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Abstract

Offline or batch reinforcement learning seeks to learn a near-optimal policy using history data without
active exploration of the environment. To counter the insufficient coverage and sample scarcity of many
offline datasets, the principle of pessimism has been recently introduced to mitigate high bias of the
estimated values. While pessimistic variants of model-based algorithms (e.g., value iteration with lower
confidence bounds) have been theoretically investigated, their model-free counterparts — which do not
require explicit model estimation — have not been adequately studied, especially in terms of sample
efficiency. To address this inadequacy, we study a pessimistic variant of Q-learning in the context
of finite-horizon Markov decision processes, and characterize its sample complexity under the single-
policy concentrability assumption which does not require the full coverage of the state-action space. In
addition, a variance-reduced pessimistic Q-learning algorithm is proposed to achieve near-optimal sample
complexity. Altogether, this work highlights the efficiency of model-free algorithms in offline RL when
used in conjunction with pessimism and variance reduction.
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1 Introduction

Reinforcement Learning (RL) has achieved remarkable success in recent years, including matching or sur-
passing human performance in robotics control and strategy games (Mnih et al., 2015; Silver et al., 2017).
Nevertheless, these success stories often come with nearly prohibitive cost, where an astronomical number
of samples are required to train the learning algorithm to a satisfactory level. Scaling up and replicating
the RL success in many real-world problems face considerable challenges, due to limited access to large-scale
simulation data. In applications such as online advertising and clinical trials, real-time data collection could
be expensive, time-consuming, or constrained in sample sizes as a result of experimental limitations.

On the other hand, it is worth noting that tons of samples might have already been accumulated and
stored — albeit not necessarily with the desired quality — during previous data acquisition attempts. It is
therefore natural to wonder whether such history data can be leveraged to improve performance in future
deployments. In reality, the history data was often obtained by executing some (possibly unknown) behavior
policy, which is typically not the desired policy. This gives rise to the problem of offline RL or batch RL
(Lange et al., 2012; Levine et al., 2020),! namely, how to make the best use of history data to learn an
improved or even optimal policy, without further exploring the environment. In stark contrast to online RL
that relies on active interaction with the environment, the performance of offline RL depends critically not
only on the quantity, but also the quality of history data (e.g., coverage over the space-action space), given
that the agent is no longer collecting new samples for the purpose of exploring the unknown environment.

Recently, the principle of pessimism (or conservatism) — namely, being conservative in Q-function es-
timation when there are not enough samples — has been put forward as an effective way to solve offline
RL (Buckman et al., 2020; Kumar et al., 2020). This principle has been implemented in, for instance, a
model-based offline value iteration algorithm, which modifies classical value iteration (Azar et al., 2017) by
subtracting a penalty term in the estimated Q-values and has been shown to achieve appealing sample effi-
ciency (Jin et al., 2021; Rashidinejad et al., 2021; Xie et al., 2021b). It is noteworthy that the model-based
approach is built upon the construction of an empirical transition kernel, and therefore, requires specific
representation of the environment (see, e.g. Agarwal et al. (2020); Li et al. (2020)). It remains unknown
whether the pessimism principle can be incorporated into model-free algorithms — another class of popular
algorithms that performs learning without model estimation — in a provably effective fashion for offline RL.

1.1 Main contributions

In this paper, we consider finite-horizon non-stationary Markov decision processes (MDPs) with S states, A
actions, and horizon length H. The focal point is to pin down the sample efficiency for pessimistic variants
of model-free algorithms, under the mild single-policy concentrability assumption (cf. Assumption 1) of the
batch dataset introduced in Rashidinejad et al. (2021); Xie et al. (2021b) (in short, this assumption captures
how close the batch dataset is to an expert dataset, and will be formally introduced in Section 2.2). Given

IThroughout this paper, we will be using the term offline RL (resp. dataset) or batch RL (resp. dataset) interchangeably.
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Table 1: Comparisons between our results and prior art for finding an e-optimal policy in finite-horizon
non-stationary MDPs. The sample complexities included in the table are valid for sufficiently small €, with
all logarithmic factors omitted.

K episodes of history data each of length H (which amounts to a total number of T = K H samples), our
main contributions are summarized as follows.

e We first study a natural pessimistic variant of the Q-learning algorithm, which simply modifies the
classical Q-learning update rule by subtracting a penalty term (via certain lower confidence bounds).
We prove that pessimistic Q-learning finds an e-optimal policy as soon as the sample size T exceeds
the order of (up to log factor)

H®SC*
22

)

where C* denotes the single-policy concentrability coefficient of the batch dataset. In comparison to the

minimax lower bound Q(H 46320*) developed in Xie et al. (2021b), the sample complexity of pessimistic

Q-learning is at most a factor of H? from optimal (modulo some log factor).

e To further improve the sample efficiency of pessimistic model-free algorithms, we introduce a variance-
reduced variant of pessimistic Q-learning. This algorithm is guaranteed to find an e-optimal policy as
long as the sample size T is above the order of

HYSC*  HSSC*
>— +

9 9

up to some log factor. In particular, this sample complexity is minimax-optimal (namely, as low
as 4 45520* up to log factor) for small enough & (namely, € < (0,1/H]). The e-range that enjoys near-
optimality is much larger compared to € < (0, 1/H2'5} established in Xie et al. (2021b) for model-based

algorithms.

Both of the proposed algorithms achieve low computation cost (i.e., O(T')) and low memory complexities (i.e.,
O(min{T, SAH})). Additionally, more complete comparisons with prior sample complexities of pessimistic
model-based algorithms (Xie et al., 2021b) are provided in Table 1. In comparison with model-based algo-
rithms, model-free algorithms require drastically different technical tools to handle the complicated statistical
dependency between the estimated Q-values at different time steps.

1.2 Related works

In this section, we discuss several lines of works which are related to ours, with an emphasis on value-based
algorithms for tabular settings with finite state and action spaces.



Offline RL. One of the key challenges in offline RL lies in the insufficient coverage of the batch dataset,
due to lack of interaction with the environment (Levine et al., 2020; Liu et al., 2020). To address this
challenge, most of the recent works can be divided into two lines: 1) regularizing the policy to avoid visiting
under-covered state and action pairs (Dadashi et al., 2021; Fujimoto et al., 2019); 2) penalizing the estimated
values of the under-covered state-action pairs (Buckman et al., 2020; Kumar et al., 2020). Our work follows
the latter line (also known as the principle of pessimism), which has garnered significant attention recently.
In fact, pessimism has been incorporated into recent development of various offline RL approaches, such
as policy-based approaches (Rezaeifar et al., 2021; Xie et al., 2021a; Zanette et al., 2021), model-based
approaches (Jin et al., 2021; Kidambi et al., 2020; Rashidinejad et al., 2021; Uehara and Sun, 2021; Uehara
et al., 2021; Xie et al., 2021b; Yin and Wang, 2021; Yin et al., 2022; Yu et al., 2021b, 2020), and model-free
approaches (Kumar et al., 2020; Yan et al., 2022; Yu et al., 2021a).

Finite-sample guarantees for pessimistic approaches. While model-free approaches with pessimism
(Kumar et al., 2020; Yu et al., 2021a) have achieved considerable empirical successes in offline RL, prior the-
oretical guarantees of pessimistic schemes have been confined almost exclusively to model-based approaches.
Under the same single-policy concentrability assumption used in prior analyses of model-based approaches
(Rashidinejad et al., 2021; Xie et al., 2021b; Yin et al., 2021a), the current paper provides the first finite-
sample guarantees for model-free approaches with pessimism in the tabular case without explicit model
construction. In addition, Yin and Wang (2021) directly employed the occupancy distributions of the be-
havior policy and the optimal policy in bounding the performance of a model-based approach, rather than
the worst-case upper bound of their ratios as done under the single-policy concentrability assumption.

Non-asymptotic guarantees for variants of Q-learning. Q-learning, which is among the most famous
model-free RL algorithms (Jaakkola et al., 1994; Watkins and Dayan, 1992; Watkins, 1989), has been adapted
in a multitude of ways to deal with different RL settings. Theoretical analyses for Q-learning and its variants
have been established in, for example, the online setting via regret analysis (Bai et al., 2019; Dong et al., 2019;
Jafarnia-Jahromi et al., 2020; Jin et al., 2018; Li et al., 2021b; Yang et al., 2021; Zhang et al., 2020a,b,c),
and the simulator setting via probably approximately correct (PAC) bounds (Chen et al., 2020; Li et al.,
2021a; Wainwright, 2019). The variant that is most closely related to ours is asynchronous Q-learning, which
aims to find the optimal Q-function from Markovian trajectories following some behavior policy (Beck and
Srikant, 2012; Even-Dar and Mansour, 2003; Li et al., 2021c; Qu and Wierman, 2020; Yin et al., 2021a,a,b).
Different from ours, these works typically require full coverage of the state-action space by the behavior
policy, a much stronger assumption than the single-policy concentrability assumed in our offline RL setting.

Variance reduction in RL. Variance reduction, originally proposed to accelerate stochastic optimization
(e.g., the SVRG algorithm proposed by Johnson and Zhang (2013)), has been successfully leveraged to
improve the sample efficiency of various RL algorithms, including but not limited to policy evaluation (Du
et al., 2017; Khamaru et al., 2020; Wai et al., 2019; Xu et al., 2019), planning (Sidford et al., 2018a,b),
Q-learning and its variants (Li et al., 2021b,c; Wainwright, 2019; Zhang et al., 2020b), and offline RL (Xie
et al., 2021b; Yin et al., 2021a).

1.3 Notation and paper organization

Let us introduce a set of notation that will be used throughout. We denote by A(S) the probability simplex
over a set S, and introduce the notation [N] := {1,--- , N} for any integer N > 0. For any vector x € RS4
(resp. z € R¥) that constitutes certain values for each of the state-action pairs (resp. state), we shall often
use z(s,a) (resp. x(s)) to denote the entry associated with the (s,a) pair (resp. state s). Similarly, we shall
denote by x := {xp, }ne[p) the set composed of certain vectors for each of the time step h € [H]. We let e;
represent the i-th standard basis vector, with the only non-zero element being in the i-th entry.

Let X = (S,A,H,T). The notation f(X) < g(X) (resp. f(X) 2 ¢g(X)) means that there exists a
universal constant Cy > 0 such that |f(X)| < Co|g(X)| (vesp. |f(X)] > Colg(X)]). In addition, we often
overload scalar functions and expressions to take vector-valued arguments, with the interpretation that they

are applied in an entrywise manner. For example, for a vector = [z;]1<i<n, we have 22 = [27]1<;<p.



For any two vectors & = [2;]1<i<n and y = [yi]1<i<n, the notation < y (resp. z > y) means z; < y;
(resp. x; > y;) for all 1 <i < n.

Paper organization. The rest of this paper is organized as follows. Section 2 introduces the backgrounds
on finite-horizon MDPs and formulates the offline RL problem. Section 3 starts by introducing a natural
pessimistic variant of Q-learning along with its sample complexity bound, and further enhances the sample
efficiency via variance reduction in Section 3.3. Section 4 presents the proof outline and key lemmas. Finally,
we conclude in Section 5 with a discussion and defer the proof details to the supplementary material.

2 Background and problem formulation

2.1 Tabular finite-horizon MDPs

Basics. This work focuses on an episodic finite-horizon MDP as represented by
M= (8, A H APy i)

where H is the horizon length, S is a finite state space of cardinality S, A is a finite action space of cardinality
A, and Py, : SxA — A(S) (resp. r, : SxA — [0, 1]) represents the probability transition kernel (resp. reward
function) at the h-th time step (1 < h < H). Throughout this paper, we shall adopt the following convenient
notation

Phsa = Pu(-|s,a) € 0,1]%5, (1)

which stands for the transition probability vector given the current state-action pair (s,a) at time step h.
The parameters S, A and H can all be quite large, allowing one to capture the challenges arising in MDPs
with large state/action space and long horizon.

A policy (or action selection rule) of an agent is represented by © = {m,}/_,, where 1, : & — A(A)
specifies the associated selection probability over the action space at time step h (or more precisely, we let
7r(a| s) represent the probability of selecting action a in state s at step k). When 7 is a deterministic policy,
we abuse the notation and let 7, (s) denote the action selected by policy 7 in state s at step h. In each
episode, the agent generates an initial state s; € S drawn from an initial state distribution p € A(S), and
rolls out a trajectory over the MDP by executing a policy 7 as follows:

{snyan,mn}r—y = {s1, a1, 11, ..., Sm, am, T}, (2)

where at time step h, ap ~ 7,(-|sp) indicates the action selected in state sp, rp, = 7,(Sh, ap) denotes the
deterministic immediate reward, and sj1 denotes the next state drawn from the transition probability vector
P s .an = Pn(-|sn,an). In addition, let d}(s) and d}(s,a) denote respectively the occupancy distribution
induced by 7 at time step h € [H]|, namely,

dr(s) =P(sp = s|s1 ~ p,m), d7(s,a) =P(sp = s|s1 ~ p,m)mh(als); (3)

here and throughout, we denote [H] := {1,---,H}. Given that the initial state s; is drawn from p, the
above definition gives

d7(s) = p(s) for any policy . (4)

Value function, Q-function, and optimal policy. The value function V;"(s) of policy = in state s at
step h is defined as the expected cumulative rewards when this policy is executed starting from state s at
step h, i.e.,

Vir(s) =E

H
> re(se,ar) ’3h = S] , (5)

t=h



where the expectation is taken over the randomness of the trajectory (2) induced by the policy 7 as well as
the MDP transitions. Similarly, the Q-function Q7 (-,-) of a policy 7 at step h is defined as

H

Z Tt(styat)

t=h+1

Qr(s,a) =rp(s,a) + E

sh:s,ah:a] , (6)

where the expectation is again over the randomness induced by 7 and the MDP except that the state-action
pair at step h is now conditioned to be (s,a). By convention, we shall also set

Vii1(s) = QF41(s,a) =0 for any 7 and (s,a) € S x A. (7)

A policy 7* = {7} }L | is said to be an optimal policy if it maximizes the value function (resp. Q-
function) simultaneously for all states (resp. state-action pairs) among all policies, whose existence is always
guaranteed (Puterman, 2014). The resulting optimal value function V* = {V;*}/_| and optimal Q-functions
Q* = {Q;}L | are denoted respectively by

Vii(s) = Vi (s) = max Vi (s),  Qj(s,a) = Qf (5,a) = maxQf(s,a)

for any (s,a,h) € S x A x [H]. Throughout this paper, we assume that 7* is a deterministic optimal policy,
which always exists (Puterman, 2014).

Additionally, when the initial state is drawn from a given distribution p, the expected value of a given
policy 7 and that of the optimal policy at the initial step are defined respectively by

Vi(p)= E [W(s1)] and  Vi(p):= E [Vi(s1)]. (8)

s1~p s1~p

Bellman equations. The Bellman equations play a fundamental role in dynamic programming (Bertsekas,
2017). Specifically, the value function and the Q-function of any policy 7 satisfy the following Bellman
consistency equation:

Qn(s.a) =ru(s,a)+  E  [Via(s)] 9)

ol
s8'~Ph s a

for all (s,a,h) € S x A x [H]. Moreover, the optimal value function and the optimal Q-function satisfy the
Bellman optimality equation:

Qn(s,a) =ra(s,a) + B [V (s)] (10)

8'~Ph s.a

for all (s,a,h) € S x A x [H].

2.2 Offline RL under single-policy concentrability

Offline RL assumes the availability of a history dataset D, containing K episodes each of length H. These
episodes are independently generated based on a certain policy u = {,uh}thl — called the behavior policy,
resulting in a dataset
K-1
Dy o= { sk, ab b, sl al i)}
k=0

Here, the initial states {s}}5_, are independently drawn from p € A(S) such that s} - p, while the

remaining states and actions are generated by the MDP induced by the behavior policy p. The total number
of samples is thus given by
T=KH.

With the notation (8) in place, the goal of offline RL amounts to finding an e-optimal policy 7 = {7, }/L,
satisfying

Vi'(p) = Vi(p) <€



with as few samples as possible, and ideally, in a computationally fast and memory-efficient manner.

Obviously, efficient offline RL cannot be accomplished without imposing proper assumptions on the
behavior policy, which also provide means to gauge the difficulty of the offline RL task through the quality
of the history dataset. Following the recent works Rashidinejad et al. (2021); Xie et al. (2021b), we assume
that the behavior policy p satisfies the following property called single-policy concentrability.

Assumption 1 (single-policy concentrability). The single-policy concentrability coefficient C* € [1,00) of a
behavior policy p is defined to be the smallest quantity that satisfies

7’ (s, a)

<C* 11
(h,s,a)ren[%l)](XSXA dZ(S,(l) B ’ ( )

where we adopt the convention 0/0 = 0.

Intuitively, the single-policy concentrability coefficient measures the discrepancy between the optimal
policy 7* and the behavior policy p in terms of the resulting density ratio of the respective occupancy
distributions. It is noteworthy that a finite C* does not necessarily require p to cover the entire state-action
space; instead, it can be attainable when its coverage subsumes that of the optimal policy 7*. This is in stark
contrast to, and in fact much weaker than, other assumptions that require either full coverage of the behavior
policy (i.e., ming, s o)e[a)xsx.a dy(s,a) > 0 (Li et al., 2021c; Yin et al., 2021a,b)), or uniform concentrability
over all possible policies (Chen and Jiang, 2019). Additionally, the single-policy concentrability coefficient is
minimized (i.e., C* = 1) when the behavior policy p coincides with the optimal policy 7*, a scenario closely
related to imitation learning or behavior cloning (Rajaraman et al., 2020).

3 Pessimistic Q-learning: algorithms and theory

In the current paper, we present two model-free algorithms — namely, LCB-Q and LCB-Q-Advantage —
for offline RL, along with their respective theoretical guarantees. The first algorithm can be viewed as a
pessimistic variant of the classical Q-learning algorithm, while the second one further leverages the idea of
variance reduction to boost the sample efficiency. In this section, we begin by introducing LCB-Q.

3.1 LCB-Q: a natural pessimistic variant of Q-learning

Before proceeding, we find it convenient to first review the classical Q-learning algorithm (Watkins and
Dayan, 1992; Watkins, 1989), which can be regarded as a stochastic approximation scheme to solve the
Bellman optimality equation (10). Upon receiving a sample transition (sp,ap, 7, Sp+1) at time step h,
Q-learning updates the corresponding entry in the Q-estimate as follows

Qn(sn,an) < (1 —=n)Qn(sn,an) + n{rh(sh, an) + Vh+1(8h+1)}7 (12)

where @, (resp. V},) indicates the running estimate of @}, (resp. V;¥), and 0 < 7 < 1 is the learning rate. In
comparison to model-based algorithms that require estimating the probability transition kernel based on all
the samples, Q-learning, as a popular kind of model-free algorithms, is simpler and enjoys more flexibility
without explicitly constructing the model of the environment. The wide applicability of Q-learning motivates
one to adapt it to accommodate offline RL.

Inspired by recent advances in incorporating the pessimism principle for offline RL (Jin et al., 2021;
Rashidinejad et al., 2021), we study a pessimistic variant of Q-learning called LCB-Q, which modifies the
Q-learning update rule as follows

Qn(sh,an) (1 —nn)Qn(sh,an) + nn{rh(sh, an) + Vg1 (Sht1) — bn}, (13)

where 7,, is the learning rate depending on the number of times n that the state-action pair (sp,ap) has been
visited at step h, and the penalty term b, > 0 (cf. line 10 of Algorithm 1) reflects the uncertainty of the
corresponding Q-estimate and implements pessimism in the face of uncertainty. The entire algorithm, which
is a single-pass algorithm that only requires reading the offline dataset once, is summarized in Algorithm 1.



Algorithm 1: LCB-Q for offline RL

Parameters: some constant ¢, > 0, target success probability 1 —§ € (0,1), and ¢ = log (

Initialize Qx(s,a) < 0, Np(s,a) < 0, and V3 (s) < 0 for all (s,a,h) € S x Ax [H + 1]; T s.t.
7n(s) =1 for all (h,s) € [H] x S.

