free approach. A key distinction is that model-free methods
dispense with explicit model estimation and instead learn the value and policy of interest directly without the aid of
an estimated model.

learning often has to contend with more challenging scenarios in which the model is unknown a
priori and can only be learned from data — either pre-collected or gathered in real time. The agent
must therefore make decisions under uncertainty.

At a high level, there are at least two principal approaches in RL, which we describe below and
illustrate in Figure 2.4.

• Model-based RL, which decouples the learning process into two stages: a model estimation
stage that estimates the transition kernel and rewards using available data, and a subsequent
planning stage that applies planning algorithms on the learned model to compute near-optimal
policies and values. Given the use of the meta-task of model estimation, it requires maintaining
and updating the learned model from collected data.

• Model-free RL, which circumvents the model estimation stage and seeks to learn the optimal
values and policies directly. Prominent examples include Q-learning (Watkins and Dayan,
1992) and its many variants. Compared to the model-based counterpart, it holds the promise
of lower space complexity, as it avoids the need to store and update a full description of the
model. Following the convention in RL theory (e.g., Strehl et al. (2006) and Jin et al. (2018)),
we classify an algorithm as model-free if its space complexity is substantially smaller than
that required to represent the full model, irrespective of the number of samples collected.

In this work, we investigate both model-based and model-free approaches, with particular emphasis
on their statistical efficiency. As the subsequent chapters will illustrate, the model-based approach
is often able to achieve the best possible sample complexity, albeit at the expense of higher memory
usage and computational overhead.

2.4 Concentration inequalities

Given that RL relies on learning from data, non-asymptotic concentration inequalities developed
in the recent literature on high-dimensional probability and statistics (Boucheron et al., 2013;
Vershynin, 2018; Wainwright, 2019a) play a central role in establishing tight sample complexity
bounds. For this reason, we briefly review a few commonly used concentration results.
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Consider a probability transition kernel P : S ×A → ∆(S). Suppose that for each state-action
pair (s, a), we have access to N independent samples drawn from P (· | s, a), namely,

s(i)(s, a) i.i.d.∼ P (· | s, a), i = 1, . . . , N.

From these samples, we can naturally form an empirical estimate P̂ (· | s, a) of the transition
probability P (· | s, a) as follows:

P̂ (s′ | s, a) = 1
N

N∑

i=1
1
{
s(i)(s, a) = s′

}
for all s′ ∈ S. (2.42)

Taking these estimates together yields an estimate P̂ ∈ RSA×S of the probability transition matrix
P , namely, the (s, a)-th row of P̂ is given by

P̂(s,a),s′ = P̂ (s′ | s, a) for all (s, a, s′) ∈ S ×A× S. (2.43)

The following concentration bound is a direct consequence of the classical Hoeffding inequality
(Vershynin, 2018) combined with the union bound.

Lemma 2.4 (Hoeffding inequality). Consider a given state-action pair (s, a) and a finite set of vectors
V ⊂ RS+. Fix any 0 < δ < 1. If V is independent of P̂s,a, then with probability greater than 1− δ,

∣∣(P̂s,a − Ps,a)V
∣∣ ≤

√
∥V ∥2∞ log

(2|V|
δ

)

2N (2.44)

holds simultaneously for all V ∈ V.

In particular, the Hoeffding bound (2.44) depends on V only through the maximum magnitude
of its entries, without relying on any finer structural properties of V , such as its variance.

Despite its simplicity and broad applicability, Hoeffding’s inequality is often conservative,
especially when the underlying standard deviation is substantially smaller than the worst-case
range. In such situations, Bernstein-type inequalities can provide significantly sharper concentration
bounds by explicitly incorporating variance information. To this end, we record below concentration
inequalities obtained directly from the Bernstein inequality (Vershynin, 2018) in conjunction with a
union bound; see also Agarwal et al. (2020a, Lemma 6).

Lemma 2.5 (Bernstein inequality). Consider a given state-action pair (s, a) and a finite set of vectors
V ⊂ RS+. Fix any 0 < δ < 1. If V is independent of P̂s,a, then with probability greater than 1− δ,

∣∣(P̂s,a − Ps,a)V
∣∣ ≤

√
2 log

(4|V|
δ

)

N

√
VarPs,a(V ) +

2∥V ∥∞ log
(4|V|

δ

)

3N (2.45)

holds simultaneously for all V ∈ V. Moreover, if V is statistically independent of P̂ , then with
probability greater than 1− δ, one has

∣∣(P̂ − P )V
∣∣ ≤

√
2 log

(4SA|V|
δ

)

N

√
VarP (V ) +

2∥V ∥∞ log
(4SA|V|

δ

)

3N 1SA. (2.46)

Here, we recall the definitions of VarPs,a(V ) and VarP (V ) in (2.21). We use 1SA to denote the all-one
vector, and for any nonnegative vector v,

√
v denotes the entrywise square root.



2.4. Concentration inequalities 23

In words, the Bernstein-style inequalities in Lemma 2.5 reveal that the uncertainty of P̂s,aV is
governed by both its variance and the largest entrywise magnitude of V . When the sample size is
large enough, the variance term typically dominates, a phenomenon that will become evident in
subsequent chapters.

A technical challenge arises when Bernstein’s inequality is used to construct confidence intervals
for quantities such as Ps,aV based on the empirical estimate P̂s,aV : the variance term VarPs,a(V )
depends on the true transition kernel Ps,a, which is unavailable in practice. To circumvent this, it is
useful to resort to the following empirical Bernstein inequality — quoted from Maurer and Pontil
(2009, Theorem 4) — which replaces the population variance with its empirical estimate, making
the confidence interval computable from collected data.

Lemma 2.6 (Empirical Bernstein inequality). Consider a given state-action pair (s, a) and a finite set
of vectors V ⊂ RS+. Fix any 0 < δ < 1, and suppose that N ≥ 2. If V is independent of P̂s,a, then
with probability greater than 1− δ,

∣∣(P̂s,a − Ps,a)V
∣∣ ≤

√
2 log

(4|V|
δ

)

N − 1
√

Var
P̂s,a

(V ) +
7∥V ∥∞ log

(4|V|
δ

)

3(N − 1)

holds simultaneously for all V ∈ V.

In addition, when coping with sums of i.i.d. Bernoulli variables, the following exponential tail
bound becomes useful, which follows from standard Chernoff-type arguments.

Lemma 2.7. Let Zi i.i.d.∼ Bern(p) (1 ≤ i ≤ n) be a set of independent Bernoulli random variables
with mean 0 < p ≤ 1. Then for any a > 0, one has

P
( n∑

i=1

(
Zi − E[Zi]

)
< −an

)
≤ exp

(
− a2n

2p

)
.

In addition, for any τ ≥ 2pn, one has

P
( n∑

i=1
Zi > τ

)
≤ 2 exp(−0.19τ).

Proof. The first inequality can be found in Alon and Spencer (2008, Theorem A.1.13), while the
second inequality is an immediate consequence of Alon and Spencer (2008, Corollary A.1.14) with
ϵ ≥ 1 therein.

Moving beyond independent data, concentration inequalities for martingales are often needed
to handle sequentially collected observations. Among the most useful are the Azuma-Hoeffding
inequality (Azuma, 1967; Dubhashi and Panconesi, 2009), a martingale counterpart of Hoeffding’s
inequality, and Freedman’s inequality (Freedman, 1975; Tropp, 2011), which serves as a martingale
analogue of Bernstein’s inequality. Below, we record the standard Azuma-Hoeffding inequality and
a user-friendly version of Freedman’s inequality (see Li et al. (2024a, Theorem EC.1.)).

Lemma 2.8 (Azuma-Hoeffding inequality). Consider any 0 < δ < 1. Suppose that Yn = ∑n
k=1Xk ∈ R,

where {Xk} is a real-valued scalar sequence obeying

|Xk| ≤ Bk and E
[
Xk | {Xj}j:j<k

]
= 0 for all k ≥ 1
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for some deterministic quantities {Bk}. Then with probability exceeding 1− δ, one has

|Yn| ≤
√√√√2

n∑

k=1
B2
k log 2

δ
. (2.47)

In brief, the Azuma–Hoeffding inequality shows that the fluctuations of a martingale sum can
be controlled by the sum of the squared magnitudes of its martingale difference terms. This can be
viewed as a direct extension of the Hoeffding inequality (Boucheron et al., 2013) from independent
data to weakly dependent martingale sequences.

Lemma 2.9 (Freedman inequality). Consider any 0 < δ < 1. Suppose that Yn = ∑n
k=1Xk ∈ R, where

{Xk} is a real-valued scalar sequence obeying

|Xk| ≤ B and E
[
Xk | {Xj}j:j<k

]
= 0 for all k ≥ 1.

Define
Wn :=

n∑

k=1
E
[
X2
k | {Xj}j:j<k

]
,

and suppose that Wn ≤ σ2 holds deterministically. Then for any positive integer K0 ≥ 1, with
probability at least 1− δ one has

|Yn| ≤
√

8 max
{
Wn,

σ2

2K0

}
log 2K0

δ
+ 4

3B log 2K0
δ
. (2.48)

Informally, the Freedman inequality in Lemma 2.9 asserts that the deviation of a martingale
sum is controlled by the cumulative conditional variance (i.e., Wn) and a uniform upper bound on
the magnitude of each summand (i.e., B). The resulting concentration bound closely resembles the
Bernstein inequality, with a key distinction that the total variance is now replaced by the cumulative
conditional variance of the martingale sequence.

2.5 Minimax lower bounds for multi-hypothesis testing

To assess the statistical optimality of an RL algorithm, one typically derives a statistical lower bound
and then determines whether the algorithm attains it. Arguments for statistical or information-
theoretic lower bounds often differ substantially from those used for upper bounds. While lower-bound
techniques constitute a central topic in statistics and information theory (see, e.g., Tsybakov (2009)
and Polyanskiy and Wu (2025)), a comprehensive treatment lies beyond the scope of this monograph.
Instead, we single out a simple yet remarkably powerful and versatile tool that appears frequently in
lower-bound analyses: Fano’s lemma. Rooted in classical information theory and originally introduced
by Robert Fano, this lemma provides a principled way to quantify the intrinsic difficulty of statistical
problems through information-theoretic measures.

More specifically, suppose that there are M + 1 probability distributions P0, P1, . . . , PM on a
common measurable space (X ,A). Consider any test ψ that maps from X to {0, 1, . . . ,M}, with the
goal of identifying the index of the distribution generating the observed samples. The performance
of such a test can be measured by its error probability under each hypothesis, namely, Pi(ψ ≠ i) for
i = 0, . . . ,M . The minimax probability of error is then defined as

pe := inf
ψ

max
0≤i≤M

Pi(ψ ̸= i), (2.49)
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with the infimum taken over all possible tests. In words, pe captures the smallest achievable worst-
case error probability across all hypotheses. It is also useful to define the average probability of
error as follows:

pe := inf
ψ

1
M + 1

M∑

i=0
Pi(ψ ̸= i), (2.50)

which measures the error probability averaged over all M+1 hypotheses. The Fano lemma provides a
fundamental lower bound on the probability of error for testing among M+1 hypotheses; the version
below follows from a straightforward adaptation of the results in Tsybakov (2009, Section 2.7.1).

Lemma 2.10 (Fano’s lemma). Let P0, P1, . . . , PM be probability distributions on a common measur-
able space. Recall that pe (resp. pe) is the minimax (resp. average) probability of error defined in
(2.49) (resp. (2.50)).

(i) Suppose that M = 1. If KL(P1 ∥P0) ≤ β <∞, then

pe ≥ pe ≥ max
{1

4 exp(−β), 1−
√
β/2

2

}
. (2.51)

(ii) Suppose that M ≥ 2. If

1
M + 1

M∑

j=1
KL(Pj ∥P0) ≤ β logM (2.52a)

for some 0 < β < 1, then

pe ≥ pe ≥
log(M + 1)− log 2

logM − β. (2.52b)

In some applications, it might be more convenient to control KL(P0 ∥Pj), with the two distribu-
tions appearing in the opposite order from that in Part (ii) of Lemma 2.10. The following bound,
which follows from Pinsker’s inequality, handles this situation directly.

Lemma 2.11. Let P0, P1, . . . , PM be probability distributions on a common measurable space. Then

pe ≥ pe ≥ 1− 1
M + 1 −

√√√√ M

2(M + 1)2

M∑

j=1
KL(P0 ∥Pj). (2.53)

Remark 2.1. The Pinsker-based lower bound in Lemma 2.11 generally loses a factor of logM
relative to Fano’s lemma and may therefore be loose when M is exponentially large. Nevertheless, it
suffices for our purposes in this monograph.

Proof of Lemma 2.11. Consider any statistical test ψ taking values in {0, 1, . . . ,M}, and define the
event Aj := {ψ = j}. By the definition of the TV distance,

Pj(Aj)− P0(Aj) ≤ |Pj(Aj)− P0(Aj)| ≤ sup
A
|Pj(A)− P0(A)| = TV(P0, Pj).

Consequently, for every 1 ≤ j ≤M ,

Pj(ψ = j) ≤ P0(ψ = j) + TV(P0, Pj).
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Summing over j leads to
M∑

j=0
Pj(ψ = j) ≤ P0(ψ = 0) +

M∑

j=1
P0(ψ = j) +

M∑

j=1
TV(P0, Pj)

= 1 +
M∑

j=1
TV(P0, Pj)

≤ 1 +
M∑

j=1

√
1
2KL(P0 ∥Pj)

≤ 1 +

√√√√M

2

M∑

j=1
KL(P0 ∥Pj),

where the penultimate inequality follows from Pinsker’s inequality (see (1.3), or Tsybakov (2009,
Lemma 2.5)) and the last from Cauchy-Schwarz. Consequently,

1
M + 1

M∑

j=0
Pj(ψ ̸= j) = 1− 1

M + 1

M∑

j=0
Pj(ψ = j)

≥ 1− 1
M + 1 −

√√√√ M

2(M + 1)2

M∑

j=1
KL(P0 ∥Pj).

Taking the infimum over ψ proves the lower bound on pe, which in turn completes the proof.

At a high level, Fano’s lemma and Lemma 2.11 assert that if the candidate distributions are
close to one another in terms of KL divergence, then no test can reliably distinguish among them,
and consequently, both the minimax error probability and the average error probability must remain
bounded away from zero. In this way, Fano’s lemma unearths an intimate connection between
the performance limit of any statistical test and the information-theoretic separation between
distributions (as measured by KL divergence). A standard strategy for proving minimax lower
bounds is therefore to construct a carefully chosen collection of nearby distributions and then control
their KL divergences.

Given the central role of KL divergence in Fano’s lemma, we find it useful to record several of
its key properties. We begin with the tensorization (i.e., additivity) property, which characterizes
how KL divergence decomposes under independent data; see, e.g., Tsybakov (2009, Section 2.4).
This simple property highlights a key advantage of KL divergence: when samples are independent,
analysis of the overall KL divergence reduces to computing the KL divergence for individual samples.

Lemma 2.12. For two product distributions P = P1 ⊗ · · · ⊗ Pn and Q = Q1 ⊗ · · · ⊗Qn, the KL
divergence satisfies

KL(P ∥Q) =
n∑

i=1
KL(Pi ∥Qi).

Additionally, when P and Q are both Bernoulli distributions, we adopt a slight abuse of notation
and write

KL(p ∥ q) := p log p
q

+ (1− p) log 1− p
1− q , (2.54)
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to denote the KL divergence between Bern(p) and Bern(q), where Bern(p) represents the Bernoulli
distribution with mean p. The following lemma establishes a quadratic upper bound on this
divergence, which is sometimes more convenient to work with than the original expression.

Lemma 2.13. For any 0 < p, q < 1,

KL(p ∥ q) ≤ (p− q)2

q(1− q) .

Moreover, if 1/2 ≤ q < p < 1, then

KL(p ∥ q) ≤ KL(q ∥ p) ≤ (p− q)2

p(1− p) .

Proof. We begin with the first relation. It is known that the KL divergence can be upper bounded
by the χ2 divergence (see Tsybakov (2009, Lemma 2.7)), namely,

KL(p ∥ q) ≤ χ2(p ∥ q) := (p− q)2

q
+ (1− p− (1− q))2

1− q = (p− q)2

q(1− q) .

We now move to the second relation. Let

a = p+ q

2 ∈
[1
2 , 1

]
and b = p− q

2 ∈
[
0, 1

4
]
,

so that p = a+ b and q = a− b. By the definition in (2.54) and some elementary algebra, we obtain

KL(p ∥ q)− KL(q ∥ p) = (p+ q) log p
q

+ (2− p− q) log 1− p
1− q

= 2a log
(
a+ b

a− b

)
+ 2(1− a) log 1− a− b

1− a+ b

=: g(a, b).

Taking the derivative of g(a, b) with respect to b gives

∂g(a, b)
∂b

= 2a
{ 1
a+ b

+ 1
a− b

}
− 2 (1− a)

{ 1
1− a+ b

+ 1
1− a− b

}

= f(a)− f(1− a) ≤ 0, where f(x) := 2x
x+ b

+ 2x
x− b .

The last relation holds since f is decreasing on (b,∞) and a ≥ 1− a. Thus, for each fixed a, the
function g(a, b) is non-increasing in b ≥ 0. Consequently,

KL(p ∥ q)− KL(q ∥ p) = g(a, b) ≤ g(a, 0) = 0,

which proves the desired claim.

2.6 Notes

While discounted infinite-horizon stationary MDPs and finite-horizon nonstationary MDPs are
arguably the two most extensively studied models, several other MDP formulations have also received
considerable attention in the RL literature. Examples include (i) infinite-horizon average-reward
MDPs, where discounted cumulative rewards are replaced by long-run average rewards (Puterman,
2014; Wan et al., 2021; Jin and Sidford, 2021), and (ii) finite-horizon stationary MDPs, in which
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the transition kernels and reward functions are both time-homogeneous (Ren et al., 2021; Li et al.,
2022c; Zhang et al., 2022). Each of these models bears similarities with the ones under exposition
here, yet also brings its own distinctive challenges. For further details, we refer the interested reader
to the aforementioned papers and the references therein.

For broader background, we refer the interested reader to Wainwright (2019a), Fan et al. (2020a),
and Samworth and Shah (2026) for comprehensive treatments of high-dimensional statistics and to
Vershynin (2018) and Boucheron et al. (2013) for concentration inequalities. The texts by Tsybakov
(2009), Polyanskiy and Wu (2025), and El Gamal and Raginsky (2026) provide excellent introductions
to minimax lower bounds based on information-theoretic techniques.



3
RL with a generative model: the model-based approach

In this chapter, we begin our study of sample complexity in RL by first examining an idealized
sampling mechanism, commonly referred to as the generative model or simulator. While this sampling
mechanism is a substantial simplification of practical scenarios, it suggests a clean and tractable
framework that serves as a natural first step towards understanding the fundamental statistical
limits of RL. Our focus in this chapter is on model-based RL with the generative model, with the
discussion of model-free algorithms deferred to Chapter 4.

3.1 Generative model or simulator

Consider first the discounted infinite-horizon stationary MDP introduced in Section 2.1. Initially
studied by Kearns and Singh (1999), a generative model—also referred to as a simulator—allows one
to query any state-action pair and sample an independent state transition from the ground-truth
transition kernel. More precisely, each query to the generative model with a pair (s, a) ∈ S × A
returns an independent sample:

s(s, a) ind.∼ P (· | s, a). (3.1)

Similarly, in the case of a finite-horizon nonstationary MDP, each call to the generative model with
an arbitrary state-action-step tuple (s, a, h) ∈ S ×A× [H] returns an independent sample:

s(s, a, h) ind.∼ Ph(· | s, a). (3.2)

Unless otherwise noted, we assume throughout that the reward function is fully known to the agent.
This assumption can, in fact, be substantially relaxed without affecting the core insights underlying
algorithm design and analysis.

Studying RL with a generative model offers several key advantages. To begin with, simulators
have been developed in several applications to simulate complex, real-world environments, such
as for autonomous driving (Shah et al., 2018), robotic systems (Kumar et al., 2019; Yang et al.,
2024a), and game playing (Bellemare et al., 2013). Beyond their practical utility, generative models
provide a clean abstraction: by allowing direct sampling from arbitrary state–action pairs, they

29



30 Chapter 3. RL with a generative model: the model-based approach

effectively decouple learning from the need for exploration. This separation simplifies the problem
and makes it easier to isolate the fundamental information bottlenecks inherent to the learning
part. Overall, investigating RL under this idealistic sampling mechanism helps us distill core design
principles, establish theoretical benchmarks, and understand the fundamental statistical limits of
RL algorithms, which in turn guide us towards more practical and robust solutions.

3.2 Model-based policy evaluation

We begin with the fundamental task of policy evaluation, which seeks to estimate, based on the
collected samples, the value function V π of a given policy π. Our focus throughout this section is on
ℓ∞-accurate estimation: given a target accuracy level ε > 0, the aim is to find an estimate V̂ π that
is ε-accurate uniformly over every state s, namely,

∀s ∈ S :
∣∣V̂ π(s)− V π(s)

∣∣ ≤ ε.

Recall our assumption that all immediate rewards reside within [0, 1], and hence the value function
falls within the range

(
0, 1

1−γ
]
. This implies that the range of the target accuracy level ε should be

set to ε ∈ [0, 1
1−γ

]
.

3.2.1 A plug-in approach

In view of classical Bellman equations (cf. (2.12)), the value function of policy π satisfies (see (2.24c))

V π = (I − γPπ)−1rπ,

which depends upon the transition kernel Pπ induced by π over the state space S (see (2.19)), the
reward function rπ induced by π (see (2.20)), and the discount factor γ. Since the only unknown
component of the model in our setting is the transition kernel Pπ ∈ RS×S , a natural strategy for
policy evaluation is the “plug-in” approach, which starts by estimating Pπ, followed by computation
of the value function associated with the learned transition kernel P̂π. This two-stage paradigm,
which separates model estimation from value estimation, is dubbed as the model-based approach.
More formally, the model-based policy evaluation algorithm in the presence of a generative model
can be described as:

1) Model estimation. For each s ∈ S, draw N independent samples from the generative model:

∀s ∈ S : s(i)(s) ind.∼ Pπ(· | s), i = 1, . . . , N

with Pπ(· | s) defined in (2.2), and compute the empirical transition kernel from state s as:

P̂π(s′ | s) = 1
N

N∑

i=1
1
{
s′ = s(i)(s)

}
for all s′ ∈ S. (3.3)

In words, P̂π(s′ | s) counts the empirical frequency of transitions from state s to state s′.

2) Value estimation. Compute the value function estimate as

V̂ π = (I − γP̂π)−1rπ. (3.4)

It is self-evident that the total number of samples drawn in the above model-based algorithm is
N total := NS.
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Algorithm 3.1: Model-based policy evaluation with a simulator
1 input: sample size per state N , discount factor γ, reward function rπ induced by policy π.
2 for s ∈ S do

/* model estimation based on samples. */
3 draw N independent samples s(i)(s) ∼ Pπ(· | s) (cf. (2.2)).
4 compute P̂π(· | s) based on (3.3).

/* value estimation using the empirical model. */
5 output: V̂ π = (I − γP̂π)−1rπ.

3.2.2 Theoretical guarantees

Despite its conceptual and algorithmic simplicity, the model-based policy evaluation algorithm
described in Algorithm 3.1 turns out to achieve a form of statistical optimality in the generative
model setting; namely, no other algorithms can outperform its sample complexity in a minimax
sense, except possibly up to logarithmic factors. To formalize this, we first present an upper bound
on the sample complexity of Algorithm 3.1 in the theorem below, and defer the discussion of a
matching lower bound to Section 3.4.

Theorem 3.1 (Li et al., 2020; Li et al., 2024c). For any 0 < ε ≤ 1
1−γ and any 0 < δ < 1, Algorithm 3.1

achieves
∀s ∈ S : |V̂ π(s)− V π(s)| ≤ ε

with probability at least 1− δ, provided that the sample size per state exceeds

N ≥
c0 log

(
S

δ(1−γ)
)

(1− γ)3ε2 (3.5)

for some sufficiently large constant c0 > 0.

In brief, Theorem 3.1 demonstrates that the sample complexity of the model-based policy
evaluation algorithm in Algorithm 3.1 is no greater than

Õ

(
S

(1− γ)3ε2

)

for any meaningful target precision level ε. Notably, this requirement is often significantly lower
than the sample size needed to learn the transition kernel Pπ. For instance, when both 1

1−γ and
ε are on the constant order, this sample complexity simplifies to Õ(S), which can be S times
smaller than what is required to learn Pπ ∈ RS×S — an object with O(S2) degrees of freedom. Put
differently, reliable value estimation becomes statistically feasible even in regimes where faithful
model estimation is not. This unveils a crucial insight: while model-based algorithms conceptually
involve model estimation as a meta-task, accomplishing this meta-task with high precision is not
essential for policy evaluation to succeed.

3.2.3 Analysis: a first attempt

We begin with an initial attempt at bounding the value estimation error for Algorithm 3.1. This
analysis strategy is straightforward yet yields a suboptimal bound.
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Concretely, let us begin by deriving a simple characterization of the value estimation error. The
Bellman equation (2.24b) tells us that

rπ = V π − γPπV π = (I − γPπ)V π,

which taken together with (3.4) implies that

V̂ π = (I − γP̂π)−1rπ = (I − γP̂π)−1(I − γPπ)V π. (3.6)

Invoke (3.6) to decompose the value estimation error as

V̂ π − V π = (I − γP̂π)−1(I − γPπ)V π − (I − γP̂π)−1(I − γP̂π)V π

= γ(I − γP̂π)−1(P̂π − Pπ)V π. (3.7)

While controlling (I − γP̂π)−1 can be somewhat challenging, the other term (P̂π − Pπ)V π can
be readily handled by standard concentration inequalities. Specifically, applying the Bernstein-style
inequality in Lemma 2.5 with A = 1 and a single vector fixed V π shows that, with probability at
least 1− δ,

∣∣(P̂π − Pπ)V π
∣∣ ≤ C0

(√
VarPπ

(
V π
)

log
(
S
δ

)

N
+
∥V π∥∞ log

(
S
δ

)

N
1S
)

(3.8)

for some universal constant C0 > 0, where 1S ∈ RS is the all-one vector.
Regarding the term (I − γP̂π)−1, it follows from Lemma 2.3 that (I − γP̂π)−1 is a nonnegative

matrix and obeys

(I − γP̂π)−11S = 1
1− γ 1S . (3.9)

Combining these properties with (3.7) and (3.8) shows that
∣∣(I − γP̂π)−1(P̂π − Pπ)V π

∣∣ ≤ (I − γP̂π)−1∣∣(P̂π − Pπ)V π
∣∣

≤ C0

{(I − γP̂π)−1
√

VarPπ(V π) log
(
S
δ

)
√
N

+
∥V π∥∞ log

(
S
δ

)

N
(I − γP̂π)−11S

}

= C0

{(I − γP̂π)−1
√

VarPπ(V π) log
(
S
δ

)
√
N

+
∥V π∥∞ log

(
S
δ

)

(1− γ)N 1S
}

(3.10)

occurs with probability exceeding 1− δ.
We then attempt to bound (I − γP̂π)−1 and

√
VarPπ(V π) separately:

∥∥∥(I − γP̂π)−1
√

VarPπ(V π)
∥∥∥
∞
≤
∥∥(I − γP̂π)−1∥∥

1

√∥∥VarPπ(V π)
∥∥
∞

= 1
1− γ

√∥∥VarPπ(V π)
∥∥
∞

≤ 1
(1− γ)2 , (3.11)

where the penultimate relation arises from Lemma 2.3, and the last line is valid since Varq(V π) ≤
Eq[V π ◦ V π] ≤ (1− γ)−2 for any probability distribution q. Substituting the above result into (3.7)
and (3.10) and applying the basic inequality ∥V π∥∞ ≤ (1− γ)−1 give

∥V̂ π − V π∥∞ = γ
∥∥(I − γP̂π)−1(P̂π − Pπ)V π

∥∥
∞
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≤ C0

{√
log

(
S
δ

)

(1− γ)4N
+

log
(
S
δ

)

(1− γ)2N

}
(3.12)

with probability exceeding 1− δ.
The high-probability bound (3.12) reveals that: in order to attain ε-accurate value estimation

(in an ℓ∞ sense), it suffices to draw

N = Õ

( 1
(1− γ)4ε2

)

samples per state from the generative model. Nevertheless, this simple analysis incurs an extra
multiplicative factor of 1

1−γ compared to the result stated in Theorem 3.1, thus falling short of
tightness for problems with long effective horizons. Upon closer inspection, the separate treatment
of (I − γP̂π)−1 and

√
VarPπ(V π) overlooks their intimate connection that could allow for tighter

control. Furthermore, we have not fully exploited the variance structure in (3.8); only crude upper
bounds are applied. These factors together account for the suboptimality of the above analysis.

3.2.4 Analysis: a second attempt

We now refine our analysis for the value estimation error of interest, leveraging the interaction
between (I − γP̂π)−1 and

√
VarPπ(V π), as well as the underlying variance structure. To simplify the

presentation and concentrate our discussion on the main term, we first note — without a formal
proof — that, for N large enough,

(I − γP̂π)−1
√

VarPπ(V π) ≈ (I − γPπ)−1
√

VarPπ(V π).

This motivates us to control (I − γPπ)−1√VarPπ(V π).
Recall from Lemma 2.3 that (I − γPπ)−1 is a nonnegative matrix with each row summing to

1
1−γ , thus indicating that (1− γ)(I − γPπ)−1 is a valid probability transition matrix. This inspires
one to push (I − γPπ)−1 into the square root operator, yielding

(I − γPπ)−1
√

VarPπ(V π) = 1
1− γ

{
(1− γ)(I − γPπ)−1

√
VarPπ(V π)

}

≤ 1
1− γ

√
(1− γ)(I − γPπ)−1VarPπ(V π)

=
√

1
1− γ (I − γPπ)−1VarPπ(V π). (3.13)

Here, we apply Jensen’s inequality: for any probability vector q and any nonnegative random variable
v, it holds that Eq[

√
v] ≤

√
Eq[v].

To better exploit the underlying variance structure, rewrite and upper-bound VarPπ(V π)
(cf. (2.23)) as follows:

VarPπ(V π) = Pπ(V π ◦ V π)− (PπV π) ◦ (PπV π)

= Pπ(V π ◦ V π)− 1
γ2 (V π − rπ) ◦ (V π − rπ)

= 1
γ2 (γ2Pπ − I)(V π ◦ V π) + 2

γ2V
π ◦ rπ −

1
γ2 rπ ◦ rπ
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≤ 1
γ2 (γPπ − I)(V π ◦ V π) + 2

γ2V
π ◦ rπ,

where the second line applies the Bellman equation V π = rπ + γPπV
π (cf. (2.24b)). This yields a

simple upper bound on (I − γPπ)−1VarPπ(V π):

0 ≤ (I − γPπ)−1VarPπ(V π)

≤ 1
γ2 (I − γPπ)−1(γPπ − I)(V π ◦ V π) + 2

γ2 (I − γPπ)−1(V π ◦ rπ)

= − 1
γ2V

π ◦ V π + 2
γ2 (I − γPπ)−1(V π ◦ rπ)

≤ 2
γ2 (I − γPπ)−1(V π ◦ rπ)

≤ 2∥V π∥∞
γ2 (I − γPπ)−1rπ

= 2∥V π∥∞
γ2 V π ≤ 2∥V π∥2∞

γ2 1S , (3.14)

where the last line uses (2.24c). Taking this together with (3.13) yields

0 ≤
∥∥∥(I − γPπ)−1

√
VarPπ(V π)

∥∥∥
∞
≤
√

2
1− γ

∥V π∥∞
γ

. (3.15)

Substituting this into (3.7) and (3.10), and using the basic fact that ∥V π∥∞ ≤ 1
1−γ , we arrive at

∥V̂ π − V π∥∞ ≤ C0

{
γ√
N

∥∥∥(I − γP̂π)−1
√

VarPπ(V π)
∥∥∥
∞

+ γ

(1− γ)2N

}

≈ C0

{
γ√
N

∥∥∥(I − γPπ)−1
√

VarPπ(V π)
∥∥∥
∞

+ γ

(1− γ)2N

}

≤ C0

{√
2

N(1− γ)3 + 1
(1− γ)2N

}

≤ 2C0

√
2

N(1− γ)3 ,

provided that N is sufficiently large. This reveals that ε-accurate value estimation is attainable —
at least in the asymptotic regime with N (resp. ε) approaching infinity (resp. 0) — when the sample
size per state exceeds the following order

N = Õ

( 1
(1− γ)3ε2

)
,

thereby matching the advertised result in Theorem 3.1.
However, an obvious limitation of the above analysis stems from the stringent requirement in

N : the sharpness of the above analysis is only guaranteed for very large N . Additional efforts are
needed to extend the claimed results to the data-limited regime, i.e., the situation where ε is not
exceedingly small.
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3.2.5 Sharp analysis: proof of Theorem 3.1

In order to further improve the analysis strategy outlined in Section 3.2.4, a key step lies in controlling
the following term: (

(I − γP̂π)−1 − (I − γPπ)−1
)√

VarPπ(V π), (3.16)

as it determines the range of N within which optimality can be achieved. Interestingly, the analyses
presented in Sections 3.2.3 and 3.2.4 already shed light on how to handle this term. More specifically,
if we express the value estimation error as

V̂ π − V π =
(
(I − γP̂π)−1 − (I − γPπ)−1

)
rπ

according to the Bellman equation (2.24c), then the term (3.16) can be interpreted as a sort of value
estimation error with the reward function taken to be r(1) =

√
VarPπ(V π), which can be tackled

using arguments in Section 3.2.4. However, applying this approach results in a similar issue: the
need to bound an even “higher-order” term

(
(I − γP̂π)−1 − (I − γPπ)−1

)√
VarPπ(V (1))

with V (1) := (I − γPπ)−1r(1). Motivated by this line of thought, we propose a recursive analysis
approach, with the aim of controlling the residual terms in an increasingly more refined fashion.

Step 1: recursive construction of auxiliary rewards and values. To apply the above recursive
arguments, construct a sequence of auxiliary “reward” and “value” functions recursively:

r(0) := rπ, V (0) := (I − γPπ)−1r(0),

r(l) :=
√

VarPπ
[
V (l−1)], V (l) := (I − γPπ)−1r(l), l ≥ 1.

(3.17a)

Similarly, we find it convenient to introduce the auxiliary “value estimates” as follows:

V̂ (l) := (I − γP̂π)−1r(l), l ≥ 0. (3.17b)

As an immediate consequence of inequality (3.15), we can readily establish an entrywise bound
on V (l) for any l > 1:

∥∥V (l)∥∥
∞ =

∥∥(I − γPπ)−1r(l)∥∥
∞ =

∥∥∥(I − γPπ)−1
√

VarPπ
[
V (l−1)]

∥∥∥
∞

≤
√

2
γ
√

1− γ
∥∥V (l−1)∥∥

∞ ≤ · · · ≤
( √

2
γ
√

1− γ

)l∥∥V (0)∥∥
∞ (3.18)

=
( √

2
γ
√

1− γ

)l∥∥V π
∥∥
∞ ≤

1
1− γ

( √
2

γ
√

1− γ

)l
, (3.19)

where the last line holds since ∥V π∥∞ ≤ 1
1−γ .

Step 2: establishing a recursion for V̂ (l) − V (l). Equipped with the above notation, we observe
that, for any l ≥ 0,

V̂ (l) − V (l) = (I − γP̂π)−1r(l) − V (l)

=
(
I − γP̂π

)−1(
I − γPπ

)
V (l) − (I − γP̂π

)−1(
I − γP̂π

)
V (l)
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= γ
(
I − γP̂π

)−1(
P̂π − Pπ

)
V (l), (3.20)

where the second line follows from the identity
(
I − γPπ

)
V (l) = r(l) (see the construction (3.17a)).

The Bernstein inequality in Lemma 2.5 together with the union bound asserts that, with
probability exceeding 1− δ, one has

∣∣(P̂π − Pπ
)
V (l)∣∣ ≤

√
β1
N

√
VarPπ

[
V (l)]+

∥∥V (l)∥∥
∞β1

N
1S (3.21)

uniformly for all 0 ≤ l ≤ m, where m is some large enough integer to be specified shortly, and
β1 = C0 log Sm

δ for some large enough constant C0 > 0. Combining this result with (3.20) reveals
that

∥∥V̂ (l) − V (l)∥∥
∞ = γ

∥∥(I − γP̂π
)−1(

P̂π − Pπ
)
V (l)∥∥

∞
(i)
≤ γ

∥∥∥
(
I − γP̂π

)−1∣∣(P̂π − Pπ
)
V (l)∣∣

∥∥∥
∞

(ii)
≤ γ

√
β1
N

∥∥∥
(
I − γP̂π

)−1
√

VarPπ
[
V (l)]

∥∥∥
∞

+
γ
∥∥V (l)∥∥

∞β1

(1− γ)N (3.22)

(iii)
≤ γ

√
β1
N

∥∥V̂ (l+1) − V (l+1)∥∥
∞ + γ

√
β1
N

∥∥V (l+1)∥∥
∞ +

γ
∥∥V (l)∥∥

∞β1

(1− γ)N
(iv)
≤ γ

√
β1
N

∥∥V̂ (l+1) − V (l+1)∥∥
∞ +

(√ 2β1
(1− γ)N + β1

(1− γ)N

)∥∥V (l)∥∥
∞ (3.23)

with probability exceeding 1− δ. Here, (i) follows since
(
I − γP̂π

)−1 is a nonnegative matrix, (ii)
comes from (3.21) and the triangle inequality, (iii) arises from the definitions of r(l), V (l) and V̂ (l),
while (iv) is a consequence of (3.18). Crucially, inequality (3.23) establishes a recursive relation that
enables a sharp upper bound analysis.

Step 3: upper bounding via the above recursion. Define

b1 := γ

√
β1
N
, b2 :=

√
2β1

(1− γ)N + β1
(1− γ)N , b3 :=

√
2

γ
√

1− γ (3.24)

for notational simplicity. Combining inequalities (3.19) and (3.23) shows that with probability at
least 1− δ,

∥∥V̂ (l) − V (l)∥∥
∞ ≤ b1

∥∥V̂ (l+1) − V (l+1)∥∥
∞ + b2∥V (l)∥∞

≤ b1
∥∥V̂ (l+1) − V (l+1)∥∥

∞ + b2b
l
3∥V (0)∥∞

holds for all 0 ≤ l < m. Apply this relation recursively and combine terms to arrive at
∥∥V̂ (0) − V (0)∥∥

∞ ≤ b1
∥∥V̂ (1) − V (1)∥∥

∞ + b2∥V (0)∥∞
≤ b1

{
b1
∥∥V̂ (2) − V (2)∥∥

∞ + b2b3∥V (0)∥∞
}

+ b2∥V (0)∥∞
≤ · · ·

≤ bm1
∥∥V̂ (m) − V (m)∥∥

∞︸ ︷︷ ︸
=:α1

+ b2

m−1∑

l=0
(b1b3)l

∥∥V (0)∥∥
∞

︸ ︷︷ ︸
=:α2

, (3.25)

leaving us with two terms to control.
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Step 4: controlling quantity α1. To bound quantity α1, we invoke identity (3.22) to obtain

∥∥V̂ (m) − V (m)∥∥
∞ ≤ γ

√
β1
N

∥∥∥
(
I − γP̂π

)−1
√

VarPπ
[
V (m)]

∥∥∥
∞

+
γβ1

∥∥V (m)∥∥
∞

(1− γ)N

≤ γ
√
β1
N

∥∥∥
(
I − γP̂π

)−1∥∥∥
1

∥∥∥
√

VarPπ
[
V (m)]

∥∥∥
∞

+
γβ1

∥∥V (m)∥∥
∞

(1− γ)N

≤ γ

1− γ

√
β1
N

∥∥V (m)∥∥
∞ +

γβ1
∥∥V (m)∥∥

∞
(1− γ)N ,

where the last inequality uses the basic fact ∥(I − γP̂π
)−1∥1 = 1

1−γ (cf. (2.26c)) as well as the
elementary relation VarPπ

[
V (m)] ≤

∥∥V (m)∥∥2
∞. This combined with inequality (3.19) yields

∥∥V̂ (m) − V (m)∥∥
∞ ≤

γ

(1− γ)2

(√
β1
N

+ β1
N

)( √
2

γ
√

1− γ

)m
.

As a consequence, we arrive at

α1 = bm1
∥∥V̂ (m) − V (m)∥∥

∞

≤

γ

√
β1
N



m

γ

(1− γ)2

(√
β1
N

+ β1
N

)( √
2

γ
√

1− γ
)m

≤
(√

2β1
(1− γ)N

)m
γ

(1− γ)2

(√
β1
N

+ β1
N

)

≤
(1
e

)m 2
(1− γ)2

√
β1
N
, (3.26)

where the last line holds as long as N > 2e2

1−γβ1.

Step 5: controlling quantity α2. Regarding quantity α2, we note that b1b3 ≤ 1/2 holds as long as
N ≥ 64β1/(1− γ). Summing the terms of the geometric sequence leads to

b2

m−1∑

l=0
(b1b3)l ≤ b2

1− b1b3
≤
√

8β1
(1− γ)N + 2β1

(1− γ)N ,

which taken collectively with the bound ∥V (0)∥∞ ≤ 1
1−γ gives

α2 =
{
b2

m−1∑

l=0
(b1b3)l

}
∥V (0)∥∞ ≤

√
8β1

(1− γ)3N
+ 2β1

(1− γ)2N
, (3.27)

provided that N ≥ 64β1
1−γ .

Step 6: putting all this together. Taking inequalities (3.25), (3.26) and (3.27) together shows
that, with probability at least 1− δ,

∥∥V̂ (0) − V (0)∥∥
∞ ≤

(1
e

)m 2
(1− γ)2

√
β1
N

+
√

8β1
(1− γ)3N

+ 2β1
(1− γ)2N
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Figure 3.1: An illustration of the model-based policy learning algorithm, which first computes an empirical model
and then plugs it into a planning algorithm.

holds as long as N ≥ 64β1
1−γ . To finish up, set m = ⌈log( e

1−γ )⌉ to derive

∥∥V̂ π − V π
∥∥
∞ =

∥∥V̂ (0) − V (0)∥∥
∞ ≤ 2

√
8β1

(1− γ)3N
+ 2β1

(1− γ)2N

≤ 3
√

8β1
(1− γ)3N

(3.28)

with probability exceeding 1− δ, provided that N ≥ β1
1−γ . This concludes the proof by recalling that

β1 = C0 log(Smδ ) and m = ⌈log( e
1−γ )⌉.

3.3 Model-based policy learning

Having established the effectiveness of the model-based approach for policy evaluation, we now
turn attention to model-based policy learning, which seeks to identify a policy that approximately
maximizes the value function based on the data samples at hand. To be precise, suppose that the
action space A contains A ≥ 2 actions, then for any target accuracy level ε > 0, the aim of policy
learning is to compute an ε-accurate policy πest obeying

∀s ∈ S : V πest(s) ≥ V ⋆(s)− ε.

Akin to the policy evaluation case, the meaningful range of target precision level ε is ε ∈ (0, 1
1−γ

]
.

Naturally, one would hope to achieve policy learning using as few samples as possible.

3.3.1 Algorithms

A model-based policy learning algorithm typically starts by constructing an empirical MDP M̂
based on all collected data samples, mirroring what is used in model-based policy evaluation. The
empirical model is then fed into the Bellman recursion — via methods such as policy iteration and
value iteration introduced in Section 2.1.4 — to derive the optimal policy for the empirical model.
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Algorithm 3.2: Model-based policy learning with a simulator
1 input: discount factor γ, reward function r, sample size per state-action pair N .
2 for (s, a) ∈ S ×A do

/* model estimation based on samples. */

3 draw N independent samples s(i)(s, a) i.i.d.∼ P (· | s, a).
4 compute P̂ (· | s, a) based on (3.29).

/* planning w.r.t. the empirical model. */
5 output π̂⋆ as an optimal (deterministic) policy of the MDP M̂ = (S,A, P̂ , r, γ).

A model-based approach. For concreteness, let us describe below the most natural version of the
model-based policy learning algorithm.

1) Model estimation. For each state-action pair (s, a) ∈ S × A, draw N independent samples
from the generative model:

s(i)(s, a) i.i.d.∼ P (· | s, a), i = 1, . . . , N,

and construct an empirical transition kernel P̂ as follows

∀s′ ∈ S, P̂ (s′ | s, a) = 1
N

N∑

i=1
1
{
s′ = s(i)(s, a)

}
. (3.29)

In words, P̂ (s′ | s, a) records the empirical frequency of transitions from (s, a) to state s′. This
leads to an empirical MDP M̂ = (S,A, P̂ , r, γ) constructed from the data samples.

2) Planning. Compute an optimal (deterministic) policy

π̂⋆ ∈ arg max
π

V̂ π. (3.30)

of the empirical MDP M̂, using, e.g., policy iteration (see Section 2.1.4). Here and below, V̂ π

denotes the value function of policy π in the empirical MDP M̂.

See Algorithm 3.2 for the full procedure, and Figure 3.1 for an illustration. Clearly, the total number
of samples collected in the above algorithm is given by N total := NSA.

3.3.2 Theoretical guarantees

We now state the sample complexity guarantee for the model-based method in Algorithm 3.2. Sharp
analyses for model-based policy learning under the generative model that cover the full range of ε
were first developed by Li et al. (2020) and Li et al. (2024c); their analyses apply to a perturbed
version of Algorithm 3.2, in which the reward function is randomly perturbed. More recently, Zurek
and Chen (2025) showed that reward perturbation is unnecessary. The guarantee below is established
through a refinement of the analysis in Li et al. (2020) and Li et al. (2024c).

Theorem 3.2 (Li et al. (2020), Li et al. (2024c), and Zurek and Chen (2025)). There exists some
universal constant c0 > 0 such that: for any 0 < δ < 1 and any 0 < ε ≤ 1

1−γ , any optimal
deterministic policy π̂⋆ returned by Algorithm 3.2 achieves

∀s ∈ S, V π̂⋆(s) ≥ V ⋆(s)− ε (3.31a)
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∀(s, a) ∈ S ×A, Qπ̂
⋆(s, a) ≥ Q⋆(s, a)− γε (3.31b)

with probability at least 1− δ, provided that the sample size per state-action pair exceeds

N ≥
c0 log

(
SAN

(1−γ)2εδ

)

(1− γ)3ε2 . (3.32)

In a nutshell, the above theorem demonstrates that the model-based approach succeeds in finding
an ε-optimal policy as soon as the total sample complexity exceeds the order of SA

(1−γ)3ε2 (modulo
some log factor). This sample complexity is provably minimax optimal, as we will elaborate in
Section 3.4. Importantly, this result imposes no restriction on the range of ε and, in particular, the
accuracy level ε is permitted to be as large as 1

1−γ . As a consequence, this theorem is applicable
even in regimes with small-to-moderate sample sizes, since its validity is guaranteed as long as

N ≥ Ω̃
( 1

1− γ
)
. (3.33)

Noteworthily, Condition (3.33) is necessary for learning a policy that performs strictly better than
a random guess, and hence characterizes the full range of “meaningful” sample sizes.

From a computational standpoint, it suffices to compute a deterministic policy π̂ satisfying
∥V̂ ⋆− V̂ π̂∥∞ ≤ 1

N(1−γ) : the same sample complexity guarantee continues to hold after increasing the
universal constant c0. Empirical VI and PI achieves this accuracy within O

( 1
1−γ log( N

1−γ )
)

iterations,
thereby yielding a computationally lightweight solution.

3.3.3 Analysis: a first attempt

We now proceed to establish performance guarantees for policy learning. Note that it suffices to
analyze the suboptimality (3.31a) of π̂⋆ w.r.t. value functions. Clearly, if (3.31a) can be established,
then the Bellman equation gives

Qπ̂
⋆(s, a)−Q⋆(s, a) = r(s, a) + γEs′∼P (·|s,a)

[
V π̂⋆(s′)

]− (r(s, a) + γEs′∼P (·|s,a)
[
V ⋆(s′)

])

= γEs′∼P (·|s,a)
[
V π̂⋆(s′)− V ⋆(s′)

] ≥ −γε,

as claimed in (3.31b).
In this subsection, we begin by examining the performance of the model-based policy learning

algorithm in Algorithm 3.2. We first present a simple approach to establishing asymptotically optimal
statistical guarantees (for large enough N) for Algorithm 3.2, albeit at the cost of a significant
burn-in requirement. For simplicity, in this subsection we assume (without providing a formal proof)
that

P̂ ≈ P, (3.34)

which holds in the asymptotic regime as N →∞, but still leaves substantial room for improvement
from a non-asymptotic perspective. In Section 3.3.4, we will relax this assumption (and the large-
N requirement) and extend the analysis all the way to the most sample-limited regime. Before
proceeding, let us introduce some useful notation:

• V̂ π and Q̂π: the value function and Q-function of policy π in the empirical MDP M̂, respec-
tively;
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• π̂⋆: an optimal deterministic policy of M̂ (returned by Algorithm 3.2);

• V̂ ⋆ := V̂ π̂⋆ and Q̂⋆ := Q̂π̂
⋆ : the optimal value function and optimal Q-function in M̂.

To bound the suboptimality of π̂⋆ in terms of the value function, we start with the following
elementary decomposition:

0 ≤ V ⋆ − V π̂⋆ = V π⋆ − V π̂⋆

=
(
V π⋆ − V̂ π⋆)+

(
V̂ π⋆ − V̂ π̂⋆)+

(
V̂ π̂⋆ − V π̂⋆)

≤ (V π⋆ − V̂ π⋆)+
(
V̂ π̂⋆ − V π̂⋆), (3.35)

where the last line follows since π̂⋆ = arg maxπ V̂ π and hence V̂ π⋆ ≤ V̂ π̂⋆ . We are thus left with two
terms to control (see (3.35)), both of which are concerned with certain policy evaluation errors (i.e.,
the policy evaluation errors w.r.t. π⋆ and π̂⋆).

Step 1: controlling V π⋆ − V̂ π⋆ . Given that π⋆ is the optimal policy of the true MDP and hence
independent of the data, we can readily accomplish this step by invoking the policy evaluation result
presented in Theorem 3.1. Specifically, taking π = π⋆ in the analysis of Theorem 3.1 (see (3.28))
shows that, with probability at least 1− δ,

∥∥V̂ π⋆ − V π⋆
∥∥
∞ ≤ c1

√√√√ log
(

S
δ(1−γ)

)

N(1− γ)3 (3.36)

as long as N ≥ c2 log( S
δ(1−γ) )

1−γ , where c1, c2 > 0 are universal constants.

Step 2: controlling V̂ π̂⋆ − V π̂⋆. Bounding the policy evaluation error V̂ π̂⋆ − V π̂⋆ is, however,
substantially more complex than bounding V π⋆ − V̂ π⋆ . The complexity stems from the intricate
statistical dependency between π̂⋆ and the data samples, rendering Theorem 3.1 inapplicable. We
present here an argument valid in the asymptotic regime as N →∞. Since this approach is relatively
loose in the non-asymptotic regime — and will be sharpened in Section 3.3.4 — we omit the control
of second-order (or higher-order) terms here in order to streamline the presentation and better
highlight the main ideas.

Note that the Bellman equation (2.24c) implies that

V̂ π̂⋆ − V π̂⋆ =
(
I − γP̂π̂⋆

)−1
rπ̂⋆ − V π̂⋆

=
(
I − γP̂π̂⋆

)−1 {(
I − γPπ̂⋆

)
V π̂⋆ − (I − γP̂π̂⋆

)
V π̂⋆

}

= γ
(
I − γP̂π̂⋆

)−1(
P̂π̂⋆ − Pπ̂⋆

)
V π̂⋆ (3.37)

= γ
(
I − γP̂π̂⋆

)−1(
P̂π̂⋆ − Pπ̂⋆

)
V π⋆ + γ

(
I − γP̂π̂⋆

)−1(
P̂π̂⋆ − Pπ̂⋆

)
(V π̂⋆ − V π⋆) (3.38)

≈ γ(I − γP̂π̂⋆
)−1(

P̂π̂⋆ − Pπ̂⋆
)
V π⋆ , (3.39)

where we remind the readers of the matrix notation Pπ and rπ in (2.19) and (2.20), respectively.
Informally, the first term in (3.38) is easier to cope than its counterpart in (3.37), since V π⋆ is a fixed
vector independent from P̂ ; meanwhile, the last term in (3.38) can be regarded as a second-order
term (as it involves both P̂ − P and V π̂⋆ − V π⋆), and is therefore expected to be asymptotically
negligible as N →∞, a key observation that yields (3.39).
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To bound (3.39), it is first seen from (2.19) and the Bernstein inequality in Lemma 2.5 that,
with probability greater than 1− δ,

∣∣(P̂π̂⋆ − Pπ̂⋆
)
V π⋆

∣∣ = Ππ̂⋆
∣∣(P̂ − P )V π⋆

∣∣

≤ Ππ̂⋆

(√2 log
(4SA

δ

)

N

√
VarP (V π⋆) +

2∥V π⋆∥∞ log
(4SA

δ

)

3N 1SA
)

≤
√

2 log
(4SA

δ

)

N

√
VarP

π̂⋆
(V π⋆) +

2 log
(4SA

δ

)

3N(1− γ) 1S

≈
√

2 log
(4SA

δ

)

N

√
VarP

π̂⋆
(V π⋆), (3.40)

where the penultimate line holds since ∥V π⋆∥∞ ≤ 1
1−γ , and in the last line we omit the higher-order

term proportional to 1/N (as the other term scales with 1/
√
N). In view of the non-negativity of(

I − γP̂π̂⋆
)−1 (cf. Lemma 2.3), it follows from (3.40) that

γ
∣∣(I − γP̂π̂⋆

)−1(
P̂π̂⋆ − Pπ̂⋆

)
V π⋆

∣∣ ≤ γ(I − γP̂π̂⋆
)−1∣∣(P̂π̂⋆ − Pπ̂⋆

)
V π⋆

∣∣

≈ γ(I − γPπ̂⋆
)−1∣∣(P̂π̂⋆ − Pπ̂⋆

)
V π⋆

∣∣

⪅ γ

√
2 log

(4SA
δ

)

N

(
I − γPπ̂⋆

)−1√VarP
π̂⋆

(V π⋆)

≈ γ
√

2 log
(4SA

δ

)

N

(
I − γPπ̂⋆

)−1
√

VarP
π̂⋆

(V π̂⋆) (3.41)

≤
√

4 log
(4SA

δ

)

(1− γ)N ∥V
π̂⋆∥∞1S ≤

√
4 log

(4SA
δ

)

(1− γ)3N
1S (3.42)

with probability exceeding 1− δ, where the approximation in the second and the fourth lines relies
on the assumption (3.34) (and hence V π̂⋆ ≈ V π⋆), and the last line invokes (3.15) and the basic
property ∥V π̂⋆∥∞ ≤ 1

1−γ . We remark that the approximation in (3.41) serves to align the policy
associated with the value function and the one associated with the transition kernel, thereby enabling
the application of (3.15). It is worth emphasizing that the use of property (3.15) here is crucial for
obtaining the asymptotically sharp bound, as it carefully leverages the underlying variance structure
to sharpen the horizon dependency.

Step 3: putting all this together. To finish up, substituting (3.36), (3.39) and (3.42) into (3.35),
we can conclude that

∥V ⋆ − V π̂⋆∥∞ ≲

√√√√ log
(

SA
δ(1−γ)

)

(1− γ)3N

holds with high probability when N →∞.
Nevertheless, while the arguments above — similar in spirit to those used in Azar et al. (2013) —

suffice to establish the desirable statistical bound for the model-based algorithm asymptotically,
they rely on an excessively large sample size requirement on N ; for instance, working out the full
details may require N to be at least polynomial in S. To overcome this limitation, a substantially
more refined analysis strategy is needed, which we introduce next.
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3.3.4 Sharp analysis for Theorem 3.2: leave-one-out analysis

We now present a refined analysis for establishing sharp statistical bounds for
∥∥V ⋆ − V π̂⋆

∥∥
∞. In

light of the decomposition (3.35) and the bound (3.36), it suffices to derive a tight bound on
∥V̂ π̂⋆ − V π̂⋆∥∞ that remains valid even when N is small or moderately sized.

Leave-one-out analysis: key ideas. As alluded to previously, the most challenging part for bounding
∥V̂ π̂⋆ − V π̂⋆∥∞ lies in coping with the intricate statistical dependency between π̂⋆ and P̂ . To better
illustrate this issue, we use the following alternative form of the value-estimation identity in (3.37):

V̂ π̂⋆ − V π̂⋆ = γ
(
I − γPπ̂⋆

)−1(
P̂π̂⋆ − Pπ̂⋆

)
V̂ ⋆. (3.43)

Proof of (3.43). We begin with the Bellman equations:

V̂ π̂⋆ = rπ̂⋆ + γP̂π̂⋆ V̂
π̂⋆ , V π̂⋆ = rπ̂⋆ + γPπ̂⋆V

π̂⋆ .

Subtracting the two Bellman equations gives

V̂ π̂⋆ − V π̂⋆ = γP̂π̂⋆ V̂
π̂⋆ − γPπ̂⋆V π̂⋆ = γ

(
P̂π̂⋆ − Pπ̂⋆

)
V̂ π̂⋆ + γPπ̂⋆

(
V̂ π̂⋆ − V π̂⋆).

Rearranging terms, we are left with
(
I − γPπ̂⋆

)(
V̂ π̂⋆ − V π̂⋆) = γ

(
P̂π̂⋆ − Pπ̂⋆

)
V̂ π̂⋆ .

This together with V̂ π̂⋆ = V̂ ⋆ concludes the proof.

Remark 3.1. The decomposition (3.43) differs from the one used in Li et al. (2024c), namely, (3.37).
The alternative form adopted here is particularly well suited to the leave-one-out argument developed
below and, together with a self-bounding variance analysis, avoids the separation and reward-
perturbation arguments used in Li et al. (2024c).

Notably, given that both π̂⋆ and V̂ ⋆ depend on the empirical transition kernel P̂ , one cannot
directly invoke the Bernstein inequality (or other standard concentration inequalities) to control the
relevant quantity (

P̂π̂⋆ − Pπ̂⋆
)
V̂ ⋆.

To remedy this issue, we resort to a powerful decoupling technique known as the “leave-one-out
analysis”. Originally developed in the high-dimensional probability and statistics literature (e.g.,
El Karoui (2018), Ma et al. (2020), and Chen et al. (2021c)), the leave-one-out analysis was first
introduced to RL theory by Agarwal et al. (2019b), and later on refined by Li et al. (2020) and Li
et al. (2024c) to sharpen the sample complexity analysis. At a high level, this approach consists of
the following key ingredients:

• Construction of leave-one-out auxiliary MDPs. For each state s, construct a finite collection
of auxiliary MDPs whose transition kernels coincide with the original empirical kernel P̂ ,
except that all transition rows associated with state s are replaced by absorbing transitions.
The reward at state s is adjusted through a scalar parameter u. We refer to these MDPs as
“leave-one-out MDPs”, as each of them effectively drops one block of data samples associated
with state s when estimating the transition kernel.
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• Stability of optimal value functions. Since leave-one-out auxiliary MDPs represent a slight
perturbation of the original empirical MDP, at least one of the resulting optimal value functions
is often expected to be exceedingly close to the optimal value function of the original empirical
MDP. This reflects a form of “stability” in leave-one-out perturbations, a property typically
required in leave-one-out decoupling arguments.

• Harnessing local statistical independence in leave-one-out MDPs. Since a leave-one-out MDP
is built without samples collected for, say, state s, it is independent of the empirical transition
vector P̂s,a for every a ∈ A. As a result, the (s, a)-th component of the term

(
P̂ − P )V̂ ⋆ can

be bounded using the following observation
(
P̂s,a − Ps,a

)
V̂ ⋆ ≈ (P̂s,a − Ps,a

)
V̂ ⋆

loo, (3.44)

Such independence enables the application of standard concentration inequalities to control
(3.44), which is crucial in analyzing (3.43) despite complicated statistical dependency.

In what follows, we present a proof that formalizes the above high-level ideas.

Preliminaries: absorbing MDPs with identical optimal value functions. Before diving into the
main analysis, we first explain how, given any MDP M = (S,A, P, r, γ), one can construct an
absorbing MDP while preserving the same optimal value function.

Concretely, consider any state s and any scalar u ∈ [0, 1/(1 − γ)]. We construct an auxiliary
MDP with the same state space S, action space A and discount factor γ — denoted by Ms,u —
that resembles the original MDP M except that state s becomes absorbing under every action.
More precisely, its transition kernel is taken to be

PMs,u(s | s, a) = 1, for all a ∈ A,
PMs,u(s′ | s, a) = 0, for all s′ ̸= s, a ∈ A,
PMs,u(· | s′, a) = P (· | s′, a), for all s′ ̸= s, a ∈ A,

(3.45)

where the first two lines in (3.45) ensure that state s is absorbing under every action a. Meanwhile,
the reward function of Ms,u — denoted by rMs,u — is given by

rMs,u(s, a) = (1− γ)u, for all a ∈ A,
rMs,u(s′, a) = r(s′, a), for all s′ ̸= s, a ∈ A, (3.46)

so that the immediate rewards coincide with those ofM everywhere except at state s. For notational
convenience, let V ⋆

s,u represent the optimal value function in Ms,u. Since the immediate rewards
remain in [0, 1], one has

0 ≤ V ⋆
s,u ≤

1
1− γ 1S .

By properly choosing u, we can ensure that Ms,u and M share the same optimal value function, as
formalized in the following lemma.

Lemma 3.3. Setting u⋆ = V ⋆(s), one has

V ⋆
s,u⋆ = V ⋆. (3.47)

The proof of Lemma 3.3 consists of comparing the Bellman optimality equations of M and
Ms,u⋆ , and is deferred to Section 3.6.1. In summary, for each state s, we can form an s-absorbing
MDP Ms,u⋆ that shares the same optimal value function as the original MDP M. Moreover, it
decouples the randomness arising from state s, as we will soon demonstrate.
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Step 1: constructing leave-one-out auxiliary MDPs. As alluded to previously, the leave-one-out
analysis employed here requires constructing a collection of leave-one-out auxiliary MDPs. Concretely,
for each state s and each scalar u ∈ [0, 1

1−γ
]
, we can apply the method described above (see (3.45)

and (3.46)) to construct an s-absorbing MDP — denoted by M̂s,u — associated with the empirical
MDP M̂. In other words, the transition kernel of M̂s,u coincides with P̂ except that all rows
associated with state s are made absorbing, while the rewards at state s are replaced by (1− γ)u.

Recall that each row P̂s,a is derived from samples associated with (s, a), whereas in M̂s,u, this
row is replaced by the s-th standard basis vector. Consequently, for any fixed u, the MDP M̂s,u

and its optimal value function V̂ ⋆
s,u are independent of P̂s,a for every a ∈ A. Moreover, it follows

from Lemma 3.3 that V̂ ⋆
s,V̂ ⋆(s)

= V̂ ⋆.

Step 2: linking V̂ ⋆ with a small set of value functions independent of P̂s,a. With the above
construction in place, one might be tempted to use M̂

s,V̂ ⋆(s) as a surrogate for M̂, since the two share
identical optimal value functions. However, a subtle issue arises: M̂

s,V̂ ⋆(s) is no longer statistically
independent of P̂s,a, because the choice of û⋆ = V̂ ⋆(s) explicitly depends on P̂s,a. Unfortunately,
this dependence undermines the key advantage of the leave-one-out construction described earlier.

Fortunately, this statistical dependency is encapsulated in a single scalar parameter û⋆. Inspired
by techniques from high-dimensional probability (Vershynin, 2018), a plausible strategy is to invoke
a standard covering argument: construct a finite, yet sufficiently dense, cover of the feasible range of
û⋆ (i.e.,

[
0, 1

1−γ
]
), and then approximate M̂s,û⋆ using a group of auxiliary MDPs {M̂s,u} with u

selected from this cover.
To formalize this idea, form an epsilon-net of

[
0, 1

1−γ
]

with precision ϵ = 1
N(1−γ) :

Nϵ := {0, ϵ, 2ϵ, . . . , Nϵ}, ϵ = 1
N(1− γ) . (3.48)

This epsilon-net has cardinality N + 1 and is independent of the samples. For each u ∈ Nϵ, we
construct an s-absorbing MDP M̂s,u as described previously. Since Nϵ is statistically independent
of P̂s,a for any fixed ϵ, each M̂s,u with u ∈ Nϵ remains statistically independent of P̂s,a. Notably,
one can find a point u ∈ Nϵ such that the optimal value function of its associated absorbing MDP
is ϵ-close to that of the original empirical MDP, as asserted by the lemma below.

Lemma 3.4. For each state s ∈ S, there exists a point u0 ∈ Nϵ such that
∥∥V̂ ⋆ − V̂ ⋆

s,u0

∥∥
∞ ≤ ϵ. (3.49)

The proof of this lemma is postponed to Section 3.6.2. Importantly, this lemma unveils that,
analyzing V̂ ⋆ reduces to studying a small collection of leave-one-out MDPs that are statistically
independent of P̂s,a. The entire statistical dependence of V̂ ⋆ on P̂s,a is thus encapsulated in the
choice of an auxiliary MDP from this small collection. This insight paves the way for effective
decoupling of statistical dependencies.

Step 3: establishing optimal value estimation accuracy. Armed with these leave-one-out auxiliary
MDPs, we are ready to derive the desired statistical bound. More concretely, we intend to establish
the following lemma.
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Lemma 3.5. Given 0 < δ < 1, let

β1 = 2 log
( 16SAN

(1− γ)δ

)
. (3.50)

With probability at least 1− δ, it holds that

∥∥V̂ π̂⋆ − V π̂⋆
∥∥
∞ ≤ c1

√
2β1

N(1− γ)3 , (3.51a)

0 ≤ V ⋆ − V π̂⋆ ≤ 2c1

√
β1

N(1− γ)3 1S , (3.51b)

provided that N ≥ c0β1
1−γ , where c0, c1 > 0 are sufficiently large universal constants.

Proof of Lemma 3.5. Once the first bound (3.51a) is proven, then the second bound follows by
combining it with (3.36) and the decomposition (3.35), where we apply (3.36) with failure probability
δ/2 and note that β1 ≥ log

( 2S
δ(1−γ)

)
. Thus, it suffices to establish that the first bound (3.51a) holds

with probability at least 1− δ/2.
To begin, for each state-action pair (s, a), the set {V̂ ⋆

s,u}u∈Nϵ is independent of P̂s,a. The Bernstein
inequality (see Lemma 2.5) taken together with a union bound implies that, with probability at
least 1− δ/2,

∣∣(P̂s,a − Ps,a)V̂ ⋆
s,u

∣∣ ≤
√
β1
N

√
VarPs,a

[
V̂ ⋆
s,u

]
+ β1

3N(1− γ) (3.52)

holds simultaneously for all (s, a) ∈ S ×A and all u ∈ Nϵ. Here, we have used ∥V̂ ⋆
s,u∥∞ ≤ 1

1−γ and
|Nϵ| = N + 1.

For each s, Lemma 3.4 guarantees that there exists a u0 ∈ Nϵ such that
∥∥V̂ ⋆ − V̂ ⋆

s,u0

∥∥
∞ ≤ ϵ.

Invoking this important fact and the triangle inequality, we obtain
∣∣(P̂s,a − Ps,a)V̂ ⋆

∣∣ ≤
∣∣(P̂s,a − Ps,a)V̂ ⋆

s,u0

∣∣+
∣∣(P̂s,a − Ps,a)(V̂ ⋆ − V̂ ⋆

s,u0)
∣∣

≤
∣∣(P̂s,a − Ps,a)V̂ ⋆

s,u0

∣∣+ 2ϵ

≤
√
β1
N

√
VarPs,a

[
V̂ ⋆
s,u0

]
+ β1

3N(1− γ) + 2ϵ

≤
√
β1
N

√
VarPs,a

[
V̂ ⋆
]

+
(

2 +
√
β1
N

)
ϵ+ β1

3N(1− γ)

≤
√
β1
N

√
VarPs,a

[
V̂ ⋆
]

+ 2β1
N(1− γ) . (3.53)

Here, the second line follows from
∣∣(P̂s,a − Ps,a)(V̂ ⋆ − V̂ ⋆

s,u0)
∣∣ ≤ 2

∥∥V̂ ⋆ − V̂ ⋆
s,u0

∥∥
∞ ≤ 2ϵ, the third line

follows from (3.52), the penultimate line follows from the triangle inequality
√

VarPs,a
[
V̂ ⋆
s,u0

] ≤
√

VarPs,a
[
V̂ ⋆
]

+
√

VarPs,a
[
V̂ ⋆
s,u0 − V̂ ⋆

] ≤
√

VarPs,a
[
V̂ ⋆
]

+ ϵ,

while the last step uses ϵ = 1
N(1−γ) , β1 ≥ 4, and N ≥ 1. Since this result (3.53) holds for every

action, we may select a = π̂⋆(s) for every (s, a) ∈ S ×A to demonstrates that
∣∣∣
(
P̂π̂⋆ − Pπ̂⋆

)
V̂ ⋆
∣∣∣ ≤

√
β1
N

√
VarP

π̂⋆

[
V̂ ⋆
]

+ 2β1
N(1− γ)1S (3.54)
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with probability exceeding 1− δ/2.
It remains to convert (3.54) into the advertised value estimation bound. Akin to Section 3.2.4,

the key is to exploit the interaction between the inverse matrix
(
I − γPπ̂⋆

)−1 and the variance term√
VarPs,a

[
V̂ ⋆
]
. To begin, recall that (I − γPπ̂⋆)−1 is nonnegative and has each row summing to 1

1−γ
(see Lemma 2.3). These properties, taken together with (3.43) and (3.54), yield

∥∥V̂ π̂⋆ − V π̂⋆
∥∥
∞ ≤ γ

∥∥∥(I − γPπ̂⋆)−1∣∣(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆
∣∣
∥∥∥
∞

≤ γ
√
β1
N

∥∥∥(I − γPπ̂⋆)−1
√

VarP
π̂⋆

[
V̂ ⋆
]∥∥∥
∞

+ 2β1
N(1− γ)2 . (3.55)

We are thus left with the task of controlling the variance-dependent term in (3.55). Towards this
end, we develop the following key lemma, derived through a self-bounding argument; the proof can
be found in Section 3.6.3.

Lemma 3.6. On the event where (3.54) holds, one has

γ
∥∥∥(I − γPπ̂⋆)−1∣∣(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆

∣∣
∥∥∥
∞
≤ 2

√
2β1

N(1− γ)3 + 6β1
N(1− γ)2 . (3.56)

Remark 3.2. Lemma 3.6 is another key ingredient in the present analysis that helps bypass the
separation and reward-perturbation arguments used in Li et al. (2024c). It is closely related to the
earlier bound (3.15), but the latter applies to the true value function rather than the data-dependent
empirical value function.

Combining Lemma 3.6 with inequality (3.55) readily establishes (3.51a), thus completing the
proof of Lemma 3.5.

Step 4: putting everything together. Lemma 3.5 implies the desired result as soon as

N ≥ c0β1
(1− γ)3ε2

for a sufficiently large universal constant c0 > 0. Since ε ≤ 1
1−γ , this condition also guarantees

N ≥ c0β1/(1− γ). This completes the proof.

3.4 Minimax lower bounds

To confirm the optimality of model-based algorithms, we present a matching minimax lower bound
under the generative model, originally established in the seminal work of Azar et al., 2013. This
result demonstrates that the performance guarantees achieved by the model-based approach are, in
fact, statistically optimal (up to logarithmic factors).

Theorem 3.7. Consider any 0 < ε < 1
32(1−γ) and γ ∈ [2/3, 1), and suppose SA ≥ 16. Assume that

N independent samples are drawn for each state-action pair from the generative model, where

N ≤ cN log(SA)
(1− γ)3ε2

for some small universal constant cN > 0.
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agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action
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1

(a) constructed MDP in Section 3.4.1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

sS sS→1

1

sS sS→1

1

a = a0 a = a1

1

a = a0 a = a1

1

a = a0 a = a1

p + ω 1 → p → ω p 1 → p

1

a = a0 a = a1

p + ω 1 → p → ω p 1 → p

1

a = a0 a = a1

p + ω 1 → p → ω p 1 → p

1

a = a0 a = a1

p + ω 1 → p → ω p 1 → p

1

(b) constructed MDP M0,0 in Section 3.4.2 (A = 2)

Figure 3.2: Illustration of MDP construction for the minimax lower bounds.

(i) For any (deterministic) policy estimator π̂, there is a γ-discounted infinite-horizon MDP M
with S states and A actions such that

PM
(∥Qπ̂ −Q⋆∥∞ > ε

) ≥ 1/4.

(ii) For any Q-function estimator Q̂, there exists a γ-discounted infinite-horizon MDP M with S

states and A actions such that

PM
(∥Q̂−Q⋆∥∞ > ε

) ≥ 1/4.

Here, PM(·) denotes the probability distribution under M.

As asserted by Theorem 3.7, no algorithm can reliably learn an ε-optimal policy, or an ε-accurate
optimal Q-function, for every γ-discounted infinite-horizon MDP, unless the total sample size
exceeds Ω̃

(
SA

(1−γ)3ε2
)
. By comparing this minimax lower bound with the performance guarantees of

Algorithm 3.1 (see Theorem 3.1, corresponding the policy evaluation setting with A = 1), as well
as Algorithm 3.2 (see Theorem 3.2), we conclude that the model-based approach is information-
theoretically optimal (up to logarithmic factors) in sample complexity for both policy evaluation
and policy learning, across the entire range of precision levels ε.

Finally, we remark that Azar et al. (2013) established the first tight minimax lower bound on
the sample complexity, applicable to both generative model and online sampling settings. Although
the statement of Azar et al. (2013, Theorem 3) focuses on estimating optimal Q-functions and
restricts the precision level to ε ≤ O(1), the lower bound developed therein actually extends to
policy learning and holds for the broader range ε ≤ O( 1

1−γ
)
. The original proof in Azar et al. (2013)

relies on a change-of-measure argument by analyzing the likelihood ratio between two carefully
constructed MDPs. In contrast, the proof to be presented shortly in this monograph adopts an
information-theoretic approach based on Fano’s inequality (see Lemma 2.10).

3.4.1 Analysis: lower bound for a simpler small-scale case

Before presenting the proof of Theorem 3.7, we first consider a related problem of Q-function
estimation in a family of small-scale MDPs containing two states and one action. As it turns out,
such a simplified setting suffices to illustrate the key ideas underlying the application of Fano’s
lemma for lower bound analyses, while also revealing the fundamental bottleneck associated with
the effective horizon that arises in more general policy learning and value estimation tasks.
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Consider any 0 < ε < 1
32(1−γ) and any γ ∈ [2/3, 1). Our goal in this subsection is to show that

one can construct two MDPs M0 and M1 — each with two states and a single action — such that
if N independent samples are drawn from the generative model for each state-action pair and

N ≤ 0.003
(1− γ)3ε2 , (3.57)

then any estimator Q̂ must satisfy

PMi

(∣∣Q̂(s1, a)−Q⋆Mi
(s1, a)

∣∣ > ε
)
> 0.1 for some i ∈ {0, 1}. (3.58)

Here, we denote by PM0(·) (resp. PM1(·)) the probability measure under M0 (resp. M1). In other
words, no algorithm can simultaneously estimate the optimal Q-function for both M0 and M1 to
the desired level of precision ε, unless the sample size per state-action pair exceeds the order of

1
(1−γ)3ε2 . The main idea of the proof is as follows: we identify two simple MDPs that are difficult to
distinguish, formulate a binary hypothesis testing problem to determine which of these two MDPs
generates the observed samples, and then relate the resulting minimax testing error (obtained via
Fano’s lemma) to the estimation risk.

Step 1: constructing hard MDP instances. The first step is to construct two MDP instances,
deliberately designed to be nearly indistinguishable unless sufficiently many samples are available.
We begin by specifying the common structure and properties shared by the two MDPs under
consideration. Specifically, each MDP M of interest is described as follows; see Figure 3.2(a) for an
illustration.

• State space. The state space S contains 2 states, given by

S = {s1, s2}. (3.59)

• Action space. In each state s ∈ S, the action space is a singleton set A = {a}.

• Probability transition kernel. We now specify the transition kernel of the MDP M, denoted by
PM.

– For state s1, set

PM(s | s1, a) =




pM, if s = s1

1− pM, if s = s2
(3.60a)

for some parameter 0 < pM < 1. That is, when the current state is s1, the process either
remains in the same state or transitions to s2.

– State s2 is set to be an absorbing state, i.e.,

PM(s2 | s2, a) = 1. (3.60b)

• Immediate rewards. The reward function is chosen to be

r(s, a) =





1, if s = s1,

0, else.
(3.61)



50 Chapter 3. RL with a generative model: the model-based approach

Clearly, a key parameter governing the optimal Q-function in the above construction of M is pM.
One can readily calculate the optimal Q-function in M, denoted by Q⋆M, through the Bellman
equation:

Q⋆M(s1, a) = 1
1− γpM

. (3.62)

Proof of (3.62). First, since s2 is an absorbing state with 0 immediate reward, it follows that
V ⋆
M(s2) = 0. Second, the Bellman equation gives

V ⋆
M(s1) = Q⋆M(s1, a) = r(s1, a) + γ

{
pMV ⋆

M(s1) + (1− pM)V ⋆
M(s2)

}

= 1 + γpMV ⋆
M(s1),

and hence Q⋆M(s1, a) = V ⋆
M(s1) = 1

1−γpM .

In the sequel, we focus on two MDPs constructed as above, denoted by M0 and M1, which
differ only in their choice of pM (cf. (3.60a)):

pM =




p, if M =M0,

p+ α, if M =M1,
(3.63)

where p and α are parameters to be specified shortly, satisfying 1/2 ≤ p < p + α < 1. In what
follows, we denote by EM0 [·] (resp. EM1 [·]) the expectation under M0 (resp. M1). The main step
of the proof is to analyze the (in)distinguishability of these two MDPs given samples drawn from
the generative model.

Step 2: applying Fano’s lemma. Suppose that for each state-pair, N independent samples are
drawn from the generative model. In this setting, all useful information is contained in whether the
process transitions to s2 after executing action a in state s1.

Let (s1, a, s
(i)
next) (1 ≤ i ≤ N) denote the N independent samples drawn w.r.t. the state–action pair

(s1, a). We introduce a set of random variables ι1, . . . , ιN , where ιi = 1{s(i)
next = s1} is an indicator

of staying in state s1 in the i-th sample, and is hence an independent Bernoulli random variable.
Let P0 and P1 denote the distributions of all observed samples under M0 and M1, respectively,
and denote by P0,ιi and P1,ιi the distributions of ιi under M0 and M1, respectively. In view of the
tensorization property of KL divergence (cf. Lemma 2.12), we have

KL(P1 ∥P0) =
N∑

i=1
KL(P1,ιi ∥P0,ιi) = N KL(p+ α ∥ p)

≤ Nα2

p(1− p) ≤
2Nα2

1− p =: β, (3.64)

where KL(p + α ∥ p) denotes the KL divergence between Bern(p + α) and Bern(p), and the last
line arises from Lemma 2.13 and the property p ≥ 1/2. As a consequence, Fano’s lemma (see
Lemma 2.10) implies that the minimax probability of error necessarily exceeds

pe := inf
ψ

max
0≤i≤1

PMi(ψ ̸= i) ≥ max
{1

4 exp(−β), 1−
√
β/2

2

}
, (3.65)

where the infimum is taken over all possible tests ψ. In particular,

pe ≥ max
{1

4 exp(−β), 1−
√
β/2

2

}
≥ 0.1 if β ≤ 0.9. (3.66)
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Step 3: choosing parameters p and α. In light of (3.66), to guarantee that pe is lower bounded
by 0.1, it suffices to choose the parameters p and α to ensure that β ≤ 0.9. Recall that N needs to
be no larger than the order of 1

(1−γ)3ε2 (see (3.57)). Motivated by this, we select p, α as

p = 4γ − 1
3γ and α = 2(1− γp)2ε

γ2 = 32(1− γ)2ε

9γ2 . (3.67)

It is readily seen that as γ → 1, we have p→ 1 and α→ 0, so that pM0 and pM1 become increasingly
similar and harder to differentiate. Moreover, one can verify that 1− p ≍ 1− γ, α ≍ (1− γ)2ε, and
hence α2/(1− p) ≍ (1− γ)3ε2, which matches the inverse of the upper bound (3.57) on N .

A few simple yet useful properties are summarized below.

Lemma 3.8. Consider the above MDPs with parameters (3.67). Suppose that 0 < ε < 1
32(1−γ) and

γ ∈ [2/3, 1). Then one has

(i) 1/2 ≤ p < p+ α < 1 and 1− p ≥ 2α;

(ii) Q⋆M1(s1, a)−Q⋆M0(s1, a) > 2ε;

(iii) α2

1−p = 322(1−γ)3ε2

27γ3 ≤ 128(1− γ)3ε2.

Proof of Lemma 3.8. Regarding (i), it suffices to see that

1− p = 1− γ
3γ >

64(1− γ)2ε

9γ2 = 2α and p = 4γ − 1
3γ >

1
2

under our conditions on ε and γ. Regarding (ii), (3.62) tells us that

Q⋆M1(s1, a)−Q⋆M0(s1, a) = 1
1− γ(p+ α) −

1
1− γp

= γα

(1− γp)(1− γ(p+ α)) > 2ε, (3.68)

where the last inequality uses the choice (3.67) of α. Property (iii) also follows from direct calculation
under our conditions on γ.

Combine Lemma 3.8 with (3.66) and the definition (3.64) of β to demonstrate that the minimax
probability of testing error obeys

pe ≥ 0.1 as long as N ≤ 0.003
(1− γ)3ε2 . (3.69)

Step 4: connecting testing error with estimation risk. Finally, we show how the minimax
probability of testing error can be leveraged to bound the minimax estimation risk. Recall from
Lemma 3.8(ii) that Q⋆M1(s1, a)−Q⋆M0(s1, a) > 2ε. Suppose instead that there exists an estimator
Q̂ such that

PMi

(∣∣Q̂(s1, a)−Q⋆Mi
(s1, a)

∣∣ ≤ ε
)
> 0.9, ∀i ∈ {0, 1}. (3.70)

Based on this estimator, consider the test

ψ =





0, if Q̂(s1, a) ≤ 1
1−γp + ε

1, else.
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By construction, under M0 we have

PM0(ψ = 0) = PM0

(
Q̂(s1, a) ≤ 1

1− γp + ε

)

= PM0

(
Q̂(s1, a) ≤ Q⋆M0(s1, a) + ε

)
> 0.9,

where the last inequality arises from the assumption (3.70). An analogous argument shows that
PM1(ψ = 1) > 0.9. As a result, the testing error of ψ satisfies

pe(ψ) := max
{
PM0(ψ ̸= 0),PM1(ψ ̸= 1)

}
< 0.1.

This contradicts the lower bound (3.69) on the minimax error probability, thereby establishing the
claimed result (3.58).

3.4.2 Proof of Theorem 3.7

We now turn to establishing the lower bound in Theorem 3.7, covering both policy learning and
estimation of optimal Q-functions. Our construction and analysis largely build upon those developed
in Section 3.4.1, with modifications to expand the state-action space to include S states and A actions.
At a high level, we again construct a family of similar MDPs and formulate a multi-hypothesis
testing problem aimed at identifying the underlying data-generating MDP; we then connect the
minimax error probability of this testing problem with the performance of any RL algorithm.

Step 1: constructing hard MDP instances. Let us construct a family of γ-discounted infinite-
horizon MDPs with S states and A actions. We begin by presenting their common structure before
describing their differences in the transition kernels.

• State space. The state space S contains S states, given by

S = {s1, · · · , sS}.

The state space S is partitioned into the following subsets:

S1 = {s1, . . . , sS−1}, S2 = {sS},

where each subset is associated with distinct transition probabilities, to be specified shortly.

• Action space. For ease of exposition, we allow the action space to vary across states. For any
state in S1, the action space contains A actions, i.e.,

A := {a0, a1, . . . , aA−1}.

In contrast, the action space associated with sS is the singleton set {a0}.

• Immediate rewards. The reward function is chosen to be

r(s, a) =





1, if s ∈ S1,

0, else.

Since only states in S1 yield positive rewards, this structure favors policies that induce a
higher probability of remaining within S1.
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Having described the common structure shared by this family of MDPs, we now specify the
optimal policy and transition kernel for each instance. In particular, we construct a collection of

M = 1 + (S − 1)(A− 1) (3.71)

MDP instances:
Cmdp = {M0,0} ∪

{Mj,k | 1 ≤ j < S, 1 ≤ k < A
}
. (3.72)

As in Section 3.4.1, the construction is parameterized by two scalars p and α satisfying 1/2 ≤ p <
p+ α < 1 and 1− p ≥ 2α. See Figure 3.2(b) for an illustration of M0,0 with A = 2.

• Optimal policy. The optimal policy of Mj,k, denoted by π⋆j,k, is chosen such that

π⋆0,0(s) = a0 ∀s ∈ S1 (3.73a)

and for any 1 ≤ j < S and 1 ≤ k < A,

π⋆j,k(s) =




ak, if s = sj ,

a0, if s ∈ S1 and s ̸= sj .
(3.73b)

The transition probability kernels will be constructed to ensure consistency with these optimal
policies.

• Probability transition kernel. The probability transition kernel of Mj,k, denoted by PMj,k
, is

defined below.

– In any state si with 1 ≤ i < S (so that si ∈ S1), set

PMj,k
(s | si, a) =





p+ α, if a = π⋆j,k(si) and s = si,

1− p− α, if a = π⋆j,k(si) and s = sS ,

p, if a ̸= π⋆j,k(si) and s = si,

1− p, if a ̸= π⋆j,k(si) and s = sS ,

0 else.

In words, executing the action π⋆j,k(si) in state si ∈ S1 has a higher probability of
remaining in the same state. Given that states in S1 are associated with higher immediate
rewards, this design ensures that taking action π⋆j,k(si) in state si yields a larger Q-value.

– The last state sS is set to be an absorbing state, i.e.,

PMj,k
(sS | sS , a0) = 1.

Evidently, the transition probabilities of these MDP instances differ only in those corresponding to
the optimal actions; all non-optimal actions share the same transition probabilities.

Repeating the same arguments as for (3.62) immediately reveals that: for each s ∈ S1,

Q⋆Mj,k
(s, a) =





1
1−γ(p+α) if a = π⋆j,k(s),

1
1−γp if a ̸= π⋆j,k(s).

(3.74)

This characterization is clearly consistent with the optimal policy defined in (3.73).
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Step 2: applying Fano’s lemma. To invoke Fano’s lemma stated in Lemma 2.10, we need to
examine the pairwise KL divergences among the constructed MDP instances. Recall that N

independent samples are drawn from the generative model for each state-action pair. Let PM and
π⋆M denote the distribution of the observed samples and the optimal policy under M, respectively.
By construction, the optimal policies ofMj,k (for j ̸= 0) andM0,0 differ in exactly one state, leading
to two state-action pairs with different transition probabilities in PMj,k

and PM0,0 . Consequently,
the corresponding sample distributions differ only in the 2N samples associated with these two
state-action pairs.

Among these 2N samples, N of them contribute a KL divergence of KL(p+ α ∥ p) each, while
the remaining N contribute KL(p ∥ p+ α) each. Therefore, the overall KL divergence between PMj,k

and PM0,0 can be expressed as

KL
(
PMj,k

∥PM0,0

)
= N KL(p+ α ∥ p) +N KL(p ∥ p+ α)

for j ̸= 0. Repeating the arguments for (3.64), we further arrive at

KL
(
PMj,k

∥PM0,0

) ≤ Nα2

p(1− p) + Nα2

(p+ α)(1− p− α)

≤ 2Nα2

(p+ α)(1− p− α) ≤
8Nα2

1− p , (3.75)

with the proviso that 1/2 ≤ p < p+ α < 1 and 1− p− α ≥ (1− p)/2 (a consequence of 1− p ≥ 2α).
Define the minimax probability of testing error as

pe := inf
ψ

max
M∈Cmdp

PM(ψ ̸=M), (3.76)

where the infimum is taken over all tests that map the observed data to an MDP in Cmdp (cf. (3.72)).
Fano’s lemma (cf. Lemma 2.10) gives

pe ≥
log(M + 1)− log 2

logM − 1
4 ≥

1
4 , (3.77)

provided that M ≥ 4 and
1

M + 1
∑

M∈Cmdp

KL(PM ∥PM0,0) ≤ 1
4 logM. (3.78)

With (3.75) in place, this KL condition (3.78) — and hence (3.77) — can be guaranteed if

8Nα2

1− p ≤
1
4 log SA4 ≤ 1

4 logM. (3.79)

Step 3: choosing parameters p and α. It then comes down to choosing the parameters p and α

so as to satisfy (3.79). Akin to Section 3.4.1, we set

p = 4γ − 1
3γ and α = 2(1− γp)2ε

γ2 = 32(1− γ)2ε

9γ2 ,

From Lemma 3.8(iii), it follows that α2

1−p ≤ 128(1 − γ)3ε2, and as a result, Condition (3.79) is
satisfied provided that

N ≤ 1
4096

1
(1− γ)3ε2 log SA4 .
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Step 4: connecting testing error with performance of policy learning. We now relate the minimax
probability of testing error pe to the statistical risk of policy learning. As shown in (3.74) and
Lemma 3.8(ii), for any M ∈ Cmdp and any state s ∈ S1, the optimal action is separated from all
suboptimal actions by the following gap:

Q⋆M
(
s, π⋆M(s)

)−Q⋆M
(
s, a
)
> 2ε, ∀a ̸= π⋆M(s). (3.80)

Now suppose that there exists a (deterministic) policy estimate π̂ achieving

PM(∥Qπ̂ −Q⋆M∥∞ > ε) < 1/4, ∀M ∈ Cmdp. (3.81)

In view of (3.80), the only policy that can satisfy ∥Qπ̂−Q⋆M∥∞ ≤ ε is π⋆M. Hence, (3.81) is equivalent
to

PM(π̂ ̸= π⋆M) < 1/4, ∀M ∈ Cmdp. (3.82)
By construction, the optimal policy π⋆M uniquely identifies M within the collection Cmdp. Define
the test

ψpolicy =Mπ̂,

with Mπ̂ indicating the MDP in Cmdp whose optimal policy coincides with π̂. Then it follows that
PM(ψpolicy ̸=M) = PM(π̂ ̸= π⋆M) < 1/4, ∀M ∈ Cmdp,

which contradicts the lower bound (3.77). We have thus established that for any policy estimator π̂,
there exists some M∈ Cmdp such that

PM(∥Qπ̂ −Q⋆M∥∞ > ε) ≥ 1/4.

Step 5: connecting testing error with Q-function estimation risk. It remains to link the minimax
probability of testing error pe with the estimation risk for learning optimal Q-functions. Suppose for
the moment that there exists an estimator Q̂ such that

PM(∥Q̂−Q⋆M∥∞ > ε) < 1/4, ∀M ∈ Cmdp. (3.83)
Combined with (3.80), this reveals that: under every M ∈ Cmdp, the following event occurs with
probability at least 3/4:

Q̂
(
s, π⋆M(s)

)− Q̂(s, a) ≥ Q⋆M
(
s, π⋆M(s)

)−Q⋆M
(
s, a
)− 2∥Q̂−Q⋆M∥∞

> 2ε− 2ε = 0 (3.84)
simultaneously for all s ∈ S and all a ≠ π⋆M(s). As an immediate consequence, if we define πest to
be the greedy policy w.r.t. Q̂ (namely, πest(s) = arg maxa Q̂(s, a) for all s ∈ S), then under M one
must have πest = π⋆M.

In light of this observation, consider the following test:
ψest =Mπest ,

where Mπest denotes the MDP in Cmdp whose optimal policy coincides with πest. It is then readily
seen that

PM(ψest ̸=M) = PM(πest ̸= π⋆M) < 1/4, ∀M ∈ Cmdp,

resulting in a contradiction with the minimax lower bound (3.77). Therefore, we conclude that for
any estimator Q̂, there exists some M∈ Cmdp such that

PM(∥Q̂−Q⋆M∥∞ > ε) ≥ 1/4.
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3.5 Extension: finite-horizon nonstationary MDPs

Moving beyond discounted infinite-horizon stationary MDPs, we now briefly discuss model-based
policy learning for finite-horizon nonstationary MDPs. The proof techniques are similar in spirit to

— and in fact simpler than — those for the discounted infinite-horizon setting, owing in part to the
availability of independent samples across different steps h over the entire horizon. For brevity, we
refer interested readers to Li et al. (2024c) for the full proof details.

A model-based approach. We begin by describing what is arguably the most natural version of
the model-based policy learning algorithm under the generative model. In essence, the algorithm
performs model-based planning using the empirical model, just as its discounted infinite-horizon
counterpart in Algorithm 3.2.

1) Model estimation. For each state-action-step tuple (s, a, h) ∈ S×A× [H], draw N independent
samples from the generative model:

s(i)(s, a, h) i.i.d.∼ Ph(· | s, a), i = 1, . . . , N,

and construct the empirical transition kernels {P̂h}Hh=1 via

∀s′ ∈ S, P̂h(s′ | s, a) = 1
N

∑N

i=1
1{s′ = s(i)(s, a, h)}. (3.85)

Namely, P̂h(s′ | s, a) stands for the empirical frequency of transitions from (s, a) to state s′ at
step h.

2) Planning. Compute an optimal policy π̂⋆ = {π̂⋆h}Hh=1 for the empirical MDP M̂ = (S,A, P̂ , r,H).

