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Abstract

This paper studies noisy low-rank matrix completion: given partial and corrupted entries of a large
low-rank matrix, the goal is to estimate the underlying matrix faithfully and efficiently. Arguably one
of the most popular paradigms to tackle this problem is convex relaxation, which achieves remarkable
efficacy in practice. However, the theoretical support of this approach is still far from optimal in the
noisy setting, falling short of explaining the empirical success.

We make progress towards demystifying the practical efficacy of convex relaxation vis-a-vis random
noise. When the rank of the unknown matrix is a constant, we demonstrate that the convex programming
approach achieves near-optimal estimation errors — in terms of the Euclidean loss, the entrywise loss,
and the spectral norm loss — for a wide range of noise levels. All of this is enabled by bridging convex
relaxation with the nonconvex Burer-Monteiro approach, a seemingly distinct algorithmic paradigm that
is provably robust against noise. More specifically, we show that an approximate critical point of the
nonconvex formulation serves as an extremely tight approximation of the convex solution, allowing us to
transfer the desired statistical guarantees of the nonconvex approach to its convex counterpart.

Keywords: matrix completion, minimaxity, stability, convex relaxation, nonconvex optimization, Burer—
Monteiro approach.
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1 Introduction

Suppose we are interested in a large low-rank data matrix, but only get to observe a highly incomplete
subset of its entries. Can we hope to estimate the underlying data matrix in a reliable manner? This
problem, often dubbed as low-rank matriz completion, spans a diverse array of science and engineering
applications (e.g. collaborative filtering [RS05], localization [SYO07], system identification [LV09], magnetic
resonance parameter mapping [ZPL15], joint alignment [CC18a]), and has inspired a flurry of research ac-
tivities in the past decade. In the statistics literature, matrix completion also falls under the category of
factor models with a large amount of missing data, which finds numerous statistical applications such as
controlling false discovery rates for dependence data [Efr07, Efr10, FHG12,FKSZ19], factor-adjusted variable
selection [KS11, FKW18], principal component regression [Jol82, BN06, PBHT08,FXY17], and large covari-
ance matrix estimation [FLM13, FWZ19|. Recent years have witnessed the development of many tractable
algorithms that come with statistical guarantees, with convex relaxation being one of the most popular
paradigms [FHB04, CR09,CT10]. See [DR16,CC18b] for an overview of this topic.

This paper focuses on noisy low-rank matrix completion, assuming that the revealed entries are corrupted
by a certain amount of noise. Setting the stage, consider the task of estimating a rank-r data matrix

M* = [M{‘j]lgi,jgn € R™*™ ! and suppose that this needs to be performed on the basis of a subset of noisy
entries

Mij = M5 + By, (i,5) €, (1)
where @ C {1,---,n} x {1,--- ,n} denotes a set of indices, and E;; stands for the additive noise at the

location (i,7). As we shall elaborate shortly, solving noisy matrix completion via convex relaxation, while

11t is straightforward to rephrase our discussions to a general rectangular matrix of size ni X ma. The current paper sets
n = nj = nz throughout for simplicity of presentation.



practically exhibiting excellent stability (in terms of the estimation errors against noise), is far less understood
theoretically compared to the noiseless setting.

1.1 Convex relaxation: limitations of prior results

Naturally, one would search for a low-rank solution that best fits the observed entries. One choice is the
regularized least-squares formulation given by

o 1 2
minimize 3 (429 (Zij — Mi;)” + Arank(Z), (2)
0

where A > 0 is some regularization parameter. In words, this approach optimizes certain trade-off between
the goodness of fit (through the squared loss expressed in the first term of (2)) and the low-rank structure
(through the rank function in the second term of (2)). Due to computational intractability of rank mini-
mization, we often resort to convex relaxation in order to obtain computationally feasible solutions. One
notable example is the following convex program:

1 2
inimi Z)42 2 Zii — M, AZ],,
yemize 9225 3 )+ 2112l ®3)

where || Z]|.« denotes the nuclear norm (i.e. the sum of singular values) of Z — a convex surrogate for the
rank function. A significant portion of existing theory supports the use of this paradigm in the noiseless
setting: when E;; vanishes for all (i,7) € ©, the solution to (3) is known to be faithful (i.e. the estimation
error becomes zero) even under near-minimal sample complexity [CR09, CP10, CT10, Groll,Recll, Chel5].

By contrast, the performance of convex relaxation remains largely unclear when it comes to more prac-
tically relevant noisy scenarios. To begin with, the stability of an equivalent variant of (3) against noise
was first studied by Candés and Plan [CP10].? The estimation error ||Zex — M*|r derived therein, of the
solution Zg, to (3), is significantly larger than the oracle lower bound. This does not explain well the
effectiveness of (3) in practice. In fact, the numerical experiments reported in [CP10] already indicated that
the performance of convex relaxation is far better than their theoretical bounds. In order to improve the
statistical guarantees, several variants of (3) have been put forward, most notably by Negahban and Wain-
wright [NW12] and Koltchinskii et al. [KLT11]; see Section 1.4 for more details. Nevertheless, the stability
analysis in [NW12, KLT11] could often be suboptimal when the magnitudes of the noise are not sufficiently
large; in fact, their estimation error bounds do not vanish as the size of the noise approaches zero.

All of these give rise to the following natural yet challenging questions: Where does the convex program (3)
stand in terms of its stability vis-a-vis additive noise? Can we establish a theoretical statistical guarantee
that matches its practical effectiveness? Is it capable of accommodating a wider (and more practical) range
of noise levels?

1.2 A detour: nonconvex optimization

While the focus of the current paper is convex relaxation, we take a moment to discuss a seemingly distinct
algorithmic paradigm: nonconvex optimization, which turns out to be remarkably helpful in understanding
convex relaxation. Inspired by the Burer-Monteiro approach [BM03], the nonconvex scheme starts by rep-
resenting the rank-r decision matrix (or parameters) Z as Z = XY | via low-rank factors X,Y € R™*",
and proceeds by solving the following nonconvex (regularized) least-squares problem directly [KMO10a]

. 1 2
minimize 2(,2)29[(XYT)U—MU] +reg(X,Y). (4)
27]

Here, reg(-,-) denotes a certain regularization term that promotes additional structural properties.

2Technically, [CP10] deals with the constrained version of (3), which is equivalent to the Lagrangian form as in (3) with a
proper choice of the regularization parameter.



To see its intimate connection [MHT10, SSS11] with the convex program (3), we make the following
observation: if the solution to (3) has rank r, then it must coincide with the solution to

e 1 T 2 A 2 A 2
minimize 5 Z [(XY"), — My]™ + S IX I + SIYE (5)
(1,5)€Q
reg(X,Y)
This can be easily verified by recognizing the elementary fact that
1Z]]« = inf {SIX11E + 311V 17} (6)

X, YER X XY T=2Z

for any rank-r matrix Z [SS05, MHT10]. Note, however, that it is very challenging to predict when the key
assumption in establishing this connection — namely, the rank-r assumption of the solution to (3) — can
possibly hold.

Despite the nonconvexity of (4), simple first-order optimization methods — in conjunction with proper
initialization — are often effective in solving (4). Partial examples include gradient descent on mani-
fold [KMO10a,KMO10b,WCCL16|, gradient descent [SL16,MWCC17|, and projected gradient descent [CW15,
ZL16]. Apart from their practical efficiency, the nonconvex optimization approach is also appealing in theory.
To begin with, algorithms tailored to (4) often enable exact recovery in the noiseless setting. Perhaps more
importantly, for a wide range of noise settings, the nonconvex approach achieves appealing estimation accu-
racy [CW15,MWCC17], which could be significantly better than those bounds derived for convex relaxation
discussed earlier. See [CLC18,CC18b]| for a summary of recent results. Such intriguing statistical guarantees
motivate us to take a closer inspection of the underlying connection between the two contrasting algorithmic
frameworks.

1.3 Empirical evidence: convex and nonconvex solutions are often close

In order to obtain a better sense of the relationships between convex and nonconvex approaches, we begin
by comparing the estimates returned by the two approaches via numerical experiments. Fix n = 1000 and
r = 5. We generate M* = X*Y*", where X*,Y* € R"*" are random orthonormal matrices. Each entry
M} of M* is observed with probability p = 0.2 independently, and then corrupted by an independent
Gaussian noise E;; ~ N(0,0?). Throughout the experiments, we set A = 50,/np. The convex program (3) is
solved by the proximal gradient method [PB14], whereas we attempt solving the nonconvex formulation (5)
by gradient descent with spectral initialization (see [CLC18] for details). Let Zeyx (tesp. Zncux = Xnewx Yarux)
be the solution returned by the convex program (3) (resp. the nonconvex program (5)). Figure 1 displays
the relative estimation errors of both methods (|| Zcx — M*||g/||M*||r and || Znewx — M*||r/||M*||r) as well
as the relative distance || Zeyx — Znev||r/||M*||r between the two estimates. The results are averaged over
20 independent trials.

Interestingly, the distance between the convex and the nonconvex solutions seems extremely small
(e-g. || Zewx — Znewl|p/||M*||F is typically below 10~7); in comparison, the relative estimation errors of both
Zox and Zpcx are substantially larger. In other words, the estimate returned by the nonconvex approach
serves as a remarkably accurate approximation of the convex solution. Given that the nonconvex approach is
often guaranteed to achieve intriguing statistical guarantees vis-a-vis random noise [MWCC17], this suggests
that the convex program is equally stable — a phenomenon that was not captured by prior theory [CP10].
Can we leverage existing theory for the nonconvex scheme to improve the statistical analysis of the convex
relazation approach?

1.4 Models and main results

The numerical experiments reported in Section 1.3 suggest an alternative route for analyzing convex relax-
ation for noisy matrix completion. If one can formally justify the proximity between the convex and the
nonconvex solutions, then it is possible to propagate the appealing stability guarantees from the nonconvex
scheme to the convex approach. As it turns out, this simple idea leads to significantly enhanced statistical
guarantees for the convex program (3), which we formally present in this subsection.

Before proceeding, we introduce a few model assumptions that play a crucial role in our theory.
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Figure 1: The relative estimation errors of both Z (the estimate of the convex program (3)) and Zcx
(the estimate returned by the nonconvex approach tailored to (5)) and the relative distance between them
vs. the standard deviation o of the noise. The results are reported for n = 1000, r = 5, p = 0.2, A = 50,/np
and are averaged over 20 independent trials.

Assumption 1.

(a) (Random sampling) Each index (i, j) belongs to the index set ) independently with probability p.

(b) (Random noise) The noise matrix E = [E;;|i<i j<n is composed of ii.d. sub-Gaussian random
variables with sub-Gaussian norm at most o > 0, i.e. ||Ejj||y, < o (see [Verl2, Definition 5.7]).

In addition, let M* = U*S*V* T be the singular value decomposition (SVD) of M*, where U*, V* € R"*"
consist of orthonormal columns and ¥* = diag(o7,0%,- -+ ,07) € R"™*" is a diagonal matrix obeying oya, =
oy >05>---2>0n £ 5in. Denote by & L ooax /O min the condition number of M*. We impose the following
incoherence condition on M*, which is known to be crucial for reliable recovery of M* [CR09, Chel5|.

Definition 1. A rank-r matriz M* € R™*™ with SVD M* = U*S*V*T is said to be p-incoherent if

. T— pr . TR pr
0 e < 210l =\ and VRV =

Here, ||U||2,00 denotes the largest £2 norm of all rows of a matriz U.
With these in place, we are ready to present our improved statistical guarantees for convex relaxation.

Theorem 1. Let M* be rank-r and p-incoherent with a condition number k. Suppose Assumption 1 holds
and take X = Cho/np in (3) for some large enough constant C > 0. Assume the sample size obeys

n’p > Cn4u2r2nlog3 n for some sufficiently large constant C' > 0, and the noise satisfies O'\/% < ¢—Zmin__

\ kiurlogn

for some sufficiently small constant ¢ > 0. Then with probability exceeding 1 — O(n=3),

1. Any minimizer Zey of (3) obeys

|Zeo= 2y 5 02T 5 B (72
| Zew - M|, S v/oFr - =[PR8 g (b)
o P

|Zeo =27 5 55 [ 2 (70



2. Letting Zey,r = arg Ming.cank(z)<r | Z — Zewl|r be the best rank-r approzimation of Ze,, we have

1
|Zewir = Zewlle < o5 55— 5 ). 0

and the error bounds in (7) continue to hold if Zc is replaced by Zeyx r .

Remark 1. Here and throughout, f(n) < g(n) or f(n) = O(g(n)) means lim, o |f(n)|/|g(n)| < C for some
constant C' > 0; f(n) 2 g(n) means lim, . |f(n)|/|g(n)] > C for some constant C > 0; and f(n) =< g(n)
means C; < limy,_,o0 |f(n)]/]g(n)] < Co for some constants C1,Co > 0. In addition, || - |jc denotes the

entrywise £, norm, whereas || - || is the spectral norm.
Remark 2. The factor 1/n3 in (8) can be replaced by 1/n¢ for an arbitrarily large fixed constant ¢ > 0.

Several implications of Theorem 1 follow immediately. The discussions below concentrate on the case
where 7, p and & are all O(1), under our random noise assumption.

o Improved stability guarantees. Our results reveal that the Euclidean error of any convex optimizer Z
of (3) obeys
HZCVX_M*HFSO— n/pv (9)

implying that the performance of convex relaxation degrades gracefully as the signal-to-noise ratio de-
creases. This result matches the minimax lower bound derived in [KLT11,NW12] for the range of noise
obeying o < || M*||~, which improves upon prior art in the following aspects:

— Candés and Plan [CP10] provided a stability guarantee in the presence of arbitrary bounded noise.
When applied to the random noise model assumed here, their results yield Hchx - M *||F < ond/?,

which could be O(y/n2p) times more conservative than our bound (9).

— Koltchinskii et al. [KLT11] proposed to replace »>; - cq(Zij — M;;)? in (3) with >oii(Zij — %Mi-)z,
where M;; is set to 0 for any unobserved entry (i.e. those with (¢,7) ¢ ). This variant effectively
performs singular value thresholding on a rescaled zero-padded data matrix. Under our conditions,

their results read (up to some logarithmic factor)

12— M|, < mas {o, [ Moo} /0. (10)

where Z is the estimate returned by their algorithm. This becomes suboptimal when ¢ < || M*||o —
a highly relevant regime covered by our analysis.

— Negahban and Wainwright [NW12] proposed to enforce an extra constraint || Z||. < « when solving (3),
in order to explicitly control the spikiness of the estimate. When applied to our model, their error bound
is the same as (10) (modulo some log factor), which also becomes increasingly looser as o decreases. In
addition, the choice of o may add unwanted variations in practice.

e Nearly low-rank structure of the convex solution. In light of (8), the optimizer of the convex program
(3) is almost, if not exactly, rank-r. When the true rank r is known a priori, it is not uncommon for
practitioners to return the rank-r approximation of Z.y. Our theorem formally justifies that there is no
loss of statistical accuracy — measured in terms of either || - ||g, || - ||, or || - ||cc — When performing the
rank-r projection operation.

e Entrywise and spectral norm error control. Moving beyond the Euclidean loss, our theory uncovers that
the estimation errors of the convex optimizer are fairly spread out across all entries, thus implying near-
optimal entrywise error control. This is a stronger form of error bounds, as an optimal Euclidean estimation
accuracy alone does not preclude the possibility of the estimation errors being spiky and localized. Fur-
thermore, the spectral norm error of the convex optimizer is also well-controlled. Figure 2 displays the
relative estimation errors in both the ¢, norm and the spectral norm, under the same setting as in Fig-
ure 1. As can be seen, both forms of estimation errors scale linearly with the noise level, corroborating
our theory.



O Entrywise estimation error
+ Spectral norm estimation error

107 10°

Figure 2: The relative estimation error of Z., measured by both ||-||cc (i-€. || Zevx — M*||oo/||M*||oo) and || -||
(i.e. [[Zex — M*||/||M*||) vs. the standard deviation o of the noise. The results are reported for n = 1000,
r=>5,p=0.2, A\ =50,/np and are averaged over 20 independent trials.

o Implicit regularization. As a byproduct of the entrywise error control, this result indicates that the
additional constraint || Z]|. < « suggested by [NW12] is automatically satisfied and is hence unnecessary.
In other words, the convex approach implicitly controls the spikiness of its entries, without resorting to
explicit regularization.

o Statistical guarantees for fast iterative optimization methods. Various iterative algorithms have been de-
veloped to solve the nuclear norm regularized least-squares problem (3) up to an arbitrarily prescribed
accuracy, examples including SVT (or proximal gradient methods) [CCS10], FPC [MGC11], SOFT-
IMPUTE [MHT10], FISTA [BT09,TY10], to name just a few. Our theory immediately provides statistical
guarantees for these algorithms. As we shall make precise in Section 2, any point Z with g(Z) < g(Z.x)+e¢
(where g(+) is defined in (3)) enjoys the same error bounds as in (7) (with Z.x replaced by Z in (7)),
provided that ¢ > 0 is sufficiently small. In other words, when these convex optimization algorithms
converge w.r.t. the objective value, they are guaranteed to return a statistically reliable estimate.

Finally, we remark that our results are likely suboptimal when 7 and « are allowed to scaled with n. Interested
readers are referred to Section 4 for more detailed discussions.

2 Strategy and novelty

In this section, we introduce the strategy for proving our main theorem. Informally, the main technical
difficulty stems from the lack of closed-form expressions for the primal solution to (3), which in turn makes
it difficult to construct a dual certificate. This is in stark contrast to the noiseless setting, where one clearly
anticipates the ground truth M™* to be the primal solution; in fact, this is precisely why the analysis for the
noisy case is significantly more challenging. Our strategy, as we shall detail below, mainly entails invoking
an iterative nonconvex algorithm to “approximate” such a primal solution.

Before continuing, we introduce a few more notations. Let Pq(-) : R"*™ — R™*™ represent the projection
onto the subspace of matrices supported on €2, namely,

Zij7 for (27]> €N

0, otherwise

[Pa (Z)]ij = { (11)

for any matrix Z € R™*". For a rank-r matrix M with singular value decomposition UXV T, denote by T

its tangent space, i.e.
T={UA" +BV'|A BeR"™}. (12)



Correspondingly, let Pr(-) be the orthogonal projection onto the subspace T, that is,
Pr(Z)=UU"Z+2zZvV' —UU zvv' (13)

for any matrix Z € R™*". In addition, let T+ and Pz . () denote the orthogonal complement of 7" and the
projection onto T, respectively. With regards to the ground truth, we denote

X*=U*ZH)Y?  and Y*=V*EZH)V2 (14)

The nonconvex problem (5) is equivalent to

o a1 T 2 A 9, A 2
minimize f(XvY):%H,PQ(XY - M) ||F+%HX”F+%”YHF7 (15)

where we have inserted an extra factor 1/p (compared to (5)) to simplify the presentation of the analysis
later on.

2.1 Exact duality

In order to analyze the convex program (3), it is natural to start with the first-order optimality condition.
Specifically, suppose that Z € R™*™ is a (primal) solution to (3) with SVD Z = UXV ".? As before, let T
be the tangent space of Z, and let T+ be the orthogonal complement of 7. Then the first-order optimality
condition for (3) reads: there exists a matrix W € T+ (called a dual certificate) such that

1
1 Po (M-2Z)=UV'™ +W; (16a)
Wi <1 (16b)

This condition is not only necessary to certify the optimality of Z, but also “almost sufficient” in guaranteeing
the uniqueness of the solution Z; see Appendix B for in-depth discussions.

The challenge then boils down to identifying such a primal-dual pair (Z, W) satisfying the optimality
condition (16). For the noise-free case, the primal solution is clearly Z = M™ if exact recovery is to
be expected; the dual certificate can then be either constructed exactly by the least-squares solution to a
certain underdetermined linear system [CR09,CT10], or produced approximately via a clever golfing scheme
pioneered by Gross [Groll]. For the noisy case, however, it is often difficult to hypothesize on the primal
solution Z, as it depends on the random noise in a complicated way. In fact, the lack of a suitable guess of
Z (and hence W) was the major hurdle that prior works faced when carrying out the duality analysis.

