A Proofs for phase retrieval

Before proceeding, we gather a few simple facts. The standard concentration inequality for x? random
variables together with the union bound reveals that the sampling vectors {a;} obey

A, <
(naxlagll, < V6n (98)
with probability at least 1 — O(me~1°"). In addition, standard Gaussian concentration inequalities give

max |a x*| < 5/logn (99)

1<j<m

with probability exceeding 1 — O(mn=10).

A.1 Proof of Lemma [T

We start with the smoothness bound, namely, V2 f(x) < O(logn) - I,,. It suffices to prove the upper bound
||V2 f (sc)H < logn. To this end, we first decompose the Hessian (cf. (44)) into three components as follows:

3 & 2 2
)= |@e) - (@) a4 0

Jj=1 J

(ajTa:*)2 ajajT -2 (In + Zm*m*T) +2 (In + Zm*az*T),

NgE

1

=A, i=As =As

where we have used y; = (a;rm*)

2. In the sequel, we control the three terms A1, Ay and As in reverse order.
e The third term A3 can be easily bounded by

[As]| <2 (| L] +2||z*2*T|)) =6

e The second term A5 can be controlled by means of Lemma
[Az] <26
for an arbitrarily small constant § > 0, as long as m > conlogn for ¢y sufficiently large.
e It thus remains to control A;. Towards this we discover that
m

3
|A4]] < EZ‘%‘T (x —x*)||a) (x+2*)|aja]|. (100)

j=1
Under the assumption maxi<j<m |0LjT (x — a:*)’ < Cyv/logn and the fact , we can also obtain

lgaénh (z + )| <211<na<x |a |+1I<I§a<xm|a (— )| < (10 + C2) y/logn.

Substitution into (100)) leads to
IA1]] <3C3 (10 + C3)logn -

2_aa)

where the last inequality is a direct consequence of Lemma

< 4C5 (10 + C) logn,

| m

Combining the above bounds on A;, Ay and Aj yields
V2 f (@)|| < A + [|Az]| + | As]| < 4C5 (10 + Ca) logn + 26 + 6 < 5C5 (10 + Cs) log n,

as long as n is sufficiently large. This establishes the claimed smoothness property.
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Next we move on to the strong convexity lower bound. Picking a constant C > 0 and enforcing proper
truncation, we get

1« 2 3« S
V2f(x) = Ez [3 (a;w) — yj] aja;r = o Z (a;w) ]l{|a z|<c) @50 J — a z* aJ
j=1 j=1 j=1

=Ny =Ag
We begin with the simpler term As. Lemma [32] implies that with probability at least 1 — O(n~1Y),
85— (I + 2027 <
holds for any small constant § > 0, as long as m/(nlogn) is sufficiently large. This reveals that
As < (146) I, + 2z z"".

To bound Ay, invoke Lemma [33[ to conclude that with probability at least 1 — cze™ 2" (for some constants
C2,C3 > 0)7
A4 =3 (Biza" + Bol|2|31,) || < 5l3

for any small constant § > 0, provided that m/n is sufficiently large. Here,

Bri=E [ yg<cy] —E [ Tg<c] and B =E [ Tg<c],

where the expectation is taken with respect to & ~ AN(0,1). By the assumption ||z — x*||, < 2C}, one has
||, <1+ 2C, ‘H:c”; - ||zc*||§‘ <20, (401 +1), ||z*x*T —za|| < 6C; (4C; + 1),

which leads to

|As =3 (Biz*a* " + Bo)|| < ||[As =3 (Brza ™ + Ballz|3T,) || + 3 || (Brz*a* T + BoI) — (Brza ™ + Bolx|31,) ||
< d||x||2 + 36 Hw*az*T - a::nTH + 362 || In — |||131, ||
<0 (1+42C1)% +18B3,Cy (4C1 + 1) + 682Cy (4C, +1).

This further implies
Ay =3 (Brx*a*’ + BoI,) — [5 (14 2C1)° + 188,C (4C) + 1) 4 682C4 (4Cy + 1)} I,

Recognizing that 51 (resp. 82) approaches 2 (resp. 1) as C grows, we can thus take C; small enough and C
large enough to guarantee that
Ay = bxrx* T +2I,.

Putting the preceding two bounds on A4 and Ay together yields
V2f(x) = 5a*x* T + 2L, — [(1+6) I, +2z** | = (1/2) - I,

as claimed.

A.2 Proof of Lemma [2

Using the update rule (cf. ) as well as the fundamental theorem of calculus [Lan93, Chapter XIII,
Theorem 4.2|, we get

1
't —xt =g' —nVf(2') - [z* —nVf(z*)] = {Inn/o V23f (x (T ))dT] (' —a*),
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where we denote  (7) = * + 7(x! — x*), 0 < 7 < 1. Here, the first equality makes use of the fact that
Vf(z*) = 0. Under the condition (45), it is self-evident that for all 0 < 7 < 1,

|l (1) —a*[ly = [I7(x" — @) <201 and

_m* < t ok < .
1r<nlzi)§n‘al (x(1) —x )‘ max. |al (z' — a*)| < C2/logn
This means that for all 0 < 7 < 1,
(1/2) - I, = V*f (2(1)) = [5C2 (10 + C2)logn] - I,

in view of Lemma [l| Picking n < 1/[5C3 (10 + C2)logn] (and hence |[nV2f(z(7))| < 1), one sees that
0<1, - /v2 m))dr < (1-n/2) I
which immediately yields

Iz = =], et =, < @ =n/2)[|2" — 2],

1
In—n/ VQf x (7
0

A.3 Proof of Lemma [3]

We start with proving (19al). For all 0 < t < Tj, invoke Lemma [2| recursively with the conditions to
reach

||a: —x H2 (1-n/2) H:c —x H2 <Oy (1—n/2)t llz*]], - (101)
This finishes the proof of (194 m ) for 0 < ¢t < Tp and also reveals that
1
2" —a@*||, < CL(1—n/2)" [lz*], < — =1l (102)

provided that n < 1/logn. Applying the Cauchy-Schwarz inequality and the fact indicate that

max |al (™0 — x| < max. la]2||eT — x*||]y < V6n f||w*H2 < Cs4/logn,

1<i<m 1<i<
leading to the satisfaction of . Therefore, invoking Lemma [2| yields

To+1

[t =2, < @1 =n/2)[|l2" —a*], < *||w*||2

One can then repeat this argument to arrive at for all ¢ > T
* t * 1 *
o 2], < (1 = n/2)" |2 — 2, < O (1 = n/2)" 2], < 2 (103)

We are left with (19b]). It is self-evident that the iterates from 0 < ¢ < Tp satisfy (19b]) by assumptions.
For ¢ > T}, we can use the Cauchy-Schhwarz inequality to obtain

max ’a (' —x*)| < max |a,|, ||z - :1:*”2 <+/n- % < Ca+/logn,

1<j<m 1<5<m

where the penultimate relation uses the conditions and (103)).
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A.4 Proof of Lemma [4
First, going through the same derivation as in and will result in

max alT (mt’(l) —w*) <
1<i<m

Vlogn (104)

for some Cy < C5, which will be helpful for our analysis.

We use the gradient update rules once again to decompose
2 @O — gt s () — {wm(l) _ nvf(l)(wt,(l))}
—a' — V[ (2') - {wtm _ nvf(mm))} - [vf(mt,m) V0 (wt,a))}
=gt — gt — n {Vf (a:t) — Vf(:ct’(l))} — [(al—rwt’(l))Q — (al—'—a:*)ﬂ (al—rwt’(l))al,

O )

1
m

where the last line comes from the definition of Vf (-) and Vf® (-).

1.

2.

We first control the term Vél), which is easier to deal with. Specifically,
a
v l)H || l||2‘(l'l' t(l) H T t(l‘

n log n log n (“ log n

C (04 + 5)(04 + 10

for any small constant ¢ > 0. Here (1) follows since and, in view of (99)) and (104 .,

(a2 ®)* = (o )| <[a] (" >(\a?(w“”—w*)+2|a7w*\)éc4<04+10>10g"’
and ! “0] < [a] ("0~ 2)| + ol "] < (€1 +5)Iogn.

And (ii) holds as long as m > nlogn.