Note that the optimal policy π̂⋆h of the empirical MDP M̂ at step h is computed via backward
induction starting from h = H. This backward recursion ensures that π̂⋆h depends solely on the
empirical transition kernels at or after step h, and as a result, π̂⋆h is statistically independent of
the empirical transitions {P̂j}1≤j<h. Consequently, the statistical dependencies across steps are
naturally decoupled. In contrast to the discounted infinite-horizon setting, this obviates the need for
the leave-one-out construction used there to decouple the statistical dependencies. As the following
theorem shows, this simple model-based approach already achieves the desirable sample complexity.

Theorem 3.9 (Li et al., 2024c). There exists some universal constant c0 > 0 such that: for any δ > 0
and 0 < ε ≤ H, the policy π̂⋆ returned by the aforementioned model-based algorithm obeys

∀(s, h) ∈ S × [H], V π̂⋆

h (s) ≥ V ⋆
h (s)− ε

∀(s, a, h) ∈ S ×A× [H], Qπ̂
⋆

h (s, a) ≥ Q⋆h(s, a)− ε

with probability at least 1− δ, provided that the sample size for every tuple (s, a, h) exceeds

N ≥ c0H3 log
(
HSA
δ

)

ε2 . (3.86)

Akin to the discounted infinite-horizon setting, the model-based approach achieves ε-accuracy
as long as the sample size per state-action-step tuple (s, a, h) exceeds the order

H3

ε2
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up to logarithmic factors. This guarantee, which holds for the full range ε ∈ (0, H], mirrors the
bound (3.32) for the discounted infinite-horizon setting, with the effective horizon 1

1−γ now replaced
by the finite horizon length H. Since there are SAH distinct (s, a, h)-tuples in total, the overall
sample complexity scales as

Õ

(
SAH4

ε2

)
. (3.87)

The quadruple horizon dependence H4 in this bound — as opposed to the cubic scaling 1/(1− γ)3

seen in the discounted infinite-horizon case — stems from time inhomogeneity. Because the transition
kernels Ph may vary across steps, one incurs an additional factor of H in the sample complexity.
Encouragingly, the sample complexity (3.87) is provably minimax optimal in view of the matching
lower bound (Domingues et al., 2021).

3.6 Appendix: proof of auxiliary lemmas in Section 3.3.4

3.6.1 Proof of Lemma 3.3

To prove this lemma, it suffices to verify that V ⋆ satisfies the Bellman optimality equation w.r.t.Ms,u⋆ .
For notational simplicity, let P abs and rabs denote its probability transition kernel and reward function,
respectively.

At the absorbing state s, every action a ∈ A satisfies

rabs(s, a) + γ(P absV ⋆)(s,a) = (1− γ)u⋆ + γV ⋆(s) = V ⋆(s),

where the last identity follows from u⋆ = V ⋆(s). Next, for any state s′ ≠ s, the transition kernel and
reward function remain unchanged, so that

max
a∈A

{
rabs(s′, a) + γ(P absV ⋆)(s′,a)

}
= max

a∈A
{
r(s′, a) + γ(PV ⋆)(s′,a)

}

= V ⋆(s′).

Combining the above two cases shows that V ⋆ satisfies the Bellman optimality equation for Ms,u⋆ .
This taken together with the uniqueness of the value-function fixed point completes the proof.

3.6.2 Proof of Lemma 3.4

In view of Lemma 3.3, setting û⋆ = V̂ ⋆(s) gives V̂ ⋆
s,û⋆

= V̂ ⋆. By construction of the net (3.48), there
exists u0 ∈ Nϵ such that |û⋆ − u0| ≤ ϵ. The two auxiliary MDPs have identical transition kernels,
and their rewards differ by at most (1− γ)|û⋆ − u0|. The basic property (2.28b) therefore gives

∥∥V̂ ⋆ − V̂ ⋆
s,u0

∥∥
∞ =

∥∥V̂ ⋆
s,û⋆
− V̂ ⋆

s,u0

∥∥
∞ ≤ |û

⋆ − u0| ≤ ϵ.

3.6.3 Proof of Lemma 3.6

It is first seen from the Bellman equation V̂ ⋆ = rπ̂⋆ + γP̂π̂⋆ V̂
⋆ that

γPπ̂⋆ V̂
⋆ = V̂ ⋆ − rπ̂⋆ − γ(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆,

0 ≤ V̂ ⋆ − rπ̂⋆ = γP̂π̂⋆ V̂
⋆ ≤ γ

1− γ 1S .
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Using the first identity to expand the variance (cf. (2.23)), we obtain

γ2VarP
π̂⋆

[
V̂ ⋆] = (γ2Pπ̂⋆ − I)(V̂ ⋆ ◦ V̂ ⋆) + 2V̂ ⋆ ◦ rπ̂⋆ − rπ̂⋆ ◦ rπ̂⋆

+ 2γ(V̂ ⋆ − rπ̂⋆) ◦
[
(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆]− γ2[(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆] ◦ [(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆]

≤ (γPπ̂⋆ − I)(V̂ ⋆ ◦ V̂ ⋆) + 2
1− γ 1S + 2γ2

1− γ
∣∣(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆

∣∣. (3.88)

Here, the last inequality discards the two entrywise square terms and makes use of 0 ≤ rπ̂⋆ ≤ 1S ,
0 ≤ V̂ ⋆ ≤ 1

1−γ 1S , the preceding bound on V̂ ⋆ − rπ̂⋆ , and γ2 ≤ γ.
The usefulness of this expansion becomes apparent after multiplying by (I − γPπ̂⋆)−1, which

together with (I − γPπ̂⋆)−11S = 1
1−γ 1S gives

γ2(I − γPπ̂⋆)−1VarP
π̂⋆

[
V̂ ⋆] ≤ −V̂ ⋆ ◦ V̂ ⋆ + 2

(1− γ)2 1S + 2γ2

1− γ (I − γPπ̂⋆)−1∣∣(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆
∣∣

≤ 2
(1− γ)2 1S + 2γ2

1− γ (I − γPπ̂⋆)−1∣∣(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆
∣∣.

We can now apply the same argument as in (3.13) to move the inverse matrix inside the square
root. Applying Jensen’s inequality, and taking the ℓ∞ norm and squaring, we arrive at

γ2
∥∥∥(I − γPπ̂⋆)−1

√
VarP

π̂⋆

[
V̂ ⋆
]∥∥∥

2

∞
≤ γ2

1− γ
∥∥∥(I − γPπ̂⋆)−1VarP

π̂⋆

[
V̂ ⋆]∥∥∥

∞

≤ 2
(1− γ)3 + 2γ

(1− γ)2

∥∥∥(I − γPπ̂⋆)−1∣∣(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆
∣∣
∥∥∥
∞
, (3.89)

where the last line also uses γ ≤ 1.
Notice that the final term in (3.89) is proportional to the same nonnegative quantity that upper

bounds the value estimation error in (3.55). Substituting (3.89) into (3.55) and using √x+ y ≤√
x+√y for x, y ≥ 0, we reach

γ
∥∥∥(I − γPπ̂⋆)−1∣∣(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆

∣∣
∥∥∥
∞

≤
√

2β1
N(1− γ)3 + 2β1

N(1− γ)2 +
√

2γβ1
N(1− γ)2

∥∥∥(I − γPπ̂⋆)−1∣∣(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆
∣∣
∥∥∥

1/2

∞

≤
√

2β1
N(1− γ)3 + 3β1

N(1− γ)2 + γ

2
∥∥∥(I − γPπ̂⋆)−1∣∣(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆

∣∣
∥∥∥
∞
,

where the last step follows from the AM-GM inequality. Solving the above inequality yields

γ
∥∥∥(I − γPπ̂⋆)−1∣∣(P̂π̂⋆ − Pπ̂⋆)V̂ ⋆

∣∣
∥∥∥
∞
≤ 2

√
2β1

N(1− γ)3 + 6β1
N(1− γ)2 .

3.7 Notes

Sample complexity under a generative model. The generative model (or simulator) adopted
in this chapter was first introduced by Kearns and Singh (1999). Since then, it has become a
standard framework in the theoretical studies of RL and has been extensively investigated in
subsequent work aimed at understanding and comparing the data efficiency of RL algorithms (e.g.,
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Kearns et al. (2002), Kakade (2003), Lattimore and Hutter (2012), Azar et al. (2013), Sidford
et al. (2018a), Sidford et al. (2018b), Wang (2020), Wainwright (2019c), Pananjady and Wainwright
(2020), Agarwal et al. (2019b), Yang and Wang (2019), Mou et al. (2020), Wang et al. (2021a),
Khamaru et al. (2021), Sidford et al. (2020), Li et al. (2022a), Vaswani et al. (2022), Shi et al.
(2023), and Zhang et al. (2025c)).

Several prior works have investigated the effectiveness of model-based RL for discounted infinite-
horizon MDPs under a generative model. The seminal work Azar et al. (2013) was the first to
establish the asymptotic minimax optimality of model-based RL, albeit under the requirement
that the total sample size be at least on the order of S2A

(1−γ)2 . Subsequently, Agarwal et al. (2019b)
significantly broadened the regime in which model-based methods are provably optimal. However,
the results therein restrict the accuracy level to the range ε ∈ (0, 1√

1−γ
]
, and therefore do not cover

the full ε-regime of interest; in other words, the optimality guarantees in Agarwal et al. (2019b) hold
only when the total sample size surpasses the order of SA

(1−γ)2 . Similar technical barriers had already
appeared in the simpler setting of model-based policy evaluation (Pananjady and Wainwright, 2020;
Agarwal et al., 2019b), and had also arisen in the analysis of model-free algorithms (Sidford et al.,
2018b; Wainwright, 2019c) and in the studies of finite-horizon nonstationary MDPs (Yin et al.,
2021b). In stark contrast, however, existing lower bounds (e.g., Azar et al. (2013)) do not rule out
the possibility of achieving nontrivial statistical accuracy below such sample size thresholds, giving
rise to a gap between upper and lower bounds in the most sample-starved regime.

The works of Li et al. (2020) and Li et al. (2024c) established the first full-range minimax-
optimality guarantees for model-based policy-learning algorithms under a generative model, covering
both discounted infinite-horizon and finite-horizon nonstationary MDPs. Their analyses consider
a randomly perturbed variant of the model-based algorithm, in which the reward function is
modified by an additional perturbation step. These results close the gap between achievable upper
bounds and minimax lower bounds, thereby pinning down the fundamental sample complexity limit
across the entire ε-range. More recently, Zurek and Chen (2025) showed, through a higher-order
recursive analysis, that the reward-perturbation step is unnecessary; their result retains the original,
unperturbed model-based algorithm. The analysis presented in this chapter builds upon the main
proof ideas of Li et al. (2020) and Li et al. (2024c), while employing a different error decomposition
and a new self-bounding argument to eliminate the need for reward perturbation.

Leave-one-out analyses. Finally, we remark that the construction of state-absorbing MDPs or
state-action-absorbing MDPs falls under the category of “leave-one-out” type analysis, which is
particularly effective in decoupling complicated statistical dependency in various high-dimensional
statistical problems (Chen et al., 2021c), such as high-dimensional M-estimation (El Karoui et al.,
2013; El Karoui, 2015; Javanmard and Montanari, 2018), phase retrieval (Chen et al., 2019a; Ma
et al., 2020), synchronization (Zhong and Boumal, 2018; Abbe et al., 2020; Ling, 2022), ranking
from pairwise comparisons (Chen et al., 2019b; Chen et al., 2022b; Fan et al., 2024; Fan et al.,
2025a; Fan et al., 2026), matrix completion and inference (Ma et al., 2020; Chen et al., 2019c; Chen
et al., 2020b), tensor completion (Cai et al., 2022), network and clustering analysis (Abbe et al.,
2020; Bhattacharya et al., 2026; Zhang and Zhou, 2024; Agterberg and Zhang, 2025; Ke and Wang,
2025). The first application of this powerful analysis framework to MDPs should be attributed to
Agarwal et al. (2019b), which has since been applied and refined by Pananjady and Wainwright
(2020), Li et al. (2020), Li et al. (2024c), Li et al. (2024b), Yan et al. (2024), and Shi et al. (2023) to



60 Chapter 3. RL with a generative model: the model-based approach

establish the optimality of model-based RL in various settings.



4
RL with a generative model: the model-free approach

Thus far, we have established the statistical optimality of model-based RL algorithms under a
generative model. Another widely studied, yet fundamentally different, paradigm is the model-free
approach (see Figure 2.4), which avoids explicit model estimation and instead seeks to learn the
desired value function and/or policy directly from data. In this chapter, we discuss some of the
canonical model-free algorithms, once again assuming access to a generative model.

4.1 Prelude: stochastic approximation

The algorithmic and theoretical foundations of many model-free algorithms — such as temporal
difference learning and Q-learning — are deeply rooted in the stochastic approximation framework,
originally developed by Robbins and Monro (1951). In this section, we briefly review the key ideas
underlying stochastic approximation.

Consider the problem of finding a fixed point of a given mapping F : Rn → Rn, that is,

find x ∈ Rn such that F (x) = x. (4.1)

In many practical settings, however, the mapping F (·) is not directly accessible: one cannot evaluate
F (z) exactly at an arbitrary point z ∈ Rn. Instead, for any given query point z ∈ Rn, one is
permitted to draw a random sample f(z; ζ) — with ζ capturing the underlying randomness — that
provides an unbiased, noisy estimate of F (z).

To address the challenge arising from the lack of direct access to F (·), Robbins and Monro
(1951) proposed the following iterative scheme for solving (4.1) based on successive draws of random
samples:

xt = xt−1 + ηt
(
f(xt−1; ζt)− xt−1

)
, t = 1, 2, · · · (4.2)

where x0 ∈ Rn indicates an initial guess, 0 < ηt < 1 denotes the learning rate at iteration t, and
f(xt−1; ζt) is a fresh sample satisfying

E[f(xt−1; ζt) | xt−1] = F (xt−1).

61
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Under suitable conditions on the mapping F (·) (e.g., monotonicity and quasi-contractivity w.r.t. ap-
propriate cones), the data generating process (e.g., bounded noise variance), and the learning rate
sequence {ηt}t≥0 (e.g., linearly or polynomial decaying stepsizes), this remarkably simple procedure
(4.2) is guaranteed to converge to a solution of (4.1) (Lai, 2003; Borkar and Borkar, 2008). See, for
example, Wainwright (2019b, Section 2.2) for a non-asymptotic treatment.

The stochastic approximation paradigm has had far-reaching impacts across statistics, optimiza-
tion, machine learning, and many other fields. A particularly influential descendant is stochastic
gradient descent, now a cornerstone of modern machine learning (Bottou, 2010; Bottou et al., 2018).

4.2 Temporal difference learning

Equipped with the stochastic approximation framework, we are now ready to introduce several
canonical model-free RL algorithms. As in Chapter 3, we begin with the simpler task of policy
evaluation, previously introduced in Section 3.2. Given a policy π and a target precision level ε > 0,
the objective is to compute an estimate of the corresponding value function V π, denoted by V̂ π ∈ RS ,
such that ∥∥V̂ π − V π

∥∥
∞ ≤ ε.

In sharp contrast to the model-based policy evaluation procedure (3.4), which solves the Bellman
equation using an explicit estimate of the probability transition kernel P̂π, we now consider an
alternative approach that entirely avoids estimating P̂π.

4.2.1 Algorithm

Arguably, the most well-known model-free policy evaluation algorithm is temporal-difference (TD)
learning, originally formalized by Sutton (1988) and extensively analyzed in the literature (e.g.,
Tesauro et al. (1995), Tsitsiklis and Van Roy (1997), Bhandari et al. (2021), Srikant and Ying (2019),
and Li et al. (2024d)). The core idea of TD learning is to apply stochastic approximation to solve
the Bellman equation (or equivalently, to find a fixed point of the Bellman operator).

More concretely, recall that the value function of a policy π is characterized by the Bellman
consistency equation (2.12). Consequently, computing V π amounts to finding a fixed point of the
mapping

F (V ) = Tπ(V ) := rπ + γPπV.

This reformulation situates policy evaluation within the stochastic approximation framework. In
particular, it naturally suggests an iterative scheme: maintain an estimate Vt : S → R of the value
function in each iteration t, and update it according to

Vt = Vt−1 + ηt
(Tπ,t(Vt−1)− Vt−1

)
, t = 1, 2, · · · (4.3a)

provided that, at each iteration, one can construct an unbiased estimate Tπ,t(Vt−1) of the Bellman
operator applied to the current iterate, satisfying

E
[Tπ,t(Vt−1) | Vt−1

]
= Tπ(Vt−1). (4.3b)

When a generative model is available, this scheme (4.3) admits a particularly simple implemen-
tation: at each iteration t,

• for each s ∈ S, draw an independent next-state sample st(s) ∼ Pπ(· | s) (cf. (2.2)) by querying
the generative model;
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Algorithm 4.1: TD learning with a generative model
1 input: reward function rπ induced by policy π, discount factor γ, learning rates {ηt},

number of iterations T , initialization V0.
2 for t = 1, 2, · · · , T do
3 draw a sample st(s) ind.∼ Pπ(· | s) (cf. (2.2)) for every s ∈ S.

/* stochastic approximation. */
4 for every s ∈ S, update Vt(s) as

Vt(s) = (1− ηt)Vt−1(s) + ηt
{
rπ(s) + γVt−1

(
st(s)

)}
.

• update the value estimate Vt for each state s ∈ S according to

Vt(s) = Vt−1(s) + ηt
{
rπ(s) + γVt−1(st)− Vt−1(s)

}
(4.4a)

= (1− ηt)Vt−1(s) + ηt
(
rπ(s) + γVt−1(st)

)
, (4.4b)

with st taken to be st(s).

A straightforward calculation shows that this update is unbiased, i.e.,

E[Vt | Vt−1] = (1− ηt)Vt−1 + ηt
(
rπ + γPπVt−1

)
,

so that (4.4b) indeed implements a stochastic approximation procedure for solving the Bellman
equation. Notably, the term

rπ(s) + γVt−1(st)− Vt−1(s)

in (4.4a) is often referred to as the “temporal difference”, as it reflects the discrepancy between
the current value estimate and a one-step look-ahead estimate obtained by bootstrapping one step
forward in the MDP. The complete procedure is summarized in Algorithm 4.1. This variant of TD
learning is commonly termed synchronous TD learning, since each iteration updates all coordinates
of the value function estimate simultaneously.

In contrast to the model-based approach in Algorithm 3.1, TD learning maintains only S-
dimensional value iterates and does not require storing an explicit S2-dimensional estimate of the
transition kernel induced by π. This substantially reduces memory requirements, highlighting a
central appeal of model-free algorithms.

4.2.2 Theoretical guarantees

We now analyze the efficacy of TD learning through the lens of sample complexity. To this end,
we need to specify the learning rate schedule {ηt}t≥1, as it plays a crucial role in determining the
algorithm’s performance. In this section, we choose the learning rates to satisfy

1
1 + c1(1−γ)T

log2 T

≤ ηt ≤
1

1 + c2(1−γ)
log2 T

t
, 1 ≤ t ≤ T, (4.5)

where c1 ≥ c2 > 0 are some universal constants. Clearly, Condition (4.5) encompasses two commonly
used learning-rate choices as special cases:
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(i) constant learning rates, where ηt ≡ 1
1+ c1(1−γ)T

log2 T

for all t ≤ T ;

(ii) rescaled linear learning rates, where ηt = 1
1+ c2(1−γ)

log2 T t
for all t ≤ T .

The following theorem characterizes the ℓ∞-based sample complexity of TD learning under a
generative model, which sharpens the sample complexity rate first established by Li et al. (2024a).
It is worth noting that the guarantees in Li et al. (2024a) were established only for ε ∈ (0, 1]. In this
chapter, we develop a refined analysis that extends the range of ε to the full range ε ∈ (0, 1

1−γ
]
.

Theorem 4.1 (Extension of Li et al. (2024a)). Consider any δ ∈ (0, 1), ε ∈ (0, 1
1−γ

]
, and γ ∈ [1/2, 1).

Suppose that the learning rates satisfy (4.5) for some small enough universal constants c1 ≥ c2 > 0,
and that the total number of iterations T ≥ 2 obeys

T ≥ c3
(

log3 T
)(

log ST
δ

)

(1− γ)3ε2 (4.6)

for some sufficiently large universal constant c3 > 0. If 0 ≤ V0(s) ≤ 1
1−γ for all s ∈ S, then with

probability at least 1− δ, TD learning (see Algorithm 4.1) achieves

∀s ∈ S :
∣∣VT (s)− V π(s)

∣∣ ≤ ε.

Remark 4.1 (Mean estimation guarantee). In view of the trivial upper bound
∣∣VT (s)− V π(s)

∣∣ ≤ 1
1−γ ,

the high-probability result in Theorem 4.1 immediately implies an error bound in expectation.
Specifically, choosing δ = ε(1 − γ)/2 ∈ (0, 1) in Theorem 4.1 and decomposing according to the
high-probability event, we obtain

E
[

max
s∈S

∣∣VT (s)− V π(s)
∣∣
]
≤ ε(1− δ) + 1

1− γ δ ≤ 2ε,

as long as the total number of iterations exceeds

T ≥
c3
(

log3 T
)(

log 2ST
ε(1−γ)

)

(1− γ)3ε2 .

Given that each iteration of TD learning draws S fresh samples (one per state), the total number
of samples used by Algorithm 4.1 is ST . Consequently, Theorem 4.1 immediately implies that, to
yield an accuracy level ε ∈ (0, 1

1−γ
]
, TD learning needs no more than

Õ

(
S

(1− γ)3ε2

)

samples, and moreover, the last iterate of this iterative procedure already attains the desired
accuracy. This non-asymptotic result is valid provided the learning rates are properly chosen —
either as a suitable constant or according to a rescaled linear schedule (see (4.5)). In comparison
with the minimax lower bound presented in Theorem 3.7 (by setting A = 1 therein), Theorem 4.1
demonstrates that plain TD learning — without any additional algorithmic trick like iterate averaging
or variance reduction — attains minimax-optimal sample complexity (up to logarithmic factors)
when one draws samples from the generative model, for the full accuracy range ε ∈ (0, 1

1−γ
]
.
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4.2.3 Analysis: a first attempt

As a starting point, we present an initial — albeit suboptimal — proof strategy that captures some
of the core ideas for analyzing the performance of TD learning; this approach will be refined shortly
in Section 4.2.4.

Let us adopt the vector and matrix notation introduced in Section 2.1.5, viewing Vt, V π and rπ
as vectors in RS , among others. By defining an empirical transition matrix Pt ∈ {0, 1}S×S such that

∀(s, s′) ∈ S, Pt(s, s′) :=





1, if s′ = st(s),
0, otherwise,

(4.7)

where we recall that st(s) ind.∼ Pπ(· | s), we can express the TD learning update rule (4.4b) compactly
in vector-matrix form as follows:

Vt = (1− ηt)Vt−1 + ηt(rπ + γPtVt−1), t ≥ 1. (4.8)

Preliminary facts. Before proceeding, we gather a few elementary facts that will be useful through-
out the analysis. The following lemma asserts that the TD iterates always fall within the admissible
range of value functions. The proof, based on induction, is deferred to Section 4.6.1.

Lemma 4.2. If 0 ≤ V0(s) ≤ 1
1−γ for all s ∈ S, then the TD learning iterates (4.8) obey

0 ≤ Vt ≤
1

1− γ 1S and ∥Vt − V π∥∞ ≤
1

1− γ
for all 0 ≤ t ≤ T , provided that 0 ≤ ηt ≤ 1 for all 0 ≤ t ≤ T .

Next, given the iterative nature of TD learning, it is convenient to introduce the following
quantities that, as we shall see momentarily, capture the cumulative effect of the learning rates {ηt}:

η
(t)
k :=





∏t
i=1

(
1− ηi(1− γ)

)
, if k = 0,

ηk
∏t
i=k+1

(
1− ηi(1− γ)

)
, if 0 < k < t,

ηt, if k = t.

(4.9)

Some basic properties of η(t)
k are stated below. In particular, η(t)

k can be very small when k is small.
The proof is elementary and deferred to Section 4.6.2.

Lemma 4.3. Recall that the learning rates are chosen to satisfy (4.5), and suppose c1c2 ≤ 1/8.
Then for any t ≥ T/(c2 log T ), one has

η
(t)
k ≤





1
T 2 , if 0 ≤ k ≤ t/2,
≤ ηk ≤ 2 log3 T

(1−γ)T , if t/2 < k ≤ t.

Step 1: decomposing the error Vt − V π. At a high level, this step unrolls the TD recursion and
decompose the estimation error into an initialization term and a martingale term. For notational
convenience, define the error sequence

∆t := Vt − V π. (4.10)
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In view of the TD learning update rule (4.8), we have the following decomposition:

∆t = (1− ηt)(Vt−1 − V π) + ηt(rπ + γPtVt−1 − V π)
= (1− ηt)∆t−1 + ηtγ(PtVt−1 − PπV π)
= (1− ηt)∆t−1 + ηtγ

(
Pπ∆t−1 + (Pt − Pπ)Vt−1

)
(4.11)

=
(
I − ηt(I − γPπ)

)
∆t−1 + ηtγ(Pt − Pπ)Vt−1, (4.12)

where Pπ is defined in (2.19), and the second line arises from the Bellman equation V π = rπ+γPπV π

(cf. (2.24b)). Iterating the recursion (4.12) yields

∆t =
t∏

i=1

(
I − ηi(I − γPπ)

)
∆0 +

t∑

k=1
Zk, (4.13)

where the process {Zk : 1 ≤ k ≤ t} is defined as

Zk := γηk

(
t∏

i=k+1

(
I − ηi(I − γPπ)

)
)

(Pk − Pπ)Vk−1. (4.14)

In words, the error at iteration t decomposes into a suitably contracted version of the initial error
and a martingale sum, since each Zk has zero conditional mean given the history up to iteration
k − 1 and hence {Zk} forms a martingale difference sequence (this is an immediate consequence of
the definition (4.7) of Pk). In what follows, we shall look at the two terms on the right-hand side of
(4.13) separately.

Step 2: bounding the first term in (4.13). We first show that the first term on the right-hand
side of (4.13) is negligible. To this end, it is observed that

∥∥∥∥
t∏

i=1

(
I − ηi(I − γPπ)

)
∆0

∥∥∥∥
∞
≤
∥∥∥∥

t∏

i=1

(
I − ηi(I − γPπ)

)∥∥∥∥
1
∥∆0∥∞

(i)=
{

t∏

i=1

(
1− ηi(1− γ)

)
}
∥∆0∥∞

= η
(t)
0 ∥∆0∥∞

(ii)
≤ 1

(1− γ)T 2 . (4.15)

Here, (i) invokes the basic fact that, for any 0 ≤ k < t,
∥∥∥∥

t∏

i=k+1

(
I − ηi(I − γPπ)

)∥∥∥∥
1

=
t∏

i=k+1

(
1− ηi(1− γ)

)
, (4.16)

given that Pπ is a probability transition matrix; and (ii) results from Lemma 4.3 and the assumption
that ∥∆0∥∞ ≤ 1

1−γ , provided that t ≥ T/(c2 log T ). As will be shown shortly, this upper bound
(4.15) is negligible relative to the other term.

Step 3: bounding the martingale sum in (4.13). We now turn to the second term on the right-hand
side of (4.13). Recall that {Zk} forms a martingale difference sequence. In order to control the
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martingale sum ∑
k Zk, a natural approach is to apply standard martingale concentration inequalities,

such as the Azuma–Hoeffding inequality (cf. Lemma 2.8). To this end, we first note that

∥Zk∥∞ = γ

∥∥∥∥ηk
t∏

i=k+1

(
I − ηi(I − γPπ)

)
(Pk − Pπ)Vk−1

∥∥∥∥
∞

≤ γ
∥∥∥∥ηk

t∏

i=k+1

(
I − ηi(I − γPπ)

)∥∥∥∥
1

∥∥(Pk − Pπ)Vk−1
∥∥
∞

(i)= γ

{
ηk

t∏

i=k+1

(
1− ηi(1− γ)

)
}
∥∥(Pk − Pπ)Vk−1

∥∥
∞

≤ γη(t)
k

(∥Pk∥1 + ∥Pπ∥1
)∥Vk−1∥∞

(ii)
≤




4γ log3 T
(1−γ)2T , if k > t/2

2γ
(1−γ)T 2 , if 0 ≤ k ≤ t/2

=: BZk , (4.17)

provided that t ≥ T/(c2 log T ). Here, (i) follows from (4.16), whereas (ii) arises from the facts
∥Pk∥1 = ∥Pπ∥1 = 1 (recall the definition (4.7) of Pk), as well as Lemmas 4.2 and 4.3.

Take t = T . Armed with the bound (4.17), invoking the Azuma–Hoeffding inequality in Lemma 2.8
and applying the union bound over all coordinates of ∑k Zk, we arrive at

∥∥∥∥
T∑

k=1
Zk

∥∥∥∥
∞
≤
(

2
T∑

k=1
B2
Zk

log
(2S
δ

))1/2

≤ γ
(16 log6 T log

(2S
δ

)

(1− γ)4T
+

4 log
(2S
δ

)

(1− γ)2T 3

)1/2

≤ Õ
( 1

(1− γ)2
√
T

)
(4.18)

with probability greater than 1− δ.

Step 4: putting all pieces together. Substituting the above results (4.15) and (4.18) into (4.13),
we arrive at

∥∆T ∥∞ ≤ Õ
( 1

(1− γ)2
√
T

)

with high probability. In other words, this result tells us that, in order to yield ε accuracy (i.e.,
∥∆T ∥∞ ≤ ε), it suffices to take T on the order of

Õ

( 1
(1− γ)4ε2

)
iterations.

Discussion. While the above proof is simple and fully non-asymptotic, it yields an iteration
complexity that exceeds the bound in Theorem 4.1 by a multiplicative factor of 1

1−γ , and therefore
falls short of establishing the minimax optimality of synchronous TD learning. A closer inspection
reveals that this suboptimality stems primarily from the use of the Azuma–Hoeffding inequality
(cf. Lemma 2.8), which fails to exploit the underlying variance structure — an ingredient that is
crucial for shaving the extra 1

1−γ factor. To sharpen the analysis, we would need to invoke the
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Freedman inequality (cf. Lemma 2.9) and leverage the intimate connection between the cumulative
conditional covariance and the intrinsic variance structure of the discounted infinite-horizon MDP,
as developed in the next subsection.

4.2.4 Sharp analysis: proof of Theorem 4.1

We now present a refined analysis of TD learning that, as noted above, leverages the Freedman
inequality for martingales in conjunction with the intrinsic variance structure of the discounted
infinite-horizon MDP.

Step 1: decomposing the error as in Section 4.2.3. As already shown in Section 4.2.3 (see (4.13)
and (4.15)), we can decompose and bound the estimation error ∆t = Vt − V π at iteration t as

∥∆t∥∞ ≤
1

(1− γ)T 2 +
∥∥∥∥

t∑

k=1
Zk

∥∥∥∥
∞
, (4.19)

where {Zk : 1 ≤ k ≤ t} is defined in (4.14). It thus boils down to bounding the entrywise magnitude
of the martingale sum ∑

k Zk.

Step 2: bounding the martingale sum via Freedman’s inequality. We intend to apply the
Freedman inequality in Lemma 2.9 to control each coordinate of the sum ∑t

k=1 Zk. This requires
examining the following two quantities appearing in the Freedman inequality:

max
1≤k≤t

∥Zk∥∞ and Wt :=
t∑

k=1
Vark−1(Zk), (4.20)

where Vark−1(Zk) represents an S-dimensional vector whose j-th entry is the variance of the j-th
entry of Zk conditioned on what happens up to iteration k − 1. Throughout this step, we assume
t ≥ T/(c2 log T ). Note that a crude bound on the variance proxy is sufficient for now; a sharper
bound exploiting the variance structure of the TD iterates is developed in the next two steps.

1. Bounding the maximum magnitude. Recalling inequality (4.17), one immediately sees that

max
k:1≤k≤t

∥Zk∥∞ ≤
4γ log3 T

(1− γ)2T
=: B. (4.21)

2. Bounding the conditional entrywise variance of Zk. Next, we turn to Wt by first examining
each conditional variance term Vark−1(Zk). As can be seen from the definition (4.14) of Zk,
each coordinate of Zk is a bilinear form of Pk − Pπ (recall the definition of Pk in (4.7)). To
analyze such a bilinear form, we first make note of a useful elementary fact: for any fixed
vectors u, v ∈ RS obeying u ≥ 0, one has

Var
(
u⊤(Pk − Pπ)v

)
=

S∑

i=1
u2
iVar

(
(Pk − Pπ)i,·v

) ≤ max
i
|ui| · u⊤VarPπ(v)

≤ ∥u∥1u⊤VarPπ(v), (4.22)

where we remind the reader of the notation VarP (V ) in (2.23). Applying this relation to each
entry of Zk defined in (4.14) gives

Vark−1(Zk) ≤ γ2
∥∥∥∥ηk

t∏

i=k+1

(
I − ηi(I − γPπ)

)∥∥∥∥
1

{
ηk

t∏

i=k+1

(
I − ηi(I − γPπ)

)}
VarPπ (Vk−1)
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= γ2η
(t)
k ηk

t∏

i=k+1

(
I − ηi(I − γPπ)

)
VarPπ (Vk−1) , (4.23)

where the first inequality is a consequence of (4.22), and the second relation results from (4.16)
and the definition of η(t)

k (cf. (4.9)). Although the upper bound in (4.23) appears somewhat
complicated, it admits a more tractable upper bound once summed as in the next step.

To control Wt, we bound two partial sums of Vark−1(Zk) separately, where the first is negligible
and the second constitutes the dominant contribution.

• Consider first those k’s obeying k ≤ t/2. It follows from (4.23) that
⌊t/2⌋∑

k=1
Vark−1(Zk) ≤ γ2

⌊t/2⌋∑

k=1
η

(t)
k

∥∥∥∥ηk
t∏

i=k+1

(
I − ηi(I − γPπ)

)∥∥∥∥
1
∥Vk−1∥2∞1S

= γ2
⌊t/2⌋∑

k=1

(
η

(t)
k

)2∥Vk−1∥2∞1S ≤
γ2

2(1− γ)2T 3 1S , (4.24)

where the penultimate step uses (4.16) and (4.9), and the last relation follows from Lemmas 4.2-
4.3 and t ≤ T . As will be made clear shortly, this partial sum (4.24) becomes negligible
compared to the remaining part.

• Next, let us turn to those k’s obeying t/2 < k ≤ t, which account for the dominant contribution
to Wt. Invoke Lemma 4.3 and (4.23) to first demonstrate that

Vark−1(Zk) ≤
2γ2 log3 T

(1− γ)T ηk

t∏

i=k+1

(
I − ηi(I − γPπ)

)
VarPπ(Vk−1). (4.25)

To obtain a deterministic bound on Wt, Lemma 4.2 gives

VarPπ(Vk−1) ≤ 1
(1− γ)2 1S .

In addition, one observes the following telescoping property for the matrix sum of interest:
t∑

k=⌊t/2⌋+1
ηk

t∏

i=k+1

(
I − ηi(I − γPπ)

)

= (I − γPπ)−1
t∑

k=⌊t/2⌋+1

[ t∏

i=k+1

(
I − ηi(I − γPπ)

)−
t∏

i=k

(
I − ηi(I − γPπ)

)]

= (I − γPπ)−1 − (I − γPπ)−1
t∏

i=⌊t/2⌋+1

(
I − ηi(I − γPπ)

)

≤ (I − γPπ)−1, (4.26)

where the inequality in the last line holds entrywise since (I − γPπ)−1 and I − ηi(I − γPπ)
are both nonnegative matrices. Applying the preceding two bounds to (4.25) and using
(I − γPπ)−11S = 1

1−γ 1S , we reach

t∑

k=⌊t/2⌋+1
Vark−1(Zk) ≤

2γ2 log3 T

(1− γ)3T
(I − γPπ)−11S = 2γ2 log3 T

(1− γ)4T
1S . (4.27)
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Combining (4.24) and (4.27), and using γ2 ≤ 1, we obtain the deterministic bound

∥Wt∥∞ ≤
1

2(1− γ)2T 3 + 2 log3 T

(1− γ)4T
≤ 3 log3 T

(1− γ)4T
=: σ2

w. (4.28)

Equipped with the deterministic bounds (4.21) and (4.28), we can first apply Freedman’s
inequality while retaining the random cumulative variance Wt. To this end, take K = 2⌈log2

1
1−γ ⌉.

Since (4.6) and ε ≤ 1/(1− γ) ensure T ≥ max{8, 1/(1− γ)} for sufficiently large c3, we have

σ2
w

2K ≤
3 log3 T

(1− γ)2T
, log 4STK

δ
≤ 3 log ST

δ
. (4.29)

For a fixed t, applying Lemma 2.9 to each entry of ∑t
k=1 Zk and taking a union bound over all S

entries give, with probability at least 1− δ/(2T ),
∥∥∥∥

t∑

k=1
Zk

∥∥∥∥
∞
≤
√

8 max
{
∥Wt∥∞,

σ2
w

2K
}

log 4STK
δ

+ 4
3B log 4STK

δ
, (4.30)

with B and σ2
w defined in (4.21) and (4.28), respectively. It then boils down to deriving a sharper

bound on ∥Wt∥∞.

Step 3: exploiting the variance structure of Wt. To further sharpen the bound on Wt, the key
idea is to relate the conditional variance of each TD update to the decrease in the squared iterates,
which, as we shall see shortly, allows the weighted sum of conditional variances to be decomposed
into a telescoping term, a martingale term, and a lower-order residual term. To begin, since k > t/2,
Lemma 4.3 gives

η
(t)
k ≤ ηk ≤

2 log3 T

(1− γ)T =: η, t/2 < k ≤ t. (4.31)

Combining this bound with (4.23) yields
t∑

k=⌊t/2⌋+1
Vark−1(Zk) ≤ ηγ2

t∑

k=⌊t/2⌋+1
ηk

t∏

i=k+1

(
I − ηi(I − γPπ)

)
VarPπ(Vk−1) =: W t. (4.32)

It then comes down to controlling W t. Let Ek−1 denote conditional expectation given the history
through iteration k− 1. We first establish below a one-step relation between the conditional variance
and the evolution of the squared TD iterates. This relation is a key ingredient in our refined analysis,
which differs from the proof in Li et al. (2024a). Its proof is deferred to Section 4.6.3.

Lemma 4.4. For every k ≥ 1,

ηk(1− ηk)γ2VarPπ(Vk−1) ≤ (I − ηk(I − γPπ)
)
(Vk−1 ◦ Vk−1)− Ek−1[Vk ◦ Vk] + 2ηk

1− γ 1S . (4.33)

We now return to W t in (4.32). The sample-size condition (4.6) and ε ≤ 1/(1 − γ) ensure
η ≤ 1/2 for sufficiently large c3. Applying Lemma 4.4 to the weighted sum in (4.32), and adding
and subtracting Vk ◦ Vk inside the weighted sum, we obtain

W t ≤
η

1− η

{
t∑

k=⌊t/2⌋+1

t∏

i=k+1

(
I − ηi(I − γPπ)

)[(
I − ηk(I − γPπ)

)
(Vk−1 ◦ Vk−1)− Vk ◦ Vk

]
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+
t∑

k=⌊t/2⌋+1

t∏

i=k+1

(
I − ηi(I − γPπ)

)(
Vk ◦ Vk − Ek−1[Vk ◦ Vk]

)

+ 2
1− γ

t∑

k=⌊t/2⌋+1
ηk

t∏

i=k+1

(
I − ηi(I − γPπ)

)
1S
}
. (4.34)

Note that the second sum in (4.34) consists of centered fluctuations. To express it as a martingale
sum, define

Z̃k :=
t∏

i=k+1

(
I − ηi(I − γPπ)

)(
Vk ◦ Vk − Ek−1[Vk ◦ Vk]

)
, k > t/2. (4.35)

The matrix weights are deterministic, so Ek−1[Z̃k] = 0 and {Z̃k} forms a martingale difference
sequence. The first sum in (4.34) telescopes, resulting in

t∑

k=⌊t/2⌋+1

t∏

i=k+1

(
I − ηi(I − γPπ)

){(
I − ηk(I − γPπ)

)
(Vk−1 ◦ Vk−1)− Vk ◦ Vk

}

=
t∏

i=⌊t/2⌋+1

(
I − ηi(I − γPπ)

)
(V⌊t/2⌋ ◦ V⌊t/2⌋)− Vt ◦ Vt

≤ 1
(1− γ)2 1S ,

where the last inequality uses Lemma 4.2 and the row-sum identity (4.16). The third sum in (4.34)
is at most 2

(1−γ)2 1S , due to the matrix telescoping calculation in (4.26) and (I − γPπ)−11S = 1
1−γ 1S .

Combining the above bounds with (4.35), we obtain

W t ≤
η

1− η

( 3
(1− γ)2 1S +

t∑

k=⌊t/2⌋+1
Z̃k

)
. (4.36)

Thus, controlling W t reduces to controlling the martingale sum ∑
k Z̃k.

Step 4: applying martingale concentration to bound ∥Wt∥∞. The centered term in (4.36)
from the preceding step is itself a martingale sum. Applying Freedman’s inequality to this second
martingale yields a self-bounding inequality for the variance proxy Wt, which ultimately provides the
sharp bound on Wt needed in the original Freedman inequality. More precisely, applying Freedman’s
inequality to the martingale sequence {Z̃k} defined in (4.35) gives the following result.

Lemma 4.5. Let W t be defined in (4.32), and η be defined in (4.31). Then, with probability at
least 1− δ/(2T ),

∥W t∥∞ ≤
16η

(1− γ)2 , ∥Wt∥∞ ≤
33 log3 T

(1− γ)3T
. (4.37)

The proof of Lemma 4.5 is deferred to Section 4.6.4. It is noteworthy that the derivation of
this lemma is a key point of departure from the analysis of Li et al. (2024a), enabling us to extend
the guarantee to the full ε-range. Its main ingredient is a second martingale decomposition of
the squared TD iterates, which exploits the variance structure of the MDP and yields the sharp
dependence on the effective horizon.
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Step 5: putting all pieces together. Thus far, we have shown that, for each fixed t ≥ T/(c2 log T ),
(4.30) and (4.37) hold simultaneously with probability at least 1− δ/T . On this event, substituting
the variance bound (4.37) into (4.30), together with (4.21) and (4.29), we see that

∥∥∥∥
t∑

k=1
Zk

∥∥∥∥
∞
≤ C

2

√
(log3 T )

(
log ST

δ

)

(1− γ)3T
+
C(log3 T )

(
log ST

δ

)

2(1− γ)2T
≤ C

√
(log3 T )

(
log ST

δ

)

(1− γ)3T
(4.38)

for some large enough universal constant C > 0. Plugging (4.38) into the error decomposition (4.19)
and taking a union bound over all t obeying T/(c2 log T ) ≤ t ≤ T , we obtain

∥∆t∥∞ ≤
1

(1− γ)T 2 + C

√
(log3 T )

(
log ST

δ

)

(1− γ)3T
≲

√
(log3 T )

(
log ST

δ

)

(1− γ)3T
(4.39)

with probability at least 1− δ. This concludes the proof.

4.3 Q-learning

Having established the appealing performance of synchronous TD learning for policy evaluation,
we now turn our attention to the use of model-free algorithms for learning optimal Q-functions. In
particular, we focus on the Q-learning algorithm introduced by Watkins (1989) and Watkins and
Dayan (1992), one of the most celebrated model-free reinforcement learning methods.

4.3.1 Algorithm

Akin to TD learning, the Q-learning algorithm is designed as a stochastic approximation method
for computing a fixed point of the Bellman operator. A key distinction is that the operator of
interest is now the Bellman optimality operator (2.13), rather than the Bellman consistency operator
(2.10). Unlike the latter, the Bellman optimality operator is nonlinear and nonsmooth (owing to the
presence of the max operation), which introduces additional algorithmic and analytical challenges.

We now describe the algorithmic procedure of Q-learning. Following the stochastic approximation
framework (4.2), we maintain a running estimate of the optimal Q-function, Qt : S ×A → R, for all
t ≥ 0, and at each iteration t, we update the Q-function estimate according to

Qt = (1− ηt)Qt−1 + ηtTt(Qt−1), (4.40a)

where we initialize it such that 0 ≤ Q0(s, a) ≤ 1
1−γ for every state-action pair (s, a). Here, ηt ∈ (0, 1]

denotes the learning rate at iteration t, and Tt(Qt−1) is constructed as an unbiased estimator of
T (Qt−1), where T (·) denotes the Bellman optimality operator (2.13). With the generative model in
place, Tt(Qt−1) can be constructed as follows:

• for every pair (s, a) ∈ S ×A, draw an independent sample

st(s, a) ∼ P (· | s, a)

by querying the generative model;

• compute Tt(Qt−1) for every (s, a)-th entry as

Tt(Qt−1)(s, a) = r(s, a) + γmax
a′∈A

Qt−1
(
st(s, a), a′

)
. (4.40b)
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Algorithm 4.2: Q-learning with a generative model
1 input: discount factor γ, reward function r, learning rates {ηt}, number of iterations T ,

initialization Q0.
2 for t = 1, 2, · · · , T do
3 draw a sample st(s, a) ind.∼ P (· | s, a) for each (s, a) ∈ S ×A.

/* stochastic approximation. */
4 update Qt according to

Qt = (1− ηt)Qt−1 + ηtTt(Qt−1), (4.42)

where for every (s, a) pair, the (s, a)-th entry of Tt(Qt−1) is

Tt(Qt−1)(s, a) = r(s, a) + γmax
a′∈A

Qt−1
(
st(s, a), a′

)
. (4.43)

This version of Q-learning is commonly referred to as synchronous Q-learning, since all entries
of the Q-function are updated simultaneously at each iteration. In addition, the corresponding
estimate for the optimal value function, Vt : S → R, can be computed as

∀s ∈ S : Vt(s) := max
a∈A

Qt(s, a) (4.41)

at iteration t. The complete description of the Q-learning procedure is summarized in Algorithm 4.2.

4.3.2 Theoretical guarantees

Having established the minimax optimality of TD learning over the accuracy range covered by the
minimax lower bound, which can be viewed as a special case of Q-learning with number of actions
A = 1, it is natural to conjecture that Q-learning should likewise attain near-optimal performance.
However, this intuition breaks down when A ≥ 2, as the multi-action setting fundamentally alters the
situation. We make this precise via the following ℓ∞-based sample complexity bound for Q-learning.

To state the result, we need to specify the learning rate schedule. In particular, we choose
deterministic learning rates satisfying

1
1 + c1(1−γ)T

log3 T

≤ ηt ≤
1

1 + c2(1−γ)t
log3 T

, 0 ≤ t ≤ T (4.44)

for some universal constants c1 ≥ c2 > 0. Similar to the discussions in Section 4.2.2, such choices
encompass both constant and rescaled linear learning rates (when appropriately chosen). The
theorem below presents the state-of-the-art sample complexity analysis for Q-learning, originally
established by Li et al. (2024a). In fact, it further extends the results of Li et al. (2024a) by
broadening the admissible range of ε from (0, 1] to the full range through a refined — and, indeed,
simpler — analysis.

Theorem 4.6 (Extension of Li et al., 2024a). Consider any δ ∈ (0, 1), ε ∈ (0, 1
1−γ

]
, γ ∈ [1/2, 1), and

A ≥ 2. Suppose that the deterministic learning rates satisfy (4.44) for some small enough universal
constants c1 ≥ c2 > 0, and that the total number of iterations T ≥ 2 satisfies

T ≥ c3
(

log4 T
)(

log SAT
δ

)

(1− γ)4ε2 (4.45)
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for some large enough universal constant c3 > 0. If the initialization obeys 0 ≤ Q0(s, a) ≤ 1
1−γ for

every (s, a) ∈ S ×A, then with probability at least 1− δ, Q-learning (cf. Algorithm 4.2) achieves

∀(s, a) ∈ S ×A :
∣∣QT (s, a)−Q⋆(s, a)

∣∣ ≤ ε.

Remark 4.2 (Mean estimation guarantee). The high-probability guarantee in Theorem 4.6 can be
readily converted into a bound on the mean estimation error. In light of the crude upper bound∣∣QT (s, a)−Q⋆(s, a)

∣∣ ≤ 1
1−γ , one can take δ = ε(1− γ)/2 to obtain

E
[

max
(s,a)∈S×A

∣∣QT (s, a)−Q⋆(s, a)
∣∣
]
≤ ε(1− δ) + 1

1− γ δ ≤ 2ε,

provided that the total number of iterations obeys

T ≥
c3
(

log4 T
)(

log 2SAT
ε(1−γ)

)

(1− γ)4ε2 .

In essence, Theorem 4.6 develops a non-asymptotic upper bound on the iteration complexity of
Q-learning in the presence of the generative model. Recognizing that SA independent samples are
drawn in each iteration — yielding a total of SAT samples overall — we can readily translate this
result into the following sample complexity bound

Õ

(
SA

(1− γ)4ε2

)
, (4.46)

which suffices for Q-learning to achieve ε-accuracy (for 0 < ε ≤ 1/(1− γ)) in the entrywise sense.

We provide further discussion about the learning rate choices. When T ≍ (log4 T )
(

log SAT
δ

)

(1−γ)4ε2 ,
Condition (4.44) permits adopting the constant learning rates

ηt ≡
1

1 + c1(1−γ)T
log3 T

= Õ
(
(1− γ)3ε2), 0 ≤ t ≤ T,

depending almost solely on the discount factor γ and the target accuracy ε. Interestingly, both
constant and rescaled linear learning rates satisfying (4.44) lead to the same sample complexity
bound (in an order-wise sense), offering flexibility and robustness for practical use.

Nevertheless, the sample complexity bound in (4.46), over the accuracy range covered by
Theorem 3.7, fails to match the minimax lower bound stated there. More specifically, the sample
complexity bound of Q-learning incurs an additional Õ

( 1
1−γ

)
multiplicative factor compared to what

is achievable by its model-based counterpart (cf. Theorem 3.2 (Li et al., 2024c)). In sharp contrast
to the A = 1 regime — where TD learning attains near-optimal performance — the presence of
multiple actions (A ≥ 2) appears to degrade the sample optimality of Q-learning.

4.3.3 Tightness and suboptimality

The gap between the upper bound in Theorem 4.6 and the minimax lower bound in Theorem 3.7
naturally raises the following questions: can the sample complexity upper bound for Q-learning be
further improved, or is there an inherent bottleneck that prevents plain Q-learning from achieving
optimal data efficiency? As it turns out, the horizon dependence in Theorem 4.6 is sharp in the
regime of the lower bound below, which shows that Q-learning is provably suboptimal when there
are at least two actions. This is confirmed by the lower bound below, originally established by Li
et al. (2024a).
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Theorem 4.7 (Li et al., 2024a). Assume that 3/4 ≤ γ < 1 and T ≥ c3
(1−γ)2 for some sufficiently large

constant c3 > 0. Suppose that the initialization is Q0 ≡ 0, and that the learning rates are taken to
be either (i) ηt = 1

1+cη(1−γ)t for any constant cη > 0 for all t ≥ 0, or (ii) ηt ≡ η ∈ (0, 1) for all t ≥ 0.
There exists a γ-discounted MDP with S = 4 and A = 2 such that Q-learning (cf. Algorithm 4.2)
obeys

max
s∈S

E
[∣∣VT (s)− V ⋆(s)

∣∣2
]
≥ clb

(1− γ)4T log2 T
(4.47)

for some universal constant clb > 0.

It is noteworthy that establishing an algorithm-specific lower bound requires techniques funda-
mentally different from those used in information-theoretic analyses (e.g., Fano’s lemma is no longer
useful here). Although the hard MDP instance constructed in the proof of this theorem is partially
inspired by the one in Section 3.4 for deriving minimax lower bounds, the technical approach is
drastically different. We defer the proof of this theorem to Section 4.8, which requires carefully
tracking the dynamics of Q-learning throughout its execution.

We now discuss the implications of the algorithm-dependent lower bound established in The-
orem 4.7. This result shows that plain Q-learning cannot achieve ε-accuracy, in the sense that
maxs E

[∣∣VT (s)− V ⋆(s)
∣∣2] ≤ ε2, unless the number of iterations already exceeds

Ω̃
( 1

(1− γ)4ε2

)
,

within the iteration regime of Theorem 4.7, when either constant or rescaled linear learning rates
are used. This is a lower bound for the stated mean-square criterion; it does not assert a matching
high-probability lower bound over the entire enlarged accuracy interval. As a consequence, the upper
bound for Q-learning derived in Theorem 4.6 is tight in its dependence on the effective horizon 1

1−γ
when A ≥ 2. Crucially, this lower bound reveals an inherent suboptimality of plain Q-learning: its
horizon dependence is provably worse than the minimax rate by a multiplicative factor of 1

1−γ (up
to logarithmic factors) once there are at least two actions.

We note that the potential suboptimality of Q-learning has been recognized in the literature
since its early development. A commonly cited explanation attributes such limitations to the over-
estimation of Q-values arising from the use of the max operator applied to empirical estimates
(see, e.g., Thrun and Schwartz (1993), Hasselt (2010), and Van Hasselt et al. (2016)). Informally
speaking, even in the idealistic scenario where Qt−1 forms a nearly unbiased estimate of Q⋆, taking
the maximum over actions can introduce an inherent positive bias, that is,

E
[

max
a′∈A

Qt−1(s, a′)
]
≥ max

a′∈A
E
[
Qt−1(s, a′)

] ≈ max
a′∈A

E
[
Q⋆(s, a′)

]
,

where maxa′∈AQt−1(s, a′) is a key term in the empirical Bellman operator Tt(Qt−1). In this sense,
Theorems 4.6 and 4.7 taken together can be viewed as quantifying the impact of over-estimation on
the sample complexity and convergence rate of plain Q-learning. A more quantitative comparison
between over-estimation and under-estimation errors is provided towards the end of Section 4.3.5.

4.3.4 Analysis: a first attempt

Before presenting the proof of Theorem 4.6, we first illustrate how to establish a looser upper bound
Õ
( 1

(1−γ)5ε2
)

on the iteration complexity, which exceeds the advertised bound in Theorem 4.6 by a
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multiplicative factor of 1
1−γ . Although suboptimal, this result features a simpler proof and introduces

the error decomposition and comparison argument that we shall refine in the next subsection.
Akin to the analysis of TD learning, we adopt the vector and matrix notation introduced in

Section 2.1.5, allowing us to express the Q-learning update rule (4.40) as

Qt = (1− ηt)Qt−1 + ηt
(
r + γPtVt−1

)
. (4.48)

Here, the empirical transition matrix Pt ∈ {0, 1}SA×S is defined as

∀(s, a, s′) ∈ S ×A× S : Pt
(
(s, a), s′

)
:=





1, if s′ = st(s, a),
0, otherwise,

(4.49)

and the vector Vt ∈ RS is defined as Vt(s) = maxaQt(s, a) for all s ∈ S.

Preliminary facts. We begin with a lemma showing that, when initialized properly, each coordinate
of both the Q-function and the value function estimates remains within

[
0, 1

1−γ
]

throughout the
execution of the Q-learning algorithm. Its proof is deferred to Section 4.7.1.

Lemma 4.8. Assume that 0 ≤ Q0(s, a) ≤ 1
1−γ for all (s, a) ∈ S ×A. Then for every t ≥ 0, we have

0 ≤ Qt ≤
1

1− γ 1SA and 0 ≤ Vt ≤
1

1− γ 1S , (4.50a)

provided that 0 ≤ ηt ≤ 1 for all t ≥ 0. As an immediate consequence,

∥Qt −Q⋆∥∞ ≤
1

1− γ for all t ≥ 0. (4.50b)

Additionally, with a slight abuse of notation, we define

η
(t)
i :=





∏t
j=1(1− ηj), if i = 0,

ηi
∏t
j=i+1(1− ηj), if 0 < i < t,

ηt, if i = t,

(4.51)

which captures the cumulative effect of the learning rates over time. Note that this definition differs
from the TD counterpart in (4.9) in that it does not include the factor 1− γ. For the remainder of
this subsection and the sharp analysis that follows, we set

η := min
{

1, 2 log3 T

c2(1− γ)T

}
. (4.52)

The lemma below collects some useful properties of η(t)
i , with its proof deferred to Section 4.7.2.

Lemma 4.9. Let η be defined in (4.52). For ⌊T/2⌋ < i ≤ t ≤ T , the weights (4.51) satisfy

0 ≤ η(t)
i ≤ ηi ≤ η and

t∑

i=⌊T/2⌋+1

(
η

(t)
i

)2 ≤ η. (4.53)

Moreover, it holds that
t∑

i=τ
η

(t)
i =





1−∏t
j=τ (1− ηj), if 1 ≤ τ ≤ t,

1, if τ = 0.
(4.54)
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Step 1: decomposing the error Qt −Q⋆. Define the error sequence

∆t := Qt −Q⋆. (4.55)

By the update rule (4.48) and the Bellman optimality equation Q⋆ = r + γPV ⋆, we can decompose

∆t = (1− ηt)Qt−1 + ηt
(
r + γPtVt−1

)−Q⋆

= (1− ηt)
(
Qt−1 −Q⋆

)
+ ηt

(
r + γPtVt−1 −Q⋆

)

= (1− ηt)∆t−1 + γηt
(
PtVt−1 − PV ⋆)

= (1− ηt)∆t−1 + γηtPt(Vt−1 − V ⋆) + γηt(Pt − P )V ⋆. (4.56)

Unrolling the recursion (4.56) from iteration ⌊T/2⌋ gives

∆t =
( t∏

j=⌊T/2⌋+1
(1− ηj)

)
∆⌊T/2⌋ + γ

t∑

i=⌊T/2⌋+1
η

(t)
i Pi(Vi−1 − V ⋆)

+ γ
t∑

i=⌊T/2⌋+1
η

(t)
i (Pi − P )V ⋆

︸ ︷︷ ︸
=: ξt

, ⌊T/2⌋ < t ≤ T. (4.57)

This identity decomposes the estimation error into three components: the error inherited from the
previous ⌊T/2⌋ iterations, the estimation error propagated thereafter, and the fluctuation term ξt,
which we tackle separately below.

Step 2: controlling the estimation error without fluctuations. Given that

∥Vi−1 − V ⋆∥∞ ≤ ∥Qi−1 −Q⋆∥∞ = ∥∆i−1∥∞,

combining (4.57) with the basic properties ∥Pi∥1 = 1 and ∥∆⌊T/2⌋∥∞ ≤ 1
1−γ implies that

∥∆t∥∞ ≤
1

1− γ
t∏

j=⌊T/2⌋+1
(1− ηj) + γ

t∑

i=⌊T/2⌋+1
η

(t)
i ∥∆i−1∥∞ + ∥ξt∥∞. (4.58)

To analyze this recursion, we introduce an auxiliary sequence that captures, in some sense, the
deterministic part of the estimation error. Set c⌊T/2⌋ := 1

1−γ , and for all t obeying ⌊T/2⌋ < t ≤ T ,
define recursively that

ct := 1
1− γ

t∏

j=⌊T/2⌋+1
(1− ηj) + γ

t∑

i=⌊T/2⌋+1
η

(t)
i ci−1. (4.59)

Clearly, ct satisfies similar recursion as the deterministic part of (4.58), with the fluctuation term
∥ξt∥∞ omitted. Recalling from (4.51) that η(t)

i = (1 − ηt)η(t−1)
i for i < t and η

(t)
t = ηt, one can

rewrite the last summand in (4.59) to derive

ct = (1− ηt)ct−1 + γηtct−1 =
(
1− ηt(1− γ)

)
ct−1.

Iterating this scalar relation yields

ct = 1
1− γ

t∏

i=⌊T/2⌋+1

(
1− ηi(1− γ)

)
, ⌊T/2⌋ ≤ t ≤ T, (4.60)
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where an empty product equals one. Informally speaking, ct reflects the error obtained by propagating
the initial bound ∥∆⌊T/2⌋∥∞ ≤ (1− γ)−1 through the recursion (4.58) after setting ∥ξt∥∞ = 0. In
particular, the factor 1 − ηi(1 − γ) captures the contraction factor governing the propagation of
initialization error, analogous to the factor appearing in the TD bound (4.15).

Step 3: accounting for the effect of fluctuations. We still need to take into account the fluctuation
terms in (4.58). Towards this end, we now show that these fluctuations affect the estimation error
only through their largest magnitude over time. More precisely, we claim that

∥∆t∥∞ ≤ ct + 1
1− γ max

⌊T/2⌋<i≤T
∥ξi∥∞ for all ⌊T/2⌋ ≤ t ≤ T. (4.61)

We prove this claim (4.61) by induction. The base case with t = ⌊T/2⌋ follows from Lemma 4.8 and
c⌊T/2⌋ = (1− γ)−1. Suppose the claim holds at all iterations prior to t. Substituting this bound into
(4.58), and using (4.59) and (4.54), we arrive at

∥∆t∥∞ ≤ ct + γ

1− γ max
⌊T/2⌋<j≤T

∥ξj∥∞


1−

t∏

j=⌊T/2⌋+1
(1− ηj)


+ ∥ξt∥∞

≤ ct + 1
1− γ max

⌊T/2⌋<j≤T
∥ξj∥∞


1− γ

t∏

j=⌊T/2⌋+1
(1− ηj)




≤ ct + 1
1− γ max

⌊T/2⌋<j≤T
∥ξj∥∞,

where in the second inequality we use the fact γ
1−γ (1−C) + 1 = 1−γC

1−γ for any C > 0. This completes
the induction, thus establishing (4.61).

Step 4: bounding the size of fluctuations ξt. In order to make use of (4.61), we need to control the
sizes of the fluctuation terms {ξt}. For each fixed t, the summands in ξt = γ

∑t
i=⌊T/2⌋+1 η

(t)
i (Pi−P )V ⋆

form a martingale difference sequence. Since 0 ≤ V ⋆ ≤ (1− γ)−11S , it follows that

γ
∣∣η(t)
i (Pi − P )V ⋆

∣∣ ≤ γ η
(t)
i

(1− γ) .

Applying the Azuma-Hoeffding inequality (see Lemma 2.8) to each coordinate of ξt, followed by
a union bound over all SA coordinates and all ⌊T/2⌋ < t ≤ T , we can demonstrate that with
probability at least 1− δ,

∥ξt∥∞ ≤
γ

1− γ

√√√√√2
t∑

i=⌊T/2⌋+1

(
η

(t)
i

)2 log 4SAT
δ

≤
γ
√

2η log 4SAT
δ

1− γ for all ⌊T/2⌋ < t ≤ T, (4.62)

where the last inequality follows from Lemma 4.9.
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Step 5: bounding the term cT . To finish the proof, it remains to bound cT in (4.61). By (4.60)
and the elementary inequality 1− x ≤ e−x, one has

cT ≤
1

1− γ exp
{
− (1− γ)

T∑

i=⌊T/2⌋+1
ηi

}
. (4.63)

From the sample-size condition (4.45), it is easy to verify that log T ≥ 4 and (1 − γ)T ≥ log3 T .
Consequently, taking c1 ≤ 1, the learning rate bound in (4.44) implies that

ηi ≥
1

1 + c1(1− γ)T/ log3 T
≥ log3 T

2(1− γ)T , ⌊T/2⌋ < i ≤ T,

which in turn yields

(1− γ)
T∑

i=⌊T/2⌋+1
ηi ≥ (1− γ)T2 ·

log3 T

2(1− γ)T = 1
4 log3 T ≥ 4 log T.

Substitution into (4.63) leads to

cT ≤
1

(1− γ)T 4 .

Step 6: putting all this together. With the above bound on cT in place, we can combine it with
(4.62) and (4.61) to conclude that, with probability at least 1− δ,

∥QT −Q⋆∥∞ ≤
1

(1− γ)T 4 +
γ
√

2η log 4SAT
δ

(1− γ)2 ≲

√
(log3 T )

(
log SAT

δ

)

(1− γ)5T
. (4.64)

This in turn establishes the iteration complexity bound Õ
( 1

(1−γ)5ε2
)
.

Discussion. As alluded to previously, the bound (4.64), while admitting a concise proof, is loose
by a factor of 1

1−γ . The gap stems from the use of the Azuma–Hoeffding inequality in controlling ξt,
which relies solely on coarse magnitude bounds on the summands and fails to capture the variance
structure inherent in the discounted infinite-horizon MDP. To obtain sharper guarantees, it is
therefore essential to exploit this variance structure through more refined martingale concentration
techniques, such as the Freedman inequality (see Lemma 2.9). However, even after incorporating
this refinement, significant challenges remain: the resulting recursive relation becomes considerably
more intricate and requires new analytical ideas to handle. These developments are the focus of the
next subsection.

4.3.5 Sharp analysis: proof of Theorem 4.6

We now present the full proof of Theorem 4.6, building in part on the ideas developed in the
suboptimal analysis in Section 4.3.4. A key new idea is to introduce auxiliary comparison functions
inspired by distributionally robust Bellman operators — a topic that we will revisit in detail in
Section 7.1 — with uncertainty sets carefully calibrated to capture the variance of the sampling
noise.
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Preliminaries: distributional robustness. Before embarking on the analysis of Q-learning, we first
single out some properties of distributionally robust RL, which may seem unrelated at first glance
but will play a pivotal role in our sharp analysis. In contrast to the standard Bellman operator,
which uses a single nominal transition kernel, a distributionally robust Bellman operator optimizes
the expected value over a prescribed uncertainty set of plausible transition kernels. The following
lemma characterizes how a χ2-based uncertainty set induces a variance-dependent deviation from
the nominal Bellman update. The proof is deferred to Section 4.7.3.

Lemma 4.10. For any p ∈ ∆(S) and ρ > 0, define

Uρ(p) :=
{
q ∈ ∆(S) : χ2(q ∥ p) ≤ ρ, q(s) = 0 whenever p(s) = 0

}
, (4.65)

where χ2(· ∥ ·) is the χ2 divergence defined in (1.2c). The following properties hold.

(i) For any V ∈ RS satisfying maxs V (s)−mins V (s) ≤ 1/(1− γ), one has
√
ρVarp(V )− ρ

1− γ ≤ sup
q ∈Uρ(p)

q⊤V − p⊤V ≤
√
ρVarp(V ). (4.66)

The same bounds hold for p⊤V − infq ∈Uρ(p) q
⊤V .

(ii) Consider an MDP with the same rewards and discount factor as the original MDP, but with
transition kernel P ′ obeying P ′(· | s, a) ∈ Uρ

(
P (· | s, a)

)
for every (s, a) ∈ S × A. Its optimal

Q-function, denoted by Q⋆,P ′ , satisfies
∥∥Q⋆,P ′ −Q⋆

∥∥
∞ ≤

√
ργ

2(1− γ)3 . (4.67)

In words, part (i) of Lemma 4.10 shows that the largest change in the expected value over a χ2-
uncertainty set is controlled by the standard deviation, while part (ii) shows that the corresponding
perturbation changes the optimal Q-function by only a controlled amount. As we will shortly
see, these two properties allow us to construct auxiliary comparison functions that capture the
variance-dependent fluctuations while remaining close to the optimal Q-function Q⋆.

Step 1: constructing comparison functions based on robust Bellman operators. We now leverage
the above types of uncertainty sets to construct auxiliary comparison functions, whose roles will
become clear momentarily. As detailed below, we employ χ2-based perturbations of the transition
kernels to capture the variance-dependent fluctuations, while using a constant reward shift to provide
additional slack.

More precisely, set
ρ := 8η log 4SAT

δ
and b := 2ρ

1− γ , (4.68)

where η is defined in (4.52). For any Q : S ×A → R, let VQ(s) := maxa∈AQ(s, a) for every s ∈ S,
and define the operators T + and T − such that, for every (s, a) ∈ S ×A,

[T +(Q)
]
(s, a) := r(s, a) + b+ γ sup

p∈Uρ(Ps,a)
p⊤VQ, (4.69a)

[T −(Q)
]
(s, a) := r(s, a)− b+ γ inf

p∈Uρ(Ps,a)
p⊤VQ. (4.69b)

The lemma below shows that the robust Bellman-type operators T + and T − are both γ-contractions.
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Lemma 4.11. The operators T + and T − defined in (4.69) satisfy, for any Q, Q̃ : S ×A → R,
∥∥T +(Q)− T +(Q̃)

∥∥
∞ ≤ γ∥Q− Q̃∥∞, (4.70a)

∥∥T −(Q)− T −(Q̃)
∥∥
∞ ≤ γ∥Q− Q̃∥∞. (4.70b)

Proof of Lemma 4.11. For every p ∈ ∆(S), it is readily seen that
∣∣p⊤VQ − p⊤VQ̃

∣∣ ≤
∥∥VQ − VQ̃

∥∥
∞ ≤

∥∥Q− Q̃
∥∥
∞.

Using the elementary inequality
∣∣∣ supp∈U f(p)− supp∈U g(p)

∣∣∣ ≤ supp∈U |f(p)− g(p)|

we obtain, for every (s, a) ∈ S ×A,
∣∣∣
[T +(Q)

]
(s, a)− [T +(Q̃)

]
(s, a)

∣∣∣ ≤ γ
∥∥Q− Q̃

∥∥
∞.

Taking the maximum over (s, a) proves (4.70a). The proof of (4.70b) is analogous and is therefore
omitted for brevity.

Given the γ-contraction property of both T + and T −, we can define Q+ (resp. Q−) to be
the unique fixed point of T + (resp. T −). Writing V +(s) := maxa∈AQ+(s, a) and V −(s) :=
maxa∈AQ−(s, a) for every s ∈ S, we arrive at

Q+(s, a) = r(s, a) + b+ γ sup
p∈Uρ(Ps,a)

p⊤V +, (4.71a)

Q−(s, a) = r(s, a)− b+ γ inf
p∈Uρ(Ps,a)

p⊤V −. (4.71b)

As we will shortly see, the fixed points Q+ and Q− will serve as upper and lower comparison
functions for the Q-learning iterates, respectively.

Before continuing, let us record a range bound that will be useful later. Subtracting the constant
b/(1− γ) from (4.71a) yields, for every (s, a) ∈ S ×A,

Q+(s, a)− b

1− γ = r(s, a) + γ sup
p∈Uρ(Ps,a)

p⊤
(
V + − b

1− γ 1S
)
. (4.72)

Given that each uncertainty set is compact, we can choose a maximizer P+
s,a ∈ Uρ(Ps,a) for each

(s, a). Let P+ denote the transition kernel whose (s, a)-th row is P+
s,a. With this choice, (4.72) is

the Bellman optimality equation for an MDP with reward function r and transition kernel P+. By
uniqueness of the solution to the Bellman equation, the corresponding optimal Q-function is

Q⋆,P
+ = Q+ − b

1− γ 1SA. (4.73)

Since the rewards lie in [0, 1], one immediately obtains

0 ≤ Q+ − b

1− γ 1SA ≤
1

1− γ 1SA. (4.74)

Moreover, adding a constant does not change the range of a function. Therefore,

max
s
V +(s)−min

s
V +(s) ≤ 1

1− γ . (4.75)

Applying the same argument to T − yields the corresponding range bounds for Q− and V −.
Importantly, all four functions, Q+, Q−, V +, and V −, are deterministic and do not depend on the
sampled transitions.
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Step 2: decomposing the estimation error using the comparison functions. We now explain
the role of the comparison function Q+ in (4.71). We focus on the upper bound; the lower bound
follows by an analogous argument using Q−. Decompose the estimation error as

∆t = (Qt −Q+) + (Q+ −Q⋆). (4.76)

This decomposition separates the analysis into two parts: controlling the Q-learning iterates relative
to Q+, and controlling the distance between Q+ and the true optimal Q-function. To control the
latter, combining Lemma 4.10 with property (4.74) gives

∥∥Q+ −Q⋆
∥∥
∞ ≤

∥∥Q⋆,P+ −Q⋆
∥∥
∞ +

∥∥Q⋆,P+ −Q+∥∥
∞

≤
√

γρ

2(1− γ)3 + 2ρ
(1− γ)2 , (4.77)

where we recall the definition of Q⋆,P+ in (4.73) and the choice of b in (4.68).
Now we turn to the first term in (4.76). Subtracting Q+ from the update (4.48), and rearranging

as in (4.56), we can demonstrate that

Qt −Q+ = (1− ηt)(Qt−1 −Q+) + γηtPt(Vt−1 − V +)
+ γηt(Pt − P )V + − ηt

(
Q+ − r − γPV +).

The final term can be understood as the Bellman residual of Q+, which we denote as

Q+
res := Q+ − r − γPV +. (4.78)

For t obeying ⌊T/2⌋ < t ≤ T , unrolling the preceding recursion using (4.51) and (4.54) results in

Qt −Q+ =
( t∏

j=⌊T/2⌋+1
(1− ηj)

)
(Q⌊T/2⌋ −Q+) + γ

t∑

i=⌊T/2⌋+1
η

(t)
i Pi(Vi−1 − V +)

+ γ
t∑

i=⌊T/2⌋+1
η

(t)
i (Pi − P )V +

︸ ︷︷ ︸
=: ξ+

t

−
(

1−
t∏

j=⌊T/2⌋+1
(1− ηj)

)
Q+

res. (4.79)

Here, ξ+
t is the martingale fluctuation that reflects the randomness of the transition samples when

the deterministic comparison value function V + is used. Importantly, the comparison function Q+

is constructed so that its Bellman residual can absorb this fluctuation term ξ+
t . In particular, if

|ξ+
t | ≤ Q+

res (4.80)

holds componentwise for all ⌊T/2⌋ < t ≤ T , then the last two terms in (4.79) satisfy

ξ+
t −

(
1−

t∏

j=⌊T/2⌋+1
(1− ηj)

)
Q+

res ≤
( t∏

j=⌊T/2⌋+1
(1− ηj)

)
Q+

res.

Thus, these two terms combine into a contribution weighted by the initial contraction factor.
The remaining propagated error can then be controlled by an induction analogous to the one in
Section 4.3.4. We verify next that Q+

res indeed dominates ξ+
t .
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Step 3: controlling the fluctuation term. We next verify the condition (4.80). The key observation
is that: since V + is deterministic, the fluctuation term ξ+

t is a martingale sum with a variance that
can be expressed directly in terms of VarP (V +). We then show that the Bellman residual of Q+ is
large enough to dominate this fluctuation.

More precisely, for each fixed t, the quantity ξ+
t is a sum of martingale differences, which can be

bounded via Freedman’s inequality (cf. Lemma 2.9). For a fixed coordinate (s, a), write

ξ+
t (s, a) =

t∑

i=⌊T/2⌋+1
Z+
i , with Z+

i := γη
(t)
i

[
(Pi − P )V +](s, a).

As before, let Ei denote conditional expectation given the history through iteration i. Since V + is
deterministic and Ei−1[Pi] = P , it follows that

Ei−1[Z+
i ] = 0, |Z+

i | ≤
γη

1− γ ,
t∑

i=⌊T/2⌋+1
Vari−1(Z+

i ) = γ2
t∑

i=⌊T/2⌋+1

(
η

(t)
i

)2VarPs,a(V +) ≤ γ2η VarPs,a(V +).

Here, the bound on |Z+
i | follows because each coordinate of (Pi − P )V + is bounded by the range of

V +, which is at most 1
1−γ by (4.75). The last inequality arises from (4.53). Applying Freedman’s

inequality (Lemma 2.9) with K0 = 1, followed by a union bound over all SA coordinates and all
⌊T/2⌋ < t ≤ T , we can show that, with probability at least 1− δ/2,

|ξ+
t | ≤ γ

√
ρVarP (V +) + γρ

6(1− γ)1SA, for ⌊T/2⌋ < t ≤ T, (4.81)

where we recall the choice of ρ in (4.68).
It remains to show that Q+

res dominates the right-hand side of (4.81). Substituting (4.71) into
the definition of Q+

res gives, for every (s, a),

Q+
res(s, a) = b+ γ

(
sup

p∈Uρ(Ps,a)
p⊤V + − Ps,aV +

)
.

Applying part (i) of Lemma 4.10, and using b = 2ρ
1−γ together with the range bound (4.75), we reach

γ
√
ρVarP (V +) + (2− γ)ρ

1− γ 1SA ≤ Q+
res ≤

2ρ+√ρ
1− γ 1SA, (4.82)

where for the upper bound, we used VarPs,a(V +) ≤ (1 − γ)−2 and γ ≤ 1. Since 2 − γ ≥ γ/6,
combining (4.81) and (4.82), we conclude that

|ξ+
t | ≤ Q+

res for all ⌊T/2⌋ < t ≤ T (4.83)

holds with probability at least 1− δ/2. This establishes the absorption condition (4.80) discussed in
Step 2.

Step 4: propagating the comparison bound through Q-learning iterates. We now use the residual
bound from Step 3 to control the Q-learning iterates relative to the comparison function Q+.
Substituting (4.83) into (4.79) yields, componentwise,

Qt −Q+ ≤
( t∏

j=⌊T/2⌋+1
(1− ηj)

)(
Q⌊T/2⌋ −Q+ +Q+

res
)

+ γ
t∑

i=⌊T/2⌋+1
η

(t)
i Pi(Vi−1 − V +). (4.84)
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The residual has therefore been absorbed into the initial term, leaving a recursion of the same
form as the one analyzed in Section 4.3.4. Moreover, by Lemma 4.8, Q⌊T/2⌋ is bounded above by
(1− γ)−11SA, while Q+ ≥ 0. Combining these facts with the upper bound in (4.82) gives

Q⌊T/2⌋ −Q+ +Q+
res ≤

1 + 2ρ+√ρ
1− γ 1SA.

To propagate this bound through the remaining recursion, we find it convenient to define

c̃t :=
1 + 2ρ+√ρ

1− γ
t∏

i=⌊T/2⌋+1

(
1− ηi(1− γ)

)
, ⌊T/2⌋ ≤ t ≤ T, (4.85)

where an empty product equals one. Applying the same induction used to establish (4.61) in
Section 4.3.4 — now with (4.84) as the recursive inequality and c̃t as the corresponding radius —
and using (4.54) together with ∥Pi∥1 = 1, we arrive at

Qt ≤ Q+ + c̃t1SA, ⌊T/2⌋ ≤ t ≤ T. (4.86)

Thus, the Q-learning iterates are controlled by the comparison function Q+ up to a term that
contracts at rate 1− ηi(1− γ). Combining (4.77) and (4.86) with (4.76) gives

∆T ≤
1 + 2ρ+√ρ

1− γ
T∏

i=⌊T/2⌋+1

(
1− ηi(1− γ)

)
1SA

+
(√

γρ

2(1− γ)3 + 2ρ
(1− γ)2

)
1SA. (4.87)

Additionally, applying the same argument to the lower comparison function Q− yields an upper
bound on −∆T of the same form. Combining the resulting upper and lower bounds, we conclude
that, with probability at least 1− δ,

∥∆T ∥∞ ≤
1 + 2ρ+√ρ

1− γ
T∏

i=⌊T/2⌋+1

(
1− ηi(1− γ)

)

+
√

γρ

2(1− γ)3 + 2ρ
(1− γ)2 . (4.88)

Step 5: completing the proof. We now verify that the right-hand side of (4.88) is at most ε under
the sample-size condition (4.45).

First, we bound the two terms involving ρ. Since SAT/δ ≥ 2,

log 4SAT
δ
≤ 3 log SAT

δ
.

Therefore, the choice (4.68) of ρ, together with (4.52) and the sample-size condition (4.45), gives

ρ ≤ 48(log3 T ) log SAT
δ

c2(1− γ)T ≤ 48ε2(1− γ)3

c2c3 log T . (4.89)

Consequently,
√

γρ

2(1− γ)3 ≤ 2ε
√

6
c2c3 log T ≤

ε

4 ,
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2ρ
(1− γ)2 ≤

96ε2(1− γ)
c2c3 log T ≤ ε

4 ,

provided that the universal constants are chosen sufficiently large.
It remains to bound the first term on the right-hand side of (4.88). Comparing (4.85) with (4.60)

gives
c̃T = (1 + 2ρ+√ρ)cT .

The preceding estimates imply ρ ≤ 1/16, and hence
1 + 2ρ+√ρ ≤ 2.

Using the bound on cT established at the end of Section 4.3.4, we obtain

c̃T ≤ 2cT ≤
2

(1− γ)T 4 ≤
ε

2 .

Here, the last inequality makes use of T ≥ 2 and

ε ≥ 1
(1− γ)

√
T
,

which follows from the sample-size condition (4.45), provided that the constant c3 is sufficiently
large. Combining the three bounds with (4.88) yields

∥QT −Q⋆∥∞ ≤ ε
with probability at least 1− δ, thereby completing the proof.

Discussion: over-estimation vs. under-estimation. Before concluding this subsection, we highlight
an important difference between over-estimation and under-estimation in Q-learning. Consider
an auxiliary TD-type iteration Q̃t that employs the same initialization and transition samples
as Q-learning, but follows a deterministic optimal policy π⋆ instead of maximizing over actions.
Since Qπ⋆ = Q⋆, this auxiliary iteration evaluates the optimal policy. Moreover, because Q-learning
maximizes over actions, one can anticipate that Q̃t ≤ Qt. Hence, the lower deviation of Q-learning
can be bounded below by that of the auxiliary TD-type iteration. The TD-learning analysis gives

QT −Q⋆ ≥ Q̃T −Q⋆ ≥ −Õ
(√

1
(1− γ)3T

)
1SA,

which is smaller in magnitude than the leading square-root term in the corresponding over-estimation
bound by a factor of 1/

√
1− γ. In other words, over-estimation poses a more significant issue in

Q-learning than under-estimation, an asymmetry reflected both in the proof and in practice.

4.4 Extension: asynchronous Q-learning

As noted previously, the Q-learning algorithm presented in Algorithm 4.2 is commonly referred
to as synchronous Q-learning, reflecting the fact that the Q-values for all state–action pairs are
updated simultaneously at each iteration. Another important practical variant is asynchronous
Q-learning (Tsitsiklis, 1994; Jaakkola et al., 1993), in which only a single state–action pair is updated
per iteration (typically following a Markovian trajectory, to be made precise shortly). Although
the sampling mechanism in asynchronous Q-learning often deviates substantially from that of a
generative model, its core algorithmic ideas and theoretical guarantees remain closely aligned with
those of the synchronous counterpart. For this reason, we introduce this variant in this chapter as a
natural extension of synchronous Q-learning.
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Figure 4.1: In asynchronous Q-learning, one observes a single Markovian trajectory {(st, at)}t≥0 induced by a fixed
behavior policy πb, and updates the Q-estimate sequentially according to it.

4.4.1 Learning from Markovian samples

In contrast to the generative model setting, asynchronous Q-learning is most commonly applied
in settings where samples are collected along a Markovian trajectory. To be precise, suppose
that we have access to a sample trajectory {(st, at, rt)}∞t=0, generated by the MDP of interest
M = {S,A, P, r, γ} under a stationary behavior policy πb — so called because this policy dictates
the actual “behavior” in generating this sample trajectory. Starting from an initial state s0, this
trajectory evolves sequentially as

at ∼ πb(· | st), rt = r(st, at), st+1 ∼ P (· | st, at), t ≥ 0; (4.90)

see Figure 4.1 for an illustration. When πb is stationary, the process {(st, at)}∞t=0 can be viewed
as a sample path of a time-homogeneous Markov chain. Notably, the behavior policy πb may
differ substantially from the target optimal policy π⋆. Throughout this section, we assume that
asynchronous Q-learning operates on this single Markovian trajectory, with sample complexity
naturally measured by the length of the observed trajectory required to achieve a prescribed level of
accuracy.

4.4.2 Algorithm: asynchronous Q-learning

We now introduce the asynchronous Q-learning algorithm, in which only the state–action pair
visited along the Markovian trajectory is updated at each iteration. Specifically, given the Markovian
trajectory {st, at, rt}∞t=0 generated by the behavior policy πb, the asynchronous Q-learning algorithm
maintains a Q-function estimate Qt : S ×A → R at each time t ≥ 0 and updates only one entry at
each iterate as follows:

Qt(st−1, at−1) = (1− ηt)Qt−1(st−1, at−1) + ηtTt(Qt−1)(st−1, at−1),
Qt(s, a) = Qt−1(s, a), ∀(s, a) ̸= (st−1, at−1),

(4.91)
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Algorithm 4.3: Asynchronous Q-learning
1 input: discount factor γ, reward function r, learning rates {ηt}, number of iterations T ,

initialization Q0.
2 for t = 1, 2, · · · , T do
3 draw action at−1 ∼ πb(st−1), observe reward r(st−1, at−1), and draw next state

st ∼ P (· | st−1, at−1).
/* stochastic approximation. */

4 update Qt according to

Qt(st−1, at−1) = (1− ηt)Qt−1(st−1, at−1) + ηtTt(Qt−1)(st−1, at−1),
Qt(s, a) = Qt−1(s, a), ∀(s, a) ̸= (st−1, at−1),

where the (st−1, at−1)-th entry of Tt(Q) is given by

Tt(Q)(st−1, at−1) = r(st−1, at−1) + γmax
a′∈A

Q(st, a′).

whereas ηt ∈ (0, 1) represents the learning rate, and Tt denotes the empirical Bellman optimality
operator w.r.t. the t-th sample transition (st−1, at−1, st) of the Markovian trajectory, defined as

Tt(Q)(st−1, at−1) := r(st−1, at−1) + γmax
a′∈A

Q(st, a′). (4.92)

It is self-evident that the term Tt(Q)(st−1, at−1) at iteration t can be viewed as a stochastic, unbiased
estimate of the deterministic quantity T (Qt−1)(st−1, at−1), where T (·) is the Bellman optimality
operator defined in (2.13). Consequently, the update of Qt(st−1, at−1) follows the paradigm of
stochastic approximation, and asynchronous Q-learning can also be interpreted as a stochastic
approximation scheme for computing the fixed point of the Bellman optimality operator. The
corresponding value function estimate Vt : S → R at time t is again given by

∀s ∈ S : Vt(s) := max
a∈A

Qt(s, a).

It is worth emphasizing that, at each time t, only a single entry — the one corresponding to
the sampled state-action pair (st−1, at−1) — is updated, while all other entries remain unchanged;
see Figure 4.1 for an illustration. At a high level, this procedure resembles coordinate descent
in optimization, with coordinates selected according to a Markov chain (Sun et al., 2020). In
addition, although the initial estimate Q0 can be chosen arbitrarily, we often set Q0(s, a) = 0 for all
(s, a) unless otherwise noted. The complete asynchronous Q-learning algorithm is summarized in
Algorithm 4.3.

4.4.3 Assumptions and key quantities

In contrast to the generative model setting — where one can obtain the same number of samples
across all state–action pairs — it is generally unclear whether a Markovian sample trajectory will
visit every state–action pair sufficiently often. Since insufficient visitation may result in a lack
of critical information, we impose a standard assumption and introduce several key quantities,
commonly used in the analysis of asynchronous Q-learning, to ensure adequate coverage of the
state–action space by the sample trajectory.
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Recall that when the behavior policy πb is stationary, the sequence {(st, at)}∞t=0 forms a time-
homogeneous Markov chain; in what follows, we denote by µπb its stationary distribution. The
following assumption concerns the uniform ergodicity of this chain.

Assumption 4.1. The Markov chain {(st, at)}∞t=0 induced by the behavior policy πb (see (4.90)) is
assumed to be uniformly ergodic.

At a high level, uniform ergodicity ensures that, regardless of the initial state, the Markov chain
eventually “forgets” its starting point and converges to the stationary distribution µπb at a geometric
rate. Consequently, aside from an initial burn-in period, the state–action visitation frequencies can
be well approximated by the stationary distribution µπb . See Paulin (2015, Section 1.2) for a formal
definition of uniform ergodicity and its further implications.

With uniform ergodicity in place, two key quantities characterize, respectively, the information
bottleneck in the stationary distribution and the rate of convergence toward it, both of which are
critical in determining the performance of asynchronous Q-learning.

• The first key quantity is the minimum state–action occupancy probability of the sample
trajectory, defined formally as

µmin := min
(s,a)∈S×A

µπb(s, a). (4.93)

This metric captures the information bottleneck induced by the least-visited state-action pair
along the trajectory. In particular, a smaller µmin indicates poorer coverage of the state-action
space and, consequently, a higher chance that certain state-action pairs are insufficiently
visited, which can adversely affect learning performance.

• The second key quantity is the mixing time associated with the sample trajectory, defined and
denoted by

tmix := min
{
t
∣∣∣ max

(s,a)∈S×A
TV
(
P t(· | s, a), µπb

) ≤ 1
4

}
, (4.94)

where we recall that TV(·, ·) indicates the total-variation distance between two probability
measures. Here, P t(· | s, a) represents the distribution of (st, at) when the sample trajectory
is initialized at (s0, a0) = (s, a). In words, the mixing time characterizes how quickly the
Markov chain can “forget” its initial state, quantifying (the order of) the time required for the
distribution of the trajectory to approach its stationary distribution.

4.4.4 Theoretical guarantees

With the above assumption and key quantities in place, we are now ready to present the state-of-
the-art theoretical guarantees for asynchronous Q-learning, originally established by Li et al., 2024a.
For simplicity, the theorem below adopts a time-invariant learning rate schedule given by

ηt ≡ η = c1 log3 T

(1− γ)Tµmin
, 0 ≤ t ≤ T (4.95a)

for some universal constants 0 < c1 ≤ 1.
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Theorem 4.12 (Li et al., 2024a). Consider any δ ∈ (0, 1), ε ∈ (0, 1], and γ ∈ [1/2, 1). Suppose that
Assumption 4.1 holds, and that the total number of iterations T exceeds

T ≥ c2 log2 (SAT
δ

)

µmin
max

{ log3 T

(1− γ)4ε2 ,
tmix

1− γ

}
(4.95b)

for some sufficiently large universal constant c2 > 0. If the initialization obeys 0 ≤ Q0(s, a) ≤ 1
1−γ

for all (s, a) ∈ S ×A, then asynchronous Q-learning (cf. Algorithm 4.3) with learning rates (4.95a)
achieves

max
(s,a)∈S×A

∣∣QT (s, a)−Q⋆(s, a)
∣∣ ≤ ε

with probability at least 1− δ.

Remark 4.3. As before, this high-probability result can be readily translated into a bound on the
expected ℓ∞-based estimation error with essentially the same sample complexity. We omit the
details here and refer the reader to Li et al., 2024a for details.

Given that each iteration of asynchronous Q-learning uses a single sample transition, Theorem 4.12
demonstrates that, with high probability, the total sample size needed for asynchronous Q-learning
to yield entrywise ε accuracy is

Õ

( 1
µmin(1− γ)4ε2 + tmix

µmin(1− γ)

)
, (4.96)

provided that the learning rates are suitably chosen (see (4.95a)). We next provide several remarks
on the two terms appearing in this bound.

• Dependency on the minimum state-action occupancy. The first term in (4.96) mirrors the
sample complexity of synchronous Q-learning. More specifically, recall that synchronous Q-
learning achieves a sample complexity of Õ

(
SA

(1−γ)4ε2
)

under a generative model (cf. (4.46)). In
comparison, the key distinction here is that the total number of state–action pairs (i.e., SA)
is replaced by 1/µmin for asynchronous Q-learning, in order to account for the non-uniform
visitation frequencies induced by the Markovian sampling process. Moreover, when the target
accuracy ε is sufficiently small, this term becomes the dominant contribution to the sample
complexity of asynchronous Q-learning. The sharpness of this term has been further confirmed
by a matching algorithm-dependent lower bound established in Li et al. (2024a, Theorem 5).

• Dependency on the mixing time. The second term in (4.96) is nearly independent of the
target accuracy (up to logarithmic factors) and can be interpreted as a burn-in time. Roughly
speaking, it reflects the time required for asynchronous Q-learning to effectively emulate
its synchronous counterpart despite the temporal dependence inherent in Markovian data.
Notably, the mixing time of the Markov chain seems to only influence the length of this burn-in
phase and becomes largely immaterial once the trajectory is sufficiently close to its stationary
distribution.

For the sake of brevity, we omit the full proof of Theorem 4.12, and refer to the synchronous
and asynchronous analyses in Li et al. (2024a). Instead, we highlight a key observation that bridges
the analysis of asynchronous and synchronous Q-learning. Specifically, over any time window of
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length T0 = Θ̃
( tmix
µmin

)
, classical concentration inequalities for Markov chains (e.g., Paulin (2015,

Theorem 3.14)) guarantee that each state-action pair (s, a) is visited at least on the order of

T0µπb(s, a) ≥ T0µmin = Θ̃(tmix)

times with high probability. Consequently, it can be anticipated that within each such window
of length Θ̃

( tmix
µmin

)
, the progress made by asynchronous Q-learning is at least comparable to — if

not exceeding — that of Θ̃(tmix) iterations of synchronous Q-learning. This observation suggests a
natural coupling between the two algorithms. When the total number of iterations T is large enough,
the trajectory of asynchronous Q-learning can be partitioned into windows of length Θ̃

( tmix
µmin

)
, each

of which can be compared to Θ̃(tmix) iterations of synchronous Q-learning. Once this correspondence
is established, the performance guarantees for asynchronous Q-learning follow by leveraging the
analysis developed for the synchronous setting. In particular, since synchronous Q-learning requires
Õ
( 1

(1−γ)4ε2
)

iterations to reach ε-accuracy, this argument suggests that asynchronous Q-learning
requires Õ

( 1
µmin(1−γ)4ε2

)
iterations to attain the same level of accuracy, provided that T is large

enough. We refer the interested reader to Li et al. (2024a) for the complete proof.
Before concluding this section, we briefly mention several minor extensions of the above results.