2.2 A candidate primal solution via nonconvex optimization

Motivated by the numerical experiment in Section 1.3, we propose to examine whether the optimizer of the
nonconvex problem (5) stays close to the solution to the convex program (3). Towards this, suppose that
X,Y € R™" form a critical point of (5) with rank(X) = rank(Y') = r.* Then the first-order condition reads
1
XPQ(M—XYT)Y =X; (17a)
1 T\ T
1 [Pe(M-XYT)] X =Y. (17b)

To develop some intuition about the connection between (16) and (17), let us take a look at the case with
r = 1. Denote X = & and Y = y and assume that the two rank-1 factors are “balanced”, namely, |||z =

3Here and below, we use Z (rather than Z.y) for notational simplicity, whenever it is clear from the context.
4Once again, we abuse the notation (X,Y) (instead of using (Xncvx, Ynevx)) for notational simplicity, whenever it is clear
from the context.



llyllz # 0. It then follows from (17) that A™1Pq(M — xy ") has a singular value 1, whose corresponding left
and right singular vectors are x/||x||2 and y/|ly||2, respectively. In other words, one can express

1 T T

N A 8
where W is orthogonal to the tangent space of xy ' ; this is precisely the condition (16a). It remains to argue
that (16b) is valid as well. Towards this end, the first-order condition (17) alone is insufficient, as there might
be non-global critical points (e.g. saddle points) that are unable to approximate the convex solution well.
Fortunately, as long as the candidate @y " is not far away from the ground truth M™*, one can guarantee
I[W]| < 1 as required in (16b).

The above informal argument about the link between the convex and the nonconvex problems can be

rigorized. To begin with, we introduce the following conditions on the regularization parameter .

Condition 1 (Regularization parameter). The regularization parameter \ satisfies
(a) (Relative to noise) ||Pq (E)| < A/8.
(b) (Relative to nonconvex solution) ||Po(XY T — M*) —p(XY " — M*)|| < /8.

Remark 3. Condition 1 requires that the regularization parameter A should dominate a certain norm of
the noise, as well as of the deviation of XY T — M* from its mean p(XY T — M*); as will be seen shortly,
the latter condition can be met when (X,Y") is sufficiently close to (X™*,Y™*).
With the above condition in place, the following result demonstrates that a critical point (X,Y") of the
=4

nonconvex problem (5) readily translates to the unique minimizer of the convex program (3). This lemma
is established in Appendix C.1.

Lemma 1 (Exact nonconvex vs. convex optimizers). Suppose that (X,Y) is a critical point of (5
satisfying rank(X) = rank(Y') = r, and the sampling operator Pq is injective when restricted to the elements
of the tangent space T of XY T, namely,

Pao(H)=0 <= H=0, foradlHEeT. (19)
Under Condition 1, the point Z = XY T is the unique minimizer of (3).

In order to apply Lemma 1, one needs to locate a critical point of (5) that is sufficiently close to the truth,
for which one natural candidate is the global optimizer of (5). The caveat, however, is the lack of theory
characterizing directly the properties of the optimizer of (5). Instead, what is available in prior theory is the
characterization of some iterative sequence (e.g. gradient descent iterates) aimed at solving (5). It is unclear
from prior theory whether the iterative algorithm under study (e.g. gradient descent) converges to the global
optimizer in the presence of noise. This leads to technical difficulty in justifying the proximity between the
nonconvex optimizer and the convex solution via Lemma 1.

2.3 Approximate nonconvex optimizers

Fortunately, perfect knowledge of the nonconvex optimizer is not pivotal. Instead, an approximate solution
to the nonconvex problem (5) (or equivalently (15)) suffices to serve as a reasonably tight approximation
of the convex solution. More precisely, we desire two factors (X,Y") that result in nearly zero (rather than
exactly zero) gradients:

Vxf(X,Y)=0 and Vy f(X,Y) =0,

where f(-,-) is the nonconvex objective function as defined in (15). This relaxes the condition discussed in
Lemma 1 (which only applies to critical points of (5) as opposed to approximate critical points). As it turns
out, such points can be found via gradient descent tailored to (5). The sufficiency of the near-zero gradient
condition is made possible by slightly strengthening the injectivity assumption (19), which is stated below.

Condition 2 (Injectivity). Let T be the tangent space of XY '. There is a quantity c;,; > 0 such that

pH[Pa (H) g > i |H|lp,  forall H € T. (20)



The following lemma states quantitatively how an approximate nonconvex optimizer serves as an excellent
proxy of the convex solution, which we establish in Appendix C.2.

Lemma 2 (Approximate nonconvex vs. convex optimizers). Suppose that (X,Y) obeys

Cinjp A
IV (XY < Y20 2 (21)

for some sufficiently small constant ¢ > 0. Further assume that any singular value of X and Y lies in
[/ Omin/2, V20max). Then under Conditions 1-2, any minimizer Zey of (3) satisfies

1
|XYT — Zeollp £

Cinj v/Omin

Remark 4. In fact, this lemma continues to hold if Z.,, is replaced by any Z obeying g(Z) < g(XY "),
where g(+) is the objective function defined in (3) and X and Y are low-rank factors obeying conditions
of Lemma 2. This is important in providing statistical guarantees for iterative methods like SVT [CCS10],
FPC [MGC11], SOFT-IMPUTE [MHT10|, FISTA [BT09], etc. To be more specific, suppose that (X,Y)
results in an approximate optimizer of (3), namely, (XY ") = g(Zex) + ¢ for some sufficiently small £ > 0.
Then for any Z obeying g(Z) < g(XY ") = g(Zeox) + ¢, one has

IVF(X,Y)|g - (22)

1
XyT-z| <=
|| ||F ~ Cinj /O min

As a result, as long as the above-mentioned algorithms converge in terms of the objective value, they must
return a solution obeying (23), which is exceedingly close to XY T if |[Vf(X,Y)|r is small.

IVF (XY )| - (23)

It is clear from Lemma 2 that, as the size of the gradient V f(X,Y") gets smaller, the nonconvex estimate
XY T becomes an increasingly tighter approximation of any convex optimizer of (3), which is consistent with
Lemma 1. In contrast to Lemma 1, due to the lack of strong convexity, a nonconvex estimate with a near-zero
gradient does not imply the uniqueness of the optimizer of the convex program (3); rather, it indicates that
any minimizer of (3) lies within a sufficiently small neighborhood surrounding XY T (cf. (22)).

2.4 Construction of an approximate nonconvex optimizer

So far, Lemmas 1-2 are both deterministic results based on Condition 1. As we will soon see, under Assump-
tion 1, we can derive simpler conditions that — with high probability — guarantee Condition 1. We start
with Condition 1(a).

Lemma 3. Suppose n?p > Cnlog®n for some sufficiently large constant C' > 0. Then with probability at
least 1 — O(n=19), one has ||Pq (E)| < oy/np. As a result, Condition 1 holds (i.e. ||Po(E)|| < \/8) as long
as A = Cxa/np for some sufficiently large constant Cy > 0.

Proof. This follows from [CW15, Lemma 11| with a slight and straightforward modification to accommodate
the asymmetric noise here. For brevity, we omit the proof. O

Turning attention to Condition 1(b) and Condition 2, we have the following lemma, the proof of which
is deferred to Appendix C.3.

Lemma 4. Under the assumptions of Theorem 1, with probability exceeding 1 — O(n=19) we have
|Po(XY " — M*) —p(XY T — M*)|| <\/8  (Condition 1(b))
1 2 1 2 - . 1
—||Pa (H)||z > B |H|z, foralHeT (Condition 2 with ¢inj = (32k)7")
P K

hold simultaneously for all (X,Y) obeying

max {|X = Xl 1Y = ¥l |
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o nlogn A N N
scooﬁ<omin,/ ; +pamm> e { | Xy 1Yl - (24)

Here, T denotes the tangent space of XY ', and Cs > 0 is some absolute constant.

This lemma, is a uniform result, namely, the bounds hold irrespective of the statistical dependency between
(X,Y) and Q. As a consequence, to demonstrate the proximity between the convex and the nonconvex
solutions (cf. (22)), it remains to identify a point (X,Y’) with vanishingly small gradient (cf. (21)) that is
sufficiently close to the truth (cf. (24)).

As we already alluded to previously, a simple gradient descent algorithm aimed at solving the nonconvex
problem (5) might help us produce an approximate nonconvex optimizer. This procedure is summarized in
Algorithm 1. Our hope is this: when initialized at the ground truth and run for sufficiently many iterations,
the GD trajectory produced by Algorithm 1 will contain at least one approximate stationary point of (5)
with the desired properties (21) and (24). We shall note that Algorithm 1 is not practical since it starts from
the ground truth (X*, Y ™*); this is an auxiliary step mainly to simplify the theoretical analysis. While we
can certainly make it practical by adopting spectral initialization as in [MWCC17, CLL19], it requires more
lengthy proofs without further improving our statistical guarantees.

Algorithm 1 Construction of an approximate primal solution.
Initialization: X? = X*; Y° =Y".
Gradient updates: for t =0,1,...,tp — 1 do

X =X gV f(XL,Y!) = X' — g(% (X'Y'T - M)Y' +AX"); (25a)
Y =yt - Uy (XL YY) =Y - g( [Po (X'Y'T — M)] X'+ )\Yt). (25b)

Here, n > 0 is the step size.

2.5 Properties of the nonconvex iterates

In this subsection, we will build upon the literature on nonconvex low-rank matrix completion to justify
that the estimates returned by Algorithm 1 satisfy the requirement stated in (24). Our theory will be
largely established upon the leave-one-out strategy introduced by Ma et al. [MWCC17|, which is an effective
analysis technique to control the /5 o, error of the estimates. This strategy has recently been extended by
Chen et al. [CLL19] to the more general rectangular case with an improved sample complexity bound.

Before continuing, we introduce several useful notations. Notice that the matrix product of X* and Y* T
is invariant under global orthonormal transformation, namely, for any orthonormal matrix R € R"™" one has
X*R(Y*R)T = X*Y*T. Viewed in this light, we shall consider distance metrics modulo global rotation.
In particular, the theory relies heavily on a specific global rotation matrix defined as follows

) 2 L2\ 1/2
H? éargRg(lglPXT(HXtR—X*HF—F HYtR—Y HF) , (26)

where O™*" is the set of r x r orthonormal matrices.
We are now ready to present the performance guarantees for Algorithm 1.

Lemma 5 (Quality of the nonconvex estimates). Instate the notation and hypotheses of Theorem 1.
With probability at least 1 — O (n™?), the iterates {(X*, Y ") }o<i<s, of Algorithm 1 satisfy

ma (| X B = X B Y} <O (G [ S Y ix, e
max {[| X H - X*|, Yth—Y*H}scop((,". §+pj, )||X*||, (27b)
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max {| X' H' = X*[, [V H - Y|, }

Inl A
SCOOKJ< o nogn+ )max{|
Omin p P Omin

1A
< -5 5\/ Omin» (28)

where Cr, Cop, Cos > 0 are some absolute constants, provided that n < 1/(nk3omax) and that to = n's.

1Y "y} (27¢)

omin [|VF(XLY) <

This lemma, which we establish in Appendix D, reveals that for a polynomially large number of iterations,
all iterates of the gradient descent sequence — when initialized at the ground truth — remain fairly close to
the true low-rank factors. This holds in terms of the estimation errors measured by the Frobenius norm, the
spectral norm, and the 5 o norm. In particular, the proximity in terms of the 5 o norm error plays a pivotal
role in implementing our analysis strategy (particularly Lemmas 2-4) described previously. In addition, this
lemma (cf. (28)) guarantees the existence of a small-gradient point within this sequence {(X*,Y"*)}o<i<t,,
a somewhat straightforward property of GD tailored to smooth problems [Nes12|. This in turn enables us
to invoke Lemma 2.

As immediate consequences of Lemma 5, with high probability we have

B T e T e L LYl (202)

Omin p P Omin

XY T — M*||__ < 3Coo/sBpr (U‘f ,/”l(;gn + pUA . ) M| (29b)

B T I N N e Ll (290)

Omin p P Omin

for all 0 <t < ty. The proof is deferred to Appendix D.12.

2.6 Proof of Theorem 1

Let t, £ argmino<i<t, [V (XL YY) |p, and take (Xncvxs Yaox) = (XU HS Y H') (cf. (26)). It is
straightforward to verify that (Xncuwx, Ynevx) obeys (i) the small-gradient condition (21), and (ii) the proximity
condition (24). We are now positioned to invoke Lemma 2: for any optimizer Z. of (3), one has

K K2 A
Hchx - chvx},ncvaF ~ CinJ \/m ||Vf( ncvxs ncvx)”F ~ n5 p

koA K

= — KOmin) = — M*
n5p0m1n( mn) me1n|| ”
1

S [ M. (30)
17 P Omin

The last line arises since n > k — a consequence of the sample complexity condition np > x*u2r? log3n
(and hence n > np > k*p2r?log® n > k*). This taken collectively with the property (29) implies that

Hchx - M*HF S Hchx - chvx ncvaF + Hchvx nevx M*HF

1 A *
) 1M,

o n A
-+

Omin p P Omin

o n A
SR S
Omin p P Omin
In other words, since Xnewx Yok

e and Z,ex are exceedingly close, the error Z.,x — M™* is mainly accredited
t0 Xnewx Yotux — M*. Similar arguments lead to

Soa
N~ P Omin

IM¥| + (

||ZCVX—M*||5( o [Py A )nM*n,

Omin p P Omin
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N o nlogn A N
| Zew — M* || e < /Ppr < L ) 1M, .
Omin p P Omin

We are left with proving the properties of Z. ,. Since Z.x, is defined to be the best rank-r approxi-
mation of Z, one can invoke (30) to derive

1 A
||chx - chvx,r”F S ||chx - chvx}/n:;rvaF S F

1M,

min

from which (8) follows. Repeating the above calculations implies that (7) holds if Z.. is replaced by Zey.r,
thus concluding the proof.

3 Prior art

Nuclear norm minimization, pioneered by the seminal works [RFP10,CR09,CT10,Faz02], has been a popular
and principled approach to low-rank matrix recovery. In the noiseless setting, i.e. E = 0, it amounts to solving
the following constrained convex program

minimize zegnxn || 2|, subject to  Pq (Z) = Po (M™), (31)
which enjoys great theoretical success. Informally, this approach enables exact recovery of a rank-r matrix
M* € R™™™ as soon as the sample size is about the order of nr — the intrinsic degrees of freedom of a
rank-r matrix [Groll, Recll, Chel5]. In particular, Gross [Groll] blazed a trail by developing an ingenious
golfing scheme for dual construction — an analysis technique that has found applications far beyond matrix
completion. When it comes to the noisy case, Candés and Plan [CP10] first studied the stability of convex
programming when the noise is bounded and possibly adversarial, followed by [NW12| and [KLT11] using two
modified convex programs. As we have already discussed, none of these papers provide optimal statistical
guarantees under our model when » = O(1). Other related papers such as [Klo14, CZ16] include similar
estimation error bounds and suffer from similar sub-optimality issues.

Turning to nonconvex optimization, we note that this approach has recently received much attention
for various low-rank matrix factorization problems, owing to its superior computational advantage com-
pared to convex programming (e.g. [KMO10a, JNS13, CLS15, CC17, TBS*16, ZZLC17]). The convergence
guarantees for matrix completion have been established for various algorithms such as gradient descent on
manifold [KMO10a, KMO10b], alternating minimization [JNS13, Harl4|, gradient descent [SL16, MWCC17,
WZG16,CLL19], and projected gradient descent [CW15], provided that a suitable initialization (like spec-
tral initialization) is available [KMO10a, JNS13, SL16, MWCC17, CCF18]. Our work is mostly related
to [MWCC17,CLL19|, which studied (vanilla) gradient descent for nonconvex matrix completion. This al-
gorithm was first analyzed by [MWCC17] via a leave-one-out argument — a technique that proves useful in
analyzing various statistical algorithms [EK15,SCC17,ZB18,CFMW19,AFWZ17,LMCC18,DC18,CCFM19].
In the absence of noise and omitting logarithmic factors, [MWCC17] showed that O(nr®) samples are suf-
ficient for vanilla GD to yield € accuracy in O(log %) iterations (without the need of extra regularization
procedures); the sample complexity was further improved to O(nr?) by [CLL19]. Apart from gradient de-
scent, other nonconvex methods (e.g. [RS05,JMD10, WYZ12,JNS13, FRW11, Van13,LXY13,Har14, JKN16,
RT*11, WCCL16,DC18, GAGG13,CX16,ZWL15|) and landscape / geometry properties have been investi-
gated [GLM16,CL17, PKCS17,GJZ17,SXZ19]; these are, however, beyond the scope of the current paper.

Another line of works asserted that a large family of SDPs admits low-rank solutions [Bar95|, which in
turn motivates the Burer-Monteiro approach [BM03,BVB16]. When applied to matrix completion, however,
the generic theoretical guarantees therein lead to conservative results. Take the noiseless case (31) for
instance: these results revealed the existence of a solution of rank at most O(y/n2p), which however is often
much larger the true rank (e.g. when r < 1 and p =< poly log(n)/n, one has \/n?p > \/n > r). Moreover,
this line of works does not imply that all solutions to the SDP of interest are (approximately) low-rank.

Finally, the connection between convex and nonconvex optimization has also been explored in line spectral
estimation [LT18|, although the context therein is drastically different from ours.
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4 Discussion

This paper provides an improved statistical analysis for the natural convex program (3), without the need of
enforcing additional spikiness constraint. Our theoretical analysis uncovers an intriguing connection between
convex relaxation and nonconvex optimization, which we believe is applicable to many other problems beyond
matrix completion. Having said that, our current theory leaves open a variety of important directions for
future exploration. Here we sample a few interesting ones.

o Improving dependency onr and k. While our theory is optimal when r and x are both constants, it becomes
increasingly looser as either r or xk grows. For instance, in the noiseless setting, it has been shown that the
sample complexity for convex relaxation scales as O(nr) — linear in r and independent of k — which is
better than the current results. It is worth noting that existing theory for nonconvex matrix factorization
typically falls short of providing optimal scaling in 7 and x [KMO10a,SL16, CW15 MWCC17, CLL19].
Thus, tightening the dependency of sample complexity on r and x might call for new analysis tools.

e Approximate low-rank structure. So far our theory is built upon the assumption that the ground-truth
matrix M™* is exactly low-rank, which falls short of accommodating the more realistic scenario where
M™ is only approximately low-rank. For the approximate low-rank case, it is not yet clear whether the
nonconvex factorization approach can still serve as a tight proxy. In addition, the landscape of nonconvex
optimization for the approximately low-rank case [CL17] might shed light on how to handle this case.

e FExtension to deterministic noise. Our current theory — in particular, the leave-one-out analysis for the
nonconvex approach — relies heavily on the randomness assumption (i.e. i.i.d. sub-Gaussian) of the noise.
In order to justify the broad applicability of convex relaxation, it would be interesting to see whether one
can generalize the theory to cover deterministic noise with bounded magnitudes.

o Fatension to structured matriz completion. Many applications involve low-rank matrices that exhibit
additional structures, enabling a further reduction of the sample complexity [FHB03,CC14, CWW19|. For
instance, if a matrix is Hankel and low-rank, then the sample complexity can be O(n) times smaller than
the generic low-rank case. The existing stability guarantee of Hankel matrix completion, however, is overly
pessimistic compared to practical performance [CC14]. The analysis framework herein might be amenable
to the study of Hankel matrix completion and help close the theory-practice gap.

e FExtension to robust PCA and blind deconvolution. Moving beyond matrix completion, there are other
problems that are concerned with recovering low-rank matrices. Notable examples include robust principal
component analysis [CLMW11,CSPW11,CJSC13], blind deconvolution [ARR14,L.S15] and blind demixing
[LS17]. The stability analyses of the convex relaxation approaches for these problems [ZLWT10, ARR14,
LS17] often adopt a similar approach as [CP10], and consequently are sub-optimal. The insights from the
present paper might promise tighter statistical guarantees for such problems.

Finally, we remark that the intimate link between convex and nonconvex optimization enables statistically
optimal inference and uncertainty quantification for noisy matrix completion (e.g. construction of optimal
confidence intervals for each missing entry). The interested readers are referred to our companion paper
[CFMY19] for in-depth discussions.

Acknowledgements

Y. Chen is supported in part by the AFOSR YIP award FA9550-19-1-0030, by the ARO grant W911NF-
18-1-0303, by the ONR grant N00014-19-1-2120, by the NSF grants CCF-1907661 and 1IS-1900140, and by
the Princeton SEAS innovation award. Y. Chi is supported in part by ONR under the grants N00014-18-
1-2142 and N00014-19-1-2404, by ARO under the grant W911NF-18-1-0303, and by NSF under the grants
CAREER ECCS-1818571 and CCF-1806154. J. Fan is supported in part by NSF Grants DMS-1662139
and DMS-1712591, ONR grant N00014-19-1-2120, and NIH Grant R01-GMO072611-12. This work was done
in part while Y. Chen was visiting the Kavli Institute for Theoretical Physics (supported in part by NSF
grant PHY-1748958). Y. Chen thanks Emmanuel Candés for motivating discussions about noisy matrix
completion.