For the term I/{ ), the fundamental theorem of calculus |[Lan93, Chapter XIII, Theorem 4.2] tells us that

V{l) = {In - 77/01 V2§ (x (1)) dT:| (' — mt’(l)),

where we abuse the notation and denote x (1) = &>® + 7(2! — 2(®). By the induction hypotheses
and the condition (104)), one can verify that

|z (7) — 2|, < 7l|a’ — 2* ||, + (1 = 7)]]a"® —2*||, < 2¢;  and (105)
max ‘al (z (1) —x*)]| §71r<nlzix ‘al—r(mt—w*)’—i—(l—T) ax ‘al—r(wt’(l) —x")| <

1<i< Viegn

forall 0 <7 <1, as long as Cy < C3. The second line follows directly from (104]). To see why (105) holds,

we note that
= a7, < a0 - ], + |l ~ "], < Cay/ 5"+,

where the second inequality follows from the induction hypotheses (51b]) and ( E. This combined with

(p1a) gives
1
|z (7) — 2* ||, < 7Cy + (1 —7) (03\/ sl +cl> <204

as long as n is large enough, thus justifying (105)). Hence by Lemma V2f (x (7)) is positive definite and
almost well-conditioned. By choosing 0 < n < 1/[5C3 (10 + Cs) logn], we get

A7, < (1= n/2) || = 2O
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3. Combine the preceding bounds on u§” and Vél) as well as the induction bound 1} to arrive at

logn logn
t+1 o t+1,(0) _ t ()
|| T |, < (@ =n/2)||e" — 2|, +eny/ ” < Cs4/ m (106)

This establishes for the (¢ + 1)th iteration.

A.5 Proof of Lemma [5l

In view of the assumption 1] that ||z® — m*”2 < ||=° + a:*H2 and the fact that 0 = /A1 (Y) /3 2V for
some A; (Y') > 0 (which we will verify below), it is straightforward to see that

I2°

~0
=2, < [|2° + 27|,
One can then invoke the Davis-Kahan sin® theorem [YWS15, Corollary 1] to obtain

Y —E[Y]]
E[Y]) -2 (E[Y])

) —x*||, <2v2
o -], <22
Note that — |lY — E[Y]|]| £ § — is a direct consequence of Lemma Additionally, the fact that

E[Y] =TI+ 2z*z*" gives \; (E[Y]) =3, A2 (E[Y]) = 1, and \; (E[Y]) — A2 (E[Y]) = 2. Combining this
spectral gap and the inequality ||Y — E[Y]|| < J, we arrive at

& ], < vas

To connect this bound with 2, we need to take into account the scaling factor \/A; (Y') /3. To this end,
it follows from Weyl’s inequality and that

M (Y) =3l =M (Y) =M EYD <Y -E[Y][| <4

and, as a consequence, A1 (Y) >3 — ¢ > 0 when § < 1. This further implies that

A1 (Y) -1
[A1(Y) 1l = 3 S‘)\l (Y)_1‘§16, (107)
3 /Al(Y)+1 3 3
3

where we have used the elementary identity \/a — Vb = (a — b) /(v/a+ v/b). With these bounds in place, we

can use the triangle inequality to get
_ H,/*l Vg0 50130 o
2

o -l = |20 o
AL(Y) ~ .
<‘\/13—1 Tl - 2,

%H V25 < 26.

2

A

A.6 Proof of Lemma

To begin with, repeating the same argument as in Lemma [5| (which we omit here for conciseness), we see
that for any fixed constant § > 0,

HY<l> _E [YU)} H <5, a0 —a|, <25, [|F0 —at|,<v25, 1<i<m (108)

holds with probability at least 1 — O(mn~'°) as long as m > nlogn. The f5 bound on ||z° — %W ||, is
derived as follows.
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. We start by controlling H%O —z%0 H2 Combining and yields
|20 = 2O, < []@” — @], + @0 — 2], < 2v20.

For § sufficiently small, this implies that ||2° — 2", < ||&° +2*("]|,, and hence the Davis-Kahan sin©
theorem [DK70| gives

|| (Y - Y(l))%o’(l)Hz (1)) =0,(1)
M (Y) =2 (YO) < [[(¥ =y ©)z" O, (109)

Here, the second inequality uses Weyl’s inequality:

|2 -3, <

M(Y) =2 (YD) > N (EY) - |Y —E[Y]]| - 2EYD]) - |[|[Y® —E[Y O
>3-0-1-6>1,

with the proviso that § < 1/2.
. We now connect ||z° — 2%y with ||£° — %" ||,. Applying the Weyl’s inequality and yields
M) =3[ <Y —E[Y)[ <6 =  M(Y)e[B3-83+0C[24 (110)

and, similarly, \{ (Y ), Y|, [|[Y®| € [2,4]. Invoke Lemmato arrive at

Lo 00 H(Y—Y“’)fo"“Hz ( 4) ~0 _ =~0,()
Lt a0, ST (o) Y jar g,
<6)|(y -y @)zt 0|, (111)

where the last inequality comes from (109).

. Everything then boils down to controlling || (Y — Y(l)) %O ||2 Towards this we observe that

. 1 2 ~
max [|[(V =Y @)z, = max | (@ @*)* aal &0
< max (a’le*)2 |alT%0’(l)|HalH2
- 1<i<m m

(2 logn - logn - /n
~ m

logn nlogn

. (112)

X

n m

The inequality (i) makes use of the fact max; |alT:1:*| < 5y/logn (cf. ), the bound max; |laill <
6y/n (cf. ), and max; |al—r£07(l)‘ < 5y/logn (due to statistical independence and standard Gaussian
concentration). As long as m/(nlogn) is sufficiently large, substituting the above bound into
leads us to conclude that

logn

max [ —a" O, < &

- (113)

for any constant C3 > 0.

B Proofs for matrix completion

Before proceeding to the proofs, let us record an immediate consequence of the incoherence property ([25):

* HILI’ * H/”LT *
X 200 < 4/ = 1IX e < X (114)

n
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where kK = 0max/0min is the condition number of M*. This follows since

1X 7Ny e =[O (=), < N0l (=)

< BT ) < e v

KUT ||y
X

K
<L = || X <G/ —
e < 4/
Unless otherwise specified, we use the indicator variable ¢; 1 to denote whether the entry in the location
(4, k) is included in . Under our model, §; 1 is a Bernoulli random variable with mean p.

B.1 Proof of Lemma [T

By the expression of the Hessian in , one can decompose
vee (V)T V2 forean (X)) vec (V) = % [P (vxT + XVT)H? + % (Po (XXT = M*),VVT)

1 2 1 2 1
= g5 [Pa (VX + XV o = o [Pa (VX T+ XV [+ (P (XXT - M7),VVT)

=Qn =Q2

1 2 1 2 1 . 2
4o P (VT XV L= L VT4 XV VT4 XV

=a3 =0y

The basic idea is to demonstrate that: (1) oy is bounded both from above and from below, and (2) the first
three terms are sufficiently small in size compared to ay.

1. We start by controlling c. It is immediate to derive the following upper bound
* 2 * 2 * 2 2
as < [[VX L+ | XV L < 21XV g = 20max |V |5 -

When it comes to the lower bound, one discovers that

SV X VTR om (X TV X TY) )
Tmin |V [|2 + Tr [(z X -2 vZzix—2)" V}

ay =

v

v

2 2 %112 2
Ouin Vg + T (ZTVZV)=2|Z - X*||Z| VI - 1Z - X" IVI;
(Tmin — 500max) [V +Tr (Z2TVZTV), (115)

v

where the last line comes from the assumptions that
12— X <sIX* <|X*  and 2] <2 - X[+ |X*] < 20X
With our assumption V =Y Hy — Z in mind, it comes down to controlling
Tt (Z'VZ'V)=T[Z" (YHy - Z)Z" (YHy - Z)].

From the definition of Hy, we see from Lemma (35 that ZTY Hy (and hence Z' (Y Hy — Z)) is a
symmetric matrix, which implies that

Tt(Z" (YHy - Z)Z" (YHy — Z)| > 0.
Substitution into (115)) gives

2 Y 2
Qg 2 (Umin - 560max) HV”F 2 Eamin ||V||F )

provided that k§ < 1/50.
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2. For aq, we consider the following quantity

[Po(VXT +XVT) || =(Pa(VXT"),Po (VX)) +(Po (VXT),Po(XVT))
+(Po (XV ), Po(VX"))+ (P (XVT),Po(XVT))

=2(Po (VXT),Po (VX)) +2(Po (VXT),Po(XVT)).

F

> as well. These identities yield

Similar decomposition can be performed on HPQ (VX*—r + X*VT) ||F

o1 = = [(Pa(VXT), P (VXT)) = (Pa (VXT) o (VX))

=51

2 [(Pa(VXT). P (XVT)) = (Po (VET) Po (XVT))].