=)

N =

3 for Episode k =1 to K do
4 Sample a new trajectory {sh,ah,rh}}ljzl from D,,. // sampling from batch dataset
// update the policy
for Step h =1 to H do
Ni(sn,apn) < Np(sp,ap) + 1. // update the counter
7 n < Nh(sh,ah); Nn girll // update the learning rate
8 by, < cp % // update the bonus term
// run the Q-learning update with LCB
9 Qn(sn,an) < Qn(sn,an) + nn{rh(sh, an) + Viy1(snt1) — Qn(sn, an) — bn}-
// update the value estimates
10 || Valsn)  max {Vi(sn), mas, Qn(sn, )}
11 | If Vi(sn) = max, Qn(sh,a): update 74 (s) < argmax, Qn(s,a).

12 Output: the policy 7.

3.2 Theoretical guarantees for LCB-Q

The proposed LCB-Q algorithm manages to achieve an appealing sample complexity as formalized by the
following theorem.

Theorem 1. Consider any § € (0,1). Suppose that the behavior policy u satisfies Assumption 1 with

single-policy concentrability coefficient C* > 1. Let ¢, > 0 be some sufficiently large constant, and take

L= log (S’?%T). Assume that T > SC*1, then the policy T returned by Algorithm 1 satisfies

. » | H6SC*13
Vii(p) = Vi (p) < ca T (14)

with probability at least 1 — §, where ¢, > 0 is some universal constant.

As asserted by Theorem 1, the LCB-Q algorithm is guaranteed to find an e-optimal policy with high
probability, as long as the total sample size T' = K H exceeds

5 (HGSC*) | 15)

2

where 5() hides logarithmic dependencies. When the behavior policy is close to the optimal policy, the
single-policy concentrability coefficient C* is closer to 1; if this is the case, then our bound indicates that
the sample complexity does not depend on the size A of the action space, which can be a huge saving when
the action space is enormous.

Comparison with model-based pessimistic approaches. A model-based approach — called Value
Tteration with Lower Confidence Bounds (VI-LCB) — has been recently proposed for offline RL (Rashidinejad
et al., 2021; Xie et al., 2021b). In the finite-horizon case, VI-LCB incorporates an additional LCB penalty
into the classical value iteration algorithm, and updates all the entries in the Q-estimate simultaneously as
follows

Qn(s,a) «— ri(s,a) + PhsaVas1 — ba(s,a), (16)

with the aim of tuning down the confidence on those state-action pairs that have only been visited infre-
quently. Here, P}, s, represents the empirical estimation of the transition kernel P}, s o, and by (s,a) > 0 is



Algorithm 2: Offline LCB-Q-Advantage RL

1 Parameters: number of epochs M, universal constant ¢, > 0, probability of failure ¢ € (0,1), and
e = log (257);

2 Initialize:

3 Qn(s,a),Q5B(s,a),Qy(s,a), T, (s,a), B (s, a), Np(s,a) < 0 for all (s,a,h) € S x A x [H];

4 Vi(s), Vi(s), Vi (s) < 0 for all (s,h) € S x [H + 1];

5 1 (s,a), 00 (s,a), 134 (s, a), 03%(s,a), dn(s,a), Bu(s,a) < 0 for all (s,a,h) € S x A x [H].

6 for Epoch m =1 to M do

7 L., =2™; // specify the number of episodes in the current epoch
8 ]\Afh(s,a) =0 for all (h,s,a) € [H] xS X A. // reset the epoch-wise counter
/* Inner-loop: update value-estimates Vj(s,a) and Q-estimates Qn(s,a) */
9 for In-epoch Episodet =1 to L,, do
10 Sample a new trajectory {sh,ah,rh}thl. // sampling from batch dataset
11 for Step h =1 to H do
12 Np(sh,an) < Np(sn,an) +1; n < Np(Sp,an). // update the overall counter
13 Ny, %; // update the learning rate
// run the Q-learning update rule with LCB
14 Q5B (sn,an) + update-1cb-q().
// update the Q-estimate with LCB and reference-advantage
15 Qp,(sh,an) + update-lcb-g-ra().
// update the Q-estimate (J);, and value estimate Vj
16 Qr(sp,ap) < max {Q';lCB(sh, an), Qp(sn,an), Qh(sh,ah)}.
17 Vi (spn) < max, Qr(sp,a).
// update the epoch-wise counter and 77}>* for the next epoch
18 Nh(sh,ah) <—Nh(8h7ah)+l;
19 | AR (s an) = (1 - m> " (sny an) + mv;ﬁxi(%ﬂ);
/* Update the reference (V3, V?LM) and (1, @y */
20 | for (s,a,h) € Sx Ax[H+1]do
21 Vh(s) — VzeXt(s); (s, a) < ﬂzeXt(S,a). // set V; and @i, for the next epoch
22 VzeXt(s) — Vi(s); ﬁzen(s,a) + 0. // restart @} and set V;lm for the next epoch

6utput: the policy 7 s.t. T (s) = arg max, Q(s, a) for any (s, h) € S x [H].

chosen to capture the uncertainty level of (Ish)&a — Py.s.a)Vh+1. Working backward, the algorithm estimates
the Q-value @y, recursively over the time steps h = H, H —1,--- , 1. In comparison with VI-LCB, our sample
complexity bound for LCB-Q matches the bound developed for VI-LCB by Xie et al. (2021b), while enjoy-
ing enhanced flexibility without the need of specifying the transition kernel of the environment (as model
estimation might potentially incur a higher memory burden).

3.3 LCB-Q-Advantage for near-optimal offline RL

The careful reader might notice that the sample complexity (15) derived for LCB-Q remains a factor of
H? away from the minimax lower bound (see Table 1). To further close the gap and improve the sample
complexity, we propose a new variant called LCB-Q-Advantage, which leverages the idea of variance reduction
to accelerate convergence (Johnson and Zhang, 2013; Li et al., 2021b,c; Sidford et al., 2018b; Wainwright,
2019; Xie et al., 2021b; Zhang et al., 2020b).

Inspired by the reference-advantage decomposition adopted in (Li et al., 2021b; Zhang et al., 2020b)
for online Q-learning, LCB-Q-Advantage maintains a collection of reference values {V,}/L |, which serve
as running proxy for the optimal values {V;*}L | and allow for reduced variability in each iteration. To be
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Figure 1: An illustration of the epoch-based LCB-Q-Advantage algorithm.

more specific, the LCB-Q-Advantage algorithm (cf. Algorithm 2 as well as the subroutines in Algorithm 3 that
closely resemble Li et al. (2021b)) proceeds in an epoch-based style (the m-th epoch consists of L,, = 2™
episodes of samples), where the reference values are updated at the end of each epoch to be used in the
next epoch, and the Q-estimates are iteratively updated during the remaining time of each epoch. By
maintaining two auxiliary sequences of pessimistic Q-estimates — that is, QB constructed by the pessimistic
Q-learning update, and @ constructed by the pessimistic Q-learning update based on the reference-advantage
decomposition — the Q-estimate is updated by taking the maximum over the three candidates (cf. line 16
of Algorithm 2)

Qn(s,a) maX{QIﬁCB(sﬂ a), Qh(sv a), Qn(s,a)} (17)

when the state-action pair (s, a) is visited at the step h. We now take a moment to discuss the key ingredients
of the proposed algorithm in further detail.

Updating the references V), and 7i,,. At the end of each epoch, the reference values {Vh}thl, as well
as the associated running average {7, }:L |, are determined using what happens during the current epoch.
More specifically, the following update rules for V), and [, are carried out at the end of the m-th epoch:

—next

Vals) « Vo (), (18a)
2521 ]1(32 =5, az = a)VhH(SEH)

max {{ ZtL:ml 1(s}, = s,al, =a)}, 1}

Bn(s,a) < (18b)

for all (h,s,a) € [H] x S x A. Here, V;(s) is assigned by VzeXt(s), which is maintained as the value estimate
V1 (s) at the end of the (m — 1)-th epoch, and the update of fij, (s, a) is implemented in a recursive manner
in the current m-th epoch. See also line 21 and line 19 of Algorithm 2.

Learning Q-estimate (), based on the reference-advantage decomposition. Armed with the refer-
ences V3 and fi;, updated at the end of the previous (m — 1)-th epoch, LCB-Q-Advantage iteratively updates
the Q-estimate @, in all episodes during the m-th epoch. At each time step h in any episode, whenever
(s,a) is visited, LCB-Q-Advantage updates the reference Q-value as follows:

Qu(s.0) = L =n@p(s.a) +n{ra(s, )+ ProaVirr =Vart) +  F —balsa)} (19)
~~

estimate of Pp, o o(Vip1—Vhi1) estimate of Py s oViga

Intuitively, we decompose the target P soVh+1 into a reference part Ph,s,avh—‘rl and an advantage part
Ph, s.a(Vhe1 — Vi41), and cope with the two parts separately. In the sequel, let us take a moment to discuss
three essential ingredients of the update rule (19), which shed light on the design rationale of our algorithm.

e Akin to LCB-Q, the term Ighﬂg,a (Vh+1 —Vh+1) serves as an unbiased stochastic estimate of Py, s 4 (Vh+1 — Vh+1)
if a sample transition (s, a, sp4+1) at time step h is observed. If Vj, 1 stays close to the reference Vh+1
as the algorithm proceeds, the variance of this stochastic term can be lower than that of the stochastic
term Pp 54 Viy1 in (13).
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e The auxiliary estimate fi;, introduced in (18b) serves as a running estimate of the reference part
Phs.aVhi1. Based on the update rule (18b), we design i), (s, a) to estimate the running mean of the
reference part [P;L,S@V;H_l] using a number of previous samples. As a result, we expect the variability of
this term to be well-controlled, particularly as the number of samples in each epoch grows exponentially
(recall that L, = 2™).

e In each episode, the term by, (s,a) serves as the additional confidence bound on the error between the
estimates of the reference/advantage and the ground truth. More specifically, uif(s,a) and o7 (s, a)
are respectively the running mean and 2nd moment of the reference part [Phqs’th_Fl] (cf. lines 9-10 of
Algorithm 3); 2% (s, a) and 039 (s, a) represent respectively the running mean and 2nd moment of the

advantage part [Ph,s,a(VhH —Vh+1)] (cf. lines 11-12 of Algorithm 3); By (s, a) aggregates the empirical

standard deviations of the reference and the advantage parts. The LCB penalty term by, (s, a) is updated
using Bj,(s,a) and 6y (sp, an) (cf. lines 5-6 of Algorithm 3), taking into account the confidence bounds
for both the reference and the advantage.

In a nutshell, the auxiliary sequences of the reference values are designed to help reduce the variance of
the stochastic Q-learning updates, which taken together with the principle of pessimism play a crucial role
in the improvement of sample complexity for offline RL.

3.4 Theoretical guarantees for LCB-Q-Advantage
Encouragingly, the proposed LCB-Q-Advantage algorithm provably achieves near-optimal sample complexity
for sufficiently small e, as demonstrated by the following theorem.

Theorem 2. Consider any § € (0,1), and recall that + = log (S‘?%T) and T = KH. Suppose that ¢, > 0
is chosen to be a sufficiently large constant, and that the behavior policy p satisfies Assumption 1. Then
there exists some universal constant cg > 0 such that with probability at least 1 — 6, the policy T output by

Algorithm 2 satisfies
. - HASC*5  H°SC**
W) - Vi) < e (y o+ ). (20)

As a consequence, Theorem 2 reveals that the LCB-Q-Advantage algorithm is guaranteed to find an
e-optimal policy (i.e., Vi*(p) — Vi"(p) < €) as long as the total sample size T exceeds

~ (H*SC* H°SC*
0] ( — + ) . (21)
€ €
For sufficiently small accuracy level ¢ (i.e., ¢ < 1/H), this results in a sample complexity of
~ (H'SC*
O < = ) , (22)

thereby matching the minimax lower bound developed in Xie et al. (2021b) up to logarithmic factor. Com-

pared with the minimax lower bound Q(HzfA) in the online RL setting (Domingues et al., 2021), this
suggests that offline RL can be fairly sample-efficient when the behavior policy closely mimics the optimal
policy in terms of the resulting state-action occupancy distribution (a scenario where C* is potentially much
smaller than the size of the action space).

Comparison with offline model-based approaches. In the same offline finite-horizon setting, the
state-of-art model-based approach called PEVI-Adv has been proposed by Xie et al. (2021b), which also
leverage the idea of reference-advantage decomposition. In comparison with PEVI-Adv, LCB-Q-Advantage
not only enjoys the flexibility of model-free approaches, but also achieves optimal sample complexity for a
broader range of target accuracy level e. More precisely, the e-range for which the algorithm achieves sample
optimality can be compared as follows:

e< (0,H™"] vs. &< (0,H *%], (23)
—_——— —_——
(Our LCB-Q-Advantage) (PEVI-Adv)

offering an improvement by a factor of H!5.
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Algorithm 3: Auxiliary functions

1 Function update-1cb-qQ:

LCB LCB H3.2

2 ECB (s, an) < (1= nn) QLB (sny an) + nn (7(sh, an) + Vi1 (shg1) — eoy/ 25).
3 Function update-1cb-q-ra():

/* update the moment statistics of the interested terms */
4 (et oef, 124 539V (s, ap,) < update-moments ();

/* update the bonus difference and accumulative bonus */
5 [0, Br](snh,an) < update-bonus();

7 B Sn(sh,an H7/4 H?.,
6 bh(sh,ah) — Bh(sh,ah) + (1 - nn) h(nhn n) + cp n3/4L + cp nL,

/* update the Q-estimate based on reference-advantage */

7 | Qu(snan) < (1= 100)Qp(sh, an) + M (Th(Shy an) + Vag1(sh41) — Vg1 (Sat1) + Hp(Sh,an) — ba);

8 Function update-moments():
—shext
9 ,u;lef(sh,ah) «— (1- %),u;lef(sh,ah) + %Vh+1(3h+1)3 // mean of the reference

10 ot (sp,an) < (1 — %)U;Lef(sh,ah) + %(V;i(tl(sthl))Q; // 2" moment of the reference

1| 3™ (snyan) < (1—00) 5™ (sny an) 4+ Mn (Va1 (shg1) — Vig1(sny1)); // mean of the advantage
— 2

12 3 (sn,an) + (1= 02)03% (sp,an) + 90 (Vg1 (she1) — Va1 (sag1)) ™. // 2* moment of the

advantage

13 Function update-bonus():
| B onan) /5 (Vo G m) — (5 )"+ VI 03 (o an) = (3 (on,0n)” )

15 @(sh, ap) < B (sp,an) — Bp(sn,an);
16 L Bh(sh,ah) — B;;EXt(Sh,ah).

4 Analysis

In this section, we outline the main steps needed to establish the main results in Theorem 1 and Theorem 2.
Before proceeding, let us first recall the following rescaled learning rates
_H+1

 H+n (24)

In

for the n-th visit of a given state-action pair at a given time step h, which are adopted in both LCB-Q
and LCB-Q-Advantage. For notational convenience, we further introduce two sequences of related quantities
defined for any integers N > 0 and n > 1:

N .

N . nnH: 1(1_77i)7 lfN>’I’L7

S (1—-mn)=0, if N>0, i=n+

Y = [Tz (1= m:) ! and 7Y =, ifN=n, (25

1, if N =0, ,
0, it N <n.

The following identity can be easily verified:

N
Sl =1 (26)
n=0

4.1 Analysis of LCB-Q

To begin with, we intend to derive a recursive formula concerning the update rule of Qﬁ — the estimate of
the Q-function at step h at the beginning of the k-th episode. Note that we have omitted the dependency of
all quantities on the episode index k in Algorithm 1. For notational convenience and clearness, we rewrite
Algorithm 1 as Algorithm 4 by specifying the dependency on the episode index k and shall often use the
following set of short-hand notation when it is clear from context.

12



Algorithm 4: LCB-Q for offline RL (a rewrite of Algorithm 1 to specify dependency on k)

1 Parameters: some constant ¢, > 0, target success probability 1 — ¢ € (0,1), and ¢ = log (SAT).

2 Initialize Q} (s, a) < 0; Nh(s a) + 0 for all (s,a,h) € S x A x [H]; V}}(s) « 0 for all
(s,h) € Sx [H +1]; n! s.t. m}(s) =1 for all (s,h) € S x [H].

3 for Episode k =1 to K do

4 Sample the k-th trajectory {Sﬁ,az,rZ}thl from D,. // sampling from batch dataset
5 for Step h =1 to H do
6 for (s,a) e S x Ado
// carry over the estimates and policy
k+1 k . k+1 k . k+1 k .kl k
7 Ny (s:0) = Ny(s,a); Q7 (s,a) <= Qp(s,a); Vi (s) <= Vi (s); m, 7 (s) <= 75 (s)-
8 N;’erl(SlfL,aﬁ) — N}’f(s’fwaﬁ) + 1. // update the counter
9 n < N}’f+1(527a2); Np g—il // update the learning rate
10 by, < ¢ H 27/ update the bonus term
// update the Q-estimates with LCB
k+1/ .k k k(k Kk k .k k k k(k Kk
11 n(spyap) < Qp(sy,ar) + nn{rh(sm ap) + Vh+1(3h+1) = Qu(sp,ap) — bn}-
// update the value estimates
12 VL (sh) < maX{Vh (s¥), max, k+1(sh,a)}
// update the policy
k+1 k+1 k k+1
13 | IV (sf) = max, M1(sk, a): update m; T (sF) = argmax, Q} (K, a).

e N[(s,a), or the shorthand NF: the number of episodes that has visited (s,a) at step h before the
beginning of the k-th episode.

e kI'(s,a), or the shorthand k™: the index of the episode in which the state-action pair (s, a) is visited
at step h for the n-th times. We also adopt the convention that k% = 0.

° P,’f € {0,1}'*5: a row vector corresponding to the empirical transition at step h of the k-th episode,
namely,

Pi(s)=1(s=s},,) for all s € S. (27)
o % = {nf | with 75 (s) = argmax, Q(s,a),V(h,s) € [H] x S: the deterministic greedy policy at
the beginning of the k-th episode.

e 7: the final output 7 of Algorithms 1 corresponds to 751! defined above; for notational simplicity, we
shall treat 7 as 7% in our analysis, which does not affect our result at all.

Consider any state-action pair (s,a). According to the update rule in line 11 of Algorithm 4, we can
express (with the assistance of the above notation)

Qh(s.a) = Q™ s.0) = (L mag )@ (5.0) + g {0 + VT (525) —bae ). @29)

where the first identity holds since kY " denotes the latest episode prior to k that visits (s,a) at step h, and

the learning rate is defined in (24). Note that it always holds that k& > &V ». Applying the above relation
(28) recursively and using the notation (25) lead to

Q1 (s,a) = th s,a) + Zﬂn (Th s,a) +Vh+1 (slfzﬂ) bn)~ (29)

n=1
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As another important fact, the value estimate th is monotonically non-decreasing in k, i.e.,
V() > ViF(s)  for all (s,k,h) € S x [K] x [H], (30)

which is an immediate consequence of the update rule in line 12 of Algorithm 4. Crucially, we observe that
the iterate V¥ forms a “pessimistic view” of V;* * — and in turn V¥ — resulting from suitable design of

the penalty term. This observation is formally stated in the following lemma, with the proof postponed to
Section B.1.

Lemma 1. Consider any ¢ € (0,1), and suppose that cp, > 0 is some sufficiently large constant. Then with
probability at least 1 — 9,

Nf(s,a)
N7 (s,a "(s,a s,a)
S ) (Y

holds simultaneously for all (k,h,s,a) € [K] x [H] x S x A, and

Z (=) (31)

Vi(s) S VT () < V() (32)
holds simultaneously for all (k,h,s) € [K] x [H] x S.

In a nutshell, the result (32) in Lemma 1 reveals that V¥ is a pointwise lower bound on V;* " and Vi,
thereby forming a pessimistic estimate of the optimal value function. In addition, the property (31) in
Lemma 1 essentially tells us that the weighted sum of the penalty terms dominates the weighted sum of
the uncertainty terms, which plays a crucial role in ensuring the aforementioned pessimism property. As we
shall see momentarily, Lemma 1 forms the basis of the subsequent proof.