14



References

[AFWZ17]

[ARR14]

[Bar95]

[BMO3]

[BNO6]

[BT09]

[BVB16]

[CC14]

[cC17]

[CC184]

[CC18b)

[CCF18]

[CCFM19)]

[CCS10]

[CFMW19]

[CFMY19)

[Chel5]

[CISC13]

[CL17]

E. Abbe, J. Fan, K. Wang, and Y. Zhong. Entrywise eigenvector analysis of random matrices
with low expected rank. arXiv preprint arXiv:1709.09565, 2017.

A. Ahmed, B. Recht, and J. Romberg. Blind deconvolution using convex programming. [EEFE
Transactions on Information Theory, 60(3):1711-1732, 2014.

A. 1. Barvinok. Problems of distance geometry and convex properties of quadratic maps. Discrete
& Computational Geometry, 13(2):189-202, 1995.

S. Burer and R. D. Monteiro. A nonlinear programming algorithm for solving semidefinite
programs via low-rank factorization. Mathematical Programming, 95(2):329-357, 2003.

J. Bai and S. Ng. Confidence intervals for diffusion index forecasts and inference for factor-
augmented regressions. Econometrica, 74(4):1133-1150, 2006.

A. Beck and M. Teboulle. A fast iterative shrinkage-thresholding algorithm for linear inverse
problems. STAM journal on imaging sciences, 2(1):183-202, 2009.

N. Boumal, V. Voroninski, and A. Bandeira. The non-convex burer-monteiro approach works
on smooth semidefinite programs. In NIPS, pages 2757-2765, 2016.

Y. Chen and Y. Chi. Robust spectral compressed sensing via structured matrix completion.
IEEE Transactions on Information Theory, 60(10):6576 — 6601, 2014.

Y. Chen and E. J. Candés. Solving random quadratic systems of equations is nearly as easy as
solving linear systems. Comm. Pure Appl. Math., 70(5):822-883, 2017.

Y. Chen and E. Candés. The projected power method: An efficient algorithm for joint alignment
from pairwise differences. Comm. Pure and Appl. Math., 71(8):1648-1714, 2018.

Y. Chen and Y. Chi. Harnessing structures in big data via guaranteed low-rank matrix estima-
tion: Recent theory and fast algorithms via convex and nonconvex optimization. IEEFE Signal
Processing Magazine, 35(4):14-31, July 2018.

Y. Chen, C. Cheng, and J. Fan. Asymmetry helps: Eigenvalue and eigenvector analyses of
asymmetrically perturbed low-rank matrices. arXiv preprint arXiv:1811.12804, 2018.

Y. Chen, Y. Chi, J. Fan, and C. Ma. Gradient descent with random initialization: Fast global
convergence for nonconvex phase retrieval. Mathematical Programming, 176(1-2):5-37, July
2019.

J. F. Cai, E. J. Candés, and Z. Shen. A singular value thresholding algorithm for matrix
completion. STAM Journal on Optimization, 20(4):1956-1982, 2010.

Y. Chen, J. Fan, C. Ma, and K. Wang. Spectral method and regularized MLE are both optimal
for top-K ranking. Annals of Statistics, 47(4):2204-2235, August 2019.

Y. Chen, J. Fan, C. Ma, and Y. Yan. Inference and uncertainty quantification for noisy matrix
completion. arXiw preprint arXiw:1906.04159, 2019.

Y. Chen. Incoherence-optimal matrix completion. IEEE Transactions on Information Theory,
61(5):2909-2923, 2015.

Y. Chen, A. Jalali, S. Sanghavi, and C. Caramanis. Low-rank matrix recovery from errors and
erasures. IEEE Transactions on Information Theory, 59(7):4324-4337, 2013.

J. Chen and X. Li. Memory-efficient kernel PCA via partial matrix sampling and nonconvex
optimization: a model-free analysis of local minima. arXiv:1711.01742, 2017.

15



[CLC18]

[CLL19]

[CLMW11]

[CLS15]

[CP10]

[CRO9]

[CSPW11]

[CT10]

[CW15]

[CWW19]

[CX16]

[CZ16]

[DC18]

[DR16]

[Efr07]

[Efr10]

[EK15]

[Faz02]

[FHBO3]|

[FHBO4|

Y. Chi, Y. M. Lu, and Y. Chen. Nonconvex optimization meets low-rank matrix factorization:
An overview. arXiv preprint arXiv:1809.09573, 2018.

J. Chen, D. Liu, and X. Li. Nonconvex rectangular matrix completion via gradient descent
without ¢5 o regularization. arXiv:1901.06116v1, 2019.

E. Candés, X. Li, Y. Ma, and J. Wright. Robust principal component analysis? Journal of
ACM, 58(3):11:1-11:37, Jun 2011.

E. Candés, X. Li, and M. Soltanolkotabi. Phase retrieval via Wirtinger flow: Theory and
algorithms. IEEE Transactions on Information Theory, 61(4):1985-2007, April 2015.

E. Candés and Y. Plan. Matrix completion with noise. Proceedings of the IEEE, 98(6):925 936,
June 2010.

E. Candés and B. Recht. Exact matrix completion via convex optimization. Foundations of
Computational Mathematics, 9(6):717-772, April 2009.

V. Chandrasekaran, S. Sanghavi, P. A. Parrilo, and A. S. Willsky. Rank-sparsity incoherence
for matrix decomposition. SIAM Journal on Optimization, 21(2):572-596, 2011.

E. Candés and T. Tao. The power of convex relaxation: Near-optimal matrix completion. IEEE
Transactions on Information Theory, 56(5):2053 2080, May 2010.

Y. Chen and M. J. Wainwright. Fast low-rank estimation by projected gradient descent: General
statistical and algorithmic guarantees. arXiv preprint arXiv:1509.03025, 2015.

J.-F. Cai, T. Wang, and K. Wei. Fast and provable algorithms for spectrally sparse signal
reconstruction via low-rank hankel matrix completion. Applied and Computational Harmonic
Analysis, 46(1):94-121, 2019.

Y. Cao and Y. Xie. Poisson matrix recovery and completion. IEEE Transactions on Signal
Processing, 64(6):1609-1620, 2016.

T. T. Cai and W.-X. Zhou. Matrix completion via max-norm constrained optimization. Elec-
tronic Journal of Statistics, 10(1):1493-1525, 2016.

L. Ding and Y. Chen. The leave-one-out approach for matrix completion: Primal and dual
analysis. arXiv preprint arXiv:1803.07554, 2018.

M. A. Davenport and J. Romberg. An overview of low-rank matrix recovery from incomplete
observations. IEEE Journal of Selected Topics in Signal Processing, 10(4):608-622, 2016.

B. Efron. Correlation and large-scale simultaneous significance testing. Journal of the American
Statistical Association, 102(477):93-103, 2007.

B. Efron. Correlated z-values and the accuracy of large-scale statistical estimates. Journal of
the American Statistical Association, 105(491):1042-1055, 2010.

N. El Karoui. On the impact of predictor geometry on the performance on high-dimensional
ridge-regularized generalized robust regression estimators. Probability Theory and Related Fields,
pages 1-81, 2015.

M. Fazel. Matriz rank minimization with applications. PhD thesis, 2002.

M. Fazel, H. Hindi, and S. P. Boyd. Log-det heuristic for matrix rank minimization with
applications to Hankel and Euclidean distance matrices. American Control Conference, 2003.

M. Fazel, H. Hindi, and S. Boyd. Rank minimization and applications in system theory. In
American Control Conference, volume 4, pages 3273-3278, 2004.

16



[FHG12]

[FKSZ19]

[FKW18|

[FLM13]

[FRW11]

[FWZ19]

[FXY17]

[GAGG13|

[GJZ17]

[GLM16]

[Groll]

[Har14]

[JKN16]|

[IMD10]

[INS13|

[Jol82]

[Klo14]

[KLT11]

[KMO10a]

[KMO10b|

J. Fan, X. Han, and W. Gu. Estimating false discovery proportion under arbitrary covariance
dependence. Journal of the American Statistical Association, 107(499):1019-1035, 2012.

J. Fan, Y. Ke, Q. Sun, and W.-X. Zhou. Farmtest: Factor-adjusted robust multiple testing with
approximate false discovery control. Journal of American Statistical Association, 2019+.

J. Fan, Y. Ke, and K. Wang. Factor-adjusted regularized model selection. arXiv preprint
arXiv:1612.08490, 2018.

J. Fan, Y. Liao, and M. Mincheva. Large covariance estimation by thresholding principal orthog-
onal complements. Journal of the Royal Statistical Society: Series B (Statistical Methodology),
75(4):603-680, 2013.

M. Fornasier, H. Rauhut, and R. Ward. Low-rank matrix recovery via iteratively reweighted
least squares minimization. SIAM Journal on Optimization, 21(4):1614-1640, 2011.

J. Fan, W. Wang, and Y. Zhong. Robust covariance estimation for approximate factor models.
Journal of econometrics, 208(1):5-22, 2019.

J. Fan, L. Xue, and J. Yao. Sufficient forecasting using factor models. Journal of econometrics,
201(2):292-306, 2017.

S. Gunasekar, A. Acharya, N. Gaur, and J. Ghosh. Noisy matrix completion using alternating
minimization. In Joint Furopean Conference on Machine Learning and Knowledge Discovery in
Databases, pages 194-209, 2013.

R. Ge, C. Jin, and Y. Zheng. No spurious local minima in nonconvex low rank problems: A
unified geometric analysis. arXiv preprint arXiv:1704.00708, 2017.

R. Ge, J. D. Lee, and T. Ma. Matrix completion has no spurious local minimum. In Advances
in Neural Information Processing Systems, pages 29732981, 2016.

D. Gross. Recovering low-rank matrices from few coefficients in any basis. IEEE Transactions
on Information Theory, 57(3):1548-1566, March 2011.

M. Hardt. Understanding alternating minimization for matrix completion. In Foundations of
Computer Science (FOCS), pages 651-660, 2014.

C. Jin, S. M. Kakade, and P. Netrapalli. Provable efficient online matrix completion via non-
convex stochastic gradient descent. In NIPS, pages 4520-4528, 2016.

P. Jain, R. Meka, and I. S. Dhillon. Guaranteed rank minimization via singular value projection.
In Advances in Neural Information Processing Systems, pages 937-945, 2010.

P. Jain, P. Netrapalli, and S. Sanghavi. Low-rank matrix completion using alternating mini-
mization. In ACM symposium on Theory of computing, pages 665—674, 2013.

I. T. Jolliffe. A note on the use of principal components in regression. Journal of the Royal
Statistical Society: Series C (Applied Statistics), 31(3):300-303, 1982.

O. Klopp. Noisy low-rank matrix completion with general sampling distribution. Bernoulli,
20(1):282-303, 2014.

V. Koltchinskii, K. Lounici, and A. B. Tsybakov. Nuclear-norm penalization and optimal rates
for noisy low-rank matrix completion. Ann. Statist., 39(5):2302-2329, 2011.

R. H. Keshavan, A. Montanari, and S. Oh. Matrix completion from a few entries. IFEE
Transactions on Information Theory, 56(6):2980 —2998, June 2010.

R. H. Keshavan, A. Montanari, and S. Oh. Matrix completion from noisy entries. J. Mach.
Learn. Res., 11:2057-2078, 2010.

17



[KS11]

[Lan93]
[LMCC18]

[LS15]
[LS17]
[LT18]

[LVOY]

[LXY13]
[MGC11]
[MHT10]

[MWCC17]

[Nes12]
[NW12]

[PB14]
[PBHTOS]

[PKCS17

[Recl]]

[RFP10]

[RSO05]

[RT*11]

A. Kneip and P. Sarda. Factor models and variable selection in high-dimensional regression
analysis. The Annals of Statistics, 39(5):2410-2447, 2011.

S. Lang. Real and functional analysis. Springer-Verlag, New York,, 10:11-13, 1993.

Y. Li, C. Ma, Y. Chen, and Y. Chi. Nonconvex matrix factorization from rank-one measure-
ments. arXiv:1802.06286, accepted to AISTATS, 2018.

S. Ling and T. Strohmer. Self-calibration and biconvex compressive sensing. Inverse Problems,
31(11):115002, 2015.

S. Ling and T. Strohmer. Blind deconvolution meets blind demixing: Algorithms and perfor-
mance bounds. IEEE Transactions on Information Theory, 63(7):4497-4520, 2017.

Q. Li and G. Tang. Approximate support recovery of atomic line spectral estimation: A tale of
resolution and precision. Applied and Computational Harmonic Analysis, 2018.

Z. Liu and L. Vandenberghe. Interior-point method for nuclear norm approximation with appli-
cation to system identification. SIAM Journal on Matriz Analysis and Applications, 31(3):1235—
1256, 2009.

M.-J. Lai, Y. Xu, and W. Yin. Improved iteratively reweighted least squares for unconstrained
smoothed ¢, minimization. SIAM Journal on Numerical Analysis, 51(2):927-957, 2013.

S. Ma, D. Goldfarb, and L. Chen. Fixed point and bregman iterative methods for matrix rank
minimization. Mathematical Programming, 128(1-2):321-353, 2011.

R. Mazumder, T. Hastie, and R. Tibshirani. Spectral regularization algorithms for learning
large incomplete matrices. Journal of machine learning research, 11(Aug):2287-2322, 2010.

C. Ma, K. Wang, Y. Chi, and Y. Chen. Implicit regularization in nonconvex statistical esti-
mation: Gradient descent converges linearly for phase retrieval, matrix completion and blind
deconvolution. arXiv preprint arXiv:1711.10467, accepted to Foundations of Computational
Mathematics, 2017.

Y. Nesterov. How to make the gradients small. Optima, 88:10-11, 2012.

S. Negahban and M. Wainwright. Restricted strong convexity and weighted matrix completion:
Optimal bounds with noise. Journal of Machine Learning Research, pages 1665-1697, May 2012.

N. Parikh and S. Boyd. Proximal algorithms. Foundations and Trends®) in Optimization,
1(3):127-239, 2014.

D. Paul, E. Bair, T. Hastie, and R. Tibshirani. "preconditioning" for feature selection and
regression in high-dimensional problems. The Annals of Statistics, 36(4):1595-1618, 2008.

D. Park, A. Kyrillidis, C. Carmanis, and S. Sanghavi. Non-square matrix sensing without
spurious local minima via the burer-monteiro approach. In Artificial Intelligence and Statistics,

pages 6574, 2017.

B. Recht. A simpler approach to matrix completion. Journal of Machine Learning Research,
12(Dec):3413-3430, 2011.

B. Recht, M. Fazel, and P. A. Parrilo. Guaranteed minimum-rank solutions of linear matrix
equations via nuclear norm minimization. SIAM Review, 52(3):471-501, 2010.

J. D. Rennie and N. Srebro. Fast maximum margin matrix factorization for collaborative pre-
diction. In International conference on Machine learning, pages 713-719. ACM, 2005.

A. Rohde, A. B. Tsybakov, et al. Estimation of high-dimensional low-rank matrices. The Annals
of Statistics, 39(2):887-930, 2011.

18



[SCC17]

[SL16]

[SS05

[SSS11]

[SXZ19]

[SY07]

[TBST16]

[Trol5]

[TY10]

[Van13]

[Ver12]

[WCCL16|

[WYZ12]

[WZG16]

[YPCC16]

[ZB1§]

[ZL16]

[ZLW*10]

[ZPL15)

P. Sur, Y. Chen, and E. J. Candés. The likelihood ratio test in high-dimensional logistic regres-
sion is asymptotically a rescaled chi-square. arXiv:1706.01191, accepted to Probability Theory
and Related Fields, 2017.

R. Sun and Z.-Q. Luo. Guaranteed matrix completion via non-convex factorization. IFEFE
Transactions on Information Theory, 62(11):6535-6579, 2016.

N. Srebro and A. Shraibman. Rank, trace-norm and max-norm. In International Conference on
Computational Learning Theory, pages 545-560. Springer, 2005.

O. Shamir and S. Shalev-Shwartz. Collaborative filtering with the trace norm: Learning, bound-
ing, and transducing. In Conference on Learning Theory, pages 661-678, 2011.

A. Shapiro, Y. Xie, and R. Zhang. Matrix completion with deterministic pattern: A geometric
perspective. IEEE Transactions on Signal Processing, 67(4):1088-1103, 2019.

A. M.-C. So and Y. Ye. Theory of semidefinite programming for sensor network localization.
Mathematical Programming, 109(2-3):367-384, 2007.

S. Tu, R. Boczar, M. Simchowitz, M. Soltanolkotabi, and B. Recht. Low-rank solutions of linear
matrix equations via procrustes flow. In International Conference on Machine Learning, pages
964-973, 2016.

J. A. Tropp. An introduction to matrix concentration inequalities. Found. Trends Mach. Learn.,
8(1-2):1-230, May 2015.

K.-C. Toh and S. Yun. An accelerated proximal gradient algorithm for nuclear norm regularized
linear least squares problems. Pacific Journal of optimization, 6(615-640):15, 2010.

B. Vandereycken. Low-rank matrix completion by riemannian optimization. SIAM Journal on
Optimization, 23(2):1214-1236, 2013.

R. Vershynin. Introduction to the non-asymptotic analysis of random matrices. Compressed
Sensing, Theory and Applications, pages 210 — 268, 2012.

K. Wei, J.-F. Cai, T. Chan, and S. Leung. Guarantees of riemannian optimization for low rank
matrix recovery. SIAM Journal on Matriz Analysis and Applications, 37(3):1198-1222, 2016.

Z. Wen, W. Yin, and Y. Zhang. Solving a low-rank factorization model for matrix completion
by a nonlinear successive over-relaxation algorithm. Mathematical Programming Computation,

4(4):333-361, 2012.

L. Wang, X. Zhang, and Q. Gu. A unified computational and statistical framework for nonconvex
low-rank matrix estimation. arXiv preprint arXiv:1610.05275, 2016.

X. Yi, D. Park, Y. Chen, and C. Caramanis. Fast algorithms for robust PCA via gradient
descent. In NIPS, pages 4152-4160, 2016.

Y. Zhong and N. Boumal. Near-optimal bound for phase synchronization. SIAM Journal on
Optimization, 2018.

Q. Zheng and J. Lafferty. Convergence analysis for rectangular matrix completion using Burer-
Monteiro factorization and gradient descent. arXiw:1605.07051, 2016.

Z. Zhou, X. Li, J. Wright, E. Candés, and Y. Ma. Stable principal component pursuit. In
International Symposium on Information Theory, pages 1518-1522, 2010.

T. Zhang, J. M. Pauly, and 1. R. Levesque. Accelerating parameter mapping with a locally low
rank constraint. Magnetic resonance in medicine, 73(2):655-661, 2015.

19



[ZWL15| T. Zhao, Z. Wang, and H. Liu. A nonconvex optimization framework for low rank matrix
estimation. In NIPS, pages 559-567, 2015.

[ZZLC17] H. Zhang, Y. Zhou, Y. Liang, and Y. Chi. A nonconvex approach for phase retrieval: Re-
shaped wirtinger flow and incremental algorithms. The Journal of Machine Learning Research,
18(1):5164-5198, 2017.

20



A Preliminaries

In this section, we gather a few notations and preliminary facts that are used throughout the proofs.
To begin with, in view of the incoherence assumption (cf. Definition 1), one has

1X* g0 < Vpr/nl|X*| and V¥, < Vpr/n Y. (32)
This follows from
1X* Nl 00 = 1T (392 [y o0 ST oo [| (B2 ]| < Viur/m | X

The bound for Y* follows from the same argument.
Finally, for notational convenience, we shall often denote

P&bas (B) £ Py (B) —pB,  for all B € R™". (33)

B Exact duality analysis

We show in this section that why the first-order optimality condition is almost sufficient in guaranteeing the
uniqueness of the optimizer. The argument is standard, see e.g. [CRO09].

Lemma 6. Let Z =UXV " be the SVD of Z € R™*™. Denote by T be the tangent space of Z and by T+
its orthogonal complement. Suppose that there exists W € T+ such that

%PQ (M-2)=UV'+W. (34)
Then Z is the unique minimizer of (3) if
1. W] < 1;
2. The operator Pq(-) restricted to elements in T is injective, i.e. Po (H) = 0 implies H =0 for any H € T.
Proof of Lemma 6. To begin with, the assumption of this lemma implies that
Uv' + W cd|Zz|.,
where 9| Z||. denotes the subdifferential of || - ||« at Z. This combined with (34) reveals that
TPo(M - 2)€0|2], . (33)
thus indicating that Z is a minimizer of the convex program (3).
Next, we justify the uniqueness of Z. Before continuing, we record a fact regarding the minimizers of (3).