=2

For 35, one has

_ 1 _ *\ T _ * T

ﬁg_p<7>Q(V(X X)) Po (X=X VT))
+ % (Po (V(X=X")T).Po (X V7)) + % (Pa (VX*T),Po (X - X*)VT))
which together with the inequality [(A, B)| < || Allr||B||lr gives
1 *\ T 2 2 ISval

18] < 5HPQ (V(x-x) )HF+;HPQ( (= x| [Pe (X V) (116)

This then calls for upper bounds on the following two terms
*\ T 1 ' vdl
L (voc-x)],  wd Lipa v,

The injectivity of Pq (cf. [CR09, Section 4.2| or Lemma [38)—when restricted to the tangent space of
M*—gives: for any fixed constant v > 0,

A+ XV < @+ NIX NVl

1 *Y/ T
L IPa (VT <

with probability at least 1 — O (n*w), provided that n?p/(unrlogn) is sufficiently large. In addition,

1 2 2
rn(voc x-S v o)
1<]k<n
= Z V. Z i (X, *Xk) (Xk, — Xp.) ‘/JT
1<j<n 1<k<n
* 2
<l 2 G (X X2)! <Xk,-Xk,.>‘ VI
<1 5 X, - X} 4
< EIIEJaSX”l<k<n 5,k 121]32(”” k, — A H IV [%

2 2
S+ n )X = X o IVIIF
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with probability exceeding 1 — O (n_lo), which holds as long as np/logn is sufficiently large. Taken
collectively, the above bounds yield that for any small constant v > 0,

* 12 2 %12 2 2 2 2

Bl < (142X = X3 IVIE+2/ (1 +7) 01X = X3 IVIE - (142 1X P VI
*12 * * 2
S (011X 13 e + e/ IX o0 1X71) VI

where the last inequality makes use of the assumption || X — X™*||2 00 < €[|X*||2,00- The same analysis can
be repeated to control 8;. Altogether, we obtain

2 * * 2
o] < 181] + 18] S (me? 1 X713 oo+ Ve | X oo 1) IV

() KuT KT (i) 1 Vv
2 V 2 o 2
< (nG T + \/ﬁﬁ\/j Omax H ||F S 10 min || ||F ?

where (i) utilizes the incoherence condition (114) and (i) holds with the proviso that ey/k3ur < 1.
. To bound g, apply the Cauchy-Schwarz inequality to get

as| = ‘<V 11)7?9 (XXT - M) V>’ <

%PQ (XXT — M)

vz
In view of Lemma with probability at least 1 — O (nilo),

H;PQ (XX — M)

\ < 20 | X¥2 ., + dey/mlogn | X+, [ X7

1
< (2ne2 BT 4 4ev/nlogn il Omax < —Omin
n n 10

as soon as €/ k3urlogn < 1, where we utilize the incoherence condition l) This in turn implies that

1 2
|O‘2| < Egmin HV”F .

Notably, this bound holds uniformly over all X satisfying the condition in Lemma [7] regardless of the
statistical dependence between X and the sampling set 2.

. The last term a3 can also be controlled using the injectivity of P when restricted to the tangent space
of M*. Specifically, it follows from the bounds in [CR09, Section 4.2] or Lemma [38| that

* * 2 2 1 2
as| <A[VXHT + XV |1 < dy0max [V || < 10min IV Il

for any v > 0 such that s is a small constant, as soon as n2p > x2urnlogn.
. Taking all the preceding bounds collectively yields
vee (V)T V2 feean (X) vee (V) > aq — |ay| — |az| — |as]
9 3 2 1 2
P , > o
> (35 25) o IVIE = gomin IV
for all V satisfying our assumptions, and
vee (V) V2 fotean (X) vee (V)| < au + fau] + [aa] + o]
3 2 5 2
S <20'ma,x + mo-min) HV”F S io-max ||V||F
for all V. Since this upper bound holds uniformly over all V', we conclude that
5
HVchlean (X)H < io'max

as claimed.
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B.2 Proof of Lemma

Given that H'! is chosen to minimize the error in terms of the Frobenius norm (cf. (26)), we have

HXt+1Ht+1 X+

< HXt—&-lf_I\t _x*

= |[xt=nvs(x)) H - X

F

—

i

=

X'H' — an(th{\t) - X*

F

— — 1 —
’Xth —n {Vfdean(Xth) - ];PQ (E) Xth] _X*

—~

i)

F

; (117)

< ‘ Xtﬁt - nvfclean(th_I\t) - (X* - nvfclean(X*))HF_‘_n H;Pﬂ (E) th_I\t

= =g

where (i) follows from the identity Vf(X*R) = Vf (X") R for any orthonormal matrix R € O"*", (ii) arises
from the definitions of V f (X)) and V feiean (X) (see (59) and (60)), respectively), and the last inequality (117)
utilizes the triangle inequality and the fact that V fejean(X*) = 0. It thus suffices to control o; and as.

1. For the second term o in (117), it is easy to see that with probability at least 1 — O (n™1?),

1 — 1 n
r < 170 (B)| [ XF|, < 20 3P0 ) 171, < 2000 L

for some absolute constant C' > 0. Here, the second inequality holds because ||X tH tHF < HX VH —
X*HF + | X*||p < 2[|X*||p, following the hypothesis (28a)) together with our assumptions on the noise
and the sample complexity. The last inequality makes use of Lemma [40]

2. For the first term «; in (117)), the fundamental theorem of calculus |[Lan93, Chapter XIII, Theorem 4.2]
reveals

vee [ XU H' =0V foean (X' H') = (X* = 19 fotean (X))

= vec [thI\t - X*] —1 - vec [Vfclean(Xtﬁt) — V fclean (X*)}

_ (I _y /0 v Fetoan (X (1)) dr) vec (Xtﬁt - X*) : (118)

where we denote X (1) := X* + T(Xtﬁt — X*). Taking the squared Euclidean norm of both sides of the
equality (118) leads to

(o) = vec(th{\t ~X*) (I — nA)? vec(Xtﬁt - X%)
= veo(X'H' = X*) " (L, — 27A + 1 A?) vee(X'H' — X*)

T

— 2 —~ 2 —~ —
< |XH =X\ n? AP || X H - X|| -2 veo(X'H' - X*)TA veo(X'H' - X*),

(119)

where in (119)) we have used the fact that

—~ —~ — 2 — 2
veo( X H' — X*) " A%vec(X'H' — X*) < | A|? Hvec(Xth ~ X*) ]2 =lA4]? HXth - X7

Based on the condition , it is easily seen that V7 € [0,1],

N llogn /nlogn N
X (1) - X HQOO— (CSN 0 > X ”200‘
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Taking X = X (1),Y = X! and Z = X *in Lemma l one can easily Verlfihe assumptions therein
27)

given our sample size condition n2p > k3p?r3nlog® n and the noise condition As a result,
t Tt *\ T trt * Omin t Tyt *1|2 5
vec(X"H' — X*) A vec(X'H'— X*) > 5 |X'H' - X HF and |A] < 5 Omax-

Substituting these two inequalities into (119]) yields

(al) < <1 + %,’720311&)( Umin77> Hth{\t _X*Hi S (1 _ Urmn ) HX Ht X*Hfm

as long as 0 < 1 < (201min)/ (2502, ), which further implies that
-

ar < (1- 28) | XH' -

3. Combining the preceding bounds on both a7 and ay and making use of the hypothesis (28al), we have

n
+27]CO'\/7|X*||F
F p
1 o n n
Zxr >+2nca\[ X*
= [l X
Omin 1 Omin Cl n
<(1- ) t X+ (1— ) 2 Dx
< (1-2n) Gt | e+ (1= Z220) ZL o] oy 2 100

1 o n N
— —/ - I X" g
np Umm p

as long as 0 < 1 < (20min)/(2502,.); 1 — (0min/4) -1 < p < 1 and C is sufficiently large. This completes
the proof of the contraction with respect to the Frobenius norm.

HXt+1ﬁt+1 _x*

< (1 B Uzinn) (C4ptm"

< (1= %) e
F 4

[ X + Ch

IN

Cyp'pr

e + C1

B.3 Proof of Lemma

To facilitate analysis, we construct an auxiliary matrix defined as follows
-~ e 1
XHh= XTH' —n=-Po [X'X'"T — (M* + E)] X*. (120)
p

With this auxiliary matrix in place, we invoke the triangle inequality to bound

X - X < | XTET - X4 X - X (121)

= =2

1. We start with the second term ap and show that the auxiliary matrix X X+ is also not far from the truth.
The definition of X‘+! allows one to express

— 1
az = HXth =P [(X'X'T - (M* + E)| X* - X*

1 = 1
< n HPQ (E)H HX*” + thHt o 7’]*7352 (XtXtT o X*X*T) X*_ X* (122)
p p
1 —
S n HPQ (E)H HX*” + HXth -7 (XtXtT o X*X*T) X* o X*
p
::ﬂl
1
5P (XX T X)X (T XX X (123)
p

=02
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where we have used the triangle inequality to separate the population-level component (i.e. 1), the
perturbation (i.e. 82), and the noise component. In what follows, we will denote

A= X'H' — X*
which, by Lemma satisfies the following symmetry property
HTXx T x* — x*T XtH? — AT X* — X*TAL (124)
(a) The population-level component 1 is easier to control. Specifically, we first simplify its expression as