We are now ready to embark on the analysis for LCB-Q, which is divided into multiple steps as follows.

Step 1: decomposing estimation errors. With the aid of Lemma 1, we can develop an upper bound
on the performance difference of interest in (20) as follows

Vi)~ Vi) = E [Vi(s))] — E [V (s1)]

s1~p s1~p
@)
< E W)= E [ (s)]
(ii) 1 K
— _ k
= K I; (élFip Vl 81 ngp [Vl (81)]>
1 K
=0 A — V() (33)
k=1s€eS

where (i) results from Lemma 1 (i.e., Ver (s) > V& ( ) for all s € S), (ii) follows from the monotonicity
property in (30), and the last equality holds since df (s) = p(s) (cf. (4)).

We then attempt to bound the quantity on the right-hand side of (33). Given that 7* is assumed to
be a deterministic policy, we have df (s) = df (s,7*(s)). Taking this together with the relations V;*(s) >
max, Q¥ (s,a) > QF (s, 77 (s)) (see line 12 of Algorithm 4) and V;*(s) = Q% (s, 7}(s)), we obtain

K K
SN AT (s) (Vir(s) = ViE(s)) = D> i (s,mh(s) (Vi (s) = ViE(s))

k=1seS k=1seS

D PP AEAON (CACEAC)ENACEAC))

= S df (s,0) (Q5(s.0) — Qf(s,0)) (34)

k=1 (s,a)eSxA
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for any h € [H], where the last identity holds since 7* is deterministic and hence
d7" (s,a) =0  for any a # 77 (s). (35)

In view of (34), we need to properly control Q% (s,a)— Q¥ (s, a). By virtue of (26), we can rewrite Q7 (s, a)
as follows

Qh(s,a) = ZTIn"tha)—nthhsa +Z77nth5a)
n=0 n=1
Nh

*Wthh s,a +Zn " (rn(s,a) + Pas,aViier) » (36)
n=1

where the second line follows from Bellman’s optimality equation (10). Combining (29) and (36) leads to
Qi (s,a) — Qi (s, a)

Nk % n n
=15" (Qi(s,a) — Qy(s,a)) + Zﬁn (Ph Vi = Vit (sha) Jan)

N’“ Ni;
Nk * h N
=ny" (Qi(s,a) — Qj(s,a)) +Z77nhb +Z77”}Phsa(vh+l Vh+1 +Z77" (Prsa = Pi )Vh“
n=1 n=1 n=1
(37)
Nk al NF b Nf "
<ny"H+2 Z N " by + Z M " Phs,a (Vi:+1 - foJrl)’ (38)
n=1 n=1

where we have made use of the definition in (27) by recognizing PF V}fjl V}ﬂl(sh +1) in (37), and the last
inequality follows from the fact Q7 (s,a) — Q}(s,a) = Q7 (s,a) —0 < H and the bound (31) in Lemma 1.
Substituting the above bound into (34), we arrive at

K K N (s K NE(s,a) NE(s.0)
SN (e -viEs) <0 Y df s Y H 2 N dn (sa) Y O,
k=1s€eS k=1 (s,a)eSx.A k=1 (s,a)eSx.A n=1

::Ih
Nh(s a)

K
* N} (s,a) ky (s,a
+§ E dy (8,a)Phs.a E n 3 (Vi — Vh-;—i ))- (39)
k=1 (s,a)eSx.A

Step 2: establishing a crucial recursion. As it turns out, the last term on the right-hand side of (39)
can be used to derive a recursive relation that connects step h with step h 4 1, as summarized in the next
lemma.

Lemma 2. With probability at least 1 — 9, the following recursion holds:

K Ny (s,a) o o
Z Z di; (8,)Ph,s.a Z ot (Vs — Vhﬂs’a»
k=1 (s,a)eSxA n=1
X / 2H . 2H
S ( ) szh-i-l Vh+1(5) — th+1(5)) +24 HQC*KIOgT —+ 12HC log T (40)

k=1seS

Lemma 2 taken together with (39) implies that

S5 R (5) (Vi (s) — VE(s) < (1+ )ZZth (Viiar(s) = Vi (5))

k=1seS k=1s€eS
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2H 2H
+ I+ 24\ H2C* K log == + 12HC" log . (41)

Invoking (41) recursively over the time steps h = H,H — 1,---,1 with the terminal condition V% 4=
Vi1 =0, we reach

K K
DD di(s) (Vi) = Vi(s)) < max DD dn(s) (Vir(s) = Vik(s))
k=1s€S ) k=1s€S
H h—1 s 2H N
< }; (1 + > <Ih + 244/ H2C Klog = +12HC"1 g> (42)

which captures the estimation error resulting from the use of pessimism principle.

Step 3: controlling the right-hand side of (42). The right-hand side of (42) can be bounded through
the following lemma, which will be proved in Appendix B.3.

Lemma 3. Consider any ¢ € (0,1). With probability at least 1 — 8, we have
H h—1
1 2H 2H
z <1+H> <Ih+24HHQC*K10g6+12HC’*log 5) < H2SC*u 4+ VHSSC* K3, (43)
h=1
where we recall that ¢ = log (

SAT)

Combining Lemma 3 with (42) and (33) yields

Vi (p) = Vi (p) < *sz” —Vi(s))

k=1s€eS

L S5 (4) (V9 Vi)

k 1seS

< Ca H5SC*3 n chQSC*L _Ca HS8SC*3 N @H?’SC*L
=2V K 2 K 2V T 2 T
Hﬁ *,3
< 5 a

for some sufficiently large constant ¢, > 0, where the last inequality is valid as long as T > SC*¢. This
concludes the proof of Theorem 1.

I /\

4.2 Analysis of LCB-Q-Advantage

We now turn to the analysis of LCB-Q-Advantage. Thus far, we have omitted the dependency of all quantities
on the epoch number m and the in-epoch episode number ¢ in Algorithms 2 and 3. While it allows for a
more concise description of our algorithm, it might hamper the clarity of our proofs. In the following, we
introduce the notation k to denote the current episode as follows:

m—1
k=Y Li+t, (45)
=1

which corresponds to the ¢-th in-epoch episode in the m-th epoch; here, L,, = 2™ stands for the total
number of in-epoch episodes in the m-th epoch. With this notation in place, we can rewrite Algorithm 2 as
Algorithm 5 in order to make clear the dependency on the episode index k, epoch number m, and in-epoch
episode index t.
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Algorithm 5: LCB-Q-Advantage (a rewrite of Algorithm 2 that specifies dependency on k or (m, t).)

1 Parameters: number of epochs M, universal constant ¢, > 0, target success probability
1—-6€(0,1), and ¢ = log (24T).

2 Initialize:

3 Q}.(s,a), I;LCB (s, a), @,ll(s,a),ﬁ,ll(s,a) w5 (s,a), N} (s,a) 0 for all (s,a,h) € S x A x [H];

4 ViI(s), Vh(s), V" (s) < 0 for all (s,h) € S x [H + 1];

5 5" (s, a), 07 (5. 0), 15 (5, ), 07 (5,0), 3y (5,), By (s, ) < 0 for all (s,a,h) € S x A x [H].

6 for Epoch m =1 to M do

7 L,, =2™. // specify the number of episodes in the current epoch

8 N}sm’l)(s,a) =0 for all (h,s,a) € [H] xS x A. // reset the epoch-wise counter

/* Inner-loop: update value-estimates Vj(s,a) and Q-estimates Qn(s,a) */
9 for In-epoch Episode t=1to L, do
10 Set k«+ >0 "Li+1t. // set the episode index
11 Sample the k-th trajectory {Shva}wrh}h:l' // sampling from batch dataset
12 Compute 7 s.t. 7F(s) = argmax, Q¥ (s,a) for all (s,h) € S x [H]. // update the policy
13 for Step h =1 to H do
14 for (s,a) e S x Ado
// carry over the estimates
15 N (s,a) « NE(s,a); NiT (s, a) = NF(s,a); ViF(s) « ViE(s);
LCB,k+1 LCB,k —k+1 =k . k+1 k .
16 h (s, )F Q" (s,a) @ (s,0) = Qpls,a); Q7 (s a) « Qf(s,a);
—k+1 —next, k+1 —next,k k1 —k
Vh()%vh()vh (s) Vi 7 (s); 7 (s,a) < 1" (s, a).
17 Nk+1(sh,ah) — Nh (Sh,ah) +1;n <+ Nk+1($h,ah) // update the overall counter
18 Ny, girll // update the learning rate
// update the Q-estimate with LCB
19 I}‘LCB k+1(sh,ah) < update-1lcb-q().
// update the Q-estimate with LCB and reference-advantage
20 Qh (sh7ah) + update-1lcb-g-ra().
// update the Q-estimate (), and value estimate V}
k1 LCB,k+1 Akl bk kik .k
21 e (Sh7ah) + max {Q; (sk,af), @ (s, ap), Qk(sk,af) ).
22 VL (sk) < max, Q¥ (sk, a).
// update epoch-wise counter and [}~‘(s,a) for the next epoch
23 Nt gk gky o NOD (gk gy 41,
—next,k+1,/ k 1 —next,k 1 T>next,k
24 — (1 == -V .
i Hp (sh,ah) ( N;Lm,u-l)(szﬂz)) Hp, o (Shyan) + ROmE D (& oky ¥ At (8h+1)
/* Update the reference (Vj, VZM) and (1, @3 */
25 | for (s,a,h) € Sx Ax[H+1]do
—k+1 t,k+1 _ —
26 Vi (s) « Vzex (s); ,uﬁJrl( )<—,uneXt k+1( ,a). // set V) and @i, for the next epoch
—next,k+1 . —nex
27 Vzex (s) + thJrl(S); ,uzeXt k+1(s a) 0. // set )" and V, " for the next epoch

Output: the policy 7 = 7 with K = 2%21 L,,.

Before embarking on our main proof, we make two crucial observations which play important roles in
our subsequent analysis. First, similar to the property (30) for LCB-Q, the update rule (cf. lines 16-17 of

Algorithm 5) ensures the monotonic non-decreasing property of Vj(s) such that for all k € [K],

Vit (s) > ViF(s), for all (k,s,h) € [K] x S x [H]. (46)

Secondly, th forms a “pessimistic view” of V}*, which is formalized in the lemma below; the proof is deferred
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to Appendix C.1.

Lemma 4. Let § € (0,1). Suppose that ¢y, > 0 is some sufficiently large constant. Then with probability at
least 1 — 9, the value estimates produced by Algorithm 2 satisfy

ViE(s) S Vi (s) < V*(s) (47)
for all (k,h,s) € [K] x [H+1] x S.

With these two observations in place, we can proceed to present the analysis for LCB-Q-Advantage. To
begin with, the performance difference of interest can be controlled similar to (33) as follows:

Vi)~ Vi) = E [Vi(s))] — E [V (s1)]

S1~p s1~p

=3 dT () (V) = V(). (48)

where (i) follows from Lemma 4 (i.e., Vl’TK (5) > ViE(s) for all s € S), (ii) holds due to the monotonicity in
(46) and the last equality holds since d7 (s) = p(s) (cf. (4)). It then boils down to controlling the right-hand
side of (48). Towards this end, it turns out that one can control a more general counterpart, i.e.,

ZZd” — Vif(s)) (49)

k=1s€eS
for any h € [H]. This is accomplished via the following lemma, whose proof is postponed to Appendix C.2.

Lemma 5. Let § € (0,1), and recall that v == log (SAT) Suppose that c,,cp > 0 are some sufficiently large
constants. Then with probability at least 1 — §, one has

sz” —Vii(9)) < Jp+ i+ T3 (50)
k=1secS
where
K
71— N7 (s,a 4CbH7/4L 4CbH2L
J! :Z Z dy (s,a) [n i )H . 575 T vE Vi
k=1s,ae5x (N[(s,a) v 1) n(s:a)
K
JE = Z Z a7’ (s,a Bh(s a),
€Sx
3. * k 2H 3% 2
J3 = ZZth (Vi (s) = ViFi(s)) + 48 HC*Klog == + 28¢, H'C VSi2. (51)

k=1seS

As a direct consequence of Lemma 5, one arrives at a recursive relationship between time steps h and
h + 1 as follows:

sz” ~Vii(s)

k=1seS
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/ 2H
< ( ) Z > di(s) (Vitpa(s) = ViFi(s)) + 481/ HC* K log 5 28 H3C*V 82 + J} + J2. (52)

k=1s€eS

Recursing over time steps h = H, H —1,--- ;1 with the terminal condition VI’fH_l = V§,1 =0, we can upper
bound the performance difference at h = 1 as follows

K K
DD A (s) (Vit(s) = Vi(s)) < ]yé[ag]zzd“ (s) (Vir(s) = Vii(9))
k=1seS k=1seS
H h—1 2H >
< 1+ — 48\ HC* K log =— + 28¢, H*C*V/ 5.2 + J} + J,
;;( ) < g 5 h h

(53)

To finish up, it suffices to upper bound each term in (53) separately. We summarize their respective
upper bounds as follows; the proof is provided in Appendix C.3.

Lemma 6. Fiz 0 € (0,1), and recall that ¢ == log (SAT). With probability at least 1 — §, we have

H 1 h—1 3 )
3 (1 + H) JE S HY(SCH)IK T2 + H3SC ., (54a)
h=1
H 1 h—1
2 * T k * 4 *x 4
> (1 + H) JE < | HASCH 3 s ZZd —V¥(s)) + VH3SC*K /5 + H'SC*u4,
h=1 k=1s€eS
(54b)
H 1\ 1 o 2H
(1 + H) (48\ |HC*K log =+ 28caH3c*\/§L2> S\ HPC K log == + H'C*VS:2. (54c)
h=1

Substituting the above upper bounds into (48) and (53) and recalling that T = HK, we arrive at

Vi'(p) = Vi (p sfmaxZZd“ —Vii(s))
Khe k 1seS
1 3 1
S % [y HsCe max Z > dr(s —V(s)) + (\/H3SC*KL5 + H*SC* ! + H2'75(SC*)ZK1L2)
k 1s€8S
o1 . m m 4gom 4
=% || HisCH }{ga%zzcz Vik(s)) + VH3SC*Ki> + H'SC*
k=1s€eS
(i) 17
S = (\/H3SC’*KL5 +HYSCH 4)

_ H4SC*L5+HSSC*L4
~ T T

where (i) has made use of the AM-GM inequality:
3 1 1 1 2 1 2
2H2T5(SCH) KT < (H0‘75(SC*)ZKZ> + (HQ(SC*)E) — VHBSC*K + HASC*,

and (ii) holds by letting x := maxj,¢[g] Zk 12 ses AR "(s) (Vis(s) — Vi¥(s)) and solving the inequality = <
VHASC* 3z +VH3SC*K (5 + H*SC*i*. This concludes the proof.
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5 Discussions

Focusing on model-free paradigms, this paper has developed near-optimal sample complexities for some
variants of pessimistic Q-learning algorithms — armed with lower confidence bounds and variance reduction
— for offline RL. These sample complexity results, taken together with the analysis framework developed
herein, open up a few exciting directions for future research. For example, the pessimistic Q-learning
algorithms can be deployed in conjunction with their optimistic counterparts (e.g., Jin et al. (2018); Li
et al. (2021b); Zhang et al. (2020b)), when additional online data can be acquired to fine-tune the policy
(Xie et al., 2021b). In addition, the e-range for LCB-Q-Advantage to attain sample optimality remains
somewhat limited (i.e., € € (0,1/H])). Our ongoing work Li et al. (2022) suggests that a new variant
of pessimistic model-based algorithm is sample-optimal for a broader range of ¢, which in turn motivates
further investigation into whether model-free algorithms can accommodate a broader e-range too without
compromising sample efficiency. Moving beyond the tabular setting, it would be of great importance to
extend the algorithmic and theoretical framework to accommodate low-complexity function approximation
(Nguyen-Tang et al., 2021).
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A Technical lemmas

A.1 Preliminary facts

Our results rely heavily on proper choices of the learning rates. In what follows, we make note of several
useful properties concerning the learning rates, which have been established in Jin et al. (2018); Li et al.
(2021D).

Lemma 7 (Lemma 1 in (Li et al., 2021b)). For any integer N > 0, the following properties hold:

N N 1
Z ni for all 3 <a<l, (55a)
2H ol 2H > L
1219~<XN77n < N Y;(mjy)Q < N Z: ny < 1+ = (55b)

In addition, we gather a few elementary properties about the Binomial distribution, which will be useful
throughout the proof. The lemma below is adapted from Xie et al. (2021b, Lemma A.1).

Lemma 8. Suppose N ~ Binomial(n,p), where n > 1 and p € [0,1]. For any 0 € (0,1), we have

b _slog(})

Nv1— n (56)
and
np . 1
P — > 81 - 57
% STog (3] if np > 0g<5)7 (57a)

20



N < {eznp if np > log () (57b)

1
S5)0
2¢’log (3) if np < 2log (%).
with probability at least 1 — 40.

Proof. To begin with, we directly invoke Xie et al. (2021b, Lemma A.1) which yields the results in (56) and
(57a). Regarding (57b), invoking the Chernoff bound (Vershynin, 2018, Theorem 2.3.1) with E[N] = np,
when np > log (%), it satisfies

2

e‘np
P(N > e2np) <e ™ ( ean ) <e ™ 4.
e2np

Similarly, when np < 2log (%), we have

1 0 2e210g(%)
o enp

P(N>2%log(=))<e ™| —"—

( = °g(a)> =° (2e2log(;)>

2 1

(ii) 2e” log(5)

g 67np ( an ) S 67262 ]Og(%) S 5’
e3np

where (i) results from Vershynin (2018, Theorem 2.3.1), and (ii) follows from the basic fact e*log (3) >
2log (%) > np. Taking the union bound thus completes the proof. O

A.2 Freedman’s inequality and its consequences

Both the samples collected within each episode and the algorithms analyzed herein exhibit certain Markovian
structure. As a result, concentration inequalities tailored to martingales become particularly effective for
our analysis. In this subsection, we collect a few useful concentration results that will be applied multiple
times in the current paper. These results might be of independent interest.

To begin with, the following theorem provides a user-friendly version of Freedman’s inequality (Freedman,
1975); see Li et al. (2021a, Section C) for more details.

Theorem 3 (Freedman’s inequality). Consider a filtration Fo C Fy C Fo C ---, and let By stand for the
expectation conditioned on Fy,. Suppose that'Y, = ZZ:1 Xy € R, where { X} is a real-valued scalar sequence
obeying

| Xx| <R and Ek,l[Xk] =0 forallk >1

for some quantity R < co. We also define
W, = Ep_ [X7].
k=1

In addition, suppose that W,, < o? holds deterministically for some given quantity o2 < oo. Then for any
positive integer m > 1, with probability at least 1 — § one has

2 om 4 2

Yl < fSma {9, 22 Flog 22 4 L o 2 (58)

We shall also record some immediate consequence of Freedman’s inequality tailored to our problem.

Recall that N} (s, a) denotes the number of times that (s, a) has been visited at step h before the beginning

of the i-th episode, and k™(s,a) stands for the index of the episode in which (s, a) is visited for the n-th
time. The following concentration bound has been established in Li et al. (2021b, Lemma 7).

Lemma 9. Let{WﬁERSHgigK,lgth—i—l} and{uﬁb(s,a,N)€R|1§i§K,1§h§H+l}
be a collections of vectors and scalars, respectively, and suppose that they obey the following properties:
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W;L is fully determined by the samples collected up to the end of the (h — 1)-th step of the i-th episode;

||W}1L‘|OO < Cyw;

ul (s,a, N) is fully determined by the samples collected up to the end of the (h — 1)-th step of the i-th
episode, and a given positive integer N € [K];

e 0 <ul(s,a,N)<Cy;
o 0= S e (5,0, 3) < 2.
In addition, consider the following sequence
Xi(s,a,h, N) :=uj(s,a,N) (P} = P o) Wi 1{(s},,ap) = (s,a)}, 1<i<K, (59)
with P} defined in (27). Consider any § € (0,1). Then with probability at least 1 — 6,

k
ZXi(Sva'ahaN)‘
=1
/ SaT |V e k (s,0) C SAT
2 *(s,a *(s,a u 2
S Cu log T ; U’hh (S,a,N)Val’hﬂgya (Whil ) + <Cucw + NCW> log T (60)

holds simultaneously for all (k,h,s,a,N) € [K] x [H] x § x A x [K].
Next, we make note of an immediate consequence of Lemma 9 as follows.