Claim 1. Suppose that Zy and Zy are both minimizers of (3). Then one has Pq (Z1) = Pq (Z>).

With this claim at hand, every minimizer of (3) can be written as Z+ H for some H obeying Pq(H) = 0.
It then suffices to prove that for any H # 0, one has g (Z + H) > g (Z), where g(-) is the objective function
in (3). To this end, we note that

9(Z+H)=3§|Pa(Z+H-M)|p+A|Z+H,

3P (Z —M)Ilp + X1 Z + H., (36)

where the last relation follows from Claim 1 (i.e. Po(H) = 0). Let S be a subgradient of || - || at point Z
obeying
Pr(S)=UV', |[[Pro(S)|<1 and (Pr.(S),Pre(H)) = |Prs (H)].,. (37)

Using the convexity of || - ||, one can further lower bound (36) by

9(Z+H) = §|Pa(Z - Mg + A (IZ]., + (S, H))
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9(Z)+ (S, H)
g(Z)+ XUV + W, H)+\(S-UV' - W, H)

L g(Z)+ \(S—UVT - W, H)
2 9(Z) + A (Pp. (S) — W, H).

| 1=

—~
=

Here, (i) follows from our assumption that UV T + W is supported on 2 (cf. (34)) and the fact that
Po(H) = 0, and (ii) holds since Pr(S) = UV T (cf. (37)). We can now expand the above expression as

9(Z+H) > g(Z) + X(Pr+ (S),Pr+ (H)) = X(W, P (H))

> 9(Z) + (1= W) |[Pr+ (H)| (38)

* )

where the last inequality holds by using the last property of (37) and invoking the elementary inequality
(W, Pr. (H)) < [W||[[Pr (H), -

Given that W is assumed to obey |W|| < 1, one has g(Z + H) > g(Z) unless Pr. (H) = 0. However, if
Pri(H) =0 (and hence H € T), then the injectivity assumption together with the fact that Po(H) =0
forces H = 0. Consequently, any minimizer Z + H with H # 0 must satisfy ¢ (Z + H) > g(Z), which
results in contradiction. This concludes the proof. O

Proof of Claim 1. Consider any minimizers Z; # Zs, and suppose instead that Pq (Z; — Z2) # 0. For any
0 < a <1, define
Za & O(Zl + (1 - a) ZQ.

Since || - ||« is convex, we have
0(Ze) = 3 |Pa(aZs + (1 - a) Zy — M)|2+ X [aZs + (1 - ) Za].
<5 Pa(aZi + (1) Zy = M)|p + oM | Z1], + (1 - a) M| Ze]. - (39)
Furthermore, by the strong convexity of || - |4 we have

9(Za) < 5(a|Pa(Z = M)z + (1 = @) [|Pa (Zo = M)z ) + X[ Zi, + (1 - a) || Ze],
=ag(Z1)+ (1 -a)g(Z) = g(Z).

This contradicts the fact that Z; is a minimizer of (3), thus completing the proof. O

C Connections between convex and nonconvex solutions

C.1 Proof of Lemma 1

First of all, since (X,Y") is a stationary point of (5), we have the first-order optimality conditions

Po (M —-XY )Y = \X; (40a)
[Po (M —-XYT)]" X =)Y. (40b)

As an immediate consequence, one has
X' X=XA"'X"Po(M-XY")Y=Y'"Y. (41)

In words, any stationary point (X,Y") has “balanced” scale.
Let UXV' T be the singular value decomposition of XY T with U,V € R™*" orthonormal and ¥ € R"*"
diagonal. In view of the balanced scale of (X,Y") (namely, (41)) and Lemma 20, we can write

X =UxY?R and Y =VX'?’R (42)
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for some orthonormal matrix R € R"*". Substitution into (40) results in
Po (M - XY ")V = \U; (43a)
[Po (M- XYT)] U=V, (43b)

implying that the columns of U (resp. V') are the left (resp. right) singular vectors of the matrix Pq(M —
XY ). We can therefore write

%PQ (M-XY")=UV'+W, (44)

where W € T; recall that 7T is the tangent space of XY T and also UV ". In view of Lemma 6, it suffices
to show that ||[W|| < 1, which is the content of the rest of the proof.
One can rewrite Po(M — XY T) as

Po(M—-XY")=p(M*-XY")+Pg" (M* - XY")+Pq(E).
Substitute this identity into (43) and rearrange terms to obtain
[pM* + PEPs (M* — XY ') +Po (E)|V =U (pE + \I,);
[pM* + Pabas (M* — XY ) + Py (E)] U=V (pS +AL).
These tell us that the columns of U (resp. V') are the left (resp. right) singular vectors of the matrix
pM* + PEP2 (M* — XY ") + Pq (E),
which is equivalent to saying that®
pM* + PEP® (M* — XY ') +Pq (E) =U (pZ + A\,) V' + AWs, (45)
for some W5 € T+. One can then derive from (44) that
IWIE X |[Pre [Po (M - XY T)]|
=1 || Pre [pM* = pXY T + PE (M* — XY T) + Pq (E)]||
WLy [pM* + P (M — XYT) + Po (B)] |
W L)pp [UGS+AL) VT + W] |

where (i), (ii) and (iv) arise from the facts that UV'T € T, XY " € T and U (pZ+AIL,)V' T € T, respectively,
and (iii) relies on the identity (45).

It then suffices to control |[W5||. To this end, apply Weyl’s inequality to (45) to obtain that: for
r+4 1 <i < n, the ith largest singular value of U (pX + A\I,)V T + AW, obeys

o; (U (pS+ M) VT +AW2) < po; (M*) + ||PEP* (M* = XY ') + Po (BE)||
< [[PEPE (M = XY ) || + |Pa (B)|
<A,
where the second inequality comes from the fact that M™* has rank r (so that o;(M*) = 0 for r + 1 <
1 < n) as well as the triangle inequality, and the last inequality follows from the assumptions of the lemma.

Furthermore, it is seen that U (pX + AI,.)V' T has rank r and all of its singular values are at least A. These
facts taken collectively demonstrate that

W] = |[Wa| = + max o; (U (pE + ML) VT +AW>) < 1.

r<i<n

This together with Lemma 6 completes the proof.

5Here, the pre-factor \ is chosen to simplify the analysis later on.
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C.2 Proof of Lemma 2

We begin by collecting a few simple properties resulting from our assumptions. By definition, the gradient
of f(-,+) in (15) is given by

Vf(X,Y): -

1 PQ(XYT—M)Y—F)\X}
pl [Po(XYT—M)] X +)Y |’

which together with the small-gradient assumption |V f(X,Y)||r < cAy/Cinj POmin/K%/p implies that

[Po (XY —=M)Y + AX ||, <p|VF(X,Y)|lp < cA\/Cinj DOwmin /K% (46a)
[(Pa(XYT = M) X +2Y |, <p |V (X, Y)|lp < cAy/Cing POmin /K2, (46b)

Throughout the proof, we let the SVD of XY T be XY " = UXV T, and denote by T the tangent space of
XY T and by T+ its orthogonal complement. Additionally, our assumption regarding the singular values of
X and Y implies that

Omin/2 < Omin (2) < Omax (X) < 20max- (47)
This can be easily seen from the following two inequalities
Omax (X) = HXYTH < XY < 20max;
Tmin () = Omin (XY ) 2> 0wmin (X) Omin (V) > 0min/2-
Before proceeding, we record a claim that will prove useful in the subsequent analysis.
Claim 2. Under the notations and assumptions of Lemma 2, one has
Po (XY —M)=-\UV' +R, (48)
where R is some residual matrix satisfying

p

min

[Pr(R)|lp <725

IVA(X,Y)|p and  [[Pro(R)[| < A/2. (49)
With Claim 2 in place, we are ready to prove Lemma 2. Let Z. be any minimizer of (3) and denote

A2 Z., — XY'". The proof can be divided into the following steps.

e First, show that the difference A primarily lies in the tangent space of XY ; see (56).

e Next, utilize this property to connect ||PQ(A)||§\ with the size of the gradient Vf(X,Y); see (58).

e In the end, obtain a lower bound on [[Pq(A)|2 in terms of || Al|p using the injectivity property; see (59).

The desired upper bound on ||A||r advertised in the lemma then follows by combining these results. In what
follows, we shall carry out these steps one by one.

1. The optimality of Zex = XY T + A reveals that

5o (XY T+ A= M)+ AIXYT A, < §|[Pa (XYT - M)||p + A XY T

A little algebra allows us to rearrange terms as follows

3 Pa(A)llp < = (Po (XY = M), A) +A|XYT[|, - A[XYT + A (50)
In addition, it follows from the convexity of || - ||, that
XY +A|, > || XYT|, +{UVT+W,A) (51)
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for any W € T+ obeying |W|| < 1, where UV T + W serves as a subgradient of || - || at XY . In what
follows, we shall pick W such that (W, A) = ||Pr1(A)|l«. Combining this with (50) and (51), we reach

1P (A2 < = (P (XY T — M), A) =AUV, A) = \(W,A)

52
=—(Po (XY —M),A) = XUV, A= X|[Prs (A)], - 52)
This together with the decomposition (48) leads to
0= 3[Po (Al < — (R, A) = A|[Pre (A,
= —(Pr(R),A) = (Pro(R), A) = A[[Pr (A, (53)
and therefore
(Pr(R), A) + (Pr.(R), A) + A[Pre (A, <0. (54)
In addition, elementary inequalities give
—Pr(B)lg [Pr(A)llg = [IPr (R [Pre (A, + A[Pr (A,
< (Pr(R),A) + (Pr+(R), A) + A|[Pr (A)], <0.
From the condition (49) we have ||Py. (R)|| < A/2, and hence the above inequality gives
1P (Rl 1P (A) g = = [1Pre (R)|[[Pro (A)ll, + X [Pre (A, = 3 [[Pro(A)], (55)

which together with the condition (49) on ||Pr(R)||r and the small gradient assumption (21) yields
p

min

IPro (A, < 144r+ IVF (XY ) e [1Pr(A)]p < 144ey/Cnp [|Pr(A) g - (56)

This essentially means that A lies primarily in the tangent space of XY T for ¢ sufficiently small. As an
immediate consequence,

[Pr(A)lle < [Pro (A, < 144ey/Cnp [[Pr(A)llp < [Pr(A)lle (57)

as long as c is sufficiently small. Note that we also use the elementary fact that ¢;,; < 1/p (otherwise we
will have the contradictory inequality p~!||Po(H)||z > cinil H||E > p~ | H||3).

. Continue the upper bound in (53) to obtain

3 I1Pa(A)Ip < = (Pr(R), A) — (Pre(R), A) = M|Prs (A)],
< 1Pr(R)llp 1P (&) g = 5 [Pr(A)], -

Here, the last line uses the fact that — (Pri(R), A) < ||[Pro(R)|| - [|[Pre(A)|« < 3 |Pri(A)],, which
follows from (49). Therefore, using the condition (49) we reach

1 p

3 IPa (Bl < [Pr(R)llg [IPr(A)llp < 72— |V} (XY )| | Ally (58)

. We are left with lower bounding ||Po(A)|. Using the decomposition A = Pr(A) + Pri(A), we obtain

L(Pa(A)y = & [PaPr(A) + PaPra(A)]lp = L [PaPr(A) |y — L [|PaPrs (A)]p
> /i [Pr(A)ls — %= 1Pre Q)]

where the last inequality follows from the injectivity assumption (20). In addition, (56) implies

1Pro(A)llp < 5 1Pro (A)ll, < J514dey/Enip [|Pr(A)]p < /g

% Pr(A)lg
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as long as c is sufficiently small. As a result,

L [Pa(A) | = Y52 [Pr(A)]g

In addition, by (57) we have
[Allp < Pr(A)lg + [Pre(A)lp < 2([Pr(A)]g,

and therefore

L P > Y2 [Pr(A)]p > L Al (59)
Taking (58) and (59) collectively yields

Cinj
32

2 2
[Allp < 55 IPa(A)F < 726 7=

VXY llAllg,

thus indicating that

K 1
Alln < XY .
1Al £ = 95 (XY e

C.2.1 Proof of Claim 2

Before proceeding to the proof of Claim 2, we state a useful fact; the proof is deferred to Appendix C.2.2.
Claim 3. Instate the notations and assumptions in Lemma 2. Let USV'T be the SVD of XY T. There
exists an invertible matriz Q € R™" such that X = UXY2Q, Y = VEY2Q~T and

e - 25!, < sﬁA\/{% IV (X, Y)llp < 8¢y/cinip/r, (60)

where UQEQVQ—r is the SVD of Q.
In light of the assumptions (46), one has
Po(XYT—M)Y =-AX+B;, and [Po(XY —M)] X =-\Y +B; (61)
for some By € R™*" and By € R™*", where max {||B1|p, || Bzllp} < pIVf(X,Y)| . Recall that
Po (XY —M)=-AUV'™ +R. (62)
In the sequel, we shall prove the upper bounds on both |Pr(R)||r and |Py. (R)|| separately.
1. From the definition of Pr(-) (see (13)), we have

|Pr(R)||lp = [UUTRI-VVT)+ RVVT|_
<|UTRI-VVT)|;+ RV
<|UTR|; + RV (63)

In addition, invoke Claim 3 to obtain
X=Ux"?Q and Y=VE2Q T (64)
for some invertible matrix @ € R™*", whose SVD UQEQVC;r obeys (60). Combine (61) and (62) to see
~ANUV'Y + RY = )X + By,
which together with (64) yields

RV = \USY?(I, -QQ") =72 + B,Q"x7 V2.
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Apply the triangle inequality to get

IRV [p < [AUS'? (I, - QQT) S 2|p + | B1Q S|y
< A=V I=2eQT — Ll + Il =2 I1B1 g - (65)

In order to further upper bound (65), we first recognize that (47) implies
HEl/QH < V20 max, and HE_l/QH =1/v/0min (T) < V2/0min.

Second, Claim 3 yields

1£q - B¢ [l < 8Vis—— IVF (X, Y) [ < 8eyfeimp/n < 1,

with the proviso that c is sufficiently small. Here we have used the facts that ¢;,; < 1/p and that x > 1.

This in turn implies that ||@Q| = HEQH < 2. Putting the above bounds together yields

2 2
IRV e < 03y = 8% = Ll + 2/ =2 p 197 (X, Y
[ 2 _ [ 2
§>\\/ 2U—max ?”EQH ||2Q_EQ1HF+2 in”vf (XvY)“F

2 p 2
<
< B[V L 9 (XYl + 2y S p 19 (X Y
p
< 36/&\/07 IVF(X,Y)p-

min

Similarly we can show that HUTRHF < 36kp||VF(X,Y)||F/+/Omin- These bounds together with (63)

result in
p

Vv Omin

. We now move on to bounding ||Py. (R)||. In view of the definition of Pde5(.) in (33), we can rearrange
(61) to derive

IPr(R)|lp < 72k

IV (XY ) - (66)

[pPM* + Po(E) — P& (XY T - M*)]Y =pXY 'Y + AX — By,
[PM* + Po(E) — PE (XY T — M*)]' X =pY XX + Y — B,.
In view of the representation X = UX'/2Q and Y = VE/2Q T, the above identities are equivalent to
[PM* + Po(E) — PE™ (XY T — M*) |V =pUS + \US'?QQTS /2 - BIQTx"1/?
[PM* + Po(E) — P& (XY - M*)] U = pVE+\VE2Q Q'S V? - B,Q 'S~/
Letting
pM* + Po(E) — P& (XY — M*) =pUSV ' + \UE?QQ'S"?*V' + R (67)
for some residual matrix R € R™*", we have
[Prs (R)|| 2 |[Pr- [Pa (XY = M~ E)] |

D |[Prs [p(XYT = M) + P& (XY T — M*) — P (E)]|
(iii)

’PTJ- [pM* + PQ(E) _ ngd)ebias (XYT _ M*)] H

(iv

= |[Pre (R))| (68)
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where (i) follows from the definition of R and the fact that UV T € T, (ii) uses the definition of P3ebi2s(.),
(iii) relies on the fact that XY " € T, and (iv) applies (67) and the facts that ULV € T and that
UX'2QQT"x"Y2VT e T. Therefore, it suffices to bound ||Pr.(R)|. Rewrite (67) as

pM* + Po(E) — P& (XY T — M*) — Pr(R) =U(GE + A\=2QQ"S V) VT +Ppi(R).  (69)

Suppose for the moment that }
[Pr(R)[| < /4. (70)

This together with the assumptions that |[P&? (XY T — M*) || < A/8 and | Po(E)|| < A/8 reveals that
|Pa(E) — P& (XY T — M*) — Pr(R)|| < /2. (71)

By Weyl’s inequality and the relations (69) and (71), one has
o, [U(pE +AB2QQTE VT 4 P (R)} < 0y (pM*) + ||Po(E) — P& (XY T — M*) — Pr(R)||
<poy (M*)+X/2=)X/2 (72)

for any r +1 < i < n, where 0;(A) denotes the ith largest singular value of a matrix A. Here, we have
used the fact that M* has rank r and hence o;(M*) = 0 for any 4 > r. In addition, it is seen that

H21/2QQT271/2 _ ITH _ ||21/2(QQT _ Iv')271/2||
<[=2(l=" ] leQT - Ly

Note that in (65), we have obtained

=212 QQT — Il < 2v20max\/2/0wmin8cy/ cinip/k < 1/10

as long as c is sufficiently small, and hence ||§]1/2QQT§]*1/2 — ITH < 1/10. Therefore, for any 1 <i <r
we know that

o |:U(pE+A21/2QQT271/2)VT:| >0, |:U(p2+/\Ir +>\(21/2QQT2*1/2 *Ir))VT:|
>0, (pE + AI) — A|=2QQ S — .||

> A — >\||21/2QQT271/2 o ITH
> A= A/10> A/2,

where the second inequality results from Weyl’s inequality. This combined with (68) and (72) yields
1Pro(R)| = [|Pre (R)|| < A/2;

this happens because at least n — r singular values of U (pE + )\El/ZQQTE_l/Q) VT 4P (135) are no
larger than \/2 and they cannot correspond to directions simultaneously in the column space spanned by
U and the row space spanned by V' I.

The proof is then complete by verifying (70). To this end, observe that
RV _ _BlQTE—l/Q, RTU _ AVEl/QQ_TQ_lﬁ_l/Q _ )\VE_l/QQQTzl/Q _ B2Q—12—1/2.
Then following similar technique used to bound ||Pr(R)||, we have
[PeB)] < [Pr(B)], < U7 Rl + | RV, S cyemph < A4 @)

as long as ¢ is small enough.
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C.2.2 Proof of Claim 3

Let
Po(XYT -M)Y+AX =B, and [Po(XYT —M)]' X +)Y =B, (74)

for some By, By € R"*". Clearly, it is seen from the assumption (46) that

max{|[Bi[[, [ Bz[¢} < pl|[V(X,Y )]l (75)
In addition, the identities (74) allow us to obtain

T oo T

HIXT(B1=Po (XY —M)Y)— (B — [Po (XY -M)] X) Y|,
=5 [X B - By Y|y
31X By + 5 [1Ballg Yl
2§\/20maXva (X,Y)HF (76)

Here, the last line makes use of (75) and the assumption that | X||,[|Y|| < v/20max. In view of Lemma 20,
one can find an invertible @ such that X = UX'/2Q, Y = VEY2Q T and

IXTX - YTy,

<
<

1

e =gl < 5 XX ¥V
i 2 p
< 25V IV (X, V)

< 8y |V (X, Y5

A Omin

(ii) —
S 8c Cinjp//ﬁ

where 3¢ is a diagonal matrix consisting of all singular values of Q. Here, (i) follows from (47) as well as
the bound (76), and the last inequality (ii) uses the assumption (21). This completes the proof.

C.3 Proof of Lemma 4

Lemma 4 consists of two parts, which we restate into the following two lemmas, namely Lemmas 7-8.
First of all, Lemma 7 demonstrates that as long as (X,Y") is sufficiently close to (X*,Y™), the operator
Pa(+) restricted to the tangent space T of X Y 7 is injective. The proof is deferred to Appendix C.3.1.