51 _ HAt —’I](AtAtT—I—AtX*T—‘y—X*AtT) X*H
S HAt —n(AtX*T—FX*AtT) X*H+77HAtAtTX*H

=m =72

The leading term +; can be upper bounded by
= HAt o nAtE* o nX*AtTX*H _ HAt o nAtE* o UX*X*TAtH

1 1
=[5 @ 2=y 4 g - 2oy

1
< 5 (I = 2057+ (1 — 20M7|) | A7

where the second identity follows from the symmetry property (124). By choosing n < 1/(201ax), one
has 0 < I, — 2n3* < (1 — 2nomin) I and 0 <X I,, — 2nM™* < I, and further one can ensure

1
71 < 5 (= 2nomin) + 1] |AT]| = (1 = now) [[A"]]. (125)

Next, regarding the higher order term ~s, we can easily obtain

7o <A’ Ix. (126)
The bounds and taken collectively give
Br < (1 nown) [| A%+ A% X7 (127)

(b) We now turn to the perturbation part 82 by showing that

,BQ H AtAtT +AtX*T +X*Aﬂ—) X* o [AtAtT + AtX*T +X*At—r]

< szPQ (AtX*T) X* — (AtX*T) X*

+ H;PQ (X*A'T) X* — (X*A'T) X+

F F

2:01 2:92

; (128)

F

=03

where the last inequality holds due to the triangle inequality as well as the fact that ||A] < ||Allr. In
the sequel, we shall bound the three terms separately.

e For the first term 6; in , the Ith row of & > Pa (APX*T) X* — (A'X*T) X* is given by

,Z 6lj_ At X*TX* _ Z (51]— X*TXL
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where, as usual, 0; ; = 14 j)co}. Lemma [41]together with the union bound reveals that

1
P

| X*[]3,00 Tmax log n N | X 13,0 Jog 7

p p

for all 1 <1 < n with high probability. This gives

n

1 1
Al ];Z(%—P)Xfo,- < [|all, ];Z(‘Sl’j—P)Xf,-TXi

- * * 1 *
> -n XX 5 (Vo IX o X P o + X7 o o

=1 ) 7
< t HX*”%,ooJmaX IOg’fL HX*H%,OO logn
<A, +
p p
which further reveals that
2
—~ |1 tovaT v ¢ ||X*||§.oo‘7max10gn ||X*Hgoologn
=D |- G -pALXTX: | <A, ’ ’
= p - 3 3 s p p
J 2
(i) *|2 *1|2
< HAtH X ||2,ooramax logn 4 \/;HX H2,oo logn

p

(i) 2
< HAtH{ Kkur?logn n Kur

np

(iit)
< YOmin

np

p

3/2logn }
O-max

for arbitrarily small v > 0. Here, (i) follows from ||A!||; < /r ||A?|, (ii) holds owing to the incoher-

ence condition (114)), and (iii) follows as long as n?p > x3urnlogn.
e For the second term 65 in (128)), denote

A= PQ (X*At'l') X* —p (X*AtT) X*,

whose [th row is given by

A= X1y (G —p) ALTXG

j=1

Recalling the induction hypotheses (28b) and (28c]), we define

nlogn
p

f X =

With these two definitions in place, we now introduce a “truncation level”

logn

|AY], o < Csp'pr X

||2<>o

12X+ Cro~

&) < Car'ur

W = 2pEOmax

60

2,00 ::é

(129)

(130)

(131)

(132)



that allows us to bound 65 in terms of the following two terms

1 | & s 1 | 9 1 |« 9
b2 =~ 1D AL < — 1D 1AL T, <0} +o 4| Do 1AL T2 g, 50} -
p =1 p =1 p =1

=¢1 =2

We will apply different strategies when upper bounding the terms ¢; and ¢5, with their bounds given
in the following two lemmas under the induction hypotheses and .

Lemma 22. Under the conditions in Lemma[9, there exist some constants ¢,C' > 0 such that with
probability exceeding 1 — cexp(—Cnrlogn),

61 < €/ POl | X3 o log® n (133)

holds simultaneously for all At obeying (@ and . Here, £ is defined in @

Lemma 23. Under the conditions in Lemma@ with probability at least 1 — O (n’lo),
d2 < &/ mprplog® n | X (134)

holds simultaneously for all At obeying @ and . Here, £ is defined in @
The bounds (133]) and (134) together with the incoherence condition (114]) yield

1 1 [ kpr? log? n
b2 < };f\/pamaan*H;oom“ 10g2 n+ ];f "fW”Qplng n H‘X*”2 S %famaw

e Next, we assert that the third term 03 in (128 has the same upper bound as #5. The proof follows
by repeating the same argument used in bounding 65, and is hence omitted.

Take the previous three bounds on 61, 6> and 3 together to arrive at

~ rur?log?n
By <1 (161] + [62] + 163]) < myomn || AY]] + cm/%somax

for some constant C' > 0.
(c) Substituting the preceding bounds on 8; and fSs into (123), we reach

(1) 1
s 2 (1= nowin + 1y + 0| AT 1) [|AY] <7 Hpm <E>H X7

~  [rur? log®n ‘ logn o nlogn
Cny| ————0max | C X C X~
* T p ( PN Tap 1500 + Somin || P 127z e

(ii) Omin 1
N BN (B
~  [rur? log®n . logn N o nlogn N
C —  Omax C — || X C X
(iif) Omin n
< (1= Zg) A + Comy [ 17|

~ |k2u2r3log® n 1 n
+ [ R (csptm/ +Cs—~ \f) bl (135)
np np Omin p

for some constant C' > 0. Here, (i) uses the definition of £ (cf. (130))), (ii) holds if ~ is small enough and
|A] | X*|| < Omin, and (iii) follows from Lemma [40| as well as the incoherence condition (114). An
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immediate consequence of (135 is that under the sample size condition and the noise condition of this
lemma, one has .
| X — X | X < omin/2 (136)

if 0 <n<1/omax-
2. We then move on to the first term «; in (121]), which can be rewritten as

o = ||Xt+11’—_I\tR1 B :-)ZtJrlH’

with
R, = (H) 'H"' = in | X"*'H'R—- X", 137
1= (H) arg min I (137)
(a) First, we claim that X'+! satisfies
I, =arg_min | X*"'R— X*||,, (138)

REOT*r

meaning that X1+ s already rotated to the direction that is most “aligned” with X*. This important
property eases the analysis. In fact, in view of Lemma (138)) follows if one can show that X*T X!+ is

symmetric and positive semidefinite. First of all, it follows from Lemma|[35/that X* T X tH? is symmetric
and, hence, by definition,

X*Tft-‘,—l —_ X*TXtﬁt _ QX*TPQ l:XtXtT _ (M* + E)] X*
p
is also symmetric. Additionally,
HX*TXVtH _ M*H < ||3\(/t+1 N X*H HX*H < Umin/27
where the second inequality holds according to ([136). Weyl’s inequality guarantees that

T ywit+1
XX = UminIr7

DN | =

thus justifying (138) via Lemma

(b) With (137) and (138) in place, we resort to Lemma to establish the bound. Specifically, take
X, = X' and X, = X" H', and it comes from (136)) that
[ X1 = X[ [[ X7 < omin/2.

Moreover, we have —
1X1 = X [ X = [ X H = X x|,

in which

— 1 —
X"TH - X" = (X’f —n=Po [X'X'T — (M* + E)] Xt> H'
p

— [Xtﬁt - n%m [(X'X'T — (M*+E)] X]

1 —

_n,'PQ [XtXtT _ (M* + E)} (Xth _ X*) )
p

This allows one to derive

||Xt+1ﬁt _ th+1|| <1 H;Pﬂ [XtXtT _ M*} (th{\t _ X*)

’ +1 H;PQ(E) (Xtﬁf - X*)
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<n <2n A5 +4vnlogn A", X+ Ca\/D Al (139)

for some absolute constant C' > 0. Here the last inequality follows from Lemma 40| and Lemma As
a consequence,

1% = Xl 1) < (20 a2, + vtogn A, 17 +00ﬂ) INIESE

Under our sample size condition and the noise condition and the induction hypotheses , one
can show
[ X1 — Xl [ X7 < omin/4.
Apply Lemma |37/ and (139)) to reach
a1 < 5| XUUE - X

< 5k <2n JAYE  +2vmlognl|al], 1X*]+ cg\/f) <

3. Combining the above bounds on «; and «as, we arrive at

Omin n *
) A+ nc [ 1)

~  [K2u2r31log® n 1 C n
+ Oy | 2 (C5ptw"1 [— + =8 a\[> X
np np Omin p

1 5k <2n JAYE  +2vmtognl|A], _1X* ]+ CJ\/Z> A

||Xt+1ﬁt+1 _ X*H < (1 B

1 o n
< Cop™pr—— | X" + Cro _\/;nx*u,

/1D o
with the proviso that p > 1 — (omin/3) - 1, & is a constant, and n?p > p3r3nlog® n.