First, careful readers may observe that the learning rate schedule in (4.95a) requires prior knowledge
of the stopping time T and, more importantly, the minimum state–action occupancy probability
µmin. Fortunately, this requirement can be eliminated by adopting a more data-driven, adaptive
learning rate schedule without sacrificing performance; see Li et al. (2022b, Section III.D) for
details. Moreover, it is worth emphasizing that “mixing” is not strictly necessary for the success of
asynchronous Q-learning. The analysis can be readily extended to settings where the Markov chain
underlying the sample trajectory does not mix but instead admits a finite cover time — namely, that
within any time window of length exceeding tcover, the event that all state–action pairs are visited
at least once occurs with probability at least 1/2. In this case, the analysis proceeds by partitioning
the dynamics of asynchronous Q-learning into time windows of length Θ̃(tcover) (rather than those
determined by the mixing time) and analyzing each window separately through comparisons with the
synchronous counterpart. We refer the reader to Li et al. (2022b, Theorem 2) and the accompanying
discussion therein for further details.

4.5 Extension: finite-horizon nonstationary MDPs

We now briefly discuss synchronous Q-learning for finite-horizon nonstationary MDPs. Both the
algorithm and its analysis closely parallel those in the discounted infinite-horizon setting. We
therefore omit the details here and refer interested readers to Li et al. (2021a) for a complete
treatment.

In a nutshell, the algorithm maintains a sequence of Q-function estimates Qt,h : S × A → R
for each iteration t and time step h. At each iteration t, the algorithm updates these estimates
backward from h = H down to 1 via

Qt,h = (1− ηt)Qt−1,h + ηtTt,h(Qt,h+1), (4.97)

where 0 < ηt < 1 denotes the learning rate for the t-th iteration, and Tt,h is the empirical Bellman
operator constructed from samples drawn from the generative model at step h of this iteration.
More concretely, Tt,h is defined as follows:



4.6. Appendix A: proof of auxiliary lemmas in Section 4.2 91

• for each tuple (s, a, h) ∈ S ×A× [H], draw an independent next-state sample

st,h(s, a) ind.∼ Ph(· | s, a);

• compute Tt,h entrywise according to

Tt,h(Qt,h+1)(s, a) := rh(s, a) + max
a′∈A

Qt,h+1
(
st,h(s, a), a′

)
.

In addition, the value function estimate Vt,h : S → R associated with the t-th iterate and step h is
defined as

∀s ∈ S : Vt,h(s) := max
a∈A

Qt,h(s, a). (4.98)

To ensure the desired convergence guarantees, we also assume that the learning rates satisfy
1

1 + c1T
H log2 T

≤ ηt ≤
1

1 + c2t
H log2 T

, 0 ≤ t ≤ T (4.99)

for sufficiently small universal constants c1 ≥ c2 > 0.
The next theorem establishes the ℓ∞-based sample complexity of this synchronous Q-learning

algorithm for finite-horizon MDPs.

Theorem 4.13 (Li et al. (2021a)). Consider any δ ∈ (0, 1) and ε ∈ (0, 1]. Suppose that the learning
rates obey (4.99) and the total number of iterations obeys

T ≥ c3H4( log3 T
)(

log SAT
δ

)

ε2 (4.100)

for some sufficiently large universal constant c3 > 0. If the initialization obeys 0 ≤ Q0,h(s, a) ≤
H + 1 − h for every (s, a, h) ∈ S × A × [H], then the aforementioned synchronous Q-learning
algorithm achieves

∀(s, a, h) ∈ S ×A× [H] :
∣∣QT,h(s, a)−Q⋆h(s, a)

∣∣ ≤ ε

with probability greater than 1− δ.

Recalling that each iteration collects SAH independent samples, Theorem 4.13 indicates that
synchronous Q-learning achieves a sample complexity of

Õ
(SAH5

ε2

)
.

for finite-horizon nonstationary MDPs. Notably, this sample complexity bound is a factor of H larger
than the minimax-optimal complexity (3.87) attained by the model-based approach in Section 3.5,
revealing a suboptimality gap for Q-learning analogous to that observed in the discounted infinite-
horizon setting.

4.6 Appendix A: proof of auxiliary lemmas in Section 4.2

4.6.1 Proof of Lemma 4.2

We would like to apply induction to establish that, for any 0 ≤ t ≤ T ,

0 ≤ Vt ≤
1

1− γ 1S . (4.101)
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Regarding the base case with t = 0, this property is automatically guaranteed by our assumption.
Next, suppose that (4.101) holds true for the (t − 1)-th iteration. Recalling that 0 ≤ ηt ≤ 1,
0 ≤ rπ ≤ 1S , Pt ≥ 0 and ∥Pt∥1 = 1, one can invoke the update rule (4.8) to show that

Vt = (1− ηt)Vt−1 + ηt(rπ + γPtVt−1) ≥ 0

and

Vt = (1− ηt)Vt−1 + ηt(rπ + γPtVt−1)
≤ (1− ηt) ∥Vt−1∥∞1S + ηt

(∥rπ∥∞ + γ∥Pt∥1∥Vt−1∥∞
)
1S

≤ (1− ηt)
1

1− γ 1S + ηt
(
1 + γ

1− γ
)
1S = 1

1− γ 1S .

This establishes (4.101) for the t-th iteration, which completes the induction argument for proving
(4.101). Moreover, taking together (4.101) and the fact that 0 ≤ V π ≤ 1

1−γ 1S immediately reveals
that

∥Vt − V π∥∞ ≤
1

1− γ .

4.6.2 Proof of Lemma 4.3

Suppose that t ≥ T/(c2 log T ). We divide into two cases.

• For any 0 ≤ k ≤ t/2, it follows from the definition (4.9) of η(t)
k as well as the condition 0 < ηk < 1

that

η
(t)
k ≤

t∏

i=t/2+1

(
1− ηi(1− γ)

) (i)
≤
(
1− log2 T

2c1T

)t/2 (ii)
≤
(
1− log2 T

2c1T

) T
2c2 logT

=
{(

1− log2 T

2c1T

) 2c1T
log2 T

} logT
4c1c2 (iii)

≤ 1
T 2 . (4.102a)

Here, (i) follows from a direct consequence of (4.5), i.e.,

(1− γ)ηi ≥
1− γ

1 + c1(1−γ)T
log2 T

≥ 1− γ
2c1(1−γ)T

log2 T

= log2 T

2c1T

as long as T ≥ log2 T
c1(1−γ) (as ensured by (4.6) and ε ≤ 1/(1− γ) for sufficiently large c3); (ii) is valid

provided that t ≥ T/(c2 log T ); and (iii) holds as long as c1c2 ≤ 1/8 and T ≥ c−1
1 log2 T (again

ensured by (4.6)).

• When it comes to the case with k > t/2, we can apply the definition (4.9) and the condition (4.5)
to reach

η
(t)
k ≤ ηk ≤

1
c2(1− γ)k/ log2 T

<
2 log3 T

(1− γ)T , (4.102b)

where the last inequality holds since k > t/2 ≥ T/(2c2 log T ).
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4.6.3 Proof of Lemma 4.4

For each state s, the TD update gives

Vk(s) = (1− ηk)Vk−1(s) + ηk
(
rπ(s) + γ(PkVk−1)(s)

)
.

Taking conditional expectations gives

Ek−1[Vk ◦ Vk] = (1− ηk)Vk−1 ◦ Vk−1 + ηkEk−1
[(
rπ + γPkVk−1

) ◦ (rπ + γPkVk−1
)]

− ηk(1− ηk)Ek−1
[(
rπ + γPkVk−1 − Vk−1

) ◦ (rπ + γPkVk−1 − Vk−1
)]
, (4.103)

where we have used the elementary identity
(
(1− η)x+ ηy

)2 = (1− η)x2 + ηy2 − η(1− η)(y − x)2.

Since rπ ≤ 1S and Vk−1 ≤ (1− γ)−11S , we have

Ek−1
[(
rπ + γPkVk−1

) ◦ (rπ + γPkVk−1
)]

= rπ ◦ rπ + 2γrπ ◦ (PπVk−1) + γ2Pπ(Vk−1 ◦ Vk−1)

≤ γPπ(Vk−1 ◦ Vk−1) + 2
1− γ 1S ,

and

Ek−1
[(
rπ + γPkVk−1 − Vk−1

) ◦ (rπ + γPkVk−1 − Vk−1
)] ≥ γ2VarPπ(Vk−1).

Substituting these bounds into (4.103) and rearranging terms, we conclude the proof.

4.6.4 Proof of Lemma 4.5

We intend to apply Freedman’s inequality to the martingale sequence {Z̃k} defined in (4.35). Towards
this end, we first bound the magnitude and cumulative conditional variance of Z̃k.

• We start with bounding the magnitude maxk:t/2<k≤t ∥Z̃k∥∞. Since conditionally on the past,
each coordinate of Vk lies in an interval of length at most ηkγ/(1 − γ), and the squaring
operator is 2/(1− γ)-Lipschitz on [0, 1/(1− γ)], it follows that

∥∥Vk ◦ Vk − Ek−1[Vk ◦ Vk]
∥∥
∞ ≤

2ηk
(1− γ)2 ≤

2η
(1− γ)2 ,

where we recall the definition of η in (4.31). This gives immediately

max
k: t/2<k≤t

∥Z̃k∥∞ ≤
2η

(1− γ)2 .

• We now move to the cumulative conditional variance ∑k Vark−1(Z̃k). First, it is well known
that Var(X2) ≤ 4C2

maxVar(X) for any random variable X obeying |X| ≤ Cmax (see, e.g., Chen
et al. (2021b, Lemma 30)), and hence

Vark−1(Vk ◦ Vk) ≤
4

(1− γ)2 Vark−1(Vk) ≤
4η2
kγ

2

(1− γ)2 VarPπ(Vk−1),
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where the last line is valid since Vark−1(Vk) = η2
kγ

2VarPπ(Vk−1). It then follows from (4.22)
that

Vark−1(Z̃k) ≤
4η2
kγ

2

(1− γ)2

t∏

i=k+1

(
I − ηi(I − γPπ)

)
VarPπ(Vk−1).

Using η2
k ≤ ηηk and the definition (4.32) of W t, we conclude that

t∑

k=⌊t/2⌋+1
Vark−1(Z̃k) ≤

4
(1− γ)2W t.

• In addition, similar to the derivation in (4.28), we record a crude bound of ∥W t∥∞ ≤ η
(1−γ)3 ,

and hence ∥∥∥∥
t∑

k=⌊t/2⌋+1
Vark−1(Z̃k)

∥∥∥∥
∞
≤ 4η

(1− γ)5 =: σ̃2
w.

Applying Freedman’s inequality in Lemma 2.9 to each coordinate of ∑k>t/2 Z̃k with K = 2⌈log2
1

1−γ ⌉
chosen as in Step 2, we have σ̃2

w

2K ≤
4η

(1−γ)4 . Taking a union bound over the S coordinates yields
∥∥∥∥

t∑

k=⌊t/2⌋+1
Z̃k

∥∥∥∥
∞
≤
√

32
(1− γ)2

(
∥W t∥∞ + η

(1− γ)2

)
log 4STK

δ
+ 8η

3(1− γ)2 log 4STK
δ

with probability at least 1− δ/(2T ). Further, the sample-size condition (4.29) and ε ≤ 1
1−γ give

η log 4STK
δ

≤ 6
c3

(1− γ)2ε2 ≤ 1
64 , (4.104)

Substituting the bound into (4.36), and using (1− η)−1 ≤ 2 and (4.104), we obtain

∥W t∥∞ ≤
13η

2(1− γ)2 +
√

2η
(1− γ)2

(
∥W t∥∞ + η

(1− γ)2

)

≤ 1
2∥W t∥∞ + 8η

(1− γ)2 ,

where the last step invokes the AM-GM inequality. Solving the above relation yields

∥W t∥∞ ≤
16η

(1− γ)2 .

Combining this with the bound (4.24) and (4.32), we arrive at

∥Wt∥∞ ≤
γ2

2(1− γ)2T 3 + 16η
(1− γ)2 ≤

33 log3 T

(1− γ)3T
(4.105)

with probability at least 1− δ/(2T ).

4.7 Appendix B: proof of auxiliary lemmas in Section 4.3

4.7.1 Proof of Lemma 4.8

The proof is similar to that of Lemma 4.2. Specifically, we would like to show by induction that, for
every t ≥ 0,

0 ≤ Qt ≤
1

1− γ 1SA and 0 ≤ Vt ≤
1

1− γ 1S . (4.106)
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We focus on proving the bounds for Qt; once these are established, the bounds for Vt follow
immediately from the relation Vt(s) = maxaQt(s, a).

The base case t = 0 follows directly from the assumption of the lemma. Now suppose that (4.106)
holds for the (t− 1)-th iterate. Since 0 ≤ ηt ≤ 1, 0 ≤ r ≤ 1SA, Pt ≥ 0, and each row of Pt sums to
one, the update rule (4.48) yields

Qt = (1− ηt)Qt−1 + ηt
(
r + γPtVt−1

) ≥ 0

and

Qt = (1− ηt)Qt−1 + ηt
(
r + γPtVt−1

)

≤ (1− ηt)∥Qt−1∥∞1SA + ηt
(
∥r∥∞ + γ∥Pt∥1∥Vt−1∥∞

)
1SA

≤ (1− ηt)
1

1− γ 1SA + ηt

(
1 + γ

1− γ

)
1SA = 1

1− γ 1SA.

This verifies (4.106) for the t-th iterate and establishes (4.50a).
The other claim (4.50b) follows by combining (4.50a) with the fact that 0 ≤ Q⋆ ≤ 1

1−γ 1SA.

4.7.2 Proof of Lemma 4.9

From assumption (4.44), we have 0 ≤ ηj ≤ 1 for all 1 ≤ j ≤ T . For any ⌊T/2⌋ < i ≤ t ≤ T , we
invoke the upper bound in that assumption to obtain

0 ≤ η(t)
i ≤ ηi ≤

log3 T

c2(1− γ)i <
2 log3 T

c2(1− γ)T ,

where the first two inequalities follow from (4.51), and the last inequality uses i > ⌊T/2⌋. Combining
this with ηi ≤ 1 and the definition (4.52) of η verifies that 0 ≤ η(t)

i ≤ ηi ≤ η.
Moreover, a telescoping argument reveals that

t∑

i=0
η

(t)
i =

t∏

j=1
(1− ηj) + η1

t∏

j=2
(1− ηj) + η2

t∏

j=3
(1− ηj) + · · ·+ ηt−1(1− ηt) + ηt

=
t∏

j=2
(1− ηj) + η2

t∏

j=3
(1− ηj) + · · ·+ ηt−1(1− ηt) + ηt

= · · · = (1− ηt) + ηt = 1.

In fact, the same argument starting at any 1 ≤ τ ≤ t yields
t∏

j=τ
(1− ηj) +

t∑

i=τ
η

(t)
i =

t∏

j=τ+1
(1− ηj) +

t∑

i=τ+1
η

(t)
i = · · · = 1,

where an empty product equals one and an empty sum equals zero. Rearranging this identity, and
taking it together with the preceding calculation for τ = 0, we establish (4.54).

Finally, it follows from η
(t)
i ≤ η and (4.54) that

t∑

i=⌊T/2⌋+1

(
η

(t)
i

)2 ≤ η
t∑

i=⌊T/2⌋+1
η

(t)
i ≤ η.
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4.7.3 Proof of Lemma 4.10

Proof of part (i). For any given p and V , write σ2 := Varp(V ). For every q ∈ Uρ(p), observe that

∣∣q⊤V − p⊤V
∣∣ =

∣∣∣∣∣
∑

s:p(s)>0

(
q(s)− p(s))(V (s)− p⊤V )

∣∣∣∣∣

≤

√√√√√
( ∑

s:p(s)>0

(q(s)− p(s))2

p(s)

)( ∑

s:p(s)>0
p(s)

(
V (s)− p⊤V )2

)

=
√
χ2(q ∥ p)σ ≤ √ρ σ.

where the first equality uses ∑s q(s) = ∑
s p(s) as well as the support restriction in (4.65), and the

second relation follows from the Cauchy-Schwarz inequality. This proves the upper bound in (4.66).
To establish the lower bound in (4.66), suppose first that σ ≥ √ρ/(1−γ), and consider a specific

vector q1 as follows
q1(s) = p(s)

(
1 +
√
ρ

σ

(
V (s)− p⊤V )

)
, ∀s ∈ S.

Since |V (s)− p⊤V | ≤ 1/(1− γ), every entry of q1 is nonnegative. Moreover, direct calculation yields
∑

s

q1(s) = 1, χ2(q1 ∥ p) = ρ

σ2 Varp(V ) = ρ, q⊤1 V − p⊤V = √ρ σ.

Consequently, q1 lies within Uρ(p) and attains the upper bound. If instead 0 ≤ σ <
√
ρ/(1 − γ),

then √ρ σ − ρ/(1− γ) ≤ 0, whereas the choice q2 = p already gives q⊤2 V − p⊤V = 0. This proves
(4.66) in all cases.

Finally, applying the above arguments to −V immediately establishes
√
ρVarp(V )− ρ

1− γ ≤ p
⊤V − inf

q ∈Uρ(p)
q⊤V ≤

√
ρVarp(V ).

Proof of part (ii). Let Qπ,P ′ (resp. Qπ,P ) denote the Q-function of policy π under the transition
kernel P ′ (resp. P ). Let {(sk, ak)}k≥0 represent a sample trajectory generated under policy π, and
let τ be an independent random variable with

P(τ = k) = (1− γ)γk, k = 0, 1, . . . .

The Q-function can then be expressed as the expected reward at the random stopping time τ :

Qπ,P (s, a) =
∞∑

k=0
γkEP [r(sk, ak)] = 1

1− γEP [r(sτ , aτ )], (4.107)

with an analogous identity holding under P ′. Here and below, EP [·] denotes expectation w.r.t. the
transition kernel P .

To proceed, we examine the distributions of randomly stopped trajectories under different
transition kernels. Conditional on τ = k, let P′k and Pk denote the distributions of the trajectory
(s0, a0, . . . , sk, ak) under P ′ and P , respectively, assuming that the initial state–action pair and the
policy are the same in both cases. The chain rule for KL divergence reveals that

KL(P′k ∥Pk) =
k−1∑

j=0
EP ′

[
KL
(
P ′(· | sj , aj) ∥P (· | sj , aj)

)] ≤ kρ, (4.108)
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where we use the fact that for any q ∈ Uρ(p), one has KL(q ∥ p) ≤ χ2(q ∥ p) ≤ ρ (see (1.3)).
Let P′ and P denote the joint distributions of the stopping time and the corresponding randomly

stopped trajectory under the transition kernels P ′ and P , respectively. Another application of the
chain rule combined with (4.108) yields

KL(P′ ∥P) =
∞∑

k=0
(1− γ)γkKL(P′k ∥Pk) ≤ ρ

∞∑

k=0
k(1− γ)γk = ργ

1− γ .

Combining (4.107) with 0 ≤ r ≤ 1 and Pinsker’s inequality (see (1.3), or Tsybakov (2009,
Lemma 2.5)), we can demonstrate that

∣∣Qπ,P ′(s, a)−Qπ,P (s, a)
∣∣ ≤ 1

1− γTV(P′,P) ≤ 1
1− γ

√
1
2KL(P′ ∥P) ≤

√
ργ

2(1− γ)3 ,

which holds uniformly over all (s, a) and all deterministic policy π. This in turn reveals that
∣∣Q⋆,P ′(s, a)−Q⋆(s, a)

∣∣ =
∣∣∣max
π

Qπ,P
′(s, a)−max

π
Qπ,P (s, a)

∣∣∣ ≤ max
π

∣∣Qπ,P ′(s, a)−Qπ,P (s, a)
∣∣,

thereby establishing (4.67).

4.8 Appendix C: proof of the lower bound in Theorem 4.7

We now present the proof of the algorithm-dependent lower bound in Theorem 4.7 for Q-learning.
For brevity, we focus on the case of time-invariant learning rates, i.e.,

ηt ≡ η ∈ (0, 1), t ≥ 0

throughout the execution of the algorithm. The proof for the case of rescaled linear learning rates is
similar and can be found in Li et al. (2024a). Without loss of generality, we assume

log T ≤ 1
1− γ (4.109)

throughout the proof; otherwise the lower bound in Theorem 4.7 becomes looser than the minimax
lower bound 1

(1−γ)3T established in Azar et al. (2013) (see Theorem 3.7).

4.8.1 Step 1: construction of a hard MDP

We begin by constructing a hard MDP instance Mhard with 4 states and 2 actions as follows; see
Figure 4.2 for an illustration. The subsequent analysis will focus on tracking the Q-learning dynamics
for this specific construction.

• State space. The state space of this MDP contains 4 states, namely,

S = {0, 1, 2, 3}.

• Action space. To streamline the presentation, we allow the action space to vary across states.
Let As represent the action space associated with each state s ∈ S, which we specify as follows:

A0 = {1}, A1 = {1, 2}, A2 = {1}, A3 = {1}.

In other words, only state 1 admits more than one action, while all other states are associated
with a single action.
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Figure 4.2: An illustration of the hard MDP in the proof of the lower bound for Q-learning.

• Probability transition kernel and reward function. The probability transition kernel and reward
function of Mhard are chosen as

from state 0 : P (0 | 0, 1) = 1, r(0, 1) = 0,
from state 1 : P (1 | 1, 1) = p, P (0 | 1, 1) = 1− p, r(1, 1) = 1,

P (1 | 1, 2) = p, P (0 | 1, 2) = 1− p, r(1, 2) = 1,
from state 2 : P (2 | 2, 1) = p, P (0 | 2, 1) = 1− p, r(2, 1) = 1,
from state 3 : P (3 | 3, 1) = 1, r(3, 1) = 1,

for some parameter p ∈ (0, 1). States 0 and 3 are absorbing, while from states 1 and 2 the
process either remains in the same state or transitions to state 0. Moreover, state 0 yields zero
immediate reward; once it is entered, no further rewards can be obtained.

In fact, the MDP construction bears some similarity with that in Section 3.4.1 for the minimax
lower bounds, with the key distinction being that the action space is now augmented to include
at least two actions in order to capture the over-estimation issue of Q-learning. Motivated by the
construction in Section 3.4.1 (see (3.67)), we choose the parameter p as

p = 4γ − 1
3γ . (4.110)

A careful reader may also notice the inclusion of state 3, which is isolated and absorbing. As we
shall see later, this state is introduced to simplify a small part of the analysis.

To facilitate the subsequent convergence analysis of Q-learning on this MDP, we first characterize
its optimal value function and Q-function. The proof is deferred to the end of this section.

Lemma 4.14. The optimal value function and Q-function of the MDP Mhard constructed above
satisfy

V ⋆(0) = Q⋆(0, 1) = 0;

V ⋆(1) = Q⋆(1, 1) = Q⋆(1, 2) = V ⋆(2) = Q⋆(2, 1) = 1
1− γp = 3

4(1− γ) ;

V ⋆(3) = Q⋆(3, 1) = 1
1− γ .

Proof of Lemma 4.14. Since state 0 is absorbing with zero reward — so no further rewards are
obtained once it is entered — we have

V ⋆(0) = Q⋆(0, 1) = 0.
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We now turn to states 1 and 2. Since actions 1 and 2 in state 1 are equivalent in both rewards
and transition probabilities, it is clear that

Q⋆(1, 1) = Q⋆(1, 2) = V ⋆(1). (4.112)

Also, it follows from the Bellman optimality equation (2.14) that

Q⋆(1, 1) = r(1, 1) + γP (0 | 1, 1)V ⋆(0) + γP (1 | 1, 1)V ⋆(1).

Combining this with (4.112) and rearranging terms, we reach

V ⋆(1) = r(1, 1) + γP (0 | 1, 1)V ⋆(0)
1− γP (1 | 1, 1) = 1

1− γp = 3
4(1− γ) .

where the second identity follows since V ⋆(0) = 0, and the third identity relies on the choice (4.110)
of p. The derivations for V ⋆(2) and Q⋆(2, 1) are omitted as they follow from identical arguments.

When it comes to state 3, we invoke Bellman’s equation to obtain

V ⋆(3) = Q⋆(3, 1) = r(3, 1) + γP (3 | 3, 1)V ⋆(3) = 1 + γV ⋆(3).

A little algebra then leads to V ⋆(3) = 1
1−γ .

4.8.2 Step 2: preliminary calculation of Q-learning iterates

We now embark on the analysis of Q-learning for the MDP instance constructed in Step 1. As before,
we let Pt encode the empirical transitions such that for any triple (s, a, s′),

Pt(s′ | s, a) :=





1, if st(s, a) = s′,

0, otherwise,
(4.113)

where st(s, a) denotes the sample collected during the t-th iteration w.r.t. the (s, a) pair. Given that
state 2 has a singleton action space, we simplify the notation by writing

Pt(s′ | 2) := Pt(s′ | 2, 1).

In what follows, we first introduce some notation and basic properties concerning the learning
rates, and then slightly expand the Q-learning updates for each state.

Preliminary facts about learning rates. Let us introduce the following notation about learning
rates which will be convenient for analyzing the Q-learning iterations:

η
(t)
k :=




η
(
1− η(1− γp))t−k, if 1 ≤ k ≤ t,

(
1− η(1− γp))t, if k = 0.

(4.114)

A direct geometric-sum calculation gives

η
(t)
0 + (1− γp)

t∑

k=1
η

(t)
k = 1 (4.115a)

(
1− η(1− γp))t−τ + (1− γp)

t∑

k=τ+1
η

(t)
k = 1 (4.115b)

for any given integer 0 ≤ τ < t.
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State 0. To begin, since Q0 = V0 = 0 and state 0 is absorbing, the Q-learning update rule implies
that, for all t ≥ 1,

Vt(0) = Qt(0, 1) = (1− η)Qt−1(0, 1) + η
(
r(0, 1) + γVt−1(0)

)

=
(
1− η(1− γ)

)
Qt−1(0, 1) = · · ·

=
(
1− η(1− γ)

)t
Q0(0, 1) = 0. (4.116)

State 1. For state 1, the Q-learning iterates satisfy

Qt(1, 1) = (1− η)Qt−1(1, 1) + η
{
1 + γPt(1 | 1, 1)Vt−1(1)

}
, (4.117a)

Qt(1, 2) = (1− η)Qt−1(1, 2) + η
{
1 + γPt(1 | 1, 2)Vt−1(1)

}
. (4.117b)

State 2. The Q-learning update combined with (4.116) gives

Vt(2) = Qt(2, 1) =
(
1− η)Qt−1(2, 1) + η

{
r(2, 1) + γPt(2 | 2)Vt−1(2) + γPt(0 | 2)Vt−1(0)

}

=
(
1− η)Vt−1(2) + η

{
1 + γPt(2 | 2)Vt−1(2)

}

=
(
1− η(1− γp))Vt−1(2) + η

{
1 + γ

(
Pt(2 | 2)− p)Vt−1(2)

}
. (4.118)

Therefore, for any t and τ < t, applying (4.118) recursively leads to

Vt(2) =
(
1− η(1− γp))t−τVτ (2) +

t∑

k=τ+1
η

(t)
k +

t∑

k=τ+1
η

(t)
k γ

(
Pk(2 | 2)− p)Vk−1(2), (4.119)

where η(t)
k has been defined in (4.114). Recalling from (4.115b) that

t∑

k=τ+1
η

(t)
k =

1− (1− η(1− γp))t−τ

1− γp ,

we can rearrange terms in (4.119) to reach

Vt(2) = 1
1− γp −

(
1− η(1− γp))t−τ

[ 1
1− γp − Vτ (2)

]
+

t∑

k=τ+1
η

(t)
k γ

(
Pk(2 | 2)− p)Vk−1(2). (4.120)

In particular, in the special case where τ = 0 (so that Vτ (2) = V0(2) = 0), this identity simplifies to

Vt(2) = 1− η(t)
0

1− γp +
t∑

k=1
η

(t)
k γ

(
Pk(2 | 2)− p)Vk−1(2), (4.121)

where we recall the definition of η(t)
0 in (4.114).

Moreover, we know that E[Pk(2 | 2)] = p by construction, which together with the identity (4.121)
and Lemma 4.14 leads to

E
[
Vt(2)

]
= 1− η(t)

0
1− γp =

1− (1− 4η
3 (1− γ)

)t
4
3(1− γ)

; (4.122a)

V ⋆(2)− E
[
Vt(2)

]
= η

(t)
0

1− γp =
(
1− 4η

3 (1− γ)
)t

4
3(1− γ)

. (4.122b)
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Similarly, applying the above argument to (4.120) and rearranging terms, we obtain, for any integer
0 ≤ τ < T ,

V ⋆(2)− E
[
VT (2)

]
=
(
1− η(1− γp))T−τ

( 1
1− γp − E

[
Vτ (2)

])

=
(
1− η(1− γp))T−τ (V ⋆(2)− E

[
Vτ (2)

])
. (4.123)

State 3. When it comes to state 3, it holds that

Vt(3) = Qt(3, 1) =
(
1− η)Qt−1(3, 1) + η

{
r(3, 1) + γVt−1(3)

}

=
(
1− η(1− γ)

)
Vt−1(3) + η. (4.124)

Recognizing that V ⋆(3) = 1
1−γ (see Lemma 4.14) obeys

V ⋆(3) =
(
1− η(1− γ)

)
V ⋆(3) + η,

we can combine these two identities to arrive at

Vt(3)− V ⋆(3) =
(
1− η(1− γ)

)(
Vt−1(3)− V ⋆(3)

)

=
(
1− η(1− γ)

)T (
V0(3)− V ⋆(3)

)

= − 1
1− γ

(
1− η(1− γ)

)T
. (4.125)

Roadmap. In what follows, we divide the analysis into three parts based on the learning rate η:
small (0 < η ≤ 4

(1−γ)T ), large (η ≥ 1
(1−γ)2T ), and moderate ( 4

(1−γ)T < η ≤ 1
(1−γ)2T ). Each regime is

tackled in its own subsection below. In particular, the regimes with small and large learning rates
will be analyzed by lower bounding the mean and variance of V ⋆(2)− VT (2), respectively, for which
it suffices to analyze this state that has a single available action. The moderate learning rate regime
presents the main technical challenge. For this regime, we analyze the dynamics of state 1, which,
by admitting two actions, captures the over-estimation issue; the dynamics of state 3 will also be
invoked later to facilitate the analysis.

4.8.3 Step 3: the regime with small learning rates

Suppose now the learning rate satisfies

0 < η ≤ 4
(1− γ)T ,

which, as we shall see, is fairly small. In this regime, it suffices to look at the dynamics associated
with state 2 (which has a single action). Our strategy is to show that, under such a small learning
rate, the bias V ⋆(2)− E

[
Vt(2)

]
does not decay sufficiently quickly and therefore remains large after

T iterations.
Towards this end, we first recall from (4.122) that

V ⋆(2)− E
[
VT (2)

]
= η

(T )
0

1− γp,

which reduces the problem to deriving a lower bound on η
(T )
0 . Observe that

η(1− γp) ≤ 1− γp = 4(1− γ)
3 ≤ 1

3 , (4.126a)
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η(1− γp) = 4η(1− γ)
3 <

16
3T , (4.126b)

provided that γ ≥ 3/4 and η ≤ 4
(1−γ)T . As a consequence,

log η(T )
0 = T log

(
1− η(1− γp)) ≥ −1.5Tη(1− γp) ≥ −8,

where the first inequality holds due to the elementary fact log(1− x) ≥ −1.5x for all 0 ≤ x ≤ 0.5.
Taking the above results collectively yields

V ⋆(2)− E
[
VT (2)

]
= η

(T )
0

1− γp ≥
e−8

1− γp = 3
4e8(1− γ) ,

thus indicating that

E
[(
V ⋆(2)− VT (2)

)2] ≥ (V ⋆(2)− E
[
VT (2)

])2 ≥ 9
16e16(1− γ)2

≥ 9c3
16e16(1− γ)4T

, (4.127)

provided that T ≥ c3/(1− γ)2. This establishes the advertised lower bound (4.47) for this regime.

4.8.4 Step 4: the regime with large learning rates

Next, consider the regime with
η ≥ 1

(1− γ)2T
,

corresponding to large learning rates. In this regime, it is again sufficient to look at state 2. In
contrast to the small learning rate regime where we analyze the bias, we now aim to show that the
variance of VT (2) is large. This is motivated by the intuition that larger learning rates can lead to
greater variability in estimating optimal values.

Before proceeding, we first note that if η > 4
(1−γ)T (which covers the range η ≥ 1

(1−γ)2T for
γ ≥ 3/4), then one has

η
(T )
0 =

(
1− 4η

3 (1− γ)
)T
≤
(

1− 4η
3 (1− γ)

) 3
4η(1−γ)

4(1−γ)ηT
3

≤ e−
4(1−γ)ηT

3 < e−16/3 <
1

100 , (4.128)

where the last line makes use of the elementary inequality (1− x)1/x ≤ e−1 for all 0 < x < 1. This
combined with (4.122b) yields an upper bound on the bias:

∣∣V ⋆(2)− E
[
VT (2)

]∣∣ = η
(T )
0

4
3(1− γ)

<
1

100(1− γ) . (4.129)

We now turn to the variance of VT (2). Recalling the decomposition (4.120) of VT (2), we intend
to exploit martingale properties to lower-bound its variance. Specifically, consider first a martingale
sequence {Zk}0≤k≤T adapted to a filtration F0 ⊆ F1 ⊆ · · · ⊆ FT , satisfying E[Zk+1 | Fk] = 0 and
E[Zk | Fk] = Zk for all 0 ≤ k ≤ T . In addition, consider any 0 ≤ τ < T , and let W0 be a random
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variable such that E[W0 | Fτ ] = W0. Then, by the law of total variance and standard martingale
properties, we have

Var
(
W0 +

T∑

k=τ+1
Zk

)
= E

[
Var

(
W0 +

T∑

k=τ+1
Zk

∣∣∣∣FT−1

)]
+ Var

(
E
[
W0 +

T∑

k=τ+1
Zk

∣∣∣∣FT−1

])

(i)= E
[
Var (ZT | FT−1)

]
+ Var

(
W0 +

T−1∑

k=τ+1
Zk

)
= · · ·

=
T∑

k=τ+1
E
[
Var (Zk | Fk−1)

]
+ Var (W0)

≥
T∑

k=τ+1
E
[
Var (Zk | Fk−1)

]
, (4.130)

where (i) arises from the above assumptions on W0 and {Zk}. In words, this decomposes the variance
of a martingale sum by summing the expected conditional variances over time. Consequently, for
any 0 ≤ τ < T − 1, applying inequality (4.130) to the decomposition (4.120) (with τ replaced by
τ + 1) yields

Var
(
VT (2)

) ≥ E
[

T∑

k=τ+2
Var

(
η

(T )
k γ

(
Pk(2 | 2)− p)Vk−1(2) |Vk−1(2)

)]

=
T∑

k=τ+2

(
η

(T )
k γ

)2
p(1− p)E[(Vk−1(2)

)2]

≥ (1− γ) (4γ − 1)
9

T∑

k=τ+2

(
η

(T )
k

)2(E
[
Vk−1(2)

])2
, (4.131)

where the identity arises from the fact that Pk(2 | 2) is a Bernoulli random variable with mean p, and
the last line uses the choice (4.110) of p and the elementary fact E[X2] ≥ (E[X])2. As we will see
shortly, the rationale for replacing E

[(
Vk−1(2)

)2] with
(
E
[
Vk−1(2)

])2 is that the mean E
[
Vk−1(2)

]

becomes quite large beyond a certain time threshold and is easier to compute.
To further control (4.131), we develop a lower bound on E[Vk−1(2)]. Given (4.129) and the facts

that V0(2) = 0 and V ⋆(2) = 3
4(1−γ) (see Lemma 4.14), one is allowed to choose 0 < τ ≤ T such that

E
[
Vτ (2)

] ≥ 1
2(1− γ) > E

[
Vτ−1(2)

]
. (4.132)

It is also seen from (4.122b) that E
[
Vk(2)

]
is monotonically increasing in k, and hence

E
[
Vk(2)

] ≥ E
[
Vτ (2)

] ≥ 1
2(1− γ) for all k ≥ τ ;

namely, E[Vk(2)] becomes large once k exceeds the threshold τ . Combine this inequality with (4.131)
to yield

Var
(
VT (2)

) ≥ (1− γ) (4γ − 1)
9 · 1

4(1− γ)2

T∑

k=τ+2

(
η

(T )
k

)2

= 4γ − 1
36 (1− γ)

η2(1− (1− η(1− γp))2(T−τ−1))
1− (1− η(1− γp))2 , (4.133)
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where the last line arises from (4.114) and calculates the sum of the geometric sequence.
Recalling that η(1− γp) ≤ 1/3 (cf. (4.126a)), one can deduce that

(
1− η(1− γp))2(T−τ−1) ≤ 81

16
(
1− η(1− γp))2(T−τ+1)

= 81
16

(
V ⋆(2)− E

[
VT (2)

]
)2

(
V ⋆(2)− E

[
Vτ−1(2)

]
)2

≤ 81(1− γ)2

4
(
V ⋆(2)− E

[
VT (2)

]
)2 ≤ 1

2 ,

where the second line follows from (4.123), and the two inequalities in the last line arise from (4.132)
and (4.129), respectively. Moreover, it is also readily seen that

1− (1− η(1− γp))2 ≤ 2η(1− γp) = 8η(1− γ)
3 .

Substitute the above two inequalities into (4.133) to yield

E
[(
V ⋆(2)− VT (2)

)2] ≥ Var
(
VT (2)

) ≥ η(4γ − 1)
192(1− γ)2 ≥

4γ − 1
192(1− γ)4T

≥ 1
86(1− γ)4T

, (4.134)

with the proviso that η ≥ 1
(1−γ)2T and γ ≥ 3/4. This proves the claimed lower bound (4.47) for this

regime.

4.8.5 Step 5: the regime with moderate learning rates

We now turn to the regime of moderate learning rates, namely,
4

(1− γ)T < η <
1

(1− γ)2T
.

This is the regime in which Q-learning is most effective, and at the same time, the most challenging
to analyze when developing lower bounds. Throughout this case, we make note of the property

η
(T )
0 ≤ 1

100 , (4.135)

which has been justified previously in (4.128). We shall focus attention on the dynamics w.r.t. state
1 and its associated value function Vt(1). Note that the presence of 2 available actions at this state
is deliberately designed to capture the over-estimation issue inherent in Q-learning.

Step 5.1: decoupling the impact of initialization. It is slightly more convenient to work with
a Q-learning sequence initialized at the true optimal value. We therefore introduce an auxiliary
sequence governed by the following update rule:

Q̂t(a) = (1− η)Q̂t−1(a) + η
{
1 + γPt(1 | 1, a)V̂t−1

}
(4.136)

with

V̂t−1 := max
a

Q̂t−1(a) and Q̂0(a) := Q⋆(1, a) = 1
1− γp,
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where Q⋆(1, a) has been computed in Lemma 4.14. Evidently, {Q̂t(a)} corresponds to a Q-learning
sequence initialized at the ground truth. To decouple the effect of initialization from the original
dynamics of Qt(1, a), we show that the discrepancy resulting from the different initializations of
Q̂t(a) and Qt(1, a) vanishes geometrically, i.e.,

Qt(1, a) ≥ Q̂t(a)− 1
1− γ

(
1− η(1− γ)

)t
, a ∈ {1, 2}. (4.137)

The proof is postponed to Section 4.8.6.
In light of this bound (4.137), we focus on bounding the auxiliary sequence Q̂t in the sequel, and

defer translating the result back to Qt(1, a) until the final sub-step of the proof. Before proceeding,
we record a crude lower bound on V̂t:

P
{
V̂t ≥

1
4(1− γ)

}
≥ 1

2 for all t ≤ T. (4.138)

In other words, it shows that V̂t has the correct order with nontrivial probability. The proof is
postponed to Section 4.8.6.

Step 5.2: deriving recursive relations about estimation errors. We now study the over-estimation
error of the auxiliary sequence Q̂t (cf. (4.136)). Define the error sequence

∆t(a) := Q̂t(a)−Q⋆(1, a), a = 1, 2; (4.139a)
∆t,max := max

a
∆t(a). (4.139b)

Our objective is to show that ∆T,max is large in expectation (so that Q̂t(a) overestimates Q⋆(1, a)),
thus putting the “over-estimation” issue that fundamentally slows convergence on a rigorous footing.

To do so, a key step lies in establishing recursive relations about ∆t,max. According to the update
rule (4.136) and the Bellman optimality equation Q⋆(1, a) = 1 + γpV ⋆(1), we have

∆t(a) = (1− η)Q̂t−1(a) + η
(
1 + γPt(1 | 1, a)V̂t−1

)−Q⋆(1, a)
= (1− η)∆t−1(a) + η

(
1 + γPt(1 | 1, a)V̂t−1 −Q⋆(1, a)

)

= (1− η)∆t−1(a) + ηγ
(
Pt(1 | 1, a)V̂t−1 − pV ⋆(1)

)

= (1− η)∆t−1(a) + ηγ
(
p
(
V̂t−1 − V ⋆(1)

)
+
(
Pt(1 | 1, a)− p)V̂t−1

)

= (1− η)∆t−1(a) + ηγ
(
p∆t−1,max +

(
Pt(1 | 1, a)− p)V̂t−1

)
,

where the last line holds since V̂t−1 − V ⋆(1) = maxa
(
Q̂t−1(a)− V ⋆(1)

)
= maxa ∆t−1(a). Applying

this relation recursively yields

∆t(a) =
t∑

k=1
η
(
1− η)t−kγ

(
p∆k−1,max +

(
Pk(1 | 1, a)− p)V̂k−1

)
,

where we use the initialization ∆0(a) = 0 (by construction). Letting

ξt(a) :=
t∑

k=1
η
(
1− η)t−kγ(Pk(1 | 1, a)− p)V̂k−1, (4.140a)

ξt,max := max
a

ξt(a), (4.140b)
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one can take the maximum over a in the above display about ∆t(a) to derive the following identity
regarding the maximum error:

∆t,max =
t∑

k=1
η
(
1− η)t−kγp∆k−1,max + ξt,max. (4.141)

Step 5.3: lower bounding E[ξt,max]. As can be seen from the recursion (4.141), a crucial step is
to control ξt,max, which involves the maximum of multiple random quantities. Towards this end, we
develop a lower bound on E[ξt,max] as follows; the proof is deferred to Section 4.8.7.

Lemma 4.15. Define a threshold

τ̂ := max
{
τ
∣∣∣
(
1− η(1− γp))T−τ+1 ≤ 6

7

}
. (4.142)

Then there exists some universal constant c > 0 such that

E[ξt,max] ≥ c√
(1− γ)2T log T

for all t ≥ τ̂ . (4.143)

Remark 4.4. Property (4.135) guarantees that τ̂ (cf. (4.142)) is well-defined.

Remark 4.5. Note that E[ξt,max] is strictly positive due to the presence of the max operator together
with the availability of more than one action. In contrast, when there is only a single action a, one
readily has E[ξt,max] = E[ξt(a)] = 0. This distinction gives rise to a fundamental difference in sample
complexity between the cases A = 1 and A ≥ 2, leading respectively to the horizon dependency

1
(1−γ)3 and 1

(1−γ)4 .

Substituting (4.143) into (4.141) reveals that, for all t ≥ τ̂ ,

E[∆t,max] ≥
t∑

k=1
η
(
1− η)t−kγpE[∆k−1,max] + c√

(1− γ)2T log T
, (4.144)

leaving us with a deterministic recursive relation to solve.

Step 5.4: solving the recursion (4.144). To solve the above recursion, it is convenient to introduce
the following auxiliary scalar sequence:

xt = (1− η)xt−1 + η

(
γpxt−1 + c√

(1− γ)2T log T

)
(4.145)

initialized at xτ̂ = 0, where τ̂ has been defined in (4.142). A direct comparison reveals that

E
[
∆T,max

] ≥ xT , (4.146)

which follows readily from the iterative expansion of (4.145):

xt =
t∑

k=τ̂
η
(
1− η)t−kγpxk−1 +

T∑

k=τ̂
η
(
1− η)t−k c√

(1− γ)2T log T
.

A straightforward calculation shows that the sequence (4.145) obeys

xT = c√
(1− γ)2T log T

T∑

k=τ̂
η
(
1− η(1− γp))T−k
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=
c
[
1− (1− η(1− γp))T−τ̂+1]

(1− γp)
√

(1− γ)2T log T

=
3c
[
1− (1− η(1− γp))T−τ̂+1]

4
√

(1− γ)4T log T
≥ 3c

28
√

(1− γ)4T log T
,

where the second equality follows by calculating the sum of the geometric sequence, and the last
inequality holds as long as

(
1− η(1− γp))T−τ̂+1 ≤ 6/7 (see (4.142)). Combining this with (4.146)

yields

E
[
∆T,max

] ≥ xT ≥
3c

28
√

(1− γ)4T log T
. (4.147)

Step 5.5: putting all this together. Thus far, we have established the claimed lower bound for the
auxiliary sequence Q̂t. To complete the argument, it remains to connect it to the original sequence
Qt. To do so, combine the lower bound (4.147) with (4.137) to yield

E
[
VT (1)− V ⋆(1)

] ≥ E
[
∆T,max −

1
1− γ

(
1− η(1− γ)

)T ]

≥ 3c
28
√

(1− γ)4T log T
−
(
1− η(1− γ)

)T

1− γ .

As it turns out, the last term in the above display can be easily handled with the aid of VT (3).
Specifically, taking this result and (4.125) collectively, we arrive at

E
[
VT (1)− V ⋆(1)

]
+ E

[
V ⋆(3)− VT (3)

]
= E

[
VT (1)− V ⋆(1)

]
+
(
1− η(1− γ)

)T

1− γ
≥ 3c

28
√

(1− γ)4T log T
.

Apply the elementary inequality max{a, b} ≥ 1
2(a+ b) to obtain

max
{
E
[∣∣VT (1)− V ⋆(1)

∣∣
]
, E
[∣∣VT (3)− V ⋆(3)

∣∣
]}
≥ 1

2
{
E
[
VT (1)− V ⋆(1)

]
+ E

[
V ⋆(3)− VT (3)

]}

≥ 3c
56
√

(1− γ)4T log T
,

yielding

max
s

E
[∣∣VT (s)− V ⋆(s)

∣∣2
]
≥ max

s

(
E
[∣∣VT (s)− V ⋆(s)

∣∣
])2

≥
( 3c

56
√

(1− γ)4T log T

)2
= 9c2

562(1− γ)4T log2 T
.

We have thus established the desired lower bound for the moderate learning-rate regime, which,
together with the bounds in (4.127) and (4.134) for the other two regimes, completes the proof of
Theorem 4.7.

4.8.6 Proof of auxiliary properties

Proof of property (4.137). We prove this claim by induction. The base case t = 0 follows trivially.
Assume now the hypothesis holds for t− 1. By combining the inductive hypothesis (4.137) for the
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(t− 1)-th iteration with the definitions of Vt−1 and V̂t−1, we obtain

Vt−1(1) = max
a

Qt−1(1, a) ≥ max
a

Q̂t−1(a)−
(
1− η(1− γ)

)t−1

1− γ

= V̂t−1 −
(
1− η(1− γ)

)t−1

1− γ .

Given the update rules of Qt(1, a) and Q̂t(a), their difference evolves as

Qt(1, a)− Q̂t(a) = (1− η)
(
Qt−1(1, a)− Q̂t−1(a)

)
+ ηγPt(1 | 1, a)

(
Vt−1(1)− V̂t−1

)

≥ −(1− η)
(
1− η(1− γ)

)t−1

1− γ − ηγPt(1 | 1, a)
(
1− η(1− γ)

)t−1

1− γ

≥ −(1− η)
(
1− η(1− γ)

)t−1

1− γ − ηγ
(
1− η(1− γ)

)t−1

1− γ

= −
(
1− η(1− γ)

)t

1− γ ,

where the first inequality invokes the induction hypothesis for the (t − 1)-th iteration, and the
second follows since Pt(1 | 1, a) ≤ 1. This completes the inductive step and, in turn, establishes the
result for all t ≥ 0.

Proof of property (4.138). We find it convenient to introduce a second auxiliary sequence defined
by the recursion:

Qt = (1− η)Qt−1 + η
{
1 + γPt(1 | 1, 1)Qt−1

}
, (4.148a)

Q0 = V ⋆(1) = 1
1− γp. (4.148b)

In words, this sequence corresponds to the Q-learning iterates in a simplified setting with only a
single available action, effectively removing the max operator. Given that V̂t = maxa Q̂t(a) ≥ Q̂t(1),
it is straightforward to verify that, for all t ≥ 0,

Q̂t(1) ≥ (1− η)Q̂t−1(1) + η
{
1 + γPt(1 | 1, 1)Q̂t−1(1)

} ≥ Qt. (4.149)

We use the sequence Qt to lower-bound V̂t, as its simpler structure allows us to more easily
characterize the evolution of the lower envelope of the Q-iterates. First, observe that Qt admits the
decomposition:

Qt =
(
1− η(1− γp))Qt−1 + η

{
1 + γ

(
Pt(1 | 1, 1)− p)Qt−1

}

=
(
1− η(1− γp))tQ0 +

t∑

k=1
η
(
1− η(1− γp))t−k{1 + γ

(
Pk(1 | 1, 1)− p)Qk−1

}

= η
(t)
0

1
1− γp +

t∑

k=1
η

(t)
k +

t∑

k=1
η

(t)
k γ

(
Pk(1 | 1, 1)− p)Qk−1

= 1
1− γp +

t∑

k=1
η

(t)
k γ

(
Pk(1 | 1, 1)− p)Qk−1︸ ︷︷ ︸

=: zk

, (4.150)
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where the last line results from (4.115a). It then comes down to controlling ∑k zk.
By construction, the sequence {zk} forms a martingale satisfying

E
[
zk |Pk−1(1 | 1, 1), . . . , P1(1 | 1, 1)

]
= 0 and |zk| ≤ max

1≤k≤t
η

(t)
k ·

γp

1− γ ,

where the last inequality follows from the basic property 0 ≤ Qk−1 ≤ 1
1−γ (akin to Lemma 4.8) and

the fact that
∣∣Pk(1 | 1, 1)− p

∣∣ ≤ max{p, 1− p} = p since p = 4γ−1
3γ and γ ≥ 3/4. In order to invoke

Freedman’s inequality to control (4.150), we need to bound the conditional variance. Given these
properties and the fact that Pk(1 | 1, 1) is a Bernoulli random variable with mean p, we obtain

t∑

k=1
Var

(
zk |Pk−1(1 | 1, 1), . . . , P1(1 | 1, 1)

)
=

t∑

k=1

(
η

(t)
k

)2
p(1− p)(γQk−1

)2

≤ max
1≤k≤t

η
(t)
k ·

t∑

k=1
η

(t)
k ·

1
3(1− γ) ≤

max1≤k≤t η
(t)
k

4(1− γ)2 .

Here, the penultimate inequality relies on the fact 0 ≤ Qk−1 ≤ 1
1−γ (akin to Lemma 4.8) and

the choice of p, whereas the last inequality results from the following condition (derived through
(4.115a))

t∑

k=1
η

(t)
k =

(
1− η(t)

0
) 1
1− γp ≤

1
1− γp = 3

4(1− γ) .

Freedman’s inequality (see Lemma 2.9 with K0 = 1) then implies that

∣∣∣∣
t∑

k=1
zk

∣∣∣∣ ≤

√√√√4 max1≤k≤t η
(t)
k

(1− γ)2 log 2
δ

+ 4 max1≤k≤t η
(t)
k

3(1− γ) log 2
δ

(4.151)

with probability at least 1− δ.
To continue, observe that

max
1≤k≤t

η
(t)
k ≤ η ≤

1
(1− γ)2T

≤ 1
50 , for all t ≥ 1, (4.152)

provided that T ≥ 50
(1−γ)2 . Setting δ = 1/2 in (4.151) then yields

t∑

k=1
zk ≥ −

1
2(1− γ)

with probability at least 1/2. Combine this with the decomposition (4.150) and the property (4.149)
to conclude

V̂t ≥ Q̂t(1) ≥ Qt ≥
1

1− γp −
1

2(1− γ) = 1
4(1− γ)

with probability at least 1/2, where the last identity relies on the choice (4.110) of p. This completes
the proof of (4.138).

4.8.7 Proof of Lemma 4.15

In light of the definition (4.140), it is convenient to express, for every t,

E[ξt,max] = E
[
ξt(1) + ξt(2) + |ξt(1)− ξt(2)|

2

]
= E

[ |ξt(1)− ξt(2)|
2

]
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= 1
2E
[ ∣∣∣∣∣

t∑

k=1
η
(
1− η)t−kγ(Pk(1 | 1, 1)− Pk(1 | 1, 2)

)
V̂k−1

∣∣∣∣∣

]
,

where we have used the fact that E[ξt(a)] = 0. Importantly, the summation within the absolute
value operator is a martingale sum. To be more precise, define

ζt :=
t∑

k=1
η
(
1− η)t−kγ(Pk(1 | 1, 1)− Pk(1 | 1, 2)

)
V̂k−1︸ ︷︷ ︸

=: zk

,

where {zk} forms a martingale sequence since

E
[
zk |

{
Pj(1 | 1, 1), Pj(1 | 1, 2)

}
1≤j<k

]
= 0.

In order to control E[|ζt|], we first seek to analyze the tail of |ζt|. To do so, we claim that, for
any 0 < δ < 1,

P




∣∣ζt
∣∣ ≥

√√√√ 8 log 2
δ

3(1− γ)

t∑

k=1
η2
[(

1− η)t−k
]2

+
4η log 2

δ

3(1− γ)



 ≤ δ. (4.153)

To validate this bound, we first notice that

|zk| ≤ max
k:1≤k≤t

η
(
1− η)t−k · 1

1− γ ≤
η

1− γ , (4.154)

where we have used |V̂k−1| ≤ 1
1−γ according to Lemma 4.8. In addition, we can further bound the

aggregate condition variance as
t∑

k=1
Var

(
zk |Pk−1(1 | 1, 1), Pk−1(1 | 1, 2), . . . , P1(1 | 1, 1), P1(1 | 1, 2)

)

=
t∑

k=1
η2
[(

1− η)t−k
]2
· 2p(1− p) · (γV̂k−1

)2

≤
t∑

k=1
η2
[(

1− η)t−k
]2
· 2

3(1− γ) ,

where the last inequality comes from the fact that |V̂k−1| ≤ 1
1−γ , the assumption that γ ≥ 3/4 and

the choice p = 4γ−1
3γ . These bounds, taken together with Freedman’s inequality (see Lemma 2.9 with

K0 = 1), justify the tail bound (4.153).
Next, we make note of a crude deterministic bound:

∣∣ζt
∣∣ ≤

t∑

k=1
|zk| ≤

[
t∑

k=1
η
(
1− η)t−k

]
· 1

1− γ ≤
1

1− γ , (4.155)

which is a consequence of the facts that |V̂k−1| ≤ 1
1−γ (see Lemma 4.8) and ∑t

k=1 η(1 − η)t−k ≤
η · 1

1−(1−η) = 1. This immediately implies that

δ0 := (1− γ)2

2 E
[|ζt|2

] ≤ 1
2 .
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Thus, setting δ = δ0 ∈ (0, 1) in (4.153) reveals that, with probability at least 1− δ0,

|ζt| ≤ B :=

√√√√ 8 log 2
δ0

3(1− γ)

t∑

k=1
η2
[(

1− η)t−k
]2

+
4η log 2

δ0

3(1− γ) . (4.156)

When T ≥ 1
(1−γ)2 , one can guarantee that

E[ξt,max] = 1
2E
[|ζt|

] ≥ 1
2E
[|ζt|1

(|ζt| ≤ B
)] ≥ 1

2BE
[|ζt|21

(|ζt| ≤ B
)]

= 1
2B
{
E[|ζt|2]− E

[|ζt|21
(|ζt| > B

)]}

(i)
≥ 1

2B
{
E[|ζt|2]− 1

(1− γ)2P
{|ζt| > B

}}

≥ 1
2B
{
E[|ζt|2]− δ

(1− γ)2

} (ii)
≥ 1

4BE[|ζt|2]. (4.157)

Here, (i) follows from (4.155), while (ii) holds due to the choice of δ0.
It thus suffices to lower bound E[|ζt|2] for t ≥ τ̂ , where we recall the definition

τ̂ := max
{
τ
∣∣∣
(
1− η(1− γp))T−τ+1 ≤ 6

7

}
. (4.158)

According to (4.135), it satisfies 1 ≤ τ̂ ≤ T . First, observe that for any t ≥ τ̂ , the martingale
properties about {zk} give

E
[|ζt|2

] ≥
t∑

k=1
E
[
Var

(
η
(
1− η)t−kγ(Pk(1 | 1, 1)− Pk(1 | 1, 2)

)
V̂k−1 | V̂k−1

)]

≥
t∑

k=1
E
[
Var

(
η
(
1− η)t−kγ(Pk(1 | 1, 1)− Pk(1 | 1, 2)

)
V̂k−1 | V̂k−1

)

· 1
{
V̂k−1 ≥

1
4(1− γ)

}]

≥
t∑

k=1
η2
[(

1− η)t−k
]2
γ2 · 2p(1− p)

16(1− γ)2P
{
V̂k−1 ≥

1
4(1− γ)

}
,

where the first line relies on (4.130), and the last step makes use of the constraint V̂k−1 ≥ 1
4(1−γ) .

To further control the right-hand side, we take τ ′ := max
{
t− 1

η , 1
}

and show that

E
[|ζt|2

] (i)
≥ 1

2

t∑

k=1
η2
[(

1− η)t−k
]2
γ2 · 2p(1− p)

16(1− γ)2

≥ 1
48(1− γ)

t∑

k=1
η2
[(

1− η)t−k
]2

≥ 1
48(1− γ)

t∑

k=τ ′
η2
[(

1− η)t−k
]2 (ii)
≥ η

1200(1− γ) , (4.159)

where (i) arises from (4.138), and (ii) is valid as long as the following property holds for t ≥ τ̂

(which will be proven towards the end of this subsection)
t∑

k=τ ′
η2
[(

1− η)t−k
]2
≥ 1

24η. (4.160)
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We are now well equipped to control E[ξt,max] using the property (4.157). Recalling the expression
of B in (4.156), we see that bounding E[|ζt|2]/B reduces to controlling the following two quantities:

E[|ζt|2]
η

1−γ log 2
δ0

and E[|ζt|2]√
log 2

δ0
1−γ

∑t
k=1 η

2[(1− η)t−k
]2
. (4.161)

• For the first term in (4.161), recalling that δ0 = (1−γ)2

2 E
[|ζt|2

]
, we can demonstrate that

log 1
δ0

= − log (1− γ)2

2 E
[|ζt|2

] ≤ − log (1− γ)η
2400

≤ log(9600T ), (4.162)

where the first inequality is due to (4.159), and the second inequality arises since η ≥ 4
(1−γ)T

(given the range of the learning rates in this case). Combine this with (4.159) to yield

E[|ζt|2]
η

1−γ log 2
δ0

≳
1

log T .

• Turning to the second term in (4.161), we observe that

E
[|ζt|2

]
√

log 2
δ0

1−γ
∑t
k=1 η

2[(1− η)t−k
]2

(i)
≳

√√√√ 1
(1− γ) log T

t∑

k=1
η2[(1− η)t−k

]2

(ii)
≳

√
η

(1− γ) log T
(iii)
≳

1√
(1− γ)2T log T

.

Here, (i) follows from (4.159) and (4.162) since

E
[|ζt|2

]
≳

1
1− γ

t∑

k=1
η2[(1− η)t−k

]2 and log 2
δ0

≲ log T ;

(ii) arises from (4.160); and (iii) relies on the fact η ≳ 1
(1−γ)T (given the range of the learning

rates considered in this step).

Substituting the above relations into (4.157) and using the expression of B in (4.156), we reach

E[ξt,max] ≥ 1
4BE

[|ζt|2
] ≥ c√

(1− γ)2T log T

for some numerical constant c > 0. Thus, this proves property (4.143), as long as the claim (4.160)
can be established.

Proof of the claim (4.160). Recall that τ ′ := max
{
t− 1

η , 1
}
. For any k obeying τ ′ ≤ k ≤ t, one has

η
(
1− η)t−k ≥ η(1− η)t−τ

′
≥ η(1− η)1/η ≥ 1

3η,

where the last inequality is valid as long as η ≤ 0.1. Moreover, it is seen that for any t ≥ τ̂ ,
t∑

k=τ ′
η
(
1− η)t−k = 1− (1− η)t−τ

′+1 ≥ 1−max
{(

1− η)1/η+1
,
(
1− η)t

}
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≥ 1−max
{
e−1,

(
1− η)τ̂

}
≥ 1

8 .

Here, the first identity can be derived via the sum of a geometric sequence; to see why the last
inequality holds, note that according to the definition (4.158) and property (4.135),

(
1− η(1− γp))T−τ̂ > 6

7

=⇒ (
1− η(1− γp))τ̂ <

(
1− η(1− γp))T

6/7 = η
(T )
0

6/7 ≤
1/100
6/7 ≤ 7

8 ,

which in turn implies that
(
1− η)τ̂ ≤ (1− η(1− γp))τ̂ ≤ 7

8 . (4.163)

Putting the preceding two bounds together yields, for any t ≥ τ̂ ,
t∑

k=τ ′
η2
[(

1− η)t−k
]2
≥ min

k: τ ′≤k≤t

{
η
(
1− η)t−k

} t∑

k=τ ′
η
(
1− η)t−k

≥ 1
3η ·

1
8 ≥

1
24η

as claimed.

4.9 Notes

The asymptotic convergence of TD learning and Q-learning — namely, their convergence behavior
as the number of iterations tends to infinity, with all other parameters held fixed — has been
extensively studied since its early development, e.g., Tsitsiklis and Van Roy (1997), Tsitsiklis (1994),
Jaakkola et al. (1993), Szepesvári (1997), Borkar and Meyn (2000), Devraj and Meyn (2021),
and Li et al. (2023e). Recently, substantial research efforts have shifted toward understanding the
non-asymptotic performance of model-free methods, which elucidates how key problem parameters

— in addition to the number of iterations — affect algorithmic performance. For TD learning,
finite-time, finite-sample analyses have been developed in a growing body of recent work, including
but not limited to Bhandari et al. (2018), Lakshminarayanan and Szepesvari (2018), Srikant and
Ying (2019), Xu et al. (2019), Doan et al. (2019), Cai et al. (2019), Chen et al. (2020c), Mou et al.
(2020), Kaledin et al. (2020), Chen et al. (2021d), Khamaru et al. (2021), Li et al. (2024a), Chen
et al. (2022d), Patil et al. (2023), Li et al. (2024d), Mou et al. (2024), Samsonov et al. (2024b),
Srikant (2025), Chen et al. (2025c), and Durmus et al. (2025). In parallel, finite-time, finite-sample
performance guarantees for Q-learning and its variants have been established in, e.g., Kearns and
Singh (1999), Even-Dar and Mansour (2003), Murphy (2005), Beck and Srikant (2012), Azar et al.
(2011), Wainwright (2019b), Wainwright (2019c), Chen et al. (2020c), Qu and Wierman (2020), Xu
and Gu (2020), Li et al. (2022b), Chen et al. (2024b), Chen et al. (2022d), Li et al. (2024a), Jin
et al. (2024b), and Jiao et al. (2026).

Since TD learning and Q-learning can be viewed as instances of stochastic approximation, a
notable portion of the existing theoretical analyses builds upon classical techniques from stochastic
approximation theory, along with various modern extensions of these techniques. Prominent examples
include the ODE method (e.g., Borkar and Meyn (2000), Borkar et al. (2025), and Meyn (2022)),
Stein’s method (e.g., Srikant and Ying (2019) and Srikant (2025)), Lyapunov-drift approach (e.g.,
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Chen et al. (2024b), Cayci et al. (2023), Chen et al. (2025d), and Chen and Maguluri (2026)),
and extensions to two-time-scale settings (e.g., Konda and Tsitsiklis (2004)), among others. See
also the tutorial Meyn (2023) for the stability of Q-learning with linear function approximation.
The continued development of these techniques has provided versatile tools for analyzing not only
TD learning and Q-learning, but also a range of model-free variants, including TD learning with
gradient correction (TDC), gradient TD learning, Zap Q-learning, SARSA, momentum Q-learning,
double Q-learning, and so on (Borkar and Meyn, 2000; Sutton et al., 2009; Maei et al., 2009; Gupta
et al., 2019; Liu et al., 2015; Devraj and Meyn, 2017; Xu et al., 2019; Xu and Liang, 2021; Zou
et al., 2019; Weng et al., 2020b; Weng et al., 2020a; Xiong et al., 2020). It is worth noting, however,
that these stochastic approximation techniques alone may be insufficient to establish the sharp
performance guarantees for TD learning and Q-learning in Theorems 4.1 and 4.6. Achieving these
tight guarantees requires additional proof ideas that carefully exploit the intrinsic variance structure
of the MDP, a key ingredient underlying the state-of-the-art analysis in Li et al. (2024a).

In addition, while the sample inefficiency and overestimation bias of Q-learning have long been
observed in practice — motivating algorithmic variants such as double Q-learning (Hasselt, 2010) —
formal lower bounds on the iteration complexity of Q-learning were not established until Li et al.
(2024a). Notably, Wainwright (2019b) conjectured, based on numerical evidence, that the tight
dependence of the sample complexity of Q-learning on the effective horizon scales as Õ

( 1
(1−γ)4

)
.

However, prior to Li et al. (2024a), neither matching upper nor lower bounds confirming this scaling
were available.

With the aim of improving the sample complexity of Q-learning while preserving its model-
free nature, more sophisticated algorithmic techniques have been proposed and analyzed in the
literature. For example, a variance-reduced variant of Q-learning — drawing inspiration from
variance-reduction methods in stochastic optimization, particularly stochastic variance-reduced
gradient (SVRG) (Johnson and Zhang, 2013) — has been shown to achieve the minimax-optimal
sample complexity for all ε ∈ (0, 1] (Wainwright, 2019c). At a high level, this approach partitions
the iterative process into epochs. At the beginning of each epoch, a batch of samples is used to
construct increasingly more accurate reference estimates of the value function. Subsequent stochastic
approximation updates incorporate these references by combining them with fresh stochastic samples
to reduce variability, thereby accelerating convergence. We refer interested readers to Wainwright
(2019c), Li et al. (2022b), Mou et al. (2022), and Xia et al. (2024) for further details on both
synchronous and asynchronous Q-learning with variance reduction. Notably, however, no existing
model-free algorithm is known to attain minimax optimality when ε≫ 1. This suggests the inherent
statistical suboptimality of model-free approaches in the most sample-hungry regime. Finally, we
note that variance-reduction techniques have also been incorporated into TD learning for policy
evaluation; see, for example, Khamaru et al. (2021), Xu et al. (2020b), and Li et al. (2023c).
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Online RL

We now turn to online reinforcement learning, where an agent interacts with an unknown environment
sequentially to collect data and learn a near-optimal policy. In contrast to the generative model
setting — where arbitrary state–action pairs can be queried on demand — an agent in online RL
must collect data by executing policies and observing trajectories in real time. This restriction
couples data collection with decision-making, necessitating carefully designed exploration strategies
that acquire informative samples without sacrificing long-term performance. Consequently, a central
challenge of online RL lies in optimally balancing exploration and exploitation under a limited
sampling budget.

5.1 Problem formulation

In this chapter, we focus primarily on online episodic RL formulated in finite-horizon nonstationary
MDPs, a setting that has been studied most extensively and for which the statistical limits have been
characterized even in the most sample-limited regime. Its counterpart in discounted infinite-horizon
MDPs remains not fully solved to date (see, e.g., Lattimore and Hutter (2012), Strehl et al. (2006),
Dong et al. (2019), Zhang et al. (2021f), Szita and Szepesvári (2010), Zhou et al. (2021b), and Ji
and Li (2023)) and calls for further investigation.

Sampling protocol. To be precise, we model the unknown environment as a finite-horizon non-
stationary MDP M = (S,A,H, P, r). For ease of exposition, we assume that the reward function
r = {rh}Hh=1 is fully known to the agent, an assumption that can be relaxed substantially without
fundamentally altering the underlying statistical limits and incurs only minor additional technical
complications. By contrast, the transition kernel P = {Ph}Hh=1 is assumed to be unknown a priori,
constituting the primary source of uncertainty in the online RL setting studied in this chapter. The
agent is permitted to interact with the MDP over K episodes, each of length H.

In each episode k = 1, . . . ,K, the sampling protocol of an online RL algorithm proceeds as
follows:

115
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(i) Initialization. The initial state sk1 of each episode k is drawn independently according to

sk1
i.i.d.∼ ρ, k = 1, · · · ,K, (5.1a)

where ρ ∈ ∆(S) denotes an (unknown) initial state distribution.

(ii) Policy selection. Based on the information collected in episodes 1 through k − 1, the agent
selects a policy πk = {πkh}Hh=1.

(iii) Sampling. The agent executes policy πk in the MDP M, generating a sample trajectory{
(skh, akh, rkh)

}
1≤h≤H , where skh, akh and rkh = rh(skh, akh) denote the state, action and immediate

reward at step h of this episode, respectively. Here, starting from sk1, the trajectory is rolled
out sequentially for h = 1, . . . , H according to

akh ∼ πkh(· | skh) and skh+1 ∼ Ph(· | skh, akh). (5.1b)

For notational convenience, we set rH+1 = 0 throughout this chapter. Consequently, learning the
terminal transition kernel PH is unnecessary, as all actions yield zero rewards at step H + 1. Since
each trajectory has length H, the total sample size can be understood as

T = KH.

Exploration-exploitation tradeoff. A fundamental challenge in online RL arises from the ex-
ploration–exploitation tradeoff: the agent must collect informative samples to learn the unknown
transition kernel, while simultaneously seeking policies that maximize cumulative rewards. Compared
to the generative model setting, at least two aspects significantly complicate matters.

• Coverage of the state-action space. Effective learning typically requires adequate coverage
of the state–action space, which is difficult to guarantee under online sampling protocols.
In particular, the agent does not know a priori which regions of the state–action space are
reachable through sample rollouts, nor how to reach them. This contrasts sharply to the
generative model setting, where one can query arbitrary state–action pairs at any step of the
MDP.

• Complicated statistical dependency across time. Samples in online RL are collected sequentially
and depend on the agent’s past decisions. This creates complex statistical dependencies across
both samples and time. In contrast, the samples studied in Chapters 3 and 4 under the
generative model are statistically independent, a feature that greatly simplifies both algorithm
design and theoretical analysis.

Performance metric: regret. To evaluate the performance of an online RL algorithm, arguably
one of the most widely used metrics is the (cumulative) regret over all K episodes:

Regret(K) :=
K∑

k=1

(
V ⋆

1 (sk1)− V πk

1 (sk1)
)
. (5.2)

This metric quantifies the aggregate performance gap — expressed in terms of the resulting value
functions — between the agent and an oracle that always acts optimally. Importantly, regret
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provides a natural way to formalize the exploration–exploitation tradeoff: it captures both the
cost of exploration, since exploratory actions may yield lower rewards, and the cost of insufficient
exploitation, as inaccurate model estimates arising from limited data can adversely affect decision-
making. Achieving low regret implies that the algorithm can efficiently identify near-optimal policies
while keeping the cumulative performance loss under control.

The main focus of this chapter is the design of online RL algorithms with provably small
cumulative regret Regret(K).

Connection between regret and PAC statistical guarantees. Careful readers may observe that
the policies {πk}1≤k≤K deployed across episodes are generally different, which naturally raises
the question of whether one can instead learn a single policy that attains near-optimal values.
Indeed, this question was the primary focus of Chapters 3–4 and falls within the PAC (probably
approximately correct) learning framework, which seeks a single policy estimate π̂ satisfying

V ⋆
1 (ρ)− V π̂

1 (ρ) ≤ ε.

Here, we recall that ρ denotes the state distribution generating the initial states {sk1}1≤k≤K (see
(5.1a)). Fortunately, regret guarantees can often be readily translated into corresponding PAC
learning guarantees (see, e.g., Jin et al. (2018)).

To illustrate this connection, consider an online RL algorithm that, for any MDP with S states,
A actions and horizon H, satisfies the expected regret bound

E
[
Regret(K)

] ≤ CS,A,HK1−α (5.3a)

for some α ∈ [0, 1] and some quantity CS,A,H that may depend on (S,A,H). Here, the expectation
is taken over all randomness arising from the initial states, sample transitions, and the learning
algorithm’s internal randomization. Now construct the policy estimate π̂ by selecting one of the
deployed policies uniformly at random:

π̂ ∼ Unif
(
π1, π2, . . . , πK

)
. (5.3b)

Then with probability at least 1− δ,

V ⋆
1 (ρ)− V π̂

1 (ρ) ≤ CS,A,H+1K
−αδ−1. (5.3c)

Proof of property (5.3c). Let us first consider the special case where the initial state distribution ρ
is supported on a single state s, namely, ρ(s) = 1 and ρ(s′) = 0 for all s′ ̸= s. Markov’s inequality
asserts that, with probability at least 1− δ,

V ⋆
1 (s)− V π̂

1 (s) ≤ δ−1E
[
V ⋆

1 (s)− V π̂
1 (s)

]
= 1
Kδ

K∑

k=1
E
[
V ⋆

1 (s)− V πk

1 (s)
]

= 1
Kδ

E
[
Regret(K)

] ≤ CS,A,HK−αδ−1,

where the first equality follows from the definition (5.3b) of π̂.
We now extend the argument to an arbitrary initial state distribution ρ. To this end, we augment

the MDP by introducing an additional step 0, consisting of a single state s0, a single action a0,
zero immediate reward (i.e., r0(s0, a0) = 0), and transition kernel P0(· | s0, a0) = ρ. Since there
is only one available action, this additional step involves no decision-making; accordingly, with a
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slight abuse of notation, we continue to denote by π the obvious extension of a policy π for the
original MDP and write V π

0 for its value function starting from step 0. The online RL algorithm
can therefore be applied to the augmented MDP without modification, yielding

E
[
Regret(K)

]
=

K∑

k=1
E
[
V ⋆

0 (s0)− V πk

0 (s0)
] ≤ CS,A,H+1K

1−α (5.4)

Given that the augmented MDP has a singleton initial state, the preceding argument applies directly,
implying that

V ⋆
0 (s0)− V π̂

0 (s0) ≤ CS,A,H+1K
−αδ−1 (5.5)

with probability at least 1− δ. To finish up, observe that for every policy π, one has V π
0 (s0) = V π

1 (ρ),
as the additional initial step incurs zero reward and admits only a single action. This together with
(5.5) completes the proof.

This simple argument demonstrates that sublinear regret naturally yields sample-efficient
PAC statistical guarantees. For example, if an online RL algorithm enjoys the regret bound
E[Regret(K)] ≤ Õ(

√
SAH3K) for any MDP with S states, A actions and horizon length H, then

the randomly selected policy π̂ achieves (by choosing δ = 1
log(SAH) in (5.3c))

V ⋆
1 (s)− V π̂

1 (s) ≤ Õ
(√

SAH3

K

)

with probability 1− o(1); consequently, to ensure V ⋆
1 (s)− V π̂

1 (s) ≤ ε with probability approaching
1, it suffices to run this online RL algorithm for

K = Θ̃
(
SAH3

ε2

)
episodes.

5.2 A detour: the UCB algorithm for multi-armed bandits

Before embarking on the design and analysis of online RL algorithms, we take a brief detour to
study multi-armed bandits, a special case of online RL where state transitions are absent or S = 1.
In this setting, there is no transition kernel to estimate; instead, we consider the scenario where the
observed rewards are noisy, so that model uncertainty arises solely from the stochasticity of the
rewards. As it turns out, several key ideas developed in the multi-armed bandit literature pave the
way for the design of efficient online RL algorithms.

5.2.1 Setting: stochastic bandits

Consider a standard stochastic bandit model, where an agent interacts sequentially with the unknown
environment over T rounds. The key components of this bandit model are described as follows.

• Actions. The agent has access to a set of A arms (i.e., actions), denoted by A = {1, . . . , A}.
One can picture a gambler standing in front of a row of A slot machines, each with its own
arm; at each round, the gambler needs to decide which machine to play.
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• Mean rewards. Each arm a ∈ A is associated with a time-invariant mean reward r(a) ∈ [0, 1].
In the gambling analogy, each slot machine has its own payout rate. The optimal mean reward
is denoted by

r⋆ := max
a∈A

r(a), (5.6a)

with the optimal arm defined correspondingly as

a⋆ := arg max
a∈A

r(a). (5.6b)

Crucially, these mean rewards are unknown to the agent and can only be learned through
sequential interaction with the environment over time.

• Realized rewards. At each round t, nature generates a noisy reward Ra,t independently for
each arm a ∈ A, given by

Ra,t = r(a) + za,t, with za,t
i.i.d.∼ N (0, 1). (5.7)

While we assume i.i.d. standard Gaussian noise for simplicity of exposition, this assumption
can be significantly relaxed without affecting the key algorithmic principles and insights (see,
e.g., Lattimore and Szepesvári (2020)).

• Observations (bandit feedback). The agent operates under bandit feedback, meaning that it
does not observe the full collection {Ra,t}a∈A of noisy rewards at each round. Instead, at
round t, the agent selects a single arm at ∈ A — potentially based on previous actions and
observations — and observes only the corresponding realized reward Rat,t.

Naturally, the agent would aim to maximize its cumulative payoff over T rounds. To evaluate
the performance of a bandit algorithm (which determines how actions are selected over time), we
introduce the (cumulative) regret as

Regret(T ) := Tr⋆ −
T∑

t=1
r(at), (5.8a)

which measures the total expected loss in reward relative to always playing the optimal arm. Here, we
employ the mean reward r(at) rather than the realized reward Rat,t to marginalize out observation
noise, which ensures non-negativity of regret. Notably, Regret(T ) is itself a random variable, as the
sequence of actions {at} is a function of the history of noisy rewards.

Moreover, the regret admits a simple yet useful decomposition. Let NT (a) denote the number of
times arm a is pulled over T rounds. Then the regret can be expressed in terms of {NT (a)} and the
suboptimality gaps:

Regret(T ) =
T∑

t=1
∆(at) =

∑

a∈A
∆(a)NT (a) with ∆(a) := r⋆ − r(a). (5.8b)

Given that the mean rewards are unknown a priori, the agent must balance exploring undersampled
arms with exploiting those currently deemed favorable. Despite its apparent simplicity, this classical
bandit formulation already encapsulates a central challenge of sequential decision-making under
uncertainty: the interplay between learning, decision-making, and data collection in real time.
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5.2.2 Optimism in the face of uncertainty

We now introduce a core design principle underlying a broad family of bandit algorithms. On the
one hand, if an arm a has been pulled only a small number of times, the corresponding estimate
of its mean reward ra can be highly volatile and therefore unreliable; this motivates playing the
arm more often in order to improve the accuracy of the reward estimate. On the other hand, if the
estimated reward of arm a is lower than that of other arms, this arm is likely suboptimal, suggesting
that it should be pulled less frequently. In summary,

(i) high uncertainty (i.e., low confidence) in an arm’s reward estimate can incentivize further
exploration of that arm;

(ii) a large reward estimate encourages more frequent pulls of that arm.

One strategy to unify these two competing principles is to introduce an optimistic estimate of the
form:

r̂(a) = empirical reward estimate for arm a + its uncertainty,
and then select the arm with the highest value of r̂(a), provided that this quantity is constructed
appropriately. Since r̂(a) acts as an optimistic estimate of the reward r(a) (in the sense that it
intentionally biases the estimate upward to account for uncertainty), this idea is commonly referred
to as the optimism principle in the face of uncertainty, originally introduced by Lai and Robbins
(1985).

While conceptually natural, this paradigm raises a fundamental question: how should the
uncertainty bonus be calibrated relative to the empirical reward estimate? Evidently, the choice of
this trade-off is crucial for achieving optimal regret and is, in general, far from obvious.

5.2.3 The upper confidence bound (UCB) algorithm

Somewhat surprisingly, a simple yet elegant approach — known as the upper confidence bound
(UCB) algorithm, originally developed by Lai and Robbins (1985) and Lai (1987) — is sufficient to
achieve the optimal exploration-exploitation trade-off.

More precisely, the UCB algorithm operates by selecting, at each round t, the arm with the largest
upper confidence bound on its mean reward, where these confidence bounds are constructed using
the samples observed up to and including time t. Specifically, for each round t, the agent pulls the
arm

at = arg max
a∈A

rucb
t−1(a), (5.9)

where rucb
t (a) represents the UCB estimate for arm a, defined as

rucb
t (a) = rt(a) +

√√√√2 log T 2
δ

Nt(a) . (5.10a)

Here, 0 < δ < 1 is some confidence parameter (whose role will become clear shortly), Nt(a) denotes
the number of times arm a has been pulled up to round t, and rt(a) represents the empirical mean
reward of arm a computed from all observations collected so far:

rt(a) = 1
Nt(a)

t∑

i=1
Ra,i1

(
arm a is pulled at round i

)
. (5.10b)
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Algorithm 5.1: The upper confidence bound (UCB) algorithm for online stochastic bandits
1 input: number of rounds T , confidence parameter δ.
2 initialize N(a)← 0, rsum(a)← 0, and r(a)← 0 for all a ∈ A.

// pull arms based on UCBs.
3 for t = 1, . . . , T do

/* add bonus. */
4 compute at ∈ arg maxa∈A rucb(a), where

rucb(a)← r(a) +

√√√√2 log T 2
δ

N(a) .

5 pull arm at at round t, and receive reward Rat,t.
6 set N(at)← N(at) + 1, rsum(at)← rsum(at) +Rat,t, and r(at)← rsum(at)/N(at).

The complete procedure of this algorithm is summarized in Algorithm 5.1.

The specific form of the uncertainty term
√

2 log(T 2/δ)
Nt(a) in (5.10a) — often dubbed the exploration

bonus — is motivated by the use of concentration inequalities to quantify statistical uncertainty.
To make this precise, recall from standard Gaussian tail bounds that a Gaussian random variable
Z ∼ N (µ, σ2) satisfies (see, e.g., Vershynin (2018, Chapter 2))

P
(
Z ≤ µ− τ) ≤ exp

(
− τ2

2σ2

)

for any τ ≥ 0, and as a result,

P
(
Z + σ

√
2 log 1

δ
≥ µ

)
> 1− δ

for any 0 < δ < 1. Now observe that, under the Gaussian reward model (5.7), one has rt(a)− r(a) =
N (0, 1

Nt(a)
)
. Applying the above Gaussian tail bound thus yields

P
(
rucb
t (a) ≥ r(a)

)
= P

(
rt(a) +

√√√√2 log T 2
δ

Na(t)
≥ r(a)

)
> 1− δ

T 2 , (5.11a)

and similarly,

P
(
r(a) +

√√√√2 log T 2
δ

Nt(a) ≥ rt(a)
)
> 1− δ

T 2 . (5.11b)

Consequently, the exploration bonus serves as a high-probability upper bound on the reward
estimation error, while rucb

t (a) acts as a statistically valid upper confidence bound on the unknown
mean reward r(a) — hence the name of the algorithm. This interpretation makes clear that the UCB
algorithm makes decision according to an optimistic, yet statistically plausible, view of their mean
rewards.
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5.2.4 Theoretical guarantees

To rigorously demonstrate the efficacy of the UCB algorithm, we present its regret guarantees in the
following theorem; the proof is provided in Section 5.2.5.

Theorem 5.1. Consider any 0 < δ < 1, and suppose that T ≥ A ≥ 2. Recall that ∆(a) = r⋆−r(a) ∈
[0, 1] for all a ∈ A. Then the expected regret of the UCB algorithm (see Algorithm 5.1) satisfies

E[Regret(T )] ≤ 8
√
AT log

(
T 2

δ

)
. (5.12a)

In addition, it also holds that

E[Regret(T )] ≤ 10 log
(
T 2

δ

)
·

∑

a: ∆(a)>0

1
∆(a) . (5.12b)

Remark 5.1. These results can also be stated as high-probability regret bounds (Lattimore and
Szepesvári, 2020). However, since bandits are not the primary focus of this monograph and are
introduced mainly to motivate certain algorithmic ideas, we restrict our attention to the expected
regret bounds for brevity.

This theorem provides two complementary results: a worst-case regret bound (5.12a) that holds
uniformly over all problem instances, and a more refined instance-dependent bound (5.12b) that
explicitly captures the role of the suboptimality gaps {∆(a)}a∈A. A few remarks about these regret
guarantees are in order.

• Assuming that the number of arms is A = O(1), then the worst-case regret bound (5.12a)
simplifies to

E[Regret(T )] ≤ Õ(
√
T
)
.

In the language of online learning (Shalev-Shwartz, 2012), this implies that UCB is a no-
regret learning algorithm, meaning that the average regret per round, 1

T E[Regret(T )], vanishes
asymptotically as T → ∞. In other words, although the agent may initially incur losses
while exploring uncertain arms, its long-term performance eventually approaches that of
the optimal arm. Encouragingly, the regret bound Õ(

√
AT ) in (5.12a) is minimax-optimal

up to logarithmic factors, revealing that the optimism principle achieves essentially optimal
worst-case performance. In fact, the logarithmic factor in (5.12a) can be shaved through
more refined algorithmic and analysis techniques (see Audibert and Bubeck (2009)). See, e.g.,
Lattimore and Szepesvári (2020, Section 15.2) for a matching lower bound.

• The instance-dependent regret bound (5.12b), which is often tighter than the worst-case bound
(5.12a), reveals the intrinsic difficulty of a bandit instance through the suboptimality gaps. In
particular, this regret bound scales inversely with the harmonic mean of the gaps:

E[Regret(T )] ≤ Õ
(

A

harmonic-mean({∆(a)}a̸=a⋆)

)
,

where we define, for any sequence of positive numbers {xi}1≤i≤n,

harmonic-mean
({xi}1≤i≤n

)
:= n

x−1
1 + · · ·+ x−1

n
.
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For instance, when ∆(a) ≍ 1 holds for all suboptimal arms and when A = O(1), the expected
regret bound reduces to

E[Regret(T )] ≤ Õ(1),

illustrating that, for favorable problem instances, the regret can be considerably smaller than
the worst-case Õ(

√
T ) scaling.

Intuitive explanation. Before presenting the proof of Theorem 5.1, we take a moment to provide
some intuition for the regret bounds. Recall the regret decomposition in (5.8b):

E[Regret(T )] =
∑

a∈A
∆(a)E [NT (a)] , (5.13)

where, by a slight abuse of notation, NT (a) denotes the total number of pulls of arm a over the T
rounds. This suggests controlling E[NT (a)] for each arm a. As it turns out, a key step of the proof
is to show that, for any suboptimal arm a,

E [NT (a)] ≤ Õ
((

∆(a)
)−2)

.

This scaling is intuitive. If NT (a) becomes significantly larger than
(
∆(a)

)−2, then the empirical
estimate r(a) concentrates sharply around the true mean r(a), making it distinguishable from
that of the optimal arm a⋆. More precisely, recall that the reward estimation error ra − r(a) ∼
N (0, 1/NT (a)) and is therefore on the order of 1/

√
NT (a); once this uncertainty is much smaller

than the suboptimality gap ∆(a) = r⋆ − r(a), the learner can reliably identify arm a as suboptimal
and will no longer select it. Consequently, the summand ∆(a)E[NT (a)] in (5.13) obeys

∆(a)E[NT (a)] ≤ ∆(a)Õ
((

∆(a)
)−2) = Õ

(
1/∆(a)

)
.

Summing over all arms suggests the claimed instance-dependent regret bound (5.12b).

5.2.5 Analysis: proof of Theorem 5.1

To begin with, we observe that the first A rounds constitute an initialization phase, during which
each arm is pulled once and the corresponding noisy reward is observed. Indeed, if an arm a has
never been selected, then N(a) = 0 and hence rucb(a) = ∞. Consequently, the algorithm always
selects an unsampled arm whenever one exists, so that each arm must be pulled exactly once during
the first A rounds, yielding an initial empirical mean estimate for every arm.

In what follows, we prove Theorem 5.1 with the aid of the regret decomposition (5.13), focusing
on t ≥ A. For notational clarity, we use Nt(a), rucb

t (a), and rt(a) to denote the values of the running
variables N(a), rucb(a), and r(a), respectively, at the end of round t.

Step 1: connecting Nt(a) with the arm-pulling probability. Consider any given a ∈ A. We first
identify a condition under which the UCB estimate rucb

t (a) of a suboptimal arm a is smaller than
that of the optimal arm a⋆ (cf. (5.6b)), and hence arm a will not be pulled at the beginning of
round t+ 1. More specifically, if

Nt(a) >
8 log T 2

δ(
∆(a)

)2 (5.14)
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holds for t ≥ A, then with probability at least 1− 2δ/T 2,

rucb
t (a) = rt(a) +

√√√√2 log T 2
δ

Nt(a)
(i)
≤ r(a) + 2

√√√√2 log T 2
δ

Nt(a)
(ii)
< r(a⋆)

(iii)
≤ rucb

t (a⋆),

where (i) results from (5.11b), (ii) is a consequence of Condition (5.14), and (iii) follows from (5.11a).
As a result, for any t ≥ A and any given a ∈ A,

P
(
at+1 = a,Nt(a) >

8 log T 2

δ(
∆(a)

)2

)
= P

(
at+1 = a | Nt(a) >

8 log T 2

δ(
∆(a)

)2

)
P
(
Nt(a) >

8 log T 2

δ(
∆(a)

)2

)

≤ P
(
at+1 = a | Nt(a) >

8 log T 2

δ(
∆(a)

)2

)
≤ 2δ
T 2 . (5.15)

Step 2: deriving an instance-dependent bound on E[NT (a)]. Equipped with the properties
derived in Step 1, we can demonstrate that, for any arm a with ∆(a) > 0,

E [NT (a)] = 1 + E
[
T−1∑

t=A
1(at+1 = a)

]

= 1 + E
[
T−1∑

t=A
1

(
at+1 = a,Nt(a) ≤ 8 log T 2

δ(
∆(a)

)2

)]
+ E

[
T−1∑

t=A
1

(
at+1 = a,Nt(a) >

8 log T 2

δ(
∆(a)

)2

)]

≤ 1 +
8 log T 2

δ(
∆(a)

)2 +
T−1∑

t=A
P
(
at+1 = a,Nt(a) >

8 log T 2

δ(
∆(a)

)2

)

≤ 1 +
8 log T 2

δ(
∆(a)

)2 +
T−1∑

t=A

2δ
T 2

≤ 8 log T 2

δ(
∆(a)

)2 + 2. (5.16)

Here, the first inequality follows because arm a is pulled exactly once during the first A rounds, and
thereafter the event {

at+1 = a, Nt(a) ≤ 8 log(T 2/δ)
(
∆(a)

)2

}

can occur at most 8 log(T 2/δ)
(∆(a))2 times, as each occurrence increments Nt(a) by one. The penultimate line

in (5.16) results from (5.15), whereas the last inequality in (5.16) holds since δ ≤ 1 and T ≥ A ≥ 2.

Step 3: establishing the instance-dependent regret bound. Substituting (5.16) into the regret
decomposition (5.13) establishes the advertised instance-dependent regret bound (i.e., (5.12b)):

E[Regret(T )] ≤
∑

a: ∆(a)>0
∆(a)

(
8 log T 2

δ(
∆(a)

)2 + 2
)
≤

∑

a:∆(a)>0

10 log T 2

δ

∆(a) ,

provided that ∆(a) ≤ 1 holds for all a ∈ A.



5.3. A model-based online RL algorithm: UCB-VI 125

Step 4: establishing the worst-case regret bound. With the instance-dependent bound (5.16)
on E [NT (a)] in place, we can proceed to establish the claimed worst-case regret bound (5.12a).
Considering any threshold ∆ > 0 (to be specified shortly), we make the following observations.

• For any arm a with ∆(a) ≥ ∆ (i.e., large suboptimality gap), it follows from (5.16) that

E [NT (a)] ≤ 8 log T 2

δ(
∆(a)

)2 + 2.

• For the set of arms with ∆(a) < ∆ (i.e., small suboptimality gap), it holds trivially that
∑

a

E [NT (a)] ≤ T.

Combine these bounds with the regret decomposition (5.13) to reach

E[Regret(T )] ≤
∑

a: ∆(a)≥∆
∆(a)

(
8 log T 2

δ(
∆(a)

)2 + 2
)

+ ∆
∑

a: ∆a<∆
E [NT (a)]

≤ 8A log T 2

δ

∆ + 2A+ T∆,

where the last line also uses the assumption that ∆(a) ≤ 1 for each a ∈ A. Choosing ∆ =√
4A log(T 2/δ)

T , we arrive at

E[Regret(T )] ≤ 6

√

AT log T
2

δ
+ 2A ≤ 8

√

AT log T
2

δ
,

provided that T ≥ A. This completes the proof.

5.3 A model-based online RL algorithm: UCB-VI

Recall that in the generative model setting, model-based algorithms have been shown to achieve
minimax-optimal sample complexity, even in the most data-hungry regime. Such results provide
strong incentives for studying the model-based paradigm in the online RL setting as well. Given the
proven efficiency of the optimism principle in multi-armed bandits (see Section 5.2), it is natural to
investigate how this principle can be effectively integrated into model-based online RL algorithms.

5.3.1 Algorithmic ideas

To begin with, the model-based policy learning algorithm introduced previously consists of a model
estimation stage, where an empirical estimate of the probability transition kernel is constructed from
collected data, followed by a planning stage that computes a policy by treating the empirical model
as if it were the true environment. This naturally suggests a paradigm that integrates model-based
policy learning with online decision-making and sampling, which operates as follows in each episode.

• Model estimation. Use all previously collected data to construct an empirical estimate P̂ of
the transition kernel.

• Policy update. Compute an optimal policy π̂ w.r.t. the updated empirical model P̂ , for instance
via dynamic programming.
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• Sampling. Execute the updated policy π̂ to obtain a new sample trajectory at the beginning
of the next episode.

While conceptually intuitive, this approach lacks one crucial component: exploration. By focusing
exclusively on exploitation — optimizing solely w.r.t. the current empirical model — the agent
may fail to sufficiently explore regions of the state-action space that are poorly understood yet
potentially highly rewarding.