Lemma 7. Suppose that the sample complexity obeys n?p > Curnlogn for some sufficiently large constant
C > 0. Then with probability exceeding 1 — O(n=10),

1 2 1 2
, [P (H)|z > 395 1H|, VHeT

holds simultaneously for all (X,Y) obeying

c
max { || X = X, o [V =Y, } <

X 7
X (1)

Here, ¢ > 0 is some sufficiently small constant, and T denotes the tangent space of XY T.

Remark 5. In the prior literature, the injectivity of Pq(-) has been mostly studied when restricted to a
fized tangent space independent of 2 (see [CR09,Grol1]). In comparison, this lemma demonstrates that the
injectivity property holds uniformly over a large set of tangent spaces. This allows one to handle tangent
spaces that are statistically dependent on €.

29



Remark 6. Note that the condition (77) on (X,Y) is weaker than (24) under the assumptions of Lemma
4. To see this, if (24) holds, then one necessarily has

1 A
1X = X, < Cone -2 /™87 max {1 o0 1Yl
) Omin p P Omin ’ ’
(2 o nlogn * *
S Coon=> o {1l [
(ii) I
< Cn” ,/" x|

(iii
X*
< EIx.

Here, (i) follows from the choice A < o,/np; (ii) relies on the incoherence assumption (32); and (iii) holds
o n 1 L _ *
p—— \/; < W A similar bound holds for |[Y — Y|, .

The next lemma shows that for all (X,Y) close to (X*,Y*), Po(XY T — M*) is uniformly close to its
expectation p(XY T — M*). The proof can be found in Appendix C.3.2.

Lemma 8. Suppose that n®p > r*u?r’*nlog®n and o+/n(logn)/p < owmin/k. With probability exceeding
1—0(n™19), one has
[Po (XY T = M*) —p(XYT — M*)|| < A/8

stmultaneously for any (X,Y) obeying (24), provided that A = Cxo/np for some constant C > 0.
C.3.1 Proof of Lemma 7
By definition, any H € T can be expressed as
H=XA" + BY' (78)

for some A, B € R™*". Given that this is an underdetermined linear system of equations, there might be
numerous (A, B)’s compatible with (78). We take a specific choice as follows

(A, B): —arg(mln) 05HAHF+05HBHF (79)
subject to H = XA +BY".
which satisfies a property that plays an important role in the subsequent analysis:
X'B=A"Y. (80)
To see this, consider the Lagrangian
L(A,B,A) = 05|A|%+05||B|%+ (A, XAT + BY T — H).
Taking the derivatives w.r.t. A and B and setting them to zero yield
A=-A"X and B=-AY

for some Lagrangian multiplier matrix A € R™"*™. The claim (80) then follows immediately.
The remaining proof consists of two steps.

e First, we would like to show that

IH |5 < 8owmax (lAlE + 1Bz )- (81)
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e Second, we prove that

1 1 2 min
5 IPa (EIE = o [[Po (X AT+ BY )|} > Zg (Al + BI}). (52

e =

Taking (81) and (82) together immediately yields the claimed bounds in the lemma. In what follows, we
shall establish these two bounds separately.

1. Regarding the upper bound (81), it follows from elementary inequalities that
2 2 2 2
1|l = [[XAT + BY [ < 2([| XA+ [|BY ;)
<2(IXI* |AllE + 1Y I 1B])
< 2max {|XI2, Y2} (1412 + BI2). (83)
It then suffices to control max{||X]||,||Y||}. In view of the assumption (77), one has
* * C
1€ = X" < X = X"l < Vil X = X7y o0 < —1X7I < 1X7], (84)
as long as ¢ < 1. This together with the triangle inequality reveals that
[ XN < I X7 )+ 12X — X7 < 2| X7]] < 2y/0max-
Similarly, one has ||[Y|| < 2,/0max. Substitution into (83) yields the desired upper bound (81).

2. We now move on to the lower bound (82). To this end, one first decomposes

1 2 1 2 1 2 1 2
ap 1P (XAT +BY N[l = o |[Pa (XAT + BY ) [ — 5 | XAT + BY T[|p + 5 | X AT+ BY ||

= =g

The basic idea is to demonstrate that (1) as is bounded from below, and (2) a; is sufficiently small
compared to as.

(a) We start by controlling as, towards which we can expand

1
o= 1 (Jx A}

b+ [BYTI) + T (XTBY T 4).

The property X "B = ATY (see (80)) implies that
2 1
Tt (X'BY 'A)=[|X"B||, >0 = > 2 ([xAT| +1BY ) -
Write Ax = X — X*and Ay =Y —Y*. We have
IXAT[p = (X +Ax) AT = | X*AT[|; + [AxAT [ +2(X* AT, AxAT)
2 *
> | XA -2 X AT [[ax AT,
> | xAT| - 21X Ax] Al

where the second line arises from the Cauchy-Schwarz inequality. Recalling from (84) that ||Ax| <
c|| X™*||/k, we arrive at

| XAT g > | X AT [~ 2eomin | All7 > | X*AT [ — o Al /100

provided that ¢ < 1/200. A similar bound holds for |BY T ||, thus leading to

1

T T .
(I A7 2+ BYT[2) ~ shomn

a2 (14l +1B12)
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(b) Next, we control ay. First, it is seen that

XAT+BY = (X*+Ax)AT+B(Y*+Ay)"
=X*A" +BY*" + AxA" + BAy,.

As a result, we can expand a; as

o = % |Po (X*AT + BY*T + AxAT + BA])|; - % |X*AT + BY'T + AxAT + BAY;

2 IPa (XA + BY*T) [ = 5 | X°AT < BYT g

=71

1 2 1 2 1 2 1 2
g5 [P (Ax AT = 3 [|axA s + o |[Pa (BAY)[|s = 5 [|BAY e

=72 =73

1
- (Pa(AxAT) Pa (BAy)) —(Ax AT, BAY)

=74

+ % (Po (X*AT +BY*"),Pq(AxA" + BAy)) — (X*AT + BY*" ,AxA" + BAy).

=75

i. Regarding 1, it follows from the bounds in [CR09, Section 4.2] that
1 N ST N2 1 N 2 ST12
il < o X AT+ BY TG < o (X AT+ [BY* ;).

as long as np > urlogn.
ii. Invoke Lemma 19 to show that

3’[’], 2 2 302 2 1 2
72| < -5 [AX|5 o 1AlF < 5y Omin Az < Too Omin Az,

3’[’L 2 2 302 2 1 2
lvs| < -5 Ay By < 5y Omin |Blr < 10p Omin IBlF

as long as n?p > nlogn and ¢ > 0 is sufficiently small. Here we have utilized the assumption that
max{[|Ax||2,00, [| Ay [l2,00} < | X*[|/(51/n).
iii. The term 4 can be controlled via Lemma 21:

[Ax [l 00 [Allp [[Ay

1
Il < Hp% (117) 117 T

n
S/ 1A% 1Al [AY Il 00 [ Blle

where the second line uses the bound |[p~™'Pq (117) 11T | < \/n/p guaranteed by [KMO10a, Lemma
3.2]. Continue the upper bound to get

» 2 (i) 2 (i) 1
4l S 1 Omax [ Al 1Blle < 5=0min (1417 + IBIG) < somin (1415 + 1BIF)
Here the first relation (i) arises from the assumption that np > 1. The second inequality (ii) applies
the elementary inequality ab < (a? + b?)/2 and the last one (iii) holds with the proviso that ¢ > 0 is
small enough.
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iv. The last term -5 can be further decomposed into the sum of four terms. For brevity, we take one out
as an example, namely the term

L0 (X A7) P (AxAT)) - (X°AT, BxAT).
Apply the triangle inequality to obtain

‘; (Po (X*AT),Po (AxAT)) —(X*AT, AxAT)

< |2 (Pa (X7 A7) Po (AxAT))| 4 [(X7AT, AxAT)|

+ 1 AT [|ax ATl

1 1
< —|IPo (X*AT —||Pq (Ax AT
< P (AT - P (AT,

In light of [CR09, Section 4.2] and [ZL16, Lemma 9], we have

1
o IPa (AT < 1
1
75 1Po (Ax AT < Vo | Axlly o 1Al
Taking the above three bounds collectively yields
% (Pa (X*AT),Po (AxAT)) —(X*AT,AxAT)
<5 X ATV | Axlly o 1A + | X AT [[Ax AT
<5V | Axly o0 [ XA + v | Axlly o X Al
= 6V [[Ax 5 o0 [ X711 A7

Using the assumption that [|Ax||2,0c < c[|X™[|/(k1/n), one has

% (Po(X*AT) ,Po(AxA")) —(X*AT AxAT)

¢ 2 1 2
S Vi e Al < 5o AN
for ¢ > 0 small enough. The same argument applies to the remaining three terms, resulting in

751 < s omin (1411 + I BIE ) -

- 50
v. Combining the previous bounds on 7; through 75, we arrive at

lon | < le\ + 2l + [yl + [yal + 5]

1
< = (IX AT+ [BYTI) + gom (141 + 1BI3)

(c¢) Taking the preceding bounds on «; and «ay collectively yields

1
— ||7>Q (XAT + BYT)||F > g — |ay|

. 1
> 2 (I ATE + [BY L) - pown (1412 + 1BI)

15 1

> 2 uin (A2 +1BI2) — 2o (1412 + BI2)
32 5
1

> comn (IAIF + IBI)

The proof is then complete.
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C.3.2 Proof of Lemma 8

To start with, we have
XY'-M"=(X-X Y ' +X*(Y-Y*")',

which together with the triangle inequality implies
||Pg2ebias (XYT o M*) H < Hpgebias [(X o X*) YT] || + ||szebias [X* (Y o Y*)T ] H
Apply [CL17, Lemma 4.5] to obtain

[PEP= [(X = X)) Y| < [|PEP™ (1L T)[[ 11X — X[l o0 Y 5,00
5 \/@HX - X*”Q,oo ||YH200 ’

where the second line is due to ||Pa&P=s(117)|| < \/np (cf. [KMO10a, Lemma 3.2]). Similarly,
i * *\ T * *
[PEP (X (Y = Y™) | S vap Y =Y g o0 1 X712 o0 -
In addition, the assumption (24) yields

Y g0 Y =Yg 0o + 1Y 7200

o [nlogn A
< C’oo/"i < ; + . ) ||Y*||2,oo + ||Y*||2,oo
Umln p pUmln

<2|Y*

||2,oo’

as long as == ,/"10# < 1/k (recall that A = Cho/np for some constant C > 0). As a consequence, one

ebias o nlogn A
i e a5 v (2 M A e
o nlogn A UTOmax
< \/TTPKJ o . + DO n 3 (85)

where the last inequality follows from the upper bound max{||X*||2 oo, Y *[|2,00} < /17 0max/n (cf. (32)).
Rearrange the right-hand side of (85) to reach

obtains

2,00

_ 4,,2,.2 4,292
Hpgeblas (XYT 7M*)H 50\/@ \/K H ;plOgn +)\\/H Zpr < /\/8,

where the last line holds because of the assumption n?p > k*p?r?nlogn as well as the choice of .

D Analysis of the nonconvex gradient descent algorithm

Lemma 5 shares similar spirit as [MWCC17, Theorem 2| and [CLL19, Lemma 3.5] with one difference: the
nonconvex loss function (15) has an additional term || X||% + |[|[Y||% to balance the scale of X and Y. To
simplify the presentation, we find it convenient to introduce a few notations. Denote

t *
F'= [ ift ] ER¥™  and F*% [ if } € R¥T (86)
It is easily seen from (26) that
H'=arg min ||[F'R—F*|,. (87)

REOT*r
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Algorithm 2 Construction of the lth leave-one-out sequence.
X0, }

Initialization: X" = X*, Y0 = y*; Set FO-(D & { yo.()

Gradient updates: for t =0,1,...,tp — 1 do
L0 & xt+1,(0) B xt0) _ nVXf(l)(Xt’(l), Yt,(l))
Tyt | T yh O vy fO(XEO Y@y |

where 1 > 0 is the step size.

Similar to [MWCC17,CLL19], we resort to the leave-one-out sequences to control the ¢5 /¢, error. Specif-
ically, for each 1 < I < n (corresponding to row indices), we construct {F*(};54 to be the gradient descent
iterates (see Algorithm 2) w.r.t. the following auxiliary loss function

1 2 1 a2 A A
JOXY) = oo Pasy (XY T = M)[[s + 5 [P (XY T = MY || + o I1X 117 + % IYIE. (89)

denotes the orthogonal projection onto the space of matrices which are supported

Here Po_, (-) (resp. Pi..(+))
= {(i,7) € Qli # 1} (rvesp. {(4,7)|¢ = l}). Mathematically, we have for any matrix

on the index set 2_;.
B e R’I’an

Bij, ifi=1,

0, otherwise.

[Pﬂfz,- (B)] i

Bij; if (’L,j) €Qandi7él,
. { (90)

0, otherwise

and [Pl,~ (B)]” = {

Similarly, for each n + 1 <1 < 2n (with [ — n corresponding to the column index), we define {F*(")},5( to
be the GD iterates (see Algorithm 2) operating on

1 2 1 2 A A
FOXY) = P (XY T = M)+ 5 [P (XY T = M)+ 21X p + - 1Y

—(—n)
where Po__,_, (-) and P. ;_,)(-) are defined as

B;j, if (i,j) € Qand j #1—n,
0, otherwise

Bij7 iszl—n,

[Pﬂ-ﬁ(lfn) (B)L] = { and [Pw(l—n) (B)]” - {

0, otherwise,

for any matrix B € R™*™. The key ideas are: (1) the iterates are not perturbed by much when one drops
a small number of samples (and hence F* and F*®) remain sufficiently close); (2) the auxiliary iterates
FtO are independent of the samples directly related to the Ith row of M, which in turn allows to exploit
certain statistical independence to control the Ith row of F*() (and hence F*). See [MWCC17, Section 5|
for a detailed explanation. Last but not least, the step size is set to be 71, and we take F(!) = F* for all
1 <1 < 2n (the same initialization as in Algorithm 1).

With the help of the leave-one-out sequences, we are ready to establish Lemma 5 in an inductive manner.
Concretely we aim at proving that

tyyt * g n A *
- P < e (S22 2 e, (91a)
L N e Lkl (o1)

logn A

FUH! — FLO RO < g n F* 1
12%2}2(11 H R HF =Cs Omin p - D Omin I HQ’OO ’ (9le)
max H(Ft,(l)Ht,(l) _ F*) H < 041% g nlogn + A HF*” (91(].)
1<I<2n -ll2 = Omin\| P POwmin Zee?
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|FH ~F|, < Cur (f . ) 172 00 (91¢)

[XTTXP - Y'Y, < Crn ( g A ) Vrol . (91f)

—+
Omin p P Omin

hold for all 0 < t < t; = n!® and for some constants C, Cop, C3,Cy, Coo, Cp > 0, provided that n =<
1/(nk30max)- In addition, we also intend to establish that

FXLYY) < F (XY - eg (x v (92)

holds for all 1 < t < ty = n'8. Here, H*®) and R"" are rotation matrices defined as

HH-O 2 ; FrOR — F*||_- 93
arg min | [ (932)
Rt’(l) 2 arg min Ft,(l)R _ FthHF' (93b)

ReOrxr

Note that the induction hypotheses (91a), (91b) and (91e) readily imply the statements (27a), (27b) and (27¢)
in Lemma 5, respectively, whereas the last bound on the size of the gradient (28) follows from (92). We
summarize the last connection in the following lemma, whose proof is in Appendix D.2.

Lemma 9 (Small gradient (28)). Set A\ = Co\/np for some large constant Cy > 0. Suppose that the
sample size obeys n®p > kurnlog®n and that the noise satisfies UL\/% <« ——1——. If the induction

v k*urlogn
hypotheses (91) hold for all 0 <t < tg and that (92) holds for all 1 <t < tg, then

min |Vf (XYY, < i%m

0<t<to nd
as long as 1 < 1/(nk30max)-

The rest of this section is devoted to proving the hypotheses (91) and (92) via induction. We start with
the base case, i.e. t = 0. All the induction hypotheses (91) are easily verified by noting that

FO = O — p* for all 1 <1 < 2n.

We now proceed to the induction step, which are demonstrated via the following lemmas. All the proofs are
in subsequent subsections.

Lemma 10 (Frobenius norm error (91a)). Set A = Cho\/np for some large constant C > 0. Suppose

that the sample size obeys n?p > rkurnlog®n and the noise satisfies P ——1L___ If the iterates

p \/ Kk4urlogn

satisfy (91) at the tth iteration, then with probability at least 1 — O(n~100),

Omin p P Omin

bl e (S 24 2 e

holds as long as 0 < 7 < 1/(k°/?0max) and Cr > 0 is large enough.

Lemma 11 (Spectral norm error (91b)). Set A = Cxo\/np for some large constant Cy > 0. Suppose
If the iterates

a

L e —
Omin p N = logn

satisfy (91) at the tth iteration, then with probability at least 1 — O(n=190),

the sample size obeys n2p > k*u2r2nlog®n and the noise satisfies

||Ft+1Ht+1 _ F*H S COp <U E + A ) Hx*”

Omin p P Omin

holds with the proviso that 0 < n < 1/(Kk*0maxy/T) and that Cop > 1.
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Lemma 12 (Leave-one-out perturbation (91c)). Set A = Cxo,/np for some large constant C > 0. Sup-

that th le size sati 2 42r2n10g® n and that the noise sati L\/E S S
pose that the sample size satisfies n"p > k*p“r<nlog”n and that the noise satisfies = 5 < T

Omin

If the iterates satisfy (91) at the tth iteration, then with probability at least 1 — O(n=%),

max HFt+1Ht+1 _ Ft-&-l,(l)Rt—i—l,(l)H <0y o nlogn n A 1P|
1<1<2n P Omin || P P Omin 200

holds, provided that 0 < n < 1/(k?0maxn) and that C3 > 0 is some sufficiently large constant.

Lemma 13 (/3/{+ norm error of leave-one-out sequences (91d)). Set A = Cxo\/np for some large
constant Cy > 0. Suppose that the sample size obeys n*p > k2p2r?nlog®n and that the noise satisfies
. If the iterates satisfy (91) at the tth iteration, then with probability at least 1—O(n=%9),

g

LEp 1
Omin p /K2 logn

t+1,(0) gyt+1,(1) _ go* o nlogn A .
Jax [[(FHEOH F), |l, < Car (amin\/7+ pgmin> 1F*

holds, provided that 0 < n < 1/(k*\/TOmax), Cop > 1 and Cy > Cop.

Lemma 14 ({2/{s norm error (91e)). Set A = Cro\/np for some large constant Cx > 0. Suppose that
n > ur and that the noise satisfies UL\/% < ——L—. If the iterates satisfy (91) at the tth iteration, then
min "

£/ K2 log

with probability at least 1 — O(n=%),

logn A
Ft+lHt+1 o F* < C o n F* ,
|| ||2’OO B ooft Omin p + P Omin H H27OO

holds provided that Co, > 5C3 + Cy.

Lemma 15 (Approximate balancedness (91f)). Set A = Cho/np for some large constant Cy > 0.

g

: ; 2 2,,2,.2 : . n 1
Suppose that the sample size satisfies n“p > k*pr*nlogn and that the noise satisfies P \/; < T
If the iterates satisfy (91) at the tth iteration, then with probability at least 1 — O(n=100),

A
HXt+1TXt+1 _ Yt+1TYt+1||F < Cyrn ( n + ) \/Faﬁlaxa
Omin p P Omin
A
XHLOT xt+1,0) _ Yt+17(l)TYt+1,(z)H <C n 2
1<1%5n P B GV p N P Omin VI

holds for some sufficiently large constant Cg > Cgp, provided that 0 <1 < 1/0min.

Lemma 16 (Decreasing of function values (92)). Set A = Cxo\/np for some large constant C > 0.
Suppose that the noise satisfies UL\/% < 1/+/r. If the iterates satisfy (91) at the tth iteration, then with

probability at least 1 — O(n*99),
FXTLY) < (XY = V(XY
as long as 1 < 1/(Kknomax)-

D.1 Preliminaries and notations

Before proceeding to the proofs, we collect a few useful facts and notations. To begin with, for any matrix
A, we denote by A; . (resp. A.;) the Ith row (reps. column) of A.
Define an augmented loss function f,,s(X,Y) to be
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A A 1
g (X,Y) 2 —HPQ(XYT )H§+%HX|I%+%HYH%+g||XTX—YTY||§. (94)

As the name suggests, this new function augments the original loss function (cf. (15)) with an additional term
[ XTX-Y TY|2%/8, which is commonly used in the literature of asymmetric low-rank matrix factorization to
balance the scale of X and Y [TBST16,YPCC16,CLL19|. We emphasize that, in contrast to aforementioned
works, here our gradient descent algorithm (cf. Algorithm 1) operates on f(-,-) instead of faug(:,-). The
introduction of faug(-,-) is mainly to simplify the proof.