B.3.1 Proof of Lemma [22]

In what follows, we first assume that the §;;’s are independent, and then use the standard decoupling trick
to extend the result to symmetric sampling case (i.e. §;5 = 0 ;)-

To begin with, we justify the concentration bound for any A? independent of ©, followed by the standard
covering argument that extends the bound to all A?. For any A! independent of , one has

B := max HXZ (01,5 —p) A;TXJ*

< || x*|2
1<j<n 7'”2 — ||X H2,oo€

E Y (6 -0 Xp ATX (X7 ATX )

j=1

and V:

n
<plXr 2 IxE L[> ATAL
j=1

<p || X7 |2 11X 15 0 02

< 21X 3,00 € Omax,
where £ and ¢ are defined respectively in (130) and (131)). Here, the last line makes use of the fact that

[ X7l 00 ¥ < ENXT] = £v/Omax; (140)
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as long as n is sufficiently large. Apply the matrix Bernstein inequality |[Trol5bl Theorem 6.1.1] to get

ct?
P{[| A ]|, >t} <2rexp | —

2 2
2pE20max [| X*[[5 o0 + 1 | X*][5 00 €

<9 ct?
= O o [ X2
PE20max || HQ,oo

for some constant ¢ > 0, provided that

t S 2p0max£'

This upper bound on ¢ is exactly the truncation level w we introduce in (132)). With this in mind, we can
easily verify that
Ay,

LA, <0}

is a sub-Gaussian random variable with variance proxy not exceeding O (p{%max [|1X *||;Oo log r). There-

fore, invoking the concentration bounds for quadratic functions [HKZ12, Theorem 2.1] yields that for some
constants Cp, C' > 0, with probability at least 1 — Cye=¢mrlogn

97 = Z | A,-|

=1

2
2 1{||Al,,|\2§w} < PEOmax|| X3, 00nr log? n.

Now that we have established an upper bound on any fixed matrix A? (which holds with exponentially
high probability), we can proceed to invoke the standard epsilon-net argument to establish a uniform bound
over all feasible A!. This argument is fairly standard, and is thus omitted; see |Tao12, Section 2.3.1] or the
proof of Lemma In conclusion, we have that with probability exceeding 1 — C’Oe*%C"T logn

n
2
= | S NALE Ly, <oy S /PE0mal X7 o log n (141)
=1

holds simultaneously for all At € R"*" obeying the conditions of the lemma.

In the end, we comment on how to extend the bound to the symmetric sampling pattern where 6; 5 = dy, ;.
Recall from that the diagonal element ¢;; cannot change the 2 norm of A;. by more than || X™* Hgoo &
As a result, changing all the diagonals {J;;} cannot change the quantity of interest (i.e. ¢1) by more than
Vnl|| X *||§’oo &. This is smaller than the right hand side of 1} under our incoherence and sample size
conditions. Hence from now on we ignore the effect of {d;;} and focus on off-diagonal terms. The proof
then follows from the same argument as in [GLM16, Theorem D.2]. More specifically, we can employ the
construction of Bernoulli random variables introduced therein to demonstrate that the upper bound in
still holds if the indicator &; ; is replaced by (7;; + 7/ ;)/2, where 7, ; and 7/ ; are independent copies of
the symmetric Bernoulli random variables. Recognizing that supa: ¢1 is a norm of the Bernoulli random
variables 7; ;, one can repeat the decoupling argument in [GLM16| Claim D.3] to finish the proof. We omit
the details here for brevity.

B.3.2 Proof of Lemma [23]
Observe from (129) that

1ALy < 1X* g0 | D (65 — p) ASTX (142)
j=1

J
< IIX*IIQ,OO( S ALLXG |+ p A 1X|
j=1
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01,1 X7
<X oo | [0 AL 0 AL : + v [ X7
5l,nX;:7.
< ||X*||2,oo (G (A 12vp X" +pv ||X*H) ; (143)

where v is as defined in and G (+) is as defined in Lemma Here, the last inequality follows from

Lemma namely, for some constant C > 0, the following holds Wlth probability at least 1 — O(n~19)
o, 1X1 1
= (p 1X 12 + O\ Pl X* [ oo X P log m + O X3 o log ”)
o, nX*

KUT rurlogn
< <p+c,/p;‘ 1ogn+c“ng> I1X*|| < 1.2v5 X", (144)

where we also use the incoherence condition (114 and the sample complexity condition n?p >> kurnlogn.
Hence, the event
HAl,-”g Z W = 2p0max£

together with (142)) and (143]) necessarily implies that

n
£
(61 — p) AT X || > 2pomax e and
Z:: ! FNX s, 00

2pOmax§ _ 2\/5”X*HE _
M T ~ PV X, VPV

ll2, 00

1.2\/p = 1.2

where the last inequality follows from the bound (140]). As a result, with probability at least 1 — O(n=19)
(i.e. when (144]) holds for all I’s) we can upper bound ¢ by

|G (AY)] = X,

> 1. 5\f||X*

||200

n
o 2
¢2 - Z||Al7||2l{‘|Al,|‘22W} S {HG A1)||>15\/5§m}’
1=1 TX*T2 00

where the indicator functions are now specified with respect to |G} (A?)]|.
Next, we divide into multiple cases based on the size of |G} (A')||. By Lemma for some constants
¢1, ¢ > 0, with probability at least 1 — ¢ exp (—canrlogn),

an
Zﬂ{\lcz(A‘)\|Z4\/ﬁw+\/2’°r£} A Yo (145)
=1

for any k > 0 and any « 2 logn. We claim that it suffices to consider the set of sufficiently large k obeying

2
V2kre > 4,/pyp  or equivalently k& > log ?p (146)
otherwise we can use (140]) to obtain
X[

4\f1/1+\/275<8f1/)<<15\f”X*

||200

which contradicts the event ||A;.[|, > w. Consequently, we divide all indices into the following sets

Sp={1<1<n: |G (A")] e (V2Fre, vV2iTre] } (147)
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defined for each integer k obeying (146)). Under the condition (146)), it follows from (145) that

n
an

ZH{HGL AY|[>V2FF2re ) < Z]l{HGz(A‘)HMwar\/zTi} = 9k—3"
meaning that the cardinality of S satisfies

an an
|Sk2| < %3 or |Sk| < 25

which decays exponentially fast as k increases. Therefore, when restricting attention to the set of indices
within S, we can obtain

> lAul; < J 1Sil- 1412 . (12V2FFTre /B 1 X 4 puo | X))

LESK

s 1 o (2V25F ey 1 X7 4+ pus |1 X1

(i) N N
<4 [ X7 0 V2EFIE /D | X|

2k5

lll

< 32y arpur?pe | X7,
where (i) follows from the bound ((143]) and the constraint (147)) in Sk, (ii) is a consequence of (146)) and (iii)

uses the incoherence condition ((114]).

Now that we have developed an upper bound with respect to each Sy, we can add them up to yield the
final upper bound. Note that there are in total no more than O (logn) different sets, i.e. S, = 0 if & > ¢ logn
for ¢; sufficiently large. This arises since

IGI(AN] < |Alr < Vil Al200 < VRE < VRVIE
and hence
Lricuansaypervare) =0 and  Sp=10
if k/logn is sufficiently large. One can thus conclude that

cilogn 9
2 2
<> < (\/awr?péllX*ll ) -logn,
k=log 16p«/z2 leSk

leading to ¢o < &/akur?plogn HX*||2 The proof is finished by taking a = clogn for some sufficiently
large constant ¢ > 0.

B.4 Proof of Lemma [10]
1. To obtain (73al), we invoke Lemma Setting X; = X'H' and X, = X*ORHD | we get

1 C I (i) 1
11— X X)L Coptpr— e + D0y |8 O
ﬁ Omin p 2

where (i) follows from (70d) and (ii) holds as long as np > &%u?r?n and the noise satisfies (27). In
addition,

X1 — X[ | X < [ X1 — Xalp [ X7

i

< (Csptm

—~
=

nlogn

Cy
4+ —0 X~
Omin P 2’00> H ||
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) [logn C [nlogn
< 03/) ur = —Omax T u g & Omax
np Omin p

(i) 1

S §O-mina

where (i) utilizeb 70d, (ii) follows since [ X*||, < || X ™|, and (iii) holds if n?p > k?pr?nlogn and the
noise satisfies With these in place, Lemma immediately yields (73al).