To address this issue, a natural strategy is to incorporate the optimism principle in the face
of uncertainty into the above framework, namely, to guide exploration by acting according to an
optimistic view of the world. Compared with stochastic bandits (Section 5.2), where uncertainty
arises primarily from noisy rewards, the online RL formulation considered herein faces uncertainty
stemming from unknown transition kernels. Consequently, there are multiple objects around which
one may construct confidence regions, including the transition kernel itself and the corresponding
optimal value and Q-functions. The former (i.e., confidence regions for the transition kernel) led
to some of the earliest UCB-style algorithms for online RL, most notably UCRL and UCRL2 (Auer
and Ortner, 2006; Jaksch et al., 2010), whereas the latter (i.e., optimism over the optimal value
and Q-function) led to the development of UCB-VI (Azar et al., 2017), the first online RL algorithm
achieving asymptotically near-optimal regret. Since the primary focus of this work is sample efficiency,
we concentrate on the UCB-VI algorithm and its variants.

In a nutshell, the UCB-VI algorithm — short for upper confidence bound value iteration and
originally proposed by Azar et al. (2017) — implements the optimism principle by constructing
upper confidence bounds on the optimal Q-function in each episode, and subsequently performing
policy updates and data collection in accordance with these optimistic Q-value estimates rather than
the unadjusted empirical estimates. To be more precise, in each episode k, the algorithm proceeds
as follows, assuming the Q-value estimates are initialized optimistically as Qucb

h (s, a) = H for all
(s, a, h) ∈ S ×A× [H].

• Sampling. Compute the current policy πucb = {πucb
h }1≤h≤H w.r.t. the optimistic Q-estimates

{Qucb
h }1≤h≤H via a greedy rule, i.e.,

πucb
h (s)← arg max

a
Qucb
h (s, a), ∀(s, h) ∈ S × [H].

Armed with the updated policy estimate πucb, the agent executes πucb in the MDP at the
beginning of the episode, collecting a sample trajectory denoted by

(
sk1, a

k
1, . . . , s

k
H , a

k
H , s

k
H+1

)
.

• Model estimation. Compute an empirical estimate P̂ = {P̂h ∈ RSA×S}1≤h≤H of the transition
probability kernel using all previously collected samples. More specifically, the empirical model
P̂ is constructed such that, for all (s, a, h, s′) ∈ S ×A× [H]× S,

P̂h(s′ | s, a) = Nh(s, a, s′)
Nh(s, a) , (5.17)

where Nh(s, a) denotes the number of visits to the state-action-step tuple (s, a, h) up to
the current episode, and Nh(s, a, s′) denotes the number of such visits that result in a
transition to state s′ at step h + 1. Throughout this section, we often use the notation
P̂s,a,h := [P̂h(s′ | s, a)]s′∈S to denote the empirical transition vector associated with the state-
action pair (s, a) at step h. If the tuple (s, a, h) has not been visited, one may simply set
P̂s,a,h(s′) = 1/S for all s′ ∈ S, so that P̂s,a,h remains a valid probability distribution.
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Algorithm 5.2: The upper confidence bound value iteration (UCB-VI) algorithm for
episodic online RL
1 input: number of episodes K, reward function r, confidence parameter δ, constants c1, c2 > 0.
2 initialize Nh(s, a, s′)← 0, Nh(s, a)← 0, Qucb

h (s, a)← H, V ucb
h (s)← H, V ucb

H+1(s)← 0,
P̂s,a,h(s′)← 1/S for all (s, a, s′, h) ∈ S ×A× S × [H].

3 for k = 1, · · · ,K do
/* policy update. */

4 compute policy πucb such that πucb
h (s)← arg maxa Q

ucb
h (s, a) for all (s, h) ∈ S × [H].

5 observe the initial state s1
ind.∼ ρ of a new episode.

6 for h = 1, · · · , H do
/* sampling. */

7 take ah = πucb
h (sh), observe sh+1; set (s, a, s′)← (sh, ah, sh+1).

/* empirical model update. */
8 Nh(s, a)← Nh(s, a) + 1; Nh(s, a, s′)← Nh(s, a, s′) + 1.
9 P̂s,a,h(s̃)← Nh(s,a,̃s)

Nh(s,a) for all s̃ ∈ S.

/* optimistic updates of Q-functions & values. */
10 for h = H, · · · , 1 do
11 for (s, a) ∈ S ×A do
12 compute the bonus bh(s, a) according to (5.20); update

Qucb
h (s, a)← min

{
rh(s, a) + ⟨P̂s,a,h, V

ucb
h+1⟩+ bh(s, a), H

}
, (5.18a)

V ucb
h (s)← max

a
Qucb

h (s, a). (5.18b)

• Optimistic Q-function estimation. Maintain upper confidence estimates of the optimal Q-
function and value function. More concretely, working backward for h = H, . . . , 1, one computes,
for every state-action-step tuple,

Qucb
h (s, a) ← min

{
rh(s, a) +

〈
P̂h(· | s, a), V ucb

h+1
〉

+ bh(s, a),H
}

V ucb
h (s) ← maxaQucb

h (s, a)

from the initial value V ucb
H+1 = 0, where Qucb

h (resp. V ucb
h ) indicates the running estimate for

the Q-function (resp. value function), and bh(s, a) ≥ 0 is some suitably chosen exploration
bonus that accounts for statistical uncertainty. Here, the iterate Qucb

h (s, a) is explicitly capped
at H to reflect the known feasible range [0, H].

The full procedure is described in Algorithm 5.2.
At a high level, the UCB-VI algorithm makes decisions adaptively by favoring actions with either

large estimated Q-values or high uncertainty in the Q-value estimates, thereby balancing exploitation
with exploration in a principled manner. From a computational standpoint, each episode requires
running a value-iteration-type procedure, whose complexity is roughly comparable to that of solving
a fully specified finite-horizon MDP. Consequently, the overall computational complexity of UCB-VI
is polynomial in the problem parameters.
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5.3.2 Choices of exploration bonuses

A crucial design element of UCB-VI is the exploration bonus bh(s, a), which needs to be carefully
constructed to ensure a valid, yet tight, upper confidence bound on the optimal Q-function (i.e.,
Qucb
h (s, a) ≥ Q⋆h(s, a)). As is evident from the algorithm description, the primary source of uncer-

tainty in Q-function estimation in each iteration of dynamic programming arises from the term〈
P̂h(· | s, a), V ucb

h+1
〉

appearing in (5.18a), whereas the ideal quantity would be the population-level
counterpart

〈
Ph(· | s, a), V ucb

h+1
〉
. Two common choices for designing bh(s, a) are obtained by applying

the Hoeffding inequality or the Bernstein inequality to control the deviation
〈
P̂h(· | s, a)− Ph(· | s, a), V ucb

h+1
〉
, (5.19)

which we introduce below. Throughout, we let δ > 0 denote a confidence parameter (so that 1− δ is
the target success probability), and recall that Nh(s, a) is the visitation count of the state-action-step
tuple (s, a, h).

• Hoeffding-style bonus. This type of bonuses is comparatively simple, as it depends mainly on
the range of the value function. More specifically, it typically takes the following form:

bh(s, a) = Θ̃
(√

H2

Nh(s, a)

)
.

This choice of upper confidence width is obtained by bounding the deviation term in (5.19)
via the Hoeffding inequality (see Lemma 2.4) together with the fact that, by construction, the
optimistic value estimate V ucb

h+1(s) falls within [0, H].

• Bernstein-style bonus. In contrast, the Bernstein-type bonus incorporates variance information
to form tighter confidence bounds, often leading to improved statistical guarantees compared
to their Hoeffding-based counterparts. By applying the Bernstein inequality (see Lemma 2.5)
and using the fact that ∥V ucb

h+1∥∞ ≤ H, we see that the deviation term (5.19) can be bounded,
with high probability, by

Õ

(√VarPs,a,h(V ucb
h+1)

Nh(s, a) + H

Nh(s, a)

)
,

where we recall the definition of the variance term in (2.41a). Nevertheless, since the true
transition kernel Ps,a,h is unknown, this variance term VarPs,a,h(·) cannot be evaluated directly
in practice. A natural remedy is to replace it with the empirical variance Var

P̂s,a,h
(·) computed

under the empirical model. This yields the following Bernstein-style exploration bonus:

bh(s, a) = Θ̃
(√√√√Var

P̂s,a,h
(V ucb
h+1)

Nh(s, a) + H

Nh(s, a)

)

arising from the empirical Bernstein inequality stated in Lemma 2.6.

We shall shortly see — to be formalized in Lemma 5.5 — that the above exploration bonuses suffice
to guarantee, with high probability, that Qucb

h (s, a) ≥ Q⋆h(s, a) holds for every state-action-step tuple
(s, a, h), thereby offering valid upper confidence bounds.

Motivated by insights from the generative model setting, which highlight the importance of
exploiting variance structure for data-efficient design, this monograph focuses on adopting and
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analyzing Bernstein-style bonuses within UCB-VI and its variants. To facilitate precise discussion
and analysis, we shall work with the following concrete choice throughout this chapter:

bh(s, a) = c1

√√√√Var
P̂s,a,h

(V ucb
h+1) log 1

δ′

Nh(s, a) + c2
H log 1

δ′

Nh(s, a) , (5.20a)

where c1, c2 > 0 are some universal constants, and δ′ is a suitably adjusted confidence parameter.
Throughout the analysis of UCB-VI, we take

δ′ = δ

100S2A2H2K2 ; (5.20b)

this particular choice of δ′ made solely for technical convenience and should not be interpreted as a
practical recommendation.

Remark 5.2. We note that the form of (5.20) differs from the Bernstein-style bonus proposed in
the original work of Azar et al. (2017); instead, we adopt a simplified choice suggested by Zhang
et al. (2021e) and Zhang et al. (2025e) in their design of MVP, an algorithm we will shortly introduce
in Section 5.4.

5.3.3 Theoretical guarantees

As alluded to previously, the development of the UCB-VI algorithm (Azar et al., 2017) marked a
milestone in online RL theory, leading to the first algorithm provably achieving asymptotically
minimax-optimal regret. Its statistical guarantees are formally stated in the following theorem.

Theorem 5.2 (Azar et al. (2017)). Consider any K ≥ 1 and any 0 < δ < 1. Then with probability
at least 1− δ, the UCB-VI algorithm in Algorithm 5.2 with Bernstein-style bonuses (5.20) achieves

Regret(K) ≤ Õ(
√
SAH3K + S2AH3), (5.21)

provided that the constants c1, c2 > 0 in (5.20) are suitably chosen. Here, in the definition of
Regret(K) (cf. (5.2)), πk and sk1 denote, respectively, the sampling policy deployed and the initial
state observed in episode k of Algorithm 5.2.

Remark 5.3. It is noteworthy that the regret bound presented in Azar et al. (2017) differs from
that in Theorem 5.2 in its dependence on the horizon H, since the former considers finite-horizon
stationary MDPs, whereas Theorem 5.2 is stated for finite-horizon nonstationary MDPs. Intriguingly,
this also unveils that the UCB-VI algorithm is asymptotically optimal for finite-horizon stationary
MDPs.

Notably, once the number of episodes is sufficiently large, i.e.,

K ≳ S3AH3, (5.22)

the lower-order term S2AH3 becomes negligible, and the regret bound in Theorem 5.2 simplifies to

Regret(K) ≤ Õ(
√
SAH3K

)
. (5.23)

As we will rigorize in Section 5.6, this matches the minimax lower bound up to logarithmic factors.
Consequently, UCB-VI is asymptotically optimal in terms of regret.
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Additionally, when K ≳ S3AH3, the above asymptotic regret bound (5.23) can be readily
converted into a PAC-style sample complexity guarantee via the regret-to-PAC conversion in (5.3)
from Section 5.1. Specifically, if one outputs a policy π̂ drawn uniformly at random from those
sampling policies deployed over the K episodes, then

V ⋆
1 (ρ)− V π̂

1 (ρ) ≤ ε

holds with probability approaching one, provided that the total number of collected samples satisfies

T = KH ≥ Ω̃
(
SAH4

ε2

)

and ε is sufficiently small. Somewhat surprisingly, this PAC-style sample complexity coincides, up to
logarithmic factors, with the minimax-optimal sample complexity limit under the generative model
setting (see Section 3.5). In some sense, this result suggests that, at least in the asymptotic regime
and from a minimax perspective, online exploration via optimism incurs little additional statistical
cost compared to sampling from an idealized generative model.

Nevertheless, the statistical optimality of UCB-VI is guaranteed only after a substantial burn-in
period of order K ≳ S3AH3, which can be prohibitively large in practical scenarios where the
available number of episodes is limited. This limitation of the existing theoretical guarantees for
UCB-VI has motivated a line of subsequent work aimed at reducing or eliminating the burn-in cost
while retaining optimal regret guarantees.

5.3.4 Notation and intuition

Before embarking on the proof, we provide some intuition for why the asymptotic regret scales as
Õ(
√
SAH3K).

Notation. To facilitate the discussion and subsequent analysis, we introduce augmented notation
to explicitly index the iterates of Algorithm 5.2 by the episode number k as follows.

• (sk1, ak1, · · · , skH , akH , skH+1): the sample trajectory observed during episode k, with skh (resp. akh)
representing the state (resp. action) at step h.

• πk: the policy πucb computed and deployed in episode k; note that πk is computed at the
beginning of episode k and depends only on data collected prior to episode k.

• P̂ ks,a,h ∈ RS : the latest empirical transition probability vector P̂s,a,h computed before episode k.

• Nk
h (s, a): the visitation count Nh(s, a) for the (s, a, h)-tuple before episode k.

• bkh(s, a) ≥ 0: the latest bonus term bh(s, a) before episode k.

• Qkh ∈ RSA: the Q-function estimate Qucb
h before episode k.

• V k
h ∈ RS : the value function estimate V ucb

h before episode k.
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Heuristic arguments. Below, we provide a heuristic discussion of the regret analysis. To simplify
the exposition, we consider the asymptotic regime with K →∞, where we may informally regard
V k
h ≈ V ⋆

h ≈ V πk
h and P̂ k ≈ P . These approximations allow us to focus on the main bottlenecks

while ignoring lower-order error terms.
As in the multi-armed bandit setting in Section 5.2, an appropriate choice of exploration bonuses

guarantees that the value estimates remain optimistic, namely, V k
1 ≥ V ⋆

1 (which will be rigorized
shortly). This optimism property immediately yields

Regret(K) =
K∑

k=1

(
V ⋆

1 (sk1)− V πk

1 (sk1)
)
≤

K∑

k=1

(
V k

1 (sk1)− V πk

1 (sk1)
)
, (5.24)

which is oftentimes more convenient to work with because πk is chosen greedily w.r.t. the optimistic
Q-values; as a result, both V k

1 and V πk
1 can be obtained through compatible Bellman recursions,

allowing their difference to be propagated recursively and conveniently across the horizon.
To better understand this over-estimation on the right-hand side of (5.24), recall that in each

episode k, the value estimate V k
1 is computed via backward induction from step H back to step 1

(see (5.18)). At each step h, the Q-estimate is inflated by a Bernstein-style bonus term:

bkh(s, a) ≍

√√√√Var
P̂k
s,a,h

(
V k
h+1

)

Nk
h (s, a)

≈

√√√√VarPs,a,h
(
V πk
h+1

)

Nk
h (s, a)

(ignoring log factors),

where we omit the O
(
1/Nk

h (s, a)
)

lower-order term for simplicity, as the variance-dependent term
typically dominates in the asymptotic regime with K → ∞. While this bonus is designed to
compensate for model uncertainty, it also systematically inflates the value estimates. Since the
regret is bounded above by the optimistic over-estimation in (5.24), it is natural to quantify the
cumulative amount of optimism introduced by these bonus terms:

Eover :=
K∑

k=1

H∑

h=1
bkh(skh, akh) ≍

K∑

k=1

H∑

h=1

√√√√√
VarP

sk
h
,ak
h
,h

(
V πk
h+1

)

Nk
h (skh, akh)

.

To bound this cumulative over-estimation error, a standard application of the Cauchy-Schwarz
inequality separates this quantity into two components:

Eover ≲

√√√√
∑

k,h

1
Nk
h (skh, akh)

·
√∑

k,h

VarP
sk
h
,ak
h
,h

(
V πk
h+1

)
. (5.25)

As it turns out, these two sums can be readily controlled via the following basic results.

Lemma 5.3. For any K ≥ 2, Algorithm 5.2 satisfies
K∑

k=1

H∑

h=1

1
max

{
Nk
h (skh, akh), 1

} ≤ 2SAH log2K. (5.26)

Lemma 5.4. Fix a deterministic policy π. Generate a sample trajectory (s1, a1, . . . , sH , aH) by
executing policy π in the MDP. Then one has

E

[
H∑

h=1
VarPsh,ah,h

(
V π
h+1

)
]
≤ H2, (5.27)

where the expectation is over the randomness of the sample trajectory.
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Remark 5.4. The variance bound in Lemma 5.4 parallels the variance-based upper bounds — such
as (3.14) in Section 3.2.4 — that were previously established for, and play a pivotal role in the
analysis of, γ-discounted infinite-horizon MDPs.

Assuming that the cumulative variance term (i.e., the second sum appearing in the upper
bound (5.25)) concentrates around its expectation, the preceding two lemmas imply that, with high
probability,

Eover ≤ Õ
(√

SAH ·
√
KH2

)
= Õ

(√
SAH3K

)
. (5.28)

Furthermore, since the right-hand side of (5.24) is often orderwise dominated by this over-estimation
error (as we shall shortly rigorize), the above heuristic discussion suggests that, asymptotically,

Regret(K) ≲ Õ
(√

SAH3K
)
.

Finally, we note that the cumulative variance bound in Lemma 5.4 — whose statement and
proof are both remarkably simple — is the key ingredient behind the asymptotically optimal regret
guarantee. Indeed, if one were to bound each summand in (5.27) naively by H2 without exploiting
the dependence structure across the horizon, the resulting cumulative variance could scale as H3,
thereby precluding asymptotically optimal regret guarantees. This observation further highlights
the importance of incorporating variance information into the design of exploration bonuses.

Proof of Lemma 5.3. For any given (s, a, h), it is easily seen that

K∑

k=1

1
max{Nk

h (skh, akh), 1}1
{

(s, a) =
(
skh, a

k
h

)} ≤ 1 +
K−1∑

k=1

1
k
≤ 2 log2K.

This holds since: (i) when (s, a) is visited for the first time, we have Nk
h (s, a) = 0 by definition, so

the corresponding summand equals 1; (ii) thereafter, each subsequent visit to (s, a) increments its
associated visitation count by 1. Summing over all (s, a, h) tuples completes the proof.

Proof of Lemma 5.4. Consider first any fixed pair (s, h) ∈ S × [H]. It is easy to verify that

VarPs,πh(s),h

(
V π
h+1

)
=
∑

s′∈S
Ps,πh(s),h(s′)

[
V π
h+1(s′)− 〈Ps,πh(s),h, V

π
h+1

〉]2

=
∑

s′∈S
Ps,πh(s),h(s′)

[
V π
h+1(s′)− V π

h (s) + rh
(
s, πh(s)

)]2

= E
s′∼Ps,πh(s),h

[(
V π
h+1(s′)− V π

h (s) + rh
(
s, πh(s)

))2]
, (5.29)

where the second identity results from the Bellman equation. The cumulative variance over the
horizon then satisfies

E

[
H∑

h=1
VarPsh,ah,h

(
V π
h+1

)
]

(i)=
H∑

h=1
E

[(
V π
h+1(sh+1)− V π

h (sh) + rh
(
sh, ah

))2
]

(ii)= E

[(
H∑

h=1

[
V π
h+1(sh+1)− V π

h (sh) + rh
(
sh, ah

)]
)2]
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(iii)= E

[(
H∑

h=1
rh
(
sh, ah

)− V π
1 (s1)

)2]
(iv)
≤ H2.

Here, (i) follows by using (5.29) and recalling that ah = πh(sh) in the sample trajectory; (ii) comes
from the Markov property of the trajectory, which ensures that the cross terms vanish; (iii) arises
from telescoping together with the condition V π

H+1 = 0; and (iv) holds because both ∑H
h=1 rh(sh, ah)

and V π
1 (s1) reside within the interval [0, H].

5.3.5 Analysis: proof of Theorem 5.2

In this subsection, we provide the proof of Theorem 5.2. While the proof below differs somewhat
from the original arguments of Azar et al. (2017) — though remaining similar in spirit — it provides
a treatment that is more coherent with the proof of the MVP algorithm to be presented in the next
section. For notational simplicity, we introduce a logarithmic term ιb as follows:

ιb := 40000(log2K)3 log(3SAH) log 1
δ′
, (5.30)

where δ′ is defined in (5.20b).We will also adopt the notation introduced in Section 5.3.4.
Before embarking on the main proof, we first observe that when K ≤ ιbSAH2, the regret bound

in Theorem 5.2 follows trivially. Indeed, since the value function always lies within [0, H], one has

Regret(K) =
K∑

k=1

(
V ⋆

1 (sk1)− V πk

1 (sk1)
)
≤ HK ≤ SAH3ιb

≤ Õ(
√
SAH3K + S2AH3),

which already satisfies the claimed regret bound in this regime. Consequently, throughout the
remainder of the proof, it suffices to assume that

K ≥ SAH2ιb. (5.31)

Step 1: justifying optimism. We first establish that the running Q-function and value function
estimates in Algorithm 5.2 serve as valid upper bounds for the true optimal Q-function and value
function, respectively. This property provides a formal justification for the optimism principle
underlying UCB-VI. Note that the same optimism property continues to hold if the exploration
bonuses are replaced by confidence widths derived from alternative concentration inequalities, such
as Hoeffding’s inequality.

Lemma 5.5 (Optimism). Suppose that the constants c1, c2 > 0 in (5.20) obey c1 ≥ 4 and c2 ≥ c2
1.

With probability exceeding 1− 2SAHKδ′,

Qkh(s, a) ≥ Q⋆h(s, a) and V k
h (s) ≥ V ⋆

h (s) (5.32)

hold simultaneously for all (s, a, h, k) ∈ S ×A× [H]× [K].

Intuitively, this result holds because the exploration bonus added in each iteration is sufficiently
large to dominate the uncertainty in the Bellman-type updates (5.18) arising from the use of
empirical model estimates. The proof is deferred to Section 5.7.1. Unless stated otherwise, all
subsequent analysis is carried out on the high-probability event under which the inequalities in
(5.32) hold.
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Step 2: decomposing regret. In view of the optimism property established in Lemma 5.5, the
regret admits the following upper bound

Regret(K) =
K∑

k=1

(
V ⋆

1 (sk1)− V πk

1 (sk1)
)
≤

K∑

k=1

(
V k

1 (sk1)− V πk

1 (sk1)
)

(5.33)

with probability at least 1− 2SAHKδ′. The remainder of the analysis therefore focuses on upper
bounding the right-hand side of (5.33).

Remark 5.5. To better understand the rationale behind replacing V ⋆
1 with V k

1 , note that V k
1 (sk1) =

maxaQk1(sk1, a) = Qk1
(
sk1, π

k
1(sk1)

)
due to the greedy policy update (cf. line 4 of Algorithm 5.2).

Consequently, both V k
1 (sk1) and V πk

1 (sk1) are, in some sense, aligned in terms of the selected actions.
This alignment proves convenient when recursively expanding the difference V k

1 (sk1)− V πk
1 (sk1) using

Bellman-type updates.

To control the right-hand side of (5.33), we begin by deriving the following upper bound on the
optimistic value function estimate.

Lemma 5.6. For every 1 ≤ k ≤ K, one has

V k
1 (sk1) ≤

H∑

h=1

{〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉
+ bkh(skh, akh) + rh(skh, akh) +

〈
Psk

h
,ak
h
,h − esk

h+1
, V k

h+1
〉}
.

Here and throughout, es denotes the s-th standard basis vector.

Intuitively, this recurrence relation is derived by recursively unrolling V k
1 (sk1) via its update rule

through the entire horizon. Crucially, both the empirical model estimation error P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h

and the sampling noise Psk
h
,ak
h
,h − esk

h+1
are zero-mean fluctuations, whose cumulative contributions

may potentially be controlled via suitable concentration inequalities. We include the proof here
given its central role in the analysis of UCB-type online RL algorithms.

Proof of Lemma 5.6. According to the update rule (5.18), the value function estimates for each
1 ≤ h ≤ H and 1 ≤ k ≤ K satisfy

V k
h (skh) = max

a∈A
Qkh(skh, a) (i)= Qkh(skh, akh)

≤ rh(skh, akh) + P̂ k
sk
h
,ak
h
,h
V k
h+1 + bkh(skh, akh)

=
〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉
+ bkh(skh, akh) + rh(skh, akh) +

〈
Psk

h
,ak
h
,h − esk

h+1
, V k

h+1
〉

+ V k
h+1(skh+1),

where (i) is valid due to the greedy rule for selecting akh. Importantly, this recurrence relation links
the value function estimate at step h (i.e., V k

h (skh)) to its counterpart at step h+ 1 (i.e., V k
h+1(skh+1)).

By unrolling this relation recursively from h = 1 to H, we arrive at

V k
1 (sk1) ≤

H∑

h=1

{〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉
+ bkh(skh, akh) + rh(skh, akh) +

〈
Psk

h
,ak
h
,h − esk

h+1
, V k

h+1
〉}
,

where the recursive expansion terminates at step H since V k
H+1 = 0.
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Substituting the regret bound from Lemma 5.6 into the decomposition (5.33) reveals that, with
probability at least 1− 2SAHKδ′,

(5.33) ≤
K∑

k=1

H∑

h=1

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉

︸ ︷︷ ︸
=:T1

+
K∑

k=1

H∑

h=1
bkh(skh, akh)

︸ ︷︷ ︸
=:T2

+
K∑

k=1

H∑

h=1

〈
Psk

h
,ak
h
,h − esk

h+1
, V k

h+1
〉

︸ ︷︷ ︸
=:T3

+
K∑

k=1

(
H∑

h=1
rh(skh, akh)− V πk

1 (sk1)
)

︸ ︷︷ ︸
=:T4

. (5.34)

Therefore, it remains to bound each of the four terms {Ti}4i=1. Before proceeding, we briefly comment
on each term.

• The term T2, which involves the (Bernstein-style) bonuses, involves variance quantities over
time that need to be carefully aggregated in order to attain asymptotically optimal regret.

• The term T3 can be controlled relatively directly using martingale concentration inequalities,
since skh+1 is a newly collected sample that is conditionally independent of V k

h+1 given what
has happened prior to episode k. For similar reasons, the term T4 can also be handled via
martingale concentration arguments.

• The most challenging term is T1, due to the intricate statistical dependence between P̂ k
sk
h
,ak
h
,h

and V k
h+1. Addressing this dependence requires considerably more delicate analysis. In fact,

as we shall see, the difficulty of handling this term in the moderate-to-small K regime also
motivates the design of the MVP algorithm to be introduced in Section 5.4.

In what follows, we bound these terms separately. As will become clear shortly, the resulting
bounds for these terms are inherently intertwined, ultimately leading to a system of interdependent
inequalities that are solved jointly in the final step. To facilitate the analysis, we also introduce a
few quantities concerning cumulative variance or cumulative second moments across time:

T5 :=
K∑

k=1

H∑

h=1
Var

P̂k
sk
h
,ak
h
,h

(
V k
h+1

)
, (5.35a)

T ucb
6 :=

K∑

k=1

H∑

h=1
VarP

sk
h
,ak
h
,h

(
V k
h+1

)
, (5.35b)

T opt
6 :=

K∑

k=1

H∑

h=1
VarP

sk
h
,ak
h
,h

(
V ⋆
h+1

)
, (5.35c)

T low
6 :=

K∑

k=1

H∑

h=1
VarP

sk
h
,ak
h
,h

(
V πk

h+1
)
, (5.35d)

T diff
6 :=

K∑

k=1

H∑

h=1

〈
Psk

h
,ak
h
,h,
(
V k
h+1 − V πk

h+1
)2〉

. (5.35e)

Here, T5 aggregates empirical variance terms, while the remaining quantities correspond to cumulative
true variances or second moments associated with objects related to value functions.
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Step 3: bounding the term T1 in (5.34). We begin with the term T1, which is particularly
challenging to cope with due to the complicated statistical dependency between P̂ k

sk
h
,ak
h
,h

and V k
h+1.

To see this, note that P̂ ks,a,h is constructed from all previous samples associated with (s, a, h), while
V k
h+1 is itself computed based on past samples. Consequently, these two objects exhibit complicated

statistical dependence.
One common strategy for circumventing this technical difficulty is to replace V k

h+1 with the
optimal value function V ⋆

h+1, the latter of which is fixed and therefore statistically independent
of the sampling process. This strategy has been adopted in a large body of existing analyses of
model-based online RL algorithms (e.g., Azar et al. (2017), Dann et al. (2017), Zanette and Brunskill
(2019), and Zhang et al. (2021e)). To be precise, let us decompose

T1 =
∑

k,h

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

⋆
h+1

〉

︸ ︷︷ ︸
=:W1

+
∑

k,h

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1 − V ⋆

h+1
〉

︸ ︷︷ ︸
=:W2

. (5.36)

The rationale behind the decomposition (5.36) is two-fold: the first term W1 can be conveniently
controlled via concentration inequalities given that V ⋆

h+1 is fixed, whereas the second term W2 acts
as a higher-order residual that would vanish asymptotically as the value estimate V k

h+1 converges to
V ⋆
h+1 for large enough k.

The lemma below develops upper bounds that connect W1 and W2 with cumulative variances.
The proof is deferred to Section 5.7.2.

Lemma 5.7. Recall the definition of W1 and W2 in (5.36), and set

W3 :=
K∑

k=1

H∑

h=1

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h,
(
V k
h+1

)2〉
. (5.37)

With probability greater than 1− 12S2AHKδ′, one has

W1 ≤
1
8

√
SAHT low

6 ιb + 1
8

√
SAHT diff

6 ιb + 1
8SAH

2ιb,

W2 ≤
1
8

√
S2AHT diff

6 ιb + 1
8S

2AH2ιb,

W3 ≤
1
8

√
SAH3T low

6 ιb + 1
8

√
S2AH3T diff

6 ιb + 1
8S

2AH3ιb,

where T low
6 and T diff

6 are defined in (5.35).

Remark 5.6. While the primary goal of this step is to bound W1 and W2, the same proof techniques
can be readily adapted to upper bound W3 as well, which will appear in the subsequent analysis.

Remark 5.7. A careful reader may notice that, in addition to the difference in the variance terms,
the bound on W2 contains an extra factor in S compared to the bound on W1. This discrepancy
arises because, in the analysis of W1, the value function V ⋆

h+1 is fixed and statistically independent
of the data, which substantially simplifies the argument. In contrast, the term W2 involves the
difference V k

h+1 − V ⋆
h+1, which exhibits intricate statistical dependence on the data and consequently

incurs an additional factor of S.

Combining Lemma 5.7 with (5.36), we reach

T1 = W1 +W2 ≤
1
4

√
SAHT low

6 ιb + 1
4

√
S2AHT diff

6 ιb + 1
4S

2AH2ιb =: T ub
1 (5.38)
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with probability greater than 1− 12S2AHKδ′. It is also worth noting that the variance terms T low
6

and T diff
6 remain random quantities and, therefore, require additional arguments to control, which

we shall accomplish in the ensuing steps.

Step 4: bounding the terms T2, T3 and T4 in (5.34). This step is dedicated to bounding the
terms T2, T3 and T4 arising in the regret decomposition (5.34), as formalized in the lemma below.

Lemma 5.8. With probability exceeding 1− 4
(

log2(KH)
)
δ′, one has

T2 ≤
1
2
√
SAHT5ιb + 1

2SAH
2ιb, (5.39a)

|T3| ≤
√

8T ucb
6 log 1

δ′
+ 5H log 1

δ′

≤ 4
√
T low

6 log 1
δ′

+ 4
√
T diff

6 log 1
δ′

+ 5H log 1
δ′
, (5.39b)

|T4| ≤
√

2KH2 log 1
δ′
, (5.39c)

provided that ιb ≥ 8 max{c2
1, c2}(log2K) log 1

δ′ . Here, T5, T ucb
6 , T low

6 and T diff
6 are defined in (5.35).

At a high level, T3 and T4 are sums of zero-mean fluctuations and are bounded via martingale
concentration inequalities, whereas the bound on T2 follows from the Cauchy-Schwarz inequality
alongside basic properties of the visitation counts. The proof is deferred to Section 5.7.3.

Step 5: combining the bounds on {Ti}4
i=1. Taking the preceding bounds (5.38) and (5.39)

together with (5.34), we obtain

K∑

k=1

(
V k

1 (sk1)− V πk

1 (sk1)
)
≤ T1 + T2 + T3 + T4

≤ T ub
1 + T2 + 4

√
T low

6 log 1
δ′

+ 4
√
T diff

6 log 1
δ′

+ 7
√
KH2 log 1

δ′

≤ T ub
0 (5.40a)

with probability at least 1− 16S2AHKδ′, where we define

T ub
0 := 3

8

√
SAHT low

6 ιb + 3
8

√
S2AHT diff

6 ιb + 1
4S

2AH2ιb + 7
√
KH2 log 1

δ′
+ T2. (5.40b)

Before proceeding, we note that the same arguments used to bound ∑K
k=1

(
V k

1 (sk1)− V πk
1 (sk1)

)

extend directly to ∑K
k=1

(
V k
h (skh)− V πk

h (skh)
)

for any 1 < h ≤ H. Combining this observation with a
union bound yields that, with probability at least 1− 16S2AH2Kδ′,

K∑

k=1

(
V k
h (skh)− V πk

h (skh)
)
≤ T ub

0 (5.41)

holds simultaneously for all 1 ≤ h ≤ H, with T ub
0 defined in (5.40b).
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Step 6: bounding the second moments in (5.35). Thus far, the bounds on T1, T2 and T3 (see
Lemmas 5.7 and 5.8) — and hence the bound on T ub

0 — depend explicitly on the cumulative
variances T5, T low

6 and T diff
6 (cf. (5.35)). To obtain the desirable regret bound, it remains to derive

asymptotically tight upper bounds for these aggregate second moments. This is accomplished via
the following lemma, whose proof is provided in Section 5.7.4.

Lemma 5.9. With probability at least 1− 14S2AH2Kδ′,

T5 ≤W3 + 2HT2 + 2KH2 +
√

32H2T ucb
6 log 1

δ′
+ 5H2 log 1

δ′
, (5.42a)

T low
6 ≤ KH2 +

√
2H6K log 1

δ′
, (5.42b)

T diff
6 ≤ 2H2T ub

0 + 18H2 log 1
δ′
, (5.42c)

where W3 and T ub
0 are defined in (5.37) and (5.40), respectively. In addition, under the condi-

tion (5.31), one further has

T low
6 ≤ 2KH2, (5.43a)

T5 ≤ 6KH2 + 1
2

√
S2AH3T diff

6 ιb + 4S2AH3ιb (5.43b)

with probability at least 1− 30S2AH2Kδ′.

Remark 5.8. Asymptotically (as K →∞), it is natural to expect these variance quantities to satisfy
T5 ≈ T ucb

6 ≈ T opt
6 ≈ T low

6 ≲ KH2, where the last inequality follows from (5.43a) (thanks to the
Markov structure of the cumulative variance). Importantly, both establishing and exploiting the
bound T low

6 ≲ KH2 are crucial for obtaining the asymptotically optimal regret guarantees.

Step 7: putting all pieces together. We now combine the preceding (interdependent) bounds to
derive a clean upper bound on the regret.

First, substituting (5.43b) into (5.39a) in Lemma 5.8 yields

T2 ≤
1
2
√
SAHT5ιb + 1

2SAH
2ιb

≤ 1
2

√
6SAH3Kιb + 1

2

√
S2AH2

(1
2

√
AHT diff

6 ιb + 4SAH2ιb

)
ιb + 1

2SAH
2ιb

≤ 1
2

√
6SAH3Kιb + 1

4S
2AH2ιb + 1

8

√
AHT diff

6 ιb + SAH2ιb + 1
2SAH

2ιb

≤ 1
2

√
6SAH3Kιb + 1

8

√
AHT diff

6 ιb + 2S2AH2ιb,

where the second inequality follows from the elementary fact
√
a+ b ≤ √a+

√
b, and the penultimate

inequality is due to the AM-GM inequality. Substituting this into the definition of T ub
0 (cf. (5.40))

and combining terms, we reach

T ub
0 ≤

3
8

√
SAHT low

6 ιb +
√
S2AHT diff

6 ιb + 9
√
SAH3Kιb + 2S2AH2ιb

≤ 10
√
SAH3Kιb +

√
S2AHT diff

6 ιb + 2S2AH2ιb, (5.44)
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where the last inequality results from (5.43a).
To conclude the proof, observe that the AM-GM inequality implies

√
S2AHT diff

6 ιb ≤
1

4H2T
diff
6 + S2AH3ιb ≤

1
2T

ub
0 + 6S2AH3ιb,

where the last inequality follows from (5.42c) in Lemma 5.9. Combining this bound with (5.44) and
rearranging terms, we can readily conclude that

T ub
0 ≲

√
SAH3Kιb + S2AH3ιb

with probability at least 1− 50S2AH2Kδ′. Together with the choice of δ′ in (5.30), this completes
the proof of Theorem 5.2.

5.4 An improved model-based online RL algorithm: MVP

As noted in Section 5.3.3, the UCB-VI algorithm achieves asymptotically optimal regret only after
an excessively large burn-in phase characterized by (5.22). How to overcome this limitation and
obtain regret guarantees that are optimal for all sample sizes has therefore become a fundamentally
important research direction, drawing considerable attention in the years following the introduction
of UCB-VI. This objective was recently accomplished by Zhang et al. (2024c) and Zhang et al. (2025e),
which established that a variant of the optimistic model-based algorithms — called Monotonic Value
Propagation (MVP), originally proposed by Zhang et al. (2021e) — attains minimax-optimal regret
(up to logarithmic factors) for any number K of sample trajectories.

5.4.1 Revisiting UCB-VI in the sample-starved regime

At a high level, the MVP algorithm can be viewed as a refinement of UCB-VI in Algorithm 5.2, with
only a handful of algorithmic modifications. As we shall see, these seemingly modest algorithmic
changes lead to substantially stronger regret guarantees in the sample-starved regime. To motivate
these algorithmic ideas, we first revisit the main bottleneck in the analysis of UCB-VI that limits its
theoretical performance in the most sample-constrained settings.

As discussed in Step 2 of Section 5.3.5, the regret of UCB-VI admits a decomposition of the
form (5.34), consisting of four terms {Ti}1≤i≤4. As already noted there, the terms T3 and T4 can
be readily handled using standard martingale concentration inequalities, while T2 can likewise be
controlled through the variance-based inequalities developed there. The main obstacle is the term

T1 =
K∑

k=1

H∑

h=1

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉
, (5.45)

whose analysis is complicated due to the intricate statistical dependence between the empirical
model P̂ k and the value estimate V k

h+1; indeed, both P̂ k and V k depend on the entire collection
of samples gathered prior to episode k, precluding a direct application of standard concentration
arguments. Below, we discuss two fundamentally different strategies for overcoming this obstacle.

Strategy 1: replacing V k with V ⋆. Thus far, the analysis of UCB-VI copes with T1 by first
replacing V k

h+1 in (5.45) with the optimal value function V ⋆
h+1 — thereby enabling the use of

standard concentration techniques given that V ⋆
h+1 is fixed and statistically independent from

samples — and then controlling the resulting approximation error induced by the discrepancy
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between V k
h+1 and V ⋆

h+1. Although this approach is asymptotically well justified — indeed, one
anticipates V k

h+1 to converge to V ⋆
h+1 as the number of episodes K →∞ — the gap between V k

h+1
and V ⋆

h+1 can remain substantial and non-negligible in the regime where K is only moderate or
small. As a result, the induced approximation error can be difficult to control sharply in this regime,
ultimately giving rise to the large burn-in cost appearing in Theorem 5.2.

Strategy 2: a covering-type argument. We now describe an alternative approach for analyzing
this term T1, based on a covering-type argument. A brief sketch of this argument is provided below,
which serves to motivate both the algorithmic design and analysis of MVP.

To keep the exposition simple and highlight the main ideas, we keep the argument below informal.
Recall that Nk

h (s, a) denotes the visitation count of (s, a, h) prior to episode k. Intuitively, once
the collection of visitation counts at step h (i.e.,

{
Nk
h (s, a)

}
(s,a,k)∈S×A×[K]) are given, the empirical

transition kernel P̂ ks,a,h and the value estimate V k
h+1 become conditionally independent; to see this,

it suffices to note that P̂ ks,a,h depends only on the samples collected at step h, whereas V k
h+1 is

computed solely from samples collected at later steps via the backward Bellman recursion (5.18).
Now suppose, for the sake of intuition, that these visitation counts were fixed in advance and
statistically independent of the empirical transition kernels {P̂ ks,a,h} (a heuristic assumption that
is not technically accurate, but useful for an informal discussion). Under this heuristic viewpoint,
standard concentration techniques could be applied directly to control

∑

k,h

(
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h

)
V k
h+1.

The remaining step would be to remove the artificial independence assumption by taking a
union bound over all possible realizations of Nk

h (s, a). The main obstacle, however, is combinatorial:
the number of such visitation-count configurations grows exponentially with K, making a naive
union bound prohibitively costly and hence significantly weakening the resulting regret guarantee.

Nevertheless, this heuristic argument points to a potentially useful idea: if the effective number
of admissible visitation-count configurations could be reduced — say, to a quantity polynomial in K

— then the covering-based argument outlined above could become viable. This important observation
motivates the design of MVP, which we introduce next.

5.4.2 Algorithmic ideas: doubling-based updates

We now introduce the MVP algorithm by singling out its key difference from the UCB-VI algorithm
presented in Algorithm 5.2. A key distinguishing feature of MVP is its epoch-based update scheme
for the empirical transition kernels, inspired by the doubling-trick framework adopted in Jaksch
et al. (2010). More specifically, the learning process is partitioned into consecutive epochs according
to a simple doubling rule: whenever there exists a tuple (s, a, h) whose visitation count reaches a
power of two, the current epoch terminates. At that point, MVP reconstructs the empirical model,
recomputes the UCB-based optimistic Q-functions and value functions based on the updated
transition kernels, and then initiates a new epoch with the corresponding updated policy. Within
each epoch, the sampling policy is determined by the optimistic Q-function estimates computed
prior to the beginning of that epoch; consequently, the same policy is used to collect data throughout
all episodes within the epoch.
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Algorithm 5.3: The monotonic value propagation (MVP) algorithm for episodic online RL
1 input: number of episodes K, reward function r, confidence parameter δ, constants c1, c2 > 0.
2 initialize N all

h (s, a)← 0, Nh(s, a, s′)← 0, Nh(s, a)← 0, Qucb
h (s, a)← H, V ucb

h (s)← H,
V ucb

H+1(s)← 0, P̂s,a,h(s′)← 1/S for all (s, a, s′, h) ∈ S ×A× S × [H].
3 for k = 1, · · · ,K do

/* policy update. */
4 update policy πucb such that πucb

h (s)← arg maxa Q
ucb
h (s, a) for all (s, h) ∈ S × [H].

5 observe the initial state s1
ind.∼ ρ of a new episode.

6 for h = 1, · · · , H do
/* sampling. */

7 take ah = πucb
h (sh), observe sh+1; set (s, a, s′)← (sh, ah, sh+1).

8 N all
h (s, a)← N all

h (s, a) + 1; Nh(s, a, s′)← Nh(s, a, s′) + 1.
/* updates using data of this epoch. */

9 if N all
h (s, a) ∈ {1, 2, · · · , 2log2 K} then

10 Nh(s, a)←∑
s̃
Nh(s, a, s̃). // # visits in this epoch.

11 P̂s,a,h(s̃)← Nh(s,a,̃s)
Nh(s,a) for all s̃ ∈ S. // empirical model.

12 set triggered = true; Nh(s, a, s̃)← 0 for all s̃ ∈ S.

/* optimistic Q-estimation for this epoch. */
13 if triggered = true then
14 set triggered = false.
15 for h = H, · · · , 1 do
16 for (s, a) ∈ S ×A do
17 set the bonus bh(s, a) according to (5.20); compute

Qucb
h (s, a)← min

{
rh(s, a) + ⟨P̂s,a,h, V

ucb
h+1⟩+ bh(s, a),H

}
, (5.46a)

V ucb
h (s)← max

a
Qucb

h (s, a). (5.46b)

Clearly, this epoch-based paradigm differs from the original UCB-VI algorithm in its update
frequency: whereas UCB-VI updates the empirical transition model and recomputes the Q-estimates
and value estimates after every episode, the epoch-based paradigm in MVP performs these updates
only at the end of each epoch. An important property ensured by the careful design of the doubling
update rule is that: for each each (s, a, h), the associated empirical transition probability is updated
only when its visitation count equals a power of two, and therefore no more than O(log2K) times
over the entire learning process. As we shall see, this structural property plays a central role
in substantially reducing the effective covering number required in the covering-based argument
mentioned in Section 5.4.1. More specifically, it induces a modified version of the visitation-count
sequence

{
Nk
h (s, a)

}
(s,a,k)∈S×A×[K], which tracks the empirical model currently in use, rather than

the most recently collected samples. Owing to the epoch-based update scheme for the empirical
models, the number of admissible configurations of this modified visitation-count sequence is
dramatically smaller than that arising in the original UCB-VI algorithm.

The complete procedure of MVP is presented in Algorithm 5.3, which adopts the same variance-
aware Bernstein-style exploration bonuses as those recommended in Algorithm 5.2. In terms of
notation, we now let Nall

h (s, a) indicate the total visitation count of (s, a, h) accumulated over all
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episodes up to the current one, while Nh(s, a) (resp. Nh(s, a, s̃)) tracks the visitation count of (s, a, h)
(resp. (s, a, h, s̃)) within the current epoch. In addition, the flag triggered is used to indicate whether
we have reached the end of the current epoch.

Remark 5.9. The name Monotonic Value Propagation, coined by Zhang et al. (2021e), stems
from the fact that the exploration bonuses (5.20) guarantee a certain monotonicity property in
value propagation. For instance, the function f(p, v, n) defined in (5.116) in Section 5.7.1 — which
resembles a key operation arising in certain optimistic Bellman recursions — is non-decreasing with
respect to v, where v typically represents a vector of value estimates. Notably, this monotonicity
property has already been built into the version of UCB-VI presented in Algorithm 5.2; this version
differs in this respect from the original UCB-VI algorithm of (Azar et al., 2017) (see also Remark 5.2).

5.4.3 Theoretical guarantees

The epoch-based design of MVP, in conjunction with the optimistic model-based framework, turns
out to be sufficient to overcome the suboptimal regret guarantees of UCB-VI in the sample-limited
regime. As stated in the following theorem, MVP achieves minimax-optimal regret uniformly over the
entire range K ≥ 1.

Theorem 5.10 (Zhang et al., 2024c; Zhang et al., 2025e). Consider any K ≥ 1 and any 0 < δ < 1.
With probability at least 1− δ, the MVP algorithm (see Algorithm 5.3) with Bernstein-style bonuses
(5.20) achieves

Regret(K) ≤ Õ
(

min
{√

SAH3K,HK
})
, (5.47)

provided that the constants c1, c2 > 0 in (5.20) are suitably chosen. Here, in the definition of
Regret(K) (cf. (5.2)), πk and sk1 denote, respectively, the policy deployed and the initial state
observed in episode k of Algorithm 5.3.

As we shall confirm shortly in Section 5.6 (see Theorem 5.19), the above regret guarantee for MVP
matches the fundamental minimax lower bound up to logarithmic factors, regardless of how large K
is. In contrast to UCB-VI, this means that MVP essentially eliminates the burn-in phase required to
attain statistically optimal performance, with only logarithmic factors remaining. By converting
this regret guarantee into a PAC-style sample complexity bound (using arguments in Section 5.1),
we immediately obtain the following implication: for an arbitrary accuracy level ε ∈ (0, H], the MVP
algorithm is guaranteed to yield an ε-optimal policy with high probability using at most

Õ

(
SAH3

ε2

)
episodes, (5.48)

where the output policy can be drawn, for instance, uniformly at random from the policy sequence
{πk}Kk=1. Equivalently, this corresponds to Õ

(
SAH4

ε2
)

sample transitions, since each sample trajectory
has length H. It is noteworthy that this sample complexity is information-theoretically unimprovable
even when one has access to an idealized generative model (cf. Section 3.5).

Taken together, the above results further underscore the statistical optimality of model-based
methods in yet another fundamental RL setting: online RL. To date, MVP remains the only online
RL algorithm known to provably attain minimax-optimal regret without incurring any burn-in cost.

A note of caution is warranted, however. At present, it remains unclear whether UCB-VI is
fundamentally suboptimal or whether its large burn-in cost is merely an artifact of existing proof
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techniques, given the absence of algorithm-specific lower bounds for UCB-VI. Having said that, MVP
enjoys an additional practical advantage over UCB-VI: a substantially lower switching cost. Owing to
the doubling-based update rule, the sampling policy in MVP is no longer updated at every episode and
may remain fixed for extended periods of time. This low-switching property can significantly reduce
deployment and operational costs in applications where changing sampling policies is expensive.

Finally, it is noteworthy that, among the canonical MDP settings commonly studied in online
RL, finite-horizon nonstationary MDPs remain the only setting for which minimax-optimal regret
without a burn-in period is currently known to be achievable. How to establish similar results in
other prominent settings, such as discounted infinite-horizon MDPs and finite-horizon stationary
MDPs, remains open. Resolving these questions will likely require new ideas in both theory and
algorithm design.

5.4.4 Analysis: proof of Theorem 5.10

Following the analysis of UCB-VI, it is convenient to introduce the following logarithmic factor:

ιb := 40000(log2K)3 log(3SAH) log 1
δ′

with δ′ = 100δ
S2A2H2K2 . (5.49)

As in Section 5.3.5, we first note that the desired regret bound in Theorem 5.10 holds trivially
whenever K ≤ SAHιb, since

Regret(K) =
K∑

k=1

(
V ⋆

1 (sk1)− V πk

1 (sk1)
)
≤ HK = min

{√
SAH3Kιb, HK

}
.

It therefore suffices, for the remainder of this subsection, to focus on the regime where

K ≥ SAHιb. (5.50)

Preparation: an expanded set of samples from a generative model. We now introduce a seemingly
different, yet closely related, sampling mechanism in which independent samples are generated from
a generative model. Specifically, before online learning begins, we use a generative model to draw a
collection of independent samples, as defined below.

Definition 5.1 (Expanded samples). Let Dexpand be a set of SAHK independent samples generated
as follows: for each (s, a, h) ∈ S ×A× [H], draw K independent samples (s, a, h, s′,(i)) obeying

s′,(i) ind.∼ Ps,a,h for all 1 ≤ i ≤ K.

Importantly, Dexpand can be coupled with the original set of samples, denoted by Dorig. Specifically,
one first generates Dexpand before online learning begins, and thereafter, whenever the online process
queries (s, a, h), one returns an unused sample from Dexpand, without replacement. This coupling
allows us to analyze the online process through the view of Dexpand, which is sometimes more
convenient. Unless stated otherwise, all subsequent proofs are carried out under this coupling
between Dorig and Dexpand.

Notation. As in the analysis of UCB-VI, it is convenient to introduce the following notation to
index the iterates in Algorithm 5.3 explicitly by the episode number k. Some of the notation defined
below is analogous to that previously used in the analysis of UCB-VI in Section 5.3.5.
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• P̂ ks,a,h ∈ RS : the latest update of the empirical transition probability vector P̂s,a,h before
episode k.

• bkh(s, a) ≥ 0: the latest update of the exploration bonus term bh(s, a) before episode k.

• Nk,all
h (s, a): the total visitation count Nall

h (s, a) of the (s, a, h)-tuple before episode k.

• Nk
h (s, a): the visitation count Nh(s, a) of the (s, a, h)-tuple of the latest doubling batch used

to compute P̂s,a,h before episode k. When Nk,all
h (s, a) = 0, set Nk

h (s, a) = 1 for ease of
presentation.

• V k
h ∈ RS : the latest value estimate V ucb

h before episode k.

• Qkh ∈ RSA: the latest Q-estimate Qucb
h before episode k.

We shall also make use of the following notation for the empirical transition probability vector
indexed by the batch number.

• For any j ≥ 2 (resp. j = 1), let P̂ (j)
s,a,h denote the empirical transition probability vector for

(s, a, h) computed from the j-th batch (resp. the first batch) of data, namely, the {2j−2 + i}2j−2
i=1 -

th samples (resp. the 1st sample) associated with (s, a, h). For completeness, we set the empirical
transition probability vector for the 0-th batch to be P̂ (0)

s,a,h(s′) = 1/S for every s′ ∈ S.

• With the coupling between Dexpand and Dorig in mind, we will use P̂ (j)
s,a,h interchangeably to

denote the empirical probability vector constructed from the j-th batch of data from either
Dorig or Dexpand, as long as no confusion arises.

Recap: a basic regret decomposition. Repeating the arguments in Steps 1-2 of Section 5.3.5
for UCB-VI yields the same optimism property (5.32) and regret decomposition (5.34) for MVP;
specifically, with probability at least 1− 2SAHKδ′, we have

Qkh(s, a) ≥ Q⋆h(s, a) and V k
h (s) ≥ V ⋆

h (s) (5.51)

for all (s, a, h, k) ∈ S ×A× [H]× [K], and

Regret(K) ≤
K∑

k=1

H∑

h=1

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉

︸ ︷︷ ︸
=:T1

+
K∑

k=1

H∑

h=1
bkh(skh, akh)

︸ ︷︷ ︸
=:T2

+
K∑

k=1

H∑

h=1

〈
Psk

h
,ak
h
,h − esk

h+1
, V k

h+1
〉

︸ ︷︷ ︸
=:T3

+
K∑

k=1

(
H∑

h=1
rh(skh, akh)− V πk

1 (sk1)
)

︸ ︷︷ ︸
=:T4

. (5.52)

The terms T2, . . . , T4 can be handled in a similar manner as in the analysis of UCB-VI in Section 5.3.5.
As alluded to previously, obtaining a sharp bound on T1 constitutes one of the main objectives of
the analysis that follows.
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Step 1: a compressed representation of visitation counts {Nk
h(s, a)}. As discussed in Sec-

tion 5.4.1, a potential covering-based analysis strategy (see Strategy 2 therein) is to first condition
on the visitation counts {Nk

h (s, a)} when carrying out the concentration-of-measure analysis, and
then take a union bound over all possible configurations of these visitation counts. A crucial step in
implementing this strategy is therefore to control the total number of admissible configurations —
namely, an appropriate covering number — for {Nk

h (s, a)}. To this end, we introduce the notion
of a profile, a term coined by Zhang et al. (2025e), which enables a compact representation of the
visitation counts.

Definition 5.2 (Profile). Consider any collection {Nk,all
h (s, a)}. For any (s, a, h, k) ∈ S×A×[H]×[K],

define

Iks,a,h :=





max
{
j ∈ Z : 2j−1 ≤ Nk,all

h (s, a)
}
, if Nk,all

h (s, a) > 0,
0, if Nk,all

h (s, a) = 0.

The profile of the k-th episode (1 ≤ k ≤ K) and the corresponding total profile are then defined,
respectively, as

Ik :=
{
Iks,a,h

}
(s,a,h)∈S×A×[H] and I := {Ik}Kk=1.

By construction, given a total profile I associated with {Nk,all
h (s, a)}, the empirical transition

kernels satisfy
P̂ ks,a,h = P̂

(Iks,a,h)
s,a,h , ∀(s, a, h, k) ∈ S ×A× [H]× [K]; (5.53)

here, P̂ (j)
s,a,h is as defined earlier in this subsection. Thus, a total profile fully determines when and

where the empirical transition models are updated. Moreover, since each visitation count Nk
h (s, a) is

recomputed only when the corresponding empirical model is updated (see line 10 of Algorithm 5.3),
the total profile serves as a compact representation of the entire collection {Nk

h (s, a)}.
To quantify the extent of the resulting compression (which stems from the doubling update

mechanism), we next bound the total number of admissible profiles.

Lemma 5.11. Suppose that K ≥ SAH log2K. Then the number of all possible total profiles induced
by Algorithm 5.3 is at most

(4SAHK)SAH log2 K+1.

Proof. The key idea is to consider the following set:

C :=
{
I = {I1, . . . , IK}

∣∣∣ I1 ≤ I2 ≤ · · · ≤ IK ,

Ik ∈ {0, 1, · · · , log2K
}SAH for all 1 ≤ k ≤ K

}
. (5.54)

Since the visitation counts {Nk,all
h (s, a)} are non-decreasing in k, every total profile induced by

Algorithm 5.3 satisfies the monotonicity constraint I1 ≤ I2 ≤ · · · ≤ IK , and hence belongs to C. It
therefore suffices to show that

|C| ≤ (4SAHK)SAH log2 K+1. (5.55)

The proof of this cardinality bound is deferred to Section 5.8.1.
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In contrast to the uncompressed setting (such as that arising in UCB-VI), where the visitation
counts may admit exponentially many configurations in K, the doubling update mechanism adopted
in Algorithm 5.3 leads to a substantial compression: by Lemma 5.11, the exponent governing the
number of admissible configurations grows only logarithmically with K. This compression is a key
ingredient that makes the covering-based analysis strategy effective.

Before proceeding, we record another useful property of the visitation counts. This result is
analogous to Lemma 5.3, but concerns the modified visitation counts associated with the epoch-based
updates in MVP.

Lemma 5.12. For any K ≥ 2, Algorithm 5.3 satisfies
K∑

k=1

H∑

h=1

1
max{Nk

h (skh, akh), 1} ≤ 4SAH log2K.

Proof. Fix any (s, a, h) ∈ S ×A× [H]. By the doubling rule in Algorithm 5.3, the visitation count
Nk
h (s, a) is within a factor of two of Nk,all

h (s, a). Consequently,
K∑

k=1

1
max{Nk

h (skh, akh), 1}1
{
(s, a) =

(
skh, a

k
h

)} ≤
K∑

k=1

2
max{Nk,all

h (skh, akh), 1}
1
{
(s, a) =

(
skh, a

k
h

)}

≤ 4 log2K,

where the last inequality follows from the same argument as in the proof of Lemma 5.3.

Step 2: decomposing T1 based on the doubling updates. With the notion of profiles in place,
we now turn to the term T1 in (5.52). To facilitate the analysis, we first introduce some additional
notation.

• Itrue = {I1,true, · · · , IK,true}, with Ik,true = {Ik,true
s,a,h }, denotes the total profile induced by the

actual visitation counts {Nk,all
h (s, a)} generated during the online learning process;

• kl,j,s,a,h: the episode index corresponding to the (2l−1 + j)-th visit to (s, a, h) during the online
learning process.

In view of (5.53), we can reorganize T1 according to the doubling updates as follows

T1 =
K∑

k=1

H∑

h=1

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉

=
K∑

k=1

H∑

h=1

〈
P̂

(Ik,true
sk
h
,ak
h
,h

)

sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉

=
log2 K∑

l=0

∑

s,a,h

〈
P̂

(l)
s,a,h − Ps,a,h,

K∑

k=1
V k
h+11

{
(skh, akh) = (s, a), Ik,true

s,a,h = l
}〉

≤
log2 K∑

l=1

∑

s,a,h

〈
P̂

(l)
s,a,h − Ps,a,h,

K∑

k=1
V k
h+11

{
(skh, akh) = (s, a), Ik,true

s,a,h = l
}〉

+ SAH2

=
log2 K∑

l=1

2l−1∑

j=1

∑

s,a,h

〈
P̂

(l)
s,a,h − Ps,a,h, V

kl,j,s,a,h
h+1

〉
+ SAH2, (5.56)
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where, for notational convenience, we set V k
h+1 = 0 for all k > K. Here, the second line results

from (5.53), the penultimate line follows from the bound 0 ≤ V k
h+1(s) ≤ H for all s ∈ S, while the

last identity follows from the fact that, for each (s, a, h) and l ≥ 1, the episodes with Ik,true
s,a,h = l

correspond to the (2l−1 + j)-th visits to (s, a, h), for 1 ≤ j ≤ 2l−1.
The key point of (5.56) is that it reorganizes the original sum by the doubling level l, grouping

together all terms associated with the same empirical transition estimate P̂ (l)
s,a,h. It therefore suggests

first controlling the term
∑

s,a,h

〈
P̂

(l)
s,a,h − Ps,a,h, V

kl,j,s,a,h
h+1

〉
. (5.57)

As before, the main challenge is the intricate statistical dependence between P̂
(l)
s,a,h and V

kl,j,s,a,h
h+1 .

We address this dependence issue next.

Step 3: bounding the term (5.57) via coupling and covering. To obtain a sharp bound on (5.57),
we employ a covering argument based on the profiles introduced above. We first describe the main
idea, before providing the details.

i) For any fixed total profile I and fixed l ≤ log2K, derive a high-probability bound for weighted
sums of the form ∑

s,a,h

(
P̂

(l)
s,a,h − Ps,a,h

)
Xh+1,s,a, (5.58)

where each vector Xh+1,s,a is a deterministic function of the (fixed) profile I and the samples
collected at steps h′ ≥ h + 1. Here, under the view of the expanded sample set Dexpand

(cf. Definition 5.1), P̂ (l)
s,a,h is constructed from the l-th batch of samples associated with (s, a, h).

These samples are independent of those determining Xh+1,s,a once I is fixed, allowing us to
invoke standard martingale concentration inequalities.

ii) Take a union bound over all admissible total profiles I. In view of the profile-counting bound
in Lemma 5.11, this yields uniform control of (5.58) simultaneously over all profiles I and all
associated sequences {Xh+1,s,a}.

iii) Show that the above uniform bound can be applied to the decomposition in (5.56) to obtain
the desired bound.

Step 3.1: establishing uniform bounds on (5.58). We first carry out steps i) and ii). To formalize
the class of vectors {Xh,s,a} appearing in (5.58), we introduce the following assumption.

Assumption 5.1. For each total profile I ∈ C (cf. (5.54)), suppose the set
{Xh,I

}
1≤h≤H satisfies the

following properties for every 1 ≤ h ≤ H:

• Xh,I is a set of no more than K + 1 nonnegative vectors in RS , including the all-zero vector 0,
and each vector X ∈ Xh,I obeys ∥X∥∞ ≤ H;

• Xh+1,I is a collection determined by a deterministic mapping of I, the reward function r, and
the empirical distribution vectors (from the view of the expanded sample set Dexpand)

{
P̂

(Ik
s,a,h′ )

s,a,h′

}
h′∈(h,H], (s,a,k)∈S×A×[K]

.
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For each collection
{Xh,I

}
satisfying the above assumptions, we can readily establish a uniform

concentration bound by combining Freedman’s martingale concentration inequality with a union
bound; the proof is postponed to Section 5.8.2.

Lemma 5.13. Suppose that K ≥ SAH log2K. For each I ∈ C (cf. (5.54)), consider a set{Xh,I
}

1≤h≤H satisfying Assumption 5.1. Then, with probability at least 1− δ′,
∑

(s,a,h)∈S×A×[H]

〈
P̂

(l)
s,a,h − Ps,a,h, Xh+1,s,a

〉 ≤
∑

(s,a,h)∈S×A×[H]
max

{〈
P̂

(l)
s,a,h − Ps,a,h, Xh+1,s,a

〉
, 0
}

≤
√√√√ SAHιb

2l log2K

∑

s,a,h

VarPs,a,h
(
Xh+1,s,a

)
+ SAH2ιb

2l log2K
(5.59)

holds simultaneously for all I ∈ C, all 2 ≤ l ≤ log2K + 1, and all sequences {Xh,s,a}(s,a,h)∈S×A×[H]
obeying Xh,s,a ∈ Xh,I , ∀(s, a, h) ∈ S ×A× [H].

Step 3.2: coupling back to the online process. Next, we carry out iii) through the following lemma.
This result is proven by combining the uniform bound in Lemma 5.13 with the decomposition (5.56),
which allows one to rigorously couple Dexpand with the online learning process. The proof is deferred
to Section 5.8.3.

Lemma 5.14. Suppose that K ≥ SAH log2K, and recall the definition of ιb in (5.49). With
probability exceeding 1− δ′, we have

K∑

k=1

H∑

h=1

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉
≤

K∑

k=1

H∑

h=1
max

{〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉
, 0
}

≤

√√√√SAHιb
K∑

k=1

H∑

h=1
VarP

sk
h
,ak
h
,h

(
V k
h+1

)
+ SAH2ιb

and
K∑

k=1

H∑

h=1

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h,
(
V k
h+1

)2〉 ≤

√√√√SAH3ιb

K∑

k=1

H∑

h=1
VarP

sk
h
,ak
h
,h

(
V k
h+1

)
+ SAH3ιb.

Remark 5.10. In addition to controlling T1, Lemma 5.14 provides bounds on the two related
quantities:

∑

k,h

max
{〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉
, 0
}

and
∑

k,h

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h,
(
V k
h+1

)2〉
.

These bounds follow from the same argument and will be useful in the subsequent analysis.

Step 4: combining and solving the coupled inequalities. We now assemble the estimates (e.g.,
bounds on the quantities T1, . . . , T4 in (5.52)) established in the previous steps and complete the
regret analysis. As in the proof of UCB-VI (Section 5.3.5), it is convenient to introduce the following
auxiliary quantities:

T5 :=
K∑

k=1

H∑

h=1
Var

P̂k
sk
h
,ak
h
,h

(
V k
h+1

)
, (5.60a)
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T ucb
6 :=

K∑

k=1

H∑

h=1
VarP

sk
h
,ak
h
,h

(
V k
h+1

)
, (5.60b)

W3 :=
K∑

k=1

H∑

h=1

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h,
(
V k
h+1

)2〉
. (5.60c)

W4 :=
K∑

k=1

H∑

h=1
max

{〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉
, 0
}
, (5.60d)

These quantities naturally arise in the variance decomposition and allow the different error terms to
be coupled through a small collection of inequalities.

We begin by bounding T1 (cf. (5.52)), W3 and W4 (cf. (5.60)) in terms of T ucb
6 (cf. (5.60b)). In

view of Lemma 5.14, with probability at least 1− δ′,

T1 ≤W4 ≤
√
T ucb

6 SAHιb + SAH2ιb; (5.61a)

W3 ≤
√
T ucb

6 SAH3ιb + SAH3ιb. (5.61b)

The other terms T2, T3, and T4 (cf. (5.52)) are controlled exactly as in the analysis of UCB-VI (see
Lemma 5.8), yielding

T2 ≤
1
2
√
SAHT5ιb + 1

2SAH
2ιb (5.61c)

|T3| ≤
√
T ucb

6 ιb +Hιb (5.61d)

|T4| ≤
√
KH2ιb (5.61e)

with probability at least 1− (4 log2K)δ′. In addition, repeating the same arguments as in the proof
of Lemma 5.9 reveals that, with probability at least 1− 2δ′ log(KH),

T5 ≤W3 + 2HT2 +
√
H2T ucb

6 ιb +KH2ιb, (5.61f)

At this point, the only term that has not yet been controlled is T ucb
6 , which is still intertwined

with the other quantities. In the analysis of UCB-VI (Section 5.3.5), this quantity was bounded
indirectly by first controlling T low

6 and T diff
6 separately. Here, we instead bound T ucb

6 directly in
terms of T2 and W4, thereby closing the system of inequalities. This result is formalized in the
following lemma; the proof is provided in Section 5.8.4.

Lemma 5.15. With probability at least 1− 4SAHKδ′,

T ucb
6 ≤ 4HT2 + 4HW4 +KH2ιb. (5.61g)

Thus, T ucb
6 is now bounded entirely in terms of quantities that have already been bounded,

completing the chain of recursive estimates.
We now have a closed system of inequalities. Solving this system of inequalities in (5.61) and

combining the resulting estimates with the regret decomposition (5.52), we can establish that

Regret(K) ≤ T1 + T2 + T3 + T4 ≲
√
SAH3Kιb (5.62)

as claimed. Since solving the coupled inequalities involves only routine algebraic manipulations, we
defer the details to Section 5.8.5.
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5.5 Model-free online RL

Having established the statistical efficiency of model-based methods for online RL, we now shift our
attention to model-free algorithms. In contrast to their model-based counterparts, the best currently
known model-free approaches still fail to achieve minimax-optimal regret guarantees over the full
range of sample sizes. For this reason, rather than providing a treatment as comprehensive as that
for model-based methods, we restrict ourselves to a brief overview of the main ideas underlying
optimistic Q-learning algorithms.

Broadly speaking, the key question is how to incorporate the principle of optimism into Q-
learning in order to encourage efficient exploration, for instance by constructing suitable upper
confidence estimates for the optimal Q-values. One of the most notable developments along this
direction is the optimistic Q-learning algorithm — commonly referred to as Q-UCB— developed
by Jin et al. (2018), whose complete procedure is summarized in Algorithm 5.4. Compared to the
vanilla Q-learning algorithm introduced in Chapter 4, the update rule of Q-UCB incorporates two
key modifications:

• First, the Q-learning update now incorporates an exploration bonus bn, analogous to the
bonus used in the UCB-VI algorithm, in order to ensure that the learned Q-function remains
an optimistic estimate (i.e., an upper confidence bound) of the optimal Q-function. More
specifically, the optimistic Q-learning update takes the form

Qucb
h (sh, ah)← (1− ηn)Qucb

h (sh, ah) + ηn
{
rh(sh, ah) + V ucb

h+1(sh+1) + bn
}
,

V ucb
h (sh)← min

{
max
a′∈A

Qucb
h (sh, a′), H

}
,

where Qucb
h (resp. V ucb

h ) denotes the running estimate of the optimal Q-function (resp. value
function), and bn denotes the exploration bonus depending on the visitation count n described
above. A simple and natural choice of the bonus term can be derived from Hoeffding-type
concentration inequalities:

bn = cb

√
H3 log(SAT/δ)

n
, (5.63)

where cb > 0 is a suitable universal constant, and δ ∈ (0, 1) is the usual confidence parameter.

• Second, the learning rate for each visited entry (sh, ah) is chosen adaptively according to the
following linearly rescaled schedule:

ηn = H + 1
H + n

, (5.64)

where n denotes the number of visits accumulated thus far for (sh, ah) at step h. This carefully
designed learning-rate schedule plays an important role in controlling error propagation across
the horizon and, consequently, in achieving a regret bound with polynomial dependence on H.

The resulting regret guarantee for this model-free online RL algorithm, originally established by
Jin et al. (2018), is summarized below.
Theorem 5.16 (Jin et al. (2018)). For any K ≥ 1 and any 0 < δ < 1, the Q-UCB algorithm in
Algorithm 5.4 with Hoeffding-style bonuses (5.63) achieves

Regret(K) ≤ Õ
(√

SAH5K
)

(5.65)

with probability at least 1− δ, provided that the constant cb > 0 in (5.63) is suitably chosen.
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Algorithm 5.4: Q-learning with upper confidence bounds (Q-UCB) for episodic online RL
1 input: number of episodes K, reward function r, confidence parameter δ.
2 initialize Nh(s, a)← 0, Qucb

h (s, a)← H, and VH+1(s)← 0 for all (s, a, h) ∈ S ×A× [H].
3 for k = 1, · · · ,K do

/* policy update. */
4 update policy π such that πh(s)← arg maxa Q

ucb
h (s, a) for all (s, h) ∈ S × [H].

5 observe the initial state s1
ind.∼ ρ from a new episode.

6 for h = 1, · · · , H do
/* sampling. */

7 take ah = πh(sh), observe sh+1; set (s, a, s′)← (sh, ah, sh+1).
/* update of visitation counts. */

8 Nh(s, a)← Nh(s, a) + 1; n← Nh(s, a).
/* optimistic update of Q-functions & values. */

9 compute ηn and bn according to (5.64) and (5.63).
10 update

Qucb
h (s, a)← (1− ηn)Qucb

h (s, a) + ηn

{
rh(s, a) + V ucb

h+1(s′) + bn

}
, (5.66a)

V ucb
h (s)← min

{
max
a′∈A

Qucb
h (s, a′), H

}
. (5.66b)

In comparison with the statistical guarantees achieved by model-based methods (see, e.g.,
Theorem 5.10), the regret guarantee in Theorem 5.16 remains statistically suboptimal in its
dependence on the horizon length H. This dependence can be improved through more refined
uncertainty quantification for the exploration bonus. For instance, incorporating Bernstein-style
exploration bonuses reduces the regret bound to Õ(

√
SAH4K) for sufficiently large K (Jin et al.,

2018).
Moreover, additional variance-reduction techniques — often referred to as reference-advantage

decomposition in the online model-free RL literature (Zhang et al., 2020f; Li et al., 2021b) — can
further improve the regret guarantee to become asymptotically minimax optimal. Nevertheless,
these refined guarantees still rely on an extremely large burn-in phase before statistically optimal
behavior is attained. We refer interested readers to the aforementioned work for further details.

5.5.1 Analysis: proof of Theorem 5.16

In this subsection, we provide the proof of Theorem 5.16, following the proof strategy developed in
Jin et al. (2018, Section 4).

Preliminary properties of the learning rates. We begin by recording several useful properties
of the learning rates (5.64). For notational convenience, we also introduce two related sequences,
defined for integers N ≥ 0 and n ≥ 1:

ηNn :=





ηn
∏N
i=n+1(1− ηi), if N > n,

ηn, if N = n,

0, if N < n,

(5.67a)
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and

ηN0 :=





∏N
i=1(1− ηi) = 0, if N > 0,

1, if N = 0.
(5.67b)

As can be easily verified, it holds that
N∑

n=1
ηNn =





1, if N > 0,
0, if N = 0.

(5.68)

The following properties play an important role in the analysis; the proof is deferred to Section 5.9.1.

Lemma 5.17. For the learning rates in (5.64), we have, for every integer N ≥ 1,

1√
N
≤

N∑

n=1

ηNn√
n
≤ 2√

N
, (5.69a)

N∑

n=1
(ηNn )2 ≤ 2H

N
. (5.69b)

In addition, for every integer n ≥ 1, one has
∞∑

N=n
ηNn = 1 + 1

H
. (5.69c)

Remark 5.11. The tail identity (5.69c) will be used below to control how an estimation error
generated at one visit propagates to subsequent visits.

Notation. In the sequel, we adopt the following convenient notation, indexed explicitly by the
episode number k.

• (skh, akh): the state-action pair encountered and chosen at step h in the k-th episode;

• Nk
h (s, a): the visitation count Nh(s, a) for the (s, a, h)-tuple before episode k;

• bkh(s, a) ≥ 0: the latest bonus term bh(s, a) before episode k;

• P kh ∈ {0, 1}1×S : the empirical transition at time step h in the k-th episode, namely,

∀s ∈ S : P kh (s) = 1
{
s = skh+1

}
. (5.70)

• Qkh(s, a) and V k
h (s): the latest Qucb

h (s, a) and V ucb
h (s) before episode k.

Also, throughout this analysis, we denote

ι := log(SAKH/δ). (5.71)

Step 1: a recursive expression for Q-estimation errors. We first unroll the Q-learning updates to
derive a recursive expression for the Q iterates. For any (s, a, h, k) ∈ S × A× [H]× [K], suppose
that (s, a) was previously visited t times at step h, and denote by k1 < · · · < kt < k these previous
episodes. Armed with the notation (5.67), unrolling the corresponding updates then yields

Qkh(s, a) = ηt0H +
t∑

i=1
ηti

{
rh(s, a) + V ki

h+1(skih+1) + bkih (s, a)
}
, (5.72)
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where we use the initialization Q0
h = H. Combining this with the Bellman equation Q⋆h(s, a) =

rh(s, a) + Ps,a,hV
⋆
h+1 results in

Qkh(s, a)−Q⋆h(s, a)

= ηt0
(
H −Q⋆h(s, a)

)
+

t∑

i=1
ηti

{(
V ki
h+1 − V ⋆

h+1
)
(skih+1) + (P kih − Ps,a,h)V ⋆

h+1 + bkih (s, a)
}
, (5.73)

where we have used the identity ηt0 + ∑t
i=1 η

t
i = 1 (cf. (5.68)). This expression decomposes the

estimation error into a weighted combination of several components: the influence of the initial
estimate, the propagated error from previously updated value functions, the statistical fluctuations
of the observed transitions, and the exploration bonuses.

Step 2: optimism. We next establish that the Q-estimates are “optimistic,” namely, they can upper
bound the optimal Q-function. This property, as stated in the lemma below, parallels Lemma 5.5
for the model-based approach. Here, t and the indices k1 < · · · < kt are defined as in Step 1.

Lemma 5.18. Suppose that the constant cb in the bonus choice (5.63) is large enough. Then with
probability at least 1− δ,

0 ≤ (Qkh −Q⋆h
)
(s, a) ≤ ηt0H +

t∑

i=1
ηti
(
V ki
h+1 − V ⋆

h+1
)
(skih+1) + βt, (5.74a)

holds simultaneously for all (s, a, h, k) ∈ S ×A× [H]× [K], where βt is some residual term obeying

β0 = 0, βt ≤ C
√
H3ι

t
for t ≥ 1 (5.74b)

for some absolute constant C > 0. Then with probability exceeding 1− δ, for all (s, a, h) we have

Qkh(s, a) ≥ Q⋆h(s, a) and V k
h (s) ≥ V ⋆

h (s). (5.75)

The proof of this lemma is deferred to Section 5.9.2. Intuitively, when the exploration bonus is
chosen sufficiently large, it compensates for the statistical uncertainty in the Bellman updates and
thereby ensures that the resulting Q-estimates remain optimistic. The bound on βt in (5.74b) is
tailored to the Hoeffding-style exploration bonus in (5.63) and can be improved by adopting more
refined bonuses, such as Bernstein-style bonuses.

Step 3: regret decomposition. We now proceed with the regret analysis. Similar to the analysis
of UCB-VI, we first replace the unknown optimal value by the optimistic value estimate: in view of
Lemma 5.18 (see (5.75)), with probability at least 1− δ,

Regret(K) :=
K∑

k=1

(
V ⋆

1 (sk1)− V πk

1 (sk1)
) ≤

K∑

k=1

(
V k

1 (sk1)− V πk

1 (sk1)
)
. (5.76)

Now, with a slight abuse of notation, let t = Nk
h (skh, akh) represent the number of times (skh, akh) has

previously been visited at step h, and let k1 < · · · < kt < k denote the indices of the corresponding
episodes. Since policy πk is chosen greedily w.r.t. Qkh, we can use (5.66b) to show that

(
V k
h − V πk

h

)
(skh) ≤ max

a
Qkh(skh, a)− V πk

h (skh) = Qkh(skh, akh)− V πk

h (skh)
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≤ (Qkh −Qπ
k

h

)
(skh, akh) =

(
Qkh −Q⋆h

)
(skh, akh) + Psk

h
,ak
h
,h

(
V ⋆
h+1 − V πk

h+1
)
, (5.77)

where the last relation is valid since, according to the Bellman equations,

Q⋆h(s, a)−Qπh(s, a) = Ps,a,hV
⋆
h+1 − Ps,a,hV π

h+1.

Combine this with Lemma 5.18 to show that
(
V k
h − V πk

h

)
(skh) ≤ ηt0H +

t∑

i=1
ηti
(
V ki
h+1 − V ⋆

h+1
)
(skih+1) + βt + Psk

h
,ak
h
,h

(
V ⋆
h+1 − V πk

h+1
)

= ηt0H +
t∑

i=1
ηti
(
V ki
h+1 − V ⋆

h+1
)
(skih+1) + βt

+
(
V ⋆
h+1 − V πk

h+1
)
(skh+1) + (Psk

h
,ak
h
,h − P kh )

(
V ⋆
h+1 − V πk

h+1
)
, (5.78)

where the last term in (5.78) is a martingale difference term. Importantly, the upper bound in (5.78)
converts the regret at step h into a one-step propagation of value estimation error from step h+ 1,
together with a martingale fluctuation caused by the sampled transition.

Step 4: summing one-step recursion. The next step is to aggregate the one-step recursion (5.78)
over episodes. At a high level, we control the bonus terms by summing their learning-rate-weighted
contributions and regroup the propagated value estimation errors according to when they were
generated. As it turns out, the tail-sum property (5.69c) of the learning rates is crucial, as it ensures
that each past error has only a bounded total influence on future updates.

To be precise, we introduce more notation. For each (k, h), denote by t(k, h) = Nk
h (skh, akh) the

number of episodes prior to episode k in which (skh, akh) was visited at step h, and let k1(k, h) <
· · · < kt(k, h) < k denote the indices of these episodes. We now handle the first three terms in (5.78)
separately.

• The aggregate contribution from the first term on the right-hand side of (5.78) is particularly
simple to handle. Using the definition (5.67b), we arrive at

K∑

k=1
η
t(k,h)
0 H =

K∑

k=1
η
Nk
h (skh,a

k
h)

0 H =
K∑

k=1
H · 1{Nk

h (skh, akh) = 0} ≤ SAH. (5.79)

• Regarding the third term on the right-hand side of (5.78), observe that for each (s, a), the
visitation count takes the values 0, 1, . . . , NK+1

h (s, a) − 1 over its successive visits. Thus, it
follows from Lemma 5.18 (see (5.74b)) that

K∑

k=1
βt(k,h) =

K∑

k=1
βNk

h
(sk
h
,ak
h

) =
∑

s,a

NK+1
h

(s,a)∑

n=1
βn ≤ C

∑

s,a

NK+1
h

(s,a)∑

n=1

√
H3ι

n

(i)
≤ 2C

√
H3ι

∑

s,a

√
NK+1
h (s, a)

(ii)
≤ 2C

√
H3ι

√∑

s,a

1
√∑

s,a

NK+1
h (s, a) (iii)= 2C

√
H3SAKι, (5.80)

where (i) uses the elementary inequality∑N
n=1

1√
n
≤ 2
√
N , (ii) follows from the Cauchy-Schwarz

inequality, and (iii) relies on the fact that ∑s,aN
K+1
h (s, a) = K.
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• We next control the second term on the right-hand side of (5.78). For each state-action pair
(s, a), let τs,a,h(i) denote the episode index of the i-th visit to (s, a) at step h. Thus, whenever
Nk
h (skh, akh) ≥ 1, we have ki(k, h) = τsk

h
,ak
h
,h(i). For brevity, define

∆ℓ
h+1 :=

(
V ℓ
h+1 − V ⋆

h+1
)
(sℓh+1) ≥ 0,

where the nonnegativity is due to optimism (see Lemma 5.18). For any given (s, a, h), the
contribution made by the i-th visit to (s, a, h) appears in every later episode k for which
(skh, akh) = (s, a); in particular, if the i-th visit occurs in episode τs,a,h(i), then its coefficient in
a later visit in episode k is ηN

k
h (s,a)

i . Therefore, regrouping the summation according to the
episode in which each term is generated, we obtain

K∑

k=1

t(k,h)∑

i=1
η
t(k,h)
i

(
V
ki(k,h)
h+1 − V ⋆

h+1
)
(ski(k,h)
h+1 )

=
∑

s,a

NK+1
h

(s,a)∑

i=1
∆τs,a,h(i)
h+1

∑

k: (sk
h
,ak
h

) = (s,a), Nk
h

(s,a)≥ i
η
Nk
h (s,a)

i

≤
(

1 + 1
H

)∑

s,a

NK+1
h

(s,a)∑

i=1
∆τs,a,h(i)
h+1 , (5.81)

where the last inequality is valid since ∆ℓ
h+1 ≥ 0, and according to (5.69c),

∑

k: (sk
h
,ak
h

) = (s,a), Nk
h

(s,a)≥ i
η
Nk
h (s,a)

i ≤
∞∑

N=i
ηNi = 1 + 1

H
.

Indeed, this is a key benefit of the learning rate schedule (5.64): although an estimation error
may propagate through many future updates, its total effective weight remains well controlled.
Further, observe that

{
(s, a, i) : 1 ≤ i ≤ NK+1

h (s, a)
}

are in one-to-one correspondence with
the K visits made at step h, and therefore,

∑

s,a

NK+1
h

(s,a)∑

i=1
∆τs,a,h(i)
h+1 =

K∑

k=1

(
V k
h+1 − V ⋆

h+1
)
(skh+1).

Combine it with (5.81) to reach

K∑

k=1

t(k,h)∑

i=1
η
t(k,h)
i

(
V ki
h+1 − V ⋆

h+1
)
(skih+1) ≤

(
1 + 1

H

) K∑

k=1

(
V k
h+1 − V ⋆

h+1
)
(skh+1). (5.82)

Step 5: recursion across horizon. We now turn the bounds from Step 4 into a recursion over the
horizon. Substituting (5.79), (5.80) and (5.82) into (5.78), we reach

K∑

k=1

(
V k
h − V πk

h

)
(skh) ≤ SAH +

(
1 + 1

H

) K∑

k=1

(
V k
h+1 − V ⋆

h+1
)
(skh+1) + 2C

√
H3SAKι

+
K∑

k=1

(
V ⋆
h+1 − V πk

h+1
)
(skh+1) +

K∑

k=1
(Psk

h
,ak
h
,h − P kh )

(
V ⋆
h+1 − V πk

h+1
)
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≤ SAH +
(

1 + 1
H

) K∑

k=1

(
V k
h+1 − V πk

h+1
)
(skh+1) + 2C

√
H3SAKι

+
K∑

k=1
(Psk

h
,ak
h
,h − P kh )

(
V ⋆
h+1 − V πk

h+1
)
, (5.83)

where we have used the fact that V ⋆
h+1 ≥ V π

h+1. Iterating this inequality from h = 1 to h = H

propagates the next-step error all the way to the terminal step:
K∑

k=1

(
V k

1 − V πk

1
)
(sk1) ≤ O

(
H2SA+

√
H5SAKι+

H∑

h=1

K∑

k=1
(Psk

h
,ak
h
,h − P kh )

(
V ⋆
h+1 − V πk

h+1
))
, (5.84)

where the recursion terminates at step H + 1 since V k
H+1 = V πk

H+1 = 0, and we have used the
elementary inequality (1 + 1/H)H ≤ e to bound the accumulated multiplicative factor.

It remains to bound the last term (i.e., the martingale term) in (5.84). Given that ∥V ⋆
h+1 −

V πk
h+1∥∞ ≤ H, the Azuma-Hoeffding inequality (Lemma 2.8) gives, with probability at least 1− δ,

∣∣∣∣∣
H∑

h=1

K∑

k=1
(Psk

h
,ak
h
,h − P kh )

(
V ⋆
h+1 − V πk

h+1
)
∣∣∣∣∣ ≤ O(H

√
HKι). (5.85)

Substitution into (5.84) gives

Regret(K) ≤ O
(√

H5SAKι+H2SA
)
. (5.86)

Step 6: removing the lower-order term. The preceding argument yields the intermediate bound
(5.86), which contains the additional term H2SA. We now show that this term can be absorbed
into the leading term. Since the regret per episode is at most H, we always have Regret(K) ≤ HK.
If K ≤ H3SAι, then

Regret(K) ≤ HK ≤
√
H5SAKι,

so the desired bound follows directly from the trivial regret bound. If, on the other hand, K > H3SAι,
then it follows from (5.86) that

Regret(K) ≤ O
(√

H5SAKι+H2SA
)

= Õ
(√
SAH5K

)
. (5.87)

Combining these two cases establishes Theorem 5.16.

5.6 Minimax lower bounds

Having established intriguing regret upper bounds for online RL algorithms — particularly for the
model-based approach — we now turn to the complementary question of whether these guarantees
are statistically optimal. More precisely, we seek to understand the smallest regret that any online
RL algorithm can achieve in the worst case over a suitable class of MDPs. Such minimax lower
bounds provide fundamental performance benchmarks, allowing us to assess the statistical optimality
of existing algorithms and determine whether the regret guarantees established in the previous
sections can be further improved.

A line of research has been devoted to this question (e.g., Jaksch et al. (2010), Bartlett and
Tewari (2009), Osband and Van Roy (2016), Jin et al. (2018), and Domingues et al. (2021)), building
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in part upon techniques originally developed for multi-armed bandits. In what follows, we present a
minimax regret lower bound, originally established in Jin et al. (2018) and Domingues et al. (2021),
which holds uniformly over all values of K.

Theorem 5.19. Consider any S ≥ 2, A ≥ 3, H ≥ 2, and K ≥ 1. There exists a collection Cmdp of
finite-horizon nonstationary MDPs — each with S states, at most A actions per state, and horizon
length H — together with an initial state distribution ρ ∈ ∆(S), such that

inf
π̂

sup
M∈Cmdp

EM

[
K∑

k=1

(
V ⋆

1 (ρ)− V πk
1 (ρ)

)
]
≥ c0 min

{√
H3SAK,HK

}

holds for some universal constant c0 > 0, where the expectation is taken w.r.t. the randomness
under the MDP M, while the infimum is over all online learning algorithms π̂. Here, π̂ generates a
sequence of policies π̂ = {πk}Kk=1, and each πk may depend arbitrarily on the trajectories collected
before episode k (but not on any observations from episode k or later episodes).

Since a regret of at most HK is trivially achievable — because the cumulative reward collected
over K episodes cannot exceed HK — we shall often drop the linear term and simply write

Ω
(√
SAH3K

)
if K ≥ SAH. (5.88)

Importantly, when combined with the regret upper bound for the MVP algorithm in Theorem 5.10,
this lower bound rigorously confirms the minimax optimality of model-based online RL (modulo
some logarithmic factors).

Although the lower bound itself was originally established in Jin et al. (2018) and Domingues
et al. (2021), the proof presented here follows a different route. Rather than adapting the existing
arguments in Jin et al. (2018) and Domingues et al. (2021), we develop the proof from first principles
using information-theoretic techniques. The argument proceeds in two stages. We first introduce
a closely related bandit problem and use it to establish the minimax lower bound for a carefully
constructed family of two-state MDPs (Section 5.6.1). We then lift this result to general S-state
MDPs (Section 5.6.2). Besides providing an alternative proof, this derivation makes explicit the
information-theoretic connection between multi-armed bandits and online RL.

5.6.1 Analysis: lower bound for a simpler case with S = 2

We begin by considering the simpler setting with S = 2. Besides being considerably easier to analyze,
this construction captures the essential statistical bottleneck of online RL. In Section 5.6.2, we will
extend this construction to general state spaces by combining multiple independent copies of the
two-state MDPs.

To be precise, our goal in this subsection is to construct a family Csub
mdp of MDPs — each with

S = 2 states, at most A actions per state (A ≥ 3), and horizon length H ≥ 2 — as well as an initial
state distribution ρ, such that

inf
π̂

max
M∈Csub

mdp

EM

[
K∑

k=1

(
V ⋆

1 (ρ)− V πk

1 (ρ)
)
]
≥ clb min

{√
H3AK,HK

}
(5.89)

holds for some universal constant clb > 0.
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Construction of the MDPs. As before, we begin by constructing a collection Csub
mdp of finite-horizon

nonstationary MDPs. Each MDP M in this collection is specified by the following components.

• State space. The state space consists of 2 states: S = {0, 1}.

• Action space. State 0 and state 1 are associated respectively with the following action space:

A0 = {0} and A1 = {1, . . . , A}.

• Reward function. The reward function r = {rh}1≤h≤H is chosen such that, for each 1 ≤ h ≤ H,

rh(0, 0) = 0 and rh(1, a) = 1 for every a ∈ A1. (5.90)

• Optimal actions and probability transition kernel. Since the action space A0 associated with
state 0 is a singleton, it suffices to specify the optimal action at state 1 for each step 1 ≤ h ≤ H.
For an MDP M∈ Csub

mdp, we denote these optimal actions by

a⋆,M1 , . . . , a⋆,MH ∈ A1 (5.91)

with a⋆,Mh denoting the optimal action at state 1 and step h. The probability transition kernel
of M, denoted by PM, is then defined by

PMh (0 | 0, 0) = 1, (5.92a)
PMh (0 | 1, a) = q

a⋆,M
h

(a), PMh (1 | 1, a) = 1− q
a⋆,M
h

(a) (5.92b)

for every h ∈ [H] and a ∈ A1. By construction, state 0 is absorbing and yields zero reward.
Thus, the behavior of the MDP is largely determined by the dynamics at state 1. We will
specify the function q

a⋆,M
h

(·) next and verify that the resulting transition kernel is indeed
consistent with the designated optimal actions (5.91).

• Initial state distribution. In what follows, we take the initial state distribution ρ to be
concentrated on state 1, namely,

ρ(s) =





1, if s = 1;
0, else.

(5.93)

It remains to specify the functions q
a⋆,M
h

(·) appearing in (5.92). For notational simplicity, consider
an arbitrary sequence of optimal actions a⋆1, . . . , a⋆H . For each h ∈ [H], we define

when a⋆h ̸= 1 : qa⋆
h
(a) =





1
H − ε0

H2 if a = a⋆h,
1
H − ε0

2H2 if a = 1,
1
H , else,

(5.94a)

when a⋆h = 1 : qa⋆
h
(a) =





1
H − ε0

2H2 if a = a⋆h = 1,
1
H , else,

(5.94b)

where the parameter 0 < ε0 ≤ H/2 will be specified later (see (5.105)). The consistency of the
resulting transition kernel with the designated optimal actions is immediate. Indeed, since state 0 is
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absorbing and yields zero reward, maximizing the value function is equivalent to minimizing qa⋆
h
(a)

over a ∈ A1. By (5.94), this minimum is attained uniquely at a = a⋆h for every step h.
We now specify the collection Csub

mdp, where we allow the optimal actions to vary independently
across steps. Specifically, for each

i = (i1, . . . , iH) ∈ [A]H ,

let Mi denote the MDP constructed above with

a⋆,Mi
h = ih, 1 ≤ h ≤ H. (5.95)

We then define
Csub

mdp :=
{Mi : i ∈ [A]H

}
=⇒ |Csub

mdp| = AH . (5.96)

Proof strategy. The proof of the lower bound for this family proceeds in two main steps. First, we
exploit a key feature of the above construction to relate the suboptimality gap of an arbitrary policy
to its probability of selecting suboptimal actions, thereby reducing the regret analysis to controlling
the probability of such action-selection errors. The following lemma formalizes this connection; its
proof is deferred to Section 5.10.1.