It is easily seen that the gradients of faug(-,-) are given by

1 A 1

Vx faug(X,Y) = 5 Po (XY -M)Y + L X t5X (XX -Y'Y); (95a)
1 A, 1

Vy fag(X,Y) = ];PQ (XYT-M)' X+ 5Y +5Y Y'Yy -X'X). (95Db)

Correspondingly, define the difference between gradients of Vf(X,Y") and V fo,¢(X,Y") as follows

Vx fair(X,Y)=-X (XX -Y'Y) /2 (96a)
Vy far(X,Y)=-Y (Y'Y - X" X) /2, (96b)
such that
Vxf(X,Y)=Vx fae (X, Y)+ Vx fairr (X,Y); (97a)
va (Xv Y) = vaaUg (X7 Y) + VdeifF (X, Y) . (97b)

Regarding F'*, simple algebra reveals that

g1 (F*) = ||F*|| = V20 max; Oy (F*) = V20 min, (98&)
[F*[l.00 = max { | X [lg,00 > 1Y *Mlg.00 } < V17 omax/n, (98b)

where the last one follows from the incoherence assumption (32).

We start with a lemma that characterizes the local geometry of the nonconvex loss function, whose proof
is given in Appendix D.10.
Lemma 17. Set A\ = Cyo/np for some constant Cx > 0. Suppose that the sample size obeys n’p >
Crurnlog® n for some sufficiently large constant C' > 0 and that the noise satisfies JL\/% < 1. Recall the

function faug(-,) defined in (94). Then with probability at least 1 — O(n=19),
vec (A)' V2 fog (X, Y) vec (A) > omin Al
max { | V2 faug (X, Y) ||, | V?F (X, Y)||} < 100max
hold uniformly over all X, Y € R™*" obeying

X-Xx Bl
Y -Y~*

- 1000/<5f
— AX 2nxr ; ;
and all A = eR lying in the set
Ay
X1 X* Xl X2
{5 - [R50 =[],

Last but not least, a few immediate consequences of (91) are gathered in the following lemma, whose
proof is given in Appendix D.11.
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Lemma 18. We have the following four sets of consequences of the induction hypotheses (27).

1. Suppose that the sample size obeys n >> urlogn. If the tth iterates obey (91), then one has

o nlogn A
< (Cooki 4 C3) ( \/ B > 1 F* (2,00 » (99a)
2,00 Omin p P Omin ’

<20 (55 2 2 ) 1x. (990)

Omin p P Omin

HFt’(l)Rt’m _F*

HFMDRtV(z) _

; ; o In 1 i ¢
2. Suppose that the noise satisfies o < \/m If the tth iterates obey (91), then one has

[FUH < X7 FE - E < X, [P F
[F <207 E Y <21X 0 |

H2,oo < ||F*||27ooa (100a)

.00 < 211F 5,00 - (100D)

2 o n e 1 ;
3. Suppose that n > k°urlogn and that et K m If the tth iterates obey (91), then we have
HFth _ Ft,(l)Ht,(l) HF < 5HHFth _ Ft’(l)Rt’(l) HF

4. Suppose that n > ku and that —— \/7 < ————. If the tth iterates obey (91), then (100) also holds for
FtOHYD | In addition, one has

UIIliIl/2 S Omin ((Yt’(l)Htﬁ(l))TYn(l)Ht,(l)> S Omax ((Yt(Z)Ht,(l))TYt’(l)HtV(l)) S 2O-Inax-

D.2 Proof of Lemma 9

Summing (92) from ¢ = 1 to t = ¢ leads to a telescopic sum

to 1
FXY) < F(X0Y0) = I3 ||vr (XL YY)

t=0

This further implies that

0<t<to

to—1 1/2 1/2
min [|Vf (X', ¥")]], < { > s (xy t>|\i} {2 e sy} o

where we have used the assumption that (X, Y?) = (X*,Y™*).
It remains to control f(X*,Y*) — f(X' Y'). Towards this end, we can use the fact that f(X,Y) =
f(XR,YR) for any R € O"*" to obtain

1
f(F*) = f(F°H") = f(F)+(Vf(F"),FH" - F*>+§vec (FloH" — ) V2f(F)vec (FloH' —
where F lies in the line segment connecting F' H' and F*. Apply the triangle inequality to see

F(F*) = f(F®) <|Vf(F)|p||[FH" — F*||, - %vec (Fom"™ — F*)" V2f(F)vec (F" H" — F*)

< IVF g [ = F |+ 50ma [ P — B

Here the second line follows from the fact that |V f(F)|| < 100max. To see this, use (91¢) to obtain that

) ) . o nlogn A *
|F—F*||,  <|FYH" - F*, < Cuwx (amin\/7+ PUm“*) e
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o [nlogn A [ur
< C 77V Ymax
= ool <Umin p * pamin> n ms

N 102
= 2000mf 7 (102)

where the second line arises from the incoherence assumption (98b) and the last inequality holds as long as

- ol n 1 2 n < :
A= oy/np and ;7 \/; < Trtroen Apply Lemma 17 to conclude that ||V?f(F)|| < 100max. Recognize
that

IV (E)e < VxS (E)lle + IVy f (F)lp
1 A 1 - A
< |Pa(B)Y g+ = [ X |lp + =||Po (B) " X*[|p + = Y™
5 I1Pa (B)Y e + 1 X e pH o (B) X7 o Y le

< (; 1Pa (B)] + ;) X e+ 1) (103)

where we have used the fact that Vx f(F*) = %PQ(X*Y*T - M*—-E)Y*+ %X* = —%PQ(E)Y* + %X*
(similar expression holds true for Vy f(F*)). This together with Lemma 3 and the assumption that A =<

o+/np yields
A A
19 (P < (o—ﬁ +2) Vi = 2 i (104)

The above bounds together with the induction hypothesis (91a) for t = ¢ give

. oy < A o In A N c n A\ oo
fFES)~f(F )NE TOmax P e [ X*[p + omax | ——/— + 1 XM

min p P Omin Omin p P Omin
2
s ()
p
where the last relation arises from o,/np =< A. Substitution into (101) results in
1 AN 1A
t
i 97 (X o S 4 et () < 2 v

provided that n < 1/(nk30max), to = n'® and that n > &, which is a consequence of our sample complexity
n > np > kurlog®n.
D.3 Proof of Lemma 10
From the definitions of H*™! (cf. (87)), V faug (cf. (95)) and V faier (cf. (96)), we have

[P ET = P < [FTH - B = (|[F -V (F)] HY - F
®
= [|F*H =V i (FUHT) -

(ii)
< ||FTH' =V faug (F'H') — [F* =0V faug (F)]||p 47 ||V faite (F'H")|| . + 1 IV favg (F*) | -

=qq =g =aQg

Here (i) uses the fact that Vf(FR) = Vf(F)R for all R € O"*"; the last relation (ii) uses the decomposi-
tion (97) and the triangle inequality. In the following, we bound a1, as and a3 in the reverse order.

1. First, regarding ag, since X*" X* = Y*'Y*, one has n||Vf(F*)|lr = ||V faug(F*)||r. Repeating our
arguments for (103) and (104) gives

A
ag =n[Vf(F)|p < 4 1 X |

as long as A < o,/np. Here the last inequality also relies on the fact that | X*|r = ||Y .
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2. We now move on to s, for which one has

IN

n
Qs (th (XtTXt _ YtTYt) HtHF + HYt (YtTYt _ XtTXt) HtHF)

2
n
2

IN

(1 i 1 X =y Ty

Utilize the fact that max{||X"|,[|[Y*||} < |[F*]| < 2||X*| (see Lemma 18) and the induction hypothe-
sis (91f) to obtain

o n A
-+

Omin p P Omin

Q2 < 2"7\/ Omax * CBKU ( ) \/’Fo-?nax

Omin p P Omin

o n A
< o ( ny ) X,

Omin p P Omin

o n A
< (QCBﬁs/anmax)aminn ( -+ ) HX*”F

where the second inequality uses || X*||p > \/70min and the last one holds as long as 2Cgk%/ 20y < 1.

3. In the end, for ay, the fundamental theorem of calculus [Lan93, Chapter XIII, Theorem 4.2] reveals that

vec [F'H" — 1)V faug (F'H") — [F* — )V faug (F)]]
=vec [F'H' — F*] —n-vec [V fag (F'H") =V faug (F*)]

- (IM —n /O 1 V2 faug (F(7)) dT>vec (F'H' - F*), (105)

=A

where we denote F(7) & F* + 7(F'H' — F*) for all 0 < 7 < 1. Taking the squared Euclidean norm of
both sides of the equality (105) leads to

a3 = vec (F'H' — F*)' (I, —nA)* vec (F'H' — F*)
— vec (F'H' — F*)' (I n, — 20 A + 12 A%) vec (F'H' — F*)
< ||[F'H' — F*|% +* | A|]* || F*H' — F*||2 — 2nvec (F'H' — F*) ' A vec (F'H' — F*),  (106)
where (106) results from the fact that
vec (F'H' — F*) " A’vec(F'H' — F*) < |A|* | F'H' — F*||2.

Applying the same argument as in (102), one gets for all 0 < 7 < 1, ||F(7) — F*|]2,00 < WHX*H.
Invoke Lemma 17 with X = X* +7(X'H' - X*), Y =Y*+7(Y'H!' - Y*), (X1,Y1) = (X', Y?) and
(X2,Y3) = (X*,Y™) to obtain ||A|| < 100max and

vec (F'H' — F*)" A vec (F'H' — F*) > %amin |F'H — F*|.
Putting these two bounds back to (106) yields

1 %12 Omin 2
o < (1 1007202, — 5namm) |FH = | < (1= Z) |[FUH - F 7

Here the last relation holds as long as 0 < 1 < 1/(1000k0max). As a result, we have

or < (1 Z8) | FH - P
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Combine the above bounds on a1, as and a3 to conclude that

|[FHHT - F|p < (1 ) [FUH - F*HF+4n;||X*||F+namm( ARy (O )X*HF

Omin D P Omin
Omin o n A A
< (1-Zmmy) CF< =4 >||X*F+4namin
20 Omin p P Omin P Omin

o n A
ch( my ) 15

Omin p P Omin

o n A
HX*||F+no-min ( -+

Omin p P Omin

) 1%

provided that Cg > 0 is large enough.

D.4 Proof of Lemma 11

Xt-i—l
YtJ"l :| as

To facilitate analysis, we define an auxiliary point F'T! £ {

A 1
X+ §X*H” (X'TXx" Y'Y Ht} ; (107a)
p

- 1

X" =X"H' - [PQ (X'Y'T-M*-E)Y* +
p

. 1 A 1

Yyt =Y'H! —y [pPQ (X'Y'T - M*—E) X*+ ;Y* + §Y*HfT (YY" — X' X") Ht} . (107Db)

Then the triangle inequality tells us that
HFt+1Ht+1 _ F*H S HFt-i-lHt+1 _ Ft+1H + HFt+1 _ F*H . (108)

=Qq =Qg
In what follows, we shall control oy and as separately.

1. We start with as. By the triangle inequality again we have

Xth - (Xtyt'l' _ M*) Y* 4+ %X*HtT (XtTXt _ YtTYt) Ht] _X*
Yth Xtyt'l' M*)T X* + %Y*H” (YtTyt _ XtTXt) Ht] —_Y*
=01
L[ Pe@y 1L A 1P (X'Y'T - MY)Y* — (X'Y'T - M) Y*
p [ [Pa@) X[ TR [y T S [P (XY - M) T X (XY - M) X
=Pz =Ps
A Al
Denote A = FIH! — F* = Af( . The term (; is the same as the term s in [CLL19, Section 4.2|.

Y

Therefore we can adopt the bound therein to obtain
B < (1= nowin) [ A]| + 4[| A7)

Moving to (2, one has

[épgé(E) ;pﬂ?w] Bff}

for some constant C' > 0. Here the last inequality arises from Lemma 3 and the fact that ||[F*|| =
V2| X*|| (cf. (98a)). We are now left with the term 33, which is exactly the term «; in [CLL19, Section
4.2]. Reusing their results, we have

* * * n A *
Br—n ]+nF I < 2 [Pa(E)] |E* 402 | ||<Cn( \/; p) X7

By < 21 IIX*H [Pa (117) —p117|| (A%

< 77\/; NI TN

la oo 1A% [l 00+ [ A%l o0 1Y lo,00 + 1K N0 [AY |l )
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The last line follows from the facts that ||[Po(117) —p11T| < /np (see [KMO10a, Lemma 3.2]) and that
max{||A% 2,005 | A4 ||2,00} < [|[F*]|2,00, provided that ﬁ\/% < ——L— (see Lemma 18). Combining

\/ k2 logn

the above three bounds gives
- A -
a2 < (1= i) [ A1)+ I 17+ Co (% 4+ 2 ) 40+ Coy [ v

- A _
< (1= o) A7) +Cn <a\/j " p) 1+ Cn\/z A, o IF o X7 (109)

for some sufficiently large constant C' > 0. Here the second inequality arises from the condition

2,00 1 X7l

4 HAtH HX*” S Umin/Qa
which would hold if ﬁ\/% < 1. An immediate consequence of (109) is that

ay = ||F* = F*|| < (Var) | X7 (110)

To see this, apply the induction hypotheses (91b) and (91e) to get
min n A % = n A .
o < (1- i )cop< = o+ >||X |+CT]<J\/>+)||X I
2 Omin p P Omin p p

=~ [n o nlogn A 112
+cn\[cm,i< _, [osn _)IIF 13,00 11X
p UIHIII p po-mlIl

) o n A .
cop( ny )|X || (111)

Omin p P Omin

(

IN

(i1)

< (V2r)HIXH
Here (i) holds under the assumptions that Cp, 3> C' 4+ CCuxk?y/ ‘BTZ% and that [|[F*[|, . < /471 X"
(cf. (98b)); (ii) arises since ﬁ\/% < 1/kand A < o,/np. Under the sample complexity n?p > x*pur?nlogn,
the first condition can be simplified to Cop > 20 > 1.
. Next we bound «aq, towards which we first observe that
a = HFt-‘rlHt-‘rl _ Ft+1 H _ ||Ft+lHthTHt+1 _ Ft-ﬁ—l”.

It is straightforward to verify that H®T H'*! is the best rotation matrix to align F'™' H' and F* (in
the sense of (87)). Regarding F'*!, we obtain the following claim, which demonstrates that it is already
aligned with F*, i.e. I, is the best rotation matrix to align F**! and F™*.

Claim 4. Suppose (111) holds true, one has

Ft+1R o F*

I. =arg min

_min_ e

Now we intend to apply Lemma 22 with
FO:F*, F1:Ft+1, FQZFH_IHt,

for which we need to check the two conditions therein. First, in view of (110), one has

. 1 1
F, — Fy|||Fyl| = ||FtT — F|| |F*|| < — || X*|| | F*|| = 0min = =02 (Fp).
| Fy — Fol| || Fol = || | I1F*|| < Jor | X F* ] 3 - (Fo)
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Second, making use of the gradient update rules (25) and the decomposition (97), we obtain
|FHTH — B = |(F! = 09 faug (F) = 0¥ fase (F1)) H' = B4

< || 09 faug (F1)) = B o | 9 ()]
=65

=6,

The term 6 has been controlled as ay in the proof of Lemma 10, where we obtained

A
o [ty )ﬁofnaan*.

P Omin

Omin p

0y < 2CB/<;772 (

We now move on to 6, for which we have

1 t
“Pa (E)Y A Xt
0, < ||| Ft = e (1) — P _nZ H!
1 < ( U{Vf g( ) n[;PQ(E)TXt] Tlp[yt]
) .
_ ~Pa(E)Y™ A X+
Ft+1 D M
" e x| T ]
:fl
1 t r 1 *
~Pa(E)Y A Xt ~Pao(E)Y A X+
p ) 2 H | *? 2
+n ,%PQ(E)TXt +p[Yt } _%PQ(E)TX* p[Y* ]
=82

Combining [CLL19, Equation (4.13)] and [KMO10a, Lemma 3.2] yields

6.5 (185 1Y 8 1+ A A8 ) 4]
o ([l 1Y+ A5 12071+ b+ 200 A%+ 21 Ay + Ak + A ) 1ad

n
SNEIS

1 Omin
< T5n 2 A
[A% 2,00} <

Here the penultimate inequality arises from the facts that max{| Al
| F*||2.00 and similarly max{[|A% |, |A% ||} < [JAY] < || X*[|; see Lemma 18. In addition, the last line

INEXIPNRE o

|A 2,00 <

holds because of the induction hypotheses (91b) and (91e), provided that
1

2
u r logn o [n
:XJ \/> Oopi - << 72
Omin Omin P R
R 2 4. 2.2

Again, the first condition would be guaranteed by the sample size condition n°p > k*u*r°nlogn and the
noise condition L\/% < 1/k. Next, the term &, can be easily controlled as follows

Fulemy -

52S77’

<C’77<0 n+)\)|
p P

where the last line follows from the same argument for bounding B above. Taking the bounds on #; and

05 collectively yields
[P E - P < 1;/{ Uzm [PNEe (o\/ﬁ—k A) |A*|| + 2Cgrn? (U L )\. ) VIO | X7
p p Umln p pamlll
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n A
—+

1 Omin
Omin p P Omin

<
~ 5k 4

0| A + 20 ( ) Viot IX. (112)

The final inequality is true as long as A < o,/np and -2 \/% < % An immediate consequence of (112)

is that ~ .
HFt+1 _ Ft+1Ht|| S (2\/5,1)*1 HX*H , (113)

as long as 7 < 1/(CeK20max/T), =2 \/% < L and A < o/np. As a result, one obtains

) .
Omin

|Fy— Bl | Bl = | B = FUH [P < (2V3R) 7 X Y| = 0min/2 = 0n(Fo) /4.

min
Armed with these two conditions, we can invoke Lemma 22 to obtain

a1 = |[F*F - P < 5k B - FEHUHY|

1Umin77 |A*]| + 10CEK*n? ( z R A
4 Omin p P Omin

1 A
N ERTENERRATENE
p P

provided that n < 1/(Ck30maxy/T)-

IN

) NP

IN

Combine the bounds on a7 and as to reach

HFt+1Ht+l o F*H

- )\ ~ min
< (1= Jomn) Il + (C+1) 0 (5 2 Y14 o 2 D 1]+ 252 1)
A ~ A
< (1 — Zomin) Cop (Ur:in % + p0m1n> | X*|| + (C+ 1) n (U\/j—‘r p) x|

~ 1 A
+Cny / ﬁC’oo/-e g jnesn | F~
p Omin p P Omin

o n A
<c, ( n, ) 1),

Omin p P Omin

2
12,00 1 X7

with the proviso that Cy, > 1 and n%p > k*pr?nlogn. Here the last line follows from the same argument
as in bounding (111). This completes the proof.

Proof of Claim 4. In view of [MWCC17, Lemma 35|, it suffices to show that F*TFt*1 i symmetric and
positive semidefinite. Recognizing that F*T FIH! = (X*T X! + Y*TY!)H! is symmetric (see [MWCC17,
Lemma 35|), it is straightforward to verify that F*T F**1 is also symmetric (which we omit here for brevity).
In addition, by (110) we have

. - 1
|E*TES — TR | < JF [ B = FY| = aa |l F¥| < o [ XIF] = i

Since F*TF* = X*TX* + Y*TY* = 25*, Weyl’s inequality gives
)\min(F*TFt+l) Z 2Umin - ||I’—‘*—|—I:-1t—i_1 - F*TF*H Z Omin > 07

where Apmin(A) stands for the minimum eigenvalue of a matrix A. To conclude, F*T F'*1 is both symmetric
and positive semidefinite, thus establishing the claim. O
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D.5 Proof of Lemma 12

Without loss of generality, we consider the case when 1 <[ < n; the case with n+1 <[ < 2n can be derived
in a similar way. From the definition of R**%®) (cf. (93b)), we have

HFt-‘rlHt-‘rl _ Ft+1,(l)Rt+1,(l) HF S HFt+1Ht _ Ft—‘rl,(l)Rt,(l) HF
The gradient update rules (25) and (88) give
FHUEE — L0 gt
= [F' — v (FY)] H' - [Ft,(l) _ nvf(l)(Ft,(l))] RO
— F'H' — VS (Fth) _ [Ft,(l)Rt,(l) _ an(” (Ft,(l)Rt,(l)ﬂ

= (F'H' = F*OR"D) = ) |V fasg (F'H") = V foug(F"ORYD)| = [V fa (F'H') = ¥ fae (FOR"D) |

2:A1 ::AQ

+n[vfm(pmmRun)_vfuﬁﬂuyﬂ»}

::A3

where we have used the facts that Vf(F)R = Vf(FR) and Vf(F)R = V{(FR) for any orthonormal
matrix R € O™,
In what follows, we shall bound A;, As and Aj sequentially.