2. The first inequality in ) follows directly from the definition of H"* H“®. The second inequality is con-
cerned with the estlmatlon error of Xt RH(M with respect to the Frobenius norm. Combining 1D

and the triangle inequality yields

th,(l)Rt,(l) _ X*

Cio [n logn C7o0 [nlogn
12X Ml + = \ﬁIIX*IIF+CsptW o 12X 2,00 + —— ) 1X*,
min

min

S Hxl‘ﬁt _ X*
F

+ HXtiI\t _ Xt,(l)Rt,(l)H
F F

< Cyp'pr

1
V1P
1 Cio [n logn [ku Cro [nlogn [ku

X* — | X* Csp’ — || X — || X*
= X+ T R Captry [ [P o 4 T [ S

1 2C10 [n
X * \/> X* ||, 148
D [ X[ oo \ D [ X[ (148)

where the last step holds true as long as n > xulogn.

3. To obtain (73d), we use and (70b) to get

+ Hth_I\t _ Xt,(l)Rt,(l)H

< Cup'pr

< 204p

HXt,(z)Rt,(z) _x*

logn nlogn Cro0 |nlogn
< Csp'pr 7||X*||2oo+7 1X N5, 0 + C3p' i ||X*||zoo I
np ’ Omin Omin p

Cs + Cr nlogn N
o T o | X ||2’OO.
o p

min

< HXtI?t - X

log n

< (C3+4Cs) p'pr X2

4. Finally, to obtain (73d]), one can take the triangle inequality

HXt,(l)ﬁt,(l) _x*

< HXt,(l)ﬁt,(l) _ XUH?

F+ thﬁtiX*

< 5k thﬁt _ Xt,(l)Rt,(l)H n Hth{\t X+
F

where the second line follows from (73a)). Combine (70d]) and (70c) to yield

HXt,(l)ﬁt,(l) _x*

logn

N Cy nlogn
X M|, 00 Lb—

* ]‘ * C n *
< 5r (cgpmr Bs ||m> + Coplur— X7 + = 21X

Kpr logn nlogn Cioo [n
< Bmy == [1X7| (Cpum/ \/7>+Cgp pr | X+ v/ o I
Jmm Omin p
* 26'100— *
I+ 227 S,
/NP Omin p

where the second inequality uses the incoherence of X* (cf. (114)) and the last inequality holds as long
as n>> k3urlogn.

< 209Ptﬁ”‘
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B.5 Proof of Lemma [I1]
From the definition of R*H(®) (see (72)), we must have

HXtJrlf_I\Hl _ Xt+1,(l)Rt+1,(l)H < HXt+1f_I\t - Xt+1,(l)Rt,(l)H
F F

The gradient update rules in and allow one to express
XL — xt+LO pt() — [Xt VS (Xt)] H — {Xt,(l) _ 77vf(l) (Xt,(l))} R0
— XtUH! — T)Vf(Xtﬁt) _ [Xt,(l)Rt,(l) B 77Vf(l) (Xt,(l)Rt,(l))}
_ (th_I\t _ Xt,(l)Rt,(l)) _p {Vf(Xtﬁt) _ Vf(Xt,(l)Rt,(l))}
. [vﬂxt,(z)Rt,m) w0 (Xt,u)Rt,(l))} 7

where we have again used the fact that Vf (X?') R = Vf(X'R) for any orthonormal matrix R € O"*"
(similarly for Vf® (Xt®)). Relate the right-hand side of the above equation with V fejean (X) to reach

XHH - XL ORO = (XtH! — Xt ORND) —y) [v Fetean (XTH?) = V fetean (Xt’(l)Rt’(l))]

::Bg’)

1
_n [pPQL (Xt,(l)Xt,(l)T _ M*) —P (Xt,(l)Xt,(l)T _ M*)] xt0 gt

1 — 1
+1-Po (B) (X H - X t’(l)Rt’(l)> +n_Pa, (B) X LORN, (149)

where we have used the following relationship between V() (X) and V f (X):
(1) _ 1 T * T *
VY (X)=Vf(X)—- ;’Pﬂl (XX'-(M"+E)|X+P(XX'-M")X (150)
for all X € R™*" with Pq, and P; defined respectively in and . In the sequel, we control the four
terms in reverse order.

1. The last term Bfll) is controlled via the following lemma.

Lemma 24. Suppose that the sample size obeys n’p > C’u2fr2nlog2 n for some sufficiently large constant
h

C > 0. Then with probability at least 1 — O (n_m), the matriz Bfll) as defined in 4) satisfies

nlogn

B(l)H <
H 4 FNUU

2. The third term Bél) can be bounded as follows
HBéwH < nulpﬂ (E)H HXtﬁt _ XW)RW)H < na\/ﬁHXtiI\t _ X““R“”H ,
F P F P F

where the second inequality comes from Lemma A0}

3. For the second term Bél)7 we have the following lemma.
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Lemma 25. Suppose that the sample size obe s n?p > p2r?nlogn. Then with probability exceeding
1-0 ( _10) the matriz B as defined in 4) satisfies

HBz)H /fﬂzu TQlogn HXt O RED _ x+

4. Regarding the first term Bgl), apply the fundamental theorem of calculus [Lan93) Chapter XIII, Theorem
4.2] to get

Tmax- (151)

2,00

1
vec(Bil)) = (Im — n/o V2 fetean (X (7)) dT) vec (Xth — Xt’(l)Rt’(l)) , (152)

where we abuse the notation and denote X () := X+*OR+0 4 7 ( XtHt — Xt’(Z)Rt7(l)). Going through
the same derivations as in the proof of Lemma (8] (see Appendix [B.2)), we get

1Bl < (1 =) [ B - xR0 19%)

with the proviso that 0 < 1 < (20min)/(2502,,)-

Applying the triangle inequality to (149)) and invoking the preceding four bounds, we arrive at

HXtJrlﬁtJrl _ Xt+1,(l)Rt+1,(l)H
F

< (1= Z2ng) X E - XUORO| 4Gy ISR e o
np

_’_éno\/ﬁHX Ht — Xt(l)Rt(l)H + O nlogn
p

Omax
2,00

X7l 00

_ (1 - Urzifanrcna\[) HX H' — XtOR" U>H +Cn ,/” per log” th WRLD _ X e
+ O [E2 X
(1 2”“““ )HX H' - x+OR" ”H e ,/“2“ re log" HXf ORMD — X*||  opnax
+ Oy | "B x4,

for some absolute constant C > 0. Here the last inequality holds as long as 04/n/p < omin, which is satisfied
under our noise condition (27). This taken collectively with the hypotheses (70d) and (73] leads to

HXt+1f{\t+1 _ Xt+1,(l)Rt+1,(l)H

2(j.Il'llIl n IOg n
< (1 <C3P ,W\/i X2, |X*||2,oo>
lo nlogn N
(C5 + Cs) p* pry | —— 81 + (Cs +Cr) F] [ X2, 00 Tmax
np Omin p ’

||27oo

~  [Kk2u2r2logn

+Chn

nlogn

+Cno | X
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log nlogn

IIX*Hzoo+07

< (1 - Ur;in 17) Cap'pr

m1n

as long as C7; > 0 is sufficiently large, where we have used the sample complexity assumption n2p >
k*2rinlogn and the step size 0 <7 < 1/(20max) < 1/(20min). This finishes the proof.

B.5.1 Proof of Lemma [24]

By the unitary invariance of the Frobenius norm, one has

|8 = 5 [Pa. x4
F

where all nonzero entries of the matrix Pq, (E) reside in the {th row/column. Decouple the effects of the ith
row and the [th column of Pg, (E) to reach

+ Y 6EX

Jii#l

215 <
n F 5

t,(1)
G X
=1

=«

where §;; = 1 j)eqy indicates whether the (I, j)-th entry is observed. Since XtW is independent of
{01, }1<j<n and {E; j}1<j<n, we can treat the first term as a sum of independent vectors {u;}. It is easy to
verify that

gl < X0, 8B, < o] x40
. L )
where || - ||, denotes the sub-exponential norm |K0111, Section A.1]. Further, one can calculate
n 2
t (l) t (l)T t, (1) yt, (l)T 2 (1
<3| <o e[S 0] | - e

Invoke the matrix Bernstein inequality [Kolll, Theorem 2.7] to discover that with probability at least 1 —
O (n=19),

|3 ]|, < vV horn + [ o] 108
g=t i ¥
S \/pa2 th,(l)Hilogn+J||Xt,(l)’|2oolog2n

Sov/mplogn|| XWO,  + 0] X8O,  log*n

< or\/mvlogn||Xt’(l)||2 o

where the third inequality follows from || X*® ||i <n|Xx-® H; _» and the last inequality holds as long as

np > log® n.
Additionally, the remaining term « in (154)) can be controlled using the same argument, giving rise to

a < U\/nplognHXt’(l) H2 -

We then complete the proof by observing that

12O, o = 12X OROY, < [XEORYY = X, |+ [ X, o < 21X, (155)

where the last inequality follows by combining (73c]), the sample complexity condition n?p > u?r?nlogn,
and the noise condition .
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B.5.2 Proof of Lemma [25]

For notational simplicity, we denote
C = Xt,(l)Xt,(l)T _ M* _ Xt’(l)Xt’(l)T _ X*X*T. (156)

Since the Frobenius norm is unitarily invariant, we have

l
5] =

70 (©) - Pr(C) x40

F

=W

Again, all nonzero entries of the matrix W reside in its {th row/column. We can deal with the Ith row and
the Ith column of W separately as follows

B HB%DHF S Z (6l,j _p) Cl,th 0 + Z (6lj _p)2 HC”OO H-‘Xlt:(l)H2
! =1 2\ i
n
= DICFENOICFS sl IRV (o[ b sl
=1 )

where 6, := 1{(,j)en} and the second line relies on the fact that »_; . (6,7 — p)® =< np. It follows that
H2,c>o ?