Lemma 5.20. Suppose that H ≥ 2. For every M∈ Csub
mdp and every policy π, one has

V ⋆
1 (1)− V π

1 (1) ≥
H∑

h=1

ε0(H − h)
16H2

(
1− πh(a⋆,Mh | 1)

)
. (5.97)

Second, we develop a bandit statistical testing argument to show that the probability of selecting
a suboptimal action remains bounded away from zero until sufficiently many observations are
collected.

A detour: a lower bound on a bandit problem. To control the right-hand side of (5.97), we take
a brief detour to establish a lower bound in a closely related bandit setting. The formulation is the
following.

• Consider a collection Cbandit consisting of A bandit instances, where each instance has A arms.

• For i ∈ [A], let Bi denote the bandit instance whose unique optimal arm is a⋆Bi = i. The mean
reward of arm a in Bi is given by

rBi(a) = 1− qi(a),

where qi(·) is defined in (5.94). More concretely, pulling arm a in round t in the bandit instance
Bi yields an independent Bernoulli reward as

Ra,t =





1, with probability 1− qi(a),
0, else.

In what follows, let PBi denote the probability distribution under the bandit instance Bi. As before,
the learner interacts with the bandit instance in a sequential manner; at each round t, the learner
selects an arm based only on the observations collected prior to round t.

We now apply the lower bound in Lemma 2.11 to develop a round-wise lower bound for this
collection of bandit instances. The proof is deferred to Section 5.10.2.
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Lemma 5.21. Consider the collection Cbandit of bandit instances defined above. Suppose that A ≥ 3,
H ≥ 2, and 0 < ε0 ≤ H/2. Then for any round t ≤ H3A

18ε2
0

, one has

inf
π̂

1
A

A∑

i=1
PBi

(
at+1 ̸= i

) ≥ 1
3 ,

where the infimum is taken over all online bandit algorithms π̂. Here, for a given algorithm π̂, we
denote by {πt}t≥1 the resulting sequence of policies, where πt depends only on observations collected
prior to round t; the arm at is then selected according to πt.

In words, the lemma states that, at any round t+ 1, the probability of selecting a suboptimal
action — based on the observations collected through round t — is bounded away from zero.
Importantly, this is a per-round guarantee that holds whenever t is not too large. As will become
clear shortly, it is a little more convenient to develop this result in terms of the average probability
of error rather than the minimax probability of error.

Remark 5.12. The proof argument used to establish Lemma 5.21 can also be adapted to establish
the minimax optimality of the UCB algorithm for the Gaussian stochastic bandit setting in Section 5.2,
with the Bernoulli KL divergence replaced by its Gaussian counterpart.

Regret analysis. We now return to the two-state MDP construction and leverage the preceding
bandit lower bound in Lemma 5.21. The key observation is that the information available for
identifying the optimal action in the MDP has precisely the bandit structure studied above: under
M, whenever the learner takes action a at state 1, the resulting transition corresponds to a Bernoulli
observation with mean 1− q

a⋆,M
h

(a), matching the reward distribution obtained by pulling arm a in
Bi if a⋆,Mh = i. Hence, when choosing an action at any given step and episode, the learner faces the
same statistical problem of identifying the unknown optimal action from sequential bandit feedback.
Lemma 5.21 can therefore be used to lower bound the probability of selecting a suboptimal action
in the MDP.

Before proceeding, we first introduce, for convenience of analysis, an auxiliary action variable in
order to distinguish the action selected by the policy in state 1 from the action actually executed
along the realized trajectory. For every episode k ∈ [K] and step h ∈ [H], let

ãkh ∼ πkh(· | 1) (5.98)

conditional on what happens before episode k, regardless of whether the realized state skh equals 1.
Thus, ãkh is an auxiliary action used only in the analysis. By construction,

EM
[
1− πkh(a⋆,Mh | 1)

]
= PM

(
ãkh ̸= a⋆,Mh

)
. (5.99)

Conditional on the optimal actions at steps other than h, reaching state 1 at step h is independent
of a⋆,Mh , and the trajectory following the step-h transition provides no further information about it.
Treating episodes that do not reach state 1 as dummy bandit rounds, the learner can therefore be
viewed as a bandit algorithm run for k − 1 rounds before episode k.

Now consider any online learning algorithm π̂. In view of (5.97) and (5.99), one has

EM

[
K∑

k=1

(
V ⋆

1 (1)− V πk

1 (1)
)
]
≥

K∑

k=1

H∑

h=1

ε0(H − h)
16H2 PM

(
ãkh ̸= a⋆,Mh

)
(5.100)
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for every M∈ Csub
mdp. It follows that

inf
π̂

max
i∈[A]H

EMi

[
K∑

k=1

(
V ⋆

1 (1)− V πk

1 (1)
)
]
≥ inf

π̂

1
AH

∑

i∈[A]H
EMi

[
K∑

k=1

(
V ⋆

1 (1)− V πk

1 (1)
)
]

≥
K∑

k=1

H∑

h=1

ε0(H − h)
16H2 inf

π̂

1
AH

∑

i∈[A]H
PMi

(
ãkh ̸= ih

)
. (5.101)

Next, we seek to lower bound (5.101). For each h ∈ [H], write
i−h := (i1, . . . , ih−1, ih+1, . . . , iH).

Fix any i−h ∈ [A]H−1. Conditional on i−h, the preceding construction induces a valid bandit
algorithm for identifying ih from at most k − 1 informative observations. Therefore, applying
Lemma 5.21 with t = k − 1 gives

1
A

A∑

ih=1
PM(ih,i−h)

(
ãkh ̸= ih

)
≥ 1

3 , (5.102)

provided that k − 1 ≤ AH3

18ε2
0

. Averaging (5.102) over i−h ∈ [A]H−1 and then taking the infimum over
π̂ yields

inf
π̂

1
AH

∑

i∈[A]H
PMi

(
ãkh ̸= ih

)
≥ 1

3 . (5.103)

Substituting (5.103) into (5.101) reveals that: if K − 1 ≤ AH3

18ε2
0

, then

inf
π̂

max
i∈[A]H

EMi

[
K∑

k=1

(
V ⋆

1 (1)− V πk

1 (1)
)
]
≥ 1

3

K∑

k=1

H∑

h=1

ε0(H − h)
16H2 = ε0K(H − 1)

96H ≥ ε0K

192 . (5.104)

To finish up, choosing

ε0 = min
{√

H3A

18K ,
H

2

}
, (5.105)

clearly satisfies K − 1 ≤ AH3

18ε2
0

and ε0 ≤ H/2. Substituting this choice into (5.104), we arrive at

inf
π̂

max
M∈Csub

mdp

EM

[
K∑

k=1

(
V ⋆

1 (1)− V πk

1 (1)
)
]
≥ inf

π̂

1
|Csub

mdp|
∑

M∈Csub
mdp

EM

[
K∑

k=1

(
V ⋆

1 (1)− V πk

1 (1)
)
]

≥ ε0K

192 ≍ min
{√

H3AK,HK
}
. (5.106)

This taken together with the choice of ρ (cf. (5.93)) establishes the advertised lower bound (5.89)
for the case with S = 2.

5.6.2 Analysis: lower bound for general S (proof of Theorem 5.19)

We now demonstrate how the regret lower bound established in Section 5.6.1 for S = 2 can be lifted
to general S ≥ 2. The key idea is to embed S/2 independent copies of the two-state hard instances
into a single MDP. Since each episode starts in exactly one of these copies, the K trajectories are
effectively distributed across S/2 independent learning problems, allowing us to apply the two-state
lower bound separately to each sub-MDP. Throughout the proof, we assume, for simplicity, that S
is even.
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Construction of the MDPs and notation. We begin by constructing a family Cmdp of MDPs.

• Each MDP M in this family is composed of S/2 disjoint sub-MDPs, each containing 2 states.

• For each 1 ≤ j ≤ S/2, the j-th sub-MDP ofM, denoted byMsub,j , has state space {j, j+S/2}
and is a relabeled copy of an MDP in Csub

mdp introduced in Section 5.6.1, with states 1 and 0
therein corresponding to j and j + S/2, respectively.

• More precisely, we define Cmdp to consist of all MDPs obtained by choosing each of the S/2
sub-MDPs independently from Csub

mdp. Equivalently, up to the state relabeling described above,

Cmdp :=
(Csub

mdp
)S/2

. (5.107)

Thus, each M∈ Cmdp can be identified with a tuple

M =
(Msub,1, . . . ,Msub,S/2), Msub,j ∈ Csub

mdp. (5.108)

• The initial state distribution ρ ∈ ∆(S) is taken to be

ρ(s) =





2/S, if 1 ≤ s ≤ S/2,
0, else.

(5.109)

Decomposition across the sub-MDPs. Let

Jk := sk1 ∈ [S/2], J := (J1, . . . , JK), Kj :=
K∑

k=1
1{Jk = j}.

Thus, Jk identifies the sub-MDP visited in episode k, and Kj is the number of episodes assigned to
the j-th sub-MDP. Since the initial states are drawn independently from ρ, the random vector J is
independent of the identities of all sub-MDPs.

We now place the uniform product prior on Cmdp; namely, the sub-MDPs {Msub,j}1≤j≤S/2 are
drawn independently and uniformly from Csub

mdp. Fix an initial-state sequence J and a component
j. Under this product prior, the behavior of π̂ during the Kj episodes assigned to component j
induces a valid randomized Kj-episode algorithm for the two-state problem. Indeed, the interactions
with all other components can be incorporated into the internal randomization of this induced
algorithm: their identities are drawn independently from the product prior, and their trajectories
can be simulated between successive visits to component j. Although these simulated interactions
may depend on the observations previously collected from component j, they contain no additional
information about the identity of Msub,j .

Consequently, the two-state lower bound (5.106) applies conditionally on J . In particular, for
every j ∈ [S/2],

1
|Cmdp|

∑

M∈Cmdp

EM

[ ∑

k:Jk=j

(
V ⋆

1 (j)− V πk

1 (j)
) ∣∣∣ J

]
≥ ε0Kj

192 1

{
Kj ≤

AH3

18ε2
0

}
. (5.110)

Moreover, since Jk ∼ ρ independently of the policy πk selected before episode k, for everyM∈ Cmdp
one has

EM
[
V ⋆

1 (Jk)− V πk

1 (Jk)
]

= EM
[
V ⋆

1 (ρ)− V πk

1 (ρ)
]
. (5.111)
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Summing (5.110) over the components and averaging over J yield

inf
π̂

max
M∈Cmdp

EM

[
K∑

k=1

(
V ⋆

1 (ρ)− V πk

1 (ρ)
)
]
≥ inf

π̂

1
|Cmdp|

∑

M∈Cmdp

EM

[
K∑

k=1

(
V ⋆

1 (Jk)− V πk

1 (Jk)
)
]

≥ EJ

[ S/2∑

j=1

ε0Kj

192 1

{
Kj ≤

AH3

18ε2
0

}]
. (5.112)

In what follows, we look at two cases separately.

Case 1: K ≥ S/2. We begin with the regime K ≥ S/2. Continue the bound (5.112) to derive

inf
π̂

max
M∈Cmdp

EM

[
K∑

k=1

(
V ⋆

1 (ρ)− V πk
1 (ρ)

)
]

≥ E
s1

1,··· ,sK1
i.i.d.∼ ρ

[ S/2∑

j=1

ε0Kj

192

]
− ε0

192 E
s1

1,··· ,sK1
i.i.d.∼ ρ

[ S/2∑

j=1
Kj1

{
Kj >

AH3

18ε2
0

}]

= ε0K

192 −
ε0

192

S/2∑

j=1
E

s1
1,··· ,sK1

i.i.d.∼ ρ

[
Kj1

{
Kj >

AH3

18ε2
0

}]
. (5.113)

Since Kj ∼ Binomial(K, 2/S), Lemma 2.7 tells us that: if ε2
0 ≤ SAH3

1800K , then

E

[
Kj1

{
Kj >

AH3

18ε2
0

}]
≤ E

[
Kj1

{
Kj >

100K
S

}]

= 100K
S

P
{
Kj >

100K
S

}
+
∫ ∞

100K/S
P
{
Kj > τ

}
dτ

≤ 100K
S

exp
(
−19K

S

)
+ 2

∫ ∞

100K/S
exp(−0.19τ)dτ

≤ 111K
S

exp
(
−19K

S

)
≤ 0.01K

S
,

where the second line relies on the basic property

E
[
X1{X > x}] = xP(X > x) +

∫ ∞

x
P(X > τ)dτ.

Substitution into (5.113) shows that: if ε2
0 ≤ SAH3

1800K and ε0 ≤ H/2, then

inf
π̂

max
M∈Cmdp

EM

[
K∑

k=1

(
V ⋆

1 (ρ)− V πk
1 (ρ)

)
]
≥ ε0K

192 −
ε0(S/2)

192 · 0.01K
S

= 0.995ε0K

192 .

Case 2: K < S/2. We now turn to the regime K < S/2, where it suffices to focus on states that
are visited exactly once.

To begin with, observe that if ε0 ≤ H/2, then

AH3

18ε2
0
≥ 2AH

9 ≥ 4
3 > 1,
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provided that A ≥ 3 and H ≥ 2. Hence, every j obeying Kj = 1 satisfies AH3

18ε2
0
> Kj . Taking this

collectively with (5.112), we see that

inf
π̂

max
M∈Cmdp

EM

[
K∑

k=1

(
V ⋆

1 (ρ)− V πk
1 (ρ)

)
]
≥ E

s1
1,··· ,sK1

i.i.d.∼ ρ

[ S/2∑

j=1

ε0Kj

192 1

{
Kj ≤

AH3

18ε2
0

}]

≥ E
s1

1,··· ,sK1
i.i.d.∼ ρ

[ S/2∑

j=1

ε0Kj

192 1
{
Kj = 1

}
]

= ε0
192

S/2∑

j=1
P(Kj = 1). (5.114)

Recognizing that Kj ∼ Binomial(K, 2/S), one can deduce that
S/2∑

j=1
P(Kj = 1) = S

2 ·K
2
S

(
1− 2

S

)K−1
= K

(
1− 2

S

)K−1
≥ K

4 ,

where the last inequality follows from K < S/2. Consequently, we arrive at

inf
π̂

max
M∈Cmdp

EM

[
K∑

k=1

(
V ⋆

1 (ρ)− V πk

1 (ρ)
)
]
≥ ε0K

768 . (5.115)

Putting all this together. To finish up, we take

ε0 = min
{√

SAH3

1800K ,
H

2

}

in the above bounds (for both Case 1 and Case 2) to conclude that

inf
π̂

max
M∈Cmdp

EM

[
K∑

k=1

(
V ⋆

1 (ρ)− V πk
1 (ρ)

)
]
≳ min

{√
SAH3K,HK

}
.

5.7 Appendix A: proof of auxiliary lemmas in Section 5.3.5

5.7.1 Proof of Lemma 5.5

We begin by introducing a scalar-valued function f , which facilitates the subsequent analysis:

f(p, v, n) := ⟨p, v⟩+ max
{
c1

√
Varp(v) log 1

δ′

n
,
c2

1H log 1
δ′

n

}
, (5.116)

defined for any probability vector p = [ps]1≤s≤S ∈ ∆S , any nonnegative vector v = [vs]1≤s≤S ∈ RS

obeying ∥v∥∞ ≤ H, and any positive integer n. A key property of this function, which we rely on in
this proof, is its monotonicity with respect to v, namely,

f(p, v, n) is non-decreasing in each entry of v. (5.117)

The proof of this property is postponed to the end of this subsection.
We now present the proof of Lemma 5.5 using the property (5.117). Consider any tuple (h, k, s, a),

and we divide into two cases.
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Case 1: Nk
h(s, a) ≤ 2. In this situation, the update rule (5.18) in conjunction with the bonus

(5.20) yields the following trivial bounds:

Qkh(s, a) = H ≥ Q⋆h(s, a) and V k
h (s) ≥ Qkh(s, a) = H ≥ V ⋆

h (s),

provided that the constant c2 in (5.20) exceeds c2 ≥ 2.

Case 2: Nk
h(s, a) > 2. Suppose now, by way of induction, that Qkh+1 ≥ Q⋆h+1, which necessarily

implies that V k
h+1 ≥ V ⋆

h+1. If Qkh(s, a) = H, then Qkh(s, a) ≥ Q⋆h(s, a) holds trivially. Therefore, it
suffices to restrict attention to those state-action pairs obeying Qkh(s, a) < H in the sequel.

In view of the update rule (5.18) and the bonus (5.20), when Qkh(s, a) < H, we have

Qkh(s, a) = rh(s, a) +
〈
P̂ ks,a,h, V

k
h+1

〉
+ c1

√√√√Var
P̂k
s,a,h

(
V k
h+1

)
log 1

δ′

Nk
h (s, a)

+ c2
H log 1

δ′

Nk
h (s, a)

≥ rh(s, a) +
(c2 − c2

1)H log 1
δ′

Nk
h (s, a)

+ f
(
P̂ ks,a,h, V

k
h+1, N

k
h (s, a)

)

≥ rh(s, a) + f
(
P̂ ks,a,h, V

⋆
h+1, N

k
h (s, a)

)
(5.118)

as long as c2 ≥ c2
1, where the last inequality results from the claim (5.117) and the property

V k
h+1 ≥ V ⋆

h+1. Moreover, applying the empirical Bernstein inequality in Lemma 2.6 yields

P
{∣∣∣
〈
P̂ ks,a,h − Ps,a,h, V ⋆

h+1
〉∣∣∣ > 2

√√√√Var
P̂k
s,a,h

(
V ⋆
h+1

)
log 1

δ′

Nk
h (s, a)

+
14H log 1

δ′

3Nk
h (s, a)

}

≤ P
{∣∣∣
〈
P̂ ks,a,h − Ps,a,h, V ⋆

h+1
〉∣∣∣ >

√√√√2Var
P̂k
s,a,h

(
V ⋆
h+1

)
log 1

δ′

Nk
h (s, a)− 1

+
7
3H log 1

δ′

Nk
h (s, a)− 1

}
≤ 2δ′.

This in turn implies that, with probability exceeding 1− 2δ′,

f
(
P̂ ks,a,h, V

⋆
h+1, N

k
h (s, a)

) ≥ 〈Ps,a,h, V ⋆
h+1

〉
+
〈
P̂ ks,a,h − Ps,a,h, V ⋆

h+1
〉

+ c1
2

√√√√Var
P̂k
s,a,h

(
V ⋆
h+1

)
log 1

δ′

Nk
h (s, a)

+
c2

1H log 1
δ′

2Nk
h (s, a)

≥ 〈Ps,a,h, V ⋆
h+1

〉
+
(
c2

1
2 −

14
3

)
H log 1

δ′

Nk
h (s, a)

+
(
c1
2 − 2

)
√√√√Var

P̂k
s,a,h

(
V ⋆
h+1

)
log 1

δ′

Nk
h (s, a)

≥ 〈Ps,a,h, V ⋆
h+1

〉
,

where the last line holds as long as c1 ≥ 4. Substitution into (5.118) then yields that, with probability
at least 1− 2δ′,

Qkh(s, a) ≥ rh(s, a) +
〈
Ps,a,h, V

⋆
h+1

〉
= Q⋆h(s, a),

where the identity is due to the Bellman equation (2.40).
To finish up, taking the union bound over all (s, a, h, k) ∈ S ×A× [H]× [K] concludes the proof.
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Putting all this together. With the above two cases in place, one can invoke standard induction
arguments to deduce that: with probability at least 1− 4SAHKδ′, one has Qkh(s, a) ≥ Q⋆h(s, a) and
V k
h = maxaQkh(s, a) ≥ maxaQ⋆h(s, a) = V ⋆

h (s) for every (s, a, h, k), thus completing the proof.

Proof of property (5.117). Fix any index 1 ≤ s ≤ S, and consider f as a function of the s-th entry
vs while freezing p, n and all other entries of v. We begin with the following observations:

• f is a continuous function w.r.t. v;

• f is differentiable in vs, except for at most two possible points that make c1

√
Varp(v) log 1

δ′
n =

c2
1
H log 1

δ′
n (due to the presence of non-differentiable points of the max operator and the quadratic

nature of Varp(v)).

By virtue of the continuity of f , establishing that f is non-decreasing in vs reduces to verifying that
∂f(p,v,n)
∂vs

≥ 0 at all differentiable points.
To this end, we compute the partial derivative at any differentiable point vs as follows:

∂f(p, v, n)
∂vs

= ps + c11

{
c1

√
Varp(v) log 1

δ′

n
≥ c2

1
H log 1

δ′

n

}
·
ps
(
vs − ⟨p, v⟩

)√
log 1

δ′√
nVarp(v)

= ps + 1(Av) ·
c1H log 1

δ′√
nVarp(v) log 1

δ′

· ps
(
vs − ⟨p, v⟩

)

H
, (5.119)

where we introduce the event Av :=
{√

nVarp(v) log 1
δ′ ≥ c1H log 1

δ′
}
. We now divide into two cases.

• If vs − ⟨p, v⟩ ≥ 0, then it is trivially seen that ∂f(p,v,n)
∂vs

≥ 0.

• If vs − ⟨p, v⟩ < 0, then one can continue the derivation in (5.119) and use the definition of Av
to reach

∂f(p, v, n)
∂vs

≥ ps + ps

(
vs − ⟨p, v⟩

)

H
= ps

H + vs − ⟨p, v⟩
H

≥ 0,

where the last inequality holds since vs ≥ 0 and ⟨p, v⟩ ≤ H.

Combining these two cases immediately establishes property (5.117).

5.7.2 Proof of Lemma 5.7

Bounding the quantity W1. We begin by applying Bernstein’s inequality (cf. Lemma 2.5) in
conjunction with a union bound over all tuples (s, a, h, k) ∈ S ×A× [H]× [K]. More specifically,
since ∥V ⋆

h+1∥∞ ≤ H, it holds with probability at least 1− 4SAHKδ′ that

∣∣∣
〈
P̂ ks,a,h − Ps,a,h, V ⋆

h+1
〉∣∣∣ ≤

√√√√2VarPs,a,h(V ⋆
h+1) log 1

δ′

Nk
h (s, a)

+
H log 1

δ′

Nk
h (s, a)

(5.120)

simultaneously for all (s, a, h, k) ∈ S ×A× [H]× [K]. Using this relation to bound each summand
in W1, we obtain

W1 ≤
K∑

k=1

H∑

h=1

√√√√2VarP
sk
h
,ak
h
,h

(V ⋆
h+1) log 1

δ′

Nk
h (skh, akh)

+
K∑

k=1

H∑

h=1

H log 1
δ′

Nk
h (skh, akh)
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≤
√√√√∑

k,h

2 log 1
δ′

Nk
h (skh, akh)

√∑

k,h

VarP
sk
h
,ak
h
,h

(
V ⋆
h+1

)
+H log 1

δ′
∑

k,h

1
Nk
h (skh, akh)

≤ 2
√
SAHT opt

6 (log2K) log 1
δ′

+ 2SAH2(log2K) log 1
δ′

(5.121)

with probability greater than 1 − 4SAHKδ′, where the second line invokes the Cauchy-Schwarz
inequality, and the last inequality makes use of Lemma 5.3 and the definition (5.35c) of T opt

6 .
To finish up, note that for any two random variables X and Y ,

Var(X + Y ) ≤ 2Var(X) + 2Var(Y ) ≤ 2Var(X) + 2E[Y 2].

This combined with the property V k
h+1 ≥ V ⋆

h+1 ≥ V πk
h+1 (see Lemma 5.5) gives rise to

VarP
sk
h
,ak
h
,h

(
V ⋆
h+1

) ≤ 2VarP
sk
h
,ak
h
,h

(
V πk

h+1
)

+ 2
〈
Psk

h
,ak
h
,h,
(
V ⋆
h+1 − V πk

h+1
)2〉

≤ 2VarP
sk
h
,ak
h
,h

(
V πk

h+1
)

+ 2
〈
Psk

h
,ak
h
,h,
(
V k
h+1 − V πk

h+1
)2〉

,

which taken collectively with the definition (5.35) results in

T opt
6 ≤ 2T low

6 + 2T diff
6 (5.122a)

=⇒
√
T opt

6 ≤
√

2T low
6 +

√
2T diff

6 . (5.122b)

This together with (5.121) and the definition of ιb (cf. (5.30)) establishes the claimed bound

W1 ≤
1
8

√
ιbSAHT low

6 + 1
8

√
ιbSAHT diff

6 + 1
8 ιbSAH

2.

Remark 5.13. Repeating the above arguments for (5.122) also yields

T ucb
6 ≤ 2T low

6 + 2T diff
6 (5.123a)

=⇒
√
T ucb

6 ≤
√

2T low
6 +

√
2T diff

6 , (5.123b)

which will prove useful in the subsequent analysis.

Bounding the quantity W2. We now turn our attention to the term W2 in (5.36). Setting

∆k
h+1 := V k

h+1 − V ⋆
h+1

for notational convenience and denoting by v(s) the s-th entry of a vector v, we derive
〈
P̂ ks,a,h − Ps,a,h, V k

h+1 − V ⋆
h+1

〉
=
∑

s′∈S

(
P̂ ks,a,h(s′)− Ps,a,h(s′)

)
∆k
h+1(s′)

(i)=
∑

s′∈S

(
P̂ ks,a,h(s′)− Ps,a,h(s′)

)
∆k
h+1(s′)−

{ ∑

s′∈S

(
P̂ ks,a,h(s′)− Ps,a,h(s′)

)}〈
Ps,a,h,∆k

h+1
〉

=
∑

s′∈S

(
P̂ ks,a,h(s′)− Ps,a,h(s′)

)(
∆k
h+1(s′)− 〈Ps,a,h,∆k

h+1
〉)

≤
∑

s′∈S

∣∣∣P̂ ks,a,h(s′)− Ps,a,h(s′)
∣∣∣ ·
∣∣∣∆k

h+1(s′)− 〈Ps,a,h,∆k
h+1

〉∣∣∣, (5.124)
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where (i) follows since ∑s′ P̂
k
s,a,h(s′) = ∑

s′ Ps,a,h(s′) = 1. The Bernstein inequality (cf. Lemma 2.5)
combined with the union bound tells us that, with probability greater than 1− 4S2AHKδ′,

∣∣∣P̂ ks,a,h(s′)− Ps,a,h(s′)
∣∣∣ =

∣∣∣
〈
P̂ ks,a,h − Ps,a,h, es′

〉∣∣∣

≤

√√√√2VarPs,a,h(es′) log 1
δ′

Nk
h (s, a)

+
2 log 1

δ′

3Nk
h (s, a)

≤

√√√√2Ps,a,h(s′) log 1
δ′

Nk
h (s, a)

+
log 1

δ′

Nk
h (s, a)

(5.125)

holds simultaneously for all (s, a, s′, h, k) ∈ S ×A×S × [H]× [K], where the last inequality uses the
fact that VarPs,a,h(es′) = Ps,a,h(s′)(1−Ps,a,h(s′)) ≤ Ps,a,h(s′). Substitution into (5.124) then leads to
〈
P̂ ks,a,h − Ps,a,h, V k

h+1 − V ⋆
h+1

〉

≤
∑

s′∈S

(√√√√2Ps,a,h(s′) log 1
δ′

Nk
h (s, a)

+
log 1

δ′

Nk
h (s, a)

)∣∣∣∆k
h+1(s′)− 〈Ps,a,h,∆k

h+1
〉∣∣∣

(ii)
≤

√√√√2S log 1
δ′

Nk
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√√√√
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s′∈S
Ps,a,h(s′)

∣∣∣∆k
h+1(s′)− 〈Ps,a,h,∆k

h+1
〉∣∣∣

2
+
∑

s′∈S

log 1
δ′

Nk
h (s, a)

∣∣∣∆k
h+1(s′)− 〈Ps,a,h,∆k

h+1
〉∣∣∣

(iii)
≤

√√√√2S log 1
δ′

Nk
h (s, a)

√
VarPs,a,h

(
V k
h+1 − V ⋆

h+1
)

+
SH log 1

δ′

Nk
h (s, a)

,

where (ii) follows from the Cauchy-Schwarz inequality, and (iii) results from the definition of
VarPs,a,h(V ) and the fact that ∆k

h+1(s) ∈ [0, H] for all s ∈ S (since both V k
h+1(s) and V ⋆

h+1(s) lie in
[0, H]). Repeating similar arguments as in (5.121), we arrive at

W2 ≤ 2
√
S2AH(log2K) log 1

δ′

√∑

k,h

VarP
sk
h
,ak
h
,h

(
V k
h+1 − V ⋆

h+1
)

+ 2S2AH2(log2K) log 1
δ′

(5.126)

≤ 1
8

√
ιbS2AHT diff

6 + 1
8 ιbS

2AH2

with probability at least 1− 4S2AHKδ′, where we recall the definition of T diff
6 in (5.35e). Here, the

last line follows since, according to the property V k
h+1 ≥ V ⋆

h+1 ≥ V πk
h+1 (see Lemma 5.5),

VarPs,a,h
(
V k
h+1 − V ⋆

h+1
) ≤

〈
Ps,a,h,

(
V k
h+1 − V ⋆

h+1
)2〉 ≤

〈
Ps,a,h,

(
V k
h+1 − V πk

h+1
)2〉

,

=⇒
∑

k,h

VarP
sk
h
,ak
h
,h

(
V k
h+1 − V ⋆

h+1
) ≤ T diff

6 . (5.127)

Bounding the quantity W3. Akin to the decomposition (5.36), we split W3 into two components:

W3 =
∑

k,h

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h,
(
V ⋆
h+1

)2〉

︸ ︷︷ ︸
=:W4

+
∑

k,h

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h,
(
V k
h+1

)2 − (V ⋆
h+1

)2〉

︸ ︷︷ ︸
=:W5

. (5.128)

The resulting quantities W4 and W5 can then be controlled using arguments analogous to those
employed for W1 and W2, respectively. Additionally, it is helpful to record the following basic
variance bound, quoted from Chen et al. (2021b, Lemma 30).
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Lemma 5.22. Let X be a random variable, and denote by Cmax the largest possible magnitude of
X. Then we have Var(X2) ≤ 4C2

maxVar(X) and Var
(
(X − E[X])2) ≤ C2

maxVar(X).
Proof of Lemma 5.22. From the elementary fact Var(U + V ) ≤ 2Var(U) + 2Var(V ), we can derive

Var(X2) ≤ 2Var
(
(X − E[X])X

)
+ 2Var

(
E[X]X

)

≤ 2E
[
(X − E[X])2X2]+ 2(E[X])2Var(X)

≤ 2C2
maxE

[
(X − E[X])2]+ 2C2

maxVar(X) = 4C2
maxVar(X).

Similarly, we have
Var

(
(X − E[X])2) ≤ E

[
(X − E[X])4] ≤ C2

maxE
[
(X − E[X])2] = C2

maxVar(X)
as claimed.

Regarding the term W4 in (5.128), repeating the arguments in (5.121) yields, with probability
greater than 1− 4SAHKδ′, that

W4 ≤ 2
√
SAH(log2K) log 1

δ′

√∑

k,h

VarP
sk
h
,ak
h
,h

(
(V ⋆
h+1)2)+ 2SAH3(log2K) log 1

δ′

≤ 4
√
SAH3T opt

6 (log2K) log 1
δ′

+ 2SAH3(log2K) log 1
δ′

≤ 1
16

√
ιbSAH3T low

6 + 1
16

√
ιbSAH3T diff

6 + 1
16 ιbSAH

3.

Here, the last inequality follows from (5.122), whereas the penultimate inequality applies Lemma 5.22
and the property ∥V ⋆

h+1∥∞ ≤ H to obtain
VarP

sk
h
,ak
h
,h

(
(V ⋆
h+1)2) ≤ 4H2VarP

sk
h
,ak
h
,h

(
V ⋆
h+1

)
.

When it comes to the term W5 in (5.128), repeat the arguments for (5.126) to derive

W5 ≤ 2
√
S2AH(log2K) log 1

δ′

√∑

k,h

VarPs,a,h
((
V k
h+1

)2 − (V ⋆
h+1

)2)+ 2S2AH3(log2K) log 1
δ′
.

Furthermore, recalling the property H ≥ V k
h+1(s) ≥ V ⋆

h+1(s) ≥ V πk
h+1(s) ≥ 0 that holds for all s ∈ S

(see Lemma 5.5), one can deduce that

VarPs,a,h
((
V k
h+1

)2 − (V ⋆
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)2) ≤
〈
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V k
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)2 − (V ⋆
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≤
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)2)2〉

=
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))2〉

≤ 4H2
〈
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(
V k
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.

Taking this inequality together with the definition (5.35), we arrive at

W5 ≤ 4
√
S2AH3T diff

6 (log2K) log 1
δ′

+ 2S2AH3(log2K) log 1
δ′

≤ 1
16

√
ιbS2AH3T diff

6 + 1
16 ιbS

2AH3.

Substituting the preceding bounds on W4 and W5 into (5.128), we conclude that

W3 ≤W4 +W5 ≤
1
8

√
ιbSAH3T low

6 + 1
8

√
ιbS2AH3T diff

6 + 1
8 ιbS

2AH3.
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5.7.3 Proof of Lemma 5.8

Bounding the term T2. We begin by analyzing T2 (cf. (5.34)). Recalling the definition of the
bonus term (5.20), we have

T2 =
K∑

k=1

H∑

h=1
bkh(skh, akh) = c1

∑

k,h

√√√√√
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)
log 1

δ′

Nk
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+ c2
∑
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H log 1
δ′

Nk
h (skh, akh)

. (5.129)

Applying the Cauchy-Schwarz inequality to the first sum in (5.129) yields

T2 ≤ c1
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log 1
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Nk
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√∑
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√
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(
log 1
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Nk
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≤ c1

√
2SAH(log2K)

(
log 1
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)
T5 + 2c2SAH

2(log2K) log 1
δ′

≤ 1
2
√
SAHT5ιb + 1

2SAH
2ιb,

where the second relation uses the definition (5.35a) of T5, the penultimate line invokes the visitation
count property (5.26), and the last line holds as long as ιb ≥ 8 max{c2

1, c2}(log2K) log 1
δ′ .

Bounding the term T3. Next, we bound the term T3 defined in (5.34). Recall that, by definition, the
value function estimate V k

h+1 is computed prior to the start of episode k. Consequently, conditional on
the state-action pair (skh, akh) and the history up to the beginning of episode k, the next-state indicator
vector esk

h+1
is statistically independent of V k

h+1 and has conditional mean Psk
h
,ak
h
,h. Furthermore,

since all entries of V k
h+1 lie within [0,H], one has the deterministic bound:

∣∣〈Psk
h
,ak
h
,h − esk

h+1
, V k

h+1
〉∣∣ ≤ H.

Additionally, it is easily seen that T ucb
6 (cf. (5.35b)) obeys the trivial upper bound

T ucb
6 ≤

K∑

k=1

H∑

h=1

〈
Psk

h
,ak
h
,h,
(
V k
h+1

)2〉 ≤ KH3. (5.130)

Therefore, using the definition of T ucb
6 in (5.35b) and its trivial upper bound (5.130), one can

invoke the Freedman inequality (see Lemma 2.9 with K0 = log2(KH)) to show that, with probability
at least 1− 2δ′ log2(KH),

|T3| ≤
√

8 max{T ucb
6 , H2} log 1

δ′
+ 4

3H log 1
δ′

≤
√

8T ucb
6 log 1

δ′
+
√

8H log 1
δ′

+ 4
3H log 1

δ′

≤
√

8T ucb
6 log 1

δ′
+ 5H log 1

δ′

≤ 4
√
T low

6 log 1
δ′

+ 4
√
T diff

6 log 1
δ′

+ 5H log 1
δ′
,

where the second line uses the elementary inequality
√

max{a, b} ≤ √a+
√
b, and the last inequality

arises from (5.123).



5.7. Appendix A: proof of auxiliary lemmas in Section 5.3.5 171

Bounding the term T4. We now turn attention to the term T4, i.e.,

T4 =
K∑

k=1

( H∑

h=1
rh(skh, akh)− V πk

1 (sk1)
︸ ︷︷ ︸

=:Ek

)
, (5.131)

Note that conditional on πk, Ek is a zero-mean random variable bounded in magnitude by H. An
application of the Azuma-Hoeffding inequality (cf. Lemma 2.8) guarantees that, with probability
exceeding 1− 2δ′,

|T4| =
∣∣∣∣∣
K∑

k=1
Ek

∣∣∣∣∣ ≤
√

2KH2 log 1
δ′
.

5.7.4 Proof of Lemma 5.9

To facilitate the analysis, we introduce the following auxiliary quantity:

T8 :=
K∑

k=1

H∑

h=1

〈
Psk

h
,ak
h
,h − esk

h+1
,
(
V k
h+1

)2〉
. (5.132)

Since this quantity will appear in the upper bounds on several other terms, we begin by deriving an
upper bound for T8.

Bounding the term T8. According to Lemma 5.22, Var(X2) ≤ 4H2Var(X) holds for any random
variable X with support on [−H,H]. This implies that

VarP
sk
h
,ak
h
,h

((
V k
h+1

)2) ≤ 4H2VarP
sk
h
,ak
h
,h

(
V k
h+1

)
. (5.133)

Therefore, invoking Freedman’s inequality (see Lemma 2.9 with K0 = log2(KH)) together with the
trivial bound VarP

sk
h
,ak
h
,h

((
V k
h+1

)2) ≤ H4 reveals that, with probability at least 1− 2δ′ log2(KH),

|T8| ≤
√√√√8 max

{∑

k,h

VarP
sk
h
,ak
h
,h

((
V k
h+1

)2)
, H4

}
log 1

δ′
+ 4

3H
2 log 1

δ′

≤
√√√√8 max

{∑

k,h

VarP
sk
h
,ak
h
,h

((
V k
h+1

)2)
, H4

}
log 1

δ′
+
√

8H4 log 1
δ′

+ 4
3H

2 log 1
δ′

≤
√√√√8

∑

k,h

VarP
sk
h
,ak
h
,h

((
V k
h+1

)2) log 1
δ′

+ 5H2 log 1
δ′

(5.134)

≤
√√√√32H2

∑

k,h

VarP
sk
h
,ak
h
,h

(
V k
h+1

)
log 1

δ′
+ 5H2 log 1

δ′

=
√

32H2T ucb
6 log 1

δ′
+ 5H2 log 1

δ′
, (5.135)

where the second line is valid since
√

max{a, b} ≤ √a +
√
b, the penultimate line follows from

(5.133), and the last identity uses the definition (5.35b) of T ucb
6 .
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Bounding the term T5 (cf. (5.35a)). Regarding the term T5, expanding the variance terms gives

T5 =
K∑

k=1

H∑

h=1

(〈
P̂ k
sk
h
,ak
h
,h
,
(
V k
h+1

)2〉− (〈P̂ k
sk
h
,ak
h
,h
, V k

h+1
〉)2)

=
K∑

k=1

H∑

h=1

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h,
(
V k
h+1

)2〉+
K∑

k=1

H∑

h=1

〈
Psk

h
,ak
h
,h − esk

h+1
,
(
V k
h+1

)2〉

+
K∑

k=1

H∑

h=1

(
V k
h+1(skh+1)

)2 −
K∑

k=1

H∑

h=1

(〈
P̂ k
sk
h
,ak
h
,h
, V k

h+1
〉)2

= W3 + T8 +
K∑

k=1

H∑

h=1

(
V k
h+1(skh+1)

)2 −
K∑

k=1

H∑

h=1

(〈
P̂ k
sk
h
,ak
h
,h
, V k

h+1
〉)2

≤W3 + T8 +
K∑

k=1

H∑

h=2

(
V k
h (skh)

)2 −
K∑

k=1

H∑

h=2

(〈
P̂ k
sk
h
,ak
h
,h
, V k

h+1
〉)2
, (5.136)

where W3 and T8 are defined in (5.37) and (5.132), respectively. Here, in the last line we reindex
the first sum (by replacing h+ 1 with h) and make use of the fact that V k

H+1 = 0.
To continue, we make the observation that
(
V k
h (skh)

)2 − (〈P̂ k
sk
h
,ak
h
,h
, V k

h+1
〉)2 =

(
V k
h (skh) +

〈
P̂ k
sk
h
,ak
h
,h
, V k

h+1
〉)(

V k
h (skh)− 〈P̂ k

sk
h
,ak
h
,h
, V k

h+1
〉)

≤ 2H max
{
V k
h (skh)− 〈P̂ k

sk
h
,ak
h
,h
, V k

h+1
〉
, 0
}

= 2H max
{
Qkh(skh, akh)− 〈P̂ k

sk
h
,ak
h
,h
, V k

h+1
〉
, 0
}
,

where the inequality holds since 0 ≤ V k
h (s) ≤ H for all s ∈ S, and the last identity holds since, due

to the greedy policy choice, V k
h (skh) = maxaQkh(skh, a) = Qkh(skh, akh). Substitution back into (5.136)

yields

T5 ≤W3 + T8 + 2H
K∑

k=1

H∑

h=2
max

{
Qkh(skh, akh)− 〈P̂ k

sk
h
,ak
h
,h
, V k

h+1
〉
, 0
}

≤W3 + T8 + 2H
K∑

k=1

H∑

h=2
bkh(skh, akh) + 2H

K∑

k=1

H∑

h=2
rh(skh, akh)

≤W3 + T8 + 2HT2 + 2KH2,

where the second line is a direct consequence of the update rule (5.18), and the last line uses the
definition (5.39a) of T2 combined with the assumption that rh(s, a) ≤ 1. Taking this collectively
with (5.135) establishes the claimed bound (5.42a).

Bounding the term T low
6 (cf. (5.35d)). Let Fk denote the σ-field generated by all events prior to

episode k, and define

Uk :=
H∑

h=1
VarP

sk
h
,ak
h
,h

(
V πk

h+1
)
.

It then follows directly from Lemma 5.4 that

E[Uk | Fk] ≤ H2.
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Moreover, since ∥V π
h+1∥∞ ≤ H for every policy π, we trivially have Uk ≤ H3. Applying the

Azuma–Hoeffding inequality (Lemma 2.8) therefore yields that, with probability at least 1− 2δ′,

T low
6 =

K∑

k=1
Uk ≤ E

[ K∑

k=1
Uk

]
+
√

2H6K log 1
δ′
≤ KH2 +

√
2H6K log 1

δ′
.

Bounding the term T diff
6 (cf. (5.35e)). Given that H ≥ V k

h+1(s) ≥ V ⋆
h+1(s) ≥ V πk

h+1(s) ≥ 0 for all
s ∈ S (see Lemma 5.5), we can derive

T diff
6 =

K∑

k=1

H∑

h=1

〈
Psk

h
,ak
h
,h,
(
V k
h+1 − V πk

h+1
)2〉

≤ H
K∑

k=1

H∑

h=1

〈
Psk

h
,ak
h
,h, V

k
h+1 − V πk

h+1
〉

= H
K∑

k=1

H∑

h=1

〈
Psk

h
,ak
h
,h − esk

h+1
, V k

h+1 − V πk

h+1
〉

︸ ︷︷ ︸
=: J1

+H
K∑

k=1

H∑

h=1

(
V k
h+1

(
skh+1

)− V πk

h+1
(
skh+1

))

︸ ︷︷ ︸
=: J2

, (5.137)

leaving us with two terms to control.

• The first term J1 in (5.137) can be controlled using the same argument as for T8. Repeating
the arguments in (5.134) tells us that, with probability at least 1− 2δ′ log2(KH),

|J1| ≤
√√√√8

∑

k,h

VarPk
sk
h
,ak
h
,h

(
V k
h+1 − V πk

h+1
)

log 1
δ′

+ 5H log 1
δ′

≤
√√√√8

∑

k,h

〈
P k
sk
h
,ak
h
,h
,
(
V k
h+1 − V πk

h+1
)2〉 log 1

δ′
+ 5H log 1

δ′

=
√

8T diff
6 log 1

δ′
+ 5H log 1

δ′

≤ 1
2HT diff

6 + 4H log 1
δ′

+ 5H log 1
δ′

= 1
2HT diff

6 + 9H log 1
δ′
, (5.138)

where the penultimate inequality applies the AM-GM inequality.

• When it comes to the second term J2 in (5.137), it follows from (5.41) that, with probability
at least 1− 9S2AH2Kδ′,

|J2| ≤ HT ub
0 . (5.139)

The above two bounds taken collectively demonstrate that

T diff
6 ≤ HJ1 +HJ2 ≤

1
2T

diff
6 + 9H2 log 1

δ′
+H2T ub

0 ,

thus implying that, with probability at least 1− 10S2AH2Kδ′,

T diff
6 ≤ 2H2T ub

0 + 18H2 log 1
δ′
.
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Establishing the bounds (5.43). Under the condition (5.31), it follows from (5.42b) that

T low
6 ≤ KH2 +

√
2H6K log 1

δ′
≤ 2KH2.

Moreover, combining (5.42a) with Lemma 5.7 and (5.123) (an inequality in the proof of Lemma 5.7
in Section 5.7.2) leads to

T5 ≤ 2HT2 + 2KH2 + 1
4

√
SAH3T low

6 ιb + 1
4

√
S2AH3T diff

6 ιb + 1
4S

2AH3ιb

(i)
≤ 2HT2 + 2KH2 + 1

4

√
2SAH5Kιb + 1

4

√
S2AH3T diff

6 ιb + 1
4S

2AH3ιb

(ii)
≤
√
SAH3T5ιb + 3KH2 + 5

4SAH
3ιb + 1

4

√
S2AH3T diff

6 ιb + 1
4S

2AH3ιb

(iii)
≤ 1

2T5 + 3KH2 + 1
4

√
S2AH3T diff

6 ιb + 2S2AH3ιb,

and as a result,

=⇒ T5 ≤ 6KH2 + 1
2

√
S2AH3T diff

6 ιb + 4S2AH3ιb.

Here, (i) follows from (5.43a), (ii) invokes Lemma 5.8 and the AM-GM inequality 1
4
√

2SAH5Kιb ≤
KH2 + 1

4SAH
3ιb, while (iii) applies the AM-GM inequality

√
SAH3T5ιb ≤ 1

2T5 + 1
2SAH

3ιb.

5.8 Appendix B: proof of auxiliary lemmas in Section 5.4.4

5.8.1 Proof of Lemma 5.11

Recalling the set C defined in (5.54), it suffices to establish (5.55). To this end, set

M = log2K and N = SAH.

We begin by introducing the following collections of “distinct” profiles:

Cdistinct(l) :=
{
I = {I1, . . . , I l} | I1 ≤ · · · ≤ I l, Iτ ∈ {0, 1, · · · ,M}N and Iτ ̸= Iτ+1 (∀τ)

}
;

Cdistinct :=
⋃

l≥1
Cdistinct(l).

In words, Cdistinct(l) consists of all non-decreasing paths of length l in {0, 1, . . . ,M}N whose points
are all distinct, while Cdistinct collects all such paths of arbitrary length.

We first relate |C| to
∣∣Cdistinct∣∣. Define the projection operator Proj : C → Cdistinct that maps

each I ∈ C to the path Idistinct obtained by removing all repeated elements from I. For each
Idistinct ∈ Cdistinct, consider its inverse image

B(Idistinct) :=
{I ∈ C | Proj(I) = Idistinct}.

Since Idistinct is a non-decreasing path with distinct points in {0, 1, . . . ,M}N , its length is at most
MN + 1; indeed, along such a path, the sum of the N coordinates strictly increases at every step
and ranges from 0 to at most MN . Consequently, the cardinality of B(Idistinct) is bounded by the
number of nonnegative integer solutions to

MN+1∑

i=1
xi = K and xi ∈ N for all 1 ≤ i ≤MN + 1.
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Elementary combinatorial arguments then reveal that

∣∣B(Idistinct)
∣∣ ≤

(
K +MN

MN

)
≤ (K +MN)MN ≤ (2K)MN

for each Idistinct, provided that K ≥MN = SAH log2K. Summing over all Idistinct ∈ Cdistinct gives

|C| ≤
∑

Idistinct∈Cdistinct

∣∣B(Idistinct)
∣∣ ≤

∣∣Cdistinct∣∣ · (2K)MN . (5.140)

It remains to bound |Cdistinct|. To do so, let us first look at the set Cdistinct(MN + 1), as each
path in Cdistinct cannot have length more than MN + 1. For each Idistinct = {Ĩ1, Ĩ2, . . . , ĨMN+1} ∈
Cdistinct(MN + 1), we necessarily have

• Ĩ1 = [0, 0, . . . , 0]⊤ and ĨMN+1 = [M,M, . . . ,M ]⊤;

• for each 1 ≤ τ ≤MN , Ĩτ and Ĩτ+1 differ in exactly one element (i.e., their Hamming distance
is 1).

In other words, each Idistinct ∈ Cdistinct(MN+1) can be viewed as an MN -step path from [0, 0, . . . , 0]⊤
to [M,M, . . . ,M ]⊤, with each step incrementing one of the N coordinates. Since there are at most
N choices at each step,

∣∣Cdistinct(MN + 1)
∣∣ ≤ NMN .

Finally, every path Idistinct ∈ Cdistinct can be extended to some maximal path Ĩdistinct ∈ Cdistinct(MN+
1). For each such maximal path, there are at most 2MN+1 ways to select a subsequence of its points.
It thus follows that

∣∣Cdistinct∣∣ ≤ 2MN+1∣∣Cdistinct(MN + 1)
∣∣ ≤ (2N)MN+1,

which taken collectively with (5.140) establishes the advertised result

|C| ≤ (2K)MN
∣∣Cdistinct∣∣ ≤ (4KN)MN+1 ≤ (4KN)MN+1.

5.8.2 Proof of Lemma 5.13

We begin by fixing a total profile I ∈ C, an integer l satisfying 2 ≤ l ≤ log2K + 1, and a feasible
sequence {Xh,s,a}. Recall that

(i) P̂
(l)
s,a,h is constructed from the l-th batch of data, which consists of 2l−2 independent samples

from Dexpand (see Definition 5.1);

(ii) each Xh+1,s,a is a deterministic mapping of I and the empirical transition models associated
with steps h′ ∈ [h+ 1, H].

Consequently, for each (s, a, h), the inner product
〈
P̂

(l)
s,a,h − Ps,a,h, Xh+1,s,a

〉
can be expressed as the

sum of 2l−2 centered random variables, each bounded in magnitude by H/2l−2. Thus, in the sum of
interest ∑s,a,h

〈
P̂

(l)
s,a,h − Ps,a,h, Xh+1,s,a

〉
, by ordering these random variables backward in h (from
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H to 1), and arbitrarily over (s, a) and the samples within each batch, we obtain a martingale
difference sequence with total conditional variance

W = 1
2l−2

∑

s,a,h

VarPs,a,h
(
Xh+1,s,a

)
.

Additionally, since ∥Xh+1,s,a∥∞ ≤ H, we have the crude upper bound

W ≤ SAH3

2l−2 =: σ2.

We can therefore apply Lemma 2.9 with K0 = log2(SAHK). Using 2l−2 ≤ K/2 together with the
elementary inequality

√
max{a, b} ≤ √a+

√
b, we obtain, with probability at least 1− δ′,

∑

s,a,h

〈
P̂

(l)
s,a,h − Ps,a,h, Xh+1,s,a

〉

≤
√√√√ 8

2l−2
∑

s,a,h

VarPs,a,h
(
Xh+1,s,a

)
log 2 log2(SAHK)

δ′
+ 4H

2l−2 log 2 log2(SAHK)
δ′

. (5.141)

We next make this bound uniform over all admissible choices. For any profile I, Assumption 5.1
ensures that each Xh,s,a has at most K + 1 possible choices. Hence, the number of feasible sequences
{Xh,s,a}(s,a,h)∈S×A×[H] is at most (K + 1)SAH ≤ (2K)SAH . Moreover, Lemma 5.11 ensures that the
number of admissible total profiles I is at most (4SAHK)2SAH log2 K . Taking a union bound over
all profiles, all feasible sequences, and all 2 ≤ l ≤ log2K + 1, and replacing δ′ in (5.141) by

δ′(
(4SAHK)2SAH log2 K(2K)SAH log2K

) ,

we conclude that, with probability at least 1− δ′,
∑

s,a,h

〈
P̂

(l)
s,a,h − Ps,a,h, Xh+1,s,a

〉

≤
√√√√ 8

2l−2
∑

s,a,h

VarPs,a,h
(
Xh+1,s,a

)
B0 + 4H

2l−2B0

≤
√√√√ 8

2l−2
∑

s,a,h

VarPs,a,h
(
Xh+1,s,a

) (
6SAH log2

2K + log 1
δ′

)
+ 4H

2l−2

(
6SAH log2

2K + log 1
δ′

)

≤
√√√√ SAHιb

2l log2K

∑

s,a,h

VarPs,a,h
(
Xh+1,s,a

)
+ SAH2ιb

2l log2K
(5.142)

holds simultaneously for all I ∈ C, all 2 ≤ l ≤ log2K+1, and all feasible sequences {Xh,s,a}(s,a,h)∈S×A×[H].
Here, we recall the definition of ιb in (5.49), and in the second line above we set

B0 = 2SAH(log2K) log(4SAHK) + SAH log(2K) + log 2 log2
2(SAHK)
δ′

.

It remains to establish the corresponding bound for the positive parts. To this end, recall that
0 ∈ Xh+1,I . Given any feasible sequence {Xh,s,a}, define another feasible sequence {X̃h+1,s,a} by

X̃h+1,s,a =




Xh+1,s,a, if

〈
P̂

(l)
s,a,h − Ps,a,h, Xh+1,s,a

〉 ≥ 0,
0, otherwise.
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By construction,
∑

s,a,h

max
{〈
P̂

(l)
s,a,h − Ps,a,h, Xh+1,s,a

〉
, 0
}

=
∑

s,a,h

〈
P̂

(l)
s,a,h − Ps,a,h, X̃h+1,s,a

〉
.

Since (5.142) holds uniformly over all feasible sequences, it applies in particular to {X̃h+1,s,a}. This
yields the desired positive-part bound and completes the proof.

5.8.3 Proof of Lemma 5.14

We begin with the following claim, whose proof is deferred to the end of this subsection.

Claim 5.1. With probability exceeding 1− δ′,

∑

s,a,h

〈
P̂

(l)
s,a,h − Ps,a,h, V

kl,j,s,a,h
h+1

〉
≤
√√√√ SAHιb

2l log2K

∑

s,a,h

VarPs,a,h
(
V
kl,j,s,a,h
h+1

)
+ SAH2ιb

2l log2K
(5.143)

holds simultaneously for all l = 1, . . . , log2K and all j = 1, . . . , 2l−1. Here, we recall that kl,j,s,a,h
denotes the episode index corresponding to the (2l−1 + j)-th visit to (s, a, h) during the online
learning process.

Assuming the validity of Claim 5.1 for the moment, we combine it with the decomposition (5.56)
to obtain

K∑

k=1

H∑

h=1

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉
≤

log2 K∑

l=1

2l−1∑

j=1

∑

s,a,h

〈
P̂

(l)
s,a,h − Ps,a,h, V

kl,j,s,a,h
h+1

〉
+ SAH2

≤
log2 K∑

l=1

2l−1∑

j=1

√√√√ SAHιb
2l log2K

∑

s,a,h

VarPs,a,h
(
V
kl,j,s,a,h
h+1

)
+

log2 K∑

l=1

2l−1∑

j=1

SAH2ιb
2l log2K

+ SAH2

(i)
≤

√√√√√SAHιb
log2 K∑

l=1

2l−1∑

j=1

∑

s,a,h

VarPs,a,h
(
V
kl,j,s,a,h
h+1

)
+ 1

2SAH
2ιb + SAH2

(ii)
≤

√√√√SAHιb
K∑

k=1

H∑

h=1
VP

sk
h
,ak
h
,h

(
V k
h+1

)
+ SAH2ιb.

Here, (i) follows from the Cauchy-Schwarz inequality; and (ii) is valid due to our notational convention
that V k

h+1 = 0 (∀k > K) and the identity

K∑

k=1

H∑

h=1
VarP

sk
h
,ak
h
,h

(
V k
h+1

)
=

log2 K∑

l=1

∑

s,a,h

2l−1∑

j=1
VarPs,a,h

(
V
kl,j,s,a,h
h+1

)

+
K∑

k=1

H∑

h=1
1
{
Nk,all
h (skh, akh) = 0

}
VarP

sk
h
,ak
h
,h

(
V k
h+1

)
.

This proves the desired bound on ∑k,h

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉
, provided that Claim 5.1 is valid.

Before proceeding to the proof of Claim 5.1, we note that the same argument also controls the two
related quantities ∑k,h max

{〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉
, 0
}

and ∑k,h

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h,
(
V k
h+1

)2〉;
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we omit the nearly identical derivations for brevity. In particular, the latter quantity can be shown
to satisfy

K∑

k=1

H∑

h=1

〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h,
(
V k
h+1

)2〉 ≤

√√√√SAHιb
4

K∑

k=1

H∑

h=1
VarP

sk
h
,ak
h
,h

((
V k
h+1

)2)+ SAH3ιb

≤

√√√√SAH3ιb

K∑

k=1

H∑

h=1
VarP

sk
h
,ak
h
,h

(
V k
h+1

)
+ SAH3ιb,

where the last inequality follows from Lemma 5.22 and the fact that 0 ≤ V k
h+1(s) ≤ H for all s ∈ S.

Proof of Claim 5.1. To apply Lemma 5.13, we need to construct the collections {Xh,I} so that they
contain the value estimates {V k

h } generated by the actual online process. To this end, for each fixed
total profile I ∈ C, we introduce an auxiliary version of MVP that operates on the expanded sample
set Dexpand while following the prescribed total profile I. Specifically, for each I ∈ C (cf. (5.54)),
consider the updates in Algorithm 5.5 operating upon the expanded sample set Dexpand.

Algorithm 5.5: Monotonic Value Propagation for a given total profile I ∈ C (MVP(I))
1 initialization: set V k,I

H+1(s)← H for all s ∈ S and 1 ≤ k ≤ K.
2 for k = 1, 2, . . . ,K do
3 for h = H,H − 1, ..., 1 do
4 for (s, a) ∈ S ×A do5

j ← Iks,a,h, n← 2j−2,

bh(s, a)← c1

√√√√√
Var

P̂
(j)
s,a,h

(
V k,I
h+1

)
log 1

δ′

max{n, 1} + c2
H log 1

δ′

max{n, 1} ,

Qk,Ih (s, a)← min
{
rh(s, a) + ⟨P̂ (j)

s,a,h, V
k,I
h+1⟩+ bh(s, a),H

}
,

V k,I
h (s)← max

a
Qk,Ih (s, a).

Now for each h ∈ [H] and I ∈ C, define

Xh,I :=
{
V k,I
h | 1 ≤ k ≤ K

}
∪ {0}, ∀h ∈ [H] and I ∈ C. (5.144)

By construction, the collections {Xh,I} satisfy Assumption 5.1. Hence, Lemma 5.13 implies that

∑

s,a,h

〈
P̂

(l)
s,a,h − Ps,a,h, Xh+1,s,a

〉
≤
√√√√ SAHιb

2l log2K

∑

s,a,h

VarPs,a,h
(
Xh+1,s,a

)
+ SAH2ιb

2l log2K
(5.145)

simultaneously for all l = 1, . . . , log2K, all I ∈ C, and all sequences {Xh,s,a} obeying Xh,s,a ∈ Xh,I ,
∀(s, a, h).

It remains to specialize this uniform bound to the profile Itrue generated by the actual online
process. Under the coupling between Dexpand and Dorig described after Definition 5.1, the value



5.8. Appendix B: proof of auxiliary lemmas in Section 5.4.4 179

function estimates produced by the online process coincide with those generated by the auxiliary
algorithm under the profile Itrue, and hence

V k
h = V k,Itrue

h ∈ Xh,Itrue , 1 ≤ k ≤ K. (5.146)

The claim then follows directly from (5.146) and the uniform bound (5.145).

5.8.4 Proof of Lemma 5.15

We begin by decomposing T ucb
6 (cf. (5.60b)) as follows

T ucb
6 =

K∑

k=1

H∑

h=1

〈
Psk

h
,ak
h
,h,
(
V k
h+1

)2〉−
K∑

k=1

H∑

h=1

(〈
Psk

h
,ak
h
,h, V

k
h+1

〉)2

=
K∑

k=1

H∑

h=1

〈
Psk

h
,ak
h
,h − esk

h+1
,
(
V k
h+1

)2〉+
K∑

k=1

H∑

h=1

(
V k
h+1(skh+1)

)2 −
K∑

k=1

H∑

h=1

(〈
Psk

h
,ak
h
,h, V

k
h+1

〉)2

(i)=
K∑

k=1

H∑

h=1

〈
Psk

h
,ak
h
,h − esk

h+1
,
(
V k
h+1

)2〉+
K∑

k=1

H∑

h=2

(
V k
h (skh)

)2 −
K∑

k=1

H∑

h=1

(〈
Psk

h
,ak
h
,h, V

k
h+1

〉)2

(ii)
≤ T8 + 2H

K∑

k=1

H∑

h=1
max

{
V k
h (skh)− 〈Psk

h
,ak
h
,h, V

k
h+1

〉
, 0
}

(iii)= T8 + 2H
K∑

k=1

H∑

h=1
max

{
Qkh(skh, akh)− 〈Psk

h
,ak
h
,h, V

k
h+1

〉
, 0
}
.

Here, (i) replaces h+1 with h in the second sum and uses V k
H+1 = 0; in (ii), we invokes the definition

of T8 in (5.132) together with the elementary inequality
(
V k
h (skh)

)2 −
(〈
Psk

h
,ak
h
,h, V

k
h+1

〉)2
=
(
V k
h (skh)− 〈Psk

h
,ak
h
,h, V

k
h+1

〉)(
V k
h (skh) +

〈
Psk

h
,ak
h
,h, V

k
h+1

〉)

≤ 2H max
{
V k
h (skh)− 〈Psk

h
,ak
h
,h, V

k
h+1

〉
, 0
}

;

and (iii) uses the greedy update V k
h (skh) = maxaQkh(skh, a) = Qkh(skh, akh).

The remaining issue is that the update rule (5.46) is expressed in terms of the empirical transition
kernel P̂ k, whereas the preceding display still involves the true transition kernel P . To address this,
we incorporate P̂ k

sk
h
,ak
h
,h

into the max operator to yield

T ucb
6 ≤ T8 + 2H

K∑

k=1

H∑

h=1
max

{
Qkh(skh, akh)− 〈P̂ k

sk
h
,ak
h
,h
, V k

h+1
〉
, 0
}

+ 2H
K∑

k=1

H∑

h=1
max

{〈
P̂ k
sk
h
,ak
h
,h
− Psk

h
,ak
h
,h, V

k
h+1

〉
, 0
}

≤ T8 + 2H
K∑

k=1

H∑

h=1
bkh(skh, akh) + 2H

K∑

k=1

H∑

h=1
rh(skh, akh) + 2HW4

≤ T8 + 2HT2 + 2KH2 + 2HW4, (5.147)

where the second inequality follows from the update rule (5.46) together with the definition of W4
in (5.60d). Combining this inequality with the bound (5.135) on T8 gives

T ucb
6 ≤ 2HT2 + 6KH2 +

√
32H2T ucb

6 log 1
δ′

+ 3H2 log 1
δ′

+ 2HW4
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≤ 2HT2 + 6KH2 + 1
2T

ucb
6 + 16H2 log 1

δ′
+ 3H2 log 1

δ′
+ 2HW4,

where the last line applied the AM-GM inequality. Rearranging terms and using the definition (5.49)
of ιb yield, with probability exceeding 1− 4SAHKδ′,

T ucb
6 ≤ 4HT2 + 4HW4 +KH2ιb.

5.8.5 Solving the inequalities in (5.61)

We now solve the intertwined inequalities in (5.61). The strategy is to successively eliminate the
auxiliary quantities T ucb

6 and T5, after which the remaining bounds follow immediately.
We first tackle T ucb

6 . Substituting (5.61a) into (5.61g) and invoking the AM-GM inequality give

T ucb
6 ≤ 4HT2 + 4H

√
T ucb

6 SAHιb + 4SAH3ιb +KH2ιb

≤ 4HT2 + 1
2T

ucb
6 + 8SAH3ιb + 4SAH3ιb +KH2ιb,

which together with a little algebra yields

T ucb
6 ≤ 8HT2 + 24SAH3ιb + 2KH2ιb. (5.148)

Next, we turn to T5. It follows from (5.61f) and (5.61b) that

T5 ≤ 2H
√
T ucb

6 SAHιb + 2HT2 + SAH3ιb +KH2ιb

≤ 1
2T

ucb
6 + 2SAH3ιb + 2HT2 + SAH3ιb +KH2ιb

≤ 4HT2 + 12SAH3ιb +KH2ιb + 2SAH3ιb + 2HT2 + SAH3ιb +KH2ιb,

where the second inequality arises from the AM-GM inequality, and the third inequality results
from (5.148). Combine terms to arrive at

T5 ≤ 6HT2 + 15SAH3ιb + 2KH2ιb. (5.149)

In addition, it is also seen from (5.61c) and the AM-GM inequality that

T2 ≤
1

12HT5 + 3SAH2ιb + 1
2SAH

2ιb, (5.150)

which combined with (5.149) reveals that

T5 ≤
1
2T5 + 36SAH3ιb + 2KH2ιb, =⇒ T5 ≤ 72SAH3ιb + 4KH2ιb. (5.151)

Armed with inequality (5.151), we can immediately combine it with (5.61c) and (5.148) to yield

T2 ≲
√
SAH3Kιb + SAH2ιb, (5.152)

T ucb
6 ≲ SAH3ιb +KH2ιb. (5.153)

Substitution into (5.61a) and (5.61d) then leads to

T1 + |T3| ≲
√
SAH3Kιb + SAH2ιb.

Putting these two bounds collectively with (5.152) and (5.61e), we reach

Regret(K) ≤ T1 + T2 + T3 + T4 ≲
√
SAH3Kιb + SAH2ιb ≍

√
SAH3Kιb,

provided that K ≥ SAH.
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5.9 Appendix C: proof of auxiliary lemmas in Section 5.5

5.9.1 Proof of Lemma 5.17

Let us first prove (5.69b). In view of the definitions (5.64) and (5.67a), for any 1 ≤ n ≤ N ,

ηNn = H + 1
H + n

N∏

i=n+1

i− 1
H + i

= (H + 1)∏N−1
i=n i

∏N
i=n(H + i)

(5.154)

= H + 1
H +N

N−1∏

i=n

i

H + i
≤ H + 1
H +N

≤ 2H
N
. (5.155)

This combined with the fact ∑N
n=1 η

N
n = 1 (see (5.68)) implies that

N∑

n=1
(ηNn )2 ≤

(
max

n:1≤n≤N
ηNn

) N∑

n=1
ηNn ≤

2H
N
. (5.156)

We next verify (5.69c). For any given N ≥ n ≥ 1, recall that

ηNn = H + 1
H + n

aN with aN :=





∏N
i=n+1

i−1
H+i , if N > n,

1, if N = n.
(5.157)

It is easily seen that
aN = H +N

H
aN −

H +N + 1
H

aN+1, (5.158)

and hence the partial sum of aN telescopes (for any L ≥ n):

L∑

N=n
aN = H + n

H
− H + L+ 1

H
aL+1. (5.159)

Recognizing that the last term H+L+1
H aL+1 vanishes as L→∞, we arrive at

∞∑

N=n
ηNn =

∞∑

N=n

H + 1
H + n

aN = H + 1
H + n

· H + n

H
= 1 + 1

H
. (5.160)

It remains to establish property (5.69a). When N = 1, this property holds trivially. Now suppose
that N ≥ 2. Making use of the basic relation ηNn = (1− ηN )ηN−1

n for all 1 ≤ n ≤ N − 1, we observe

N∑

n=1

ηNn√
n

= ηN√
N

+ (1− ηN )
N−1∑

n=1

ηN−1
n√
n
. (5.161)

We prove the property by induction. Suppose for the moment that the property holds for N − 1, i.e.,

1√
N − 1

≤
N−1∑

n=1

ηN−1
n√
n
≤ 2√

N − 1
. (5.162)

Then it is readily seen from (5.161) that

N∑

n=1

ηNn√
n

= ηN√
N

+ (1− ηN )
N−1∑

n=1

ηN−1
n√
n
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≥ ηN√
N

+ 1− ηN√
N − 1

≥ ηN√
N

+ 1− ηN√
N

= 1√
N
, (5.163)

where the first inequality comes from (5.162). Similarly,
N∑

n=1

ηNn√
n

= ηN√
N

+ (1− ηN )
N−1∑

n=1

ηN−1
n√
n

≤ ηN√
N

+ 2(1− ηN )√
N − 1

= H + 1√
N(H +N)

+ 2
√
N − 1

H +N

≤ H + 1√
N(H +N)

+ 2
√
N

H +N

= 1√
N

(
H + 1
H +N

+ 2N
H +N

)
≤ 2√

N
,

where the last inequality follows since H ≥ 1. This completes the induction and finishes the proof.

5.9.2 Proof of Lemma 5.18

Consider any given (s, a, h) ∈ S×A× [H]. When t = 0, the claim follows directly from Qkh(s, a) = H

(as no update has yet occurred), 0 ≤ Q⋆h(s, a) ≤ H and η0
0 = 1 (cf. (5.67b)). Therefore, it suffices to

focus on the case t ≥ 1 in the remainder of this proof.
As before, let ki denote the index of the episode in which (s, a) is visited at step h for the i-th

time. As can be readily seen, the sequence

Zi := (P kih − Ps,a,h)V ⋆
h+1 (5.164)

forms a martingale difference sequence satisfying |Zi| ≤ H. Therefore, by applying the Azuma-
Hoeffding inequality (cf. Lemma 2.8) and a union bound over all (s, a, h) and all visit counts
1 ≤ t ≤ K, we can show that, with probability at least 1− δ,

∣∣∣∣∣
t∑

i=1
ηtiZi

∣∣∣∣∣ ≤ C1H

√√√√ι
t∑

i=1
(ηti)2 ≤ C2

√
H3ι

t
(5.165)

holds simultaneously for all (s, a, h, t), where C1, C2 > 0 are some universal constants, and the last
inequality is due to (5.69b). On the same event, if the constant cb in (5.63) is chosen sufficiently
large, then it follows from (5.69a) that

t∑

i=1
ηtib

ki
h (s, a) = cb

√
H3ι

t∑

i=1

ηti√
i
≥ cb

√
H3ι

t
≥
∣∣∣∣∣
t∑

i=1
ηtiZi

∣∣∣∣∣ . (5.166)

Similar arguments combined with (5.69a) also give

2
t∑

i=1
ηtib

ki
h (s, a) ≤ 4cb

√
H3ι

t
. (5.167)

Therefore, we can readily establish (5.74) by combining (5.73), (5.166) and (5.167).
Next, we prove the optimism property (5.75) by induction. The property holds trivially for

the base case with k = 0 due to the choice of initialization. Now, assume that (5.75) holds for all
episodes up to k. In view of the recursion (5.73) and (5.166), one has

(
Qkh −Q⋆h

)
(s, a) ≥ ηt0

(
H −Q⋆h(s, a)

)
+

t∑

i=1
ηti
(
V ki
h+1 − V ⋆

h+1
)
(skih+1) ≥ 0.
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It then follows that
max
a∈A

Qkh(s, a) ≥ max
a∈A

Q⋆h(s, a) = V ⋆
h (s),

and the operation V k
h (s) = min{H,maxaQkh(s, a)} preserves the inequality since V ⋆

h (s) ≤ H. This
completes the induction and hence the proof.

5.10 Appendix D: proof of auxiliary lemmas in Section 5.6

5.10.1 Proof of Lemma 5.20

We begin by establishing several basic properties of the constructed MDPs, which will then be used
to prove the desired lower bound.

Basic properties of these MDPs. We now isolate several basic properties that hold for an arbitrary
MDP M∈ Csub

mdp. For notational convenience, we suppress the dependence of quantities (e.g., Qπh,
V π
h , dπh, a⋆,Mh , PMh ) on the underlying MDP M, as long as it is clear from the context.

• Value functions and Q-functions. Given that state 0 is absorbing with zero rewards, one has
Qπh(0, 0) = 0 for all 1 ≤ h ≤ H. (5.168a)

Also, since V π
H+1(0) = V π

H+1(1) = 0, we see from (5.90) that

V π
H(1) =

∑

a∈A1

πH(a | 1)rH
(
1, a

)
= 1, (5.168b)

V π
h (0) = rh(0, 0) = 0 for all h. (5.168c)

Moreover, for any 1 ≤ h ≤ H and any a ∈ A1, the Bellman equation (cf. (2.40a)) together
with (5.90) and (5.168a) gives

Qπh(1, a) = rh(1, a) + Ph(1 | 1, a)V π
h+1(1) + Ph(0 | 1, a)V π

h+1(0)
= 1 + Ph(1 | 1, a)V π

h+1(1). (5.168d)
According to the construction (5.92) and (5.94), we have

Ph(1 | 1, a) ≥ 1− 1/H for all a ∈ A1, (5.169)
which combined with (5.168d) immediately leads to

Qπh(1, a) ≥ 1 + (1− 1/H)V π
h+1(1) for all a ∈ A1,

=⇒ V π
h (1) ≥ 1 + (1− 1/H)V π

h+1(1).
Iterating this recursion and using V π

H(1) = 1 (cf. (5.168b)) yield

V π
h (1) ≥ 1 + (1− 1/H)

{
1 + (1− 1/H)V π

h+2(1)
}
≥ · · ·

≥
H−h∑

i=0
(1− 1/H)i = 1− (1− 1/H)H−h+1

1/H ≥ 1− e−H−h+1
H

1/H

≥
1
2
H−h+1

H

1/H = H − h+ 1
2 , (5.170)

where we have used the elementary inequalities 1− x ≤ exp(−x) and 1− exp(−x) ≥ x/2 for
0 ≤ x ≤ 1. Additionally, it also follows directly from (5.168d) that

V ⋆
h (1) = Q⋆h(1, a⋆h) = 1 + Ph(1 | 1, a⋆h)V ⋆

h+1(1). (5.171)
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Lower bounding the suboptimality gap. Now, we analyze the suboptimality gap associated with
policy π. Towards this, we first use (5.168d) and (5.171) to demonstrate that

V ⋆
h (1)− V π

h (1)

= 1 + Ph(1 | 1, a⋆h)V ⋆
h+1(1)−

{
1 + E

ah∼πh(· | 1)

[
Ph(1 | 1, ah)V π

h+1(1)
]}

= E
ah∼πh(· | 1)

[
Ph(1 | 1, a⋆h)V ⋆

h+1(1)− Ph(1 | 1, ah)V π
h+1(1)

]

= E
ah∼πh(· | 1)

[
Ph(1 | 1, a⋆h)

(
V ⋆
h+1(1)− V π

h+1(1)
)]

+ E
ah∼πh(· | 1)

[(
Ph(1 | 1, a⋆h)− Ph(1 | 1, ah)

)
V π
h+1(1)

]

≥
(

1− 1
H

)(
V ⋆
h+1(1)− V π

h+1(1)
)

+ ε0
2H2V

π
h+1(1) E

ah∼πh(· | 1)

[
1(ah ̸= a⋆h)

]

≥
(

1− 1
H

)(
V ⋆
h+1(1)− V π

h+1(1)
)

+ ε0(H − h)
4H2

(
1− πh(a⋆h | 1)

)
, (5.172)

where the last relation follows from (5.170), and the penultimate inequality holds true since, according
to (5.92) and (5.94),

Ph(1 | 1, a⋆h) ≥ 1− 1/H,

Ph(1 | 1, a⋆h)− Ph(1 | 1, ah) ≥ ε0
2H21(ah ̸= a⋆h).

Applying the above property (5.172) recursively, we arrive at

V ⋆
1 (1)− V π

1 (1) ≥
(

1− 1
H

)H(
V ⋆
H+1(1)− V π

H+1(1)
)

+
H∑

h=1

(
1− 1

H

)h ε0(H − h)
4H2

(
1− πh(a⋆h | 1)

)

=
H∑

h=1

(
1− 1

H

)h ε0(H − h)
4H2

(
1− πh(a⋆h | 1)

)

≥
H∑

h=1

ε0(H − h)
16H2

(
1− πh(a⋆h | 1)

)
,

where the last inequality holds since (1− 1/H)h ≥ (1− 1/H)H ≥ 1/4 if H ≥ 2. Consequently, this
lower bound hinges upon how often policy π selects suboptimal actions at each step.

5.10.2 Proof of Lemma 5.21

For notational convenience, let at denote the arm selected at round t and let Rt = Rat,t denote the
corresponding observed reward. Define

xt := {a1, R1, . . . , at, Rt}

to be the trajectory observed up to the end of round t, and let P(t)
Bi denote the distribution of xt

under the bandit instance Bi. We also denote the conditional reward distribution under Bi by

Pi(R | a) :=





1− qi(a), if R = 1,
qi(a), if R = 0.

(5.173)
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Consider any online algorithm π̂ that generates a sequence of policies {πt}t≥1, where the action
at round t depends only on the past trajectory xt−1. With a slight abuse of notation, we write

πt(· |xt−1)

for the action-selection distribution at round t. Here, πt(· | ·) denotes the underlying algorithmic
rule, while the realized action-selection distribution at round t relies on the observed history xt−1.
Under the bandit instance Bi, the distribution of the trajectory xt admits the following factorization:

P(t)
Bi (xt) =

t∏

τ=1
πτ (aτ |xτ−1)Pi(Rτ | aτ ).

where Pi(· | at) is defined in (5.173). This implies that

P(t)
B1

(xt)
P(t)
Bi (xt)

=
t∏

τ=1

P1(Rτ | aτ )
Pi(Rτ | aτ )

,

meaning that the likelihood ratio decomposes into a product of per-round reward likelihood ratios.
Consequently, the chain rule for KL divergence gives

KL
(
P(t)
B1

∥∥P(t)
Bi
)

=
t∑

τ=1
EB1

[
KL
(
P1(· | aτ )

∥∥Pi(· | aτ )
)]
, (5.174)

where the expectation is taken with respect to the randomness of aτ under B1.
Next, we bound each KL divergence term appearing in the summation on the right-hand side

of (5.174). Suppose that ε0 ≤ H/2 and H ≥ 2. Recalling that the conditional reward distributions
(5.173) are Bernoulli and letting KL(p ∥ q) denote the KL divergence between Bernoulli distributions
with means p and q, respectively, we can invoke Lemma 2.13 to show the following:

• If a = i, then it holds that

KL
(
P1(· | a) ∥Pi(· | a)

)
= KL

(
q1(a) ∥ qi(a)

) ≤
(
qi(a)− q1(a)

)2

qi(a)
(
1− qi(a)

) ≤ (ε0/H2)2

1/(4H) = 4ε2
0

H3 .

Here, the last line is a consequence of the properties (see (5.94))
∣∣qi(a)− q1(a)

∣∣ ≤ ε0
H2 , qi(a) ≥ 1

H
− ε0
H2 ≥

1
2H , 1− qi(a) ≥ 1− 1

H
≥ 1

2 .

• If a ̸= i, then qi(a) = q1(a) (see (5.94)) and, as a consequence,

KL
(
P1(· | a) ∥Pi(· | a)

)
= 0.

These two properties about the KL divergence taken together yield
A∑

i=1
KL
(
P1(· | a) ∥Pi(· | a)

)
= KL

(
P1(· | a) ∥Pa(· | a)

) ≤ 4ε2
0

H3 ,

which combined with (5.174) leads to

1
A

A∑

i=1
KL
(
P(t)
B1
∥ P(t)
Bi
)

= 1
A

t∑

τ=1
EB1

[
A∑

i=1
KL
(
P1(· | aτ ) ∥Pi(· | aτ )

)
]
≤

t∑

τ=1

4ε2
0

AH3 = 4ε2
0t

AH3 . (5.175)
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With (5.175) in place, applying Lemma 2.11 then reveals that

inf
π̂

1
A

A∑

i=1
PBi(at+1 ̸= i) ≥ 1− 1

A
−

√√√√A− 1
2A2

A∑

i=2
KL
(
P(t)
B1

∥∥P(t)
Bi
)

≥ 1− 1
A
−
√

2(A− 1)ε2
0t

A2H3

≥ 1− 1
A
−
√
A− 1

9A ≥ 1
3 ,

provided that t ≤ AH3

18ε2
0

and A ≥ 3. This concludes the proof.

5.11 Notes

Multi-armed bandit problems have deep roots in the statistics literature. First formulated by
Thompson (1933), the bandit framework, along with the notion of regret, was later popularized by
Herbert Robbins (e.g., the seminal work of Robbins (1952)). The use of upper confidence bounds
in bandit problems was initially suggested by Lai and Robbins (1985) and Lai (1987). Subsequent
research established asymptotic guarantees for UCB-style algorithms (e.g., Lai (1987), Katehakis and
Robbins (1995), Agrawal (1995), and Burnetas and Katehakis (1996)), while non-asymptotic regret
analyses were later developed by, among others, Auer et al. (2002), Bubeck and Cesa-Bianchi (2012),
Russo and Van Roy (2013), and Cappé et al. (2013). By adaptively tuning the exploration bonuses,
one can further obtain anytime guarantees for UCB-style algorithms (i.e., without requiring prior
knowledge of the time horizon) and remove the extra logarithmic factor in the regret bound (Auer
et al., 2002; Audibert and Bubeck, 2009; Degenne and Perchet, 2016). We refer the interested reader
to Lattimore and Szepesvári (2020) for a comprehensive discussion of the historical development of
bandit algorithms and related bibliographical remarks.

The optimism principle has subsequently become a central design paradigm in online RL.
Building on ideas that originated in the bandit literature, a large body of work has developed
optimistic algorithms for sequential learning and decision-making in unknown environments (e.g.,
Auer and Ortner (2006), Jaksch et al. (2010), Bartlett and Tewari (2009), Filippi et al. (2010),
Dann and Brunskill (2015), Dann et al. (2017), Azar et al. (2017), Jin et al. (2018), Dann et al.
(2019), Zanette and Brunskill (2019), and Bourel et al. (2020)). One of the earliest contributions in
this direction is the work of Jaksch et al. (2010), which proposed the UCRL2 algorithm for weakly
communicating MDPs. The key idea is to construct confidence regions for the transition kernel
and use them to identify policies that are optimistic w.r.t. the set of plausible MDPs. This UCRL2
algorithm builds upon earlier optimistic methods, such as the UCRL algorithm proposed by Auer
and Ortner (2006). When applied to episodic finite-horizon MDPs, however, the regret guarantees
obtained via the UCRL2 analysis are not minimax optimal, exhibiting a gap of at least a factor of√
H2S relative to the minimax limit.

In comparison to UCRL2 and its variants, a more sample-efficient paradigm is to construct
upper confidence bounds for the optimal Q-functions and value functions and use these confidence
estimates to guide exploration. This paradigm has led to a sequence of sample-efficient algorithms
for online RL, including both model-based methods (e.g., Azar et al. (2017), Zhang et al. (2021e),
Ménard et al. (2021), and Zhang et al. (2025e)) and model-free methods (e.g., Jin et al. (2018),
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Bai et al. (2019), Yang et al. (2021), and Zhang et al. (2025b)). When combined with confidence
bounds derived from empirical Bernstein inequalities, which exploit variance information, model-
based algorithms based on this paradigm can attain asymptotically optimal regret guarantees. For
model-free RL, however, variance-aware bonuses alone are insufficient to achieve asymptotically
optimal regret, which motivates the development of more sophisticated variance-reduction techniques
(Zhang et al., 2020f; Li et al., 2021b; Li et al., 2023a; Zhang et al., 2026a) (originally referred to as
reference-advantage decomposition by Zhang et al. (2020f)). Determining how to optimally leverage
optimism to achieve minimax-optimal regret without incurring high burn-in cost remained an open
problem until the work Zhang et al. (2024c) and Zhang et al. (2025e), which established the minimax
optimality of model-based online RL for any sample size. In contrast, the most sample-efficient
model-free algorithm currently known, due to Li et al. (2021b), still incurs a burn-in sample size on
the order of SApoly(H).

Beyond the setting studied in this chapter, a variety of related problem formulations have been
investigated, motivated by different practical considerations. One prominent example is reward-free
(or reward-agnostic) exploration, where the goal is to collect data during an exploration phase
without knowledge of the reward function, while still enabling near-optimal performance once the
reward function is subsequently specified (e.g., Jin et al. (2020a), Zanette et al. (2020b), Zhang et al.
(2020d), Zhang et al. (2020e), Wagenmaker et al. (2022), Li et al. (2024e), Wang et al. (2020b),
and Zhang et al. (2021d)). Another direction is the study of “horizon-free RL,” which studies
finite-horizon stationary MDPs under the assumption that the total reward accumulated within
each episode is bounded by 1; the objective is to design algorithms whose regret bounds almost do
not scale with the horizon length H, thereby mitigating the adverse effect of long horizon (Jiang and
Agarwal, 2018; Zanette and Brunskill, 2019; Zhang et al., 2021e; Li et al., 2022c; Zhang et al., 2024d;
Wang et al., 2025b). There has also been a line of work that focuses on reducing the switching
cost, namely the number of times the learner changes its sampling policy throughout the learning
process, motivated by practical applications in which policy deployment is costly (Bai et al., 2019;
Qiao and Wang, 2022; Qiao et al., 2022; Huang et al., 2022; Zhao et al., 2024; Zhang et al., 2026b).
Additionally, low-regret algorithms for constrained MDPs have been developed in, e.g., Efroni
et al. (2020), Brantley et al. (2020), Ding et al. (2021), Liu et al. (2021), Bura et al. (2022), Wei
et al. (2022), and Wei et al. (2023). Furthermore, the efficient use of the optimism principle under
low-complexity function approximation — particularly linear function approximation — has itself
become a major research direction; we refer the reader to, e.g., Yang and Wang (2020), Jin et al.
(2020b), Zanette et al. (2020a), Du et al. (2020), Yang et al. (2020b), Modi et al. (2020), Ayoub
et al. (2020), Wang et al. (2020a), Zanette (2021), Wang et al. (2021b), Weisz et al. (2021), Wang
et al. (2021c), Li et al. (2022b), Zhou et al. (2021a), Jin et al. (2021a), Du et al. (2021), Yin et al.
(2022a), and He et al. (2023) and the references therein for details.

Beyond confidence-interval-based methods, several alternative approaches to incentivizing ex-
ploration have also been extensively studied in both theory and practice. One notable approach is
posterior sampling (Osband et al., 2013; Osband and Van Roy, 2017), with representative examples
including Thompson sampling (Gopalan and Mannor, 2015; Agrawal and Jia, 2017; Ouyang et al.,
2017; Agrawal et al., 2026), feel-Good Thompson sampling (Zhang, 2022), and learning rate ran-
domization (Tiapkin et al., 2023; Wang et al., 2026). Another line of work promotes exploration
by regularizing the maximum likelihood estimate of the model or value functions toward more
optimistic versions, such as Hung et al. (2021), Mete et al. (2021), Yang et al. (2025a), and Liu
et al. (2023b). Randomized exploration, when suitably designed has also been shown to achieve
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efficient exploration (Xiong et al., 2022). Collectively, these developments showcase a diverse array
of algorithmic ideas available for balancing exploration and exploitation.



6
Offline RL

Despite the promise of online RL, the limited capability of online data collection in various real-world
applications presents a fundamental bottleneck to carrying the success of RL over to broader scenarios.
For example, in applications such as clinical trials, autonomous systems, and online advertising,
real-time data acquisition is expensive, high-stakes, and/or time-consuming. To circumvent this
bottleneck, a plausible idea is to make more effective use of previously collected data, since historical
datasets may contain information that transfers to new tasks. For instance, the state-transition
dynamics encountered in past tasks may sometimes partially resemble those arising in new tasks.
The potential of this data-driven paradigm has been explored and recognized in a diverse array of
contexts, including but not limited to robotic manipulation (Ebert et al., 2018), autonomous driving
(Diehl et al., 2021), and healthcare (Tang and Wiens, 2021); see Levine et al. (2020) and Prudencio
et al. (2022) for recent surveys. The subfield of RL based solely on historical data, without further
interaction with the environment, is now commonly referred to as offline RL or batch RL (Lange
et al., 2012; Levine et al., 2020).

6.1 Problem formulation and challenges

To facilitate a precise technical exposition, we begin by introducing the settings and objectives that
will serve as the primary focus of this chapter. We then discuss the key challenges that arise in
these settings, together with some important problem parameters introduced in response to these
challenges.

Data generation mechanism. The effectiveness and potential of offline RL hinge critically upon
the quality of the historical dataset, denoted throughout by D. For concreteness, this chapter
focuses primarily on an independent sampling model tailored to discounted infinite-horizon MDPs
to describe the sample-generating process underlying D.

To be precise, suppose the learner has access to a batch dataset D = {(si, ai, s′i)}1≤i≤N comprising
N sample transitions. These samples are generated according to an unknown distribution db ∈
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∆(S ×A) and the true transition kernel P of the underlying MDP, namely,

(si, ai) ind.∼ db and s′i
ind.∼ P (· | si, ai), 1 ≤ i ≤ N. (6.1)

This coincides with the sampling model proposed in the seminal work Rashidinejad et al. (2021). In
practical applications, such samples may have been generated by executing one or more “behavior
policies” in the MDP, which motivates the notation b in the distribution db. As in previous chapters,
we assume for simplicity that the exact reward functions are available to the learner; handling
unknown rewards introduces only moderate additional technical challenges.

Remark 6.1. The independent sampling model can often be extended to more realistic data collection
mechanisms, such as the setting in which the learner observes a single Markovian trajectory; see,
e.g., Yan et al. (2023). We focus on independent sampling here to streamline the exposition.

Goal. With the batch dataset D in hand, the goal of offline RL in this setting is to learn, in a
data-efficient manner, a policy π̂ that attains near-optimal value with respect to a prescribed test
state distribution ρ ∈ ∆(S) (which is not known to the learner a priori). More precisely, for a
prescribed precision level ε, we seek to identify an ε-optimal policy π̂ satisfying

V ⋆(ρ)− V π̂(ρ) ≤ ε (6.2)

with high probability. A desirable offline RL algorithm would achieve this target accuracy using
as few samples from D as possible. As in Chapters 3 and 5, particular emphasis is placed on
attaining minimal sample complexity uniformly across the full range of accuracy levels, namely for
all ε ∈ (0, 1

1−γ
]
.

Challenges. Unlike online RL, offline RL precludes active interaction with the environment to collect
additional data. Consequently, the learner must rely entirely on the static dataset D. The statistical
efficiency of offline RL is therefore fundamentally dictated by how informative this historical dataset
is for learning a near-optimal policy. Below, we highlight two fundamental challenges arising from
this restricted data generation mechanism, both of which must be carefully addressed in order to
achieve statistically efficient offline RL.

• Distribution shift. For the most part, the historical dataset is generated by one or more behavior
policies that differ from the target optimal policy. As a result, the state-action distribution
induced by the target policy may deviate substantially from the sampling distribution db

underlying the dataset D. A central challenge in offline RL is therefore how to effectively
leverage past data despite this mismatch between the data distribution and the one induced
by the optimal policy.

• Limited data coverage. Ideally, one would like the dataset D to contain sufficiently many
samples for every state-action pair, so that the performance of all candidate policies can be
accurately evaluated. In practice, however, such uniform coverage is often unrealistic, since
the learner has no control over the past data collection process. Fortunately, uniform coverage
may be unnecessary, given that the ultimate objective is only to identify a single near-optimal
policy rather than accurately evaluate every policy.
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Key parameters: single-policy concentrability. To quantitatively capture the distribution shift
between the target occupancy measure and the underlying data distribution, we introduce a key
quantity previously introduced in Rashidinejad et al. (2021).

Definition 6.1 (Single-policy concentrability for infinite-horizon MDPs). For any given initial distri-
bution ρ ∈ ∆(S), the single-policy concentrability coefficient underlying the batch dataset D (see
(6.1)) is defined as

C⋆ρ := max
(s,a)∈S×A

d⋆(s, a; ρ)
db(s, a) , (6.3)

where d⋆ represents the discounted occupancy distribution induced by the optimal deterministic
policy π⋆ (see (2.9b)), and the ratio 0/0 is interpreted as 0.

Remark 6.2. It is immediate to see that C⋆ρ ≥ 1, since

C⋆ρ = max
(s,a)∈S×A

d⋆(s, a; ρ)
db(s, a) ≥

∑
s,a d

⋆(s, a; ρ)
∑
s,a d

b(s, a) = 1
1 = 1.

In words, C⋆ρ quantifies the distribution mismatch between the target occupancy distribution
d⋆ (induced by the optimal policy starting from the initial distribution ρ) and the underlying data
distribution db through the maximum density ratio. Since the value function in (2.3) is defined in a
discounted manner, the occupancy distribution d⋆ is likewise chosen to be discounted. When C⋆ρ is
close to 1, the batch dataset D may be viewed as containing near-expert data, meaning that its
induced distribution closely aligns with that induced by the optimal policy and therefore reflects,
to some extent, how an expert makes decisions. In this favorable scenario, the offline RL problem
becomes intimately connected to the problem of “imitation learning,” where it may suffice to simply
imitate the expert’s behavior.

Moreover, C⋆ρ is referred to as a “single-policy” concentrability coefficient because it concerns only
the optimal policy π⋆. This assumption is substantially weaker than a uniform coverage requirement,
or more precisely, the all-policy concentrability assumption adopted in earlier work, e.g., Munos
(2007), Farahmand et al. (2010), Fan et al. (2019), and Chen and Jiang (2019). Note that the latter
requires a uniform density-ratio bound over all policies and therefore demands the dataset to be
highly exploratory, or equivalently, to provide adequate coverage of all state-action pairs.