Lemma 10. Let {W,ﬁ ERY|1<i<K1<h<H+ 1} be a collection of vectors satisfying the following
properties:

° W;L is fully determined by the samples collected up to the end of the (h — 1)-th step of the i-th episode;
* ”Wlﬂloo < Cw.
For any positive N > H, we consider the following sequence

Xi(s,a,h,N) = Tl%s,a) (P} = Phs,a)Wiy 1{(s}h.a},) = (s,a)}, 1<i<K, (61)

with P} defined in (27). Consider any § € (0,1). With probability at least 1 — 6,
k
ZXi(s7aa h7N)

|H SAT
<./ =(C2 2207
2 < NCW log 5 (62)

holds simultaneously for all (k,h,s,a,N) € [K] x [H] x § x A x [K].

Proof. Taking uf (s,a, N) = n%i(g 4)» One can see from (55b) in Lemma 7 that
h A\
, 2H
|uj, (s,a,N)| < ~ = Cy.

Recognizing the trivial bound Vary, s (W:f_(lm)) < C? | we can invoke Lemma 9 to obtain that, with proba-

bility at least 1 — 9,
Nl c SAT
> ooz + (cucw + \/“cw> log? 22—
~ N 5

H SAT HC SAT HC? SAT
< 2 A w 2 < W 2
Sy yloe 5 Gut - logm == S log” =5

holds simultaneously for all (k,h,s,a, N) € [K] x [H] x § x A x [K], where the last line applies (55b) in
Lemma 7 once again. O
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Finally, we introduce another lemma by invoking Freedman’s inequality in Theorem 3.

Lemma 11. Let {W}(s,a) € R® | (s,a) € Sx A,1 <k < K,1 <h < H+ 1} be a collection of vectors
satisfying the following properties:

o Wf(s,a) is fully determined by the given state-action pair (s,a) and the samples collected up to the
end of the (k — 1)-th episode;

o [Wh(s,a)]leo < Cu-

For any positive Cq > 0, we consider the following sequences

dr(sk, af -
Xpp = Cq CMPh s Wihashap) = Y dpr(s,a)PusaWhii(s,a)|,  1<k<K, (63)
L o (s,a)eSx.A
Y — C dﬂ-* (Sh7a’2>P W T k
hk = Ca | 2Bl PEWE L (shak) — Y dit(s,0)PasaWi(s,0) |, 1<k<K. (64)
dh( Sho h) (s,a)eSx.A

Consider any § € (0,1). Then with probability at least 1 — 6,

K s 2 2H 2H
S Xnk| <\ |D8C3Cr > di(s,a) [PrsaWE(s,0)] log = +2CaC*Cylog = (65)
k=1 (s,a)eSxA
K K

— - 2 2H N 2H
S Xk <D o8C3Cr YT d(s,0)Phsa [Whyi(s.a)] log = T2CaC"Cylog = (66)
k=1 (s,a)eSx.A

hold simultaneously for all h € [H].

Proof. We intend to apply Freedman’s inequality (cf. Theorem 3) to control Zle X, Considering any
given time step h, it is easily verified that

Er—1[Xni] =0, Ex—1[Xni =0,

where E;_; denotes the expectation conditioned on everything happening up to the end of the (k — 1)-th
episode. To continue, we observe that

dh (SZ,G,Z) *
| Xnx| < Cq 7#( ) +1 HWh+1 s, a)Hoo < 20,C*Cly, (67)
h7 h
. d k k
Xl < Ca ( dfz((sh,ah; N 1) [WE, 1 (5.0)| < 264C*C, (68)
h7 h

where we use the assumptions
Wik (s ap)| o, < Cuw.

Recall that A(S x A) is the probability simplex over the set S X A of all state-action pairs, and we denote
by dj € A(S x A) the state-action visitation distribution induced by the behavior policy p at time step
h € [H]. With this in hand, we obtain

dd;,:((:’aa)) < C* for all (h,s,a) € [H] x & x A (cf. Assumption 1) and
h\®»

K

K
D Bp [l XnklP] < CiBey
k=1 k=1

dﬂ'* (Sk ak,)
th,sf,aﬁ Wflf-l—l(sliiaaﬁ) - Z dZ* (S7a)Ph7S7CLW}ILC+1(S’a)
(sh,ah) S
(s,a)eSx.A

2
dy’ (sh, aj)

K
§ (sF,ak ~d |:Phs akWh—&-l(Sl}cLﬂaZ)]
kg noan) di(sk,ak)
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2

M= 10 1M~

dp*(s,a) .
Cc? E: 747*(5 2 di* (s, a) [PrsaWhi1(s,a)]
AGE
(s,a)eSx.A

A
—
=

et Y A (s.a) [Prsa Wiy (s,0)) (69)
(s,a)eSx.A
<Y 3 Y ordr(s.a) [Wh(sh ab)|)D < C3CTCRK, (70)

el
Il

1 (s,a)eSx A

where (i) follows from ZZZ*((:;I)) < C* (see Assumption 1) and the assumption ||W,’f +1(s’,ﬁ, aﬁ)”oo < Cy.

Similarly, we can derive

K

d”*(s ,ak) T

1< ZC Er—1 Whh)Ph Wik (sh,ap) — Z dy (8,0) PhsaWh1 (s, )
k=1 Sy Ap, (s,a)ESxA

2
dp* (sy, af)

K
Z CdE(sk ak)~dl lEP ~Py Lk ok LFL()P}L Wh+1(5hv ah)}
k=1 Sh> Oh

K
dy*(s,a) . 2

=Y C3 mdh* (5:0)Eptp, ... [P Wiii(s,a)]
k=1 (s,a)eSxA M7

0) & 2

<Y G0 Y A B, [PEWE(s.0) (1)
k=1 (s,a)eSx.A
s 2

=3 CiC* > dpr(s,0)Phsa [Why i (s,0)] (72)
k=1 (s,a)ESxA
s 2

<> i > Crdp(s,a)|[Wh (s a)|| < CIC*CEEK, (73)
k=1 (s,a)eSxA

where (i) follows from ((S ) < o (see Assumption 1) and the assumption ||W}r, (s, af) || < Cy.

)
Plugging in the results in (6

7) and (69) (resps. (68) and (72)) to control Zk 1 1 Xn k| (resps. Zk X k)
we invoke Theorem 3 with m = [log

o K| and take the union bound over h € [H]| to show that with probability

at least 1 — 4,
K K 9
- 2 CiC*C2K 2H
ZXh’k S 8 max ZCEC* Z dh*(saa) [PhsaWh-&-l(s a)] ’ d am logT
k=1 k=1 (s,a)eSxA
8 . . 2H
° log 22
+3CdC Cy log 3
K
. 2 2H 2H
< ZSCCQIC* Z dy*(s,a) [PhsaWhH( a)] logT +6CdC*CW10gT
(s,a)eSx A
and
K K
_ - 2 C2C*C2K 2H
ZXh,k < |8max ZC&C* Z dp* (s,a)Prs,a (W1 (s,a)] ’dT log — 5
k=1 k=1 (s,a)eSxA
2H

+ Cd C*C log T
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o - i o 2H N 2H
<. >_8cicr > di(s,a)Pusa [Wh(s.a)] log == + 6C4C*Cy log
(s,a)eSxA

holds simultaneously for all h € [H]. O

B Proof of main lemmas for LCB-Q (Theorem 1)

B.1 Proof of Lemma 1
B.1.1 Proof of inequality (31)

k n n
To begin with, we shall control ZN’l(s -a) nN" (s:0) (Ph,s,a — P;f (s’a))V,erfs’a) by invoking Lemma 10. Let
Wi =Vi,
which satisfies

||W}i+1||oo < H =C(\.

Applying Lemma 10 with N = N, ,’f(s, a) reveals that, with probability at least 1 — 4,

k

= ZXi (s,a,h,Nf(s,a))

H3.2

< ¢ _—
= P\ Nf(s,a)

Ni (s,
Z (s,a) (Ph oo — P}]:n(s,a)) V}i’:fs,a) (74a)

i=1

holds simultaneously for all (s,a, k, h) € S x Ax [K] x [H], provided that the constant ¢, > 0 is large enough
and that Nf(s,a) > 0. If Nf(s,a) = 0, then we have the trivial bound

; MA
CIJ
B
/N
p
Cl)
)
=1
@
5
N—
=5
+
»—A/\
(IJ
O

=0. (74b)

Additionally, from the definition b,, = cp/ 2 L2, we observe that

Sl it € ony e 2oy [t |+ i NEGi0) >0

(
1
(75)
Z 53 ,a) 7127h(5,a)bn_0 ifN;f(s,a)zO
holds simultaneously for all s,a,h,k € S x A x [H] x [K], which follows directly from the property (55a) in
Lemma 7.
Combining the above bounds (74) and (75), we arrive at the advertised result

N,’f(s,a) N . i Nh(s a) N
Z nnh(s,a)<PhM7P (”))Vhﬂ(”) Z . h(sa)b
n=1

B.1.2 Proof of inequality (32)

Note that the second inequality of (32) holds straightforwardly as
Vi (s) <V7*(s)
holds for any policy 7. As a consequence, it suffices to establish the first inequality of (32), namely,

VE(s) <V (s)  forall (s,h k) € S x [H] x [K]. (76)
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Before proceeding, let us introduce the following auxiliary index
ko(h,k,s) = max{l (1< kand Vi(s) = maxQﬁl(s,a)} (77)

for any (h,k,s) € [H] x [K] x S, which denotes the index of the latest episode — before the end of the
(k —1)-th episode — in which V4 (s) has been updated. In what follows, we shall often abbreviate k,(h, k, s)
as k,(h) whenever it is clear from the context.

Towards establishing the relation (76), we proceed by means of an inductive argument. In what follows,
we shall first justify the desired inequality for the base case when h+1 = H + 1 for all episodes k € [K], and
then use induction to complete the argument for other cases. More specifically, consider any step h € [H]
in any episode k € [K], and suppose that the first inequality of (32) is satisfied for all previous episodes as
well as all steps b/ > h + 1 in the current episode, namely,

VE(s) < Vi (s)  forall (B, 1,s) € [k—1] x [H+1] xS, (78a)
VE(Gs) < Vi (s)  forallW >h+1andséeS. (78b)

We intend to justify that the following is valid
VE(s) < VT (s) forallses, (79)

assuming that the induction hypothesis (78) holds.

Step 1: base case. Let us begin with the base case when h +1 = H + 1 for all episodes k € [K].
Recognizing the fact that Vi, , = VF’} 41 = 0 for any 7 and any k € [K], we directly arrive at

Vi () < VAL (s)  forall (k,s) € [K]xS. (80)

Step 2: induction. To justify (79) under the induction hypothesis (78), we decompose the difference term
to obtain

Vi’ (s) = ViE(s) = Vi (s) — max { max Q} (s, 0), Vi~ (5)}
= Qh (s (s )) — maux{rn;aqu’,ﬁ(&a),V,f"(h)(s)}7 (81)

where the last line holds since Vj,(s) has not been updated during episodes k,(h), ko(h) +1,--+ ,k — 1 (in
view of the definition of k,(h) in (77)). We shall prove that the right-hand side of (81) is non-negative by
discussing the following two cases separately.

e Consider the case where V}¥(s) = max, Q¥ (s,a). Before continuing, it is easily observed from the
update rule in line 13 and line 12 of Algorithm 1 that: V},(s) and m,(s) are updated hand-in-hand for
every h. Thus, it implies that

77 (s) = argmax Q5 (s, a), when V¥ (s) = max Q¥ (s, a) (82)
holds for all (k,h) € [K] x [H]. As a result, we express the term of interest as follows:

Vi (5) = ViE(s) = Q7 (s, (s)) — max Qj(s,a) = Q7 (s, 7h(s)) = Qk (5,7 (9)).- (83)

To continue, we turn to controlling a more general term sz (s,a) — QF(s,a) for all (s,a) € S x A.
Invoking the fact 770 —|— Zn 1 =1 (see (25) and (26)) leads to

Ny,

Q' (s.a) = " Q7 (s,0) + S NP QF (s, a).

n=1
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This relation combined with (29) allows us to express the difference between ng and Qﬁ as follows

Q1 (s.0) — Qh(s,a) = )" (QF" (5,0) — Qh(s,0)) + Zn QR (5,0) = rus,0) = VL (58) + b

n=1

gt (' (s.0)  Qh(s, ) + Znn | PhsaVilis = Vil (k) + b

Z Z nn |:Ph s th+1 Vh:l(sﬁil) + bni|

n=1
Nk Nk
@SS N p, (v e S TP — PEY VS 1
= Znn hys,a \ Vit ht1 +Z77n hys,a h ht1 T 0n
n=1 n=1
= ZnN’L [(Prsa =PI ViEL 4 0] (1)

Here, (i) invokes the Bellman equation ng (s,a) = rp(s,a) + Ph,sﬂVh”_i_kl; (ii) holds since sz(s,a) >
0 = Q4 (s,a); (iii) relies on the notaion (27); and (iv) comes from the fact

k n
T k
Vier 2 Vi 2 Vi,

owing to the induction hypothesis in (78) as well as the monotonicity of V41 in (30). Consequently,
it follows from (84) that

N}’:(saa) N Nh(s a)
k S n s n s
QZ (S, a) — Qﬁ(s, a) 2 Z nrjyh,(‘ ,a) (Ph,s,a o P;f (¢ 7(1)) Vk (s a) + Z Nh( a)b
n=1 n=1
N}’:(S7a) K Nh (9 (l) .
2 Z ni\]h (s,a) Z nNh (s,a) (Ph sa— Pk (s, a)) th+£s,a) Z 0 (85)
n=1

for all state-action pair (s, a), where the last inequality holds due to the bound (31) in Lemma 1.
Plugging the above result into (83) directly establishes that

Vi (s) — ViF(s) = QF (s, 7"(s)) — Qf (s,7"(s)) > 0. (86)
e When V¥ (s) = V,i%(h)(s), it indicates that
Vi () = max Q™ (s,0),  mp ™ (s) = argmax Q™ (s,a), (87)

which follows from the definition of k,(h) in (77) and the corresponding fact in (82). We also make
note of the fact that

wf(s) = mpeM(s), (88)

which holds since V},(s) (and hence 7, (s)) has not been updated during episodes k,(h), ko (h)+1, -+, k—
1 (in view of the definition (77)). Combining the above two results, we can show that

Vi (s) = Vit (s) = Q. (s, 7k (9)) = V" () = QF (s, 7 (9)) — max Q3™ (s,0)

= Q7" (s,m " (5)) — Q" (5,71 M (s))
>0, (89)

where the final line can be verified using exactly the same argument as in the previous case to show
(84) and then (86). Here, we omit the proof of this step for brevity.
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To conclude, substituting the relations (86) and (89) in the above two cases back into (81), we arrive at
Vi (s) = Vif(s) 2 0

as desired in (79). This immediately completes the induction argument.

B.2 Proof of Lemma 2

We make the observation that Lemma 2 would follow immediately if we could establish the following relation:

Nh(s a)
* Ny (s,a k" (s,a
Ah—z Z dp (s,0)Ppsa Z n n )(Vh+1 Vh+£ ))
k=1 (s,a)eSxA n=1
:ZAhyk
X . oo 2H . 2H
1+ > A7 () (Vi () = Vi () +24y H2C*K log == +12HC* log =, (90)
k=1 sES

::Bh,k

The remainder of the proof is thus dedicated to proving (90).
To continue, let us first consider two auxiliary sequences {Yy, x }X_, and {Zj, x }5_, which are the empirical

estimates of Ay, and B i, respectively. For any time step h in episode k, Y, and Zp j are defined as
follows

NF(sk,ak)

o k r(Sh,ap . . ,

v, . (Shvamp NEGsha) (e yh(shal)

h,k - d“( ) h,sﬁ,aﬁ Tin h+1 h+1 )
Shy A n=1

dﬁ (Sh’ah)
Z 1 7P V> 1%
h.k ( +H) (st ak) host ok (Vi — i) -

To begin with, let us establish the relationship between {V}, x}2 | and {Zj 4} :

k k
K K n* ik k Ny (s7,,ah) :
S V=3 A )y Z NEGEaf) (e R (shal)
hk = du(sk ak) h,s¥ ak Tn h+1 h+1
o1 @n\Shs Gy it
Nh (swah)

I N B
i) dp, (i, a,) N * l
=2 2 sk L) | koo D Mk ( (Vi = Vi) (01)

=1 ho=h N=Nj (s},,a},)
dTr (S}L7 2) K
< 1+H ZWPh,sﬁ,aﬁ (Vir = Vieer) = 2 Zn (92)
k=1 n (s, ap,

Here, (i) holds by replacing k" (s¥, a,’i) with [ and gathering all terms that involve V¥, | — 1% 415 in the last

line, we have invoked the property Z (s,) N <3 N_.nY =1+ 1/H (see (55b)) together with the fact
Vise1 — Vil >0 (see Lemma 1), and have further replaced ! with k.

With the above relation in hand, in order to verify (90), we further decompose Ay, into several terms

(i) & X
ZAhk—ZYMH-Z (Ank = Yar) <Y Znk+ > (Ank — Vi)
= k=1 k=1
K K K
:ZBh,k+ (Znx — Bhk) +Z Angk — Yni) (93)
k=1 k=1 k=1

where (i) follows from (92).
As a result, it remains to control Zszl (Znx, — Bp,;) and Zszl (A — Yh ) separately in the following.
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Step 1: controlling Z,[f:l (Ap — Ynr). We shall first control this term by means of Lemma 11. Specif-
ically, consider

N (s,

Wk (s,a) = Z MO (Vi =), o=t (94)
which satisfies .
HWh+1(5 a) hi(: WNh ) (HVh+1H + H k"(gya) Oo) <2H = Cy. (95)
n=1
Here we use the fact that 7, i + Zn 1 77,1:[" =1 (see (25) and (26)). Then, applying Lemma 11 with (94),

we have with probability at least 1 — §, the following inequality holds true

K
Z Ak — Yni) ZXh,k
k=1 k=1

S 2H 2H
> _scict ( )XE;SXAdg* (5,0) [PrsaWF, 1 (s,a)] " log = +20aC"Cy log =

IN

u 2H
< SC*ZHW}’fﬂ(s,a)H log7+4HC* 5
k=1

2H oH
< 8/ H2C*Klog = + 4HC" log =, (96)

where (i) holds since |Py s, WE, 1 (s,a)| < || Prs,all, IWE 1 (5,0) oo = IWEL (5, 0) |-

Step 2: controlling Zszl (Zn,k — Bn,i). Similarly, we shall control Zle (Zn,x — Bp.r) by invoking
Lemma 11. Recall that

dy;” (sf, af)
Znk = Brg = <1 + H) duihph sk.af (Vh+1 Vh+1 Z dh+1 Vh*+1<5> - th+1(5)) )
h( Sho h) seS
(97)
and let us consider
1
Wi(s,a) =Vi, — Vi,  Cq= (1 + H) <2 (98)
which satisfies
(Wi (s, a)|| L < ikl + Vil < 2H = Cl. (99)
Again, in view of Lemma 11, we can show that with probability at least 1 — 6,
K K
(Bhe — Zni)| = ZXh,k
k=1 k=1
i 2H 2H
<. [Doscier N dr(s,a) [PasaWE(s,a a)]” log =5 T2CaC*Cylog =
(s,a)eSxA
Q) X s 2H 2H
* k *
<, |32¢ k; W1 (5, )|, log =5 + 8HC* log ==

< 16\/HQC*Klog% +8HC” log %, (100)

where (i) holds due to the fact thvsvaHl =1.
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Step 3: putting all this together. Substitution results in (96) and (100) back into (93) completes the
proof of (90) as follows

K K K
Ap < Z ok Z Znk — Bny) |+ Z (Ank — Yar)
k=1 k=1 k=1
K 2H 2H
2( % *
< By +24y/H2C Klog = +12HC" log =

=
Il
—

This in turn concludes the proof of Lemma 2.