(1)
L= max H(él,j—mcz,jx;?:.”)H <€ x40, <20C). X"

1<j<n
t (l t, ()T
> X0
Jj=1

ZE (615 — ) ]CE XX EOT < pllC)2,

2J

2 2 (i) 2 |2
=pllclZ | x| < ap i)z 1X7 )}
Here, (i) is a consequence of (155)). In addition, (ii) follows from

xtO| — || xt-ORrLO| < || xtORtO _ x*
15Ol R < R
F

o TIX e < 201X g,

where the last inequality comes from (73b)), the sample complexity condition n?p > p?r?nlogn, and the
noise condition . The matrix Bernstein inequality [Trol5b, Theorem 6.1.1] reveals that

Z5l,g— ) O X t(l

< VVlogn + Liogn < \/pl|CIE | X+ logn + [, | X[, logn
2

with probability exceeding 1 — O (n™1°), and as a result,

P l *
5HB£)||F < Vplogn [|C]| o | X* |y + v/AD 1C]|g 11X * 15,00 (157)

as soon as np > logn.
To finish up, we make the observation that

ICll. = HXt,(l)Rt,(l) (Xt,(z)Rt,(l))T _x*x*T

‘ o0

< H (Xt,(l)Rt,(l) _ X*) (Xm(l)Rt,(l))TH 4 HX* (Xt,(l)Rt,(l) _ X*)T _xrx*T

’ o0

S th,(l)Rt,(l) _ X*

HXt7(l)Rt7(l)H2 + ||X*||2,oo HXt’(l)Rt’(l) _X*
,00

2,00
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(158)

X

)

<3 HXt,(l)Rt,(l) _x*
where the last line arises from ([L55]). This combined with (157)) gives

logn n *
M 222 C o I+ n\f 1€ 1 X7
p p
n
1 g o 1 e 1y [ | O RO — X)X
2,00 ’ P 2,00 ’
KUT

%),7 logn HXt,a)Rt,(w _x+
p ,
(i) 1 2
<[ B xR0 x|\ +,7\/WHXL<Z>RW> x| e,
p 2,00 n P
O—maX7
2,00

g n H2I,L2T2 logn HXt,(l)Rt,(l) _ X*
\ np
where (i) comes from ([158)), and (ii) makes use of the incoherence condition ([L14]).

a],
H 2 {lg ~

2,00 N

B.6 Proof of Lemma [12|
We first introduce an auxiliary matrix
X0 = xtO L0 ) [17391 [Xt,a)Xt,(l)T —(M*+ E)} L7, (Xt,(wXuUW _ M*)} X*. (159)
p
. 160
L (100)

With this in place, we can use the triangle inequality to obtain

H(Xt-i-l,(l)f_[\t-i-l,( ) X*) H < H(Xt+1,(l)f{\t+1,(1) _ X’tﬂ,(l)) H n H(j{tﬂ,u) ~ X¥) H
Lollg = Lolly L
=2

=

In what follows, we bound the two terms a; and ay separately.
1. Regarding the second term avy of (160), we see from the definition of X**+1() (see (159)) that
[Xt7(l)ﬁt,(l) — (X0 XEOT - XX T X - X*} : (161)
1,
(162)

(ft+1,(l) _ X*)l —
where we also utilize the definitions of Pg-: and P; in . For notational convenience, we denote

At’(l) — Xt,(l)ﬁ\t,(l) _ X*.

This allows us to rewrite (161]) as
_ Ai’-(l) _q [(At,(l)X*T i X*At,(l)T) X*L o [At’(l)At’(l)TX*L

(}Z/tJrl,(l) _ X*)
I
_ Af,’@ _ 77Az,.(l)z* . nX;:.At,(l)TX* . nAz,'(l)At,(l)TX*v

2

which further implies that
g < HAZ@ _ UAEZFZ)E* i + "XZ_At,(z)TX* . g HA;S:‘(I)At,(l)TX*
t, l * * * t, l *
< AL 1T =Bl X o [ AR X0 [ A a0 17

(1 *
< [|ArP] 18 = =+ 2 o | ASO 1X
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Here, the last line follows from the fact that HA;’@ H < || X* To see this, one can use the induction
w o ll2

”2,00'

hypothesis (70e) to get
1 o nlogn
Al < et x* C x* x* 163
[At0], = coptrr 17+ Co 1 ]y 0 < 1 X oo (163)

as long as np > p?r? and o+/(nlogn) /p < omin. By taking 0 < 7 < 1/0max, we have 0 < I, — nX* <
(1 — nOmin) I, and hence can obtain

a2 < (1 = nomin)

AL 201X [ARO 17 (164)

An immediate consequence of the above two inequalities and (73d) is

as < || X

2,00 (165)
. The first term «; of (160]) can be equivalently written as

oy = H(Xt“’(”fi\t’“)Rl _ X/t+17(l))l,-“2’

where

R, = (H"O) ' H*'O = arg min | X*OHYOR - X*

RGOTX ad

)

Simple algebra yields

ay < H(Xm,(l)ﬁt,(z) _ 3{t+1,(l))l R,

)

+ X R -1
9 ’ 2

< H (Xt+1,(l)ﬁt,(l) _ X/tJrl,(l))
- l

T2 X g0 | By — L] -
——
=P

)

2

=P

Here, to bound the the second term we have used

- t+1,(1) t+1,(1) *
T A

, TIX, = ao + || XE ], < 201X

||2,oo’

where the last inequality follows from (165)). It remains to upper bound f; and S2. For both £, and 5s,
a central quantity to control is X0 HHO — Xt+1L.(0 By the definition of X*+1® in (159) and the
gradient update rule for X*tH(®) (see (69)), one has

Xt-',—l,(l)f_l—\t,(l) - X’t+1,(1)
— {Xt,(l)I/;I\t,(l) - |:;)7DQZ |:Xt,(l)Xt,(l)T _ (M* + E)] + Pl (Xt,(l)Xt,(l)T _ M*>:| Xt’(l)ﬁt’(l)}
_ {Xt,(l)f_I\t,(l) . B;PQL {Xt,(l)Xt,(l)T —(M*+ E)} + P, (Xt,(z)Xt,(z)T _ M*)} X*}

=y |:1PQZ (Xt7(l)Xt’(l)T o X*X*T) + Pl (Xt7(l)Xt,(l)T o X*X*T):| At7(l) + ﬁ'ngz (E) At7(l).
p p
(166)

It is easy to verify that
1 i) 1 () i) §
—||Pa-t (E)|| < = ||Pq (E f/O'\/><O'min
p|| a-t (B p|| (B b =3
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for & > 0 sufficiently small. Here, (i) uses the elementary fact that the spectral norm of a submatrix is
no more than that of the matrix itself, (ii) arises from Lemma [40| and (iii) is a consequence of the noise
condition . Therefore, in order to control (166)), we need to upper bound the following quantity

= H Lp (Xt’(l)XW)T — X*X*T) + P (XW)XW)T ~ X*X*T) H . (167)
p
To this end, we make the observation that

v < Hl’PQ (Xt7(l)Xt,(l)T _ X*X*T> H
lp

=71

+ Hlpﬂl (xtOxt0T - XX T) —py (X0 XOT - X xT | (168)
p

=72
where Pg, is defined in (66]). An application of Lemma [43] reveals that

" < 2n HXtvU)Rtv(l) _ x|

+4vnlogn HXWRW _X*

X,
2,00

2,00

where R*() € O"™*" is defined in . Let C = XtWXtMOT _ X*X*T as in (156), and one can bound
the other term -5 by taking advantage of the triangle inequality and the symmetry property:

9 |2 0O m @ 7
w2 S a5\ SOl 5\ B[ xHORO - x|

j=1

*
o ||X H2,oo )
s

where (i) comes from the standard Chernoff bound 22‘;1 (01, — p)? = np, and in (i) we utilize the bound
established in (158). The previous two bounds taken collectively give

v <2 HXt’(l)Rt’(l) x|

+4v/nlogn HXW)RW) _X*

Xl

2,00 2,00

+0\ 2 || RO - x
P 2

for some constant C' > 0 and § > 0 sufficiently small. The last inequality follows from li , the incoherence
condition (114) and our sample size condition. In summary, we obtain

5
Xz < Somin (169)

et 0o - Zero] <o (v |2pon @) ) 400 < nom
< ; <

‘Atﬂ) H , (170)

for 6 > 0 sufficiently small. With the estimate (170] in place, we can continue our derivation on f; and
Ba.