Given that C⋆ρ is introduced to capture the challenges arising from both distribution mismatch
and limited data coverage, we will treat it as a key problem parameter throughout the remainder
of this chapter, and develop both sample complexity upper bounds and minimax lower bounds
primarily in terms of C⋆ρ .

Remark 6.3. A refined version of C⋆ρ , called the single-policy clipped concentrability coefficient (Li
et al., 2024b), can be obtained via clipping:

C⋆ρ,clipped := max
(s,a)∈S×A

min
{
d⋆(s, a; ρ), 1

S

}

db(s, a) . (6.4)

Clearly, one has C⋆ρ,clipped ≤ C⋆ρ . In addition, unlike C⋆ρ , which always satisfies C⋆ρ ≥ 1, the clipped
coefficient can be as low as 1/S, a property that can sometimes lead to improved statistical
guarantees, especially when db is close to a uniform distribution, such as the generative model
setting. As it turns out, many of the upper and lower bounds developed in this chapter continue to
hold with C⋆ρ replaced by C⋆ρ,clipped; see Li et al. (2024b) for details.
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6.2 A detour: the LCB algorithm for multi-armed bandits

Before turning to offline RL in full generality, it is instructive to first examine a much simpler setting
that already captures two central challenges: distribution mismatch and limited data coverage. To
build intuition, we begin with the classical multi-armed bandit problem to introduce the principle
of pessimism in the face of uncertainty — a principle that will play a central role more broadly in
offline RL.

6.2.1 Setting: offline stochastic bandits

The basic setup of the multi-armed bandit problem has been introduced in Section 5.2. We briefly
recap the setting and describe the corresponding offline data-generation mechanism.

• Bandits. Consider an A-armed stochastic bandit setting, where each arm a ∈ A = {1, . . . , A}
is associated with a mean reward ra ∈ [0, 1]. The optimal mean reward and the corresponding
optimal arm are denoted by r⋆ and a⋆, respectively (see (5.6)).

• Offline data. The offline dataset D consists of N samples {(ai, Ri)}Ni=1 generated independently
according to some joint distribution. More concretely, each action ai is sampled as

ai
i.i.d.∼ db, i = 1, · · · , N (6.5a)

for some action distribution db ∈ ∆(A), after which the corresponding (noisy) reward Ri is
generated according to

Ri = rai + zi with zi
i.i.d.∼ N (0, 1). (6.5b)

• Single-policy concentrability. Let d⋆ denote the distribution induced by the optimal policy, i.e.,
always pulling the optimal arm a⋆,

d⋆(a) :=





1, if a = a⋆,

0, else.
(6.6a)

Then the single-policy concentrability coefficient defined in (6.3) reduces to

C⋆ := max
a∈A

d⋆(a)
db(a) = 1

db(a⋆) . (6.6b)

Here, we drop the dependence on ρ in the notation C⋆ρ , since the bandit setting contains only
a single state.

Goal. Armed with the offline dataset D, our goal is to learn an arm â that achieves a suboptimality
gap

r(a⋆)− r(â)

as small as possible. Note that this notion of suboptimality also plays a central role in online
multi-armed bandits through the definition of regret; see (5.8a) in Section 5.2.
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6.2.2 Pessimism in the face of uncertainty

We now introduce some core ideas that enable statistically efficient offline learning in bandit problems.
In contrast to online bandits, which rely heavily on the optimism principle (see Section 5.2) to
guide exploration, offline settings do not permit active exploration. As a result, optimism-based
approaches are inherently inapplicable, necessitating a fundamentally different set of ideas.

A first attempt: the empirical best arm. A natural strategy for identifying the optimal arm is to
select the one with the highest empirical mean reward. Denoting by Na the number of times arm a

is pulled in D, the empirical reward estimate for each arm a ∈ A is given by

ra :=





1
Na

N∑

t=1
Rt 1{at = a}, if Na > 0,

0, otherwise,
(6.7a)

which coincides with the maximum likelihood estimator of the mean reward under the Gaussian
noise assumption. The empirical best arm is then defined as

aemp := arg max
a∈A

ra. (6.7b)

Although intuitive, this empirical best-arm estimator can perform poorly when certain arms are
only infrequently sampled in the dataset, making their mean rewards difficult to estimate reliably. In
fact, one can construct examples showing that even in the favorable regime where C⋆ ≈ 1, selecting
the empirical best arm may still incur a non-vanishing suboptimality gap regardless of how large the
sample size becomes. This issue arises from the high statistical uncertainty associated with poorly
explored suboptimal arms, which can lead to over-estimation of their rewards with non-vanishing
probability. One concrete example is given below.

Example 6.1. Suppose that A = {1, 2}, and that the corresponding mean rewards are given by
r1 = 1 and r2 = 0. Assume that ai = 1 for all i = 1, . . . , N − 1, and aN = 2. Then for any N ≥ 2,
we have

E[r⋆ − raemp ] ≥ 0.075.

Remark 6.4. In this example, the optimal arm is arm 1, which is sampled N − 1 times out of a
total of N observations. Consequently, the corresponding C⋆ is exceedingly close to 1.

Proof of Example 6.1. Under the reward model, the empirical reward estimates satisfy r1 ∼
N (1, 1

N−1) and r2 ∼ N (0, 1), and hence

P(r1 < 1) = 0.5 and P(r2 ≥ 1) ≥ 0.15.

It then follows from the statistical independence between r1 and r2 that

E[r1 − raemp ] = P(r2 > r1) ≥ P(r1 < 1)P(r2 ≥ 1) ≥ 0.075

as claimed.
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The lower confidence bound (LCB) algorithm. As illustrated in Example 6.1, the main issue
with the empirical best-arm estimator is the systematic over-estimation of the rewards of poorly
sampled arms, caused by large variance. A natural strategy toward mitigating this issue is therefore
to properly adjust the empirical reward estimates by accounting for variance information.

This idea leads to the principle of pessimism (or conservatism) in the face of uncertainty: arms
with fewer samples should be treated more conservatively, since their empirical rewards are more
volatile and less reliable. As a concrete method, one can penalize the empirical reward estimate by
a penalty function ba that decreases as the sample count Na (i.e., the number of times arm a is
sampled) increases. Rather than selecting the arm with the largest empirical reward, the pessimism
principle instead recommends choosing the arm according to the lower confidence bound:

alcb = arg max
a∈A

rlcb
a with rlcb

a = ra − ba.

A concrete choice of the penalty function is

ba =

√
2 log

(4A
δ

)

Na
(6.8)

with a prescribed confidence parameter δ ∈ (0, 1), which serves as a confidence width derived from
standard Gaussian tail bounds and resembles the exploration bonus (cf. (5.10a)) adopted in the
UCB algorithm. Intuitively, the quantity rlcb

a can be viewed as a lower confidence bound on the true
reward ra, motivating the name LCB algorithm. The full procedure is summarized in Algorithm 6.1.

Careful readers may notice that the LCB algorithm bears some resemblance to the UCB algorithm
presented in Section 5.2. However, whereas UCB adds an exploration bonus to encourage exploration
in online settings, the LCB approach subtracts a confidence penalty to guard against overestimation
in the absence of exploration.

Remark 6.5. As a sanity check, when applying Algorithm 6.1 to Example 6.1, we can readily verify
that rlcb

1 ≈ r1 = 1 for large enough N , and rlcb
2 ≤ r2 = 0. Consequently, the LCB algorithm selects

arm 1 (the optimal arm) and rules out arm 2 with high probability. Part of the reason this approach
works well in the present example is that the algorithm effectively “trusts” the preference of the
offline dataset: since the optimal arm is sampled frequently in the data, the estimate of r1 becomes
highly reliable, allowing the algorithm to confidently distinguish it from the suboptimal arm.

6.2.3 Theoretical guarantees

We now turn to the statistical guarantees of the LCB algorithm. As it turns out, the pessimism
principle described above proves highly effective in coping with the challenges inherent to offline
settings. This is formalized in the following theorem, originally established by Rashidinejad et al.
(2021).

Theorem 6.1. Suppose that the sample size satisfies N ≥ 8C⋆ log(2/δ). Then with probability at
least 1− δ, the action alcb returned by the LCB algorithm (cf. Algorithm 6.1) with penalty function
(6.8) achieves

r⋆ − ralcb ≤ 4

√
C⋆ log(4A/δ)

N
. (6.9)
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Algorithm 6.1: The lower confidence bound (LCB) algorithm for multi-armed bandits
1 input: batch dataset D = {(ai, Ri)}Ni=1, number of arms A, confidence parameter δ ∈ (0, 1).
2 for a ∈ A do
3 set Na ←

∑N
i=1 1{ai = a}. /* visitation count. */

4 compute empirical reward

ra =





1
Na

∑N
i=1Ri 1{ai = a}, if Na > 0,

0, otherwise.

5 set ba ←
√

2 log(4A/δ)
Na

. /* LCB penalty. */

6 output: alcb = arg maxa rlcb
a , where rlcb

a = ra − ba.

Before embarking on the proof of this result, we make several remarks. To achieve any target
accuracy 0 < ε < 1 (in the sense that r⋆ − ralcb ≤ ε), it suffices for the LCB algorithm to use

Õ

(
C⋆

ε2

)
(6.10)

samples from the offline dataset D. This stands in sharp contrast to the empirical best-arm
estimator, which in certain scenarios may be fundamentally incapable of achieving o(1) statistical
error. This theorem therefore provides rigorous evidence that the pessimism principle can significantly
outperform the vanilla empirical approach.

Notably, the sample complexity of the LCB algorithm scales linearly with the single-policy
concentrability coefficient, without requiring this coefficient to be known a priori. This unveils that
the statistical efficiency of the pessimistic approach automatically adapts to the intrinsic quality of
the offline dataset, as characterized by C⋆, rather than the number of arms A.

Intuitive explanation. Prior to delving into the proof of Theorem 6.1, it is instructive to first
develop some intuition for the result. Suppose, for simplicity, that every suboptimal arm a satisfies
ra < r⋆ − ε, so that achieving ε-accuracy amounts to ensuring that any suboptimal arm is unlikely
to be selected.

Recall from the definition (6.6b) that C⋆ = 1/db(a⋆). Consequently, the number of observations
collected for the optimal arm a⋆ scales as

Na⋆ ≍ Ndb(a⋆) ≍ N/C⋆.
As a result, when the sample size N is sufficiently large, both the empirical estimate ra⋆ and the
corresponding lower confidence bound rlcb

a⋆ concentrate tightly around the true reward:

ra⋆ ≈ rlcb
a⋆ = ra⋆ −O

( 1√
Na⋆

)
= r⋆ −O

(√
C⋆

N

)
,

where logarithmic factors are omitted for simplicity. Therefore, the lower confidence bound rlcb
a⋆ can

be statistically separated from the mean reward ra of any suboptimal arm — and hence also from
its lower confidence bound rlcb

a — provided that
√
C⋆

N
≪ ε ⇐⇒ N ≫ C⋆

ε2 .
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This heuristic captures the key intuition underlying the analysis.

6.2.4 Analysis: proof of Theorem 6.1

We begin by establishing two high-probability events. First, akin to the application of the Gaussian
tail bounds (5.11) in the online setting, one can show that

rlcb
a = ra − ba ≤ ra ≤ ra + ba for all 1 ≤ a ≤ A, (6.11)

with probability at least 1− δ/2. This guarantees that rlcb
a is indeed a pessimistic estimate of the

true mean reward ra. Second, the concentration bound in Lemma 2.7 tells us that

Na⋆ ≥ E[Na⋆ ]−
1
2Nd

b(a⋆) = 1
2Nd

b(a⋆) (6.12)

with probability at least 1− exp(−Ndb(a⋆)/8). Consequently, if N ≥ 8C⋆ log(2/δ), then (6.12) holds
with probability exceeding 1− δ/2.

Conditioning on the intersection of the two events above, we proceed to compare the optimal
arm a⋆ with the pessimistic choice alcb. It is readily seen from (6.11) that

ra⋆ ≤ ra⋆ + ba⋆ = ra⋆ − ba⋆ + 2ba⋆ .

In view of the definition of alcb, we have ra⋆ − ba⋆ ≤ ralcb − balcb , which combined with (6.11) again
yields

ra⋆ ≤ ralcb − balcb + 2ba⋆ ≤ ralcb + 2ba⋆ . (6.13)

Therefore, to bound the suboptimality gap ra⋆ − ralcb , it suffices to control the penalty term
ba⋆ , which reduces to lower bounding Na⋆ . By virtue of (6.12) and the definition C⋆ = 1/db(a⋆)
(cf. (6.6b)), we have

Na⋆ ≥
1
2Nd

b(a⋆) = N

2C⋆ > 0,

which further implies that

ba⋆ =
√

2 log(4A/δ)
Na⋆

≤
√

4C⋆ log(4A/δ)
N

.

Substituting this into (6.13), we arrive at

ra⋆ − ralcb ≤ 2ba⋆ ≤ 4

√
C⋆ log(4A/δ)

N

with probability at least 1− δ. This establishes Theorem 6.1.

6.3 Model-based offline RL

Thus far, we have demonstrated the effectiveness of the pessimism principle in the simpler setting
of offline multi-armed bandits. This naturally motivates extending the pessimism principle to offline
RL, with the goal of addressing the challenges of distribution mismatch and limited data coverage
in much more general offline settings.

As it turns out, despite the different sources of uncertainty in offline bandits and offline RL —
namely, noisy rewards in the former and unknown transition models in the latter — the pessimism
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principle can be incorporated into both model-based and model-free approaches in a principled
manner. Given the minimax optimality of model-based methods in both RL with a generative
model and online RL, it is natural to first investigate model-based offline RL algorithms and their
statistical optimality, which will be the focus of this section.

6.3.1 Algorithmic ideas

A natural approach to incorporating pessimism into offline RL is to penalize the value estimates
of state-action pairs that receive poor coverage in the offline dataset D. Intuitively, when a state-
action pair is rarely observed, the corresponding value estimate is subject to high uncertainty and
should therefore be treated with caution. Pessimistic value estimation addresses this challenge by
systematically lowering value estimates in poorly covered regions of the state-action space, with the
amount of penalization calibrated according to the degree of uncertainty.

In what follows, we introduce a model-based offline RL algorithm that integrates lower confidence
bounds into the value estimation procedure, building on ideas originally developed in Jin et al.
(2021b) and Rashidinejad et al. (2021). Commonly referred to as VI-LCB, this algorithm performs
value iteration over the empirical MDP through a pessimistic Bellman operator. We now describe
its core algorithmic components.

• Model estimation. As in the setting of model-based RL with a generative model discussed in
Chapter 3, our first step is to build an empirical estimate P̂ of the true transition kernel P
underlying the MDP. Recall that the offline dataset contains N independent sample transitions
{(si, ai, s′i)}Ni=1 (see (6.1)). For each state-action pair (s, a), denote by

Ns,a :=
N∑

i=1
1
(
(si, ai) = (s, a)

)
(6.14a)

the number of times (s, a) appears in the dataset. Based on these visitation counts, we define
the empirical transition kernel P̂ by

P̂ (s′ | s, a) =





1
Ns,a

N∑
i=1

1
{
(si, ai, s′i) = (s, a, s′)

}
, if Ns,a > 0

1
S , else

(6.14b)

for each (s, a, s′) ∈ S × A × S. The uniform assignment in the case Ns,a = 0 is introduced
merely to ensure that P̂ (· | s, a) remains a valid probability distribution even for unseen
state-action pairs.

• The pessimistic Bellman operator. At the core of the VI-LCB algorithm lies a modified Bellman
operator whose fixed point produces conservative value estimates. Recall that, given a transition
kernel P , the classical Bellman operator T (·) : RSA → RSA is defined as follows: for any input
vector Q ∈ RSA and its induced value vector V ∈ RS (i.e., V (s) := maxaQ(s, a) for all s),

T (Q)(s, a) := r(s, a) + γPs,aV for all (s, a) ∈ S ×A. (6.15)

To incorporate pessimism into the value estimation procedure, we replace the true transition
kernel P with the empirical kernel P̂ (cf. (6.14b)) and introduce an additional penalty term
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that accounts for statistical uncertainty. Specifically, we define the pessimistic Bellman operator
T̂pe such that, for every (s, a) ∈ S ×A,

T̂pe(Q)(s, a) := max
{
r(s, a) + γP̂s,aV − b(s, a;V ), 0

}
. (6.16)

Here, b(s, a;V ) stands for a penalty function designed to capture the uncertainty associated
with estimating the Bellman update at (s, a), whose precise form will be specified momentarily.
The VI-LCB algorithm then seeks to compute the fixed point of this pessimistic Bellman
operator.

• Modified value iterations. A natural scheme for computing the fixed point of the pessimistic
Bellman operator T̂pe (cf. (6.16)) is to employ a value-iteration-style iterative procedure.
Specifically, analogous to standard value iteration (2.16), we repeatedly apply the operator
T̂pe starting from the initialization Q̂0 = 0. For each iteration τ = 1, 2, . . . , τmax, we update

Q̂τ (s, a) = T̂pe
(
Q̂τ−1

)
(s, a)

= max
{
r(s, a) + γP̂s,aV̂τ−1 − b

(
s, a; V̂τ−1

)
, 0
}
, (6.17)

where for all s ∈ S,
V̂τ−1(s) := max

a
Q̂τ−1(s, a).

After τmax iterations, the algorithm outputs Q̂ = Q̂τmax as the final Q-estimate. The resulting
policy estimate π̂ is then obtained greedily with respect to Q̂, namely,

π̂(s) ∈ arg max
a

Q̂(s, a) for all s ∈ S. (6.18)

The whole algorithm is summarized in Algorithm 6.2.
Let us briefly provide some high-level intuition underlying this algorithmic design. When a

state-action pair (s, a) is insufficiently covered in the offline dataset D (that is, when the visitation
count Ns,a is small), the corresponding estimate Q̂τ (s, a) suffers from high variance and therefore
becomes unreliable; if not carefully handled, such uncertainty can propagate through the value
iterations and adversely affect the overall value estimation process. To mitigate this issue, the
VI-LCB algorithm introduces a penalty function b(s, a; V̂τ−1) derived from suitable lower confidence
bounds, which effectively downweights poorly visited state-action pairs and limits their negative
influence on the learned value function. Importantly, when the coverage coefficient C⋆ρ is small,
suppressing these poorly covered regions does not necessarily introduce significant bias in estimating
the optimal value function. For instance, when the behavior policy πb generating D aligns closely
with the optimal policy π⋆, the poorly covered regions typically correspond to suboptimal actions
that are rarely visited under πb, making it acceptable to assign conservative estimates to such pairs.

6.3.2 Choices of penalty functions

As one might expect, the properties of the fixed point of T̂pe — and consequently the statistical
performance of VI-LCB— depend critically on the choice of the penalty function. The role of b(s, a;V )
is to help construct a lower confidence bound for the true Bellman update r(s, a) + γ⟨Ps,a, V ⟩ based
on its empirical counterpart (see (6.17))

r(s, a) + γ⟨P̂s,a, V ⟩.
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Accordingly, the penalty term b(s, a;V ) should be chosen to characterize the confidence width of
the estimation error of the form 〈

P̂s,a − Ps,a, V
〉
,

where V ∈ RS is some vector obeying V (s) ∈ [0, 1
1−γ

]
. Similar to the design of the exploration bonus

in UCB-VI (see Section 5.3.2), there are at least two commonly used choices of penalty functions for
this purpose.

• Hoeffding-style penalty. The first type of penalty functions, adopted for instance by Rashidinejad
et al. (2021), is motivated by Hoeffding-type concentration inequalities together with the
boundedness property Q⋆(s, a) ∈ [0, 1

1−γ
]
. Specifically, one can choose

b(s, a;V ) = Θ̃
(√ 1

(1− γ)2Ns,a

)
,

which admits a relatively simple form and is often amenable to analysis. However, since it does
not leverage variance information, the resulting statistical guarantees are generally suboptimal.

• Bernstein-style penalty. Similar to the online RL setting, employing a Bernstein-style penalty
to characterize the confidence width often leads to improved statistical performance, owing to
its ability to properly exploit the underlying variance structure of the MDP of interest. More
specifically, the Bernstein-style penalty typically takes the form

b(s, a;V ) = Θ̃
(√√√√Var

P̂s,a
(V )

Ns,a
+ 1

(1− γ)Ns,a

)
,

where the variance term appearing in the Bernstein inequality is replaced by its empirical
counterpart in order to make the penalty computable. Compared with the Hoeffding-style
counterpart, this choice yields a substantially sharper confidence width by adapting to the local
variability of the value function. As we shall justify shortly, such variance-aware penalization
enables VI-LCB to achieve the minimax-optimal sample complexity for offline RL.

In this section, we focus on the following concrete choice of Bernstein-style penalty functions:

b(s, a;V ) := min
{

max
{√√√√cb log N

(1−γ)δ
Ns,a

Var
P̂s,a

(V ),
2cb log N

(1−γ)δ
(1− γ)Ns,a

}
,

1
1− γ

}
+ 5
N

(6.19)

for every (s, a) ∈ S ×A, where cb > 0 is some numerical constant, and δ ∈ (0, 1) is some confidence
parameter. When Ns,a = 0, we adopt the convention b(s, a;V ) = 1/(1 − γ) + 5/N . As usual,
Var

P̂s,a
(V ) denotes the variance of the vector V ∈ RS under the empirical transition distribution

P̂s,a; see (2.21).

6.3.3 Computational efficiency

Given the iterative nature of the VI-LCB algorithm in Algorithm 6.2, a natural question concerns
the number of iterations required for convergence, as this directly determines the computational
complexity of the algorithm.

As it turns out, the VI-LCB algorithm enjoys a rapid convergence guarantee. In particular, the
pessimistic Bellman operator T̂pe inherits a γ-contraction property (to be established shortly), which
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Algorithm 6.2: Value iteration with lower confidence bounds (VI-LCB) for discounted
infinite-horizon MDPs
1 input: dataset D, discount factor γ, reward function r, confidence parameter δ, max

iteration number τmax.
2 initialize Q̂0 = 0, V̂0 = 0.

/* model estimation based on offline dataset. */
3 construct the empirical transition kernel P̂ according to (6.14).

/* pessimistic value iteration. */
4 for τ = 1, 2, · · · , τmax do
5 for s ∈ S, a ∈ A do
6 compute penalty term b

(
s, a; V̂τ−1

)
according to (6.19).

7 Q̂τ (s, a)← max
{
r(s, a) + γP̂s,aV̂τ−1 − b

(
s, a; V̂τ−1

)
, 0
}
.

8 for s ∈ S do
9 V̂τ (s)← maxa Q̂τ (s, a).

10 output: π̂ s.t. π̂(s) ∈ arg maxa Q̂τmax(s, a) for every s ∈ S.

implies that the iterates {Q̂τ}τ≥0 converge geometrically fast to the fixed point Q̂⋆pe. More precisely,
we have the following result.

Lemma 6.2. Suppose Q̂0 = 0. Then the iterates of Algorithm 6.2 obey

Q̂τ ≤ Q̂⋆pe and
∥∥Q̂τ − Q̂⋆pe

∥∥
∞ ≤

γτ

1− γ for all τ ≥ 0, (6.20)

where Q̂⋆pe denotes the unique fixed point of T̂pe. Thus, choosing τmax ≥
log N

1−γ
log(1/γ) guarantees that

∥∥Q̂τmax − Q̂⋆pe
∥∥
∞ ≤

1
N
. (6.21)

The proof of this lemma is deferred to Section 6.7.1. According to this lemma, Q̂τ becomes an
ε-accurate approximation of Q̂⋆pe — in the sense that

∥∥Q̂τ−Q̂⋆pe
∥∥
∞ ≤ ε — after at most 1

1−γ log 1
ε(1−γ)

iterations.

6.3.4 Theoretical guarantees

We now turn to the statistical guarantees of the VI-LCB algorithm. As we shall see, when equipped
with the Bernstein-style penalty function in (6.19), the VI-LCB algorithm described in Algorithm 6.2
is guaranteed to produce an ε-optimal policy using a minimal number of offline samples. This is
formalized in the theorem below, originally established by Li et al. (2024b).

Theorem 6.3 (Li et al. (2024b)). Suppose γ ∈ [1
2 , 1). Consider any 0 < δ < 1 and ε ∈ (0, 1

1−γ
]
, and

let ρ ∈ ∆(S) be any test distribution over the state space. Assume that the number of iterations
satisfies τmax ≥ 1

1−γ log N
1−γ . Then with probability at least 1− 2δ, the policy π̂ returned by VI-LCB

(see Algorithm 6.2) with penalty function (6.19) obeys

V ⋆(ρ)− V π̂(ρ) ≤ ε, (6.22)
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provided that cb > 0 is some sufficiently large numerical constant and the total sample size exceeds

N ≥
c1SC⋆ρ log NS

(1−γ)δ
(1− γ)3ε2 (6.23)

for some large enough universal constant c1 > 0. Here, we recall that C⋆ρ ≥ 1 has been defined in
Definition 6.1.

We now briefly discuss the implications of Theorem 6.3. Under the Bernstein-style penalty, the
VI-LCB algorithm achieves ε-optimality with a sample complexity no greater than

Õ

(
SC⋆ρ

(1− γ)3ε2

)
. (6.24)

Notably, this sample size can be substantially smaller than the ambient dimension S2A of the
transition kernel P , in which case accurately estimating the full model becomes information-
theoretically impossible. Nevertheless, Theorem 6.3 demonstrates that pessimistic model-based
methods can still achieve statistically efficient offline learning even in regimes where reliable model
estimation is unattainable.

Importantly, the statistical guarantees in Theorem 6.3 scale linearly with the single-policy
concentrability coefficient C⋆ρ , a metric quantifying the degree of distribution mismatch between the
behavior policy generating the offline dataset and the target optimal policy. We emphasize again
that Algorithm 6.2 requires no prior knowledge of C⋆ρ , making the method fully adaptive to the
quality and coverage of the dataset.

It is also instructive to compare the sample complexity in (6.24) with the minimax sample
complexity Θ̃

(
SA

(1−γ)3ε2
)

under a generative model (as established in Chapter 3). In the favorable
scenarios where C⋆ρ ≤ Õ(1), the model-based offline approach therefore enjoys an Õ(A) sample size
saving relative to the generative-model setting when controlling the suboptimality gap V ⋆(ρ)−V π̂(ρ)
w.r.t. the initial state distribution ρ. At a high level, VI-LCB achieves this improvement by effectively
“trusting” the offline dataset D: it primarily relies on regions of the state-action space that are well
covered by D, while acting conservatively in poorly covered regions. Intuitively, when D is generated
by a behavior policy with expert-level performance — so that C⋆ρ becomes small — the frequently
visited state-action pairs are precisely those achieving high-quality decision-making, making it
advantageous to place greater emphasis on these well-sampled regions.

Furthermore, as will be corroborated by a matching minimax lower bound established in
Section 6.5, the VI-LCB algorithm achieves minimax-optimal sample complexity up to logarithmic
factors. In particular, the sample complexity bound in (6.23) is valid over the entire accuracy regime
ε ∈ (0, 1

1−γ
]
, implying that no additional burn-in sample size is needed to attain sample optimality.

Establishing such a statistical guarantee is especially challenging in the sample-starved regime.
Finally, we remark on a technical aspect of Algorithm 6.2. The algorithm reuses the entire

offline dataset across all iterations, a feature that is crucial for attaining optimal sample complexity.
Noteworthily, while such sample reuse is natural from a practical perspective, it introduces substantial
technical challenges for the analysis by creating intricate statistical dependencies across iterations.
By contrast, some earlier work, such as Rashidinejad et al. (2021), assumed the use of fresh samples
at each iteration in order to simplify the analysis, albeit at the expense of higher sample complexity.
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6.3.5 Analysis: proof of Theorem 6.3

In this subsection, we outline the proof of Theorem 6.3. We begin with several preliminary results
and then organize the main proof argument into a few steps.

As in Lemma 6.2, we denote by Q̂⋆pe the unique fixed point of T̂pe (cf. (6.16)) throughout this
subsection, and let V̂ ⋆

pe represent its induced value function (i.e., V̂ ⋆
pe(s) = maxa Q̂⋆pe(s, a) for all

s ∈ S). Also, let Q̂ = Q̂τmax (resp. V̂ = V̂τmax) indicate the final Q-estimate (resp. value estimate) in
Algorithm 6.2. In addition, we introduce the transition matrix P ⋆ ∈ RS×S and the penalty vector
b⋆ ∈ RS×1, whose s-th row and s-th entry are given respectively by

[
P ⋆
]
s,· := Ps,π⋆(s) and b⋆(s) := b

(
s, π⋆(s); V̂

)
(6.25)

for all s ∈ S. Moreover, we define the occupancy distribution vector d⋆ρ ∈ ∆(S) whose s-th entry is
given by

d⋆ρ(s) := d⋆(s; ρ). (6.26)

Preliminary facts. In view of Lemma 6.2, the final Q-estimate Q̂ in Algorithm 6.2 satisfies
∥∥Q̂− Q̂⋆pe

∥∥
∞ ≤

1
N
. (6.27)

Moreover, the definition (6.16) of the pessimistic Bellman operator and the initialization Q̂0 = 0
ensure that (alternatively, see the proof of Lemma 6.2)

0 ≤ Q̂, Q̂⋆pe ≤
1

1− γ 1SA, 0 ≤ V̂ , V̂ ⋆
pe ≤

1
1− γ 1S .

The following lemma records a few direct consequences of (6.27); the proof is deferred to Section 6.7.2.

Lemma 6.4. For every (s, a) ∈ S ×A, it holds that

∥∥V̂ − V̂ ⋆
pe
∥∥
∞ ≤

1
N
, (6.28a)

∣∣b
(
s, a; V̂ ⋆

pe
)− b(s, a; V̂

)∣∣ ≤ 2
N
. (6.28b)

In words, Lemma 6.4 shows that terminating pessimistic value iteration after finitely many
iterations introduces only a small “optimization” error. It also shows that evaluating the penalty at
the resulting iterate and at the fixed-point value changes the penalty by at most 2/N . Together,
these properties facilitate the analysis of the computable V̂ by linking it to the fixed point V̂ ⋆

pe.
The next lemma provides a lower bound on Ns,a, the total number of sample transitions collected

for each state-action pair (s, a). Its proof is deferred to Section 6.7.3.

Lemma 6.5. Consider any δ ∈ (0, 1). With probability exceeding 1− δ, the quantities {Ns,a} defined
in (6.14a) satisfy

max
{
Ns,a,

2
3 log SN

δ

}
≥ Ndb(s, a)

12 (6.29)

simultaneously for all (s, a) ∈ S ×A.
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In words, this lemma relates the visitation counts Ns,a to the data distribution db. Accordingly,
throughout the proof, unless stated otherwise, we work on the high-probability event

∀(s, a) ∈ S ×A : max
{
Ns,a,

2
3 log SN

δ

}
≥ Ndb(s, a)

12 . (6.30)

We also note that, under the sampling model (6.1), the sample transitions used to construct P̂ are
conditionally independent given the visitation counts {Ns,a}.

With these preliminaries in place, we proceed to the main proof, which is organized into four
steps.

Step 1: Bernstein-style inequalities and leave-one-out analysis. The first step is to obtain sharp
concentration bounds for the quantity

(
P̂s,a − Ps,a

)
V̂ . The main challenge is that P̂ and V̂ are

statistically dependent, since the same samples are reused throughout the iterations of Algorithm 6.2.
To address this dependence issue, we employ a leave-one-out argument, similar to that used in the
generative-model analysis in Section 3.3.4. This yields the following Bernstein-style concentration
bounds; the proof is postponed to Section 6.7.4.

Lemma 6.6. Suppose that γ ∈ [1/2, 1), and consider any δ ∈ (0, 1). With probability at least 1− δ,

∣∣(P̂s,a − Ps,a
)
Ṽ
∣∣ ≤

√√√√8 log 4N
(1−γ)δ

Ns,a
Var

P̂s,a
(Ṽ ) +

26 log 4N
(1−γ)δ

(1− γ)Ns,a
(6.31a)

Var
P̂s,a

(Ṽ ) ≤ 2VarPs,a(Ṽ ) +
24 log 4N

(1−γ)δ
(1− γ)2Ns,a

(6.31b)

hold simultaneously for all (s, a) ∈ S ×A and all Ṽ satisfying ∥Ṽ − V̂ ⋆
pe∥∞ ≤ 1

N and ∥Ṽ ∥∞ ≤ 1
1−γ .

In the remainder of the proof, we work on the high-probability event on which both (6.31) and
(6.30) hold. Combining (6.31a) with the definition (6.19) of b(s, a;V ) yields

∣∣∣
(
P̂s,a − Ps,a

)
Ṽ
∣∣∣+ 5

N
≤ b(s, a; Ṽ

)
(6.32)

for all Ṽ obeying
∥∥Ṽ − V̂ ⋆

pe
∥∥
∞ ≤

1
N and ∥Ṽ ∥∞ ≤ 1

1−γ , provided that the constant cb in (6.19) is
sufficiently large. It is worth noting that, thus far, the bound (6.31a) has been derived only for
state-action pairs (s, a) obeying Ns,a > 0. For any pair (s, a) with Ns,a = 0, both P̂s,aṼ and Ps,aṼ

belong to [0, 1/(1− γ)]. Consequently,
∣∣∣
(
P̂s,a − Ps,a

)
Ṽ
∣∣∣ ≤ 1

1− γ ,

and hence inequality (6.32) therefore holds trivially in this case as well.

Remark 6.6. The variance-dependent form of the concentration bound in Lemma 6.6 plays a crucial
role in the subsequent analysis. Although Ṽ may be statistically dependent on P̂ , the leave-one-out
technique decouples this dependence and yields a sharp Bernstein-style bound without requiring a
large burn-in sample size. This argument is the offline analog of the leave-one-out analysis developed
for the generative model in Section 3.3.4.
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Step 2: showing that Q̂(s, a) is a lower bound on Qπ̂(s, a). We next show that Q̂(s, a)
(resp. V̂ (s)) is a “pessimistic” estimate of Qπ̂(s, a) (resp. V π̂(s)). The argument combines two
ingredients: the incorporation of the penalty term makes the empirical Bellman updates conservative,
while Lemma 6.6 ensures that the estimation error of the transition kernel is well-controlled and
dominated by the penalty term.

More precisely, we first recall from Lemma 6.2 that Q̂⋆pe is the unique fixed point of the pessimistic
Bellman operator and satisfies

Q̂⋆pe(s, a) = max
{
r(s, a) + γP̂s,aV̂

⋆
pe − b

(
s, a; V̂ ⋆

pe
)
, 0
}

(6.33)

for all (s, a) ∈ S ×A. We divide the state-action pairs into two cases.

• Case 1: Q̂⋆pe(s, a) = 0. In view of Lemma 6.2,

0 ≤ Q̂(s, a) ≤ Q̂⋆pe(s, a) = 0,

and therefore, Q̂(s, a) = 0 ≤ Qπ̂(s, a).

• Case 2: Q̂⋆pe(s, a) > 0. We first make the observation that

Q̂(s, a)
(i)
≤ Q̂⋆pe(s, a) (ii)= r(s, a)− b(s, a; V̂ ⋆

pe
)

+ γP̂s,aV̂
⋆

pe

≤ r(s, a)− b(s, a; V̂ ⋆
pe
)

+ γP̂s,aV̂ + γ
∥∥P̂s,a

∥∥
1
∥∥V̂ − V̂ ⋆

pe
∥∥
∞

(iii)
≤ r(s, a)− b(s, a; V̂ ⋆

pe
)

+ γP̂s,aV̂ + 1
N

≤ r(s, a)− b(s, a; V̂
)

+ γPs,aV̂ + 1
N

+ γ
∣∣(P̂s,a − Ps,a

)
V̂
∣∣+

∣∣b
(
s, a; V̂ ⋆

pe
)− b(s, a; V̂

)∣∣

(iv)
≤ r(s, a) + γPs,aV̂ . (6.34)

Here, (i) follows from Lemma 6.2; (ii) uses the fixed point characterization (6.33) and the
assumption that Q̂⋆pe(s, a) > 0; (iii) utilizes (6.28a) and ∥P̂s,a∥1 = 1; and (iv) follows from
(6.28b) as well as (6.32). Combining (6.34) with the Bellman equation Qπ̂ = r + γPV π̂ gives

Qπ̂(s, a)− Q̂(s, a) ≥ r(s, a) + γPs,aV
π̂ − (r(s, a) + γPs,aV̂

)

= γPs,a
(
V π̂ − V̂ ). (6.35)

Denote
(s′, a′) = arg min

(s,a)

{
Qπ̂(s, a)− Q̂(s, a)

}
,

and suppose for the moment that

Qπ̂(s′, a′)− Q̂(s′, a′) < 0. (6.36)

Note that (s′, a′) must belong to Case 2, as we have already shown that Qπ̂(s, a)− Q̂(s, a) ≥ 0
for any (s, a) in Case 1. Hence, we can derive

min
s,a

{
Qπ̂(s, a)− Q̂(s, a)

}
= Qπ̂(s′, a′)− Q̂(s′, a′)

(i)
≥ γPs′,a′

(
V π̂ − V̂ )

(ii)
≥ γmin

s

{
V π̂(s)− V̂ (s)

}
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= γmin
s

{
Qπ̂
(
s, π̂(s)

)− Q̂(s, π̂(s)
)}

≥ γmin
s,a

{
Qπ̂(s, a)− Q̂(s, a)

}
. (6.37)

Here (i) follows from (6.35), while (ii) holds since Ps,a ∈ ∆(S). Given that γ ∈ (0, 1), (6.37)
can only hold if mins,a{Qπ̂(s, a)− Q̂(s, a)} ≥ 0, which contradicts the previous assumption
(6.36). Hence, in Case 2 as well, we have Qπ̂(s, a) ≥ Q̂(s, a).

Combining the two cases, we conclude that

Qπ̂(s, a) ≥ Q̂(s, a) for all (s, a) ∈ S ×A. (6.38)

As an immediate consequence, for all s ∈ S we have

V ⋆(s) ≥ V π̂(s) = Qπ̂
(
s, π̂(s)

) ≥ Q̂(s, π̂(s)
)

= V̂ (s). (6.39)

Step 3: bounding the value estimation error. We now turn to the value estimation error V ⋆(s)−
V π̂(s). Towards this, let us first make note of the following lower bound on V̂ : for every s ∈ S,

V̂ (s) = max
a

Q̂(s, a) ≥ Q̂(s, π⋆(s))
(i)
≥ Q̂⋆pe

(
s, π⋆(s)

)− 1
N

(ii)
≥ r

(
s, π⋆(s)

)− b(s, π⋆(s); V̂ ⋆
pe
)

+ γP̂s,π⋆(s)V̂
⋆

pe −
1
N

= r
(
s, π⋆(s)

)− b(s, π⋆(s); V̂ ⋆
pe
)

+ γP̂s,π⋆(s)V̂ −
1
N
− γP̂s,π⋆(s)

(
V̂ − V̂ ⋆

pe
)

(iii)
≥ r

(
s, π⋆(s)

)− b(s, π⋆(s); V̂ ⋆
pe
)

+ γP̂s,π⋆(s)V̂ −
2
N

≥ r(s, π⋆(s))− b(s, π⋆(s); V̂ )+ γPs,π⋆(s)V̂ −
2
N

− γ
∣∣(P̂s,π⋆(s) − Ps,π⋆(s)

)
V̂
∣∣−

∣∣b
(
s, π⋆(s); V̂ ⋆

pe
)− b(s, π⋆(s); V̂ )

∣∣
(iv)
≥ r

(
s, π⋆(s)

)− 2b
(
s, π⋆(s); V̂

)
+ γPs,π⋆(s)V̂ . (6.40)

Here, (i) follows from (6.27); (ii) utilizes the fixed point property (6.33); (iii) holds because, according
to Lemma 6.4,

P̂s,π⋆(s)
(
V̂ − V̂ ⋆

pe
) ≤

∥∥P̂s,π⋆(s)
∥∥

1
∥∥V̂ − V̂ ⋆

pe
∥∥
∞ ≤

1
N

;

and (iv) follows from Lemma 6.4 and (6.32). Combining (6.40) with the Bellman optimality equation

V ⋆(s) = r
(
s, π⋆(s)

)
+ γPs,π⋆(s)V

⋆, (6.41)

we arrive at

ρ⊤
(
V ⋆ − V̂ ) =

∑

s∈S
ρ(s)

(
V ⋆(s)− V̂ (s)

)

≤
∑

s∈S
ρ(s)

{
γPs,π⋆(s)

(
V ⋆ − V̂ )+ 2b

(
s, π⋆(s); V̂

)}

= γ
∑

s∈S
ρ(s)Ps,π⋆(s)

(
V ⋆ − V̂ )+ 2

∑

s∈S
ρ(s)b

(
s, π⋆(s); V̂

)

= γρ⊤P ⋆
(
V ⋆ − V̂ )+ 2ρ⊤b⋆, (6.42)
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where we recall the definition of P ⋆ and b⋆ in (6.25).
Since this relation holds for any distribution ρ ∈ ∆(S), applying it recursively yields

ρ⊤
(
V ⋆ − V̂ ) ≤ (γρ⊤P ⋆)(V ⋆ − V̂ )+ 2ρ⊤b⋆

≤ γ(γρ⊤P ⋆)P ⋆(V ⋆ − V̂ )+ 2
(
γρ⊤P ⋆

)
b⋆ + 2ρ⊤b⋆

= γ2ρ⊤
(
P ⋆
)2(
V ⋆ − V̂ )+ 2γρ⊤P ⋆b⋆ + 2ρ⊤b⋆

≤ · · · ≤ lim
i→∞

γiρ⊤
(
P ⋆
)i(
V ⋆ − V̂ )+ 2ρ⊤

{ ∞∑

i=0
γi
(
P ⋆
)i
}
b⋆

(i)= 2ρ⊤
{ ∞∑

i=0
γi
(
P ⋆
)i
}
b⋆ = 2ρ⊤

(
I − γP ⋆)−1

b⋆

(ii)= 2
1− γ ⟨d

⋆
ρ, b

⋆⟩. (6.43)

Here, to see why (i) holds, it suffices to note that limi→∞ γiρ⊤
(
P ⋆
)i(
V ⋆ − V̂ ) = 0 since γi → 0

and ∥ρ⊤(P ⋆)i∥1 = 1 for all i ≥ 0; and (ii) follows from the definition of the discounted occupancy
measure d⋆ρ in (6.26) and (2.9b), equivalently expressed in matrix-vector form as

(
d⋆ρ
)⊤ = (1− γ)

∞∑

t=0
γtρ⊤

(
P ⋆
)t = (1− γ)ρ⊤

(
I − γP ⋆)−1

. (6.44)

Combine (6.43) with (6.39) to reach

〈
ρ, V ⋆ − V π̂〉 ≤ 〈ρ, V ⋆ − V̂ 〉 ≤ 2

〈
d⋆ρ, b

⋆
〉

1− γ . (6.45)

In words, the bound in (6.45) reduces the remaining statistical challenge to controlling the single
quantity ⟨d⋆ρ, b⋆⟩, which is the main focus of the remainder of the proof.

Step 4: using single-policy concentrability to control ⟨d⋆ρ, b⋆⟩. We find it helpful to partition the
state space S into the following two disjoint subsets:

Ssmall :=
{
s ∈ S | Ndb(s, π⋆(s)

) ≤ 8 log NS

(1− γ)δ

}
; (6.46a)

S large :=
{
s ∈ S | Ndb(s, π⋆(s)

)
> 8 log NS

(1− γ)δ

}
. (6.46b)

Step 4.1: contributions from Ssmall. First, consider any state s ∈ Ssmall. In view of the definition
of C⋆ρ in (6.3) and the definition of Ssmall,

d⋆ρ(s) ≤ C⋆ρdb(s, π⋆(s)
) ≤

8C⋆ρ log NS
(1−γ)δ

N
.

Combining this bound with the following property (a direct consequence of the definition (6.19))

b⋆(s) = b
(
s, π⋆(s); V̂

) ≤ 1
1− γ + 5

N
, (6.47)
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we obtain

∑

s∈Ssmall

d⋆ρ(s)b⋆(s) ≤
∑

s∈Ssmall

(8C⋆ρ log NS
(1−γ)δ

(1− γ)N + d⋆ρ(s)
5
N

)

≤
8SC⋆ρ log NS

(1−γ)δ
(1− γ)N + 5

N
, (6.48)

where the last inequality is valid since ∑s∈Ssmall d⋆ρ(s) ≤ 1.

Step 4.2: contributions from S large. Next, consider any state s ∈ S large. By the definition (6.19)
of b(s, a;V ), we have

b⋆(s) ≤

√√√√cb log N
(1−γ)δ

Ns,π⋆(s)
Var

P̂s,π⋆(s)

(
V̂
)

+
2cb log N

(1−γ)δ
(1− γ)Ns,π⋆(s)

+ 5
N

≤

√√√√2cb log N
(1−γ)δ

Ns,π⋆(s)
VarPs,π⋆(s)

(
V̂
)

+
4cb log N

(1−γ)δ
(1− γ)Ns,π⋆(s)

, (6.49)

provided that cb is sufficiently large. Here, the last inequality follows from the fact that N ≥ Ns,a

and the following property:

Var
P̂s,π⋆(s)

(
V̂
) ≤ 2VarPs,π⋆(s)

(
V̂
)

+
24 log 4N

(1−γ)δ
(1− γ)2Ns,π⋆(s)

,

which is a direct consequence of Lemmas 6.4 and 6.6.
Moreover, it is seen that

1
Ns,π⋆(s)

(i)
≤ 12
Ndb(s, π⋆(s)

)
(ii)
≤ 12C⋆ρ
Nd⋆ρ(s)

, (6.50)

where (i) follows from (6.30) and the definition of S large, and (ii) arises from (6.3). Given that states
satisfying d⋆ρ(s) = 0 make no contribution to ⟨d⋆ρ, b⋆⟩, it suffices to restrict attention to

S large
+ :=

{
s ∈ S large : d⋆ρ(s) > 0

}
.

Substituting the above bound (6.50) into (6.49) gives

b⋆(s) ≤

√
24cbC⋆ρ log N

(1−γ)δ
N

α1(s) +
48cbC⋆ρ log N

(1−γ)δ
(1− γ)N α2(s), (6.51)

where
α1(s) := 1√

d⋆ρ(s)

√
VarPs,π⋆(s)

(
V̂
)
, α2(s) := 1

d⋆ρ(s)
.

We now control the weighted sums of α1 and α2.

• Regarding α1, the Cauchy-Schwarz inequality tells us that
∑

s∈S large
+

d⋆ρ(s)α1(s) =
∑

s∈S large
+

√
d⋆ρ(s)VarPs,π⋆(s)

(
V̂
)
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≤
√
S ·
√√√√

∑

s∈S large
+

d⋆ρ(s)VarPs,π⋆(s)

(
V̂
)
. (6.52)

To further bound the right-hand side of (6.52), we resort to the following lemma, whose proof
is provided in Section 6.7.5.

Lemma 6.7. It holds that
∑

s∈S
d⋆ρ(s)VarPs,π⋆(s)

(
V̂
) ≤ 2

γ2(1− γ) + 4
γ2(1− γ)

〈
d⋆ρ, b

⋆〉. (6.53)

Remark 6.7. At a high level, Lemma 6.7 controls the weighted sum of the variance terms
through a Bellman recursion, yielding the optimal horizon dependence. Its proof follows a
variance-propagation argument similar in some sense to that used in the generative-model
analysis in Section 3.3.4, which is essential for obtaining sharp horizon dependence.

Taken together, Lemma 6.7 and inequality (6.52) yield

∑

s∈S large
+

d⋆ρ(s)α1(s) ≤ 2
√

2S
1− γ + 4

√
S

1− γ
〈
d⋆ρ, b

⋆
〉
, (6.54)

where we have used γ ≥ 1/2.

• In addition, the weighted sum of α2 satisfies
∑

s∈S large
+

d⋆ρ(s)α2(s) ≤ S, (6.55)

where we used α2(s) = 1/d⋆ρ(s) and |S large
+ | ≤ S.

Combining (6.54) and (6.55) with (6.51), we obtain
∑

s∈S large

d⋆ρ(s)b⋆(s) =
∑

s∈S large
+

d⋆ρ(s)b⋆(s)

≤

√√√√384cbSC⋆ρ log N
(1−γ)δ

(1− γ)N
〈
d⋆ρ, b

⋆
〉

+ 21

√√√√cbSC⋆ρ log N
(1−γ)δ

(1− γ)N , (6.56)

as long as

N ≥
c1SC⋆ρ log NS

(1−γ)δ
1− γ (6.57)

for some large enough constant c1, where (6.57) is a consequence of (6.23) and the condition
ε ≤ 1/(1− γ).

Step 4.3: putting all this together. Combining the preceding bounds for Ssmall and S large in (6.48)
and (6.56), respectively, we arrive at

〈
d⋆ρ, b

⋆〉 =
∑

s∈S large

d⋆ρ(s)b⋆(s) +
∑

s∈Ssmall

d⋆ρ(s)b⋆(s)
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(i)
≤

√√√√384cbSC⋆ρ log N
(1−γ)δ

(1− γ)N
〈
d⋆ρ, b

⋆
〉

+ 34

√√√√cbSC⋆ρ log N
(1−γ)δ

(1− γ)N

(ii)
≤ 1

2
〈
d⋆ρ, b

⋆〉+ 192
cbSC⋆ρ log NS

(1−γ)δ
(1− γ)N + 34

√√√√cbSC⋆ρ log NS
(1−γ)δ

(1− γ)N

(iii)
≤ 1

2
〈
d⋆ρ, b

⋆〉+ 35

√√√√cbSC⋆ρ log NS
(1−γ)δ

(1− γ)N .

Here, (i) and (iii) follow from the sample size condition (6.57), provided that cb and c1 are sufficiently
large; and (ii) follows from the AM-GM inequality. Rearranging terms, we are left with

〈
d⋆ρ, b

⋆〉 ≤ 70

√√√√cbSC⋆ρ log NS
(1−γ)δ

(1− γ)N ,

which combined with (6.45) gives

〈
ρ, V ⋆ − V π̂〉 ≤ 2

〈
d⋆ρ, b

⋆
〉

1− γ ≤ 140

√√√√cbSC⋆ρ log NS
(1−γ)δ

(1− γ)3N
. (6.58)

This taken collectively with the sample size condition (6.23) establishes the advertised result in
Theorem 6.3, provided that c1 is sufficiently large.

6.4 Model-free offline RL

Thus far, we have demonstrated the effectiveness of the pessimism principle amid uncertainty
in model-based offline RL in Section 6.3. Similar ideas can also be incorporated into model-free
methods to address the challenges arising in the offline setting. Since such model-free approaches
are generally statistically suboptimal, we provide only a brief introduction here, focusing primarily
on the key ideas and underlying intuition rather than pursuing a treatment as detailed as that
of the model-based counterpart. As before, for ease of presentation, our discussion focuses on the
independent data model in (6.1); the extension to the Markovian data setting can be found in Yan
et al. (2023).

6.4.1 Algorithm

We now describe how the pessimism principle can be incorporated into Q-learning, leading to the
algorithm known as pessimistic Q-learning, or simply LCB-Q, proposed by Shi et al. (2022c) and Yan
et al. (2023). As its name suggests, LCB-Q can be viewed as the offline counterpart of the Q-UCB
algorithm introduced for online RL in Section 5.3.

Similar to the model-based counterpart, a central idea of LCB-Q is to incorporate lower confidence
bounds into the iterative Q-learning procedure to account for uncertainty arising from limited data
coverage. Specifically, throughout its execution, the algorithm maintains “pessimistic” estimates
Qlcb and V lcb for the optimal Q-function and value function, respectively. At iteration t, the learner
accesses the t-th sample (st, at, s′t) from the offline dataset D. For notational convenience, let
n := n(st, at) represent the number of visits to the state-action pair (st, at) up to and including time
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t. The vanilla Q-learning update is modified by incorporating a penalty term as follows:

Qlcb (st, at)← (1− ηn)Qlcb (st, at) + ηn
{
r(st, at) + γV lcb(s′t)− bn

}
,

where ηn and bn stand for the corresponding learning rate and penalty term used at the current
iteration, respectively. The resulting estimates are called “pessimistic” because the penalty term
deliberately shifts the Q-value updates downward, producing conservative estimates in the face of
uncertainty. The corresponding value estimate is then updated according to

V lcb(st)← max
{
V lcb(st), max

a∈A
Qlcb(st, a)

}
,

where the additional maximization operation is introduced to preserve the monotonicity of the value
updates. This procedure is run for a total number of T iterations.

Clearly, the choices of the learning rates and the penalty terms play a pivotal role in determining
both the convergence behavior and the statistical efficiency of this pessimistic variant of Q-learning.
For concreteness, we adopt choices that closely resemble those used by the online Q-UCB algorithm
(see Section 5.5). Specifically, given a confidence level δ ∈ (0, 1), define the effective horizon

H :=
⌈ 4

1− γ log SAT
δ

⌉
, (6.59a)

which corresponds to the effective horizon (1− γ)−1 inflated by a logarithmic factor. We then choose
the learning rate

ηn = H + 1
H + n

, (6.59b)

as well as the Hoeffding-style penalty term

bn = cb

√
H log (SAT/δ)
n (1− γ)2 , (6.59c)

where cb > 0 is some universal constant.
The complete procedure is summarized in Algorithm 6.3.

Remark 6.8. In Algorithm 6.3, the policy iterate π̂ is updated to be greedy w.r.t. the current
Q-estimate Qlcb only at the visited state st, and only when the corresponding value estimate strictly
increases. This particular policy-update rule is adopted primarily to facilitate the analysis; other
choices may also be used.

6.4.2 Theoretical guarantees

Under the aforementioned choices of learning rate and penalty, the LCB-Q algorithm described
in Algorithm 6.3 achieves the following, albeit suboptimal, statistical guarantee. This result was
originally established by Yan et al. (2023).

Theorem 6.8 (Yan et al. (2022)). Consider any 0 < δ < 1 and any ε ∈ (0, 1
1−γ

]
. Let ρ ∈ ∆(S) be

any given test distribution over the state space. With probability exceeding 1 − δ, the policy π̂

returned by the LCB-Q algorithm in Algorithm 6.3 with learning rates and penalty in (6.59) satisfies

V ⋆(ρ)− V π̂(ρ) ≤ ε,
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Algorithm 6.3: Pessimistic Q-learning (LCB-Q) for discounted infinite-horizon MDPs
1 input: offline dataset D, discount factor γ, reward function r, learning rates {ηt}, max

iteration number T .
2 initialize Qlcb(s, a)← 0, V lcb(s)← 0, n(s, a)← 0 for all (s, a) ∈ S ×A, and set π̂ : S → A

as an arbitrary deterministic policy.
3 for t = 1, 2, · · · , T do

/* draw the t-th sample from D. */
4 draw a fresh sample (st, at) ∼ db and s′t ∼ P (· | st, at).
5 set n(st, at)← n(st, at) + 1, and n← n(st, at).
6 compute ηn and bn according to (6.59).

/* pessimistic Q-learning updates. */
7 update Q-estimate according to

Qlcb (st, at)← (1− ηn)Qlcb (st, at) + ηn
{
r(st, at) + γV lcb(s′t)− bn

}
, (6.60)

set V lcb
old ← V lcb, and update

V lcb(st)← max
{
V lcb

old (st), max
a∈A

Qlcb(st, a)
}
. (6.61)

8 if V lcb(st) > V lcb
old (st) then

9 update π̂(st)← arg maxa∈AQlcb(st, a), where ties are broken according to an
arbitrary deterministic rule.

10 output: policy estimate π̂.

provided that cb > 0 (cf. (6.59c)) is sufficiently large and the total number of iterations exceeds

T ≥
c2SC⋆ρ log SAT

(1−γ)δ

(1− γ)5 ε2
(6.62)

for some large enough universal constant c2 > 0. Here, C⋆ρ ≥ 1 is the single-policy concentrability
coefficient in Definition 6.1.

Since each iteration of LCB-Q accesses only a single sample from the offline dataset, the iteration
complexity in (6.62) established in Theorem 6.8 also coincides with the algorithm’s sample complexity.
Moreover, if a Bernstein-style penalty is employed in place of the Hoeffding-style penalty, the sample
complexity of LCB-Q can be further improved to

Õ

(
SC⋆ρ

(1− γ)4ε2

)
(6.63)

for sufficiently small ε. When the offline data are near-expert, i.e., C⋆ρ ≤ Õ(1), the resulting sample
complexity of LCB-Q with Bernstein-style penalty reduces to

Õ

(
S

(1− γ)4ε2

)
,

which is, in general, substantially smaller than the sample complexity guarantees established for
Q-learning under a generative model in Chapter 4. It is important to note, however, that this
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improvement pertains only to the suboptimality gap with respect to the initial distribution ρ, namely
V ⋆(ρ)− V π̂(ρ), rather than holding uniformly over all entries of V ⋆ − V π̂.

Finally, we remark that the above statistical guarantees can be further improved through the
use of variance reduction techniques. In particular, when combined with the pessimism principle,
variance-reduced model-free algorithms can attain a sample complexity of

Õ

(
SC⋆ρ

(1− γ)3ε2

)

as ε→ 0, thereby achieving asymptotically optimal sample complexity. This improvement, however,
comes at the expense of a large burn-in cost. We refer the interested reader to Shi et al. (2022c)
and Yan et al. (2023) for further details on such variance-reduced, model-free offline algorithms.

6.4.3 Analysis: proof of Theorem 6.8

This subsection presents the proof of Theorem 6.8.

Notation and auxiliary iterates. We adopt the following convenient notation:

• (st, at, s′t): the state-action-state transition tuple sampled at the t-th iteration;

• Qt(s, a) and Vt(s) denote, respectively, Qlcb (s, a) and V lcb (s) at the end of the t-th iteration.

• nt(s, a): the cumulative number of visits to (s, a) among the first t iterations;

• ki(s, a): the time index at which (s, a) is visited for the i-th time.

To facilitate the presentation of the analysis, we let πt denote the (deterministic) policy iterate π̂
maintained by the end of iteration t; more precisely, let π0 : S → A be the initial policy iterate, and
define the subsequent policy iterate recursively such that

πt(s) =





arg maxa∈AQt(s, a), if s = st and Vt(s) > Vt−1(s)
πt−1(s), otherwise

(6.64)

for every s ∈ S. Clearly, the final policy returned by Algorithm 6.3 is π̂ = πT .
We also use the notation ηni introduced in (5.67). The corresponding learning-rate properties

established in Lemma 5.17 continue to hold in the present setting. Moreover, a straightforward
induction shows that

0 ≤ Vt(s) ≤
1

1− γ , ∀s ∈ S and 0 ≤ t ≤ T. (6.65)

Finally, throughout the proof, we use the shorthand notation

ι := log SAT
δ

. (6.66)

Step 1: recursion on Q-estimation errors. To begin with, the lemma below establishes useful
recursive relations concerning the Q-estimation errors.
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Lemma 6.9. With probability at least 1− δ, one has

Q⋆(s, a)−Qt(s, a) ≤ γ
nt(s,a)∑

i=1
η
nt(s,a)
i Ps,a

(
V ⋆ − Vki(s,a)−1

)
+ βnt(s,a) (6.67)

Qπ(s, a)−Qt(s, a) ≥ γ
nt(s,a)∑

i=1
η
nt(s,a)
i Ps,a

(
V π − Vki(s,a)−1

)
(6.68)

simultaneously for all (s, a) ∈ S × A, all 1 ≤ t ≤ T , and all deterministic policy π, provided that
the constant cb > 0 in (6.59c) is large enough. Here and below, we define

βn :=





3cb
√

Hι
n(1−γ)2 , if n ≥ 1,

+∞, if n = 0,
(6.69)

and adopt the convention that ∑0
i=1 ai = 0 for any sequence {ai}.

In words, the above recursion singles out two components that play a crucial role in the Q-
estimation error: an error term propagated from value-estimation errors at previous visits to the
same state-action pair, and a residual term that, via the Azuma–Hoeffding inequality, bounds the
uncertainty arising from finite samples. The proof of Lemma 6.9 is deferred to Section 6.8.1.

Step 2: pessimism. Next, we establish the pessimism properties of the Q- and value estimates,
showing that they are bounded above by the corresponding optimal Q- and value functions. This
result can be viewed as the model-free counterpart of the pessimism property established for the
model-based approach (see Step 2 in the proof of Theorem 6.3 in Section 6.3.5). The formal statement
is given in the following lemma, whose proof is provided in Section 6.8.2.

Lemma 6.10. With probability exceeding 1− δ, one has

Qt(s, a) ≤ Q⋆(s, a) and Vt(s) ≤ V πt(s) ≤ V ⋆(s) (6.70)

simultaneously for all (s, a) ∈ S ×A and all 1 ≤ t ≤ T .

From now on, we define, for each 0 ≤ t ≤ T , the value estimation error:

∆t := V ⋆ − Vt. (6.71a)

According to (6.65) and Lemma 6.10, with probability at least 1− δ one has

0 ≤ ∆t(s) ≤
1

1− γ , ∀s ∈ S and 0 ≤ t ≤ T. (6.71b)

Step 3: decomposing the suboptimality gap and introducing auxiliary sequences. Building on
the recursion and pessimism properties established in the preceding steps, we now decompose the
suboptimality gap into several terms that will be controlled separately. We begin with the following
upper bound:

V ⋆(ρ)− V π̂(ρ) = ⟨ρ, V ⋆ − V πT ⟩ ≤ ⟨ρ,∆T ⟩ ≤
1
T

T∑

t=1
⟨ρ,∆t⟩ (6.72)
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with ∆t defined in (6.71a), where the first inequality invokes the pessimism property in Lemma 6.10,
and the second inequality comes from the monotonicity of Vt in t. In view of the recursion (6.67)
established in Lemma 6.9, we can deduce that

T∑

t=1
⟨ρ,∆t⟩ ≤

T∑

t=1

∑

s∈S
ρ(s) min

{
Q⋆
(
s, π⋆(s)

)−Qt
(
s, π⋆(s)

)
,

1
1− γ

}

≤ γ
T∑

t=1

∑

s∈S
ρ(s)

nt(s,π⋆(s))∑

i=1
η
nt(s,π⋆(s))
i Ps,π⋆(s)∆ki(s,π⋆(s))−1

︸ ︷︷ ︸
=: ζ

+
T∑

t=1

∑

s∈S
ρ(s) min

{
βnt(s,π⋆(s)),

1
1− γ

}
, (6.73)

where βn has been defined in (6.69). Here, the first relation follows by combining (6.65) and the
facts V ⋆(s) = Q⋆

(
s, π⋆(s)

)
and Vt(s) ≥ maxaQt(s, a) ≥ Qt(s, π⋆(s)), while the last inequality arises

from Lemma 6.9. This leaves us with two terms to control: the first reflects the propagation of
value-estimation errors through the dynamics induced by the optimal policy, whereas the second
captures the cumulative effect of the penalty terms used to compensate for finite-sample uncertainty.

To analyze these terms, we introduce several auxiliary quantities. For each j ≥ 0, set

dj(s, a) :=
[
ρ⊤(Pπ⋆)j

]
(s)1

{
a = π⋆(s)

}
, (6.74)

where we recall the definition of Pπ in (2.19). In addition, for every j ≥ 0, set

αj :=
[
γ

(
1 + 1

H

)3
]j T∑

t=1
ρ⊤(Pπ⋆)j∆t, (6.75a)

θj :=
[
γ

(
1 + 1

H

)3
]j T∑

t=1

∑

s∈S

[
ρ⊤(Pπ⋆)j

]
(s) min

{
βnt(s,π⋆(s)),

1
1− γ

}
, (6.75b)

ξj :=
[
γ

(
1 + 1

H

)3
]j+1

ρ⊤(Pπ⋆)j+1∆0, (6.75c)

ψj := γ

[
γ

(
1 + 1

H

)3
]j T∑

t=1

{ ∑

(s,a)∈S×A
dj(s, a)

nt(s,a)∑

i=1
η
nt(s,a)
i Ps,a∆ki(s,a)−1

−
(

1 + 1
H

)
dj(st, at)
db(st, at)

nt(st,at)∑

i=1
η
nt(st,at)
i Pst,at∆ki(st,at)−1

}
, (6.75d)

ϕj := γ

[
γ

(
1 + 1

H

)3
]j (

1 + 1
H

)2 T∑

t=1

{
dj(st, at)
db(st, at)

Pst,at∆t−1 −
(

1 + 1
H

) ∑

(s,a)∈S×A
dj(s, a)Ps,a∆t−1

}
.

(6.75e)

Equipped with the above set of notation, the original error bound (6.73) can be expressed as

α0 ≤ ζ + θ0. (6.76)

In the subsequent analysis, we will recursively propagate ζ through the dynamics induced by the
optimal policy, which gives rise to five types of contributions that we bound separately.
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Before proceeding, we briefly interpret the quantities defined above. At a high level, the first
three sequences describe the propagation of the main error terms through the dynamics induced by
the optimal policy:

• Each αj (cf. (6.75a)) measures the cumulative value estimation error after propagation through
j steps of the MDP dynamics induced by the optimal policy;

• Each θj (cf. (6.75b)) is the penalty-related counterpart of αj , reflecting the influence of the
penalties along the same dynamics;

• Each ξj (cf. (6.75c)) accounts for the initialization error after j + 1 such steps, reflecting the
time shift introduced in the recursive analysis.

The remaining two sequences arise from replacing population-level quantities under the offline data
distribution db with their empirical counterparts. More specifically,

• Each ψj (cf. (6.75d)) captures the discrepancy between the value estimation error accumulated
over the visits to each state-action pair and its corresponding importance-weighted contribution
evaluated at the sampled state-action pairs. Thus, ψj arises from regrouping the recursive
error according to state-action visits.

• Each ϕj (cf. (6.75e)) captures the statistical fluctuation in the one-step propagation of the
value estimation error.

Step 4: recursion along the dynamics. The decomposition (6.76) leaves us with two terms to
control. We begin with ζ, and recursively propagate its error along the dynamics induced by the
optimal policy. Recalling the definition (6.75d) of ψ0 and d0(s, a) = ρ(s)1{a = π⋆(s)} (see (6.74)),
one has

ζ = γ

(
1 + 1

H

) T∑

t=1

d0(st, at)
db(st, at)

nt(st,at)∑

i=1
η
nt(st,at)
i Pst,at∆ki(st,at)−1 + ψ0. (6.77)

Roughly speaking, ζ is an importance-weighted, sample-based accumulation of propagated value
estimation errors. Our strategy is to repeatedly replace such sample-based quantities by their
one-step population counterpart under the optimal dynamics.

To do so, let us first regroup the above sum according to visits to each state-action pair. Consider
any (s, a), whose contribution to the sum in (6.77) — up to some multiplicative factor — is given by

T∑

t=1
1{(st, at) = (s, a)}

nt(s,a)∑

i=1
η
nt(s,a)
i Ps,a∆ki(s,a)−1

=
nT (s,a)∑

m=1

m∑

i=1
ηmi Ps,a∆ki(s,a)−1 =

nT (s,a)∑

i=1

( nT (s,a)∑

m=i
ηmi

)
Ps,a∆ki(s,a)−1. (6.78)

It is seen from Lemma 5.17 that
nT (s,a)∑

m=i
ηmi ≤

∞∑

m=i
ηmi ≤ 1 + 1

H
,
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which combined with the fact that ∆t ≥ 0 (see (6.71b)) gives

(6.78) ≤
(

1 + 1
H

) nT (s,a)∑

i=1
Ps,a∆ki(s,a)−1 =

(
1 + 1

H

) T∑

t=1
1{(st, at) = (s, a)}Ps,a∆t−1. (6.79)

Combining (6.78) and (6.79) and summing over (s, a), we reach
T∑

t=1

d0(st, at)
db(st, at)

nt(st,at)∑

i=1
η
nt(st,at)
i Pst,at∆ki(st,at)−1 ≤

(
1 + 1

H

) T∑

t=1

d0(st, at)
db(st, at)

Pst,at∆t−1.

Substitution into (6.77) leads to

ζ ≤ γ
(

1 + 1
H

)2 T∑

t=1

d0(st, at)
db(st, at)

Pst,at∆t−1 + ψ0

≤ γ
(

1 + 1
H

)3 T∑

t=1

∑

(s,a)∈S×A
d0(s, a)Ps,a∆t−1 + ϕ0 + ψ0, (6.80)

where the last relation arises from the definition of ϕ0 (cf. (6.75e)).
We now connect (6.80) with α1 (defined in (6.75a)). Since ∆t ≥ 0 (see Lemma 6.10), one has

T∑

t=1

∑

(s,a)
d0(s, a)Ps,a∆t−1 =

∑

(s,a)
d0(s, a)Ps,a∆0 +

T−1∑

t=1

∑

(s,a)
d0(s, a)Ps,a∆t

≤ ρ⊤Pπ⋆∆0 +
T∑

t=1

∑

(s,a)
d0(s, a)Ps,a∆t, (6.81)

where the last line is valid since
∑

(s,a)
d0(s, a)Ps,a∆0 =

∑

(s,a)
ρ(s)1

{
a = π⋆(s)

}
Ps,a∆0 =

∑

s

ρ(s)Ps,π⋆(s)∆0 = ρ⊤Pπ⋆∆0.

Consequently, we can use the definition of ξ0 (cf. (6.75c)) to show that

γ

(
1 + 1

H

)3 T∑

t=1

∑

(s,a)
d0(s, a)Ps,a∆t−1 ≤ α1 + γ

(
1 + 1

H

)3
ρ⊤Pπ⋆∆0 = α1 + ξ0. (6.82)

Substitution into (6.80) leads to
ζ ≤ α1 + ξ0 + ϕ0 + ψ0,

which combined with (6.76) yields

α0 ≤ α1 + ξ0 + θ0 + ψ0 + ϕ0. (6.83)

Repeating similar calculations — with ρ⊤(Pπ⋆)j in place of ρ⊤ — allows us to derive recursively
that, for all j ≥ 0,

αj ≤ αj+1 + ξj + θj + ψj + ϕj . (6.84)
Iterating (6.84) leads to

α0 ≤ α+ ξ + θ + ψ + ϕ, (6.85)
where we define

α := lim sup
j→∞

αj , ξ :=
∞∑

j=0
ξj , θ :=

∞∑

j=0
θj , ψ :=

∞∑

j=0
ψj , ϕ :=

∞∑

j=0
ϕj . (6.86)
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Step 5: bounding the terms separately. It remains to bound the five terms in (6.86) separately.
Before continuing, we find it helpful to introduce the notation

κ := γ

(
1 + 1

H

)3
< 1, (6.87)

where the inequality follows immediately from the choice (6.59a) of H. Moreover, we single out the
following lemma that will be used multiple times throughout the remaining proof.

Lemma 6.11. Consider any 0 < δ < 1, and recall the definition of H and κ in (6.59a) and (6.87),
respectively. For any vector W ∈ RS with nonnegative entries, we have

∞∑

j=0
κjρ⊤(Pπ⋆)jW ≲

1
1− γ

〈
d⋆ρ,W

〉
+ δ

ST 4 (1− γ) ∥W∥∞ . (6.88)

Informally speaking, Lemma 6.11 links the geometrically weighted propagation of a nonnegative
object — along the dynamics induced by the optimal policy — to its weighted average (weighted by
the discounted occupancy distribution). The proof of this lemma is provided in Section 6.8.3.

With Lemma 6.11 in place, we can now bound the terms in (6.86). The resulting bounds are
summarized in the following lemma.

Lemma 6.12. With probability at least 1− δ, the terms in (6.86) satisfy

α = 0, ξ ≲
1

(1− γ)2 , θ ≲

√
C⋆ρSTι

2

(1− γ)5 , ψ + ϕ ≲
C⋆ρ ι

2

(1− γ)3 . (6.89)

At a high level, α is controlled by geometric contraction, while ξ is bounded by means of
Lemma 6.11. The term θ is handled by combining concentration of the visitation counts with the
single-policy concentrability assumption. Finally, ψ is controlled using martingale concentration
together with a one-step time-shift decomposition, whereas ϕ follows directly from martingale
concentration because its summands are predictable. The proof is deferred to Section 6.8.4.

Step 6: putting all this together. Recall that C⋆ρ ≥ 1. Putting (6.175), (6.176), (6.182), and
(6.205) together with (6.85), we arrive at

α0 ≲

√
C⋆ρSTι

2

(1− γ)5 + 1
(1− γ)2 +

C⋆ρ ι
2

(1− γ)3 ≍
√
C⋆ρSTι

2

(1− γ)5 , (6.90)

where the last relation arises from the condition on T in (6.62). Therefore, by (6.72) and the
definition of α0 in (6.75a), one arrives at

V ⋆(ρ)− V π̂(ρ) ≤ 1
T
α0 ≲

√
C⋆ρSι

2

(1− γ)5T
≤ ε,

provided that the universal constant c2 in the condition (6.62) is sufficiently large.

6.5 Minimax lower bounds

While we have previously highlighted the sample optimality of the VI-LCB algorithm, a matching
lower bound is still needed in order to rigorously establish its minimax optimality. We present such
a result below, which serves as a benchmark for assessing the optimality or suboptimality of the
offline RL algorithms developed in this chapter and more broadly in the literature.
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Theorem 6.13. Consider any (γ, S, C⋆ρ , ε) satisfying γ ∈
[

2
3 , 1
)
, S > 12, C⋆ρ > 2, and ε ≤ 1

672(1−γ) .
There exist a class of MDPs {Mθ : θ ∈ Θ} — each with S states and 2 actions — a test state
distribution ρ ∈ ∆(S), and a batch dataset with N independent samples whose single-policy
concentrability coefficient lies within the range [C⋆ρ , 2C⋆ρ ], such that

inf
π̂

max
θ∈Θ

PMθ

(
V ⋆
θ (ρ)− V π̂

θ (ρ) > ε
)
≥ 1

4 , (6.91)

provided that
N ≤ c2SC⋆ρ

(1− γ)3ε2

for some universal numerical constant c2 > 0. Here, the infimum is taken over all policy estimators
π̂, and PMθ

denotes the probability under Mθ.

Remark 6.9. A sharp minimax lower bound under the single-policy clipped concentrability coefficient
C⋆ρ,clipped, defined in (6.4), was established in Li et al. (2024b). Theorem 6.13 instead concerns the
single-policy concentrability coefficient C⋆ρ . Although the proof presented here is inspired by that
work, it differs from the proof therein in several important respects.

In words, Theorem 6.13 asserts that no algorithm can reliably identify an ε-optimal policy unless
the sample size is at least on the order of

Ω
(

SC⋆ρ
(1− γ)3ε2

)
.

As before, the proof relies on standard information-theoretic techniques, in particular a reduction to
a multiple-hypothesis testing problem and an application of Fano’s lemma. Taken together with
Theorem 6.3, this lower bound confirms the minimax optimality of model-based offline RL algorithms
in terms of sample complexity, up to logarithmic factors.

6.5.1 Analysis: construction of hard problem instances

In this subsection, we construct a collection of hard instances that will be used in Section 6.5.2 to
establish the minimax lower bound in Theorem 6.13. We assume throughout that

2
3 ≤ γ < 1 and 224(1− γ)ε

γ
≤ 1

2 . (6.92)

Construction of the hard MDPs. We introduce a class of MDPs
{
Mθ = (S,A, Pθ, r, γ) | θ ∈ Θ ⊆ {0, 1}S−1

}
, (6.93)

parameterized by θ ∈ Θ, where Θ is a subset in {0, 1}S−1 to be specified shortly. Each MDP Mθ

consists of S states and 2 actions:

S = {0, 1, . . . , S − 1} and A = {0, 1}.

To facilitate the construction and its subsequent analysis, we introduce the following state distribu-
tion:

µ(s) = 1
C(S − 1)1{s > 0}+

(
1− 1

C

)
1{s = 0}, ∀s ∈ S, (6.94)



6.5. Minimax lower bounds 219

where C > 2 is some quantity to be specified later (in fact, as we will show shortly in (6.105), C is
within a factor of two of the single-policy concentrability coefficient C⋆ρ). With this distribution in
place, we define the transition kernel Pθ of the MDP Mθ as follows:

Pθ(s′ | s, a) =





p1{s′ = s}+ (1− p)µ(s′), if s > 0, a = θs,

q1{s′ = s}+ (1− q)µ(s′), if s > 0, a = 1− θs,
1{s′ = 0}, if (s, a) = (0, 0),
(2γ − 1)1{s′ = 0}+ 2(1− γ)µ(s′), if (s, a) = (0, 1).

(6.95)

Here, p and q are two parameters chosen as

p = γ + 224(1− γ)2ε

γ
, q = γ − 224(1− γ)2ε

γ
, (6.96)

which, under the assumption (6.92), satisfy

p > q ≥ γ − 1− γ
2 ≥ 1

2 . (6.97)

The reward function for each MDP Mθ is taken to be

r(s, a) =





1, if s > 0,
4
7 , if (s, a) = (0, 0),
0, if (s, a) = (0, 1).

(6.98)

Finally, we describe our choice of the parameter set Θ ⊆ {0, 1}S−1. By virtue of the Gilbert-
Varshamov lemma (Gilbert, 1952), one can construct a set Θ ⊆ {0, 1}S−1 such that

|Θ| ≥ e(S−1)/8 and ∥θ − θ̃∥1 ≥
S − 1

8 (6.99)

for every θ, θ̃ ∈ Θ obeying θ ̸= θ̃. In other words, the set Θ can be constructed to contain an
exponentially large number of pairwise well-separated vectors, a property that will be important in
the ensuing analysis.

Value functions and optimal policies. We next compute the value functions of the constructed
MDPs and identify their optimal policies. For notational clarity, for the MDP Mθ, we denote by π⋆θ
its optimal policy, and let V π

θ and V ⋆
θ denote, respectively, the value function of policy π and the

optimal value function in Mθ. The following lemma collects several useful properties of these value
functions and optimal policies. The proof of this lemma is deferred to Section 6.9.1.
Lemma 6.14. Consider any θ ∈ {0, 1}S−1. One has

V π
θ (s) ≤ 1 + γ

(
1− xπ,θ(s)

)(
C−1V ⋆

θ (s) + (1− C−1)V ⋆
θ (0)

)

1− γxπ,θ(s)
, (6.100a)

for every policy π and every s > 0, where we define
xπ,θ(s) := pπ(θs | s) + qπ(1− θs | s). (6.100b)

Also, equality in (6.100a) is attained when π = π⋆. In addition, the optimal policy π⋆θ and the
optimal value function satisfy, for every s > 0

π⋆θ(0 | 0) = 1, π⋆θ(θs | s) = 1, (6.101a)
and

V ⋆
θ (0) = 4

7(1− γ) and V ⋆
θ (s) = 1 + γ(1− p)(1− C−1)V ⋆

θ (0)
1− γ(p+ (1− p)C−1) . (6.101b)
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Construction of the batch dataset. Given any constructed MDP Mθ, we now generate a dataset
consisting of N i.i.d. samples {(si, ai, s′i)}1≤i≤N according to (6.1), where the data distribution
satisfies

db(s) = µ(s), db(s, a) = µ(s)/2, ∀(s, a) ∈ S ×A, (6.102)

with µ defined in (6.94). This distribution can be realized in Mθ by executing the behavior policy
πb from the initial state distribution ρb given by

ρb(s) = µ(s), πb(a | s) = 1
2 , ∀(s, a) ∈ S ×A. (6.103)

Indeed, as will be shown in Section 6.9.3, µ is stationary under this behavior policy, which yields
the occupancy distribution in (6.102).

Moreover, we choose the test distribution ρ as

ρ(s) =





1
S−1 , if s > 0,
0, if s = 0.

(6.104)

Then, as we shall justify in Section 6.9.3, the single-policy concentrability coefficient C⋆ρ of the
dataset w.r.t. the constructed MDP Mθ satisfies

C < C⋆ρ < 2C. (6.105)

6.5.2 Analysis: establishing the minimax lower bound

Equipped with the construction of hard instances in Section 6.5.1, we now establish the claimed
minimax lower bound. Under the test distribution ρ defined in (6.104), the suboptimality gap
reduces to

〈
ρ, V ⋆

θ − V π̂
θ

〉
= 1
S − 1

S−1∑

s=1

(
V ⋆
θ (s)− V π̂

θ (s)
)
,

where π̂ denotes a policy estimate computed from the batch dataset. Thus, it suffices to control the
aggregate suboptimality over the states s > 0. In what follows, we let Pθ denote the probability
distribution under the MDP Mθ.

Step 1: converting π̂ into a parameter estimate for θ. At a high level, this step seeks to reduce
policy learning to estimating the parameter θ. Towards this end, consider first an arbitrary policy π.
We claim that

〈
ρ, V ⋆

θ − V π
θ

〉
= 1
S − 1

S−1∑

s=1

(
V ⋆
θ (s)− V π

θ (s)
) ≥ 24ε

S − 1

S−1∑

s=1

(
1− π(θs | s)

)
, (6.106)

whose proof is postponed to Section 6.9.3. Since the optimal action at state s is θs (see (6.101) in
Lemma 6.14), the claim (6.106) indicates that every state where π chooses a suboptimal action
contributes a nontrivial amount to the overall suboptimality gap.

Now suppose that a policy estimator π̂ achieves

Pθ
{〈
ρ, V ⋆

θ − V π̂
θ

〉 ≤ ε} ≥ 3
4 . (6.107)
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Then (6.106) and π⋆θ(θs | s) = 1 (see Lemma 6.14) imply that, with probability at least 3/4,
S−1∑

s=1

∥∥π̂(· | s)− π⋆θ(· | s)
∥∥

1 = 2
S−1∑

s=1

(
1− π̂(θs | s)

) ≤ S − 1
12 . (6.108)

Let us convert π̂ into an estimator of θ by defining

θ̂ = arg min
θ∈Θ

S−1∑

s=1

∥∥π̂(· | s)− π⋆
θ
(· | s)

∥∥
1, (6.109)

with ties broken deterministically. As it turns out, θ̂ is a good estimator of θ in the sense that

Pθ
(
θ̂ = θ

) ≥ 3
4 . (6.110)

To justify (6.110), note that for any θ̃ ∈ Θ with θ̃ ̸= θ, one necessarily has
S−1∑

s=1

∥∥π̂(· | s)− π⋆
θ̃
(· | s)

∥∥
1 ≥

S−1∑

s=1

∥∥π⋆θ(· | s)− π⋆θ̃(· | s)
∥∥

1 −
S−1∑

s=1

∥∥π̂(· | s)− π⋆θ(· | s)
∥∥

1

= 2
∥∥θ − θ̃

∥∥
1 −

S−1∑

s=1

∥∥π̂(· | s)− π⋆θ(· | s)
∥∥

1

≥ S − 1
4 − S − 1

12 >
S − 1

12 , (6.111)

where the first inequality holds by the triangle inequality, the penultimate line arises since π⋆θ(θs | s) =
1 (see Lemma 6.14), and the last line comes from the properties (6.99) about Θ. It then follows that

Pθ
(
θ̂ = θ

) ≥ Pθ

(
S−1∑

s=1

∥∥π̂(· | s)− π⋆θ(· | s)
∥∥

1 ≤
S − 1

12

)
≥ 3

4 ,

as claimed.
Thus far, we have shown that a policy estimator satisfying (6.107) yields an estimator of θ

satisfying (6.110). In the ensuing steps, we will show that (6.110) is information-theoretically
impossible without more samples, thus leading to contradiction.

Step 2: probability of error in testing multiple hypotheses. We now turn attention to the task of
recovering θ, which is a |Θ|-ary hypothesis testing problem. Consider the minimax probability of
error

pe := inf
ψ

max
θ∈Θ

Pθ(ψ ̸= θ), (6.112)

where the infimum is taken over all tests ψ (constructed based on the batch dataset). Let µb,θ denote
the distribution of one observed transition (si, ai, s′i) under Mθ, meaning that

µb,θ(s, a, s′) = db(s, a)Pθ(s′ | s, a).

As in the lower-bound analyses in previous chapters, we connect the difficulty of this testing problem
with the KL divergences between the data distributions induced by different hypotheses.

Consider any reference hypothesis θ0 ∈ Θ. Since the N samples are independently generated,
applying Fano’s lemma (i.e., Lemma 2.10(ii)) with M = |Θ| − 1 yields

pe ≥
log |Θ| − log 2
log(|Θ| − 1) −

N

|Θ| log(|Θ| − 1)
∑

θ∈Θ\{θ0}
KL
(
µb,θ ∥∥µb,θ0

)
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≥ log |Θ| − log 2
log(|Θ| − 1) −

N

log(|Θ| − 1) max
θ ̸=θ̃

KL
(
µb,θ ∥∥µb,θ̃), (6.113)

where the first inequality uses the tensorization property of KL divergence for independent samples
(see Lemma 2.12). It remains to bound the one-sample KL divergence between µb,θ and µb,θ̃.

Step 3: bounding the one-sample KL divergence. Recall from (6.102) that db(s, a) = µ(s)/2. By
the factorization of the one-sample distribution, we have

KL
(
µb,θ ∥∥µb,θ̃) =

∑

s∈S

∑

a∈{0,1}
db(s, a)KL

(
Pθ(· | s, a)

∥∥P
θ̃
(· | s, a)

)

= 1
2C(S − 1)

S−1∑

s=1

∑

a∈{0,1}
KL
(
Pθ(· | s, a)

∥∥P
θ̃
(· | s, a)

)
, (6.114)

where the last equality follows since the transition kernels at state 0 do not depend on θ. The lemma
below bounds the KL divergences appearing in (6.114); the proof is provided in Section 6.9.2.

Lemma 6.15. Consider any θ, θ̃ ∈ Θ and any s > 0. If θs = θ̃s, then for every a ∈ {0, 1},

KL
(
Pθ(· | s, a)

∥∥P
θ̃
(· | s, a)

)
= 0.

If θs ̸= θ̃s, then for every a ∈ {0, 1},

KL
(
Pθ(· | s, a)

∥∥P
θ̃
(· | s, a)

) ≤ c3(1− γ)3ε2, (6.115)

where c3 > 0 is some universal constant.

Combining Lemma 6.15 with (6.114) reveals that

KL
(
µb,θ ∥∥µb,θ̃) ≤ c3(1− γ)3ε2

2C(S − 1)

S−1∑

s=1
1{θs ̸= θ̃s}

∑

a∈{0,1}
1

≤ c3(1− γ)3ε2

C
≤ 2c3(1− γ)3ε2

C⋆ρ
, (6.116)

where the last inequality follows since C⋆ρ < 2C (cf. (6.105)).

Step 4: putting all pieces together. Consequently, if N ≤ c2C⋆ρS
(1−γ)3ε2 for some sufficiently small

constant c2 > 0, then substituting (6.116) into (6.113) and using (6.99) imply, for S > 12, that

pe >
1
4 .

On the other hand, if a policy estimator satisfying (6.107) existed for every θ ∈ Θ, then Step 1
would produce an estimator θ̂ satisfying

max
θ∈Θ

Pθ(θ̂ ̸= θ) ≤ 1
4 ,

thus resulting in contradiction. This proves the claimed minimax lower bound.
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6.6 Extension: finite-horizon nonstationary MDPs

We now provide a brief discussion of how the pessimism principle can be applied to finite-horizon
nonstationary MDPs, covering both model-based and model-free approaches. Since the key ideas
largely parallel those developed for the infinite-horizon setting, our treatment here is intention-
ally concise. We refer the interested reader to Li et al. (2024b) and Shi et al. (2022c) for more
comprehensive treatments and detailed analyses of the model-based and model-free approaches,
respectively.

6.6.1 Problem setting

We begin by describing the problem setup.

Offline dataset. Suppose that we are given access to a batch dataset D, containing a collection of
K independent sample trajectories generated by a behavior policy πb = {πb

h}1≤h≤H starting from an
initial state distribution ρb. More specifically, the k-th sample trajectory (1 ≤ k ≤ K) is a sequence

(
sk1, a

k
1, s

k
2, a

k
2, . . . , s

k
H , a

k
H , s

k
H+1

)
, (6.117)

generated by executing the behavior policy πb in the underlying MDP according to

sk1 ∼ ρb, akh ∼ πb
h(· | skh), and skh+1 ∼ Ph(· | skh, akh) (6.118)

for every 1 ≤ h ≤ H. In addition to the dataset D, the learner is assumed to have full access to the
reward function.

For notational convenience, we introduce the shorthand notation for the occupancy measures
induced by the behavior policy πb: ∀(s, a, h) ∈ S ×A× [H],

db
h(s) := dπ

b
h (s; ρb) and db

h(s, a) := dπ
b
h (s, a; ρb). (6.119)

Note that the initial state distribution ρb underlying the offline data set does not necessarily coincide
with the test distribution ρ used for performance evaluation.

Key parameter. Akin to Definition 6.1, we introduce below the notion of single-policy concentra-
bility tailored to finite-horizon MDPs.

Definition 6.2 (Single-policy concentrability for finite-horizon MDPs). For any given initial state
distribution ρ ∈ ∆(S), the single-policy concentrability coefficient underlying the batch dataset D is
defined as

C⋆ρ := max
(s,a,h)∈S×A×[H]

d⋆h(s, a; ρ)
db
h(s, a)

, (6.120)

where the convention 0/0 = 0 is adopted.

Here, C⋆ρ quantifies the distribution shift between the target distribution and the distribution
induced by the behavior policy through the maximum density ratio between their corresponding
occupancy distributions. As before, this condition does not require uniform coverage of the entire
state-action space; it often suffices for the dataset to adequately cover the regions reachable under
the optimal policy π⋆.
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Goal. Given the offline dataset D, the objective is to efficiently learn a policy π̂ that attains
near-optimal statistical performance. More specifically, for a prescribed test distribution ρ ∈ ∆(S)
and a target accuracy level ε ∈ (0, H], we aim to design a learning algorithm that guarantees, with
high probability,

V ⋆
1 (ρ)− V π̂

1 (ρ) ≤ ε,
while requiring as few samples from the dataset as possible.

6.6.2 Model-based algorithm

As in the discounted infinite-horizon setting, minimax-optimal sample complexity in the offline
data setting (6.118) is achieved by model-based methods. In the sequel, we briefly describe a simple
pessimistic variant of the model-based algorithm.

The VI-LCB algorithm for finite-horizon MDPs. The algorithm first constructs an empirical
transition kernel P̂ from the offline dataset D. Based on this estimated model, the VI-LCB algorithm
maintains estimates of the value functions {V̂ lcb

h }1≤h≤H and Q-functions {Q̂lcb
h }1≤h≤H , and proceeds

backward from h = H to h = 1 in the spirit of classical dynamic programming, with the terminal
value V̂ lcb

H+1 = 0 (Xie et al., 2021b; Jin et al., 2021b). Specifically, the updates take the form:

Qlcb
h (s, a) = max

{
rh(s, a) + P̂s,a,hV

lcb
h+1 − bh(s, a;V lcb

h+1), 0
}
, (6.121a)

where P̂s,a,h denotes the empirical estimate of Ps,a,h (cf. (2.29)),

V lcb
h+1(s) = max

a∈A
Qlcb
h+1(s, a), (6.121b)

and bh(s, a;V ) ≥ 0 denotes some penalty function that is decreasing in Nh(s, a), the number of
times the tuple (s, a, h) is sampled. The output policy π̂ is then chosen greedily with respect to the
estimated Q-functions:

∀(s, h) ∈ S × [H] : π̂h(s) ∈ arg max
a

Qlcb
h (s, a). (6.122)

In essence, the VI-LCB algorithm performs value iteration on the empirical model P̂ , while incorpo-
rating lower-confidence penalty terms bh(s, a;V ) into each Bellman update to enforce pessimism.

To more effectively capture the variance structure of the underlying MDP, it is, as before,
advantageous to adopt a Bernstein-style penalty. Concretely, for all (s, a, h) ∈ S ×A× [H],

bh(s, a;V ) = Θ̃
(√√√√Var

P̂s,a,h
(V )

Nh(s, a) + H

Nh(s, a)

)
.

Here, Var
P̂s,a,h

(V ) denotes the variance of the vector V ∈ RS under the distribution P̂s,a,h.
It is worth noting that, in order to establish provable sample optimality, Li et al. (2024b) further

developed a refined variant of the above model-based offline RL method, based on a two-fold sample
splitting procedure that helps decouple complicated statistical dependency arising along each sample
trajectory. We omit these technical details for brevity and refer interested readers to Li et al. (2024b)
for in-depth discussion.
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Theoretical guarantees. The following theorem establishes the sample complexity guarantee for a
variant of the aforementioned VI-LCB algorithm for finite-horizon MDPs, paralleling the guarantee
in Theorem 6.3 for discounted infinite-horizon MDPs.

Theorem 6.16 (Li et al. (2024b)). Consider any ε ∈ (0, H] and any 0 < δ < 1. Let ρ ∈ ∆(S) be any
given state distribution. Then, there exists a variant of the above VI-LCB algorithm such that, with
probability at least 1− δ, the policy π̂ returned by the algorithm satisfies

V ⋆
1 (ρ)− V π̂

1 (ρ) ≤ ε (6.123)

as long as the total number of sample trajectories in D exceeds

K ≥ ckH3SC⋆ρ log KH
δ

ε2 (6.124)

for some sufficiently large numerical constant ck > 0. Here, C⋆ρ is introduced in Definition 6.2.

Given that each sample trajectory has length H, the total number of samples (namely, KH)
required by model-based offline RL algorithms to achieve ε-accuracy can be as low as

Õ

(
H4SC⋆ρ
ε2

)
. (6.125)

This sample complexity can be proven to be minimax-optimal up to logarithmic factors (Li et al.,
2024b). Importantly, the bound in (6.124) is valid for any ε ∈ (0, H], indicating that the algorithm
achieves sample-optimal performance without imposing any burn-in sample size requirement.