1. The first term A; is similar to a; in the proof of Lemma 10. Going through the same derivations therein,
we obtain

Omin
Hmhs@—%ﬂwwm_wwmwM (114)
: led n 1
provided that —— \/; < Jtarionn and that 0 <7 < 1/(1000k0max)-

2. Next, we turn attention to Ao, which clearly obeys
[ Azl < 0|V fairr (F H) || + 0|V fair (F" O RAO) || .
Recall from the term as in the proof of Lemma 10 that

A
||V fare (FPH') |, < 2Cprn? ( 7z JE s ) VI [ X
Omin P P Omin

Applying Lemma 15 and going through the same derivation as in bounding as in the proof of Lemma 10,

one gets
n

0| fare (F*O RYO)|| < 2Crmen? ( o ) Nl
Omin P pUmin

Combine the above three inequalities to obtain

A
2l < 4Cor? (57 [+

Omin p P Omin

) NEWb s

Omin p P Omin

n oA
<n (o\f ; ) T
p p

Here the second inequality arises from the elementary inequality || X*|| < v/n||X*||2,00, whereas the last
one holds true because of || X*||2,00 < || F*||2,00 and the condition that n <«

— nK20max ©

A
gmowz( o [, )ﬁoéax||x*2,w
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3. We are now left with A3. To this end, we first observe that

[Pl,< (Xt,myt,(m _ M*) —p P, (Xt,u)yt,(m _ M*)} Y ORN 4 p~ipg, (B)YHORHD

=B, =C1
[7’1 (Xt,(L)Yt,(z)T _ M*) —pilpsz,,. (Xt,(wyt,(l)T _ M*)]TXt,(l)Rt,(l) +p71739,7_ (E)T Xt gt ®

L

Az =1

:=Bso =C2

The following claims allow one to bound Bj, By and C1, Cy; the proofs are deferred to the end of this
subsection.

Claim 5. Suppose that = \/% < \/% and that np > log® n. With probability at least 1 —O(n=109),
min Zlogn

252
IBulle S /L2 | pr0 RO F*||, . Omax- (115)

np

: el n 1 ; 15 _ —100
Claim 6. Suppose that o \/; < Jotosn and that np > logn. With probability at least 1 — O(n ),

Oy

w272 logn|

| Bally < [FPORYY — FY,  omax- (116)

Claim 7. Suppose that %\/% < \/% and that np > log® n. With probability at least 1 —O(n=1%9),
min k= logn

max {[|[C1l, [|Callp} S o (117)

||2,o<> .

With these claims in place, one can readily obtain that

[Aslle <n(IBillg + [ Ballp + [|Cille + |Callg)

nlogn

u2r2logn
< no prlogn,

~

nlogn w2r2logn o nlogn A
<no F* + 2 (Cxrk+C + F* O max
1oy R Py g (oot Co) (ST R 2 )

where the last line follows from the induction hypotheses (91c) and (91e).

1F* .00 +n [FPORYD — F*||,  Omax

This together with the bounds on A; and As gives: for some constant C > 0,

| P HA - FHYORTLO] < Ayl + (| A2l + [ Asllg

min A *
< (1 _ 020 77) HFth _ Ft’(l)Rt’(l)HF +n (0'\/Z+ p) | F ||2,oo

~ nlogn ~ 2r2]ogn nlogn A
+ Cnoy |28 ||F*||2m+0n,/w<cmn+cg>< - F+ )F*momax
p ’ np Omin p P Omin ’
(i) O o [nlogn A no A
< 1_ min )O F* s - F*
< ( 20 1) 3 <Umin » + PUmin> [F* ]y 00 + 1 (U\/;‘f‘ p) [ F* (|2, 00
~ nlogn ~ 2r2]ogn nlogn A
+ Cnoy |28 ||F*||2m+0n,/w<cmn+cg>< 4 F+ )F*momax
p ’ np Omin p P Omin ’
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(i) o [nlogn A .
§03< Rl )IIF I3,
Omin p P Omin ’

as claimed. Here, (i) invokes the induction hypothesis (91¢), whereas (ii) holds as long as Cj is large enough
and the sample size satisfies n%p > k*p2r?nlogn.

Proof of Claim 5. For notational simplicity, we denote

C 2 xt:OytMT _ g — xtOytOT _ xxy*T (118)

Since the Frobenius norm is unitarily invariant, we have

1Bille = ||[p7'Pa,. (€)= P (€)] Y| .

=W

All nonzero entries of the matrix W reside in its [th row and therefore
yh®
plBilly = HZ (01 — Cl] ( ’ 9

where &;; £ L4, j)eny- Notice that conditional on Xt and Y*® | the right-hand side is composed of a
sum of independent random vectors, where the randomness comes from {d;;}1<;<n. It then follows that

)

()
1) *
L2 max |6y —p) C Y| < ICI YO, < 21C) 0 1Y oo

1<5<

ZE (615 — ]Cz] l)Yt(l H<p”CH sz}ff(l)y}ff(lﬁ“
j=1

VA

=pllC|Z YO < p||CI2 1Y%

Omin

\/% &« —L . The matrix Bernstein

\/K2logn

Here, both (i) and (ii) arise from Lemma 18, as long as

inequality [Trol5, Theorem 6.1.1] reveals that

|32 65— m vt ®| < vViogn + Liogn < \/pICIL Y+ logn + [Cll ¥ o, logn
j=1

with probability exceeding 1 — O(n=1%). As a result, we arrive at
PlBilly S VPlogn |Cl Y lp + VA [Clloo 1Y ll2,00 (119)

as soon as np > log® n.
To finish up, we make the observation that

HCHOO = H)(t’(l)lzt’(l)(Y't’(l)}#v(l))—r _ X*Y*TH

< H (Xt,(l)Rt,(l) _ X*) (Yt’(l)Rt>(l)>TH n HX* (Yt,(l)Rt,(l) _ Y*)T’
o0

oo

2,00

[ F* (|3, 00 » (120)

< HXt,(l)Ru(l) _x* HYt,(l)Rzz(l)H X, Hyt,(l)Rt,(l) _y*
- 2,00 100

<3|FORO P,

where the last line arises from Lemma 18. This combined with (119) gives

logn n
EARENE C||m||Y*||F+\/;|cnoo||Y*m
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@ 1

SR o [FORG = Frly Iy 1Yl + \/ZHFW)RW) — P, PR
(ii) logn N /‘LTQ n . MT

< ORD o, [T OR - P, P,

~

272 logn|

[FORYD — F*|,  omas,
np 7

where (i) comes from (120), and (ii) makes use of the incoherence condition ||F*||2 0o < v/fromax/n and the
fact that ||Y™*||r < /TOmax- =

Proof of Claim 6. Instate the notation in proof of Claim 5. By the unitary invariance of Frobenius norm
and the fact that all nonzero entries of the matrix W reside in its [th row, we have

(61 —P) Cn
Bl = oW x| H X0 = ol ),
(Oin — P) Cin F
:=b
We can write b as N "
b= ijl e; (0 —p)Cij = ijl u;.
=u;

Note that for all j, one has

£ max [luyfl, < [ICll

le E[ (% —p) ]C?jefejH <plCIL Y7, e es] =mpliCIi

J

VA

Then the matrix Bernstein inequality [Trol5, Theorem 6.1.1] reveals that

SV Viegn+ Llogn < v/nplogn ||C||, + ||C|l, logn
S Vnplogn ||C|,
S Vnplogn||[FYORYD — B[, [1F*|l; o

7100)

6],

with probability exceeding 1 — O ( as long as np > logn. Here the last relation uses (120). Observe

that || X5W||g o < 2||F*||2,00 as long as n < L :see Lemma 18. Making use of the incoherence

Umm p /K2 logn

condition (98a) to get

nlogn‘ u2r logn‘

[Balle < |FHORAD — 113,00 <

H2,oo np |Ft7(Z)Rt7(l) B F*HQ,ooUma‘X'

We can then conclude the proof. O

Proof of Claim 7. By the unitary invariance of the Frobenius norm, one has
IC e = »7 || Pay, (B) YY" O .

Since the entries of Pq, . (E) are all zero except those on the [th row, we have

PHClHF = HZ 5lJElJ

=uj
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where we denote ¢;; £ 1(,j)eq. Since Y*® is independent of {01;}1<j<n and {Ej;}1<j<n, the vectors
{u;}1<j<n are independent conditioning on Y*®). Therefore, from now on we shall condition on a fixed
Yt Tt is easy to verify that

szl < YOl o0 1o Eiilly, S ol Y5O, s

Iy,

where || - ||y, denotes the sub-exponential norm [KLT11, Section 6]. Further, one can calculate

- n 2 vt (D)5 (0T 2 n LOwLOTI 2 L2
V= HE{ijl (0 E1)" Y, Y }nga H]E [Z v v} H’_pa [y®.

j=1 Jy

Invoke the matrix Bernstein inequality [KLT11, Proposition 2| to discover that with probability at least
1-0 (n1%9),

557w, 5 Vg ] ot
S \/pa2 ||Yt,(l)||§ logn + 0||yt,(l) I log?n
S ov/mpiogal[Y O], + oY O], log"n
S ov/nplogn|| Y-, .
where the third inequality follows from ||[Y5®)||2 < n|Y*® 13,0, and the last inequality holds if np > log® n.

We then complete the proof by observing that |[Y*(!||g o < 2||F*||2.0 as long as O’L\/% < \/%1—; see
min k2 logn
O

Lemma 18. The bound on C; follows from similar arguments to that used to bound Bs.

D.6 Proof of Lemma 13

Without loss of generality, we assume 1 <[ < n. One can then decompose (Ft“’(l)HH‘l’(” — F*),. as

)

(Ft+1.,(z)Ht+1,(z) —F),. = Xlt+1,(l)Ht+1,(l) - X}

_ {Xlt:_(l) _ nl:(Xt,(l)Yt,(l)T _ M*)L.Yt’(l) + %Xlt,,(l):l } Ht+1,(l) _ X;:

_ Xlty,‘(l)Ht-i-l,(l) _ Xz* _ n[(Xt,(l)Yt,(l)T _ M*)lfYt’(Z) + %Xlt7’4(l)]Ht+1’(l)
- Xlt:'(l)Ht,(l) - X} - n[(Xt,(l)Yt,(l)T _ M*)l,‘Yt,(Z) + %Xi,.(l)]Hu(z)

=a;

n {Xlt.’,-(l)Ht,(l) -~ n[(Xt,(l)Yt,(l)T _ M*)l.’_yt,(n n %X;’,A(l)]Ht,(l)} [(Ht,(l))—lHt+1,(l) _ Ir] )

=a

Note that here a; and as are r-dimensional row vectors. In the sequel, let us control |la;||2 and |laz||2
separately.

A { ALY

1. We begin with a;. For notational convenience, define A1) £ At’f(l) ] , where Ag’((l) 2 xt sl — X+
Y

and Af{,(l) 2yt HHD — yY* Then a; can be rewritten as
ay = (At),((l))l)' _q [(A?{(l))ly'(Yt,(l)Ht,(l))T + Xl*,'At{’(l)T} vyt gt _ U%Xlt’,_(l)Ht,(z)
_ (Af)}(l))z, {Ir _ n(yt,(l)Ht,(l))Tyt,(l)Ht,(l)} _ UXZ_A;(l)Tyt,(l)Ht,(z) _ n%Xlt_”_(l)Ht’(l),

which together with the triangle inequality yields

las]ly < || I = p(Y O HO)TY O HAO | [[(ASD), |,

50



0l X7 o - AT (YO EY O] + n§||xt’<l>Ht’<l>||2,oo.
In view of Lemma 18, we have

Tmin/2 < Tonin [(Yt,(l)Ht,(l))Tyt,(l)Ht,(l)} < Ooax [(Yt,(l)Ht,(l))Tyt,(l)Ht,(l)} .

o n A N
lay?) < at®] <2cop(a (i at >IIX I (121)

1Y O HSO| < | FLO|| < 2| X7 and
X OH D 00 < [FHOlp.00 < 2] F 2,00,

Omin

. . . . o n 1
provided that the sample size obeys n > ku and that the noise satisfies \/; < W These allow
us to further upper bound ||a;]|2 by

2,005

min A A
Jarlly < (1= 222 [(AKO ), |, + 4nCop ( 7o+ ) Tl | F” 2.0 + 20 |17

Omin p P Omin

as long as 77 < 1/(20max). As an immediate consequence,

o |nlogn A o [n A . 2\
la]lz < Car B8 17|50 + 47Cop ( —+ ) Frmas | F* 2,00 + =2 | F* 2,00
Omin p P Omin Omin p P Omin p

< [[F*[l2,00, (122)
where the first inequality follows from the induction hypothesis (91d) and the last one holds as long as

g n

1
T\ p € gm0 1 <1/ O

2. Next, we turn attention to ||az||2, which satisfies

lasll, = [[(ar + X7) [(EO) B0 - 1]

’ < H(Ht,(l))letH,(l) -1,
, S

lar + X5 ],
From (122), it is easily seen that
lar + X5 ||, < llaally + 1l 00 < 2[1F* [l o -

Regarding the term ||(H®®W)~tH**1() — .||, we find the following claim useful.
Claim 8. With probability at least 1 — O(n=1%), we have

2
[y a0 - n ] e, (S [ 2 ) et (S [ ) v

max?
Omin \ P P Omin Omin \ P P Omin

provided that Cop > 1.

Finally, taking the bounds on ||a; ||z and [laz|2 collectively yields that: for some absolute constant C' > 0,

[(FHHOEFED —F) |, < lad], + a2,

n o nlogn A o n A 2nA
< (1= J0min) Car ( N ) 1l + 4Capn ( =+ ) O 113 0+ == [ ]300
Omin p P Omin Omin p P Omin p

2
~ o n A ~ o n A
e ( my ) G | oo + Cf?Cipt® ( n ) NI

Omin | P P Omin Omin | P P Omin

o nlogn A
SCM( 2l >||F*|2m7
Omin p P Omin ’

provided that Cy > Cyp, L\/% < 1/k and n < 1/(k*\/T0max). This finishes the proof of the lemma. It

Omin

remains to establish Claim 8.
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- X t+1,(1)
Proof of Claim 8. To facilitate analysis, we introduce an auxiliary point Ftt! £ { §t+17(l) } where

Xt+1,(l) — Xt,(l)Ht,(l) -7 {%PQ,L, (Xt,(l)Yt,(l)T _ M* _ E) T 73[7. (Xt,(l)Yt,(l)T _ M*):| Y*
B néX* _ gX*Ht,(l)T (Xt,(l)TXt,(l) _ Yt,(l)Tyt,(l)) HO,
p

yiHLO — yt.0) gt _ n [%7’9_1,. (Xt,(z)Yt,(l)T _ M — E) P (Xt,(l)Yt,(l)T B M*)]TX*

_ UéY* Ny gt 0T (Yt,(z)TYt,(z) _ Xt,(z)TXt,(z)> [0}
p 2

We first claim that I, is the best rotation matrix to align F*t1() and F*; its proof is similar to that of
Claim 4 and is hence omitted for brevity.

Claim 9. One has

I, = arg min |FHH R — F* and Oy (FHOTFY) > 0400/2.
e i

[
With this claim at hand, we intend to invoke Lemma 23 with
§—FHLOTE K- (Ft+1,(l)Ht,(l) _ Ft+1,(z))TF*

to get

I(E )= H O — L[| = [lsgn(S + K) — sgn(S)]| < — K|

min (S)

L (oo _ ey T ),
Comin (FHLOT Fx)

< LHFHL(DHM[) . 171t+1,(l)HH1;1*H7 (123)
Omin

where the last line uses Claim 9. Here sgn(A) = UV for any matrix A with SVD UV . It then boils
down to controlling || Ft+50 HHD — FHLO|| - for which we have

A

~ tv(l) *
FHALOFLO _ pral) — {B 0 } lAY +g { _);* ] HOTogHO —UEAW),

T £
0 B Ax()

where we denote
B 4 _p_LPQ,l,, (Xt,(l)Yt,(l)T _ M* _ E) _ Pl,‘(Xn(l)Yt’(l)T _ ]\4*)7
C AL Xt’(l)TXt7(l) o Yt’(Z)TYt’(l).

This enables us to obtain

[ OO - FLO] < g B A + IFIC]e + AN, (124)

In view of Lemma 15, one has

ICle < Camn (2 2 2 ) v, (125)

min p P Omin

We are left with bounding ||B||. Decompose B into

B 7%739 (Xt’(”Yt’(l)T _ M*) i %Pﬂz,- (Xt,(l)Yt,(l)T _ M*) —P. (Xt,(l)yt,(l)T _ M*) +1ip,  (B).

=B :=B> :=B3
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To control B, following the same argument in Lemma 8, we see that
HBl|| < ’|p71PQ(Xt’(l)Yt’(l)T - M*) - (Xt,(l)Yt,(l)T . M*)H + HXt,(l)Yt,(l)T . M*H
S /n/p HFt,(l)Rt,(l) _ F*H2 . HF*H2,OO + HFt’(l)Rt’(l) _ F*H HF*H )

We now move on to || Bs||, which is equal to ||b||2/p defined in the proof of Claim 6, namely,
IBall = [1bll, /p S V/nlogn/p||[FPO RN — F*|[, | F*|,, -
The last term Bj3 can be easily bound via Lemma 3, that is,

1Bs|| < p~" 1P (B)I| < ov/n/p.

Combining the above three bounds with Lemma 18, we arrive at

1Bl < | Bl + [| Bzl + || Bs]|

1 /

S n ognHFt l)Rt o _ *HQ’OOHF*H2,QO+ HFt,(l)Rt,(l) _F*H HF*H +o g
1 1 A A

< nogn(CwH_FCg) o nogn+ Hramax+2cop( o E—F >Grnax+g\/ﬁ
p Omin p P Omin n Omin | P P Omin p

A
< Cop ( 7 Jhy ) Tmaes (126)
Omin p P Omin

provided that n?p > k?u?r?nlog® n and Cyp > 0 is large enough. Taking (124), (125) and (126) collectively,
we arrive at

HFt+1’(l)Ht’(l) _ Ft—‘rl,(l)H

2
o n A o n A
5 ncc%p ( -+ ) Omax ||X*|| + HQCBH ( + ) \[ O max ||X*H

Omin | P P Omin Omin | P P Omin

A o n A .
#rsC (S [T 2 )

Omin p P Omin

2
o n A N o n A .
Sn03p< my ) e | X7 +n203n( . )ﬁafnax 1),

Omin \ P P Omin Omin | P P Omin

provided that Cyp, is large enough. Here the last relation uses (121). Substitution into (123) yields

2
o n A o n A
H(Htﬁ(l))_lHH_L(l) - I’r” 5 n’%cgp ( -+ > Omax 1 nZCBHZ ( -+ > \/;O’ilax7

Omin | P P Omin Omin | P P Omin

which concludes the proof. O

D.7 Proof of Lemma 14

Fix any 1 <1 < 2n. Apply the triangle inequality to see that

H(Ft+1Ht+1 _ F*)z H2 < H(Ft+1Ht+1 _ Ft+1,(l)Ht+1,(l))l H2 + ||(Ft+1’(l)Ht+1’(l) - F*)l ||2

[nl A
< HFtJrlHtJrl _ Ft+l7(l)Ht+1,(l)||F + C4l€ (0-0'. n (;gn + e ) ||F*||27ooa (127)

where the second line follows from Lemma 13. Apply Lemma 18 to the (¢ + 1)th iterates to see that

HFt+1Ht+1 _ Ft+1,(l)Ht+1,(l)HF < 5H||Ft+1Ht+1 _ Ft+1,(l)Rt+1,(l)HF
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1 A
< 5xC; ( 7 jreent ) 1F* ], .. - (128)
Omin p P Omin ’

Here the second line follows from Lemma 12. Combine (127) and (128) to reach

logn A o nlogn A
P pr <5rCy [ 2 F* C F*
||( )l"HQ = onts Omin p * P Omin || ||27OO * 4n Omin p + P Omin || ||2700
o nlogn A
< Cooti ( 2 ) 1F* 0
Omin p P Omin ’

as long as Cy, > 5C3 + C4. The proof is then complete since this holds for all 1 <1 < 2n.