B.3 Proof of Lemma 3
Recall that the term of interest in (42) is given by

I A1 H h—1
1 2H 2H 1
i 2% *
§:<1+ ) (24 H2C*K log == + 12HC" log = >+§ (1+ H) I (101)

h=1 h=1

First, it is easily seen that

1 h—1 1 H
<1+H> S(1+H) <e foreveryh=1.- H, (102)

which taken collectively with the expression of the first term in (101) yields

H h—1 H
1 2H 2H 2H 2H
_ 2% — * )< 20* — * J—
> <1+ > (241/HC’Klog S~ +12HC" log 6)_24e§ (\/HCKlog 5 +HC"log 5)

h=1 h=1

</ HAC*K log ? + H?*C* log % (103)

As a result, it remains to control the second term in (101). Plugging the expression of I, (cf. (39)) and
invoking the fact (102) give

H 1\ H I\ K
Z(l-i—H) Ih:Z<1+H> Z Z d,’{(sa)névh(sa)H

h=1 h=1 k=1 (s,a)eSx.A
H 1\ XK N (s.a) (o)
* NFE(s,a
Y (hy) XX a@ea XA,
h=1 k=1 (s,a)eSx.A n=1
H K Ni(s,a)
259 DD DR AITNLLCIEEY 3 DD DR AT SR
h=1k=1(s,a)eSxA h=1k=1(s,a)eSxA n=1
=A =B

(104)

Step 1: controlling the quantities A and B in (104). We first develop an upper bound on the quantity
Ain (104). Recognizing the fact that 1}’ = 0 for any N > 0 (see (25)), we have

- ZZ > & a0

1=1k=1 (s,a)eSx.A

K
HZ > di (s ;]lNhsa<1)

h=1 (s,a)eSx A

IA
)
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K

H
< BHZ Z 7" (s,a )d“ + eHZ Z 7" (s, a) Z 1(Nj(s,a) < 1)

h=1(s,a)eSx.A h=1(s,a)eSxA k= ’—d“(s a)]
H K
T * k *
:eH;Zdh (s.7(s)) d“(sw "‘eHZZd Z L(Ny(s,m*(s)) < 1),
=1s€eS h=1s€eS k (m]

where the last equality holds since 7* is a deterministic policy (so that df (s, a) # 0 only when a = 7*(s)).

Recalling d*L ((g 9) < O* under Assumption 1, we can further bound A by
H K
A < 8eH?SC*1 + eHZ Z dy (s,7(s)) Z 1(Nf (s,m*(s)) < 1)
h=1s€S k=T ey
= 8eH%SC*1, (105)

where the last inequality follows since when k > ﬁ one has — with probability at least 1 — & — that
h

m
NE(s,a) > W > 1,
L

holds simultaneously for all (s,a,h, k) € S x A x [K] x [H] (as implied by (57a)).
Turning to the quantity B in (104), one can deduce that

H K Nf(s,a)
BZ2€ZZ Z ” (s,a) Z nNh(Sa)b
h=1k=1 (s,a)eSxA n=1
H K H K
* H3L2 * H3L2
< dy (s,a)4| ————— = dy (s, m*(s _ 106
3 T WL RIER o T

where the inequality follows from inequality (75), and the last equality is valid since 7* is a deterministic pol-

icy. To further control the right hand side above, Lemma 8 provides an upper bound for \/ 1/ (N }’f (s, W*(S)) \Y 1)
which in turn leads to

H K 1
B <SVH33 dh s, "
h:lz:lsz: kdj, (s,7(s))
H K
VIPCE Y. S Y\ i (o)1
h=1k=1s€S
< \/H5C*KL3maXZ ar (s, m
seS
SVHSCA K3 - <\/§ - > (s,w*(s))) = VH5SC*K .3, (107)
sES
where the second inequality follows from the fact d ((;’aa) < C* under Assumption 1, and the last line invokes

the Cauchy-Schwarz inequality.
Taking the upper bounds on both A and B collectively establishes

H h—1
> (1 + ;) Iy < A+ B S H*SC"u+ VHISCK.. (108)
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Step 2: putting everything together. Combining (103) and (108) allows us to establish that

u 1\ / 2H 2H
Z (1 + H) (Ih + 164/ H2C*K log 5 +8HC™ log 5) < H2SC*1L + VHSSC*K 13,

h=1

as advertised.

C Proof of lemmas for LCB-Q-Advantage (Theorem 2)

Additional notation for LCB-Q-Advantage. Let us also introduce, and remind the reader of, several
notation of interest in Algorithm 5 as follows.

o N[(s,a) (resp. N,(lm’t) (s,a)) denotes the value of Nj(s,a) — the number of episodes that has visited
(s,a) at step h at the beginning of the k-th episode (resp. the beginning of t-th episode of the m-

th epoch); for the sake of conciseness, we shall often abbreviate N} = Nf(s,a) (resp. N (m -

N,Sm’t)(s, a)) when it is clear from context.
e L,, =2™: the total number of in-epoch episodes in the m-th epoch.

e k'(s,a): the index of the episode in which (s, a) is visited for the n-th time at time step h; (m} (s, a), (s, a))
denote respectively the index of the epoch and that of the in-epoch episode in which (s, a) is visited
for the n-th time at step h; for the sake of conciseness, we shall often use the shorthand k™ = k}}(s, a),
(m™, k™) = (mj(s, a), kj (s,a)) whenever it is clear from context.

e QF(s,a), LCB *(s,a), @i(s,a) and V}¥(s) are used to denote Qy(s,a), QB (s,a), Q) (s,a), and Vj(s)
at the begmnmg of the k-th episode, respectively.

—next,k —next

o V’;( ), Vi (s), ik (s, a), uzeth(s,a) denote the values of V(s), V),
the beginning of the k-th episode, respectively.

(). Tin (5, ) and =% (s,a) at

° ]v,(lm’t)(s, a) represents ﬁh(s, a) at the beginning of the ¢-th in-epoch episode in the m-th epoch.

. ]\Af,jp‘)’m(s, a) denotes ZV,(LWL’"H)(S, a), representing the number of visits to (s,a) in the entire duration
of the m-th epoch.

<k —k —k - - o
. [,u;ffk rEfk,uzdvk,azdv’k,éh,meh]: the values of [ulef, otef, 3dv o34V 5, By, by at the beginning of

the k-th episode, respectively.

In addition, for a fixed vector V € RIS!, let us define a variance parameter with respect to Py s.q as
follows

Varnsa(V)i= B [(V(5) = PusaV)’] = Prsa(V3) = (Pusal)? (109)

’
8'~Ph s.a

This notation will be useful in the subsequent proof. We remind the reader that there exists a one-to-one
mapping between the index of the episode k and the index pair (m, t) (i.e., the epoch m and in-epoch episode
t), as specified in (45). In the following, for any episode k, we recall the expressions of V41 and fi;, (which
is the running mean of Vj1).

e Recalling the update rule of V', and Vzm in line 26 and line 27 of Algorithm 5, we observe that both
the reference values for the current epoch Vj, and for the next epoch V;LeXt remain unchanged within

each epoch. Additionally, for any epoch m, V' takes the value of V;e)(t in the previous (m — 1)-th
epoch; namely, for any episode k happening in the m-th epoch, we have

—next,k’

Vh =V, (110)

for all episode k' within the (m — 1)-th epoch.
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e 7i¥ serves as the estimate of Ph,sfavf; 41 constructed by the samples in the previous (m — 1)-th epoch
(collected by updating 7;*). Recall the update rule of fi;, in line 26 and line 24 of Algorithm 5: for

any (s,a,h) € S x A x [H], we can write fi} as
EZ(S, CL) _ ﬁgm,l) (S, a) _ ﬁr;lext,(m,l)(s7 a) _ ﬁzext,(mfl,bm,l)(s a)
N —next,k* i N(m b i
i:’IN;(Lm—l,l)+1 Vh+1 (S§+1) Z N(m 1, 1)+1 Vh+1(3;€1+1) (111)
B NEPem=1(s a) v 1 - NPT lga) vl

where the last equality follows from (110) using the fact that the indices of episodes in which (s, a) is
visited within the (m — 1)-th epoch are {i : i = N}(Lm_l’l) +1, ngm_l’l) +2,--- ,N}(Lm’l)}.

Finally, according to the update rules of yadv k" (sﬁ,ah) and szv L (sk,af) in lines 11-12 of Algo-

rithm 3, we have

dv, k"1 dv,k™+1 dv, k™ n n k" n
R (shyan) = ™t T sk an) = (U= ma)g " (s ) 4+ 00 (Vi (sha1) = Viga (sh41))

dv,k" Tt ko k dv,k"+1, k& dv,k™ kK k™ [ k™ k™ g \\2
02 Y (sp,ap) = 02 Y (spyap) = (1 —1nn )02 " (8h»ap) +nn (Vh+1(5h+ ) — Vh+1(8h+1)) .

k
Applying this relation recursively and invoking the definitions of mjy " in (25) give
d k: h +1 NF n n —k" dv.kN h+1 Nk n n —k" 2
py, Znnhph (Vier = Vig1)s o Znnhph (Vs = Vi)™ (112)

Similarly, according to the update rules of uff - (s a) and O';Lef - (s, a) in lines 9-10 of Algorithm 3, we
obtain

—next k"

£l £ 41 1 £ k" n
o) = i ) = (1 1) i s+ TR )

£ £ K" 1 fk" next,k™ n 2
o) (s,a) = o) Jr1(s,a) = (1 — n> o, " (s a) + - (Vh_:1 (5};4—1)) .

Simple recursion leads to

N NF
k h k h
ref,thJrl n—next,k"™ ref kN +1 n ,—next,k™
Hp, 5,a k E Ph Vh+1 )y Op 5, a /\C E Ph Vh+1 ) : (113)
h n=1 h n=1

C.1 Proof of Lemma 4
Akin to the proof of Lemma 1, the second inequality of (47) holds trivially since

Vii(s) < Vii(s)
holds for any policy 7. Thus, it suffices to focus on justifying the first inequality of (47), namely,
VE(s) <V (s) (k. h,s) € [K] x [H] xS, (114)
which we shall prove by induction.

Step 1: introducing the induction hypothesis. For notational simplicity, let us define

ko(h, k, s) = max {l (1< kand Vi(s) = maxmax{ I;LCB’Z(S, a),@lh(s, a)}} (115)
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for any (h,k,s) € [H] x [K] x S. Here, k,(h, k, s) denotes the index of the latest episode — right at the end
of the (k — 1)-th episode — in which V},(s) has been updated, which shall be abbreviated as k,(h) whenever
it is clear from context.

In what follows, we shall first justify the advertised inequality for the base case where h = H + 1 for
all episodes k € [K], followed by an induction argument. Regarding the induction part, let us consider any
k € [K] and any h € [H], and suppose that

VE () < Vi (s)  forall (K, R',s) € [k—1] x [H+1] xS, (116a)
VE(s) <VE'(s) forall W >h+1andseS. (116b)

We intend to justify
VEG) <V (s)  VseS, (117)

assuming that the induction hypotheses (116) hold.

Step 2: controlling the conﬁdent bound ij"l Nn bh . Before proceeding, we first introduce an

NF +1 . .
auxiliary result on bounding Zn 17 Nh bh , which plays a crucial role. For any (s, a), it is easily seen that

Nf(s,a)

NF(s,a) =0 = Z

n=1

k —k™(s,a
A ) (118)

When Nf(s,a) > 0, expanding the definitions of Bﬁnﬂ (cf. line 6 of Algorithm 3) and 32“ (cf. line 15 of
Algorithm 3) leads to

k

u NfTk"+1
> " by

n=1
N 1 \—=k" 1 —xm 77 all N’L
—Znn H 1—7]i)-<<1—n>Bh (s,a)—|—n—Bh 5a>—|—cbz H7/4L—|—Cbz
n=1  i=n+1 n n
Np Ny n Ni; Ni; Nf Np, N
:Z H (17772-)§Z +1(s,a)7H(lfm)§: (s,a) +cbznn H7/4L+cbz77n H?,
n=1 \i=n+1 i=n n=1
o NN e N Nk . Mg N
= Z H (1=n)B;, “(s,a)— Z H(l —n;)By, (s,a) + e Z n3/4H7/4L +cp Z n o2,
n=1i=n+1 n=21i=n n=1 =
N N ) N1 N ) NE N NE
(&) Z H (1- Ui)EZ /H(s,a) - Z H (1- m)?’,i /H(s a) + cp Z [ H7/4L—|—cb Z )
n=1i=n+1 n=1 i=n+1 n=1
Nk Ny
7§: h+1 (s,a) +Cbzn H7/4L+cbz (119)

where we abuse the notation to let HZ:jH(l —1;) = 1. Here, (i) holds since B (s,a) = 0, (ii) follows

" __n+l
from the fact that B" H(s, a) = B" (s,a), since (s, a) has not been visited at step h during the episodes
between the indices ™ + 1 and k"+! — 1. Combining the above result in (119) with the properties ~rsr <

Fy3/4
NF N Nh o
>ty 22/4 < (Nk)5/4 and Nk < Z < ,’f (see Lemma 7), we arrive at
—LNE 41 H4, N 7k”+1 — kK11 H/4, H?,
Bh (S,a)+Cb (Nk)3/4 < Z h < Bh (S7a)+2CbW+QCbNi}If (120)

as long as NF(s,a) > 0.

34



Step 3: base case. Let us look at the base case with h = H + 1 for any k € [K]. Recalling the facts that
Vi1 = Vi, =0 for any 7 and any k € [K], we reach

V() S VE () forall (k,s) € [K] xS. (121)

Step 4: induction arguments. We now turn to the induction arguments. Suppose that (116) holds for
a pair (k,h) € [K] x [H]. Everything comes down to justifying (117) for time step h in the episode k.
First, we recall the update rule of V;,(s) in lines 21-22 of Algorithm 5:

—k —
Vi () = max Qf(s,0) = @h (s, () = max { QL% (s, mh (), @} (5,7 (5)) @4 (s, 7h(s)) ).
Then we shall verify (117) in three different cases.

e When V/}(s) = Q-®* (5,7 (s)), the term of interest can be controlled by

Vi (s) = VE(s) L Q" (5,75 (s) — QLCB* (s, 78 (s)) > 0,

where (i) holds since 7* is set to be the greedy policy such that V}Zrk( ) = Q’T (s,7%(s)), and the last
inequality follows directly from the analysis for LCB-Q (see (85)).

e When V¥ (s) = @Z (5,7 (s)), we obtain

Vi (s) = ViE(s) = QF (s, 7(5)) — @y (5,75 (9)) - (122)

To prove the term on the right-hand side of (122) is non-negative, we proceed by developing a more

general lower bound on Q,’;k(s,a) — Q:(s,a) for every (s,a) € S x A. Towards this, recalling the
definition of N;f and k™, we can express

— kN h —+1

Qu(s,0)=Qp, " (s,0).

Thus, according to the update rule (cf. line 7 in Algorithm 3), we arrive at

kh+1
(s,a)

Qn(s,0) = Q,
Nf —kN 3 LNE

—k kN 7]@ h 7kN}}f+1
=L =nnp)Qp  (s,a) +nyegTals a) + Vh+1 (Sha1) = Vg (sng1) + 1 " (s,a) = by :

k k
Applying this relation recursively and invoking the definitions of név " and mjy " in (25) give

Nh
—k NFE—1 NE n n —k" n —k"+1
Qh(5>a) =T th(Sa a) + Z " {Th(5>a) + V}f—i—l(slfi—i—l) Vh+1(31}i+1) + 1 Mh (3 a) — by,

n=1

}. (123)
Additionally, for any policy 7%, the basic relation 770 + Zn 1 nn =1 (see (26) and (25)) gives

NF . .
QF (s.a) =10 QF (s,a) + > m " QF (s,a). (124)

n=1

Combing (123) and (124) leads to
Qi (s.0) = Qh(s.0) =1 " (7 (s.0) ~ Qi (5. )

Nh
NF s —k" _ k™41
+Znnh{Qh (5,0) = ra(s,a) — V1 (s50) 4 TE0y(s570) — 7" (s, ) + 5 } (125)
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Plugging in the construction of f;, in (111) and invoking the Bellman equation

k k
Q;zr (87 a) = Th(s’ a) + Ph,S,thﬂ+1’ (126)
we arrive at
7rk R _am k" 41
Qh (s,a) —ra(s,a) — Vh+1(82+1) + Vh+1(32+1) miy; (s,a) + by,

(m™,1) n ;
N, —k
n V S
Zi:N}(lm *1,1)_‘_1 h-l—l( h+1) k"1

ok —k™ 15 K kn
= PhsaVigr + Vi (Shg1) = Vida (Sha1) —

A - h
NPO™ " (s,a) V1
N}(lm,",l) }];;7'
k n n n — k" i:N(mn_1‘1>+1 k" k™41
_ = k" ok k n
= Prs.aViy1 — Vi1 (Shy1) + (Ph - Ph,s,a) Vi1 + | Prsa = Zepommm 1 Vg1 + by
N, (s,a)V1
—k"+1 n
= Phs,a (Vhﬂ—ﬁ-l Vh+1> +b,  +&
where
NmD Iy
> P
n _Ar(mn—1,1) h n
k™ . (pk™ 7k k" i=N, +1 —k
& = (Ph - Ph,s,a) (Vh+1 - Vh+1) + | Phys,a — Vit (127)

NZPOM”% (s,a) V1

Inserting the above result into (125) leads to the following decomposition

Q;zrk (Sa a’) - @Z(Sva’) = név;f (Q;zrk( ) Qh S, a’ + Z M~ {Ph s,a (Vh+1 Vthl) + b: 1 + ghn}
(128)

> Zn @ e, (129)

which holds by virtue of the following facts:

(i) The initialization @,IL(S, a) = 0 and the non-negativity of Q7% (s,a) for any policy = and (s,a) €
S x Alead to QT (s,a) — @,11(5, a) = Q7 (s,a) > 0.

(ii) For any episode k™ appearing before &k, making use of the induction hypothesis Vh’fl(s) > V}fﬂ(s)
in (116b) and the monotonicity of V4, (s) in (46), we obtain

Vi (s) — Vif:l(s) > Vik(s) - Vh—:l(s) > 0. (130)

The following lemma ensures that the right-hand side of (129) is non-negative. We postpone the proof
of Lemma 12 to Appendix C.4 to streamline our discussion.

Lemma 12. For any ¢ € (0,1), there exists some sufficiently large constant c, > 0, such that with
probability at least 1 — 4,

k

h
<S gt vke K. (131)

n=1

Ny

&

Taking this lemma together with the inequalities (122) and (129) yields

h h
- o —k EokTL B
Vi () = Vi (s) = QF (s,0) — Qp(s,0) = Y 7" By, anjy’ &

n=1 n=1

> 0.
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e Next, consider the case where V*(s) = Q" (5,7F(s)). In view of the definition of k,(h) in (115), one
has

ViEs) = Qi (s, mh() = Q™ (s, (5) = max { QU (s, wh(s)) Q™ (s, (5) }

since Qp (s w,’j(s)) has not been updated during the episode k,(h) and remains unchanged in the
episodes ko(h) + 1, ko(h) + -,k — 1. With this equality in hand, the term of interest in (117) can

be controlled by

P LCB, ko (h Ako(h)
Vi () = Vif(s) = QF (s, k() — max { Q3™ (s, mh(5)) . Q3" (s, k() } = 0,
where the last inequality follows from the facts

ok LCB,k,
Qn (377%( ) — Qn
ko (h) (i)

( k

Qh (s,mh(s)) — Qp s,m,(s)) > 0.

Here, (i) follows from the same analysis framework for showing (84) and (86); (ii) holds due to the
following fact

ko(h)

ok (h) NFo(h) 7k"+1 n
Q7 (s.0) — Q) > Znn by +& )20,

which is obtained directly by adapting (129) and then invoking (131) for k = k,(h); since the analysis
follows verbatim, we omit their proofs here.