6.6.3 Model-free algorithm

Next, we briefly describe how the LCB-Q algorithm introduced in Section 6.4 can be adapted to the
finite-horizon setting.

The LCB-Q algorithm for finite-horizon MDPs. For each trajectory k = 1, . . . ,K, the LCB-Q
algorithm updates a single entry in the Q-estimate at each step h using the observed transition tuple
(skh, akh, skh+1). In particular, it employs a modified Q-learning update equipped with a pessimistic
penalty term as follows:

Qlcb
h (skh, akh)← (1− ηn)Qlcb

h (skh, akh) + ηn
{
rh(skh, akh) + V lcb

h+1(skh+1)− bn
}
.

Here, ηn denotes the learning rate, depending on the number of times n that the state-action pair
(skh, akh) has been visited at step h, with a common choice being ηn = H+1

H+n . The penalty term bn > 0
is chosen to measure the uncertainty of the corresponding Q-estimate and implement pessimism in
the face of uncertainty; for instance, a Hoeffding-style penalty term takes the form

bn = Θ̃
(√

H3

n

)
. (6.126)

The algorithm then outputs a policy estimate π̂ obtained by acting greedily with respect to the
Q-function estimate Qlcb.

The resulting algorithm is a single-pass procedure, requiring only one sweep through the offline
dataset. It enjoys the following statistical guarantees.
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Theorem 6.17 (Shi et al. (2022c)). Consider any δ ∈ (0, 1) and any ε ∈ (0, H]. Let ρ ∈ ∆(S) be
any given state distribution. With probability at least 1− δ, the policy π̂ returned by the LCB-Q
algorithm described above with the Hoeffding-style penalty (6.126) obeys

V ⋆
1 (ρ)− V π̂

1 (ρ) ≤ ε, (6.127)

with the proviso that the total number of sample trajectories exceeds

K ≥ ca
H5SC⋆ρ log3 SAK

δ

ε2 (6.128)

for some sufficiently large numerical constant ca > 0. Here, C⋆ρ is introduced in Definition 6.2.

Compared with its model-based counterpart, the LCB-Q algorithm equipped with a Hoeffding-
style penalty may incur an additional factor of H2 in sample complexity, rendering it statistically
suboptimal. Comprehensive discussions of this pessimistic model-free approach can be found in Shi
et al. (2022c).

6.7 Appendix A: proof of auxiliary lemmas in Section 6.3

6.7.1 Proof of Lemma 6.2

For notational convenience, for any Q,Q1, Q2 ∈ RSA, define their induced value functions by

V (s) := max
a

Q(s, a), V1(s) := max
a

Q1(s, a), V2(s) := max
a

Q2(s, a)

for all s ∈ S. Unless otherwise noted, we assume throughout this subsection that

Q(s, a), Q1(s, a), Q2(s, a) ∈
[
0, 1

1− γ
]

for all (s, a) ∈ S ×A.

In the sequel, we first establish two useful properties of the operator T̂pe (cf. (6.16)). To this
end, we find it helpful to define its unclipped counterpart T̃pe such that: for any (s, a),

T̃pe(Q)(s, a) := r(s, a)− b(s, a;V ) + γP̂s,aV,

then according to the definition (6.16),

T̂pe(Q)(s, a) = max
{T̃pe(Q)(s, a), 0

}
.

Proof of monotonicity. We begin by establishing the monotonicity of the unclipped operator T̃pe,
namely,

Q ≤ Q̃ =⇒ T̃pe(Q) ≤ T̃pe(Q̃). (6.129)

Since the mapping x 7→ max{x, 0} is nondecreasing, this immediately implies that T̂pe is also
monotone.

To prove (6.129), consider any given (s, a) ∈ S ×A, and regard T̃pe(Q)(s, a) as a function of V .
It suffices to show that this function is coordinate-wise nondecreasing in V . Recall the definition of
b(s, a;V ) in (6.19), namely,

b(s, a;V ) := min
{

max{b1, b2},
1

1− γ

}
+ 5
N
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where

b1 :=

√√√√cb log N
(1−γ)δ

Ns,a
Var

P̂s,a
(V ) and b2 :=

2cb log N
(1−γ)δ

(1− γ)Ns,a
.

For any given (s, a), we look at the following three cases separately.

• Case 1: max{b1, b2} > 1
1−γ . In this case, the penalty term simplifies to

b(s, a;V ) = 1
1− γ + 5

N
,

which is independent of V . Hence, for any s′ ∈ S,

∂T̃pe(Q)(s, a)
∂V (s′) = γP̂ (s′ | s, a) ≥ 0.

• Case 2: b1 < b2 <
1

1−γ . In this case, we have

b(s, a;V ) =
2cb log N

(1−γ)δ
(1− γ)Ns,a

+ 5
N
,

which is again independent of V . Thus the same calculation yields the same result as Case 1.

• Case 3: b2 < b1 <
1

1−γ . As an immediate consequence of b2 < b1, one has

Var
P̂s,a

(V ) >
4cb log N

(1−γ)δ
(1− γ)2Ns,a

. (6.130)

In this case, the penalty term depends on V as follows:

b(s, a;V ) =

√√√√cb log N
(1−γ)δ

Ns,a
Var

P̂s,a
(V ) + 5

N
.

For any s′ ∈ S, differentiating the penalty term gives

∂b(s, a;V )
∂V (s′) =

√√√√cb log N
(1−γ)δ

Ns,a

P̂ (s′ | s, a)
(
V (s′)− P̂s,aV

)
√

Var
P̂s,a

(V )
(i)
≤ 1− γ

2 P̂ (s′ | s, a) max
{
V (s′)− P̂s,aV, 0

}

(ii)
≤ 1

2 P̂ (s′ | s, a)
(iii)
≤ γP̂ (s′ | s, a),

where (i) follows from (6.130), (ii) holds since V (s′) − P̂s,aV ≤ 1
1−γ , and (iii) results from

γ ≥ 1/2. Consequently,

∂T̃pe(Q)(s, a)
∂V (s′) = γP̂ (s′ | s, a)− ∂b(s, a;V )

∂V (s′) ≥ 0.

The only points not covered by the preceding three cases lie on the switching boundaries

b1 = b2 or max{b1, b2} = 1
1− γ .
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At these points, the penalty function may not be differentiable. Nevertheless, T̃pe(Q)(s, a) is
continuous and piecewise differentiable as a function of V . Along any coordinate-wise line segment,
its derivative is nonnegative at every differentiability point, by the three cases above. It follows
that the function is nondecreasing along the entire line segment, including across the switching
boundaries. Therefore, T̃pe(Q)(s, a) is coordinate-wise nondecreasing in V .

Finally, Q ≤ Q̃ implies V (s) ≤ Ṽ (s) for every s ∈ S, which proves (6.129).

Proof of γ-contraction. We next prove that T̂pe is a γ-contraction. Consider any Q1, Q2 ∈ RSA,
and set c = ∥Q1 −Q2∥∞. Then we have

T̃pe(Q1)− T̃pe(Q2)
(i)
≤ T̃pe(Q2 + c1SA)− T̃pe(Q2)
(ii)= γcP̂1S = γ∥Q1 −Q2∥∞1SA.

Here, (i) follows from Q1 ≤ Q2 + c1SA and the monotonicity of T̃pe; (ii) holds since the penalty
b(s, a;V ) (cf. (6.19)) is invariant under constant shifts of the value function V , as Var

P̂s,a
(V ) =

Var
P̂s,a

(V + c · 1S). Clearly, this inequality continues to hold if we swap Q1 and Q2. As a result, we
arrive at ∥∥T̃pe(Q1)− T̃pe(Q2)

∥∥
∞ ≤ γ∥Q1 −Q2∥∞.

Since the mapping x 7→ max{x, 0} is 1-Lipschitz, it follows immediately that
∥∥T̂pe(Q1)− T̂pe(Q2)

∥∥
∞ ≤ γ∥Q1 −Q2∥∞. (6.131)

Fixed point of T̂pe. We now turn to the existence and uniqueness of the fixed point of T̂pe. For
any 0 ≤ Q ≤ 1

1−γ 1SA, the definition (6.16) of T̂pe ensures that

0 ≤ T̂pe(Q) ≤ 1
1− γ 1SA.

Define the following sequence recursively:

Q(0) = 0 and Q(t+1) = T̂pe(Q(t)) for t ≥ 0.

By the contraction property (6.131), the standard proof for the Banach fixed-point theorem (e.g.,
Agarwal et al. (2001, Theorem 1)) guarantees that Q(t) converges to some point Q(∞) as t→∞.
Clearly, Q(∞) is a fixed point of T̂pe obeying 0 ≤ Q(∞) ≤ 1

1−γ 1SA.
Moreover, suppose that there exists another point Q̃ obeying Q̃ = T̂pe

(
Q̃
)
, which clearly satisfies

Q̃ ≥ 0. If ∥Q̃∥∞ > 1
1−γ , then
∥∥Q̃
∥∥
∞ =

∥∥T̂pe
(
Q̃
)∥∥
∞ ≤ ∥r∥∞ + γ∥P̂∥1

∥∥Q̃
∥∥
∞ ≤ 1 + γ

∥∥Q̃
∥∥
∞

< (1− γ)
∥∥Q̃
∥∥
∞ + γ

∥∥Q̃
∥∥
∞ =

∥∥Q̃
∥∥
∞,

resulting in contradiction. Hence, every fixed point must satisfy 0 ≤ Q̃ ≤ 1
1−γ 1SA. The γ-contraction

property (6.131) implies that
∥∥Q̃−Q(∞)∥∥

∞ =
∥∥T̂pe

(
Q̃
)− T̂pe

(
Q(∞))∥∥

∞ ≤ γ
∥∥Q̃−Q(∞)∥∥

∞.

Given that γ < 1, it follows immediately that Q̃ = Q(∞), thereby confirming the uniqueness of the
fixed point of T̂pe. From now on, we shall denote this unique fixed point by Q̂⋆pe.
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Convergence properties. We now establish the advertised convergence properties of the iterates.
Since Q0 = 0 ≤ Q̂⋆pe, the monotonicity of T̂pe gives

Q1 = T̂pe(Q0) ≤ T̂pe(Q̂⋆pe) = Q̂⋆pe.

Repeat the same argument to yield

Qτ ≤ Q̂⋆pe for all τ ≥ 0.

Furthermore, applying the contraction property (6.131) recursively gives
∥∥Qτ − Q̂⋆pe

∥∥
∞ =

∥∥T̂pe(Qτ−1)− T̂pe(Q̂⋆pe)
∥∥
∞ ≤ γ

∥∥Qτ−1 − Q̂⋆pe
∥∥
∞

≤ · · · ≤ γτ
∥∥Q0 − Q̂⋆pe

∥∥
∞ ≤

γτ

1− γ , (6.132)

where the last inequality follows from Q0 = 0 and ∥Q̂⋆pe∥∞ ≤ 1/(1− γ).
Finally, the remaining claim (6.21) follows immediately by taking the right-hand side of (6.132)

to be no larger than 1/N . This completes the proof of this lemma.

6.7.2 Proof of Lemma 6.4

With (6.27) in place, it is straightforward to obtain
∥∥V̂ − V̂ ⋆

pe
∥∥
∞ = max

s

∣∣∣max
a

Q̂(s, a)−max
a

Q̂⋆pe(s, a)
∣∣∣ ≤

∥∥Q̂− Q̂⋆pe
∥∥
∞ ≤

1
N
,

as claimed in (6.28a).
Next, we turn to the claim (6.28b). When Ns,a = 0, the claim follows immediately from the

convention b(s, a;V ) = 1/(1− γ) + 5/N . We may therefore assume below that Ns,a > 0. Given the
proximity of V̂ and V̂ ⋆

pe, we can apply Lemma 2.2 to bound the difference of the corresponding
variance terms as follows:

∣∣Var
P̂s,a

(
V̂ ⋆

pe
)− Var

P̂s,a

(
V̂
)∣∣ ≤ 4

1− γ
∥∥V̂ − V̂ ⋆

pe
∥∥
∞ ≤

4
(1− γ)N . (6.133)

In view of the definition of b(s, a;V ) in (6.19), we know that if at least one of the following variance
terms is not too small, i.e.,

max
{

Var
P̂s,a

(
V̂ ⋆

pe
)
,Var

P̂s,a

(
V̂
)} ≥

4cb log N
(1−γ)δ

(1− γ)2Ns,a
, (6.134)

then we have

∣∣b
(
s, a; V̂ ⋆

pe
)− b(s, a; V̂

)∣∣ ≤

√√√√cb log N
(1−γ)δ

Ns,a

∣∣∣∣
√

Var
P̂s,a

(
V̂ ⋆pe
)−

√
Var

P̂s,a

(
V̂
)∣∣∣∣

=

√√√√cb log N
(1−γ)δ

Ns,a

∣∣Var
P̂s,a

(
V̂ ⋆

pe
)− Var

P̂s,a

(
V̂
)∣∣

√
Var

P̂s,a

(
V̂ ⋆pe
)

+
√

Var
P̂s,a

(
V̂
)

(i)
≤ 1− γ

2
∣∣∣Var

P̂s,a

(
V̂ ⋆

pe
)− Var

P̂s,a

(
V̂
)∣∣∣

(ii)
≤ 2
N
,

where (i) results from (6.134), and (ii) holds due to (6.133). Additionally, if condition (6.134) is not
satisfied, then one clearly has b

(
s, a; V̂ ⋆

pe
)

= b
(
s, a; V̂

)
according to the definition (6.19). In summary,

in all cases the advertised bound (6.28b) holds true.
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6.7.3 Proof of Lemma 6.5

For notational convenience, define
L := log SN

δ
.

We divide the proof into two cases.

• First, consider the case where Ndb(s, a) < 8L. In this case,

Ndb(s, a)
12 <

2
3L,

and hence (6.29) holds deterministically.

• It remains to consider the collection of state-action pairs:

Nlarge :=
{

(s, a) ∈ S ×A : Ndb(s, a) ≥ 8L
}
. (6.135)

For any fixed (s, a) ∈ Nlarge, the count Ns,a is a binomial random variable with mean Ndb(s, a).
Then invoking the Chernoff-type bound in Lemma 2.7 yields

P
(
Ns,a <

Ndb(s, a)
2

)
≤ exp

(
−Nd

b(s, a)
8

)
≤ exp(−L) = δ

SN
. (6.136)

Moreover, since ∑s,a d
b(s, a) = 1, the cardinality of Nlarge satisfies

|Nlarge| ·
8L
N
≤

∑

(s,a)∈Nlarge

db(s, a) ≤ 1, (6.137)

and as a result,
|Nlarge| ≤

N

8L ≤ N.
Applying a union bound to (6.136), we conclude that, with probability at least 1− δ,

Ns,a ≥
Ndb(s, a)

2
simultaneously for all (s, a) ∈ Nlarge.

Combining the two cases establishes (6.29).

6.7.4 Proof of Lemma 6.6

If Ns,a = 0, then the desired inequalities hold trivially. It therefore suffices to focus on the case
where Ns,a > 0. We begin by recording a key Bernstein-style result, whose proof is deferred to
Section 6.7.6.

Lemma 6.18. Consider any δ ∈ (0, 1/8), and any fixed pair (s, a) ∈ S × A with Ns,a > 0. Let
V ∈ RS be any vector independent of P̂s,a satisfying 0 ≤ V ≤ 1

1−γ1S . With probability at least
1− 8δ, one has

∣∣(P̂s,a − Ps,a
)
V
∣∣ ≤

√√√√4Var
P̂s,a

(V ) log 1
δ

Ns,a
+

5 log 1
δ

(1− γ)Ns,a
, (6.138a)

Var
P̂s,a

(V ) ≤ 2VarPs,a
(
V
)

+
5 log 1

δ

3(1− γ)2Ns,a
. (6.138b)
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With this concentration result in place, we now proceed to prove Lemma 6.6. Our argument
employs the leave-one-out decoupling technique — similar to that introduced in Section 3.3.4 —
and proceeds in several steps.

Step 1: constructing auxiliary state-absorbing MDPs. For each state s ∈ S and each scalar u ≥ 0,
we construct an auxiliary MDP M̂s,u that coincides with the empirical MDP M̂ = (S,A, P̂ , r, γ)
except in state s. More precisely, the transition kernel of M̂s,u, denoted by P s,u, is defined as

P s,u( s̃ | s, a) = 1(s̃ = s) for all ( s̃, a) ∈ S ×A,
P s,u(· | s′, a) = P̂ (· | s′, a) for all (s′, a) ∈ S ×A and s′ ̸= s;

and the reward function of M̂s,u, denoted by rs,u, is defined as

rs,u(s, a) = u for all a ∈ A,
rs,u(s′, a) = r(s′, a) for all (s′, a) ∈ S ×A and s′ ̸= s.

Thus, M̂s,u makes state s absorbing and replaces its reward by u, thereby removing any dependence
on the empirical transition vectors {P̂s,a}a∈A.

Further, we define the pessimistic Bellman operator T̂ s,upe associated with the auxiliary MDP
M̂s,u such that, for every (s, a) ∈ S ×A,

T̂ s,upe (Q)(s, a) := max
{
rs,u(s, a) + γP s,us,a V − bs,u(s, a;V ), 0

}
, (6.139)

where the penalty term is chosen as

bs,u(s, a;V ) := min
{

max
{√√√√cb log N

(1−γ)δ
Ns,a

VarP s,u(· | s,a)(V ),
2cb log N

(1−γ)δ
(1− γ)Ns,a

}
,

1
1− γ

}
+ 5
N
.

Step 2: connecting empirical and auxiliary MDPs. Set

u⋆ = (1− γ)V̂ ⋆
pe(s) + min

{ 2cb log N
(1−γ)δ

(1− γ) maxaNs,a
,

1
1− γ

}
+ 5
N
. (6.140)

We claim that T̂ s,u⋆pe has a fixed point Q̂⋆s,u⋆ whose induced value function is V̂ ⋆
pe. To establish this

claim, we first verify the following two properties.

• Consider any a ∈ A. Since P s,u(· | s, a) has only one nonzero entry, which equals 1, we have
VarP s,u(· | s,a)(V ) = 0 for every V and every u. Therefore,

bs,u(s, a;V ) = min
{2cb log N

(1−γ)δ
(1− γ)Ns,a

,
1

1− γ

}
+ 5
N
. (6.141)

Consequently, it follows that, in state s,

max
a

{
rs,u

⋆(s, a)− bs,u⋆(s, a; V̂ ⋆
pe
)

+ γ
〈
P s,u

⋆(· | s, a), V̂ ⋆
pe
〉}

= max
a

{
u⋆ − bs,u⋆(s, a; V̂ ⋆

pe
)

+ γV̂ ⋆
pe(s)

}

= u⋆ −min
a
bs,u

⋆(
s, a; V̂ ⋆

pe
)

+ γV̂ ⋆
pe(s)

= (1− γ)V̂ ⋆
pe(s) + γV̂ ⋆

pe(s) = V̂ ⋆
pe(s), (6.142)

where the third identity follows from the choice (6.140) of u⋆ together with (6.141).
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• Next, consider any s′ ̸= s and any a ∈ A. By construction of the auxiliary MDP, we have

max
{
rs,u

⋆(s′, a)− bs,u⋆(s′, a; V̂ ⋆
pe
)

+ γ
〈
P s,u

⋆(· | s′, a), V̂ ⋆
pe
〉
, 0
}

= max
{
r(s′, a)− b(s′, a; V̂ ⋆

pe
)

+ γ
〈
P̂ (· | s′, a), V̂ ⋆

pe
〉
, 0
}

= Q̂⋆pe(s′, a), (6.143)

where the last equality uses the fact that Q̂⋆pe represents a fixed point of T̂pe (cf. (6.16)).

The preceding two identities suggest that V̂ ⋆
pe satisfies the pessimistic Bellman equations of the

auxiliary MDP. We now formalize it by constructing the corresponding fixed point. Specifically,
define the candidate Q-function Q̂⋆s,u⋆ as follows:

Q̂⋆s,u⋆(s′, a) :=





max
{
u⋆ − bs,u⋆(s, a; V̂ ⋆

pe
)

+ γV̂ ⋆
pe(s), 0

}
, if s′ = s,

Q̂⋆pe(s′, a), if s′ ̸= s.

(6.144)

Denote by V̂ ⋆
s,u⋆ the value function induced by this candidate Q-function. For every s′ ≠ s, its

definition gives

V̂ ⋆
s,u⋆(s′) = max

a
Q̂⋆pe(s′, a) = V̂ ⋆

pe(s′). (6.145a)

In state s, property (6.142) together with the nonnegativity of V̂ ⋆
pe(s) implies that

V̂ ⋆
s,u⋆(s) = max

a
Q̂⋆s,u⋆(s, a)

= max
{

max
a

[
u⋆ − bs,u⋆(s, a; V̂ ⋆

pe
)

+ γV̂ ⋆
pe(s)

]
, 0
}

= V̂ ⋆
pe(s). (6.145b)

Consequently, we arrive at V̂ ⋆
s,u⋆ = V̂ ⋆

pe.
It remains to verify that the candidate Q-function is indeed a fixed point. In state s, the first

case in (6.144), together with P s,u
⋆(s′ | s, a) = 1{s′ = s}, gives

Q̂⋆s,u⋆(s, a) = T̂ s,u⋆pe
(
Q̂⋆s,u⋆

)
(s, a).

For every state s′ ̸= s, it follows from (6.143) that

Q̂⋆s,u⋆(s′, a) = T̂ s,u⋆pe
(
Q̂⋆s,u⋆

)
(s′, a).

Therefore, we have justified that
Q̂⋆s,u⋆ = T̂ s,u⋆pe

(
Q̂⋆s,u⋆

)
,

which proves that Q̂⋆s,u⋆ is a fixed point of the auxiliary pessimistic Bellman operator and that its
induced value function is precisely V̂ ⋆

pe.

Step 3: building a covering set. Fix any (s, a) ∈ S ×A with Ns,a > 0. We discretize the possible
range of u⋆ using a grid with resolution 1/N , so that the concentration bound in Lemma 6.18 can
be applied uniformly over a finite collection of auxiliary MDPs.

Define

umax := min
{ 2cb log N

(1−γ)δ
(1− γ) maxa′ Ns,a′

,
1

1− γ

}
+ 5
N

+ 1,
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and construct the covering set

Ucover :=
{
i

N
: 1 ≤ i ≤ ⌊Numax⌋

}
. (6.146a)

Given that N ≥ 5 and γ ≥ 1/2, its cardinality can be readily bounded by
∣∣Ucover

∣∣ ≤ Numax ≤
N

1− γ + 5 +N ≤ 2N
1− γ . (6.146b)

We first verify that this grid contains a point within 1/N of u⋆. By the definition (6.140) of u⋆, one
has u⋆ ≥ 5/N . Moreover, since (1− γ)V̂ ⋆

pe(s) ≤ 1, it is readily seen that

u⋆ ≤ 1 + min
{ 2cb log N

(1−γ)δ
(1− γ) maxa′ Ns,a′

,
1

1− γ

}
+ 5
N

= umax. (6.147)

Therefore, there exists u0 ∈ Ucover such that

|u0 − u⋆| ≤
1
N
. (6.148)

The choice of umax also ensures that the fixed points associated with the auxiliary MDPs remain
well bounded. Indeed, in state s, property (6.141) implies that, for every u ∈ Ucover and every action
a′,

u− bs,u(s, a′;V ) ≤ umax − bs,u(s, a′;V ) ≤ 1.

Since the immediate rewards in states s′ ̸= s also lie in [0, 1], the operator T̂ s,upe maps
{
Q ∈ RSA : 0 ≤ Q ≤ 1

1− γ 1SA
}

into itself. Given that T̂ s,upe is a γ-contraction, it has a unique fixed point Q̂⋆s,u satisfying

0 ≤ Q̂⋆s,u ≤
1

1− γ 1SA.

In what follows, we shall denote by V̂ ⋆
s,u the value function induced by Q̂⋆s,u.

For each u ∈ Ucover, construct the auxiliary MDP M̂s,u as in Step 1. Since V̂ ⋆
s,u is independent of

P̂s,a (conditional on the visitation counts {Ns,a}), applying Lemma 6.18 and taking a union bound
over u ∈ Ucover (using the cardinality bound (6.146b)) yields that: for each fixed (s, a) with Ns,a > 0,
with probability at least 1− δ/N one has

∣∣∣
(
P̂s,a − Ps,a

)
V̂ ⋆
s,u

∣∣∣ ≤

√√√√4 log 16N2
(1−γ)δ

Ns,a
Var

P̂s,a

(
V̂ ⋆
s,u

)
+

5 log 16N2

(1−γ)δ
(1− γ)Ns,a

(6.149a)

Var
P̂s,a

(
V̂ ⋆
s,u

) ≤ 2VarPs,a
(
V̂ ⋆
s,u

)
+

5 log 16N2

(1−γ)δ
3(1− γ)2Ns,a

(6.149b)

simultaneously for all u ∈ Ucover. Since there are at most N state-action pairs satisfying Ns,a > 0, a
further union bound over all these pairs reveals that, with probability at least 1− δ, the bounds
in (6.149) hold uniformly for all (s, a) ∈ S × A satisfying Ns,a > 0 and all u from the associated
covering set Ucover.
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Step 4: a covering argument. In this step, we work on the high-probability event (6.149). By the
construction in Step 3, there exists some u0 ∈ Ucover such that |u0 − u⋆| ≤ 1/N . By the construction
of the MDP M̂s,u and the operator in (6.139), we have

∥∥T̂ s,u0
pe (Q)− T̂ s,u⋆pe (Q)

∥∥
∞ ≤

∣∣u0 − u⋆
∣∣ ≤ 1

N

for any Q ∈ RSA. Consequently, the γ-contraction property of the operator gives
∥∥Q̂⋆s,u0 − Q̂⋆s,u⋆

∥∥
∞ =

∥∥T̂ s,u0
pe

(
Q̂⋆s,u0

)− T̂ s,u⋆pe
(
Q̂⋆s,u⋆

)∥∥
∞

≤
∥∥T̂ s,u⋆pe

(
Q̂⋆s,u0

)− T̂ s,u⋆pe
(
Q̂⋆s,u⋆

)∥∥
∞ +

∥∥T̂ s,u0
pe

(
Q̂⋆s,u0

)− T̂ s,u⋆pe
(
Q̂⋆s,u0

)∥∥
∞

≤ γ
∥∥Q̂⋆s,u0 − Q̂⋆s,u⋆

∥∥
∞ + 1

N
.

Rearranging terms immediately gives
∥∥Q̂⋆s,u0 − Q̂⋆s,u⋆

∥∥
∞ ≤

1
(1− γ)N , (6.150a)

and hence
∥∥V̂ ⋆

s,u0 − V̂ ⋆
s,u⋆

∥∥
∞ ≤

∥∥Q̂⋆s,u0 − Q̂⋆s,u⋆
∥∥
∞ ≤

1
(1− γ)N . (6.150b)

We next use this perturbation bound to compare the corresponding variance terms. Specifically,

VarPs,a
(
V̂ ⋆
s,u0

)− VarPs,a
(
V̂ ⋆
s,u⋆

)

(i)
≤ Ps,a

((
V̂ ⋆
s,u0 −

〈
Ps,a, V̂

⋆
s,u⋆

〉
1
) ◦ (V̂ ⋆

s,u0 −
〈
Ps,a, V̂

⋆
s,u⋆

〉
1
))

− Ps,a
((
V̂ ⋆
s,u⋆ −

〈
Ps,a, V̂

⋆
s,u⋆

〉
1
) ◦ (V̂ ⋆

s,u⋆ −
〈
Ps,a, V̂

⋆
s,u⋆

〉
1
))

= Ps,a
((
V̂ ⋆
s,u0 −

〈
Ps,a, V̂

⋆
s,u⋆

〉
1 + V̂ ⋆

s,u⋆ −
〈
Ps,a, V̂

⋆
s,u⋆

〉
1
) ◦ (V̂ ⋆

s,u0 − V̂ ⋆
s,u⋆

))

≤ 2
1− γ

∥∥Ps,a
∥∥

1
∥∥V̂ ⋆

s,u0 − V̂ ⋆
s,u⋆

∥∥
∞

= 2
1− γ

∥∥V̂ ⋆
s,u0 − V̂ ⋆

s,u⋆
∥∥
∞

(ii)
≤ 2

(1− γ)2N
.

Here, (i) follows from a direct use of E[X] = arg minc E[(X − c)2], so that

VarPs,a
(
V̂ ⋆
s,u0

)
= Ps,a

((
V̂ ⋆
s,u0 −

〈
Ps,a, V̂

⋆
s,u0

〉
1
) ◦ (V̂ ⋆

s,u0 −
〈
Ps,a, V̂

⋆
s,u0

〉
1
))

≤ Ps,a
((
V̂ ⋆
s,u0 −

〈
Ps,a, V̂

⋆
s,u⋆

〉
1
) ◦ (V̂ ⋆

s,u0 −
〈
Ps,a, V̂

⋆
s,u⋆

〉
1
))
,

while (ii) uses the bounds 0 ≤ V̂ ⋆
s,u0 , V̂

⋆
s,u⋆ ≤ 1

1−γ1S . The above inequality continues to hold if we
swap V̂ ⋆

s,u0 and V̂ ⋆
s,u⋆ . As a result, we arrive at

∣∣∣VarPs,a
(
V̂ ⋆
s,u0

)− VarPs,a
(
V̂ ⋆
s,u⋆

)∣∣∣ ≤ 2
(1− γ)2N

. (6.151)

The same argument also applies with Ps,a replaced by P̂s,a, yielding
∣∣∣Var

P̂s,a

(
V̂ ⋆
s,u0

)− Var
P̂s,a

(
V̂ ⋆
s,u⋆

)∣∣∣ ≤ 2
(1− γ)2N

. (6.152)
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With these perturbation bounds in place, we can use the triangle inequality to show that
∣∣∣
(
P̂s,a − Ps,a

)
V̂ ⋆

pe
∣∣∣ (i)=

∣∣∣
(
P̂s,a − Ps,a

)
V̂ ⋆
s,u⋆

∣∣∣

≤
∣∣∣
(
P̂s,a − Ps,a

)
V̂ ⋆
s,u0

∣∣∣+
∣∣∣
(
P̂s,a − Ps,a

)(
V̂ ⋆
s,u⋆ − V̂ ⋆

s,u0

)∣∣∣
(ii)
≤
∣∣∣
(
P̂s,a − Ps,a

)
V̂ ⋆
s,u0

∣∣∣+ 2
N(1− γ)

(iii)
≤

√√√√4 log 16N2
(1−γ)δ

Ns,a
Var

P̂s,a

(
V̂ ⋆
s,u⋆

)
+

10 log 16N2

(1−γ)δ
(1− γ)Ns,a

. (6.153)

Here, (i) arises from (6.145); (ii) follows since, according to (6.150),
∣∣∣
(
P̂s,a − Ps,a

)(
V̂ ⋆
s,u⋆ − V̂ ⋆

s,u0

)∣∣∣ ≤
(∥∥P̂s,a

∥∥
1 +

∥∥Ps,a
∥∥

1
)∥∥V̂ ⋆

s,u⋆ − V̂ ⋆
s,u0

∥∥
∞

≤ 2
N(1− γ) ;

and (iii) comes from (6.152) and (6.149a), which implies

∣∣∣
(
P̂s,a − Ps,a

)
V̂ ⋆
s,u0

∣∣∣ ≤

√√√√4 log 16N2
(1−γ)δ

Ns,a
Var

P̂s,a

(
V̂ ⋆
s,u0

)
+

5 log 16N2

(1−γ)δ
(1− γ)Ns,a

≤

√√√√4 log 16N2
(1−γ)δ

Ns,a
Var

P̂s,a

(
V̂ ⋆
s,u⋆

)
+

5 log 16N2

(1−γ)δ
(1− γ)Ns,a

+

√√√√ 8 log 16N2
(1−γ)δ

(1− γ)2N ·Ns,a

≤

√√√√4 log 16N2
(1−γ)δ

Ns,a
Var

P̂s,a

(
V̂ ⋆
s,u⋆

)
+

8 log 16N2

(1−γ)δ
(1− γ)Ns,a

,

where the last step uses N ≥ Ns,a. Similarly, one can also use (6.145) to obtain

Var
P̂s,a

(
V̂ ⋆

pe
)

= Var
P̂s,a

(
V̂ ⋆
s,u⋆

)

≤ Var
P̂s,a

(
V̂ ⋆
s,u0

)
+
∣∣∣Var

P̂s,a

(
V̂ ⋆
s,u⋆

)− Var
P̂s,a

(
V̂ ⋆
s,u0

)∣∣∣

(i)
≤ 2VarPs,a

(
V̂ ⋆
s,u0

)
+

5 log 16N2

(1−γ)δ
3(1− γ)2Ns,a

+ 2
(1− γ)2N

≤ 2VarPs,a
(
V̂ ⋆
s,u⋆

)
+ 2

∣∣∣VarPs,a
(
V̂ ⋆
s,u⋆

)− VarPs,a
(
V̂ ⋆
s,u0

)∣∣∣+
5 log 16N2

(1−γ)δ
3(1− γ)2Ns,a

+ 2
(1− γ)2N

(ii)
≤ 2VarPs,a

(
V̂ ⋆

pe
)

+ 6
(1− γ)2N

+
5 log 16N2

(1−γ)δ
3(1− γ)2Ns,a

(iii)
≤ 2VarPs,a

(
V̂ ⋆

pe
)

+
23 log 16N2

(1−γ)δ
3(1− γ)2Ns,a

, (6.154)

where (i) results from (6.149b) and (6.152), (ii) follows from (6.151), and (iii) uses N ≥ Ns,a.

Step 5: extending the bounds to Ṽ . Now consider any Ṽ satisfying
∥∥Ṽ − V̂ ⋆

pe
∥∥
∞ ≤

1
N

and ∥Ṽ ∥∞ ≤
1

1− γ .
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For notational convenience, define
ℓ := log 4N

(1− γ)δ .

Since (1− γ)δ ≤ 1, we have

log 16N2

(1− γ)δ ≤ 2 log 4N
(1− γ)δ = 2ℓ. (6.155)

Invoking (6.153) and using (6.155), we obtain

∣∣∣
(
P̂s,a − Ps,a

)
V̂ ⋆

pe
∣∣∣ ≤

√
8ℓ
Ns,a

Var
P̂s,a

(
V̂ ⋆pe
)

+ 20ℓ
(1− γ)Ns,a

. (6.156)

Moreover, the triangle inequality gives
∣∣∣
(
P̂s,a − Ps,a

)
Ṽ
∣∣∣ ≤

∣∣∣
(
P̂s,a − Ps,a

)
V̂ ⋆

pe
∣∣∣+

∣∣∣
(
P̂s,a − Ps,a

)(
Ṽ − V̂ ⋆

pe
)∣∣∣

≤
∣∣∣
(
P̂s,a − Ps,a

)
V̂ ⋆

pe
∣∣∣+ 2

N
, (6.157)

where the second inequality follows from

∥P̂s,a∥1 = ∥Ps,a∥1 = 1 and
∥∥Ṽ − V̂ ⋆

pe
∥∥
∞ ≤

1
N
.

The same variance-perturbation argument used to establish (6.152) yields
∣∣∣Var

P̂s,a

(
V̂ ⋆

pe
)− Var

P̂s,a

(
Ṽ
)∣∣∣ ≤ 2

(1− γ)2N
, (6.158)

and as a result,
√

Var
P̂s,a

(
V̂ ⋆pe
) ≤

√
Var

P̂s,a

(
Ṽ
)

+
√

2
(1− γ)2N

. (6.159)

Combining (6.156), (6.157) and (6.159), we arrive at

∣∣∣
(
P̂s,a − Ps,a

)
Ṽ
∣∣∣ ≤

√
8ℓ
Ns,a

Var
P̂s,a

(
Ṽ
)

+
√

16ℓ
(1− γ)2NNs,a

+ 20ℓ
(1− γ)Ns,a

+ 2
N

≤
√

8ℓ
Ns,a

Var
P̂s,a

(
Ṽ
)

+ 26ℓ
(1− γ)Ns,a

, (6.160)

thereby establishing (6.31a).
The other desired inequality, (6.31b), follows analogously by combining (6.154) with the variance

perturbation bound (6.158).

6.7.5 Proof of Lemma 6.7

Recall the definition of P ⋆ and b⋆ in (6.25). We first make the observation that
(
V̂ ◦ V̂ )− (γP ⋆V̂ ) ◦ (γP ⋆V̂ ) =

(
V̂ − γP ⋆V̂ ) ◦ (V̂ + γP ⋆V̂

)

(i)
≤ (V̂ − γP ⋆V̂ + 2b⋆

) ◦ (V̂ + γP ⋆V̂
)
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(ii)
≤ 2

1− γ
(
V̂ − γP ⋆V̂ + 2b⋆

)
. (6.161)

Here, (i) arises from b⋆ ≥ 0 and V̂ + γP ⋆V̂ ≥ 0; (ii) follows from

∥V̂ + γP ⋆V̂ ∥∞ ≤ 2∥V̂ ∥∞ ≤
2

1− γ ,

together with the fact that V̂ − γP ⋆V̂ + 2b⋆ ≥ 0, which has been verified in (6.40). With this
observation in mind, we can demonstrate that

∑

s

d⋆(s)VarPs,π⋆(s)

(
V̂
) (i)=

〈
d⋆, P ⋆

(
V̂ ◦ V̂ )− (P ⋆V̂ ) ◦ (P ⋆V̂ )

〉

(ii)
≤
〈
d⋆, P ⋆

(
V̂ ◦ V̂ )− 1

γ2 V̂ ◦ V̂ + 2
γ2(1− γ)

(
V̂ − γP ⋆V̂ + 2b⋆

)〉

(iii)
≤
〈
d⋆, P ⋆

(
V̂ ◦ V̂ )− 1

γ
V̂ ◦ V̂ + 2

γ2(1− γ)
(
(I − γP ⋆)V̂ + 2b⋆

)〉

= d⋆⊤
(
I − γP ⋆)

{
−1
γ
V̂ ◦ V̂ + 2

γ2(1− γ) V̂
}

+ 4
γ2(1− γ)⟨d

⋆, b⋆⟩

(iv)
≤ (1− γ)ρ⊤

{
−1
γ
V̂ ◦ V̂ + 2

γ2(1− γ) V̂
}

+ 4
γ2(1− γ) ⟨d

⋆, b⋆⟩

≤ 2
γ2 ρ

⊤V̂ + 4
γ2(1− γ) ⟨d

⋆, b⋆⟩
(v)
≤ 2
γ2(1− γ) + 4

γ2(1− γ) ⟨d
⋆, b⋆⟩ .

Here, (i) follows from the variance identity (2.22); (ii) arises from (6.161); (iii) uses γ < 1; (iv) is a
direct consequence of the matrix-vector representation (6.44); and (v) follows from ∥ρ∥1 = 1 and
∥V̂ ∥∞ ≤ 1/(1− γ).

6.7.6 Proof of Lemma 6.18

In this subsection, we prove Lemma 6.18 using the concentration inequalities developed in Section 2.4.
We consider any given (s, a) obeying Ns,a > 0.

Proof of inequality (6.138a). If 0 < Ns,a < 5 log 1
δ , then we can immediately see that

∣∣∣
(
P̂s,a − Ps,a

)
V
∣∣∣ ≤ ∥V ∥∞ ≤

1
1− γ ≤

5 log 1
δ

(1− γ)Ns,a
,

and hence the claim (6.138a) is valid. As a result, it suffices to look at the case where

Ns,a ≥ 5 log 1
δ
. (6.162)

Applying the empirical Bernstein inequality (cf. Lemma 2.6) yields, with probability exceeding
1− 4δ,

∣∣(P̂s,a − Ps,a)V
∣∣ ≤

√√√√ 2 log 1
δ

Ns,a − 1
√

Var
P̂s,a

(V ) +
7∥V ∥∞ log 1

δ

3(Ns,a − 1)

≤

√√√√4Var
P̂s,a

(V ) log 1
δ

Ns,a
+

5 log 1
δ

(1− γ)Ns,a
,

where the last inequality uses ∥V ∥∞ ≤ 1
1−γ as well as Ns,a− 1 ≥ Ns,a/2 under the condition (6.162).
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Proof of inequality (6.138b). Defining V = V − (Ps,aV )1S , one can invoke the Bernstein inequality
(cf. Lemma 2.5) to show that, with probability at least 1− 4δ,

∣∣∣
(
Ps,a − P̂s,a

)(
V ◦ V )

∣∣∣ ≤

√√√√2VarPs,a
(
V ◦ V ) log 1

δ

Ns,a
+

2∥V ◦ V ∥∞ log 1
δ

3Ns,a

≤

√√√√2VarPs,a(V ) log 1
δ

(1− γ)2Ns,a
+

2 log 1
δ

3(1− γ)2Ns,a
,

where the second inequality results from Lemma 5.22 and the fact that ∥V ∥∞ ≤ 1
1−γ . In addition,

we observe that

VarPs,a(V ) = Ps,a
(
V ◦ V ) =

(
Ps,a − P̂s,a

)(
V ◦ V )+ P̂s,a

(
V ◦ V )

=
(
Ps,a − P̂s,a

)(
V ◦ V )+ Var

P̂s,a
(V ) +

∣∣P̂s,aV
∣∣2

=
(
Ps,a − P̂s,a

)(
V ◦ V )+ Var

P̂s,a
(V ) +

∣∣(P̂s,a − Ps,a
)
V
∣∣2.

Taking the above two equations collectively yields, with probability at least 1− 4δ,

VarPs,a(V ) ≥ −
∣∣∣
(
Ps,a − P̂s,a

)(
V ◦ V )

∣∣∣+ Var
P̂s,a

(V )

≥ −

√√√√2VarPs,a
(
V
)

log 1
δ

(1− γ)2Ns,a
− 2 log 1

δ

3(1− γ)2Ns,a
+ Var

P̂s,a
(V ).

Rearranging terms and applying the AM-GM inequality, we have

Var
P̂s,a

(V ) ≤ VarPs,a(V ) + 2

√√√√VarPs,a
(
V
)

log 1
δ

(1− γ)2Ns,a
+

2 log 1
δ

3(1− γ)2Ns,a

≤ 2VarPs,a(V ) +
5 log 1

δ

3(1− γ)2Ns,a
.

6.8 Appendix B: proof of auxiliary lemmas in Section 6.4.3

6.8.1 Proof of Lemma 6.9

Consider any fixed (s, a) ∈ S ×A and any fixed 1 ≤ t ≤ T . For notational simplicity, let n denote
the number of visits to (s, a) up to iteration t, and let ki denote the iteration at which (s, a) is
visited for the i-th time. For each 1 ≤ i ≤ n, define the indicator vector Pki ∈ {0, 1}1×S associated
with the next state observed during the i-th visit by

Pki(s′) := 1{s′ = s′ki}, ∀s′ ∈ S. (6.163)

If n = 0, then Qt(s, a) = 0, and the claims (6.67) and (6.68) follow immediately. It therefore
suffices to focus on the case n > 0 below. To unroll the pessimistic Q-iterates, one can apply the
update rule (6.60) recursively and employ the initialization Q0 = 0 to show that

Qt(s, a) =
n∑

i=1
ηni

{
r(s, a) + γVki−1(s′ki)− bi

}
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= r(s, a) +
n∑

i=1
ηni

{
γPkiVki−1 − bi

}
, (6.164)

where we recall the definition of ηni in (5.67) and have used property (5.68) in the last line. Combine
this with the Bellman equation Q⋆(s, a) = r(s, a) + γPs,aV

⋆ to yield

(
Q⋆ −Qt

)
(s, a) = γPs,aV

⋆ −
n∑

i=1
ηni

{
γPkiVki−1 − bi

}

= γ
n∑

i=1
ηni Ps,a

(
V ⋆ − Vki−1

)
+ γ

n∑

i=1
ηni (Ps,a − Pki)Vki−1 +

n∑

i=1
ηni bi, (6.165)

where the second line again relies on property (5.68). Similarly, taking (6.164) together with the
Bellman equation Qπ(s, a) = r(s, a) + γPs,aV

π gives

(
Qπ −Qt

)
(s, a) = γ

n∑

i=1
ηni Ps,a

(
V π − Vki−1

)
+ γ

n∑

i=1
ηni (Ps,a − Pki)Vki−1 +

n∑

i=1
ηni bi. (6.166)

These leave us with several terms to control.

• We first control the second term on the right-hand side of (6.165) (or equivalently, the second
term on the right-hand side of (6.166)). Since the visitation count n is random, we would like
to establish a bound that holds simultaneously for all possible values of n. To do so, invoke
the Azuma-Hoeffding inequality (see Lemma 2.8) and take the union bound over all 1 ≤ ℓ ≤ T
to show that, with probability at least 1− δ/(SAT ),

∣∣∣∣∣γ
ℓ∑

i=1
ηℓi (Ps,a − Pki)Vki−1

∣∣∣∣∣ ≤

√√√√2
ℓ∑

i=1

(
ηℓi
)2 1

(1− γ)2 log 2SAT 2

δ

≤ 2
√

H

ℓ(1− γ)2 log 2SAT 2

δ

holds simultaneously for all 1 ≤ ℓ ≤ T , where the last inequality results from (5.69b).
Recognizing the trivial fact that n ∈ [T ], we can take ℓ = n in the preceding bound to obtain

∣∣∣∣∣γ
n∑

i=1
ηni (Ps,a − Pki)Vki−1

∣∣∣∣∣ ≤ 2
√

H

n(1− γ)2 log 2SAT 2

δ
(6.167)

with probability exceeding 1− δ/(SAT ).

• We now turn to the last term of (6.165) (or equivalently, the last term of (6.166)). By an
argument analogous to that used in the online setting (see Lemma 5.18 and its proof), we have

cb

√
Hι

n(1− γ)2 ≤
n∑

i=1
ηni bi ≤ 2cb

√
Hι

n(1− γ)2 . (6.168)

Substitution into (6.165) and (6.166) then gives, with probability at least 1− δ/(SAT ),

(
Q⋆ −Qt

)
(s, a) ≤ γ

n∑

i=1
ηni Ps,a

(
V ⋆ − Vki−1

)
+ βn, (6.169a)
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(
Qπ −Qt

)
(s, a) ≥ γ

n∑

i=1
ηni Ps,a

(
V π − Vki−1

)
, (6.169b)

provided that cb is sufficiently large. Importantly, (6.169b) holds simultaneously for all deterministic
policy π, regardless of whether it is dependent on the data samples.

Taking the union bound over all 1 ≤ t ≤ T and all (s, a) ∈ S ×A, we see that with probability
at least 1− δ, the inequalities in (6.169) hold simultaneously for all 1 ≤ t ≤ T , all (s, a) ∈ S ×A,
and all deterministic policy π. This concludes the proof.

6.8.2 Proof of Lemma 6.10

To begin with, we single out an immediate, useful consequence of Lemma 6.9: taking π = π⋆ and
using Qπ⋆ = Q⋆ and V π⋆ = V ⋆ in Lemma 6.9 lead to

Q⋆(s, a)−Qt(s, a) ≥ γ
nt(s,a)∑

i=1
η
nt(s,a)
i Ps,a

(
V ⋆ − Vki(s,a)−1

)
(6.170)

simultaneously for all (s, a) ∈ S ×A and 1 ≤ t ≤ T , on an event of probability at least 1− δ.
We first prove that Qt ≤ Q⋆ and Vt ≤ V ⋆ by induction. The claim is immediate for the base

case with t = 0, since Q0 = 0 and V0 = 0. Suppose for the moment that

Qτ ≤ Q⋆ and Vτ ≤ V ⋆

hold for every τ < t, so that Vki(s,a)−1 ≤ V ⋆ for every i ≤ nt(s, a). Hence, the right-hand side of
(6.170) is nonnegative, which readily implies that

Qt(s, a) ≤ Q⋆(s, a) for all (s, a) ∈ S ×A.

With the monotone update of value estimates in mind, we further obtain

Vt(s) ≤ max
{
Vt−1(s),max

a
Q⋆(s, a)

}
= V ⋆(s).

This completes the induction, and establishes Qt ≤ Q⋆ and Vt ≤ V ⋆ for all 0 ≤ t ≤ T .
It remains to prove that Vt ≤ V πt . Consider any t ∈ {1, . . . , T}. Consider first any state s

obeying Vt(s) > 0, and define

τs := max
{
u ∈ {1, . . . , t} : Vu(s) > Vu−1(s)

}
.

Since the value iterates are nondecreasing in t, we have

Vτs(s) = Vt(s).

Moreover, the policy update rule (6.64) indicates that

πt(s) = arg max
a∈A

Qτs(s, a) and Vt(s) = Qτs
(
s, πt(s)

)
.

With this relation in mind, applying the recursion (6.68) in Lemma 6.9 with π = πt, a = πt(s), and
t = τs yields

V πt(s)− Vt(s) = Qπt
(
s, πt(s)

)−Qτs
(
s, πt(s)

)
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≥ γ
nτs (s,πt(s))∑

i=1
η
nτs (s,πt(s))
i Ps,πt(s)

(
V πt − Vki(s,πt(s))−1

)
. (6.171)

Now, let us isolate the quantity

m := min
s∈S

{
V πt(s)− Vt(s)

}
.

In view of the fact ki(s, πt(s)) ≤ τs ≤ t (for all i ≤ nτs(s, πt(s))) and the monotonicity of Vu in u,

V πt − Vki(s,πt(s))−1 ≥ V πt − Vt ≥ m 1S .

Recognizing that Ps,πt(s) is a probability distribution vector and ∑n
i=1 η

n
i = 1 for any integer n ≥ 1,

we can see from (6.171) that, for every state s satisfying Vt(s) > 0,

V πt(s)− Vt(s) ≥ γm.

Moreover, for any state s satisfying Vt(s) = 0, we already know that V πt(s)− Vt(s) ≥ 0. Thus,
in all cases, we have

m ≥ min{0, γm}.
If m < 0, then the above condition simplifies to m ≥ γm, which is impossible because γ < 1.
Therefore, one necessarily has m ≥ 0, thereby establishing that Vt ≤ V πt ≤ V ⋆.

6.8.3 Proof of Lemma 6.11

Recall the definition of κ < 1 in (6.87). Fix an integer K ≥ 1. Since W has nonnegative entries and
ρ⊤(Pπ⋆)j is a probability distribution vector, we can split the series at K and obtain

∞∑

j=0
κjρ⊤(Pπ⋆)jW =

K−1∑

j=0
κjρ⊤(Pπ⋆)jW +

∞∑

j=K
κjρ⊤(Pπ⋆)jW

≤
(

1 + 1
H

)3K K−1∑

j=0
γjρ⊤(Pπ⋆)jW +

∞∑

j=K
κj∥W∥∞

≤
(

1 + 1
H

)3K ∞∑

j=0
γjρ⊤(Pπ⋆)jW + κK

1− κ∥W∥∞. (6.172)

Regarding the first term on the right-hand side of (6.172), it is seen from the definition of the
discounted occupancy distribution (cf. (2.8) and (2.9)) that

d⋆ρ = (1− γ)
∞∑

j=0
γjρ⊤(Pπ⋆)j ,

and as a result,
∞∑

j=0
γjρ⊤(Pπ⋆)jW = 1

1− γ ⟨d
⋆
ρ,W ⟩. (6.173)

Substituting it into (6.172) and taking K = H (so that
(
1 + 1

H

)3K ≤ e3), we reach
∞∑

j=0
κjρ⊤(Pπ⋆)jW ≤

(
1 + 1

H

)3K ⟨d⋆ρ,W ⟩
1− γ + κK

1− κ∥W∥∞
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≲
⟨d⋆ρ,W ⟩
1− γ + κK

1− κ∥W∥∞. (6.174)

With regards to the last term in (6.174), it follows from the elementary fact log(1− x) ≤ −x for
x ∈ (0, 1) and the choice (6.59a) of H that

γH = exp
(
H log γ

) ≤ exp
(−H(1− γ)

) ≤ δ

ST 4 .

Moreover, a little algebra reveals that 1− κ ≳ 1− γ. As a consequence,

κH

1− κ ≤
γH(1 + 1/H)3H

1− κ ≲
δ

ST 4(1− γ) .

Taking this bound together with (6.174), we conclude the proof.

6.8.4 Proof of Lemma 6.12

Throughout this proof, we adopt the notation κ defined in (6.87).

Bounding α. To begin with, recall from (6.87) that κ < 1. Recognizing that ∥∆t∥∞ ≤ (1− γ)−1

(see (6.71b)) and that ρ⊤(Pπ⋆)j forms a probability distribution vector, we can derive

α = lim sup
j→∞

κj
T−1∑

t=0
ρ⊤(Pπ⋆)j∆t ≤

T

1− γ lim sup
j→∞

κj = 0. (6.175)

Bounding ξ. Regarding the term ξ, one has

ξ =
∞∑

j=0
κj+1ρ⊤(Pπ⋆)j+1∆0 ≲

1
1− γ

〈
d⋆ρ,∆0

〉
+ δ

ST 4(1− γ)∥∆0∥∞ ≲
1

(1− γ)2 , (6.176)

where the first inequality arises from Lemma 6.11, and the last inequality holds since ∥∆0∥∞ ≤ 1
1−γ .

Bounding θ. By the definition (6.75b) of θj and Tonelli’s theorem, one can interchange the sums
over j and t to obtain

θ =
T∑

t=1

∑

s∈S



∞∑

j=0
κj
[
ρ⊤(Pπ⋆)j

]
(s)


Wt(s), (6.177)

where we define the nonnegative vector Wt ∈ RS such that

Wt(s) := min
{
βnt(s,π⋆(s)),

1
1− γ

}
, ∀s ∈ S. (6.178)

Applying Lemma 6.11 (with W taken to be Wt) and using the property ∥Wt∥∞ ≤ 1
1−γ , we reach

θ ≲
1

1− γ
T∑

t=1

∑

s∈S
d⋆ρ(s)Wt(s) + 1

ST 4(1− γ)

T∑

t=1

1
1− γ

≲
1

1− γ
T∑

t=1

∑

s∈S
d⋆ρ(s)Wt(s) + 1

T 3(1− γ)2 . (6.179)
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To further control Wt(s) in (6.178), we need a lower bound on the visitation count nt
(
s, π⋆(s)

)
in

order to bound βnt(s,π⋆(s)). Towards this end, applying Lemma 6.5 with sample size t and confidence
level δ/T , followed by a union bound over t ∈ [T ], shows that, with probability at least 1− δ,

max
{
nt(s, a), 4

3 ι
}
≥ tdb(s, a)

12 (6.180)

holds simultaneously for all t ∈ [T ] and all (s, a) ∈ S ×A. We now claim that

Wt(s) ≲
√

Hι

tdb(s, π⋆(s)
)
(1− γ)2 , ∀s ∈ S, t ∈ [T ]. (6.181)

To verify this claim, it suffices to divide into two cases.

• If tdb(s, π⋆(s)
)
> 16ι, then combining (6.180) with the definition (6.69) of βn reveals that

nt
(
s, π⋆(s)

) ≥ tdb(s, π⋆(s)
)

12 ,

from which (6.181) follows.

• Otherwise, the clipping operation in the definition (6.178) of Wt gives

min
{
βnt(s,π⋆(s)),

1
1− γ

}
≤ 1

1− γ ,

thereby validating (6.181) in this case.

Substituting (6.181) directly into (6.179) and using the elementary inequality ∑T
t=1

1√
t
≤ 2
√
T give

θ ≲
∑

s∈S
d⋆ρ(s)

√
HTι

(1− γ)4db(s, π⋆(s)
) + 1

T 3(1− γ)2

(i)
≲
∑

s∈S

√
C⋆ρd

⋆
ρ(s)HTι

(1− γ)4 + 1
T 3(1− γ)2

(ii)
≲

√
C⋆ρSHTι

(1− γ)4 + 1
T 3(1− γ)2

(iii)≍
√
C⋆ρSTι

2

(1− γ)5 . (6.182)

Here, (i) uses the definition of the single-policy concentrability coefficient (see Definition 6.1); (ii)
invokes the Cauchy-Schwarz inequality, as well as the fact that ∑s d

⋆
ρ(s) = 1; and (iii) results from

H ≍ ι/(1− γ) (see (6.59a)) and the condition on T in (6.62).

Bounding ψ and ϕ. It remains to control the terms ψ and ϕ. Recall the definition of dj(s, a)
(resp. H) in (6.74) (resp. (6.59a)). Define

d̃(s, a) := γ
∞∑

j=0

[
γ

(
1 + 1

H

)3
]j
dj(s, a), (6.183)

which, according to Lemma 6.11 (by taking W to be the indicator function corresponding to state
s), satisfies

d̃
(
s, π⋆(s)

)
≲
d⋆ρ(s)
1− γ + δ

ST 4(1− γ) , ∀s ∈ S. (6.184)
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If one further defines
Xt = (st, at) and X = (s, a) (6.185)

and set

ft(s, a) := d̃(s, a)
db(s, a)

nt(s,a)∑

i=1
η
nt(s,a)
i Ps,a∆ki(s,a)−1, (6.186a)

gt(s, a) := d̃(s, a)
db(s, a)Ps,a∆t−1, (6.186b)

then summing ψj and ϕj over j and rearranging terms yield the expression

ψ =
T∑

t=1

{
E

X∼db
[ft(X)]−

(
1 + 1

H

)
ft(Xt)

}
, (6.187a)

ϕ =
(

1 + 1
H

)2 T∑

t=1

{
gt(Xt)−

(
1 + 1

H

)
E

X∼db
[gt(X)]

}
. (6.187b)

Before proceeding, we note that for the functions in (6.186), it suffices to focus on the state-action
pairs

(
s, π⋆(s)

)
(1 ≤ s ≤ S), since

d̃(s, a) = 0 =⇒ ft(s, a) = gt(s, a) = 0
(
for a ̸= π⋆(s)

)
. (6.188)

Moreover, in view of the learning-rate property (5.68) and 0 ≤ ∆t ≤ 1
1−γ1S (cf. (6.71b)), one can

see from (6.184) and the single-policy concentrability coefficient (see Definition 6.1) that

0 ≤ ft
(
s, π⋆(s)

)
, gt
(
s, π⋆(s)

)
≲

C⋆ρ
(1− γ)2 + δ

ST 4(1− γ)2db(s, π⋆(s)
) . (6.189)

We first bound ψ. Define f0(s, a) = 0 for every (s, a) ∈ S ×A. Adding and subtracting ft−1(Xt)
for t ≥ 2 gives

ψ =
T∑

t=2

{
E

X∼db
[ft−1(X)]−

(
1 + 1

H

)
ft−1(Xt)

}

︸ ︷︷ ︸
=:κ1

+
T∑

t=2

{
E

X∼db
[ft(X)]− E

X∼db
[ft−1(X)]

}

︸ ︷︷ ︸
=:κ2

+
(

1 + 1
H

) T∑

t=1

{
ft−1(Xt)− ft(Xt)

}

︸ ︷︷ ︸
=:κ3

+ E
X∼db

[f1(X)]. (6.190)

We are left with four terms to control, which we tackle separately in the sequel.

• To facilitate the analysis of κ1, we separate well-covered and poorly covered pairs. Define

I :=
{

(s, a) ∈ S ×A : db(s, a) ≥ δ

ST

}
, (6.191)

and write, for each t,

ft = fIt + fI
c

t , fJt (s, a) := ft(s, a)1{(s, a) ∈ J }, J ∈ {I, Ic}.

Accordingly, one can use the nonnegativity of ft to derive and decompose

κ1 ≤
T∑

t=2

{
E

X∼db

[
fIt−1(X) + fI

c
t−1(X)

]−
(

1 + 1
H

)
fIt−1(Xt)

}
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=
(

1 + 1
H

) T∑

t=2

{
E

X∼db

[
fIt−1(X)

]− fIt−1(Xt)
︸ ︷︷ ︸

=:ZIt

}

− 1
H

T∑

t=2
E

X∼db

[
fIt−1(X)

]

︸ ︷︷ ︸
=:AI

+
T∑

t=2
E

X∼db

[
fI

c
t−1(X)

]
. (6.192)

In the sequel, let Ft−1 denote the information available before Xt is sampled. Since ft−1
is determined by the data observed up to iteration t − 1, it is Ft−1-measurable. It is also
self-evident that the summands {ZIt } in (6.192) form a martingale-difference sequence. We
now cope with each term in (6.192) separately.

– We first control the contribution from the well-covered state-action pairs. By (6.189) and
the definition (6.191) of I, we have the following magnitude bound:

fIt−1
(
s, π⋆(s)

)
≲

C⋆ρ
(1− γ)2 + δ

ST 4(1− γ)2db(s, π⋆(s)
)

≲
C⋆ρ

(1− γ)2 + 1
T 3(1− γ)2 ≍

C⋆ρ
(1− γ)2 . (6.193)

This taken together with the nonnegativity of ft further reveals that

E
[(
ZIt
)2 | Ft−1

]
≤ E

[(
fIt−1(Xt)

)2 | Ft−1
]
≲

C⋆ρ
(1− γ)2 E

X∼db

[
fIt−1(X)

]
, (6.194)

and as a result,
T∑

t=2
E
[(
ZIt
)2 | Ft−1

]
≲

C⋆ρ
(1− γ)2AI . (6.195)

According to (6.193), this cumulative variance also admits a deterministic upper bound

(6.195) ≲
(C⋆ρ)2T

(1− γ)4 .

With the preceding properties and the condition (6.62) on T in place, Freedman’s
inequality (Lemma 2.9) tells us that

∣∣∣∣∣
T∑

t=2
ZIt

∣∣∣∣∣ ≲
√

C⋆ρ
(1− γ)2AIι+

C⋆ρ
(1− γ)2 ι

with probability at least 1− δ. This in turn implies that
(

1 + 1
H

) T∑

t=2
ZIt −

1
H
AI ≲

√
C⋆ρ

(1− γ)2AIι+
C⋆ρ ι

(1− γ)2 −
1
H
AI

≲
1
H
AI +

C⋆ρHι

(1− γ)2 +
C⋆ρ ι

(1− γ)2 −
1
H
AI ≍

C⋆ρHι

(1− γ)2 , (6.196)

where we have applied the AM-GM inequality.
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– It remains to control the contribution from Ic. Again restricting attention to the pairs(
s, π⋆(s)

)
(in view of (6.190)), we can derive

E
X∼db

[
fI

c
t−1(X)

]
=

∑

s: db(s,π⋆(s))<δ/(ST )
d̃
(
s, π⋆(s)

) nt−1(s,π⋆(s))∑

i=1
η
nt−1(s,π⋆(s))
i Ps,π⋆(s)∆ki(s,π⋆(s))−1

≤ 1
1− γ

∑

s: db(s,π⋆(s))<δ/(ST )
d̃
(
s, π⋆(s)

)
. (6.197)

where the last line makes use of the learning-rate property (5.68), ∥∆t∥∞ ≤ 1
1−γ

(see (6.71b)), and the fact that Ps,π⋆(s) is a probability vector. Using (6.184) and the
concentrability condition (see Definition 6.1), we obtain

∑

s∈S: db(s,π⋆(s))<δ/(ST )
d̃
(
s, π⋆(s)

)
≲

1
1− γ

∑

s∈S: db(s,π⋆(s))<δ/(ST )

{
d⋆ρ(s) + δ

ST 4

}

≲
1

1− γ
∑

s∈S: db(s,π⋆(s))<δ/(ST )

{
C⋆ρd

b(s, π⋆(s)
)

+ δ

ST 4

}

≲
C⋆ρδ

T (1− γ) + δ

T 4(1− γ) . (6.198)

Substitution into (6.197) gives
T∑

t=2
E

X∼db

[
fI

c
t−1(X)

]
≲

C⋆ρδ

1− γ + δ

T 3(1− γ)2 ≲
C⋆ρ

(1− γ)2 . (6.199)

Combining (6.196) and (6.199), we conclude that, with probability at least 1− δ,

κ1 ≲
C⋆ρHι

(1− γ)2 +
C⋆ρ

(1− γ)2 ≍
C⋆ρ ι

2

(1− γ)3 . (6.200)

• The sum in the second term κ2 telescopes, and hence

κ2 = E
X∼db

[fT (X)]− E
X∼db

[f1(X)] ≤ E
X∼db

[fT (X)] ≲
C⋆ρ

(1− γ)2 . (6.201)

Here, the first inequality comes from the nonnegativity of ft(·), while the last inequality follows
by combining (6.189) with Definition 6.1.

• Next, we turn to the term κ3. For each state s ∈ S, let

ks,1 < ks,2 < · · · < ks,ns

denote the iterations at which the state-action pair
(
s, π⋆(s)

)
is visited, where ns is the total

number of such visits. For a fixed pair
(
s, π⋆(s)

)
, the quantity ft

(
s, π⋆(s)

)
remains unchanged

between consecutive visits, because both nt
(
s, π⋆(s)

)
and the visit indices ki

(
s, π⋆(s)

)
remain

unchanged. Hence, the sum over visit times telescopes. Specifically, using f0(s, a) = 0, we have
ns∑

m=1

[
fks,m−1

(
s, π⋆(s)

)− fks,m
(
s, π⋆(s)

)]
= −fks,ns

(
s, π⋆(s)

) ≤ 0.

Since ft(s, a) = 0 whenever a ̸= π⋆(s) (cf. (6.188)), summing over all states gives

κ3 =
∑

s∈S

ns∑

m=1

[
fks,m−1

(
s, π⋆(s)

)− fks,m
(
s, π⋆(s)

)] ≤ 0. (6.202)
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• It remains to bound EX∼db [f1(X)]. At the first iteration, only the pair X1 has been visited.
This means f1(s, a) = 0 for every (s, a) ̸= X1, and according to the definition (6.186a),

E
X∼db

[
f1(X)

]
= db(X1)f1(X1) = d̃(X1)PX1∆0.

If a1 ̸= π⋆(s1), then d̃(X1) = 0 (see (6.188)), so the right-hand side vanishes. Otherwise, one
has X1 =

(
s1, π⋆(s1)

)
, and it follows from (6.184) that

d̃(X1) ≲
d⋆ρ(s1)
1− γ + δ

ST 4(1− γ) .

Combine this with the basic fact ∥∆0∥∞ ≤ 1/(1− γ) (see (6.71b)) to yield

E
X∼db

[
f1(X)

] ≤ 1
1− γ d̃(X1) ≲ 1

1− γ

{
d⋆ρ(s1)
1− γ + δ

ST 4(1− γ)

}
≲

1
(1− γ)2 . (6.203)

Combine (6.200)-(6.203) to demonstrate that

ψ ≲
C⋆ρ ι

2

(1− γ)3 +
C⋆ρ

(1− γ)2 + 1
(1− γ)2 ≍

C⋆ρ ι
2

(1− γ)3 . (6.204)

The term ϕ can be handled analogously using Freedman’s inequality, but more simply, because
gt is already determined by the data available before Xt is sampled. We omit the details for brevity.
To conclude, we have

ψ + ϕ ≲
C⋆ρ ι

2

(1− γ)3 . (6.205)

6.9 Appendix C: proof of auxiliary lemmas in Section 6.5

6.9.1 Proof of Lemma 6.14

We first establish a useful symmetry property:

V ⋆
θ (s) = V ⋆

θ (s′), ∀s, s′ > 0. (6.206)

To do so, define W (V ) := ∑
u∈S µ(u)V (u). For any s > 0, the optimal Bellman equation gives

V ⋆
θ (s) = 1 + γmax

{
pV ⋆

θ (s) + (1− p)W (V ⋆
θ ), qV ⋆

θ (s) + (1− q)W (V ⋆
θ )
}
.

This equation has the same form at every positive state: the dependence on θs only relabels the
two actions and disappears under the maximization. Equivalently, the optimal Bellman operator is
invariant under any permutation of the positive states. Since this Bellman operator is a contraction,
it has a unique fixed point, which must therefore be invariant under such permutations. This proves
(6.206).

We now analyze the value function at state s > 0 under an arbitrary policy π. The Bellman
equation tells us that

V π
θ (s) = E

a∼π(· | s)

[
r(s, a) + γ

∑

s′
Pθ(s′ | s, a)V π

θ (s′)
]
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(i)
≤ 1 + γπ(θs | s)

[
pV π

θ (s) + (1− p)(C−1V ⋆
θ (s) + (1− C−1)V ⋆

θ (0)
)]

+ γπ(1− θs | s)
[
qV π

θ (s) + (1− q)(C−1V ⋆
θ (s) + (1− C−1)V ⋆

θ (0)
)]

(ii)= 1 + γ
[
xπ,θ(s)V π

θ (s) +
(
1− xπ,θ(s)

)(
C−1V ⋆

θ (s) + (1− C−1)V ⋆
θ (0)

)]
. (6.207)

Here, (i) uses V π
θ ≤ V ⋆

θ and (6.206), while in (ii) we define

xπ,θ(s) = p π(θs | s) + q π(1− θs | s) = q + (p− q)π(θs | s). (6.208)

Rearranging terms in (6.207) gives the desired relation (6.100a). Moreover, the equality is attained
when we take π = π⋆.

We next analyze the value function at state 0. If π(0 | 0) = 1, then

V π
θ (0) = 4

7 + γV π
θ (0) =⇒ V π

θ (0) = 4
7(1− γ) . (6.209)

For any policy π with π(0 | 0) < 1, we claim that

V π
θ (0) < 4

7(1− γ) . (6.210)

To verify this, observe that if V π
θ (0) ≥ 4

7(1−γ) , then we can see from the Bellman equation that

V π
θ (0) = π(0 | 0)

(4
7 + γV π

θ (0)
)

+ π(1 | 0)γ


(2γ − 1)V π

θ (0) + 2(1− γ)
∑

s′∈S
µ(s′)V π

θ (s′)




≤ π(0 | 0)
(4

7 + γV π
θ (0)

)
+ π(1 | 0)γ

[
2C−1 +

(
(2γ − 1) + 2(1− γ)(1− C−1)

)
V π
θ (0)

]

= 4
7π(0 | 0) + π(0 | 0)γV π

θ (0) + π(1 | 0)γV π
θ (0) + π(1 | 0)γ

[ 2
C
− 2(1− γ)

C
V π
θ (0)

]

≤ 4
7π(0 | 0) + γV π

θ (0) + 6γ
7Cπ(1 | 0)

<
4
7 + γV π

θ (0), (6.211)

where the first inequality follows from the elementary fact V π
θ (s) ≤ 1

1−γ , the second inequality
is valid if V π

θ (0) ≥ 4
7(1−γ) , and the last inequality holds under the condition that C > 3/2.

This relation (6.211), however, contradicts the assumption that V π
θ (0) ≥ 4

7(1−γ) , which in turn
validates (6.210). Taken collectively, these two facts (6.209) and (6.210) show that the optimal policy
and the optimal value at state 0 satisfy

π⋆θ(0 | 0) = 1 and V ⋆
θ (0) = 4

7(1− γ) . (6.212)

It remains to characterize the optimal action at each state s > 0. Define

Bs := C−1V ⋆
θ (s) + (1− C−1)V ⋆

θ (0), (6.213a)

gs(x) := Bs + 1− (1− γ)Bs
1− γx . (6.213b)

For every policy π, it follows from (6.100a) that

V π
θ (s) ≤ gs

(
xπ,θ(s)

)
, (6.214)
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while equality is attained by π = π⋆θ . Moreover, it is seen from (6.212) and C > 1 that Bs < 1
1−γ ,

and therefore
g′s(x) =

γ
[
1− (1− γ)Bs

]

(1− γx)2 > 0.

Finally, from the definition (6.208), we know that xπ,θ(s) is strictly increasing in π(θs | s) because
p > q. Consequently, the upper bound (6.100a) on V π

θ (s) is maximized when π(θs | s) = 1, which
together with the fact xπ,θ(s) ≤ p indicates that, for every policy π,

V π
θ (s) ≤ gs

(
xπ,θ(s)

) ≤ gs(p).

Note that the policy that chooses action θs deterministically at state s satisfies xπ,θ(s) = p, and the
optimal policy attains equality in the first inequality. Hence, we arrive at

V ⋆
θ (s) = gs(p), (6.215)

which is possible only if π⋆θ(θs | s) = 1.

6.9.2 Proof of Lemma 6.15

If θs = θ̃s, then the transition kernels coincide at (s, a) for both actions, and the first claim follows
immediately.

Now suppose that θs ̸= θ̃s. Without loss of generality, assume that θs = 0 and θ̃s = 1. Let s′
denote the next state, sampled according to Pθ(· | s, a) or P

θ̃
(· | s, a), depending on the underlying

hypothesis. Define
α := 1− 1

C(S − 1) .

We first consider action a = 0. Under the two hypotheses, the probabilities of the event {s′ = s} are

u := αp+ 1
C(S − 1) and v := αq + 1

C(S − 1) ,

respectively. Conditioned on s′ ≠ s, the two transition kernels induce the same conditional distribu-
tion of s′. Therefore, one has

KL
(
Pθ(· | s, 0)

∥∥P
θ̃
(· | s, 0)

)
= KL

(
Bern(u) ∥Bern(v)

)
;

Applying Lemma 2.13 then yields

KL
(
Pθ(· | s, 0)

∥∥P
θ̃
(· | s, 0)

) ≤ (u− v)2

u(1− v) = α2(p− q)2
(
αp+ 1

C(S−1)

)
α(1− q)

≤ α2(p− q)2

pα(1− p) ≤
(p− q)2

p(1− p) , (6.216)

where we have used u ≥ p, 1 − q ≥ 1 − p, and α ≤ 1. For action a = 1, the roles of p and q are
interchanged. Repeating the same argument gives

KL
(
Pθ(· | s, 1)

∥∥P
θ̃
(· | s, 1)

) ≤ (p− q)2

q(1− p) ≤
2(p− q)2

1− p , (6.217)

where the last inequality uses q ≥ 1/2.
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From our parameter choice (6.96), we have

p− q = 448(1− γ)2ε

γ
.

Moreover, the assumption (6.92) implies

p ≥ γ, 1− p = 1− γ − 224(1− γ)2ε

γ
≥ 1− γ

2 .

Consequently, for each a ∈ {0, 1}, one has

KL
(
Pθ(· | s, a)

∥∥P
θ̃
(· | s, a)

) ≤ c3(1− γ)3ε2 (6.218)

for some universal constant c3 > 0, provided that γ ≥ 2/3.

6.9.3 Proof of auxiliary properties

Proof of (6.102). With a slight abuse of notation, consider an MDP trajectory {(st, at)}t≥0
initialized from s0 ∼ ρb = µ. Under the behavior policy πb in (6.103), we have

P {s1 = 0} = µ(0)
{1

2Pθ(0 | 0, 0) + 1
2Pθ(0 | 0, 1)

}
+
S−1∑

s=1
µ(s)

{1
2Pθ(0 | s, 0) + 1

2Pθ(0 | s, 1)
}

= µ(0) {γ + (1− γ)µ(0)}+
S−1∑

s=1
µ(s)(1− γ)µ(0)

= µ(0),

where the last identity follows from ∑S−1
s=0 µ(s) = 1. According to the symmetry, one obtains

P{s1 = s} = 1−µ(0)
S−1 = µ(s), and hence s1 ∼ µ. Repeating the same argument shows that µ is a

stationary distribution of the state process under πb, so that st ∼ µ for all t ≥ 0. Consequently,

db(s) = (1− γ)E
[ ∞∑

t=0
γtP

(
st = s | s0 ∼ ρb;πb)

]
= µ(s), ∀s ∈ S.

In addition, since πb(a | s) = 1/2 for all (s, a) ∈ S ×A, we have

db(s, a) = db(s)πb(a | s) = µ(s)/2. (6.219)

Proof of (6.105). Consider the MDPMθ, whose optimal policy π⋆θ satisfies π⋆θ(θs | s) = 1 for s > 0
by Lemma 6.14. With a slight abuse of notation, let {(st, at)}t≥0 denote a trajectory generated
under the policy π⋆θ , namely, at ∼ π⋆θ(· | st). Then it is seen that

d⋆(0) = (1− γ)
∞∑

t=0
γtP

(
st = 0 | s0 ∼ ρ;π⋆θ

)

≤ (1− γ)
∞∑

t=0
γt(1− γt) < 1

2 .

Here, the last line is valid since

P
(
st = 0 | s0 ∼ ρ;π⋆θ

)
= P

(
st−1 = 0 | s0 ∼ ρ;π⋆θ

)
+ (1− C−1)(1− p)P(st−1 > 0 | s0 ∼ ρ;π⋆θ

)
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≤ γP(st−1 = 0 | s0 ∼ ρ;π⋆θ
)

+ 1− γ

≤ (1− γ)
t−1∑

k=0
γk = 1− γt,

where the first inequality uses (1 − C−1)(1 − p) ≤ 1 − p ≤ 1 − γ (since C > 1 and p ≥ γ). By
symmetry, combining the above bound with (6.102) yields

d⋆(s, θs)
db(s, θs)

=
2
(
1− d⋆(0)

)

(S − 1)µ(s) ∈ (C, 2C), ∀s > 0.

In addition, it is straightforward to verify that

d⋆(0, 0)
db(0, 0) ≤

1
µ(0) ≤ 2C,

provided that C > 3/2. Putting the preceding bounds together, we establish the advertised result.

Proof of (6.106). Recall the definition of xπ,θ(·) in (6.100b), and the definition of Bs and gs(·) in
(6.213). We have already proven in (6.214) and (6.215) that

V ⋆
θ (s) = gs(p), V π

θ (s) ≤ gs
(
xπ,θ(s)

)
,

thus implying that

V ⋆
θ (s)− V π

θ (s) ≥ gs(p)− gs
(
xπ,θ(s)

)
=
[
1− (1− γ)Bs

]
γ
(
p− xπ,θ(s)

)

(1− γp)(1− γxπ,θ(s)
) .

Since V ⋆
θ (s) ≤ 1

1−γ and V ⋆
θ (0) = 4

7(1−γ) (see Lemma 6.14), one has

(1− γ)Bs ≤ C−1 + 4
7(1− C−1) = 4

7 + 3
7C ≤

11
14 ,

with the proviso that C ≥ 2. Moreover, recall from (6.100b) that q ≤ xπ,θ(s) ≤ p, and hence

(1− γp)(1− γxπ,θ(s)
) ≤ (1− γp)(1− γq) ≤ (1− γ2)2 ≤ 4(1− γ)2,

where we use the definition (6.96) of p and q. Finally, it follows from (6.208) and (6.96) that

γ
(
p− xπ,θ(s)

)
= 448(1− γ)2ε

(
1− π(θs | s)

)
.

Combining the preceding inequalities yields

V ⋆
θ (s)− V π

θ (s) ≥ 24ε
(
1− π(θs | s)

)
.

This concludes the proof of (6.106).

6.10 Notes

While the core ideas underlying batch RL can be traced back more than two decades (Ernst et al.,
2005; Lange et al., 2012), this subfield of RL has witnessed a remarkable resurgence since around
2020, largely under the banner of offline RL (Kumar et al., 2020; Levine et al., 2020; Agarwal et al.,
2020b). This renewed interest has catalyzed a substantial body of work across computer science,
statistics, operations research, and related disciplines on the statistical and algorithmic foundations
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of offline RL, motivated by the growing range of applications in which real-time data collection
is expensive, safety-critical, or otherwise constrained. We refer the interested reader to Jin et al.
(2021b), Rashidinejad et al. (2021), Xie et al. (2021b), Yin and Wang (2021a), Ma et al. (2021),
Uehara and Sun (2022), Uehara et al. (2021), Ren et al. (2021), Ma et al. (2022), Sonabend et al.
(2020), Yin and Wang (2021b), Xie et al. (2021a), Yin et al. (2021b), Shi et al. (2022c), Lyu et al.
(2022), Yan et al. (2023), Zhan et al. (2022), Zanette and Wainwright (2022), Zhou et al. (2023b),
Ye et al. (2023), Bhardwaj et al. (2023), Li et al. (2024b), Yin et al. (2022b), Yin et al. (2021a), Xu
et al. (2024), Zhu et al. (2024), Zhou et al. (2024), Jin et al. (2025), and Jiang and Xie (2025) for
some examples of recent developments, many of which pursue perspectives that are complementary
to the ones presented in this chapter.

A recurring theme in offline RL is to identify the fundamental conditions under which a near-
optimal policy can be learned from a historical dataset. Early analyses based on concepts of the
concentrability coefficients typically require the offline data distribution to provide adequate coverage
of all admissible policies, or equivalently, or equivalently, of all reachable state-action pairs (Munos,
2007; Farahmand et al., 2010; Le et al., 2019; Fan et al., 2019; Chen and Jiang, 2019; Yin et al.,
2021b; Yin et al., 2021a). This condition, commonly referred to as the all-policy concentrability
requirement, is often overly restrictive in practice, particularly in high-dimensional settings where
adequate coverage of the entire policy space is difficult to guarantee.

Subsequent work sought to relax this stringent requirement by arguing that the offline dataset
may only need to provide sufficient coverage of the state-action pairs visited by the target policy
(Liu et al., 2020b). Building on this insight, Jin et al. (2021b) and Rashidinejad et al. (2021)
developed offline RL algorithms and analyses based on the notion of single-policy concentrability,
whereby the coverage requirement is imposed only along the state-action distribution induced by
the target policy, as discussed in this chapter. For tabular MDPs, the full-range minimax sample
complexity of offline RL under single-policy concentrability was first characterized by Li et al.
(2024b), who showed the optimality of model-based algorithms for both discounted infinite-horizon
MDPs and finite-horizon nonstationary MDPs without imposing any burn-in cost. In addition, Yin
and Wang (2021b) and Yin et al. (2022b) established instance-dependent statistical guarantees for
pessimistic model-based algorithms, revealing how the statistical complexity of offline RL is governed
by the variance structure of the problem instance (albeit at the cost of a large burn-in sample size
requirement). The more general offline RL setting with function approximation has received much
attention as well; see, e.g., Jin et al. (2021b), Zanette et al. (2021), Yin et al. (2022b), Xie et al.
(2021a), and Di et al. (2024). More broadly, the pessimism idea has since found applications in other
statistical tasks, such as learning optimal individualized decision rules (Jin et al., 2025) and learning
optimal dynamic treatment regimes (Zhou et al., 2023a).

From an algorithmic perspective, the methods discussed in this chapter primarily implement
the pessimism principle by penalizing the estimated values of under-covered state-action pairs with
the aid of uncertainty quantification. Alternative approaches have also been proposed that enforce
pessimism through an adversarial learning perspective. For example, a line of work (Xie et al., 2021a;
Uehara and Sun, 2022; Zhan et al., 2022; Wang et al., 2024d; Panaganti et al., 2025; Cen et al.,
2025) has suggested searching for the least favorable model —that is, the model yielding the lowest
value function — among all models that are statistically consistent with the offline data, typically
through regularized or constrained optimization formulations.

While the discussion thus far has focused on learning a near-optimal policy from offline data,
another major and closely related line of research is off-policy evaluation (OPE), whose goal is to
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estimate the value of a target policy using data generated by a potentially different behavior policy.
OPE has evolved into a rich research area in its own right, with deep connections to statistics,
causal inference, semiparametric efficiency theory, and related fields. A comprehensive treatment of
OPE falls beyond the scope of this chapter; we refer the interested reader to Uehara et al. (2022b),
Li et al. (2014), Jiang and Li (2016), Thomas and Brunskill (2016), Xie et al. (2019), Uehara et al.
(2020), Yang et al. (2020a), Jiang and Huang (2020), Duan et al. (2020), Liao et al. (2021), Ren
et al. (2021), Yin and Wang (2020), Yin et al. (2021b), Kallus et al. (2022), Zhan et al. (2021), Xu
et al. (2022), Hu and Wager (2023), Sonabend-W et al. (2023), Mehrabi and Wager (2024), Shi
et al. (2024a), Bian et al. (2025), and Qi et al. (2025), as well as the references therein, for detailed
discussions.



7
Extensions

Thus far, we have focused on three canonical — and arguably the most widely studied — formulations
of single-agent RL. Many modern applications, however, depart from these classical settings in
important ways, giving rise to a rich collection of emerging frameworks that await further investigation.
In this chapter, we briefly survey a few representative extensions along these lines, including
distributionally robust RL, multi-agent RL, federated RL, statistical inference in RL, and RL with
human feedback. Our treatment is necessarily brief and offers only a bird’s-eye view of these rapidly
evolving topics. Rather than aiming for an exhaustive account, the purpose is to shed light on how
the non-asymptotic perspective developed throughout the previous chapters continues to inform
both the statistical principles and the algorithm designs in settings that extend beyond the basic
MDP framework.

7.1 Distributionally robust RL

Despite the extensive study of standard RL, its practical deployment is often hindered by the sim-to-
real gap and/or various forms of environmental uncertainty (Bertsimas et al., 2019). For instance, a
policy learned in an ideal, nominal environment may fail catastrophically when deployed in a setting
subject to even small changes in task objectives or adversarial perturbations to the system dynamics
(Zhang et al., 2020a; Klopp et al., 2017; Mahmood et al., 2018). As a result, robustness has emerged
as a critical objective alongside reward maximization, particularly in high-stakes applications such
as robotics, autonomous driving, clinical trials, and financial investments.

To address these challenges, distributionally robust RL (Iyengar, 2005; Nilim and El Ghaoui,
2005; Xu and Mannor, 2012; Bäuerle and Glauner, 2022; Cai et al., 2016) has emerged as a natural yet
versatile framework, drawing inspiration and insight from the broader literature on distributionally
robust optimization and supervised learning (Rahimian and Mehrotra, 2019; Gao, 2023; Bertsimas
et al., 2018; Duchi and Namkoong, 2021; Blanchet and Murthy, 2019; Chen et al., 2019d; Lam,
2019). The objective is to learn a policy that maintains strong performance even when the deployed
environment deviates from the nominal one used for training, thereby enhancing robustness to
environmental uncertainty and distributional shifts. In what follows, we briefly discuss, through the
lens of sample complexity, whether and how the incorporation of distributional robustness affects
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the statistical bottlenecks in learning a desirable policy.

7.1.1 Model and preliminaries

In contrast to standard RL, which seeks to learn an optimal policy for a single MDP using samples
generated from that MDP, distributionally robust RL aims to learn a policy that remains effective
in the presence of model uncertainty. At a high level, using the same collection of samples, it seeks
to optimize worst-case performance over a prescribed uncertainty set of transition kernels centered
around the nominal kernel. We make this formulation more precise below. For expositional simplicity,
we focus on the discounted infinite-horizon setting.

Distributionally robust MDPs (RMDPs). We now introduce the distributionally robust MDP
(RMDP) tailored to the discounted infinite-horizon setting. Specifically, an RMDP is formally defined
by a tuple

Mrob = {S,A, γ,Uσ(P nom), r} ,
where the state space S = {1, · · · , S}, the action space A = {1, · · · , A}, the discount factor
0 < γ < 1, and the reward function r : S ×A → [0, 1] remain identical to those in a standard MDP.
The key distinction lies in the transition kernel:1 rather than assuming a fixed transition kernel P ,
the actual transition kernel can deviate arbitrarily within a prescribed uncertainty set Uσ(P nom)
centered around a nominal kernel P nom : S ×A → ∆(S).

Compared with standard MDPs, RMDPs provide a more flexible modeling framework by allowing
one to specify both the shape and size of the uncertainty set around the nominal transition kernel. To
ensure computational tractability for solving RMDPs, however, the uncertainty set is often chosen
to possess additional structure. A common structure in the literature is that the uncertainty set
decomposes into a product of independent local uncertainty subsets over states or state-action pairs,
known respectively as s-rectangularity and (s, a)-rectangularity (Zhou et al., 2021c; Wiesemann
et al., 2013; Wang et al., 2023b).

For ease of exposition, we focus on the (s, a)-rectangular setting. Specifically, let ρ : ∆(S) ×
∆(S)→ R≥0 be a distance-like metric, and let σ > 0 represent a prescribed radius that controls the
level of uncertainty. The uncertainty set is then defined as

Uσ(P nom) := ⊗s,a Uσ(P nom
s,a ), (7.1a)

where for each (s, a) ∈ S ×A, the local uncertainty set is given by

Uσ(P nom
s,a ) :=

{
Ps,a ∈ ∆(S) : ρ

(
Ps,a, P

nom
s,a

) ≤ σ
}
, (7.1b)

with Ps,a and P nom
s,a representing the row vectors of P and P nom associated with the state-action

pair (s, a), respectively. In other words, the uncertainty is imposed in a decoupled manner across
state-action pairs.

In particular, two popular instances of (7.1) arise when the metric ρ is chosen to be the
total-variation (TV) distance, namely ρ(·, ·) = TV(·, ·) (see (1.2a)), or the χ2 divergence, namely
ρ(·, ·) = χ2(· ∥ ·) (see (1.2c)). These two choices will serve as the primary focus of this section. As
we shall see shortly, these two choices of divergence metrics have markedly different statistical
consequences when it comes to sample complexities.

1Although uncertainty in the reward function can also be incorporated into the framework, we omit it here for
simplicity and focus exclusively on uncertainty in the transition kernel, which constitutes the primary technical
challenge.
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Robust value functions and Q-functions. In an RMDP, the performance of a policy π is evaluated
according to its worst-case performance over all transition kernels in the uncertainty set. This leads
to the notions of the robust value function V π,σ and the robust Q-function Qπ,σ in Mrob, defined
respectively as

V π,σ(s) := inf
P ∈Uσ(P nom)

V π,P (s) (7.2a)

Qπ,σ(s, a) := inf
P ∈Uσ(P nom)

Qπ,P (s, a) (7.2b)

for all (s, a) ∈ S×A. Here, V π,P and Qπ,P denote the value function and Q-function, respectively, of
policy π in the standard MDP with transition kernel P . Thus, V π,σ and Qπ,σ quantify the worst-case
discounted cumulative rewards attainable under π when the transition dynamics are allowed to vary
within the uncertainty set Uσ(P nom).

Optimal robust policy and robust Bellman operator. As a fundamental generalization of the
dynamic programming framework of standard MDPs, there exists at least one deterministic policy
that maximizes the robust value function (resp. robust Q-function) simultaneously across all states
(resp. state-action pairs) (Iyengar, 2005; Nilim and El Ghaoui, 2005). Accordingly, we denote such
a policy (often referred to as an optimal robust policy) by π⋆, and let V ⋆,σ and Q⋆,σ denote the
corresponding optimal robust value function and optimal robust Q-function, respectively, which
satisfy

∀s ∈ S : V ⋆,σ(s) := V π⋆,σ(s) = max
π

V π,σ(s), (7.3a)

∀(s, a) ∈ S ×A : Q⋆,σ(s, a) := Qπ
⋆,σ(s, a) = max

π
Qπ,σ(s, a). (7.3b)

A key machinery in RMDPs is the robust counterpart of Bellman’s optimality principle, embodied
in the following robust Bellman consistency equation and robust Bellman optimality equation:

Qπ,σ(s, a) = r(s, a) + γ inf
Ps,a ∈Uσ(P nom

s,a )
⟨Ps,a, V π,σ⟩, (7.4a)

Q⋆,σ(s, a) = r(s, a) + γ inf
Ps,a ∈Uσ(P nom

s,a )
⟨Ps,a, V ⋆,σ⟩ (7.4b)

for every (s, a) ∈ S×A, where π stands for any policy. Correspondingly, the robust Bellman operator
(Iyengar, 2005; Nilim and El Ghaoui, 2005), denoted by T σ(·) : RSA → RSA, is defined by

T σ(Q)(s, a) := r(s, a) + γ inf
Ps,a ∈Uσ(P nom

s,a )
⟨Ps,a, V ⟩ (7.5a)

for any input vector Q ∈ RSA and every (s, a) ∈ S ×A, where, as usual,

∀s ∈ S : V (s) := max
a

Q(s, a). (7.5b)

It is well known that Q⋆,σ is the unique fixed point of T σ. Consequently, the optimal robust
value function and Q-function can be computed via distributionally robust value iteration (DRVI),
which is a direct generalization of the classical value iteration algorithm by recursively applying
the robust Bellman operator starting from an arbitrary initialization. Analogous to standard value
iteration, DRVI converges geometrically fast due to the γ-contraction property of T σ w.r.t. the ℓ∞
norm (Iyengar, 2005; Nilim and El Ghaoui, 2005).
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Sampling mechanism and goal. To keep the discussion concrete and avoid the complications
arising from different data collection schemes, we restrict attention in this section to the generative
model as described in Chapter 3, which already captures several key distinctions between the
standard MDPs and their distributionally robust counterparts.

Specifically, we draw N independent samples for each state-action pair from the generative
model according to the nominal transition kernel P nom. That is, for every (s, a) ∈ S ×A, we collect

s(i)(s, a) ind.∼ P nom(· | s, a), i = 1, · · · , N,

resulting in a total sample size N total := NSA.
Given these samples, the objective is to learn an ε-optimal robust policy π̂ satisfying

∀s ∈ S : V ⋆,σ(s)− V π̂,σ(s) ≤ ε. (7.6)

Compared with the standard RL setting, the data are collected in exactly the same manner; the key
difference lies in the performance criterion, which is now defined in terms of robust value functions.

Having formalized the problem, a natural question is to quantify the impact of robustness on
sample complexity. The remainder of this section is devoted to discussing the statistical price of
robustness and illustrating how it varies across different choices of uncertainty sets.

7.1.2 A model-based algorithm

In this section, we focus on a model-based approach for RMDPs that attains state-of-the-art
statistical guarantees. At a high level, this algorithm first constructs an empirical estimate of the
nominal transition kernel using the collected samples and subsequently applies DRVI to compute an
optimal robust policy for the resulting empirical model.