D.8 Proof of Lemma 15

To simplify the notation hereafter, we denote
At L XtTXt o YtTYt and At+1 L Xt+1TXt+1 _ Yt+1TYt+1
In view of the gradient descent update rules (25), we have

XX = XX - [XTV (XY ) + Ve f(XLY)TX T+ PV f(X YY) TV f(XE YY),
Yt-‘rlTYt-‘rl — YtTYt - I:YtTVYf(Xt7 Yt) + VYf(Xt, Yt)TYt] + UQVYf(Xty Yt)TVYf(Xt, Yt)

This gives rise to the following identity
AT = A' — B! +*CY, (129)
where we denote

B'2 X"V (X" Y)+ Vx (X, YY) X' —Y'TVy f(X',Y") = Vy f(X, Y)Y,
C'2Vxf(X",Y) Vx (X', Y") = Vy f(X",Y") Vy (X", Y").

Denoting
D' 2 p7'Po (XY — M), (130)

we have

Vxf(X,Y')=D'Y'+2X" and Vyf(X,Y')=D""X'4+2Y"
With these in mind, a little calculation reveals that
Bt — XtTDth + YtTDtTXt + %XtTXt o YtTDtht o XtTDth o QYtTYt _ %At
p p p
as well as
t vt L Axt) ! (pivt L Ayt Tyt L Avt) | (T xt L Ayt
C'= (DY +2x") (D'Y'+2X") - (DTX'+2Y") (DTX'+2Y")
_ YtTDtTDtyt 4 AYtTDtTXt + AXtTDth + <A)2 XtTXt
- P P P
_ XtTDtDtht _ AXtTDth _ AYtTDtTXt _ (A)z YtTYt
p P P
_ (YtTDtTDtyt B XtTDtDtTXt) I (A)2 Al
m .
Substituting the identities for B* and C* into (129) yields

2
At — At Qn%At . (YtTDtTDtyt _ XtTDtDtTXt) +? (g) At
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=(1- )\77/10)2 Al + ’72 (YtTDtTDth _ XtTDtDtTXt) 7
which together with the triangle inequality gives
||At+1HF 1_)\,',]/p ||AtHF+7’]2HYtTDtTDth _XtTDtDthtHF
< (1 o An/p HAtHF + ,,72 ||YtTDtTDth o XtTDtDtTXtHF ,

as long as A\n/p < 1 — a condition that is guaranteed by our assumptions on A and 7. It then boils down to
controlling |[Y!T D" DYt — X'T D'D'" X*||, which is supplied in the following claim.

Claim 10. Suppose that the sample complexity satisfies n’p > k?p’r’nlogn and that the noise satisfies

g

= << ————— then one has
Omin \/52 logn’

o n A

Omin p P Omin

2
||YtTDtTDtyt _ XtTDtDtTXtHF < 02 ( ) \/;U?nax-

Taking the above bounds together, we arrive at for some constant C >0,

2
L L e e e e R
2
< (1-20) comn (G2 24 2 Y it sl (S [T ) o,

Omin | P P Omin Omin \ P P Omin

2 ) Vit

g ’fl

Omin D p Omin

< Cgkn (

as long as A > o/np and Cp > C2,.
Proof of Claim 10. The triangle inequality yields
|[Y"'D''D'Y' - X'"D'D''X'||, < |[Y'"D'" DY,
< [ty

+ ||XtTDtDtTXt||F

e+ XD IXC e (3)

It is easy to see from Lemma 18 that

Y <20, Y <20V lp, XY <2)X*) and || X', <2)1X* |5

I I

provided that —\/> < W These allow us to further upper bound (131) as

[y TDT DY - X'TTD'DT X[, < 4| DY Y Y|l + 4[| D X X

< 8||D||* Vromax- (132)

[

It remains to bound ||D?||. To this end, recall from (130) that
1D < 7t [Pa(E)]| +p~" [ P& (XIY'T — M) | + | XY — b

In the sequel we shall bound these three terms sequentially. First, Lemma 3 tells us that % [Pa(E)|| S 0\/% .

Next, repeating the arguments in the proof of Lemma 8 gives

S Vb (||XH = X, Y e + [V H =Y, X))

||Pdeb|as (X yiT _ M* | _ deeblas [Xth (Yth)T _ M*]
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which together with the induction hypothesis (91e) yields
P (XY T = M) S [ | Ty [T A B,
p ~ p Omin p P Omin 2,00 2,00
< Coo’</< o [nlogn N A ) /uzrzamax.
Omin p P Omin np

Here the last relation uses the incoherence assumption [|[F*||2,00 < +/f70max/n (cf. (98a)). Regarding
| X'Y'T — M*||, the triangle inequality reveals that

||XthT o M*H _ HXth (Yth)T — M*

< HXth (Yth)T CXtHY*T

) + HXthY*T _ X*Y*TH
<[ XTH|[Y'H Y|+ [ X H = x| [y

Combine the induction hypothesis (91b) and the fact that || X'H!|| = || X*|| < 2||X*| to reach

HXthT_M*H S.;Cop< 7 B‘i‘ A )Umax~

Omin p P Omin

Putting together the previous three bounds, we arrive at

1 A 22 A
HDtHfsa\/ﬁ“'CooH ? & Ogn"’ T Umax+cop( ? Q"' )Umax
p Omin p P Omin np Omin p P Omin

A
S Cop ( Ay i ) Omax (133)

Omin p P Omin

since np > k?p?r?logn. Putting (133) back to (132) leads to the claimed upper bound.
The upper bound on the leave-one-out sequences can be derived similarly. For brevity, we omit it. O

D.9 Proof of Lemma 16
In light of the facts that f(FR) = f(F) and Vf(FR) = Vf(F)R for any R € O"*", one has
FET) = f(FTHTY) = f([F* =V [ (F)] H)
=f(F'H'—nVf(F'H"))

=f(F'H") —n(Vf(F'H") ,Vf(F'H"))+ %2vec (VS (F'H))" V2f(F)vec (Vf(F'H"))

for some F' which lies between F!H?' and F*H' — nV f(F'H"). Suppose for the moment that

1
F'H' - F*|lg00 < || X*

1
FUH' — gVF(F'HY) — F* g0 < —— || X*]|.
|| NSO HY) = e < 0| X7

(134a)
(134b)
One can invoke Lemma 17 to obtain |[V2f(F)|| < 100max and hence

J(FY) < f (FUH') = ||V (FUHY)|[§ + 5P |V (FUH') |

= £ (F*) = ||V (F)||; + 50%0max |V f (F')
<F(FY) = 2||Vi(FY;
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Here the equality uses again the facts that f(FR) = f(F) and Vf(FR) = Vf(F)R for any R € O™" and
the last inequality holds as long as < 0o~ Weare left with proving the aforementioned conditions (134).
The first condition has been established in the proof of Lemma 9 and hence we concentrate on the second
one, namely (134b). Apply the triangle inequality and the fundamental theorem of calculus [Lan93, Chapter
XIII, Theorem 4.2] to obtain

|FUH! = gV f(FUHY) = F*||so0 < |[F'H' — F*|3.00 + 10 |VF(F'HY) = VF(F*) | + 0 IV (F)

<|[F'H' = F*|200 +7 +nIVFEF)|g

‘/Olv%“(F (7)) dr vec (F'H' — F*) 2

where F(7) £ F* + 7(F'H' — F*) for 0 < 7 < 1. Following similar arguments in the proof of Lemma 10
and the proof of Lemma 9, one obtains

/ 1 V?f(F ())drvec (F'H' — F*)
0

n‘ ] IV EE
F

<n- 100 max HFth - F*HF + n%vramax

o n A

Omin p P Omin

A 1
< max X* min — X* < — X* .
S )V i 2 FIXC £ X

Here the middle inequality uses the induction hypothesis (91b) and the last relation holds true provided
that A < o,/np, =2 \/% < 1/4/7 and that n < 1/(knomax). This proves the second condition and also the

Omin

whole lemma.
D.10 Proof of Lemma 17
We start by defining a new loss function
1 T 21 T Ty |12 .
Jeean (X, Y) = o5 [Po (XY = M) |[p + 5 | X' X =Y 'Y |5

compared with faug(+,), this new function faean(:,-) sets A = 0 and excludes the noise E from consideration.
It is straightforward to check that for any A € R2"x",

vec (A)" V2 foyg (X,Y) vec (A) = vec (A) " V2 fuean (X, Y) vec (A) — 2 (Pq (E), Ax Ay ) + 2 |AlR.
It has been proven in [CLL19, Lemma 3.2] that under the assumptions stated in Lemma 17, one has
vec (A) " V2 faean (X, Y)vec (A) > Loy AR and ||V faean (X, Y)|| < 50max. (135)
It then boils down to controlling —% (Po(E),AxAy )+ % HAH% . To this end, one has
|1 (Pa(B), AxAY)| < ||1Pa (B)|| [|axAT]. S0 /2 1A, (136)
where the last relation holds due to Lemma 3 and the elementary fact about the nuclear norm (6), i.e.
2] axAy]l, < lAx]i+ Ayl = Al

Regarding the term A||A||Z/p, it is easy to see from the assumption A < o,/np that % A2 =< 0‘\/% A2

Combine the above two bounds and use the triangle inequality to reach
2 n 2 2
=2 (Pa (B), AxAT) + 2 IAIZ] S oy /2 IAI < Fomn AL, (137)

with the proviso that ﬁ\/% < 1. Taking (135) and (137) together immediately establishes the claims on
Vzfaug('a )
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Moving on to V2f(X,Y), one has
vec(A)TV2f (X, Y)vec(A) = 1[|Po(X AT + AxY )7 + 2(Pa(XYT
= |XAL + AxY | +2XYT - M* AxAL) + (— 2(Po(E

=9

+2(Pa(XY' -

~ M*— E),AxA}) + AHAHF
), AxAy )+ AHA”F)

=0

+3llPa(XAy + AxY )|

=Qs3

M*),AxAL) — | XAL + AxY |2 - 2(XY T - M*, AxA}).

=g

The term a4 can be bounded by [CLL19, Equation A.4]

‘044| < %Jmin( ||AX||]2E‘ + ||AY||§*) + %( HAXY*TH; + ||X*A;’|i) < %Umax HA”%

The term a3 has been bounded in (137) where |os| < omax||Al|f provided that —2—
can be written as

\/7 < 1. The term aq

M| |axAy], < (X = XY+ XY - Y*[) [|Al5
X — X~
Y Y* Y -Y~* )

1
0] £ 2O AL < 5o AL}
The term «; can be bounded by

lao| <2|| XY T -

X - X*
Y-Y*

we immediately have

Since

1 *
< o IX7,
o0

* 2 * * *
a <2 (|| Al + |axyTIR) <2 (IXIP1AYIR + 1Y |Ax]3) = 20 AL
Combining all these bounds yields

vec(A)TV2f (X,Y) vec(A) < 100 max | A7
D.11 Proof of Lemma 18

The first set of consequences (99) follows straightforwardly from the triangle inequality. For instance, combine
the induction hypotheses (91c) and (91e) to obtain

| ORNG —F|, < [|FYORYY - FUH', 4[| FUH = P,

o nlogn A
< (Cur+C) (0,,/ o +p0‘>|F*||2,oo-

Similar bounds can be obtained for ||F*(®) R

— F*|| provided that n > urlogn.
We continue to establish the second set of consequences namely (100). Since || - || is unitarily invariant,
one can apply the triangle inequality to get

|F)| = | FH|| < | F*H' = F*[| + | F*|

(i) o n by N N (i1) N
_Oop< o _)|X 1+ vaix) 2o
Umln p pamln

Here (i) uses the induction hypothesis (91b) and the fact that ||F*| = fHX*H and (ii) holds as long as
amm\f < 1. Similarly one can obtain ||[F|lp < 2||X*||p provided that —2—, /% < 1 and [[F*|3. <

2| F*||2,00 as long as

P \/% < 1/(y/K?logn). Notice that along the way, we have also proven that

|FH - <X P < X0

and ||F'H'—F*|,_ <|F*

||2,oo :
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We now move on to |F*H? — Ft0 HtW ||k, for which we intend to apply Lemma 22 to connect it with
|FtH! — FtO R ||k, First, in view of the induction hypothesis (91b), one has

o n A

Iy ,)XWF*
O-IHIII p p UIIIIII

= \/ﬁcop ( d ﬁ + A > Omax

Omin p P Omin
<oy (F*) /2,

|F*H! — F*|| | F*]| < Cop (

where the equality arises since ||F*|| = /20max (see (982a)) and || X*|| = \/0max, and the last line holds as
long as —< \/% < 1/k. In addition, it follows from the induction hypothesis (91c¢) that

Omin

|FH — FHORYO| | FY)| < | FH — FYORYO|| | FY|

o nlogn A
g@(.d N .)wmmww
Omin p P Omin
S\/§C3< 7 “nlogn+ A >\(M0max
Omin p P Omin n

< o} (F*) /4,

where the penultimate inequality arises from the facts that |[|[F*||2,c0 < \/#70max/n and that ||[F*|| =
V20max (cf. (98)), and the last relation holds as long as ( oloen Ay B < 1/k. Invoke Lemma 22

m P P Omin
with
F, = F*, F,=F'H" and F,=F-ORD
to arrive at

01

2
|FH — PO O] < 53

(F*) (ot gyt ot (D) ota(D) trrt gt () ()
(F*)HFH—F* R"V|| = 5k|[F'H — F-ORND||

The last set of consequences can be derived following similar arguments to that for establishing the first
set. For brevity, we omit the proof.

D.12 Proof of the inequalities (29)

We single out the proof of || X*Y!T — M*||,, whereas the proofs of | X'Y!" — M*||r and || X'Y'" — M*||
follow from the same argument. Recognize the following decomposition

XtytT _ pM* = (Xth . X*) (Yth)T +X* (Yth _ Y*)T,
which together with the triangle inequality gives

HXthT _ M*Hoo < H(Xth _ X*) (Yth)TH n HX* (Yth _ Y*)TH
o0

o0

SIXCH = X, (Y H 5 o + 1Ky o0 [V H = Y]], -

3 t gyt * : o n 1
In view of Lemma 18, one has ||[Y'H'||20 < 2[|[F*|2,c as long as the noise obeys ;7 \/; < Wt
This further implies that

o nlogn A
Hxﬂfﬂdwwmgman< — BT ‘>Mﬂumwﬂum
Jlnln p pJIIlln
o nlogn A
< 3CaV/K? \/ M|,
= K2 pr (Umin » + pomin> | oo
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where the last relation is || F™*

2.00 | F*||2,00 < /KT || M*||oc. To see this, one has for any 1 < i < n,
n
2 2 2
n M5 = Y (M5)? = Xp Y TY XG0T > (| X Amin (Y7 TY™) = omin [| X5l
j=1

Here Apmin(-) denotes the minimum eigenvalue. Since the inequality holds for all 1 <4 < n, we arrive at

n
1 Xl 00 < —[M7]| . -
Umll’l

Similarly one can obtain ||[Y*||2,c0 < \/7/0min||M*||oc, which further implies || F*| 2,00 = max{|| X™*||2,c0, |¥Y *]|2,00} <
/1) Omin||M*||co. As a result, we arrive at

n ur
1E Nl 00 1 llg,00 < 4/ = IMllog - 4/ - VOmax < Vipr [ M -
min

Here we used the incoherence assumption (98a).

E Technical lemmas

Lemma 19. Suppose n?p > Cnlogn for some sufficiently large constant C' > 0. Then with probability
exceeding 1 — O(n=10),

o [Po (ABT)]2 ~ [ ABT]2| < 3nmin {14

2 2 2 2
2 IBIZIBIE . A%}
holds uniformly for all matrices A, B € R™*",

Proof. In view of [ZL16, Lemma 9|, one has

P~ [Pa (ABT)|; < 20min { |45 . |BI; .| B

2 2
3o llalz}
with high probability. In addition, simple algebra reveals that
2 2 2 2 2
|AB' L < Al 1Bl < nllAl; . Bl

and, similarly, ||AB || < n|A|}|| B3, Combining the previous bounds with the triangle inequality
establishes the claim. O

Lemma 20. Let USV' T be the SVD of a rank-r matriz XY T with X, Y € R"™ ". Then there exists an
invertible matriz Q € R™" such that X = UXY2Q and Y = VEY2Q~T. In addition, one has

1
p—) X' X-Y'Y|,, (138)

-1
2 - 55!l <

where UQEQV{; is the SVD of Q. In particular, if X and Y have balanced scale, i.e. XX —Y 'Y =0,
then Q must be a rotation matriz.
Proof. The existence of @ is trivial by setting

Q=x""UTX.

To see this, one has
Us'?2Q=Ux'?s""?2UTX =UU" X = X,

where the last equality follows from the fact that the columns of U are the left singular vectors of X. The
relation Y = VE/2Q~T can also be verified by the identity

XYy =ux'?Qy"=Ux=Vv'.
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We now move on to proving the perturbation bound (138). In view of the SVD of Q, i.e. Q@ = UgXg Vg,
one can obtain

X'X-Y'y=Q'2Q-Q'=Q "
= VoEQULSUgZq Vg — Vg UgZUgS,' Vg -
Denote B := UgEUQ > 0. Then we have
T Ty |2 T 1 ps-1y T —
IXTX -YTY|] = HVQEQBEQVQ — Vo35 BS,'V; HF = HEQBEQ - x,'B, HF
Let C = XgB'? and D = E&lBl/Q, and denote A = C — D. One then has
|X"X - YT¥|} =||cCT - DD} = [CAT + ACT - AAT[;
=Tr(2C'CATA+AATAAT +2CTACTA-4CTAATA)
- Tr[(ATA —V2C A + (4-2v2)CT(C - A)ATA + (22 - 1)CTCATA]

Note that CTD = B and that CTA = C"'C — C"D = C"C — B is symmetric. One can continue the
bound as

2

IXTX - YTY[; = [ATA - V2CTA|| + (14— 22T (BAAT) + (22 - 1)[|CAT|;

F
>Tr (BAAT),
where the inequality follows since 4 — 24/2 > 1. Write B = BY/2. B/2 {0 see
|XTX - YTV > T(B2AATBY2) = | B
= |B2(2q - 35") B2,
> 0% (B) [ 2 - 5[

Recognizing that opin(B) = omin(X) finishes the proof of (138).
Combining X" X = Y'Y and (138) yields HEQ — EélHF = 0, which implies 3o = I. Under this
circumstance, Q = UQZQVQT = UQVC}r is a rotation matrix. The proof is then complete. O

Lemma 21. For all A,B,C,D € R"*", one has
[(Pa (ACT),Pa (BD")) — p(ACT,BDT)| < ||Po (117) = p117 [ | Ally, o0 [1Bllg [ Cllz o0 Dl -
Proof. This is a simple consequence of [CL17, Lemma 4.4], where they have shown

|(Pa (ACT),Pq (BD")) —p(ACT,BDT)|

<|[Pa (117) - p117| \/ZZ_1 [ ||Bk,.||§¢zz_l ICk 13 D115

Recognize that

n 2 2 2 n 2 2 2
Zk:l [ Ak, (5 B, [l3 < [[All3,00 Zk:l [ Br, [l = [[All3,0 [| Blle

and, similarly, Y, [|Ck..|[3| Dx..[I3 < |C|13 o | D||§- Putting these together concludes the proof. O

Lemma 22. Suppose F, Fy, Fy € R?>™*" are three matrices such that

Iy = Foll | Foll < o7 (Fo) /2 and  ||Fy = Bl | Fo| < o7 (Fo) /4,
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where 0;(A) stands for the ith largest singular value of A. Denote

R, 2 arg min |FiR - Fyllp and Ry 2 arg min |[FaR— Fyllp.
RGOTXT RGOTXT

Then the following two inequalities hold true:

o (F o (F
||F1R1 —F2R2|| §50_71% EFE; ||F1 —F2|| and ||F1R1—F2R2||F S50'71%E_FE;|F1 —F2||F.
Proof. This is the same as [MWCC17, Lemma 37]. O

Lemma 23. Let S € R™*" be a nonsingular matriz. Then for any matric K € R™" with || K| < omin(S),

one has
2

K,
or—1(S) + 0,-(S) K]
where sgn(-) denotes the matriz sign function, i.e. sgn(A) = UV T for a matriz A with SVD UZV .

Isgn(S + K) —sgn(S)]| <

Proof. This is the same as [MWCC17, Lemma 36]. O
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