Combining the above three cases verifies the induction hypothesis in (117), provided that (116) is satisfied.

Step 5: putting everything together. Combining the base case in Step 3 and induction arguments in
Step 4, we can readily verify the induction hypothesis in Step 1, which in turn establishes Lemma 4.

C.2 Proof of Lemma 5
For every h € [H], we can decompose

1

K
S5 T (s) (Vie(s) = ViE(s)) £

k=1seS

—~
=

S i (5,7 (9) (@57 () — @ (s, mh(5)))

sES

> i (s,0) (Qi(s.0) ~ Qis,0)) (132)
s,aESXA

M= 11

>
Il

1

where (i) follows from the fact V¥(s) = max, Q¥(s,a) > max, @Z(s,a) > Qi(s,wi(s)) (see lines 21-22 in
Algorithm 5). Here, the last equality is due to (35).

Step 1: bounding Q7 (s, a) ,@:(57 a). The basic relation 7, i + Zn 1 nnh =1 (see (26) and (25)) gives

NF .
Qh(s,a) = my " Qh(s,a) + D ma " Qh(s, ), (133)

n=1

which combined with (123) leads to

Qi(s,0) — Qn(s,a) = no" (Q} (s,a) — T (5, a))
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—k" g k" 41
+Zn i — s, = VELGED) + TG - 0+ 5T s
Invoking the Bellman optimality equation

@n(s,a) =7rr(s,a) + Phs.aViii1, (135)

we can decompose Q7 (s,a) — @z(s, a) similar to (128) by inserting (127) as follows:

Qi(s,0) ~Qh(s,0) = n* (@ (5,0) ~ Th(s.0) +Znn P (Vs = Vi) 480 i

Ny
1) N k

+1 n NE "
< T]OhH+Z77 ( h +§h )"’Znnhph,s,a (V}:-s-l_vff—i-l)
n=1
&

(i) NE h N v 7kn+1
< nH—|—Znn "Phs.a (Vh+1 Vh+1) _|_QZ np

(iii)

NF H/4, H?%,
< nohHJann Phsa(Vh_H Vh+1)+2<Bh(s a)+2cb(Nkv1)3/4+20bN;fv1 , (136)
n=1 h

where (i) follows from the initialization @2(5, a) = 0 and the trivial upper bound Q7 (s,a) < H for any policy
7, (ii) holds owing to the fact (see (131))

k k

all k"1 P (L Al NE—k"4+1
St (B e ) <o mtn e [t <23 e, (137)
n=1 n=1 n=1 n=1

. S ALES! =k
and (iii) comes from (120) with the fact B, (s,a) = By(s,a).

Step 2: decomposing the error in (132).

ZZdh ) (Vi () — ViE(s))

(138)
k=1s€eS

K
T NF(s,a —k 4ch7/4L dep,H?L
S Y 4 <s,a>[%h< -+ 2B 5,0 + +

Plugging (136) into (132) and rearranging terms yield

3/4 %
k=1 (s,a)eSx A (Nf(s,a) V1) /4 Nf(s,a) V1

K N (s,a)
3 Y P > O (Vi - )
k=1 (s,a)eSxA n=1

K
. k(g e, HT/4, depH?L
< di’ (s,a) |mp" " H + +
> 2 0 i M avi

+QZ Z d’”(s,a)?i(s,a)

k=1 (s,a)eSxA

:;J}L ::J;‘;
K Nf(s,a) v .
+3° di’ (s,0)Phsa . mnt (v,;*+1 v,@é“’). (139)
k=1 (s,a)eSxA n=1

Step 3: controlling the last term in (139). If we could verify the following result

K Ni(s,a)

* Ny, (s, * k" (s,
> Y WP >t (Vi - Vi)
k=1 (s,a)eSxA n=1
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<(1+7)

then combining this result with inequality (139) would immediately establish Lemma 5. As a result, it
suffices to verify the inequality (140), which shall be accomplished as follows.

2H
> dii(s) (Vitpa(s) = ViF(5)) + 481/ HC*K log =+ 28¢, H3C*V/S12, (140)

seS

=J3}

Proof of inequality (140). We first make the observation that the left-hand side of inequality (140) is the
same as what Lemma 2 shows. Therefore, we shall establish this inequality following the same framework
as in Appendix B.2. To begin with, let us recall several definitions in Appendix B.2:

K N;’f(s,a)
* N’f s * k™ (s,a
h= Z Z dy (s,a)Ph s Z U (5:0) (Vh+1 Vh—&-{ )>7
k=1 (s,a)eSxA n=1
=Ap i
B = ( ) Z dh+1 Vif+1(5> - th}1(5)) )
seS
NF(sk,ak)
dm sk a h(Sp,ap k(gk ok X n gk ok
Yh,k %Ph,sﬁ,aﬁ Z nflvh,( ho@n) (Vh+1 _ V}f+£ o h)) 7
(s5,ar) n=1
dy* (s, aj;) K
Zh,k‘ - (1 + ) #P}z sk a" Vh Vh ’ (141)
H) di(sk, ak) (Vi +)

and we also remind the reader of the relation in (93) as follows

K K K

AhﬁZBh,kWLZ(Zh,k*Bhk +Z Ahk*th . (142)

k=1 k=1 k=1

Equipped with these relations, we aim to control Zé{:l (Zn — Bpi) and Zle (Ap.; — Yn 1) respectively
as follows.

e We first bound Zszl (Apk — Yp k), which is similar to (96) (as controlled by Lemma 11). Repeating the
argument and tightening the bound from the second line of (96), we have for all (h,s,a) € [H] xS x A,
with probability at least 1 — 9,

i i o 2H 2H
’;(Ah,k—Yh,k) <\ >.8CiCr N dir(s,a) [PhsaWi (s, 0)] log = +2C4C*Cy log

)
(s,a)eSx.A
P 2
o K Ny (s,a) NE(s.a) o 20
< 8C* log T Z Z dz* (S, a) Z n e Ph,s,a (Vi;+1 - Vh—&-{s’a)) +4HC* 10g T
k=1 (s,a)eSxA n=1

2H 2H
\/80* log 5 (36 HK + 3c2HSSC*1) + 4HC* log 5

2H
< 32/ HC*K log =+ 12¢, H3C*V/S.2. (143)

Here, (i) holds by virtue of the following fact

IN

2

K Ny (s,a)
Z S odrsa)| Y P (Vi - Vi) | < 36HK +3EH0SCH,  (144)
=1(s,a)eSxA n=1

whose proof is postponed to Appendix C.2.1.
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e Next, we turn to Zle (Zh,k — Bhn,i), which can be bounded similar to (100) (as controlled via
Lemma 11). Repeating the argument and tightening the bound from the second line of (100) yield

K
- 2H . 2H
(Buge — Zng)| < (| >.8C2C* S di*(s,0) [PusaWh, (5.0 a)]? 1ogT +2C4C*Cylog =
k=1 = (s,a)eSxA
2H & > 2H
<8,|Crlog = S0> 0 di(s,a) [Pasa (Vi — ViEL)]” +8HC* log = (145)

k=1 (s,a)eSxA
To further control (145), we have

i

K
Z Z dy* (s, a) [Ph,s,a (Vh*+1 - th+1)]2 < Z Z dy(s,a)Prs,a (Vh*ﬂ - Vif+1)2

=1 (s,a)eSxA k=1 (s,a)eSxA

—~
=

(i K

HY Y di(s,0)Posa (Vigs = Vi)

k=1 (s,a)eSxA

(iii) 26 .
< 2HK + EHOSC* (146)

Here, (i) holds due to the non-negativity of the variance

* =k * 2
Varh,s,a(vh-&-l - Vh-',-l) = Ph,s,a(v}:-',-l - th+1)2 - (Ph,S,a(Vh-H - ‘/}f-i-l)) > 0; (147)

(ii) follows from the basic property HV,;* 1 V,f’ﬂ HOO < H; to see why (iii) holds, we refer the reader
o (154), which will be proven in Appendix C.2.1 as well. Inserting (146) back into (145) yields
K

20 2H
(Bh,k — Zh,k) S 8\/0* logT (QKH + CgHGSC*L) + 8HC* log T

/ 2H
<161/ HC K log = + 16¢, H3C*V/SL. (148)

Substituting the inequalities (143) and (148) into (142), and using the definitions in (141), we arrive at

k=1

N;L(S a)

K
Ap = Z Z dﬂ (8,a)Phs,a Z UN'L(S @ (Vh+1 V}f—l,—l(s a))

k=1 (s,a)eSxA
K K
( >Zdh+1 ) (Virea (s) = Vi (s +Z Zhk — Bhk) +Z (Ank — Ynr)
k=1 k=1

seS
< (1 "

. 2H
DA (s) (Viga(s) = Vil (9)) 432[ HO*K log == + 126, H'C*V/S/”
seS
2H 5
+16 HoumogT + 16c, H3C*V/ St
1 k 2H 3 1k 2
L+ A7 (s) (Vi (s) — ViFp(s)) + 48 HC* K log = + 28c, H'C V82, (149)
SGS
(

which directly verifies (140) and completes the proof.

[ =

C.2.1 Proof of inequality (144)

Step 1: rewriting the term of interest. We first invoke Jensen’s inequality to obtain
N’If Nk 2 N”: NF NE 2
(Z TIn " Ph,s,a (V}L_l - th_t,_l) ) < Z Tin " (Ph,s,a (V}L-l - th+1> ) Z Tn " P}L,s,a (sz(-f—l - Vh+1> )
n=1 n=1
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k
where the first inequality follows from Zn 1 nn =1 (see (26) and (25)), and the last inequality holds by
the non-negativity of the variance Vary, s o[Vy* 1 V,f_H] This allows one to derive

2
Nh(s a)

K
Z Z dz* (57(1) Z nNh(b a)P \s,a (Vh+1 Vh—:l)

k=1 (s,a)eSxA n=1

k=1 (s,a)€SxA n=1

Q) . 2 / 2H .. 2H
§(1+ )ZZdh+1 ) (Vira(s) = ViF 1 (s))” + 32 H4C*Klog7+32H20 log =, (150)

k=1s€eS

where (i) can be verified in a way similar to the proof of Lemma 2 in Appendix B.2. We omit the details for
conciseness.

Step 2: controlling the first term in (150). Let us introduce the following short-hand notation
kstop = c2HSSC*,

and decompose the term in (150) as follows

K . K
9 (1)
S A () (Vials) = ViEL () < HY S di(s) (Vitga (s) — Vil (s)
seS k=1 k=1 s€S8S
—HZZ% (Vi (s) = ViEL(s)) + H Z D dr () (Vi (s) = Vifa(s)). (151)
k=1seS k=kgop+1 sES

Here, (i) holds since 0 < V;¥,,(s) — V/¥ ,(s) < H. The first term in (151) satisfies

kstop

HZ Z dh+1 (Vi (s) = Vi (s)) < H (ca\/H5SC’*Lk;stop + CaHQSC*L> < EHSSC*, (152)

k=1s€eS

where the first inequality holds by applying the results of LCB-Q in (44) with K = keop. The second term
n (151) can be controlled as follows:

H Y S Vi)~ Vi) < HE Y dTa (s ) (Vi (s) = Visz (9))

k=ksop+1 sES SES

stop

< HE—— 3" 3" a7, () (Vi () = Vi (s)

Fstop k=1seS
H5S5C* JH2SC*
<HK | ca . Y) <2HK, (153)
kstop kstop

where the first and the second inequalities hold by the monotonicity property V,fj_rl > Vlf+1 introduced in
(46), and the final inequality follows from applying (44).
Inserting the results in (152) and (153) into (151) yields

K
S dia ()Y (Viepa(s) = Vida(s ?< HZ > diia(s) (Virpa(s) = V() < 2HK + 2HOSC* 0.,
seES k=1 k=1s€eS

(154)
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Step 3: combining the above results. Inserting the above result (154) back into (150), we reach:

2
NF(s,a)

K .
SO drsa| Y P (Vi - Vi)

k=1 (s,a)eSx A n=1

1) & 2 2H 2H
< (1 + H) SN dr(s) (Vi — Vit) ™ + 324/ HAC*K log =+ 32H%C* log =

k=1s€eS

@) / 2H 2H
<4HK + 2c2H%SC*1 + 324/ HAC*K log -5 T 32H*C* log =

(ii)
< 36HK + 3c2H®SC*, (155)

where (i) holds due to (154) and 1+ 7 < 2, and (ii) results from the Cauchy-Schwarz inequality.

C.3 Proof of Lemma 6
We shall verify the three inequalities in (54) separately.

C.3.1 Proof of inequality (54a)

We start by rewriting the term of interest using the expression of J! in (51) as
H 1\t
14+ — 1
S (1y)
h=1

H h—1 K 4 °
_ 1 * N (s,a) den HT/M dep H
S (43) S % wea|ptens 7 N

h—1 K

k=1 (s,a)ES x.A (N7 (s,a) V1)

A 1 h-1 K * N (s,a) < 1 > 4CbH7/4L
-y (1+H) Yoo > di(s,a)m H+h§ <1+H> > > @ (5’“)(N;Lc(s,a)v1)3/4

h=1 k=1 (s,a)eSxA k=1 (s,a)eSxA
=:J¢ =:J?
H h—1 K 2
1 . dep,H
+> (1 + ) > dr (s,a) = —— . (156)
h=1 H k=1 (s,a)eSx.A Ny(s,a) V1

:‘713

Invoking (105) and (102) yields

Ji < H?*SC. (157)
In terms of J2, one has
H h—1 K
1 * 4CbH7/4L
2= (1+2) X X @eaael
h=1 i k=1 (s,a)eSx A (Nj(s,0) V1)
(2 H7/4 2 i i T ( ) 1
~ L h (S, @ 3
h=1k=1(s,a)eSx A (kdj,(s,a))

(i) e 1 . 3
SH”“LQ(O*)ZZZ;% Z (d’,{ (s’a))
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from Lemma 8, and (ii) follows from the definition of

)

where (i) holds due to (102) and Nk(sla)vl < kdf(“s 2
h \7? h\7
C* in Assumption 1. A direct application of Holder’s inequality leads to
[ 3/4 1/4
1
JESHMAC)IY S| Y Ua=mis) >, di(s.0)
ho ke R (5,0)ESX A (s,a)ESx A
(iii) H K 4
3 3 1
< HMA(SCH)3 Y > 3 S H?(SCH 1K 1.2, (158)
h=1k=1""
where (iii) follows since 7* is assumed to be a deterministic policy
Similarly, we can derive an upper bound on J; as follows
H h—1 K 2
1 x denH L
B (1rg) ¥ X @eay
h=1 H k=1 (s,a)eSx.A Ny(s,a) V1
Ypeyy G50 g 159
Cwey s Y ML ppsen e
h=1k=1 (s,a)eSx.A hA™
N""(sla)\/l < kd“(‘s ) (cf. Lemma 8), and the last
h \%

where (i) follows from the result in (102) and the fact

relation results from the definition of C* (cf. Assumption 1) and the assumption that 7* is a deterministic
1, (160)

i

policy.

Putting the preceding results (157), (158) and (159) together, we conclude that
1.2 4 H35C* 5,

h—1 5
< > Jl < H2 75(80*)2

H
Z 1
h=1

)) in the expression of J? (cf. (51)), we obtain

(

(

(

C.3.2 Proof of inequality (54b)
Making use of the definition of B) (s,a) (cf. (
H 1\ 1 H 1\t K i
2 _ * n
Z (1+H> Jh =2 <1+H> Z Z dh (S,G)Bh(57a,)
h=1 h=1 k=1 (s,a)eSxA
H h—1 K adv,k adv,k
1 o (s, a) — (5" (s, a))
:22(1—!—) coVHL Z 3 (s,a)z h -
h=1 H (s,a)ESxA k=1 Ni(s,0) V1
H h—1 K ref,k ref,k
1 * g (S,CL) (/J/h (S,CL))
p2) (1hg) avi X @y
h=1 H (s,a)ESx A k=1 Ny (s,a) V1
< /H i Z dTr Z O-Zdv"k(sa Cl) :uzdv k(57 CI,))
h=1 (s,a)€Sx.A k=1 Ni(s,a) V1
—7
+ fo S df (s,a) || ) = (7 o)) (161)
> NF(s,a) V1 ’
h=1(s,a)eSxA k=1
=72
In the following, we shall look at the two terms in (161)

where the last inequality follows from (102)
43

separately.



k
Step 1: controlling J5. Recalling the expressions of azdv *(s,a) = azd"’thH(s, a) in (112), we observe
that the main part of J3 in (161) satisfies

advlc( a) — (devk s.a

H . K | oy, (s, ))2 H K X A7 (s,a) - 02" (s, q)
Z Z dj (s,a)z NE(s,a) v 1 S\ﬁz Z Z 7’ (s,a) L h

kd!(s,a
h=1(s,a)eSx.A k=1 h=1(s,a)eSx A k=1 n(s,a)

. 2
dﬂ* (5,0) Sttt pp (Vi = V)

h+1
Y Y Y\ i ;
kd} (s, a)
h=1 (s,a)eSx A k=1
1 il N () k2
Yy Yy plla=mi(s) dy (s.a) 3 "B (Vi - Vi)
h=1(s,a)eSxAk=1 n=1
(if) K H Nf(s,a) NE(s.0) 2 | KA 1
S D I SRR (T ) IND ) DD SRR TRl
k=1h=1(s,a)ESx.A n=1 k=1h=1(s,a)€ES XA
K H Nf(s,a) e £ 2
SVHSC |33 3 dp(sa) > m OB (Vi - VL) (162)
k=1h=1(s,a)eSxA n=1
where the first inequality is due to the fact + 8

( Vi < R (5:0) from Lemma 8, (i) follows from the definition

of C* in Assumption 1 and (35), and (ii) follows from the Cauchy-Schwarz inequality. To continue, we claim
the following bound holds, which will be proven in Appendix C.3.4:

K H Ni (s, a2
ZZ Z dy; (s Z ' Sa)Ph (Vh+1—V:+1>

k=1h=1 (s, a)ESX.A

< H? max Z > dr( —ViF(s)) + K + H>VSC*2. (163)

helll T ses

Combining the above inequality with (162), we arrive at

T3 SVH2SC*3, | H? maxZZd” —VE(s)) + K + H>VSC*2
k 1seS
< (| HASC*3 max Z > — V[E(s)) + VH2SC*K 3 + H**SC*.25. (164)
k 1seS

Nk‘,
Step 2: controlling J2. Recalling the expressions of 1" (s,a) = i "™ (s,a) and ol *(

k
U;Lef’k'NhH(s, a) in (113) to J2 in (161), we can deduce that

s,a) =

2
K| (s,a) = (i (s, a)

VY Y 0l

k
h=1(s,a)eSxA k=1 Ny (s,a) V1
NF(s,a) (trnextk™  1n 2 sa y .
SO WD 2 S Urer ) N kel
h - .
h=1(s,a)ESx A k=1 N (s, )\/1 Ni(s,a) V1 Nfi(s,a) V1

=:Fhk
(165)
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We further decompose and bound F}, ;; as follows:

. Nk ( ) n 2 NE(s,a) =5next,k™ n
Ot (Vi (s570) 7( it Vi (5’2+1))2

Fi . <
ok = N}’f(s,a)\/l NE(s,a) v 1
N[ (s,a) « n 2 K(s,a) ¢4 n Nf ( a) n N} (s,a) T7next,km™ n
_ Zn 1 (Vh+1( lfi+1)) . (Zn 1 Vh+1(slfi+1))2+ (Z’r Vh*+1(5§+1))2 _ (Zn 1 Vh+1 (5§+1))2
NF(s,a) V1 NE(s,a) V1 NFE(s,a) V1 NF(s,a) V1

k(s a s,a N ( a) —next, k"™ n
(2) Zg’:% “ (Vh*+1(3h+1))2 — (ZN ( )Vh*+1(3h+1))2+ 2ty 2 (Vh“(sz“) Vit (Sz“))

- NF(s,a) V1 NF(s,a) V1 NF(s,a) V1 ’
Gh,k :5Lh,,k

(166)

where (i) follows from the fact that for some k' € [K], V;‘le:tlk = Vh+1 < Vjry, (see the update rule of e
in line 27 and the fact in (47)), and (ii) holds due to the fact that

s,a k nex n N’f(s, ) " n —next, k™ n
Zgﬂ ) Vh+1(slﬁ+1))2 (Zg( Vhitlk (SZ+1)>2 < ZHZ”; ' (Vh“(siﬂ) Vit (sf‘“))
NE(s,a) V1 Nf(s,a) V1 - Nf(s,a) V1 '

Inserting (166) back into (165), we arrive at

j2<\fz Z d”saz Nksa (th+Lhk)

1(s,a)eSxA
5 NG (\/H3SC*KL4 +HYSC* P + VHBSCA K2 + H2‘SSC*L3) < VH3SC*K5 + H'SC*/4,  (167)

where (i) follows from the following facts

H
o> di(s,a) Z e VI Lm S VH3SC*K* + H'SC*/?, (168)
h:l(sa)GSxA Ny (s, a)
K
Z > di(s,a Z NI 1Ok S VH3SC*K 12 + H*°SC*/3. (169)

1(s,a)eSxA

We postpone the proofs of (168) and (169) to Appendix C.3.5 and Appendix C.3.6, respectively.