Empirical nominal kernel. The empirical nominal transition kernel P̂ nom ∈ RSA×S can be con-
structed from the empirical transition frequencies. Specifically, for each state-action pair (s, a) ∈ S×A,
compute

∀s′ ∈ S : P̂ nom(s′ | s, a) := 1
N

N∑

i=1
1
{
s′ = s(i)(s, a)

}
, (7.7)

which coincides with the empirical model estimation procedure used in standard RL (see Chapter 3).
Replacing the nominal transition kernel P nom with its empirical counterpart P̂ nom yields the empirical
RMDP

M̂rob =
{S,A, γ,Uσ(P̂ nom), r

}
.

As in the population setting, let V̂ π,σ and Q̂π,σ denote the robust value function and robust
Q-function of policy π in M̂rob, respectively (analogous to (7.3)). In addition, we denote the
corresponding optimal robust policy as π̂⋆ and the optimal robust value function (resp. optimal
robust Q-function) as V̂ ⋆,σ (resp. Q̂⋆,σ) (analogous to (7.4)). The corresponding robust Bellman
optimality equation is given by

Q̂⋆,σ(s, a) = r(s, a) + γ inf
Ps,a ∈Uσ(P̂ nom

s,a )
⟨Ps,a, V̂ ⋆,σ⟩ (7.8)

for all (s, a) ∈ S ×A.
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Algorithm 7.1: Distributionally robust value iteration (DRVI) for discounted infinite-
horizon RMDPs
1 input: discount factor γ, reward function r, uncertainty level σ, number of iterations T .
2 initialize Q̂0(s, a)← 0, V̂0(s)← 0 for all (s, a) ∈ S ×A.
3 for (s, a) ∈ S ×A do
4 draw N independent samples s(i)(s, a) i.i.d.∼ P nom(· | s, a).
5 compute P̂ nom(· | s, a) based on (7.7).
6 for t = 1, 2, · · · , T do
7 for (s, a) ∈ S ×A do
8 compute Q̂t(s, a) according to (7.10);
9 for s ∈ S do

10 compute V̂t(s) = maxa Q̂t(s, a);

11 output: policy π̂ obeying π̂(s) := arg maxa Q̂T (s, a).

Equipped with P̂ nom, we can define the empirical robust Bellman operator T̂ σ such that: for
any input vector Q ∈ RSA and each (s, a) ∈ S ×A,

T̂ σ(Q)(s, a) := r(s, a) + γ inf
Ps,a ∈Uσ(P̂ nom

s,a )
⟨Ps,a, V ⟩, (7.9)

where V (s) := maxaQ(s, a) for all s ∈ S.

Distributionally robust value iteration. To compute the fixed point of T̂ σ(·), we introduce
distributionally robust value iteration (DRVI). Starting from an initialization Q̂0 = 0, the update
rule at the t-th (t ≥ 1) iteration is given by

Q̂t(s, a) = T̂ σ(Q̂t−1
)
(s, a)

= r(s, a) + γ inf
Ps,a ∈Uσ(P̂ nom

s,a )
⟨Ps,a, V̂t−1⟩ (7.10)

for all (s, a) ∈ S ×A, where V̂t−1(s) = maxa Q̂t−1(s, a) for all s ∈ S. After running the update for
T iterations, we output the greedy policy π̂ induced by Q̂T , namely,

∀s ∈ S : π̂(s) = arg max
a

Q̂T (s, a). (7.11)

The complete procedure is summarized in Algorithm 7.1. As in standard value iteration, the iterates{
Q̂t
}
t≥0 of DRVI converge linearly to the unique fixed point Q̂⋆,σ, owing to the γ-contraction property

of the empirical robust Bellman operator T̂ σ(·).
Nevertheless, a direct implementation of (7.10) can be computationally expensive, as it requires

solving an optimization problem over an S-dimensional probability simplex for every state-action
pair at each iteration. Fortunately, by strong duality (Iyengar, 2005), the inner optimization problem
in (7.10) admits an equivalent dual formulation involving only a scalar dual variable. Consequently,
each update in DRVI can be carried out efficiently by solving a one-dimensional optimization problem.
For concreteness, below we illustrate this idea for the two choices of ρ: TV distance and χ2 divergence.
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To this end, for any V ∈ RS and any α ≥ 0, define the clipped vector [V ]α as

∀s ∈ S : [V ]α(s) :=




α, if V (s) > α,

V (s), otherwise.
(7.12)

The lemma below, which follows directly from Iyengar (2005, Lemma 4.3), provides an equivalent
dual representation for the inner optimization problem in (7.10).

Lemma 7.1 (Strong duality). Consider any given probability vector pnom ∈ ∆(S), any uncertainty
level σ, and the uncertainty set Uσ(pnom). Consider any vector V ∈ RS obeying V ≥ 0, recall the
definition of [V ]α in (7.12), and set Vmin = mins V (s), Vmax = maxs V (s).

• If ρ is taken to be the TV distance, then

inf
p∈Uσ(pnom)

⟨p, V ⟩ = max
α∈[Vmin,Vmax]

{
⟨pnom, [V ]α⟩ − σ

(
α−min

s′
[V ]α (s′)

)}
. (7.13)

• If ρ is taken to be the χ2 divergence, then

inf
p∈Uσ(pnom)

⟨p, V ⟩ = max
α∈[Vmin,Vmax]

{
⟨pnom, [V ]α⟩ −

√
σVarpnom ([V ]α)

}
, (7.14)

where we recall the definition of Varp(V ) in (2.22).

7.1.3 Theoretical guarantees: the case of TV distance

We begin with the setting in which the uncertainty set is defined using the total-variation distance.
The following theorem develops an upper bound on the sample complexity of DRVI for identifying
an ε-optimal robust policy.

Theorem 7.2 (Shi et al. (2023) and Shi et al. (2026)). Let the metric ρ be the TV distance.
Consider any discount factor γ ∈ [1/4, 1), uncertainty level σ ∈ (0, 1), δ ∈ (0, 1), and ε ∈(
0,
√

1/max{1− γ, σ} ]. Let π̂ be the policy returned by Algorithm 7.1 after T = C1 log
(
N

1−γ
)

iterations. Then, with probability at least 1− δ, one has

∀s ∈ S : V ⋆,σ(s)− V π̂,σ(s) ≤ ε,

provided that the number of samples per state-action pair obeys

N ≥ C2
(1− γ)2 max{1− γ, σ}ε2 log

(
SAN

(1− γ)δ

)
.

Here, C1, C2 > 0 are some large enough universal constants.

Remark 7.1. Note that Theorem 7.2 is not only valid when invoking Algorithm 7.1. In fact, the
theorem holds for any oracle planning algorithm (designed based on the empirical transitions P̂ nom)
whose output policy π̂ obeys

∥∥V̂ ⋆,σ − V̂ π̂,σ
∥∥
∞ ≤ Õ

((1− γ)2

N

)
. (7.15)

Thus, the statistical guarantee is largely independent of the specific planning algorithm employed,
provided that the empirical planning error is sufficiently small.
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Next, we present a matching minimax lower bound. Taken collectively, these upper and lower
bounds characterize the sample complexity of learning RMDPs under TV-based uncertainty and
establish the statistical optimality of the model-based algorithm DRVI.

Theorem 7.3 (Shi et al., 2023; Shi et al., 2026). Let ρ be the TV distance. Consider any tuple
(S,A, γ, σ, ε) obeying σ ∈ (0, 1− c0], with 0 < c0 ≤ 1/8 being any small enough positive constant.
Suppose further that γ ∈ [1/2, 1) and ε ∈ (0, c0

256(1−γ)
]
. Then there exist two γ-discounted infinite-

horizon RMDPs M0 and M1, an initial state distribution µ, and a dataset with N independent
samples for each state-action pair over the nominal transition kernel (for M0 and M1 respectively),
such that

inf
π̂

max
{
P0
(
V ⋆,σ(µ)− V π̂,σ(µ) > ε

)
, P1

(
V ⋆,σ(µ)− V π̂,σ(µ) > ε

)} ≥ 1
8 ,

provided that
N ≤ c0 log 2

8192(1− γ)2 max{1− γ, σ}ε2 .

Here, the infimum is over all estimators π̂, and P0 (resp. P1) denotes the probability distribution
induced by the RMDP M0 (resp. M1).

Implications. We next interpret the preceding upper and lower bounds and discuss their implications
for the sample complexity of learning RMDPs when the uncertainty set is specified via the TV
distance.

• Minimax-optimal sample complexity. Theorem 7.2 shows that DRVI (or any oracle planning
algorithm satisfying the condition in Remark 7.1) achieves ε-accuracy using

Õ

(
SA

(1− γ)2 max{1− γ, σ}ε2

)
(7.16)

samples in total. Combined with the lower bound in Theorem 7.3, this establishes the minimax
optimality of DRVI (up to logarithmic factors) over a broad range of uncertainty levels σ.
Importantly, the sample complexity scales linearly with the dimension of the state-action
space and improves as the uncertainty level σ increases in the regime σ ≳ 1− γ.

• RMDPs can be easier to learn than standard MDPs under TV uncertainty. Recall from
Chapter 3 that learning a standard γ-discounted MDP with access to a generative model
requires

Õ

(
SA

(1− γ)3ε2

)
(7.17)

samples to achieve ε accuracy. Comparing this with the RMDP sample complexity (7.16), we
observe that learning RMDPs under TV uncertainty is at least as easy as — if not easier than

— learning standard MDPs. In particular, when σ ≲ 1− γ is small, the sample complexity for
learning RMDPs coincides with (7.17) for learning standard MDPs, which is as expected since
the RMDP approaches the standard MDP when σ = 0. In contrast, when 1− γ ≲ σ < 1, the
sample complexity for learning RMDPs simplifies to

Õ

(
SA

(1− γ)2σε2

)
,

which improves upon the standard MDP counterpart by a factor of σ/(1− γ).
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7.1.4 Theoretical guarantees: the case of χ2 divergence

We now turn to the setting in which the uncertainty set is specified by means of the χ2 divergence.
As we shall see, the resulting sample complexity guarantees differ markedly from those obtained
under TV-based uncertainty. The following theorem summarizes the corresponding upper bound.

Theorem 7.4 (Shi et al., 2023; Shi et al., 2026). Let the metric ρ be the χ2 divergence. Consider
any uncertainty level σ ∈ (0,∞), γ ∈ [1/4, 1), δ ∈ (0, 1), and ε ∈ (0, 1

1−γ
]
. With probability at least

1− δ, the policy π̂ returned by Algorithm 7.1 after T = c1 log
(
N

1−γ
)

iterations satisfies

∀s ∈ S : V ⋆,σ(s)− V π̂,σ(s) ≤ ε,
provided that the number of samples per state-action pair obeys

N ≥ c2
(1− γ)3ε2

(
1 + max{√σ, σ}

1− γ

)
log

(
SAN

δ

)
.

Here, c1, c2 > 0 are some large enough universal constants.

Remark 7.2. Analogous to Remark 7.1, the sample complexity guarantee in Theorem 7.4 extends
beyond DRVI and remains valid for any oracle planning algorithm whose output policy π̂ satisfies
∥∥V̂ ⋆,σ − V̂ π̂,σ

∥∥
∞ ≤ O

( log( SAN
(1−γ)δ )
N2

)
.

In addition, to gauge the tightness of Theorem 7.4 and pin down the sample complexity limit
under χ2-based uncertainty, we next present a minimax lower bound.

Theorem 7.5 (Shi et al., 2023; Shi et al., 2026). Let ρ be the χ2 divergence. Consider any (S,A, γ, σ, ε)
obeying γ ∈ [3/4, 1), σ ∈ (0,∞), and ε ≤ c3

(1−γ) for some small universal constant c3 > 0. Then there
exist two discounted infinite-horizon RMDPs M0 and M1, an initial state distribution µ, and a
dataset with N independent samples per (s, a) pair over the nominal transition kernel (for M0 and
M1 respectively), such that

inf
π̂

max
{
P0
(
V ⋆,σ(µ)− V π̂,σ(µ) > ε

)
, P1

(
V ⋆,σ(µ)− V π̂,σ(µ) > ε

)} ≥ 1
8 ,

provided that the number of samples per state-action pair obeys

N ≤ c4
(1− γ)3ε2

(
1 + σ

1− γ

)

for some universal constant c4 > 0.

Implications. We are now ready to discuss several important implications of the above theorems.

• Nearly tight sample complexity. In order to achieve ε-accuracy for RMDPs under the χ2

divergence, Theorem 7.4 asserts that a total number of samples on the order of

Õ

(
SA

(1− γ)3ε2

(
1 + max{√σ, σ}

1− γ

))
(7.18)

is sufficient for DRVI (or any other oracle planning algorithm as discussed in Remark 7.2).
Taking this together with the minimax lower bound in Theorem 7.5 confirms that the sample
complexity is optimal over a broad range of the uncertainty level σ (when σ ≲ (1− γ)2 and
σ ≳ 1). In particular,
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– when σ ≲ (1−γ)2, the sample complexity upper bound Õ
(

SA
(1−γ)3ε2

)
is sharp and matches

the minimax lower bound;
– when (1−γ)2 ≲ σ ≲ 1, the sample complexity upper bound is on the order of Õ

(
SA
√
σ

(1−γ)4ε2

)
,

leaving a gap of at most
√

1
1−γ from the minimax lower bound;

– when σ ≳ 1, the sample complexity upper bound Õ
(

SAσ
(1−γ)4ε2

)
again matches the minimax

lower bound.

• RMDPs are harder to learn than standard MDPs under χ2 uncertainty. The minimax lower
bound developed in Theorem 7.5 reveals a striking contrast with the TV-distance case. Whereas
TV uncertainty can make robust MDPs statistically easier to learn, χ2 uncertainty never
reduces the sample complexity relative to standard MDPs. Indeed, several distinct regimes
are worth highlighting:

– when σ ≲ 1− γ, the lower bound reduces to

Ω̃
(

SA

(1− γ)3ε2

)
,

which coincides with the sample complexity of standard MDPs;
– when σ ≳ 1− γ, the lower bound becomes

Ω̃
(

SAσ

(1− γ)4ε2

)
,

which exceeds the standard MDP sample complexity by a factor of σ/(1− γ).

7.1.5 Why are the TV and χ2 cases markedly different?

The preceding results reveal a surprising phenomenon: the sample complexity of robust RL depends
critically on both the size and the geometry of the uncertainty set. To gain intuition, consider how
estimation errors propagate through a single value-iteration update (cf. (7.10)) from a fixed value
function V , when the nominal transition kernel P nom is replaced by its empirical estimate P̂ nom.
This leads to the following error terms in standard RL and robust RL, respectively:

standard RL: δstandard =
∣∣∣
〈
P nom
s,a , V

〉− 〈P̂ nom
s,a , V

〉∣∣∣,

robust RL: δrobust =
∣∣∣ inf
Ps,a ∈Uσ(P nom)

⟨Ps,a, V ⟩ − inf
Ps,a ∈Uσ(P̂ nom)

⟨Ps,a, V ⟩
∣∣∣.

As a key distinction, the estimation error in standard RL is linear in the model estimation error
P nom − P̂ nom, whereas in robust RL, it is governed by an additional inner optimization over
the uncertainty set, resulting in a generally nonlinear dependence that often lacks a closed-form
characterization. We provide some brief remarks regarding δrobust under both TV distance and χ2

divergence.

• TV uncertainty. For uncertainty sets based on the TV distance, the dual representation in
(7.13) reveals that δrobust behaves approximately linearly in P nom − P̂ nom, much like δstandard.
Intuitively, this is because TV-based uncertainty sets have a homogeneous shape across all
states and exhibit an almost instance-independent structure (w.r.t. uncertainty set center).
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Moreover, when σ ≳ 1− γ, the robust value function of a fixed policy exhibits a substantially
smaller dynamic range than its standard-RL counterpart. This favorable low-variance statistical
property ultimately leads to improved data efficiency and explains why robust RL can require
fewer samples than standard RL under TV uncertainty.

• χ2 uncertainty. The situation is fundamentally different for uncertainty sets based on the χ2

divergence. In this case, δrobust becomes highly nonlinear and can significantly amplify the
model estimation error P nom − P̂ nom. This effect stems from the heterogeneous structure of
the χ2 uncertainty sets, which varies across states and depends strongly on the specific center
of the set (P nom or P̂ nom). As a result, small perturbations in the nominal transition kernel
can induce substantially larger perturbations in the robust Bellman update. This amplification
effect leads to the increased sample complexity observed under χ2 uncertainty.

7.2 Competitive multi-agent RL

The field of multi-agent reinforcement learning (MARL) studies how multiple agents interact and
make decisions in a shared dynamic environment (Zhang et al., 2021a). Recent breakthroughs in
game playing (Vinyals et al., 2019; Brown and Sandholm, 2019) and multi-robot control (Matignon
et al., 2012) epitomize its broad applicability. In many applications, however, agents have conflicting
objectives and must act strategically to maximize their individual utilities. Such competitive
interactions are commonly modeled as Markov games (MGs) — also known as stochastic games —
which provide a mathematically rigorous and versatile framework for studying competitive MARL
(Shapley, 1953; Littman, 1994).

In competitive settings, the goal is typically to learn certain equilibrium strategy profiles, most
notably the Nash equilibria (Nash Jr, 1950). A key challenge in modern applications is data efficiency:
agents often have little prior knowledge of the environment and must learn effective strategies
through interaction, often in high-dimensional environments. Despite significant progress, the sample
complexity of learning equilibrium strategies in MARL was poorly understood until fairly recently,
even in the fundamental setting of two-player zero-sum Markov games.

7.2.1 Markov games: preliminaries

In this section, we introduce the basic framework of Markov games, together with two important
solution concepts: Nash equilibrium and coarse correlated equilibrium. For simplicity, we restrict
our attention to finite-horizon, non-stationary Markov games.

Markov games. A finite-horizon, non-stationary multi-agent general-sum Markov game, denoted by
MG =

{S, {Ai}1≤i≤m, H, P, r
}
, models the interaction of m agents in a shared dynamic environment,

where agents may have competing objectives. The components of MG are defined as follows.
• S = {1, · · · , S}: the state space of the shared environment, consisting of S different states.

• Ai = {1, · · · , Ai}: the action space of the i-th agent (1 ≤ i ≤ m), consisting of Ai actions.

• A and A−i: the joint action space of all agents and the joint action space excluding agent i,
respectively, defined by

A := A1 × · · · × Am; A−i :=
∏

j:j ̸=i
Aj (1 ≤ i ≤ m). (7.19)
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Figure 7.1: Illustration of a two-player zero-sum Markov game.

Throughout, we use a ∈ A (resp. a−i ∈ A−i) to denote a joint action profile of all agents
(resp. all agents except agent i).

• H: the horizon length.

• P = {Ph}1≤h≤H , with Ph : S×A → ∆(S): the probability transition kernel ofMG. Specifically,
for any (s,a, h, s′) ∈ S×A×[H]×S, we let Ph(s′ | s,a) indicate the probability of transitioning
from state s to state s′ at step h when the joint action profile a is executed.

• r = {ri,h}1≤h≤H,1≤i≤m, with ri,h : S × A → [0, 1]: the (deterministic) reward function.
Specifically, for any (s,a, h) ∈ S ×A× [H], ri,h(s,a) stands for the immediate reward received
by agent i at step h when the Markov game is in state s and the joint action profile is
a. Throughout, rewards are assumed to be normalized so that ri,h(s,a) ∈ [0, 1] for any
(s,a, h, i) ∈ S ×A× [H]× [m].

An important special case is the two-player zero-sum Markov game, which satisfies

r2,h = −r1,h for all h ∈ [H],

denoted by MG =
{S, {A1,A2}, H, P, r

}
. Following standard convention, we assume that r1,h ≥ 0

for all h ∈ [H],2 and refer to player 1 and player 2 as the max-player and min-player, respectively.
See Figure 7.1 for an illustration.

Markov policies. Having specified the dynamics of a Markov game, we now turn to the policies
used by the agents. Throughout this section, we focus on the class of Markov policies, under which
each agent’s action depends only on the current state s and the current step number h, and not on
the previously visited states of the game.

Specifically, let πi = {πi,h}1≤h≤H represent the policy of agent i. Here, πi,h(· | s) ∈ ∆(Ai)
for any (s, h) ∈ S × [H], where πi,h(a | s) denotes the probability that agent i selects action a

when the game is in state s at step h. A joint Markov policy can be defined analogously: we let
π = (π1, . . . , πm) : S × [H]→ ∆(A) represent a joint Markov policy of all agents, where the joint
actions of all agents in state s and step h are chosen according to the joint distribution specified by

2Since r2,h = −r1,h ≤ 0, the reward normalization assumption is violated for player 2. This can be remedied by
adding a constant shift to r2,h, which typically does not affect the equilibrium strategies or the learning problem.
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πh(· | s) = (π1,h, . . . , πm,h)(· | s) ∈ ∆(A). For any given joint policy π, we employ π−i to represent
the policies of all agents except agent i, and similarly use π−i,h to denote the corresponding policies
at step h.

Additionally, a joint policy π is said to be a product policy if the agents act independently under
π; equivalently, this means the joint action distribution factorizes across agents. In this case, we
write π = π1 × · · · × πm to indicate that π is a product policy.

Value functions. Consider a Markovian trajectory {(sh,ah)}1≤h≤H , where sh ∈ S is the state and
ah ∈ A is the joint action profile at step h. For any given joint policy π and any step h ∈ [H], the
value function V π

i,h : S → R of agent i is defined as

∀s ∈ S, V π
i,h(s) := E

[
H∑

t=h
ri,t
(
st,at

) | sh = s

]
, (7.20)

where the expectation is taken over the Markovian trajectory with the m agents jointly executing
policy π (conditional on sh = s). Similarly, we define the Q-function Qπi,h : S ×A → R of the i-th
agent under policy π as follows

∀(s, a) ∈ S ×A, Qπi,h(s,a) := E
[
H∑

t=h
ri,t
(
st,at

) | sh = s,ah = a

]
,

which differs from V π
i,h(s) only in that the action at step h is fixed to be a.

In addition, consider the case where all agents except agent i follow the joint policy π−i, while
agent i independently executes a policy π′i. We denote by V π′i×π−i

i,h the value function resulting from
this joint policy π′i × π−i. Optimizing over all policies π′i of agent i, we further define

V
⋆,π−i
i,h (s) := max

π′i:S×[H]→∆(Ai)
V
π′i×π−i
i,h (s), ∀(s, h, i) ∈ S × [H]× [m]. (7.21)

It is well known that there exists at least one policy, denoted by π⋆i
(
π−i

)
: S × [H]→ ∆(Ai), that

can simultaneously attain V
⋆,π−i
i,h (s) for all h ∈ [H] and all s ∈ S. Such a policy is often referred

to as a best-response policy. Importantly, the best-response policy π⋆i
(
π−i

)
is the best among all

policies of the i-th agent executed independently of π−i.
Furthermore, if we freeze π−i, then the Bellman optimality condition for agent i can be expressed

as (Bertsekas, 2017)

V
⋆,π−i
i,h (s) = max

ai∈Ai

{
E

a−i∼π−i,h(·|s)

[
ri,h(s,a) +

〈
Ph(· | s,a), V ⋆,π−i

i,h+1

〉]}

for all (s, h, i) ∈ S × [H]× [m], where the joint action profile a is composed of agent i’s action ai
and the remaining agents’ actions a−i. The terminal value function is set to be V ⋆,π−i

i,H+1 = 0.

Equilibria of Markov games. In a multi-agent Markov game, each agent wishes to maximize its
own value function. Since agents may have competing objectives, identifying appropriate equilibrium
solutions has become a central theme in the study of Markov games. Two of the most widely
studied solution concepts are the Nash equilibrium (NE) (Nash Jr, 1950) and the coarse correlated
equilibrium (CCE) (Moulin and Vial, 1978; Aumann, 1987), which we briefly introduce below.
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• Nash equilibrium (NE). A product policy π = π1 × · · · × πm is said to be a (mixed-strategy)
Nash equilibrium of MG if the following holds:

V π
i,1(s) = V

⋆,π−i
i,1 (s), ∀(s, i) ∈ S × [m]. (7.22)

In other words, conditional on the current policies of all other agents and the assumption that
all agents take actions independently, no agent can improve its value by unilaterally deviating
from its current policy. Thus, under a Nash equilibrium, every agent is playing a best response
to the policies of the opponents.

• Coarse correlated equilibrium (CCE). A joint policy π is said to be a coarse correlated equilibrium
of MG if

V π
i,1(s) ≥ V ⋆,π−i

i,1 (s), ∀(s, i) ∈ S × [m]. (7.23)
Like a Nash equilibrium, a CCE guarantees that no agent can benefit from a unilateral
deviation performed independently of the others. The key distinction is that a CCE permits
correlation among the agents’ actions, whereas a Nash equilibrium requires the joint policy to
factorize across agents. Consequently, every Nash equilibrium is also a CCE, although the
converse does not generally hold.

For general-sum Markov games, computing a Nash equilibrium is well known to be computa-
tionally intractable in general (specifically, PPAD-hard) (Daskalakis, 2013; Daskalakis et al., 2009).
This computational barrier motivates the study of alternative equilibrium notions, such as the
CCE, which can often be computed efficiently via standard mathematical programming techniques.
Another widely studied notion is the correlated equilibrium (CE) (Aumann, 1987; Greenwald et al.,
2003; Papadimitriou and Roughgarden, 2008), which sits between NE and CCE; we omit a detailed
discussion of the CE in this chapter.

7.2.2 Problem formulation

In many applications, the underlying Markov game is unknown and must be learned from data.
As in single-agent RL, MARL has been studied under a variety of data collection mechanisms. To
keep the exposition focused and concise, this section restricts attention to the generative-model
setting. While idealized, this framework already captures some challenges unique to multi-agent
scenarios and provides a useful starting point for understanding other important settings, including
online Markov games (Tian et al., 2021; Mao and Başar, 2022; Jin et al., 2024a; Song et al., 2022;
Daskalakis et al., 2023; Cui et al., 2023; Feng et al., 2024) and offline Markov games (Cui and Du,
2022b; Cui and Du, 2022a; Yan et al., 2024).

Sampling from a generative model. Throughout this section, we assume access to a generative
model. In each query, the learner may choose an arbitrary state-action-step tuple (s,a, h) ∈
S ×A× [H] and obtain an independent sample

s′ ind.∼ Ph(· | s,a).

Here and throughout the section, we use boldface a to emphasize that it represents a joint action
profile of all agents.

While this sampling model resembles its counterpart in single-agent RL, the resulting statistical
challenges can be markedly different. In particular, whereas a nearly uniform allocation of samples
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across state-action-step tuples is often sufficient in single-agent RL, data-efficient learning in Markov
games frequently requires highly adaptive sampling strategies, as we shall illustrate momentarily.

Goal. In practice, it might be challenging to compute an exact equilibrium, and instead one would
seek to find approximate solutions. Accordingly, the goal of this section is to learn an ε-approximate
equilibrium (either NE or CCE) of MG =

{S, {Ai}1≤i≤m, H, P, r
}

using as few samples as possible,
or equivalently, with a minimal number of calls to the generative model.

To formalize this objective, we need to define the ε-approximate equilibrium. For any policy π,
define its suboptimality gap — measured in an ℓ∞-based manner — by

gap(π) := max
s∈S

gap(π; s), (7.24a)

where
gap(π; s) := max

1≤i≤m

{
V
⋆,π−i
i,1 (s)− V π

i,1(s)
}
. (7.24b)

With this definition in place, a product policy πNE = π1×· · ·×πm is said to be an ε-approximate NE
— or more concisely, ε-Nash — if the resultant suboptimality gap obeys gap(πNE) ≤ ε. Similarly, a
joint (and possibly correlated) policy πCCE is said to be an ε-approximate CCE — or more concisely,
ε-CCE — if gap(πCCE) ≤ ε. A key objective is therefore to characterize the sample complexity
required to learn such ε-approximate equilibria.

7.2.3 A model-based algorithm

A straightforward and natural model-based approach to equilibrium learning in Markov games is
the plug-in estimator (Zhang et al., 2020b; Shi et al., 2024b), which first constructs an empirical
estimate of the underlying Markov game from data samples and then computes an equilibrium
of the empirical Markov game using classical planning methods. More specifically, the procedure
consists of the following two stages.

1) Model estimation. For each state-joint-action-step tuple (s,a, h) ∈ S × A × [H], draw N

independent samples from the generative model:

s
(i)
h (s,a) i.i.d.∼ Ph(· | s,a), i = 1, . . . , N.

Using these samples, construct an empirical transition kernel P̂ according to

∀s′ ∈ S, P̂h(s′ | s,a) = 1
N

N∑

i=1
1
{
s′ = s

(i)
h (s,a)

}

for every (s,a, h) ∈ S ×A× [H]. That is, P̂h(s′ | s,a) records the empirical frequency with
which the tuple (s,a, h) transitions to state s′. This leads to the empirical Markov game
M̂G =

{S, {Ai}1≤i≤m, H, P̂ , r
}
.

2) Planning. Compute either a Nash equilibrium π̂NE or a coarse correlated equilibrium π̂CCE of
M̂G using an appropriate planning oracle. For instance, NE in two-player zero-sum Markov
games can be efficiently computed by Nash value iteration (Shapley, 1953), while CCE
in general-sum Markov games can be obtained using linear-programming-based methods
(Papadimitriou and Roughgarden, 2008), no-external-regret learning dynamics (Roughgarden,
2016), among others.
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The above plug-in estimator provides perhaps the most direct way of extending model-based
algorithms for single-agent RL (see Section 3.5) to the problem of equilibrium learning. A natural
question is therefore: how many samples are required for this approach to compute an approximate
equilibrium? The following theorem provides an answer.

Theorem 7.6 (Zhang et al. (2020b) and Shi et al. (2024b)). Consider any δ ∈ (0, 1). Let π̂NE and π̂CCE
denote, respectively, the NE and CCE returned by the planning oracle in the above model-based
plug-in algorithm. Then for any 0 < ε ≤

√
H, one has

gap(π̂NE) ≤ ε and gap(π̂CCE) ≤ ε

with probability at least 1− δ, provided that

N ≥ C1H3

ε2 log
(
SHN

∏
1≤i≤mAi
δ

)

for some large enough universal constant C1 > 0. Here, the metric gap(·) is defined in (7.24).

Since the Markov game contains a total of SH∏m
i=1Ai state-joint-action-step combinations,

Theorem 7.6 implies that the above model-based plug-in algorithm can learn either an ε-NE or an
ε-CCE with a sample complexity of

Õ

(
SH4∏

1≤i≤mAi
ε2

)
. (7.25)

It is worth emphasizing that this theorem concerns only the statistical aspect of the plug-in approach
and does not address its computational complexity. Indeed, while the planning oracle can be
implemented efficiently in certain settings — such as two-player zero-sum Markov games — it
becomes computationally intractable in general-sum Markov games when tasked with computing
NE.

While appealing for its simplicity, the model-based plug-in estimator introduced above turns out
to be quite expensive and, in general, statistically suboptimal. The main bottleneck stems from its
dependence on the size of the joint action space

∏

1≤i≤m
Ai,

which grows exponentially with the number of agents m when the individual action spaces are of
comparable size. Consequently, the sample complexity deteriorates rapidly as the number of agents
increases, thereby limiting the applicability of this plug-in approach in applications involving many
participants. This phenomenon is commonly referred to as the curse of multi-agency. A natural
question is therefore whether one can circumvent this curse and develop algorithms whose sample
complexity exhibits a substantially milder dependence on the size of the joint action space. As we
shall see shortly, the answer is often affirmative.

7.2.4 Breaking the curse of multi-agency

Motivated by the goal of overcoming the curse of multi-agency in Markov games, a recent line of
work (Mao and Başar, 2022; Song et al., 2022; Jin et al., 2024a; Li et al., 2022a) sought to design
equilibrium learning algorithms that can achieve a significantly improved sample complexity than
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the plug-in estimator discussed in Section 7.2.3. We discuss one such algorithm, termed Q-FTRL,
developed by Li et al. (2022a) for the generative-model setting.

At a high level, Q-FTRL combines two powerful ideas from the RL and online learning literature:
optimism in the face of uncertainty, implemented through upper confidence bounds (UCBs) as in
online RL (see Chapter 5), and online adversarial learning via the Follow-the-Regularized-Leader
(FTRL) framework (Shalev-Shwartz, 2012). A key feature of the algorithm is its use of adaptive
sampling, which directs data collection toward statistically informative regions of the state-joint-
action space from each agent’s perspective independently, and thereby mitigates the curse of
multi-agency. This stands in sharp contrast to the single-agent generative-model setting discussed
in Chapter 3, where a uniform, non-adaptive allocation of samples is often sufficient. More broadly,
Q-FTRL reveals how ideas originating from online RL (see Chapter 5) can play a pivotal role even in
the generative-model setting.

Since the Q-FTRL algorithm is considerably more sophisticated than the model-based methods
introduced in previous chapters, we omit full algorithmic details and refer the interested reader to
Li et al. (2022a) for a complete description. In the sequel, we present its statistical guarantees and
discuss their implications.

Theorem 7.7 (Li et al. (2022a)). Consider any δ ∈ (0, 1) and any ε ∈ (0, H]. There exists a
model-based algorithm (i.e., Q-FTRL) that, with probability at least 1− δ, achieves the following.

• For a two-player zero-sum Markov game, it can find a policy π̂NE satisfying

gap(π̂NE) ≤ ε,

with a total sample complexity of

Õ

(
SAH4

ε2

)
.

• For a general-sum Markov game, it can find a policy π̂CCE satisfying

gap(π̂CCE) ≤ ε

with a total sample complexity of

Õ

(
H4S

∑m
i=1Ai

ε2

)
.

Theorem 7.7 demonstrates that Q-FTRL manages to break the curse of multi-agency. In contrast
to the plug-in estimator described in Section 7.2.3, whose sample complexity is proportional to∏m
i=1Ai, the sample complexity of Q-FTRL depends only on the total number of individual actions,

i.e., ∑m
i=1Ai. Consequently, when the action spaces of different agents are of comparable size, Q-FTRL

reduces an exponential dependence on the number of agents to a linear one, resulting in a dramatic
improvement in data efficiency. Another noteworthy feature is that such statistical guarantees hold
uniformly over the entire accuracy range ε ∈ (0, H], making the algorithm provably appealing even
in sample-starved scenarios.

To assess the optimality of the above sample complexity guarantees, we next present a minimax
lower bound for learning Markov games (w.r.t. finding either ε-NE or ε-CCE) as follows.
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Theorem 7.8. Consider any m ≥ 2 and any 0 < ε ≤ c1H for some small enough constant c1 > 0.
Then one can construct a collection of m-player zero-sum Markov games {MGθ | θ ∈ Θ} with S

states, horizon H, and Ai actions for the i-th player (1 ≤ i ≤ m) such that

inf
π̂

max
θ∈Θ

PMGθ
{
gap

(
π̂
)
> ε

} ≥ 1
4 ,

provided that the total sample size is smaller than

c2H4Smax1≤i≤mAi
ε2 (7.26)

for some sufficiently small constant c2 > 0. Here, the infimum is over all (joint) policy estimators π̂,
and PMGθ denotes the probability measure under the Markov game MGθ.

Combining Theorem 7.7 with the minimax lower bound in Theorem 7.8 establishes the minimax
optimality of Q-FTRL (up to logarithmic factors) when the number m of agents is fixed. Notably,
Q-FTRL is provably minimax optimal for learning Nash equilibria in the important special case of
two-player zero-sum Markov games.

An intriguing open question is whether the sample complexity of Q-FTRL, or related algorithms,
can be further improved to match the lower bound (7.26). Since linear dependence on max1≤i≤mAi
has already been shown to be attainable in online MARL via V-learning (Song et al., 2022; Jin
et al., 2024a) — albeit at the cost of suboptimal dependence on the horizon length — we conjecture
the lower bound (7.26) to be tight (up to logarithmic factors) and hence captures the fundamental
statistical limit of equilibrium learning in Markov games.

7.3 Federated RL

Collecting, through a single agent, an enormous amount of data required by RL is often prohibitively
time-consuming and, in many applications, infeasible. As a result, practical implementations of RL
systems often deploy multiple agents to interact with the environment and gather data in parallel.
This decentralized data-collection paradigm has motivated the development of distributed and
federated RL algorithms, enabling agents to collaboratively learn an optimal policy without actually
communicating the collected data to a centralized server. Ideally, such methods would achieve a
linear speedup with respect to the number of participating agents.

This federated approach to RL has attracted growing attention, as it significantly reduces
bandwidth requirements while offering improved privacy and security guarantees compared to
fully centralized approaches. At the same time, the federated setting introduces new statistical
and algorithmic challenges that are absent in classical single-agent RL. In this section, we use
federated Q-learning as a representative example to illustrate some of these challenges and discuss
the fundamental statistical questions arising due to communication constraints.

7.3.1 Federated synchronous Q-learning

As a case study, we consider federated synchronous Q-learning, in which all state-action pairs
are updated simultaneously, and each agent is assumed to have access to a generative model (or
simulator). This provides a natural framework for studying the interplay between communication
constraints and statistical efficiency in federated RL.
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Problem setup. Consider a federated RL setting withK agents interacting with the same discounted
infinite-horizon MDP M = {S,A, P, r, γ}. We focus on the synchronous setting, where each agent
k ∈ [K] has access to the generative model of the underlying MDP. At iteration t, for every
state-action pair (s, a) ∈ S ×A, each agent k can independently query the generative model and
obtain a fresh sample

skt (s, a) ind.∼ P (· | s, a). (7.27)

The agents perform local updates using their own samples and may periodically synchronize their
estimates through a central server. The goal is to collaboratively learn the optimal Q-function
Q⋆, while reducing the communication overhead associated with synchronizing the agents’ local
estimates.

Algorithm description: FedSynQ. We now describe a natural federated synchronous Q-learning
algorithm, dubbed FedSynQ, which alternates between local Q-learning updates and periodic
synchronization across agents. The complete procedure is summarized in Algorithm 7.2.

The FedSynQ algorithm initializes, at each agent k ∈ [K], a local Q-function estimate Qk0 = Q0.
At the beginning of each iteration t ≥ 1, agent k maintains a local Q-function estimate Qkt−1 together
with the corresponding value function estimate V k

t−1:

∀s ∈ S : V k
t−1(s) := max

a∈A
Qkt−1(s, a).

Each iteration t performs the following two steps.

1. Local updates. Each agent k first updates all entries of its local Q-function estimate Qkt−1
independently using the standard synchronous Q-learning update rule, yielding the following
intermediate Q-function estimate:

Qk
t− 1

2
(s, a) = (1− η)Qkt−1(s, a) + η

(
r(s, a) + γV k

t−1
(
skt (s, a)

))
(7.28)

for all (s, a) ∈ S × A, where skt (s, a) is generated according to (7.27), and 0 < η < 1 is the
learning rate.

2. Periodic synchronization and averaging. Every τ ≥ 1 iterations — where τ denotes the
synchronization period — the agents synchronize their local Q-function estimates through a
central server. At each synchronization round, the server averages the intermediate Q-function
estimates {Qk

t− 1
2
}Kk=1 and broadcasts the resulting estimate back to all agents. Consequently,

the updated Q-function estimate at the end of iteration t can be expressed as

Qkt (s, a) =





1
K

∑K
k=1Q

k
t− 1

2
(s, a), if t ≡ 0 (mod τ)

Qk
t− 1

2
(s, a), otherwise

(7.29)

for all (s, a) ∈ S ×A.

After T iterations, the FedSynQ algorithm outputs the averaged Q-function estimate

QT = 1
K

K∑

k=1
QkT .



272 Chapter 7. Extensions

Algorithm 7.2: Federated synchronous Q-learning (FedSynQ)
1 inputs: discount factor γ, reward function r, learning rate 0 < η < 1, number of agents K,

synchronization period τ , number of iterations T , initial guess Q0.
2 initialize Qk0 ← Q0 for all k.
3 for t = 1, · · · , T do
4 for k = 1, · · · ,K do
5 draw skt (s, a) ind.∼ P (· | s, a) for every (s, a) ∈ S ×A.
6 compute Qk

t− 1
2

according to (7.28).
7 compute Qkt according to (7.29).

8 return: QT = 1
K

∑
kQ

k
T .

Without loss of generality, we assume that T is divisible by the synchronization period τ . The
resulting communication complexity can be measured by

Cround = T/τ,

which corresponds to the total number of communication rounds.

Theoretical guarantees. We are now in a position to establish non-asymptotic performance
guarantees for FedSynQ.

Theorem 7.9 (Woo et al., 2023). Consider any given δ ∈ (0, 1) and ε ∈ (0, 1
1−γ

]
. Suppose that the

initialization satisfies 0 ≤ Q0 ≤ 1
1−γ , and the synchronization period τ obeys

τ ≤ 1 + 1
η

min
{1− γ

8γ ,
1
K

}
. (7.30a)

There exists some sufficiently large (resp. small) constant cT > 0 (resp. cη > 0) such that, with
probability at least 1− δ, Algorithm 7.2 achieves ∥QT −Q⋆∥∞ ≤ ε, provided that

T ≥ cT
K(1− γ)5ε2 log3

(
SAKT

δε(1− γ)2

)
, (7.30b)

η = cηK(1− γ)4ε2

log SAKT
δ

. (7.30c)

Implications. Theorem 7.9 implies that, to obtain an ε-accurate estimate of the optimal Q-function
in an ℓ∞ sense, each agent requires at most

Õ

(
SA

K(1− γ)5ε2

)
(7.31)

samples, where each agent draws SA samples at each iteration. This theorem yields several implica-
tions as follows.

• Linear speedup. The per-agent sample complexity in (7.31) enjoys a linear improvement with
respect to the number of agents K. For comparison, recall from Chapter 4 that the sharp sample
complexity of single-agent synchronous Q-learning is Θ̃

(
SA

(1−γ)4ε2

)
for ε ∈ (0, 1). Consequently,
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the federated setting provably achieves faster learning whenever K ≳ 1
1−γ up to logarithmic

factors, provided that ε ∈ (0, 1).

• Communication efficiency. A key feature of this federated setting is the use of periodic
averaging to reduce communication costs. According to (7.30a), the above theory requires
the synchronization period τ to scale inversely with the learning rate η, suggesting that
more frequent communication may be needed to compensate for the greater discrepancy of
local updates under larger learning rates. To gain further insight, consider the regime where
K ≳ 1

1−γ and ε ≲ 1
K(1−γ)2 . Substituting the learning rate (7.30c) into the upper bound (7.30a)

suggests a feasible synchronization period as

τ = Θ̃
( 1
K2(1− γ)4ε2

)
.

This leads to a communication complexity no larger than

Cround = T

τ
≤ Õ

(
K

1− γ

)
,

which is nearly independent of the target accuracy level ε.

Finally, we note that the communication efficiency of FedSynQ can be further improved by employing
more orchestrated communication schedules; see, e.g., Woo et al. (2024) and Salgia and Chi (2024).

7.3.2 Trade-offs between statistical and communication efficiency

A central challenge in the design of federated RL algorithms, including federated Q-learning, is
to address the natural tension between sample and communication complexities. At one extreme,
one may adopt a fully centralized approach that gathers all locally collected data at a central
server and then runs a statistically optimal RL algorithm using all samples. While this naïve
strategy trivially achieves the optimal sample complexity, it incurs a very large — and often
prohibitive — communication cost. In contrast, several recently proposed federated RL algorithms
(e.g., Khodadadian et al. (2022), Woo et al. (2023), and Woo et al. (2024)) operate in a more
communication-efficient fashion. By reducing the frequency of synchronization between agents and a
central server, these methods significantly lower communication costs relative to the fully centralized
approach, albeit often at the expense of suboptimal sample complexity.

These results hint at the existence of a fundamental trade-off between sample and communication
complexities in federated RL. To fully appreciate the statistical benefits from collaboration, one
must understand the price of collaboration, i.e., the minimum amount of communication required to
realize such gains. In what follows, we study this trade-off within the class of federated Q-learning
algorithms with intermittent communication, which encompasses various communication-efficient
schemes.

Intermittent-communication protocols. Consider a popular class of intermittent communication
protocols in federated learning. Under such protocols, agents communicate intermittently — namely,
only at selected synchronization rounds — sharing their updated estimates of Q⋆ either with one
another or through a central server. Between communication rounds, each agent performs local
stochastic-approximation-type updates using only its locally available data, much like a single-agent
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Q-learning algorithm. As such, intermittent communication provides a natural framework to extend
single-agent Q-learning to the federated setting while reducing communication costs. This class
of protocols has been extensively studied in federated learning and distributed optimization and
has played a central role in establishing communication lower bounds for distributed stochastic
optimization problems (Woodworth et al., 2021).

A generic federated Q-learning algorithm with intermittent communication is outlined in Algo-
rithm 7.3. This generic algorithm is specified by five parameters:

(i) the total number of updates T ;

(ii) the number of communication rounds Cround;

(iii) a step size schedule {ηt}Tt=1;

(iv) a communication schedule C = {tr}Rr=1;

(v) a batch size B.

At iteration t, each agent k computes {T̂b(Qkt−1)}Bb=1, a minibatch of i.i.d. sample Bellman operators
T̂b(·), b = 1, . . . , B, applied to its current estimate Qkt−1, using B samples from the generative model
for each (s, a) pair, and obtains an intermediate local estimate using the Q-learning update rule as
follows:

Qk
t− 1

2
= (1− ηt)Qkt−1 + ηt

B

B∑

b=1
T̂b(Qkt−1). (7.32)

Here, ηt ∈ (0, 1] denotes the learning rate at iteration t. The resulting intermediate estimates are
synchronized and averaged according to the communication schedule C = {tr}Cround

r=1 (which consists
of Cround synchronization rounds). Specifically,

Qkt =





1
K

∑K
j=1Q

j

t− 1
2
, if t ∈ C,

Qk
t− 1

2
, otherwise.

(7.33)

Here, the averaging step may be replaced by any distributed mean estimation routine, including
variants that include compression to control the bit-level costs. Without loss of generality, we assume
tCround = T , i.e., the final iterates are always synchronized. Evidently, the number of samples taken
per agent for each state-action pair is N = BT .

Theorem 7.10. Assume that γ ∈ [5/6, 1), S ≥ 4 and A ≥ 2. Let A be a federated Q-learning
algorithm with intermittent communication, as described in Algorithm 7.3. Suppose that A is run
for T ≥ max{16, 1

1−γ } iterations with either a linearly rescaled learning rate schedule ηt = 1
1+cη(1−γ)t

or a constant learning rate schedule ηt = η for all 1 ≤ t ≤ T . If

Cround ≤
c0

(1− γ) log2N

for some universal constant c0 > 0, then for any choices of communication schedule, batch size B,
cη > 0 and η ∈ (0, 1), there exists an instance of MDP such that the output of A obeys

E
[∥∥Q̂−Q⋆

∥∥
∞
] ≥ Cγ√

N log3N

for all K ≥ 2 and N = BT . Here, Cγ > 0 is a quantity that depends only on γ.
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Algorithm 7.3: A generic federated Q-learning algorithm A

1 input: discount factor γ, reward function r, number of iterations T , learning rates {ηt}Tt=1,
number of synchronization rounds R, synchronization schedule C = {tr}Rr=1, batch size B.

2 initialize Qk0 ← 0 for all 1 ≤ k ≤ K.
3 for t = 1, 2, . . . , T do
4 for k ∈ [K] do
5 compute Qk

t− 1
2

according to (7.32).
6 compute Qkt according to (7.33).

7 return Q̂ = QT .

The above theorem unveils a fundamental communication requirement for federated Q-learning
with intermittent communication. Specifically, for any such algorithm to obtain any statistical
benefit from collaboration — namely, for its error rate to improve as the number of agents increases

— it must perform at least Ω̃
( 1

1−γ
)

rounds of communication and transmit Ω̃
(
SA
1−γ

)
bits of information

per agent, both of which scale linearly with the effective horizon 1
1−γ of the underlying MDP.

The above lower bound on the communication complexity also immediately applies to federated
Q-learning algorithms that offer order-optimal sample complexity and thereby a linear speedup with
respect to the number of agents. Therefore, this theorem characterizes a fundamental converse for
the statistical-communication trade-off in federated Q-learning.

The communication lower bound stems from the bias-variance trade-off underlying the conver-
gence of Q-learning, which we discussed thoroughly in Section 4.3.3. In the fully centralized setting,
this trade-off can be achieved through an appropriate choice of step sizes. In the federated setting,
however, the communication schedule becomes an additional factor. In particular, the local updates
performed between two communication rounds induce a positive estimation bias that depends on the
standard deviation of the iterates, a manifestation of the well-documented over-estimation issue in
Q-learning (see, e.g., Hasselt (2010) and the lower bound of Q-learning in Theorem 4.7). Since this
bias arises solely from local updates, it does not reflect any benefit of collaboration. Communication
mitigates this effect by averaging the local iterates across agents, thereby reducing the effective
variance of the updates. When communication is too infrequent, however, the accumulated local
bias dominates, and averaging of iterates is insufficient to offset the impact of the positive bias
induced by the local steps. Consequently, the algorithm may fail to realize any statistical gains from
collaboration when communication is too infrequent.

Remark 7.3 (Tightness of the communication lower bound). Salgia and Chi (2024) developed a com-
panion variance-reduced federated Q-learning algorithm that simultaneously achieves order-optimal
sample and communication complexities, thereby establishing the tightness of the communication
lower bound presented above.

7.4 Statistical inference in RL

While most of this monograph has focused on learning value functions and near-optimal policies, many
practical RL applications also require reliable measures of uncertainty to assess the quality of these
estimates (Shi et al., 2022b; Zhang et al., 2025c; Shi, 2025). For instance, constructing valid confidence
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intervals for value functions is often an important step in supporting downstream decision-making,
not to mention its key role in the design of UCB- and LCB-based algorithms discussed in previous
chapters. Achieving statistically efficient inference and uncertainty quantification typically requires
establishing a distributional theory for the estimators of interest. Motivated by the high-dimensional
nature of modern RL problems, a substantial body of recent work has focused on developing
non-asymptotic distributional guarantees that remain valid well beyond classical asymptotic regimes.
Moreover, since many RL algorithms produce estimates through iterative updates, statistical
inference often needs to be developed in a manner that accommodates the online, iterative nature
of the learning procedure.

We note that statistical inference for RL is a broad and rapidly growing area; see Shi (2025)
for a recent overview. In this section, rather than attempting a comprehensive treatment, we use
TD learning as a case study to illustrate some of the key ideas in enabling statistical inference
and non-asymptotic distributional theory for RL. Recall that in Section 4.2, we have established
non-asymptotic convergence guarantees of synchronous TD learning and showed that its sample
complexity in the generative-model setting achieves minimax-optimal rates (Li et al., 2024a); such
results, however, typically suppress pre-constants and logarithmic factors, both of which can have a
substantial impact on the accuracy of the resulting confidence intervals. A complementary thread of
work focused on the asymptotic behavior of TD learning, demonstrating that, when combined with
Polyak-Ruppert averaging (Polyak and Juditsky, 1992; Ruppert, 1998), the TD iterates converge to
a Gaussian distribution in the asymptotic large-sample limit (e.g., Fort (2015), Mou et al. (2020),
Borkar et al. (2025), and Li et al. (2023e)). While informative, such asymptotic results may not
directly address finite-sample inference. In this section, we review some recent developments that
extend these results to develop non-asymptotic distributional guarantees for the finite-sample regime.

7.4.1 Setting and algorithm

For concreteness, we focus on a simple variant of TD learning for estimating the value function V π

of a fixed policy π in a discounted infinite-horizon MDP M = (S,A, P, r, γ). Akin to Section 4.2,
we consider here an idealized setting in which the agent has access to a sequence of i.i.d. samples;
specifically, the data sequence consists of

{
(st, at, s′t, rt)

}T
t=1, (7.34a)

where, for each 1 ≤ t ≤ T , the tuple (st, at, s′t, rt) is generated independently according to

st ∼ µ, at ∼ π(· | st), rt = r(st, at), s′t ∼ P (· | st, at) (7.34b)

for some state distribution µ ∈ ∆(S) satisfying λ0 = mins∈S µ(s) > 0. In practice, the state-action-
reward tuples are often generated sequentially along a Markovian trajectory; here, we adopt the i.i.d.
setting to simplify the exposition and avoid additional technical complications. The TD learning
variant considered in this section maintains an estimate Vt : S → R of the target value function and
utilizes one sample tuple in each iteration. At iteration t, it updates the value estimate according to

Vt(st) = (1− ηt)Vt−1(st) + ηt
(
rt + γVt−1(s′t)

)
, (7.35)

where 0 < ηt < 1 denotes the learning rate at iteration t.
As discussed in Section 4.2, TD learning can be viewed as a stochastic approximation procedure

for finding the fixed point of the Bellman operator. A classical technique for reducing the variability
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of the iterates and improving asymptotic statistical efficiency is Polyak-Ruppert averaging (Polyak
and Juditsky, 1992; Ruppert, 1998), which forms the final estimate by averaging all iterates (e.g.,
Mou et al. (2020), Mou et al. (2023), Durmus et al. (2025), Borkar et al. (2025), Srikant (2025),
and Wu et al. (2024)):

V T = 1
T

T∑

t=1
Vt. (7.36)

A key step toward statistical inference for TD learning is to characterize the distribution of the
value estimation error

∆T := V T − V π (7.37)
of the Polyak-Ruppert averaged TD estimator.

7.4.2 Distributional theory of TD learning

Classical theory in stochastic approximation (Polyak and Juditsky, 1992; Fort, 2015; Borkar et al.,
2025) established that, with an appropriate choice of the learning rate schedule, the averaged iterates
of a broad class of stochastic approximation algorithms — including TD learning — converge
asymptotically to a Gaussian distribution as T →∞ with all other problem parameters held fixed.
Specializing to the averaged TD estimator, this asymptotic normality says

√
T ∆T

d−→ N (0,Λ⋆), (7.38)

where Λ⋆ is the associated (asymptotic) covariance matrix defined as

Λ⋆ := A−1ΓA−⊤, (7.39)

with

A := diag(µ)(I − γPπ), (7.40a)

Γ := diag(Γs,s), with Γs,s = µ(s) E
s′∼Pπ(· | s)

[(
V π(s)− (r(s) + γV π(s′)

))2]
. (7.40b)

Here, the definition of the matrix Pπ can be found in (2.19), diag(µ) denotes a diagonal matrix with
diagonal entries being {µ(s)}1≤s≤S , and Γ is a diagonal matrix whose s-th diagonal entry is given
by {Γs,s}1≤s≤S . Intuitively, Γs,s captures the variance of the TD error at each state, weighted by
the state distribution µ.

It remains to strengthen this asymptotic guarantee by establishing a finite-sample, high-
dimensional Gaussian approximation for ∆T , which has attracted considerable recent attention
(e.g., Srikant (2025), Wu et al. (2024), and Samsonov et al. (2024a)). To this end, a natural tool
is the Berry-Esseen bound, which provides an estimate of the distance between the distribution
of an estimator and its Gaussian approximation. In high-dimensional settings, such bounds are
particularly useful because they yield uniform guarantees over rich classes of sets (e.g., convex
sets) (Raič, 2019; Kloeckner, 2019; Shao and Zhang, 2022; Chen et al., 2010), thereby enabling
the construction of confidence regions with finite-sample validity. Throughout this subsection, we
measure the discrepancy between two probability distributions P and Q using the convex distance

dcvx(P,Q) := sup
A∈Cd

|P (A)−Q(A)|, (7.41)
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where Cd is the class of all convex sets in Rd. Recalling the definition of the TV distance TV(P,Q)
in (1.2a), we have dcvx(P,Q) ≤ TV(P,Q). The following theorem provides a non-asymptotic Berry-
Esseen bound (Wu et al., 2024).

Theorem 7.11. Consider the TD algorithm (7.35) with Polyak-Ruppert averaging (7.36), indepen-
dent samples (7.34), and decaying learning rates ηt = η0t−2/3 for some 0 < η0 < 1/4. Then we
have

dcvx
(√
T ∆T ,N (0,Λ⋆)

)
≲

(√
η0

(1− γ)λ0
Tr(Γ)∥Γ−1∥+

√
Sκ(Γ)

(1− γ)λ0η0

)
T−

1
3 + C̃ T−

1
2 ,

where dcvx(·, ·) is defined in (7.41), κ(Γ) is the condition number of Γ, λ0 = mins∈S µ(s). Here C̃ > 0
is some problem-related quantity independent of T , and polynomial in salient problem parameters;
see details in Wu et al., 2024.

This result establishes that
√
T ∆T is uniformly close in distribution, over the class of convex

subsets of Rd, to a standard Gaussian random vector with the asymptotic covariance (7.39). In this
sense, it provides a finite-sample, high-dimensional analog of the classical central limit theorem and
Berry-Esseen bound (e.g., Polyak and Juditsky (1992) and Fort (2015)). We note, however, that this
guarantee becomes meaningful only when the sample size T exceeds a polynomial function of the
dimension, and the minimal sample size T required to ensure such finite-sample validity remains an
open question.

7.4.3 Statistical inference

The distributional theory in Theorem 7.11 shows that the distribution of
√
T ∆T is well approximated

by a Gaussian distribution with covariance matrix Λ⋆ in finite samples, which naturally suggests
a route to statistical inference through Gaussian confidence regions. The main obstacle is that
the covariance matrix Λ⋆ is unknown and must be estimated from data. We therefore begin by
introducing an estimator of Λ⋆, before showing how it can be used to construct finite-sample
confidence sets.

Covariance matrix estimation. Several approaches have been proposed for estimating covariance
matrices in stochastic approximation and RL, such as plug-in estimation (Chen et al., 2020a) and
bootstrapping (White and White, 2010; Hanna et al., 2017; Hao et al., 2021; Ramprasad et al., 2022;
Zhu et al., 2023b; Samsonov et al., 2024a). Here, we present a computationally efficient online
plug-in estimator for Λ⋆, as studied in Wu et al., 2024.

Specifically, denoting by es the s-th standard basis vector, we define

AT := 1
T

T∑

t=1
At with At := est(est − γes′t)

⊤, and

Γ̂T :=
T∑

t=1
wt,T (AtV T − bt)(AtV T − bt)⊤ with bt := rtest

as estimators of A and Γ, respectively. Here, the weights {wt,T }1≤t≤T in Γ̂T are chosen as

wt,T := t
∑T
t=1 t

= 2t
T (T + 1);
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the rationale is that later iterations tend to be more accurate and therefore provide more reliable
information about the covariance matrix. We take

Λ̂T = A
−1
T Γ̂T

(
A
−1
T

)⊤ (7.42)

to be the final estimator of Λ⋆. Crucially, the estimator Λ̂T can be computed and updated in an
online fashion.

Confidence sets. Equipped with the covariance estimator Λ̂T , we now describe a general procedure
for constructing convex confidence sets for V π. Given a prescribed confidence level 1− α ∈ (0, 1), it
suffices to choose any convex set Cα that contains at least 1−α probability mass under the Gaussian
distribution N (V T , Λ̂T /T

)
; that is,

P
(
V ∈ Cα | V T , Λ̂T

)
≥ 1− α (7.43)

with V ∼ N (V T , Λ̂/T
)
. By the Gaussian approximation in Theorem 7.11, such sets serve as

approximate confidence regions for V π. Natural choices of Cα include, but not limited to, the
following.

(i) Hyper-rectangles, yielding simultaneous confidence intervals of the form

Cα =
S∏

s=1

[
V T (s)− R̂/

√
T , V T (s) + R̂/

√
T
]
,

where R̂ > 0 is the (random) quantile of the ℓ∞ norm of a centered Gaussian random vectors
with covariance Λ̂T /T . This quantile can be calculated efficiently via simulations.

(ii) Ellipsoids or balls, for example

Cα =
{
V : T

(
V − V T

)⊤Λ̂−1
T

(
V − V T

) ≤ R2
}
,

where R is the 1− α quantile of the χ2(d) distribution.

7.5 RL with human feedback

Reinforcement learning from human feedback (RLHF) (Ziegler et al., 2019), a paradigm to fine-tune
large language models (LLMs), has been shown to be instrumental in significantly improving the
helpfulness, truthfulness and controllability of LLMs (Ouyang et al., 2022). Roughly speaking, there
are two critical components of RLHF: (1) reward modeling, which maps human preference rankings
into a quantitative reward function that can guide policy improvement; and (2) RL fine-tuning,
which seeks to adjust LLM output to align with human preferences by leveraging the learned reward
function, i.e., increasing the probability of preferred answers and decreasing the probability of
unfavored answers.

Evidently, the curation of preference data is instrumental in the performance of RLHF, which
is commonly modeled as pairwise comparisons from a Bradley-Terry ranking model (Bradley and
Terry, 1952). In particular, given a query x, human annotators choose a preferred answer from
two candidate answers y1 and y2 generated by an LLM. Despite the simple form, collecting large-
scale and high-quality preference data can be expensive and time-consuming. Depending on the
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availability of preference data, two paradigms of RLHF are considered: (1) offline RLHF, where
only a pre-collected preference dataset is available, possibly generated from a pre-trained LLM
after supervised fine-tuning (SFT); and (2) online RLHF, where additional preference data can be
collected adaptively to improve alignment.

While there has been significant work on the theoretical underpinnings of RLHF that seeks to
uncover algorithmic improvements, significant challenges remain, particularly concerning how to
incorporate estimates of reward uncertainty without explicitly estimating the reward, given that it
is often desirable to only maintain the policy itself.

7.5.1 Background

In RLHF, a language model is described by a policy π, which generates an answer y ∈ Y given a
prompt x ∈ X according to the conditional probability distribution π(· |x). The standard RLHF
process consists of four stages: supervised fine-tuning (SFT), preference data generation, reward
modeling, and RL fine-tuning. In the SFT stage, a language model πsft is obtained by fine-tuning a
pre-trained LLM with supervised learning. The remaining stages continue training by leveraging
the preference data, which we elaborate below.

Reward modeling from preference data. An oracle (e.g., a human labeler or a scoring model)
evaluates the quality of two answers y1 and y2 given prompt x and reveals its preference. A widely
used approach for modeling the probability of pairwise preferences is the Bradley–Terry model
(Bradley and Terry, 1952):

P(y1 ≻ y2|x) =
exp

(
r⋆(x, y1)

)

exp
(
r⋆(x, y1)

)
+ exp

(
r⋆(x, y2)

) = σ
(
r⋆(x, y1)− r⋆(x, y2)

)
, (7.44)

where y1 ≻ y2 indicates that y1 is preferred over y2, r⋆ : X × Y → R is the ground truth reward
function, and σ : R→ (0, 1) is the logistic function. A preference data sample is denoted by a tuple
(x, y+, y−), where y+ (resp. y−) is the preferred (resp. unpreferred) answer in the comparison.

Given a preference dataset D =
{
(xi, yi+, yi−)

}
composed of independent samples, one natural

idea to estimate the reward function r is via maximum likelihood estimation (MLE):

rMLE = arg min
r

ℓ(r,D), (7.45)

where ℓ(r,D) is the negative log-likelihood of D, given as

ℓ(r,D) := −
∑

(xi,yi+,yi−)∈D
log σ

(
r(xi, yi+)− r(xi, yi−)

)
. (7.46)

RL fine-tuning. With a reward model r in hand, we seek to fine-tune the policy π to achieve an
ideal balance between the expected reward and its distance from an initial reference policy πref ,
which is typically set the same as πsft. This is achieved by maximizing the KL-regularized value
function J(r, π), defined as

J(r, π) := E
x∼ρ,y∼π(· |x)

[
r(x, y)

]− β E
x∼ρ

[
KL
(
π(· |x) ∥πref(· |x)

)]
, (7.47)

where KL
(
π1 ∥π2

)
is the KL divergence from π1 to π2, and β > 0 is a regularization parameter.

Consequently, the RL fine-tuned policy πr with respect to the reward r satisfies

πr := arg max
π

J(r, π), (7.48)
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which admits a closed-form solution (Rafailov et al., 2023), i.e.,

∀(x, y) ∈ X × Y : πr(y|x) =
πref(y |x) exp

(
r(x, y)/β

)

Z(r, x) . (7.49)

Here, Z(r, x) is a normalization factor given by

Z(r, x) =
∑

y′∈Y
πref(y′ |x) exp

(
r(x, y′)/β

)
. (7.50)

Direct preference optimization. The closed-form solution (7.49) allows us to write the reward
function r in turn as

r(x, y) = β
(

log πr(y |x)− log πref(y |x) + logZ(r, x)
)
. (7.51)

Plugging the above equation into the reward MLE (7.45), we obtain the seminal formulation of
direct preference optimization (DPO) over the policy space (Rafailov et al., 2023),

πDPO = arg min
π
−

∑

(xi,yi+,yi−)∈D
log σ

(
β

(
log π(yi+ |xi)

πref(yi+ |xi)
− log π(yi− |xi)

πref(yi− |xi)

))
. (7.52)

An important advantage of this formulation is that it completely avoids the explicit learning of the
reward model, where the normalization factor Z(r, x) cancels out in (7.52), as it is formidable to
compute when the number of responses |Y| is large.

7.5.2 Value-incentivized preference optimization

A major caveat of the standard RLHF framework concerns the lack of accounting for reward
uncertainty, which is known to be indispensable in the success of standard RL paradigms in both
online and offline settings as seen repetitively in this monograph. This motivates the design of a
principled mechanism that can be easily integrated into the RLHF pipeline, while bypassing the
difficulties of explicit uncertainty estimation in LLMs.

In view of the suboptimality of naive MLE for reward estimation (Cesa-Bianchi et al., 2017;
Rashidinejad et al., 2021), it is tempting to regularize the reward estimate towards those with higher
returns (Kumar and Becker, 1982; Liu et al., 2020a)

J⋆(r) = max
π

J(r, π), (7.53)

which measures the resulting value function for the given reward if one acts according to its optimal
policy. However, in RLHF, by the definition (7.44), the reward function r⋆ is only identifiable up
to a prompt-dependent global shift. Specifically, suppose that r1(x, y) and r2(x, y) are two reward
functions that only differ by a prompt-dependent shift c(x), i.e., r1(x, y) = r2(x, y) + c(x). It follows
that r1(x, y1) − r1(x, y2) = r2(x, y1) − r2(x, y2), which means that the two reward functions are
not distinguishable in terms of the log-likelihood function since ℓ(r1,D) = ℓ(r2,D). However, their
respective returns are shifted by J⋆(r1) = J⋆(r2) + Ex∼ρ

[
c(x)

]
, making J⋆(r) improper to be used

directly as a regularizer. To resolve this challenge, we introduce a calibrated value function with
respect to a calibration policy πcal, given as

J(r, π;πcal) = E
x∼ρ,y∼π(· |x)

[
r(x, y)

]− E
x∼ρ,y∼πcal(· |x)

[
r(x, y)

]− β E
x∼ρ

[
KL
(
π(· |x) ∥πref(· |x)

)]
. (7.54)
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This calibrated value function is invariant to prompt-dependent shifts of the reward: if r1(x, y) =
r2(x, y) + c(x), then J(r1, π;πcal) = J(r2, π;πcal) for any policy π. We further define the optimal
calibrated value

J⋆(r;πcal) = max
π

J(r, π;πcal), (7.55)

which measures the best KL-regularized improvement over the calibration policy under the reward
model r.

Cen et al. (2025) proposes a regularized MLE of the Bradley-Terry model (7.45) called value-
incentivized preference optimization (VPO), which appends the regularization term J⋆(r;πcal) to the
negative log-likelihood

rVPO = arg min
r

{
ℓ(r,D)− sign · α · J⋆(r;πcal)

}
, (7.56)

incentivizing the algorithm to favor (resp. avoid) reward models with higher calibrated value
J⋆(r;πcal) in the online (resp. offline) setting. Here, α > 0 is a constant controlling the strength of
regularization, and sign is set to 1 in the online setting and −1 in the offline setting, corresponding
to the optimism and pessimism for online and offline RL, explained in earlier chapters.

At first glance, the objective function for VPO (7.56) does not immediately imply a computationally-
efficient algorithm due to the presence of J⋆(r;πcal). However, by exploiting the same closed-form
solution for the optimal policy given the reward in (7.49), and the reward representation inferred
from the policy via (7.51), we can explicitly express J⋆(r;πcal) as

J⋆(r;πcal) = E
x∼ρ,y∼πr(·|x)

[
r(x, y)− β(log πr(y|x)− log πref(y|x)

)]− E
x∼ρ,y∼πcal(·|x)

[
r(x, y)

]

= β E
x∼ρ
[
logZ(r, x)

]− E
x∼ρ,y∼πcal(·|x)

[
r(x, y)

]

(i)= E
x∼ρ,y∼πcal(·|x)

[
β logZ(r, x)− r(x, y)

]

(ii)= −β E
x∼ρ,y∼πcal(·|x)

[
log πr(y|x)− log πref(y|x)

]
, (7.57)

where (i) follows because the bracketed term is independent of y (c.f. (7.49)) and (ii) follows by
rearranging (7.49). Given this key ingredient, we can then rewrite (7.56) to directly optimize the
policy, in a flavor similar to DPO, as

πVPO = argmin
πr

{
ℓ(r,D)− sign · α · J⋆(r;πcal)

}

= argmin
πr

{
−

∑

(xi,yi+,yi−)∈D
log σ

(
β log πr(yi+|xi)

πref(yi+|xi)
− β log πr(yi−|xi)

πref(yi−|xi)

)

+ sign · αβ E
x∼ρ,y∼πcal(·|x)

[
log πr(y|x)− log πref(y|x)

]
}

= arg min
π

{
−

∑

(xi,yi+,yi−)∈D
log σ

(
β log π(yi+|xi)

πref(yi+|xi)
− β log π(yi−|xi)

πref(yi−|xi)

)

+ sign · αβ E
x∼ρ,y∼πcal(·|x)

[
log π(y|x)− log πref(y|x)

]
}
. (7.58)
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Observing that in the last term E
x∼ρ,y∼πcal(·|x)

[
log π(y|x)− log πref(y|x)

]
of (7.58), the the reference

policy πref(y|x) does not impact the optimization solution, we can change it to

E
x∼ρ,y∼πcal(·|x)

[
log π(y|x)− log πcal(y|x)

]
= − E

x∼ρ

[
KL
(
πcal(·|x) ∥π(·|x)

)]
,

which amounts to adding a KL regularization to the original DPO formulation and offers an interesting
interpretation as pushing π against/towards πcal in the online/offline settings, respectively, unveiling
the role of reward calibration in RLHF.

In what follows, we elaborate on the development of VPO in the online setting and its possible
improvement. For simplicity, we restrict attention to the linear approximation of the reward model.

Assumption 7.1 (Linear Reward). We parameterize the reward model by

rθ(x, y) =
〈
ϕ(x, y), θ

〉
, ∀(x, y) ∈ X × Y, (7.59)

where ϕ : X × Y → Rd is a fixed feature mapping and θ ∈ Rd is the parameter vector. We assume
that

∥∥ϕ(x, y)
∥∥

2 ≤ 1 for all (x, y) ∈ X × Y, and that r⋆(x, y) =
〈
ϕ(x, y), θ⋆

〉
for some θ⋆ ∈ Rd.

7.5.3 Theory and improvement for online RLHF

The online RLHF procedure extends training by performing reward learning and policy learning
iteratively, with a growing preference dataset collected by using the current policy. We use π(t) to
denote the policy used in the t-th iteration, where the superscript (t) indicates iteration t in the
online setting. The t-th iteration of VPO for online RLHF consists of the following steps:

1. New preference data generation. We sample a new prompt x(t) ∼ ρ and two answers
y

(t)
1 , y

(t)
2 ∼ π(t)(·|x(t)), query the preference oracle and append

(
x(t), y

(t)
+ , y

(t)
−
)

to the preference
dataset.

2. Reward learning. We train a reward model with preference data D(t) :=
{(
x(s), y

(s)
+ , y

(s)
−
)}t

s=1
by minimizing the regularized negative log-likelihood, i.e.,

r(t+1) = arg min
r

{
ℓ
(
r,D(t))− α · J⋆(r;πcal)

}
. (7.60)

3. Policy learning. This step trains the policy by solving the RL fine-tuning problem:

π(t+1) = arg max
π

J
(
r(t+1), π

)
. (7.61)

In view of the development in Section 7.5.2, the reward learning and policy learning steps can be
combined and instead, it is adequate to execute the policy update rule specified in (7.58) using
the preference data D(t) availabel at the t-th iteration. We summarize the detailed procedure in
Algorithm 7.4.

Theoretical guarantees. Encouragingly, VPO admits appealing theoretical guarantees under linear
function approximation. The next theorem demonstrates that Algorithm 7.4 achieves Õ

(√
T
)

cumulative regret under mild assumptions.
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Algorithm 7.4: VPO for online RLHF
1 initialization: π(0).
2 for t = 0, 1, 2, · · · do
3 Sample x(t) ∼ ρ, y(t)

1 , y
(t)
2 ∼ π(t)(·|x(t)).

4 Obtain the preference between
(
x(t), y

(t)
1
)

and
(
x(t), y

(t)
2
)

from some oracle. Denote the
comparison outcome by

(
x(t), y

(t)
+ , y

(t)
−
)
.

5 Update policy π as

π(t+1) = arg min
π

{
−

t∑

s=1
log σ

(
β log

π(y(s)
+ |x(s))

πref(y(s)
+ |x(s))

− β log
π(y(s)

− |x(s))
πref(y(s)

− |x(s))

)

+ αβ E
x∼ρ,y∼πcal(·|x)

[
log π(y|x)− log πref(y|x)

]
}
. (7.62)

Theorem 7.12 (Cen et al. (2025)). Under Assumption 7.1, let rθ(t) denote the corresponding reward
model for π(t). Assume that ∥θ⋆∥2 ≤ rmax and

∥∥θ(t)∥∥
2 ≤ rmax, ∀t ≥ 0 for some rmax > 0. Then, with

probability 1− δ, we have

Regret :=
T∑

t=1

[
J⋆(r⋆;πcal)− J

(
r⋆, π(t);πcal

)] ≤ Õ
(
exp

(
2rmax + rmax/β

)√
κdT

)
,

with α = 1
exp

(
2rmax + rmax/β

)
√

T

κmin{d log T, T} and κ = supx,y
πcal(y|x)
πref(y|x) .

Theorem 7.12 shows that VPO— without explicit uncertainty quantification — achieves the
same Õ

(√
T
)

regret for online RLHF as its counterparts in standard contextual bandits with scalar
rewards and using UCB for exploration (Lattimore and Szepesvári, 2020).

Adaptive calibration policy. The online procedure above fixes the calibration distribution πcal
throughout training. This fixed choice is useful for eliminating the shift ambiguity of the reward
function inherent in the Bradley-Terry model, but it also determines which reward differences are
emphasized by the optimistic reward estimate and can hinder the exploration. Li and Yan (2025)
identifies two opportunities to improve upon VPO:

• Instead of using a fixed πcal, one can adaptively update the calibration policy, in particular,
using the current policy π(t);

• Instead of drawing both responses following π(t), one can sample the responses following π(t−1)

and π(t), respectively.

This leads to a refinement of VPO which in the t-th iteration, adaptively uses the current policy π(t)

as the calibration policy:

π(t+1) = argmin
π

{
−

t∑

s=1
log σ

(
β log π(y(s)

+ |x(s))
πref(y(s)

+ |x(s))
− β log π(y(s)

− |x(s))
πref(y(s)

− |x(s))

)
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+ αtβ E
x∼ρ,y∼π(t)(·|x)

[
log π(y|x)− log πref(y|x)

]
}
. (7.63)

In the case of multi-armed bandits, this yields a regret bound of order T (β+1)/(β+2) up to polynomial
dependency with other problem parameters. When β = 0, the rate reduces to the usual Õ

(√
T
)

form. In general, the slower exponent in T reflects the trade-off between reward maximization and
the KL regularization strength, while avoiding the exponential dependence on quantities such as
rmax/β that can appear under fixed-calibration sampling protocols such as VPO (cf. Theorem 7.12).

7.6 Notes

Distributionally robust RL. Beyond the discounted infinite-horizon setting (Panaganti and Kalathil,
2022; Wang et al., 2023a; Shi and Chi, 2024a; Shi et al., 2026; Jiao and Li, 2026), distributionally
robust RL has also been studied for finite-horizon MDPs (Xu et al., 2023; Dong et al., 2024; Lu
et al., 2024), average-reward MDPs (Chen et al., 2026b; Yang et al., 2026c), constrained RL (Zhang
et al., 2024b), and multi-agent RL (Shi et al., 2025; Shi et al., 2024b; Qu et al., 2026). Several
other forms of uncertainty sets have been studied in the literature as well. For instance, Wang and
Zou (2021) considered R-contamination uncertain sets and developed a provably robust Q-learning
algorithm for the online setting, whereas Clavier et al. (2024) studied the ℓp-based uncertainty
sets under the generative model. Another widely studied class of uncertainty sets is based on KL
divergence. In this context, Yang et al. (2022), Panaganti and Kalathil (2022), Zhou et al. (2021c),
Shi and Chi (2024b), Xu et al. (2023), Wang et al. (2023a), Blanchet et al. (2023), Wang et al.
(2024c), Liang et al. (2023), and Wang et al. (2024b) investigated the statistical performance of
various algorithms under several sampling mechanisms.

Last but not least, distributionally robust RL has also been extended beyond the tabular
setting. We refer the interested reader to Badrinath and Kalathil (2021), Ramesh et al. (2024),
Panaganti et al. (2022), Wang et al. (2024a), Liu and Xu (2024), and Mandal et al. (2025) for recent
developments involving function approximation.

Markov games. Moving beyond the generative-model setting, a recent line of work has focused on
the design and analysis of a class of online MARL algorithms known as V-learning, which leverages
online adversarial learning techniques and adaptive sampling to mitigate the curse of multi-agents
(Mao and Başar, 2022; Song et al., 2022; Jin et al., 2024a). We refer the interested reader to these
papers for algorithmic details. Importantly, V-learning was the first framework to reveal the following
striking statistical phenomenon: what ultimately matters in the sample complexity is the largest
individual action space max1≤i≤mAi, as opposed to the size of the joint action space ∏m

i=1Ai. This
insight leads to substantial improvements in data efficiency and helps overcome one of the principal
obstacles in multi-agent RL.

Despite this significant progress, the current theoretical guarantees for V-learning remain
suboptimal in their horizon dependence. More broadly, the fundamental statistical limits of online
learning in Markov games remain unsettled and appear to be considerably more subtle than their
single-agent counterparts. For instance, the optimal horizon dependence is still unknown: it remains
unclear whether the minimax sample complexity of equilibrium learning should exhibit the same
H3 dependence (in terms of the number of episodes required) that arises in single-agent online RL,
or whether the multi-agent setting gives rise to fundamentally different horizon scaling. Progress on
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such questions has been hindered both by the challenge of developing sharper upper-bound analyses
and by the difficulty of constructing tight lower bounds.

In addition to online Markov games and the generative-model setting, the curse of multi-agency
also manifests itself in offline MARL, where it has been addressed in work such as Cui and Du
(2022b) and Yan et al. (2024). Moreover, while our discussion has focused primarily on competitive
Markov games, several other important variants have received considerable attention, including
Markov potential games (Song et al., 2022; Ding et al., 2022) and robust Markov games (Shi
et al., 2024b; Shi et al., 2025; Jiao and Li, 2024; Blanchet et al., 2023). The sample complexity of
MARL under function approximation has likewise been investigated, with particular emphasis on
mitigating the curse of multi-agents; see, for example, Dai et al. (2024), Cui et al. (2023), and Wang
et al. (2023c). Finally, Yang et al. (2025b) and Liu et al. (2023b) developed efficient exploration
mechanisms for online MARL that avoid explicit uncertainty estimation while still achieving strong
performance.

Federated RL. A growing body of recent work has investigated the sample complexity of federated
value-based algorithms in various settings, such as online RL (Zheng et al., 2024; Zhang et al.,
2025a; Zhang et al., 2026a), offline RL (Woo et al., 2024), asynchronous Q-learning (Woo et al.,
2023), average-reward RL (Jiao et al., 2026), and heterogeneous RL (Zhang et al., 2024a; Wang
et al., 2025a; Yang et al., 2024b). Federated variants of model-based RL algorithms have also been
studied; see, for example, Labbi et al. (2025) and Zhou et al. (2024). In addition to policy learning,
several recent studies (Liu and Olshevsky, 2023; Tian et al., 2024) established that a single round of
communication is sufficient to achieve linear speedup of TD learning for policy evaluation. Note
that these results do not contradict the communication lower bounds established by Salgia and Chi
(2024), which concern Q-learning for policy learning.

Statistical inference in RL. Moving beyond the i.i.d. data setting (7.34) discussed in this chapter
and in Mou et al. (2020), Wu et al. (2024), Bhandari et al. (2018), and Samsonov et al. (2024a), there
has been substantial recent progress on statistical analysis and inference for Markov-chain-based RL
algorithms driven by Markovian sample trajectories; see, e.g., Bhandari et al., 2018; Mou et al., 2020;
Fan et al., 2025b; Li et al., 2022b; Ramprasad et al., 2023; Samsonov et al., 2024b; Li et al., 2023d;
Samsonov et al., 2024a; Srikant, 2025. The state-of-the-art finite-sample distributional guarantees
for Polyak-Ruppert averaged TD learning (e.g., finite-sample Berry-Esseen bounds) have been
developed by Wu et al., 2025; Srikant, 2025.

Beyond settings in which samples are generated under a fixed policy, it is also important to
study statistical inference in online environments, where data are collected adaptively through
sequential interaction with the environment (Zhang et al., 2020c; Chen et al., 2021a; Shen et al.,
2024). In such scenarios, adaptive data collection induces intricate dependencies across observations,
often invalidating classical inferential techniques developed for independent data. Motivated by
these challenges, a recent line of work has investigated statistical inference in bandit problems with
adaptively collected data (Kalvit and Zeevi, 2021; Zhang et al., 2020c; Dimakopoulou et al., 2021;
Hadad et al., 2021; Khamaru and Zhang, 2024; Han et al., 2024a; Halder et al., 2025; Guo and
Xu, 2025; Fan et al., 2025b; Han et al., 2025; Chang et al., 2026). For instance, one important
insight emerging from this literature is that UCB-type algorithms can serve not only as efficient
exploration strategies but also as mechanisms for valid statistical inference. Extending these ideas
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beyond bandits and developing principled inferential paradigms for online RL remains an important
direction for future research.

RLHF. RLHF has been attracting considerable attention in recent years, and, in particular, the
connection to the classical statistical ranking formulation has been explored (Zhu et al., 2023a).
Besides the Bradley-Terry model, other ranking models have also been considered for RLHF,
including but not limited to the Mallows model (Chen et al., 2025b). Concurrent with VPO, several
papers have proposed similar regularization techniques to impose the principles of optimism and
pessimism, respectively, for online and offline RLHF, e.g., Xie et al. (2024), Zhang et al. (2025d),
and Liu et al. (2024). Another popular approach to RLHF is via game-theoretic formulations, e.g.,
Azar et al. (2024), which are less prone to reward hacking. Finally, we refer the interested reader to
Liu et al. (2026) for a recent survey of RLHF from a statistical perspective.



8
Concluding remarks

In this monograph, we have developed a non-asymptotic statistical perspective on reinforcement
learning, focusing primarily on tabular MDPs under three canonical sampling mechanisms: access
to a simulator, online exploration, and offline data. By emphasizing sharp dependencies of the
statistical performance on salient problem parameters — especially the dimension of the state-action
space and the planning horizon — our treatment highlights the critical role of the data-collection
mechanism in shaping both the fundamental statistical limits and the algorithmic principles needed
to attain them.

Several recurring themes have emerged from the non-asymptotic viewpoints developed throughout
this monograph, and we highlight a few of them below. First, obtaining sharp finite-sample guarantees
requires exploiting the intrinsic Bellman structure of MDPs, rather than relying solely on generic
concentration-of-measure arguments. Techniques such as variance-aware analyses, leave-one-out
decoupling arguments, and carefully calibrated uncertainty quantification play a pivotal role in
overcoming substantial sample-size barriers and enabling statistically optimal RL algorithms. Second,
optimism and pessimism arise as complementary guiding principles: optimism drives efficient
exploration in online RL, whereas pessimism guards against distribution shift and insufficient
coverage in offline RL. In settings beyond these canonical sampling paradigms, the two seemingly
opposing principles may even need to be carefully integrated in order to achieve statistical efficiency.
Third, the comparison between model-based and model-free approaches reveals a persistent gap in
statistical performance. Model-based methods, often coupled with carefully designed uncertainty
quantification, remain the only class of approaches known to provably attain minimax-optimal
sample complexity across the entire accuracy regime — including the most sample-starved settings

— under the three canonical sampling mechanisms studied in this monograph. By contrast, classical
model-free methods such as Q-learning may suffer from inherent statistical inefficiency and frequently
require sophisticated algorithmic modifications even to achieve asymptotically optimal statistical
guarantees.

Taken collectively, the developments covered in this monograph illustrate both the remarkable
progress and the substantial challenges that continue to shape modern statistical RL. Ultimately,
we hope that this monograph equips new researchers with some of the core conceptual and technical
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toolkits of the field, while motivating further theoretical and algorithmic investigations.
Naturally, the scope of this monograph has been selective, and many important directions in

modern RL fall outside its coverage. Below, we briefly highlight a few representative examples.

• Beyond discounted and episodic settings. This monograph has focused primarily on discounted
infinite-horizon MDPs and finite-horizon episodic MDPs. A few other formulations have also
received considerable attention in the RL literature. One classic and practically important
example is average-reward RL, where performance is measured by the long-run average reward
rather than by a discounted or finite-horizon return (Puterman, 2014; Bartlett and Tewari,
2009; Wan et al., 2021). Average-reward formulations arise naturally in continuing tasks and
long-running control systems and often require techniques that differ substantially from those
used in discounted or episodic settings. Significant recent progress has been made in designing
efficient algorithms and establishing non-asymptotic performance guarantees in the context of
average-reward MDPs (Jin and Sidford, 2021; Liao et al., 2022; Zhang et al., 2021c; Zurek
and Chen, 2024; Jin et al., 2024b; Chen and Maguluri, 2026; Jiao et al., 2026), although many
fundamental statistical questions remain open.

• Policy optimization and actor-critic methods. Policy optimization constitutes another major
paradigm in modern RL, which seeks to improve parameterized policies directly through
optimization-based procedures (Williams, 1992; Sutton et al., 2000; Kakade, 2002; Peters
and Schaal, 2008). Owing to their flexibility in accommodating rich policy parameterizations,
policy-gradient methods and their variants (e.g., natural policy gradient methods, trust-region
methods, and proximal policy optimization) have played a central role in the successes of
deep RL (Sutton et al., 2000; Mnih et al., 2015; Schulman et al., 2015; Silver et al., 2016;
Schulman et al., 2017) and have attracted substantial theoretical attention (e.g., Agarwal et al.
(2019b), Mei et al. (2020), Cen et al. (2022), Li et al. (2023b), Lan (2023), Zhan et al. (2023a),
and Bhandari and Russo (2024)). Actor-critic methods (Konda and Tsitsiklis, 2000) further
combine policy optimization with value estimation, using a critic to evaluate the current policy
and guide its improvement. Despite their empirical effectiveness and statistical studies (Xu
et al., 2020a; Cai et al., 2020; Yuan et al., 2023; Chen and Zhao, 2023; Tan et al., 2025), the
statistical foundations of policy optimization and actor–critic methods remain considerably
less developed than those of the model-based and value-based approaches discussed throughout
this monograph.

• RL in continuous time and continuous spaces. While this monograph has focused on finite-
state, finite-action MDPs, many important applications involve continuous state-action spaces
and/or continuous-time dynamics (Recht, 2019; Van Hasselt, 2012; Wang et al., 2020a;
Hazan et al., 2025; Guo et al., 2026). Such settings are intimately connected to stochastic
control and introduce a range of statistical, computational, and modeling challenges. From a
statistical perspective, finite-sample guarantees for both sample complexity and regret have
been established for a few structured models, most notably linear-quadratic regulators (e.g.,
Abbasi-Yadkori and Szepesvári (2011), Dean et al. (2020), Simchowitz and Foster (2020),
Zheng et al. (2021), Zhang et al. (2021b), and Wang and Janson (2021)). Note that rigorous
learning guarantees in continuous domains often rely on additional structural assumptions,
such as linearity, kernel structure, or other forms of tractable function approximation.



290 Chapter 8. Concluding remarks

Beyond the directions highlighted above, a number of other active research areas continue
to shape the development of modern RL. We conclude by singling out several directions that
have recently attracted significant attention and are likely to play an important role in the future
development of the field.

• Hybrid RL. While this monograph has addressed generative models, offline RL, and online RL
as separate sampling mechanisms, it has omitted important settings in which an agent has
simultaneous access to multiple data collection mechanisms. For example, an agent may be
allowed to perform a limited amount of online exploration while also leveraging a pre-collected
offline dataset, or it may be able to collect samples in real time while making extensive use
of a simulator. Such hybrid RL settings have garnered significant recent attention from both
theoretical and practical perspectives (e.g., Xie et al., 2023; Song et al., 2023; Li et al., 2024f;
Wagenmaker and Pacchiano, 2023; Tan et al., 2024; Panaganti et al., 2024; Qu et al., 2025),
offering insights that extend far beyond the studies of online RL, offline RL, and generative
models in isolation.

• Towards more general function approximation. The tabular theory developed in this monograph
should be viewed as a starting point rather than an endpoint for understanding the statistical
principles underlying RL. A central objective of modern RL theory is to understand learning
and decision-making with rich function approximation (e.g., Foster et al. (2021), Fan et al.
(2020b), Chen et al. (2025a), and Yang et al. (2025b)). Existing theoretical guarantees beyond
the tabular setting, however, typically rely on highly structured function classes, such as
linear models, kernel methods, low-rank representations, or other settings that admit tractable
statistical and computational analyses. Although these frameworks have yielded important
conceptual and technical insights, they remain far from capturing the highly expressive function
approximators used in modern practice, most notably deep neural networks. Bridging this
gap will require fundamentally new ideas that go well beyond current theories of linear and
low-complexity function approximation.

• Partially observable MDPs (POMDPs). The MDP framework considered throughout this
monograph assumes full observability of the underlying state. In many applications, however,
agents must make decisions based only on noisy or partial observations, leading to partially
observable MDPs (POMDPs) (Åström, 1965; Kaelbling et al., 1998). The presence of un-
observed states introduces substantial statistical and computational challenges, as optimal
decisions may depend on the entire observation history rather than the current observation
alone. Consequently, both learning, planning, and policy evaluation become significantly more
difficult than in fully observable MDPs. From a statistical perspective, obtaining rigorous
finite-sample guarantees often requires additional structural assumptions, such as observability,
low-rank structure, or suitable mixing conditions. Despite remarkable recent progress (e.g.,
Liu et al. (2022), Liu et al. (2023a), Golowich et al. (2022), Uehara et al. (2022a), Shi et al.
(2022a), Zhan et al. (2023b), and Chen et al. (2023)), the statistical foundations of POMDPs
remain considerably less mature than those of fully observable MDPs.

• Transfer learning for RL from heterogeneous data. Another compelling frontier is the devel-
opment of RL methods that can effectively leverage heterogeneous data sources. Classical
offline RL frameworks often assume that historical data are drawn from a single homogeneous
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population. In contrast, real-world applications such as personalized medicine, recommendation
systems, and e-commerce routinely involve data collected from diverse subpopulations. Naively
pooling these multi-source datasets and treating them as arising from a common distribution
often leads to suboptimal statistical performance, as it fails to exploit the latent similarities
and structural relationships across sources. Addressing this challenge requires new algorithmic
and statistical foundations that can effectively integrate transfer learning into RL (Taylor and
Stone, 2009; Chen et al., 2022a; Zhu et al., 2023c; Cai et al., 2024; Chai et al., 2025; Miao
et al., 2025). The goal is to enable RL agents to effectively leverage information across related
domains, populations, or environments, thereby improving sample efficiency and generalization
while maintaining strong statistical guarantees.

• The interplay between RL and diffusion models. Diffusion models (Lai et al., 2025; Chen
et al., 2024a) have recently emerged as a powerful generative framework for RL and control,
with applications ranging from diffusion policies for imitation learning and offline RL (Chi
et al., 2025a; Ajay et al., 2023) to diffusion-based planning and policy optimization (Janner
et al., 2022). Their ability to represent complex, multimodal action distributions makes them
particularly appealing for high-dimensional decision-making problems. Conversely, RL and
control have increasingly been employed to improve and fine-tune diffusion models themselves,
enabling alignment with downstream objectives that are difficult to specify through conventional
likelihood-based training alone (Black et al., 2024; Fan et al., 2023; Han et al., 2024b; Yang
et al., 2026b; Zhao et al., 2025a; Jiao et al., 2025; Gao et al., 2025). Despite substantial
empirical progress, the statistical and algorithmic foundations of these developments remain
significantly underdeveloped, which point to a rich and rapidly growing research agenda at
the intersection of RL and generative AI.

• RL for reasoning in foundation models. Recent years have witnessed a remarkable expansion
of RL beyond its traditional applications in sequential decision-making. In particular, RL
has emerged as a cornerstone of the post-training and alignment pipelines for foundation
models, where it is increasingly deployed to enhance reasoning, planning, and other high-level
cognitive capabilities (Ouyang et al., 2022; Guo et al., 2025). Unlike the settings studied in
this monograph, the underlying environments are often generated by large language models
themselves, the action spaces consist of long sequences of tokens, and rewards may be sparse,
delayed, and derived from automated verifiers and/or human feedback. These introduce a
host of new statistical and algorithmic questions concerning exploration, credit assignment,
reward design, and the interplay between RL training and model architecture. Developing
a principled theoretical framework that explains when and how RL improves reasoning in
foundation models has emerged as an important frontier of modern RL (see, e.g., Kim et al.
(2025), Shang et al. (2026), Huang et al. (2026), Foster et al. (2025), Zhao et al. (2025b),
Ran-Milo et al. (2026), Chen et al. (2026a), and Yang et al. (2026a)).
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