Putting the bounds together. Substitute (164) and (167) back into (161) to yield

H h—1
1
> (1 + H) Ji S (| HASC* i3 pax Z > dr( —VE(s)) + VH2SC*K (3 + H35SC* 2P
h=1 \ H DS
+ VH3SC*K 5 + H*SC*/*
< (| HASC* 3 ma Z > dr —V[E(s)) + VH3SC*K > + H*SC*.*.
k 1s€S
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C.3.3 Proof of inequality (54c)
Invoking inequality (102) directly leads to

- 1\ ! oH 2H
> (1 - H) (481 JHCK log = + QSCach*\/gL2> S\ HAC*Klog == + H'C*VS/?
h=1

as claimed.

C.3.4 Proof of inequality (163)
We shall control the term in (163) in a way similar to the proof of Lemma 2 in Appendix B.2.

Step 1: decomposing the terms of interest. Akin to Appendix B.2, let us introduce the terms of
interest and definitions as follows:

K Ng(s,a) NE(s.0) e N2
Z Z d” (s,a) Z Y Py (th+1 *Vh+1) ;
k=1 ESX n=1
:5Ah,k
—k 2
Bh i = ( H) Zthrl (thﬂ(s) - Vh+1(3)) )

seS
Ny (sh,ar)

T ( ok . 2

A dy” (s, ap,) Npi(shar) ph (e "

hk = Tn7 k kY § n h h+1 h+1) >
dj, (sp,» ) ne1

_ dyy* (s}, af,) pk (vE =k 2
= (1 37) S (e Vi) 1

With these definitions in place, we directly adapt the argument in (93) to arrive at
K K K
AhSZBh,k+Z(Zh,k*Bhk +Z (An ke — Yar). (171)
k=1 k=1 k=1

As a consequence, it remains to control 215;1 (Zn,e — Bp.) and 215;1 (Apk — Ya 1) separately.

Step 2: controlling Zszl (Apx — Ynr). To control Z,Ile (Apk — Ynr), we resort to Lemma 11 by
setting
Nh(é a) N —gn 2
Wh+1 s,a) = Z in psa) (Vh+1 - Vh+1) ) Ca =1, (172)
which satisfies
||W,’f_~_1(s,a)||oo < 4H? = C,.

Applying Lemma 11 with (172) yields that: with probability at least 1 — ¢,

K K o
(Apk —Yar)| = ZXh k
k=1 k=1
s ; i 2H . 2H
< I>scier ST dp(s,a)Pusa (W (s,0)] log == +2C4C*Cy log —
k= (s,a)eSxA
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K
< C*log%z >

k=1 (s,a)eSxA

dz* (S’ a)Pth#l

2
NF(s,a)

To further control the first term in (173), it follows from Jensen’s inequality that

Ny
n=1
which yields
NF(s,a)

n=1

k:

k s,a -1
Z dp*(s,a)Phs.a Z Uvjyh( ) (Vh+1

K
gz Z dZ*(SaPhsaZTIn (Vh—H V:+1)4

k=1 (s, a)ESXA n=1

Nk(s,a n —kn 2 2H
S ot (Vi VL) | o os S (173)
n=1
Nk " g 2 Nh n g 4
Pps.a Z " (Vh+1 - Vh+1) < Phsa Z Nn Al (Vh+1 - Vh+1) ) (174)
n=1
2
kN2
v
(175)

<(1+7)

_ 4 2H 20
Z S da(s (V,f+1(s) - Vﬁ+1(s)) + 32| HSC*K log == + 32H*C" log .
k=1s€eS

This can be verified similar to the proof for Lemma 2 in Appendix B.2. We omit the details for conciseness.

To continue, it follows that

K
SN (s) (i)~ Vha(s)
k=1seS
i) M, Lm —mt), \*
DIWHILHC ) (Vi () = Vil ()
m=1 t=1 seS
M m
DS S Y (e (Vi) — v (s)
m=1t=1 se8
WS () Y 2 (Vo) - v (9)
seS m=1
_ =~ m—2 ((m—1)Vv1,1)
_4Zdh+1(8) Z 2 (Vh+1( )= Vi (s )>
SES m—2=—1
0 m—2 11 = m—2 * _ 1(m—11) 4
=4 Z 2 (Vh+1() h+1 5) +4Zdh+1 Z 2 (Vh+1(5) Vi (5)> :
m—2=—1 SES m—2=1

Here, (i) holds by using the pessimistic property V* > V* > V" for all k € [K] (see (47)) and by regrouping
the summands; (ii) follows from the fact (see updating rules in line 26 and line 27) that for any (m, s, h)

[M] x S x [H +1],

Vglm ,t)

( ) — Vh((mfl)\/l,l) (S)7

(176)

and (iii) results from the choice of the parameter L,, = 2™. In addition, we can further control

Z Z dh+1 (fo+1(5) - V:+1(3))4 (iSV) 8H' + 42 dg:d(s) Z Z (Vh*+1(5)

k=1seS

M—2 L,

4
Vh(+1+171)(5)>

SES m=1 t=1
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S

-2 L

3

(V) * m, 4
< 8H4+4Zd2+1(s) (foﬂ( ) — Vh(+1t)( ))

seS

(]

1t

Il
—

(Vh*+1($) - th+1(5))4 (177)

Mwﬁ

<S8H* +4) di\ 4 (s)
seS

K
<SH 4> d7 1 (5) Y (Vira (s) = ViE(s))
sES k=1

el
Il

1

(vi)
< H3K + H3SC*. (178)

Here, (iv) follows from the fact 0 < V}* (s) — Vh(}rll)( ) < H -0 = H; (v) holds since V| > Vh(ffrl D =

Vh(_Tl’Lm) > foibft) for all t € [L,,] (using the monotonic increasing property of Vj, 11 introduced in (46)); and
(vi) follows from (154). Putting (178) and (175) together with (173), we arrive at

2H 2H 2H 2H
<, | Cr logT <H3K+H8SC*L—|— qugC*KlogT + H4C* log 5) +C*H? logT

SVH3C* Ko+ H*WSC* 2. (179)

K
Z (Ank — Yar)
k=1

Step 3: controlling Zszl (Zn,k — Bn,i). Similarly, we also invoke Lemma 11 to control Zszl (Zh.k — Bhi)-
Let’s set

—k 2 1
Wiy (s,a) = (th+1 - Vh+1) v Ca= (1 + H) <2, (180)
which satisfies

HW,fH(s,a)HOO <4H? = C,,.

Applying Lemma 11 with (180) yields that: with probability at least 1 — ¢,

K
E Xk
k=1

Zh k)

IA

& - i 2H . 2H
> 8cic ( )%XAdh (5,0) Phsa [W, (5,0)] logT—l—QCdC' Culog =

K
2H . ko1t 2H
S\C g =2 3 (5,0) P Vi — Vi | + C7H2log =
k=1 (s,a)eSxA

) 2H
< \/C* log - (H3K + H8SC*1) + C*H? log < VH3C*K. 4+ H*VSC*/?, (181)
where (i) follows from (177) and (178).

Step 4: combining the results. Inserting (181) and (179) back into (171), we can conclude that

K H Ni (s,0) W oo H
ZZ S A (sa) S R (Vh:1 —VZ+1) =Y a4,
=1h=1(s,a)eSxA n=1 h=1

H K H K H K
SIS Bk + D> (Znk—Bri) + D> (Ank — Yir)
h=1k=1 h=1k=1 h=1 k=1
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H K H K H K
SZZ<1+ )Zth (th+1( ) = V(s ) Y D Znk = Bra) |+ DD (Ank = Vi)
h=1k=1 seES h=1 k=1 h=1 k=1
H K i
<HY Y (1+ ) S dfas (v,f’ﬂ(s) - Vhﬂ(s)) +VHC K1 + HOVSC* .2
h=1k=1 sES
(i) H K .
SHY YN diii(s) (Vi (s) = ViE(s)) + K + HVSC*?
h=1k=1seS
K
< 12 m k 5 * 2
<H ]?é[ag];gd (s) (Vir(s) = Vif(s)) + K + HV/SC*/2, (182)

where (i) follows from the same routine to obtain (177) and the Cauchy-Schwarz inequality.

C.3.5 Proof of inequality (168)

Step 1: decomposing the error in (168). The term in (168) obeys

Z Z dﬂsaz Nksa Lhk:

h=1 (s,a)eSx A

s,a " —hext, k" n
H i K 1 Zn ; '2H (Vh+1(5h+1) V;]i:1 (52+1))
:Z Z dy, (s,a)z NE(s,a) V1

k
h=1(s,a)eSxA Nh (S’a) vl

i H K - * N}’f(sia)( « En —next,k™ . )
(<)\/FLZ > D dr* (s,a) | 9 (502 (Vi (i) = Vi (si40)

~ D 7
h=1 (s,a)eSx A k=1 kdh(s’ a) kdh(sv a)
.. g N (9 a) « Trhext,k™ . pn
W V/ - a=Tm d, (Vh+1(‘9h+1) Vit (3h+1))
rg HC*L2Z Z Z\/i kd,u(s a)
h=1 (s,a)eSx.A k=1 h\S
T Nf(s,a) * n —hext, k™ n
(ii1 K di(s,a) >, (Vhﬂ(sﬁﬂ) Vil (s k

hl) ul K]lazﬁ*s
vacE |y Yy o WS s e

h=1(s,a)eSxAk=1 h=1 (s,a)eSxA k=1

K
dﬂ' 1 kn(s,a Fhext,k™ . kn(s.a
VH2SC*3 E E d}% E z (h*+1 Sh+(1 )) Vi (Sh+(1 )))
h=1 (s,a)eSx.A k=1

. 71' k

(iv) " S ,a ) 1 —next,k

= VH25C*3 ZZ & s: a:) Py Z E(V;ﬂ Vi)
h=1k=1 ? k'=k

dﬂ—* k k Pk nex
< VEESCA, | S S L By g etk

183
dﬁ(sfwah) h+1 ( )

Here, (i) follows from the fact

N;f(slﬂ)\/l < kd;(;a) (cf. Lemma 8); (ii) follows from the definition of C* in

Assumption 1; (iii) invokes the Cauchy—Schwarz inequality; (iv) can be obtained by regrouping the terms
(the terms involving (Vjr Vze_:tl ) associated with index k will only been added during episodes k' =
kk+1,--  K).
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With this upper bound in hand, we further decompose

H * K < 5 ) H K dg*(sﬁ7ak)P « —next,k
o> di(sa)d ] Ne(s,a) V1 N g vk S VH SCx ZZW(Vh+1 Vil )
h=1 (s,a)eSx A k=1 i ( h=1k=1 h\"h>=h
(2 H2SC 4 S di” <sh7aﬁ)Pk « _yr
(ii) H K X —
<VIEESCA S Y (s,0)Pasa (Vh*+1 - Vhﬂ)
h=1k=1(s,a)eSxA
2 *, 4 S T dﬂ (sh’ah) k * 7k
+VIESeA |13 Y d(s,a)Phsa — WP (Vh+1 VhH) . (184)
h=1k=1 \(s,a)eSxA o A

Here (i) holds due to the following observation: denoting by m the index of the epoch in which episode k
occurs, we have

—next, k m,1 m—1Vv1),1 —k
Vh+1 = Vh(+1 ) 2 Vh((+1 O = Vthl? (185)

which invokes the monotonicity of Vi, in (46). In addition, (ii) arises from the Cauchy-Schwarz inequality.

Step 2: controlling the first term in (184). The first term in (184) satisfies

H K
$Y Y a7 (5,0) Prsa (Vis = Vi) = 2000 30 di (s.a)(Pal-15,0), Vit = Vi)

h=1k=1(s,a)eSx.A h=1k=1(s,a)eSxA
" H K .
= Z Z ha1(s s') (Vi:+1( ") — Vh+1(5/))

H2 + Z Z Z dh+1 ) (Vi () = th+1(5))

(iii)
< HK + H®SC*, (186)

where (i) holds due to the fact 3 ,jcsxa d7’ (s,a)Py(-|s,a) = dh+1( ), (ii) comes from the same argument
employed to establish (177), and (iii) follows from (154).

Step 3: controlling the second term in (184). We shall invoke Lemma 11 for this purpose. To proceed,
let

—k
Wi’fﬂ(&a) =Vt = Vi, Cq =1, (187)
which satisfies

HWf]LC-i-l(Saa)Hoo <H=C.

Applying Lemma 11 with (187) yields, for all h € [H], with probability at least 1 — §

- * dﬂ' (Sh7 G’Z) * 7k
E E dp, (s, a)Ph,s,a - d“(Sk ak) Ph (Vh+1 - Vh+1) =
k=1 \(s,a)eSxA h'™h

K
D K
k=1
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q 2 2H 2H
< Z 8C3C* Z dp*(s,a)Ph s.a [W}’fﬂ(s, a)]” log 5 +2C4C*Cy log 5
(s,a)eSxA
2H < . L ok 2 .. 2H
S 4| C*log e Z Z dp (8,a)Pps,a (Vh+1 - Vh+1) + HC log S
k=1 (s,a)eSxA
(2 * 2H 2 . T % * k 2 * 2H
S| Clog = | H +Y° Y i (5,0)Prsa (Vi — VIE,)” | +HC log ==
k=1 (s,a)eSxA

(i) 2H 2H
5 \/C’*log6 (HK+HGSC*L) +HC*IOgT

<SVHC*KuL+ H3VSC*.. (188)

Here (i) follows from the same routine to arrive at (177), and (ii) comes from (154). As a result, the second
term in (184) satisfies, with probability at least 1 —J,

H K . dr (sk ak) Pk _
ZZ Z dy (s,a)Ph,s,a—W (foﬂ_V:ﬂ)

h=1k=1 \(s,a)eSx.A R\Sh> dp,

H | K -
<3 > di(s,0)Pha— df_(s}, af) P (V* -V SVH3C*Ku+ H*VSC*,
= h ) h,s,a h+1 h+1 ~ .

(k&
h=1|k=1 \(s,a)eSx.A dy, (sp, ap)
(189)

Step 4: combining the results. Finally, inserting (186) and (189) into (184), we arrive at

Z ) dﬁsaz Nk Ln

h=1 (s,a)eSx.A

SVH2SCHAHK + H5SC* + \/H2SC*L4\/\/H30*KL + H4WSCx
SVH3SC*Ki* + H*SC*i3 + \/HQSC*L4\/ HK + H*SC* < VH3SC*K it + HASC* /2, (190)

where the last two inequalities follow from the Cauchy-Schwarz inequality.

C.3.6 Proof of inequality (169)

Recall the expression of Gj, i in (166) as

N (s, " n 2 NF(s, * n
= an v (Virea (shi1) _ (ani “ Vh+1(52+1))2

G2
ok NF(s,a) V1 NE(s,a) V1
NE(5,) pk™ (e \2 NE (s
_ Snti P (Vh+1) -~ (Z ’ Ph Vh+1> (191)
NFi(s,a) V1 NE(s,a) V1

To continue, we make the following observation

N N 1/2
Ghi < {|Gik - Varh,s,a(vh+1)| + Varh,s,a(VhH)} /

e (/2 N
< G2 = Var, o (Vi) + Var s.a (Vi) (192)
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due to the elementary inequality va2 + b2 < a + b for any a,b > 0. Here, we remind the reader that
Vary s.a(Vi1) = Prsa(Vi1)? = (PrsaVii1)? (cf. (109)). This allows us to rewrite

Z ) dﬂsaz Nksa

h=1(s,a)ESx A

2
‘G —Varhsa h+1‘

H K
<> > dz*(s’a),; Ni(s,a) v 1

h=1 (s,a)ESx A

K
* V. sa V*
Z AT ;\‘;:—W
h=1(s,a)eSxA k=1 h(s,a)\/l
(193)

leaving us with two terms to cope with.

Step 1: controlling the first term of (193). By definition, we have

NE(s,a n 2 NE(s,a n
Znﬁi )Plf (Vh*+1) (Znh( )Pk Vh*+1)2

G2 = Var o (Vi )| = | =22 - — Prsa(Vi)? + (PrsaVin)?

NE(s,a) v 1 NE(s,a) v 1
NF(s,a n * 2 N7 (s,a n
< Znii )Ph (Vh+1) . Ph (V* )2 + Znh](. )Pk Vi?—‘,—l)Q . (Ph V* )2
- Nf’f(s, a) V1 S0l Tt N;L“(s,a) V1 8,6 T htl
N}f(s,a) n " 2 NF (s,a) pE»
Znil Ph (Vh+1) 2 Znhl P Vh+1
< — Py s oV 2H — P soViia)s 194
- Nf’f(s,a)\/l hossa (V)" | + Nk(s a)V1 h h+1 (194)
where the last inequality holds due to
N/ (s,a n N/ (s,a n N7 (s,a n
Enh§ )Pk V}Z(—l-l)z o (P V* )2 _ Enh§ )Pk fo—i—l _Pp V* . Znhg )Pk Vf:—‘—l +P V*
N,{f(s,a) V1 hos,a Thtl N,{f(s,a) V1 hosa Pht1 N}’f(s, a)V1 hosathtt
NE(5,0) pk™ 7%
Znhl P Vh+1
<2H — PhoaVii|.
- N,’f(s,a)\/l hosathtt

We now control the two terms in (194) separately by invoking Lemma 9. For the first term in (194), let
us set

. . 1
Wi = (V,fﬂ)z7 and  wu(s,a,N) = Nvi© Chy, (195)

which indicates that

IWiiilloe < H? = Cy, (196)

Applying Lemma 9 with (195) and N = N} = NF¥(s,a), with probability at least 1 — &, we arrive at

NF A
1 h n N
T T B = P Vi = [ X (5.0, )
e n=1 i=1
< 9 SAT al n A C. | SAT
<4/ Culog? == nz::luh (s,a, NF)Varp o o (WE') + | CuCy + th1CW tog? 347

2 |3 H22 1
-~ Wk 12 4+ = 2 <[22 ) 197
NFVI ;N,’;w” il T VIS NV (197)
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Similarly, for the second term in (194), with W}, == V;*,;, we have with probability at least 1 — §

Nk
1 s 1
—_ Py — P a) Vil  SHE . 198
N,’f(s,a)\/lg( h " A1~ S NF(s,a) V1 (198)
Inserting (197) and (198) back into (194) yields
1
G?  —Vary s (V)| <H?2 | ——. 199
‘ h,k arh, s ( h-‘,—l)‘ ~ 2 N’]:(S,a) v ( )
Consequently, the first term in (193) can be controlled as
! i« [[61 Vet :
> X A N T HY (5,03
h=1 (s,a)eS x A s w(sa) V1 h=1(s,0)eS x A =1 (N(s a)) Vi

< HX(SCH)iK 7,2 (200)
where the last inequality holds due to (158).

Step 2: controlling the second term of (193). The second term can be decomposed as

* K |Var s.a(ViX
> Y a )y el

k
h=1(s,a)eSxA k=1 Nh (57 (1) V1

H C*ud7" (s,a)Vary 5o (V5,
DD (o aNarnsalViies) 3 (o — (o))

k

(ii) H K

H K
< VC*L Z Z d7r saZVarhsa h+1 Z Z

h=1(s,a)ESx.A k=1 h=1(s,a)ESx A k=1

1( (s))

T =

H
SVHSC K2 > Y dr(s,a)Vary,s (Vi

1) (201)
h=1 (s,a)eSx.A

where (i) follows from the facts

Nk(sla)\/l < kdf(g 2 by Lemma 8 and the definition of C* in Assumption 1, (ii)

h\7? h\7?

holds by the Cauchy-Schwarz inequality, and the final inequality comes from the fact that 7* is deterministic.
We are then left with bounding Zle 2 (s,a)ESx A 7" (s,a)Vary s o(Vy ;). Note that

H

Z Varh,Sh,Tr,*L(sh) (Vi:-&-l)
h=1

T *
E E dp (s,a)Varp s a(Vig,) = ES]prsh+1NPh,,sh’,Tr;L(sh)
h=1 (s,a)eSx.A

H

—

1

=

E

Slwpvsh-f-l’\‘Ph,sh,'rr’:(sh) [

;—

(rn (snymh(sn)) + Virga (sng1) — V;(sh))2‘|
=1

H 2
= ESlNP,ShHNPh,sh,wﬁ(sh) [Z r(sn, 7, (sn)) + V/:+1(sh+1) - Vi:(sh))‘|
h=1
u ® v
(iii) * * 4
= E51~P75h+1~Pn,sh,wZ(sh> (Z rh(shvﬂh(sh))> = V" (s1) < H2 (202)
h=1

where (i) follows from Bellman’s optimality equation, (ii) follows from the Markov property, (iii) holds due to
the fact that V7 ,(s) = 0 for all s € S, and (iv) arises from the fact rj,(s,a) < 1 for all (s,a,h) € Sx Ax[H].
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Substituting (202) back into (201), we get
K

H
Z Z dg* (s,a) Z M < VH3SC*K.2. (203)

z
h=1(s,a)eSx A =\ Np(s,a)Vv1

Step 4: combing the results. Combining (200) and (203) with (193) yields

H K
dﬂ' <]1]'2 *\ 5 %2 H3 * K12
>y Z,/N},fsav Gk (SC*)IK % + VH3SC* K.

h=1(s,a)eSx.A k=1
<SVH3SC*K 2 + H*PSC* 3. (204)

C.4 Proof of Lemma 12

In view of (127), we can decompose the term of interest into

Ng(s,a) i
‘ Z hbafh <ULl + Uz,
n=1
where
—k"
Uy = Z "I Ph - thsﬂ) (Vh+1 - Vh+1)7 (205a)
N i
ok i:h]v<mn71_’1)+1 P}]f e
Uy = Z " | Phs,a — - Vit (205b)

szc”mn_l(s,a) V1
Next, we turn to controlling these two terms separately with the assistance of Lemma 9.

Step 1: controlling U;. In the following, we invoke Lemma 9 to control U; in (205a). Let us set

BN vl j i N
Wi =V = Vi and up(s,a, N) = "IN (s,0) >0,

which indicates that

Witilloo < IVhialloo + IVitalleo < 2H = Cu,

and
2H
N
max N (s.a) < o= = Ch. (206)
N h,s,ae ({0}UIK]) x [H] xS x A Nilea) = N v 1
Here, the last inequality follows since (according to Lemma 7 and the definition in (25))
2H )
771%;(5,,1) < Nv1 if 0 < Ny (s,a) < N;
nxi(s’a) =0, if Nj(s,a) > N.
To continue, it can be seen from (26) that
N N
<2 ma ) = o <1 (207)

n=1
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holds for all (N,s,a) € [K] x S x A. Therefore, choosing N = Nf(s,a) = N} for any (s,a) and applying
Lemma 9 with the above quantities, we arrive at

k
k" n
1] = Z” Py _ths»a)(vhﬂ th+1) = ZXi (svaathi’f)
i=1
SAT | & C, SAT
2 n n u 2
S \/Culog” = ;ug (s,a, NF)Vary oo (W) + <C’C’ +4/ 71O >log 5
H.2 2,2
h kn
m Znn’ Varh s a(vthl Vh—i—l) + W (208)
H.? \/ adv, k h+1 adv, VR 41 2 H7/42 H?,.2
< ) 209
N\/N}]f\/l SCL) (Mh (Saa)) +(N}IL€\/1)3/4+N}§\/1 ( )

with probability at least 1 — §. Here, the proof of the inequality (209) is postponed to Appendix C.4.1 in
order to streamline the presentation of the analysis.
Step 2: bounding U;. Making use of the result in (111), we arrive at

N(m™D ; N(mmD)

i K
h Pk h Pk V"EXt
Zi:N£77l7171’1)+1 h __gn B Zi:Nﬁmn71‘1>+1 h+1
. n_1 h+1 = 7 n_1
NP " (s,a) V1 NPO™ " (s,a) V1

To continue, for any (s,a) € S x A, we rewrite and rearrange Us (cf. (205b)) as follows:

NF N;(Lm o Pki
h k . nr(mm—1,1) h n
U, — Ny P =N, 41 Vk
2 = § Tn h,s,a — Sepo,mn—1 h+1
n=1 Nh (57 a) V1
N LiTrnext, E?
NF h
h NF — Zi:N£NL"—1,1)+1 Vh—‘rl
— E h
- Tn Ph s, aV}L+1 Sepo,m”—1
- N, (s,a) V1
n n
3 ND N1 —next,k*
Nk h h
() o~ NE i=N{ D 4 Ph’s’“—k" i:N,Ej”"“*”ﬂ Vh“
S h
- n = n_1 h+1 — = n_q
— NP " (s,a) V 1 NP " (s,a) V 1
N;’f N}’lﬁ N}(]n",l)
MNn —next,k*
= pO mn— 1 \/ 1 Z Ph,S,(L - Vh+1
=1 =N 4
N}): N(nL +2, 1)/\Nk N
(ii) n " —next, k*
= Ph s,a v
Nepo,m r—1 VAl S, h+1
i=1 (7n‘+1 1) h (37 CL)
n= N —+1
NE [ NIEEDANE NF
o n " P Vnext Jk
- Z Arepo,m? h,s,a = h+1 >
— Nepemty

=N

where (i) follows from the fact that N;(Lmn’l) —N,(Lmn_l’l) = N’Zp"’mnfl (s,a), and (ii) is obtained by rearranging

terms with respect to i (the terms with respect to V;i:tlk will only be added during the epoch m® + 1), and
the last equality holds since m™ — 1 = mi for all n = N{™ THD 41 LD o nlmiH2.1)
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With the above relation in mind, we are ready to invoke Lemma 9 to control Us. To continue, for any
episode j < k, let us denote by m(j) the index of the epoch in which episode j happens (with slight abuse

of notation). Let us set
(m(j)+2,1
th ) IAN N
—next,j 77n

= J —
Wh+1 '7 Vh+1 ) and uh(sa a,N) = Z xrepo,m(j) .
P=N (@D Ny, (s,a) V1

As a result, we see that

—next,j

HWf]LJrlHoo < ||Vh+1 loo < H = Cy

and the following fact (which will be established in Appendix C.4.2)
N(m@+2.D 5

N 2
; i 64e“L
0<uy(s,a,N)= Z ST < = Cy (210)
=N+ NP @D(s,a)v1 ~ NV1
holds for all (4, h,s,a) € [K] x [H] x S x A with probability at least 1 — ¢.
Given that N = N, ,’f(s, a) =N, }f, applying Lemma 9 with the above quantities, we can show that for any
state-action pair (s,a) € S x A,

N,’f N’(Lmi+2.1)/\N;:-, N}k k
M " —next, k* k
el = |3 3 T 1 (Prsa = PEY V" | = 30 X5 (5,00, NF)
i=1 n:N’(lm'i+1.1)+1 Jj=1
< 2 SAT Nii(s.a) ki (s,a) i (s,a) Cu 2 SAT
<4/Cylog 5 Z Uy, (s,a, N)Varp s 4 (Wh+1 ) + | C.Cy + NV 1C’W log =
1=1
Nk
L3 1 U —next,k? HL3
< Vary s.o(V —
~\ NPV N};WZ s (Vi )+N,’f\/1
=1
LB ref,kNllg—i-l ref,kNi]i-&-l 2 HL3
< \/N;f\/l\/ah (s,a) — (,uh (s,a)) +7(N,’f\/1)3/4' (211)

To streamline the presentation of the analysis, we shall postpone the proof of (211) to Appendix C.4.3.

Step 3: summing up. Combining the bounds in (209) and (211) yields that: for any state-action pair
(s,a) € S x A,

N;f(s,a) o
‘ > om0
n=1

< |Ui| + |Us|

Hi? \/ ok VE N )
< o_a v, l+1(8 a) _ (uadv,k hr+l(8 a))
~ h I h 9
\/ NFv1
E[7/4L2 E[2L2

+ [/3 \/ ref,k:N}'f-‘,—l( )_( refJgNI]fJ,-l( ))2+ +
NFv1V 7 5@ W ST NEy ) TP NE

—kNh 41 H/4? H?/?
<B s,a)+c +c
no Bato (NFv1)3/a " P NEV1

(212)

N}i+1
(

holds for some sufficiently large constant ¢, > 0, where the last line follows from the definition of EIZ s, @)

in line 14 of Algorithm 3. As a consequence of the inequality (212), for any (s,a) € S x A, one has

anjyhfh

Nk
H7/4,2 H?,2 Xh: NE<k™+1

< <
Bh (S,a)+Cb(N’]:\/1)3/4 +CbN}}f\/1_ 71 bh, bl

n=1
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where the last inequality holds due to (120). We have thus concluded the proof of Lemma 12.

C.4.1 Proof of inequality (209)

To establish the inequality (209), it is sufficient to consider the difference

Ny
NF n k" Nk NE
Wi = Znn ”Va"h,s,a(vhk+1 Vig1) — Uzdv’k h+1(37a) + (Mzdv’k h+1(5»a))2~
n=1

Before continuing, it is easily verified that if N} = NF(s,a) = 0, the basic fact ij"l nn = 0 leads to

W1 = 0, and therefore, (209) holds directly. The remainder of the proof is thus dedicated to controlling W
when N} = NF(s,a) > 1. Recalling the definition in (109)
IS 2 IS v R )2
Va"h,s.,a(VhH - Vh+1) = Ph,s,a(vh+1 - Vh+1) - (Ph,s,a(VhH - Vh+1)) ) (213)

we can take this result together with (112) to yield
Nk‘,

NF no k" k2
= " Prsa(Vits = Vin)® Z M (Ph sa(Viris = Vh+1))

n=1

Ny ok N —k"
(ZU "pr Vh+1_Vh+1> 277 " P Vh+1 Vig1)®

NP n n k"
Zn "(PE = Phsa) (Vi = Vig)?

n=1

=W}

Ni
NF n " —km —km 2
+ (Z " Py (Vi = Vi) ) Z Tn (Ph ca(Vir — Vh+1)) : (214)

—2
It then boils down to control the above two terms in (214) separately when Nf = NF(s,a) > 1.
Step 1: controlling W{. To control Wi, we shall invoke Lemma 9 by setting
Wi =i, — Vﬁl+1)27 and  u}(s,a,N) = n%ﬁ(s,a) >0,
which obey
IWisalloe < [Vhgall%e + Vi l% < 2H? = G,

Invoking the facts in (206) and (207), we arrive at

and
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Therefore, choosing N = N, }’f(s, a) =N, ;f for any (s,a) and applying Lemma 9 with the above quantities,
we arrive at, with probability at least 1 — 4,

k
N n n —k"
(Wil = "(Py" = Phsa) (Vs — Vh+1)2| = ZXz‘ (s,a, b, NY)
i=1
/ SA i [C SAT
2 n kn 2
Cy log? =~ Zuh s,a, NF)\Vary, ;o (W[) + (CuCW+ NUT W) log” Z~

H3,2 H5 H3,2
< n |WET )12 < 2 ) 215
\/N’“v1 ZT’ H ’l+1||°°+N,’§v1N N,’jv1L +N;f\/1 (215)

Step 2: controlling W2. Observe that Jensen’s inequality gives
Ni N e B\ 2
(S PV~ V) Znn (PrsalVits = Vi) (216)
n=1
due to the fact Zn 1 nn =1 (see (26) and (25)). Plugging the above relation into (214) gives
Ny
NE —m 2 NE n k" 2
< (Z " B Vh+1 Vh+1)> - (Z " Phs,a(Vice — Vh+1))

(Z 77Nh Py = Pasa) (Vi — VZ+1 ) (Z " (P + Prs.a) (Vites — Vﬁil))' (217)

n=1 n=1

Note that the first term in (217) is exactly |U;| defined in (205a), which can be controlled by invoking (208)
to achieve that, with probability at least 1 — ¢,

n —k"
‘ Z Tin Ph = Phsa) (Vs — Vh+1)’

NE
H hoNE —kn H2.2 H3,.2 H?
Sl ot E n"Varp s o (VE, =V + S + 2 218
~ N}j\/lL nzl" a0 (Vicd wi1) Nfv1i~\ NFvi N}j\/lL (218)

where the final inequality holds since Varh’s,a(Vh’“_:_L1 - VZ +1) S H? and the fact in (26). In addition, the
second term in (217) can be controlled straightforwardly by

NF . NF .
S (B Prs) (V=T ) [ < S0 0 (Bl 1Pl ) VAL — P < 21,
n=1 n=1

where we have used the fact in (26), H h+1 V:LHOO < H and ||Ph"||1 = ||Ph757a||1 =1.
Taking the above two facts collectlvely with (217) yields

H52 H32
W2 S~ 4~ (219)
Nfv1 T NFv1

Step 3: summing up. Plugging the results in (215) and (219) back into (214), we have

H5,2 H3.2
\/ NEv1 " NFvi

which leads to the desired result (209) directly.
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C.4.2 Proof of inequality (210)
To begin with, let us recall two pieces of notation that shall be used throughout this proof:

1. m(j): the index of the epoch in which the j-th episode occurs.

2. ]\Af,jpo’m (s,a): the value of ]\Af}(bm’L""H) (s,a), representing the number of visits to (s, a) in the entire m-th
epoch with length L,, = 2™
Applying (56) and taking the union bound over (m(j), h,s,a) € [M] x [H] x S x A yield

~yepo,m(J Qm(J)d#
NP> (])(s,a)\/1> h(5,0)

= W (220)

with probability at least 1 — §/2.
For any epoch m, if we denote by ki.st(m) the index of the last episode in the m-th epoch, we can

immediately see that
East (M Z = Z =omtl _ 9 < gmtl (221)

Applying (56) again and taking the union bound over (m(j), h,s,a) € [M] x [H] x § X A, one can guarantee
that for every n € [N}(Lm(J)H’l), N,gm(])”’l)], with probability at least 1 — §/2,

NEDHLY o o NOMG+2D) _ prhass (m(3)+1)

" e29m(3)+2 gt if om(5)+2 JH > SAT
<N2 (G)+2 < 2 SZT( ya) if 2 dj, (s, )_log( gAgr L (222)
2¢2 log (251) if 2mW+2dH (s, a) < 2log (25T
Combine the above results to yield
~eno.m( i D) gm@) g (5 ,q) W
N s,a) v 1 2 Sy 2 gy #2002 di(s 0) 2 log (535), (223)
~ , (iii)
Neeem(g a)vi>1 > W” if 2m)+2 . @l (s, a) < 2log (S4T)
€ I

where (i) follows from (220), (ii) and (iii) hold due to (222). As a result, we arrive at

N+ Ay Nm@OF2D AN

Z nN _ Z 32e?log (24L) pl¥
‘ Nepovm(ﬂ')(s a)Vv1 - » n
n=N @+ g VR ) P=N{mOTLD
N 32¢? log (%) nN  64e?log (%)
S < ,
- n Nv1
P=N{mOFLD
N

i e < A5 (see Lemma 7).

where the last inequality holds since Z

C.4.3 Proof of inequality (211)

In this subsection, we intend to control the following term

Nf 2
1 h o Nk ~
Wy = ——— E Varp, s.q (V;‘:_(tl ) — o (5 a) — <,u;ff F h+1(8,a,)>
NP V1 —

for all (s,a) € S x A. First, it is easily seen that if N} = 0, then we have W5 = 0 and thus (211) is satisfied.
Therefore, the remainder of the proof is devoted to verifying (211) when N} = Nf(s,a) > 1. Combining the
expression (113) with the following definition

next, k™ next, k™ —next,k"
Varh s,a (Vh+1 ) Ph s,a (Vh+1 ) (Ph s th+1 ) )
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we arrive at

NF
1 i —next, k™ 2 —next, k™
Wy = W; <Phsa (vh+1 ) (Ph IR ) )
1 NE 2 1 N} o 2
“yr T LAY | e DA
NFvi1 nz::l g Nfiv1 nz::l
2
NF NE NE
1 L jRE —next, k" 2 1 i L wnext, k™ 1 i —next, k" 2
:Ns\/l”;(Ph,s,a_P; )(Vh-i-l ) + W;P}L Vh—i—l _]V’]:\/lnz_:l(hsavh—"_l ) .
=Wz =W2

(224)

In the sequel, we intend to control the terms in (224) separately.

Step 1: controlling W.}. The first term W3 can be controlled by invoking Lemma 9 and set

_ next,i 2 i 5 1 .
Wi, = (Vh+1 ) , and  wu(s,a,N) = N Cy.

To proceeding, with the fact

next,?

. 2
Wil th+1 . <H?=C,

and N = N,’f(s,a) = N,’f, applying Lemma 9 with the above quantities, we have for all state-action pair
(s,a) € S x A,

k
ZXi (s,a,h,N}f)

i=1

NF(s,a)
SAT % n(sq n(s.a Cy SAT
Cylog? =—— 5 Z uZ”’(" )(s,a,N)Varh,S,a (W,’:ji(l ’ )) + <CUCW +4/ NCW> log? —

n=1
H%42  H?.2
S\ VIl S <\ + T (225)

Step 2: controlling W2. Towards controlling W3 in (224), we observe that by Jensen’s inequality,

1 Nh next, k™ 2
|W21‘:N7}§Z(Phéa )(Vh+1 ) =

A

NE
next, k™ 1 d next, k™
(Nkzphsavh+1 ) SWZ(PhSthJrl )
h n=1 h n=1
Equipped with this relation, W2 satisfies
2 2
n—next k™ next, k"™
Wy < kz o _ NkZPhsthH
h n=1 h pn=1
1 Na 1 i
—next, k" next, k™
:(NkZ(Ph _Phsa) Vh+1 )(NkZ(Ph +Phsa)vh+]_ ) (226)
h n=1 h n=1
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As for the first term in (226), let us set

—next,?

Wi =V, and ub (s,a, N) i= — =: O,

1
N
which satisfy

—next,? H

|‘Wfi+1||oo < th+1 < H=Cy.

For any (s,a), Lemma 9 together with the above quantities and N = N = Nf(s,a) gives

k

1 u next,k"™
WZ(PI«L —Phsa>Vh+1
h

n=1

N (s,
SAT k (sa k7 (s,a) Cy SAT
2 n (S, 2
<1/Cylog 5 i (s,a, N)Varp .o (W,27") + | CuCly + WCW log =
/ ki (s,a)
Nk h+1

with probability at least 1 — §. In addition, the second term can be bounded straightforwardly by

H.? H2.2  H?
+7k§ T NE
NF NE TN}

k:

Nk'
nex 1 i n —next, k"
3 (P Pl VRS < e 3 (1 [l IV L < 2,
h pn=1

=1
. - Sy —next, k"

where the last inequality is valid since HV:LE_‘_Xt1 H

above two observations back into (226) yields

H* H?
W2 < 2 2, 227
2N\/N}fv1L+N}fv1L (227)

Step 3: combining the above results. Plugging the results in (225) and (227) into (224), we reach

o < H and HP,’anl = ||Ph757a||1 = 1. Substitution of the

H4 H?
Wy <Wd + W2 < 2 4 2,
NFvi1 NEv1

thus establishing the desired inequality (211).
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