(a) With regard to f;, in view of (166) we can obtain

B, O) " H (Xt,(z)Xt,(z)T B X*X*T) ALD

I 2

< H (Xt,(l)Xt,(l)T _ X*X*T)

]

Lol

@, [At,u) (Xt,mﬁtml))T+X*Atv<l>T] HAM”H
Lol

(ot o 1 o
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<afar?], Jxeo] laso] + i ato]

(171)

where (i) follows from the definitions of Pg-: and P, (see and note that all entries in the [th row
of Po-1(+) are identically zero), and the identity (ii) is due to the definition of A»® in (162).

(b) For (35, we first claim that
ft-‘rl,(l)R _ X*

I, :=arg min
RGOTXT

o (172)

whose justification follows similar reasonings as that of (138)), and is therefore omitted. In particular,
it gives rise to the facts that X* ' X' is symmetric and

(XHEO) T X% = g, (173)

DN | =

We are now ready to invoke Lemma to bound fB;. We abuse the notation and denote C :=
(X)X and B = (XHLOHNO — XHLO) T X% We have

1
”EH < iamin <oy (C)
The first inequality arises from ([170)), namely,

HE” < HXtJrl,(l)j_:[\t,(l) _ ft«%L(l)H ||X*|| < n(so—min

A X7
() (i) 1
< 77§Umin ||X*H2 < go'minu

where (i) holds since [|A*®|| < [ X*|| and (ii) holds true for § sufficiently small and 7 < 1/0ax. Invoke
Lemma [3@ to obtain

2
=||Ry — I| < E
B2 =R — L] < 51 (C) . (C) Il
<2 Xt+1,(z>ﬁt,(l)_}’HL(Z)H X" (174)
Omin
< 20 [ A8O X (173)

where (174) follows since 0,1 (C) > 0, (C) > 0min/2 from (173]), and the last line comes from (170].
(c) Putting the previous bounds (171)) and (175) together yields

( 2 «
on < n[ai ] O o]+ il O] agmixe o s i
3. Combine (160), (164) and (176]) to reach

H (X OESEO - x*) < (1= o)

2

t,(1 * *
l AL+ 20X [A5O 1x7)

)

2
walab®], ol aco] e miiid, At + somixta fare e

(1)
< (1= nomin+n | x5O 48O} [|ALO], + 412 0 45O 127

(ii) Omin 1 Cs nlogn
< (1- ) Copt N X*
_( 5 7l ( QpW\ﬂTerommg ) [ X

1 2010 n
n || X || X 204" X — | X*
a0 XX (2t |50+ 200 [0

2,00
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(iif) 1 N Cs nlog‘n X+
T —— | Xy 0o + ——0 X3 00 -
np Umln
Here, (i) follows since HAt’(l)H < || X*|| and § is sufficiently small, (i) invokes the hypotheses (70e) and
(73d]) and recognizes that

[ X[+ ——

min

2 1 min
HXt,(z)H HAt,(l)H <21 x*| | 2Cour C1o nlogn X o
\/7 2

holds under the sample size and noise condition, while (iii) is valid as long as 1 — (omin/3) -7 < p < 1,
Cy > kCy and Cg > kCho/+/lTogn.

B.7 Proof of Lemma [13

For notational convenience, we define the following two orthonormal matrices

and QWY :=arg min ||UO OR-U*

Q=arg min [U°R- U, min I

The problem of ﬁnd/igg H! (see ) is called the orthogonal Procrustes problem |TB77|. It is well-known
that the minimizer H® always exists and is given by
H' = sgn (XtTX*) .
Here, the sign matrix sgn(B) is defined as
sgn(B) :=UV" (177)

for any matrix B with singular value decomposition B = UXV T, where the columns of U and V are left
and right singular vectors, respectively.

Before proceeding, we make note of the following perturbation bounds on M° and M® (as defined in
Algorithm [2| and Algorithm [5| respectively):

7’9( )

< C\/>||M*|| +CJ\/> \/>||X* OO+C \/>\/0—m1n
2 1/ Omin

(iii) /
< C {/,L’I’ —\/Omax + —— ‘X* | << Omin, (178)
v/ Omin

for some universal constant C' > 0. Here, (i) arises from the triangle inequality, (ii) utilizes Lemma [39| and
Lemma (iii) follows from the incoherence condition (|114) and (iv) holds under our sample complexity
assumption that np > p?r?n and the noise condition (27)). Similarly, we have

- M*H<H Po (M%) - -

HM< _ M

< v + < 21X < o (179)
Combine Weyl’s inequality, (178]) and (179)) to obtain

[0 = = < [ MO~ M| < oin and |20 - 57| < ||M©O - M| < o, (180)
which further implies
%Umin < Or (20) < 01 (EO) < 2UmaLx and %Umin < Or <E(l)) < 01 (E(Z)) < 2Umauc~ (181)

We start by proving (70a)), (70b) and (70c). The key decomposition we need is the following

Q-Q(=)|+ U'Q-Ur) (=0 (82)

XOHO _ x* — O (20)1/2 (ﬁo _ Q) Ly° {(20)1/2
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1. For the spectral norm error bound in (70c)), the triangle inequality together with (182]) yields

oo = [ -]+ [ -0+ vl

where we have also used the fact that |[U|| = 1. Recognizing that |[|[M° — M*|| < omimn (see (L ) and
the assumption oymax/omin < 1, we can apply Lemma Lemma 46| and Lemma E to obtain

|H -Q| < HMO M, (183a)
H( )1/2Q Q E* 1/2” < - HMO _2\4*”7 (183b)
U°Q -U*|| £ S— HMO M. (183c)
These taken collectively imply the advertised upper bound
1
IXOH — X7 £ V/omas —— HMO M|+ == ||M° - M| 5 ﬁ - M

Omax o [n .
5{#7"\/«/ =y e,
np Omin Omin p
where we also utilize the fact that H (20)1/ 2 || < V20 max (see ) and the bounded condition number

assumption, i.e. Omax/0min < 1. This finishes the proof of (7 .
2. With regard to the Frobenius norm bound in (70a)), one has

< VExOE x|

oo G = {om o s ST e v
Y eV S B

Here (i) arises from (70c) and (ii) holds true since omax/0min < 1 and /7/0min < || X*||p, thus completing

the proof of (70al).

3. The proof of (70b)) follows from similar arguments as used in proving (70c)). Combine ([182)) and the triangle
inequality to reach

HXOI/LI\O _x*

o -, <ol ([ -] | - e )
bV [U°Q - U,

Plugging in the estimates (178)), (181)), (183a]) and (183b]) results in

1
: {“\/; - ﬁ } IX U], o + Voma [[U°Q = U, -

It remains to study the component-wise error of U°. To this end, it has already been shown in [AFWZ17,
Lemma 14] that

[0°Q -0, 5 (s +
’ np

HXOI/LI\O _x*

”) Uy and [0, ST s (189)
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under our assumptions. These combined with the previous inequality give

1 o n 1
< - - max U* < -
S {um/ v — \/;} Vomax U5 o © {um/ ——

where the last relation is due to the observation that

V Omax ||U*||2,oo S VOmin ||U*||2,oo < HX*HQ,OO‘

x|

n
p}xwmw

. We now move on to proving lb Recall that Q) = arg mingeorxr
inequality,

U*DR — U*||,. By the triangle

O = a0t x|

< |x H2 |0 — Q| + H (x0Q0 —x), | (s5)

Note that X = M U* (2*)71/2 and, by construction of M®,

—1/2 —1/2

Xl0,7(l) _ Ml(f.)UO,(Z) (E(l)) _ MZU&(Z)(E(Z))

We can thus decompose

(Xo,(z)Q(z) _ X*) = My {Uo,(z) [(E(l))_l/QQ(” —qQW (2*)71/2} i (Uo,(z)Q(l) _ U*) (E*)71/2}7
. :

)

which further implies that

x00oW _ x* H < IM* H (") 20 QW (x) 1/2H UoWo® _ _
| 0Q® —x), | < Ipa, . Q" - Q" ( +=[uete
(186)
In order to control this, we first see that
H(E(l))_1/2Q(1) QY (=) 1/2H H 2(1))—1/2 [Q(l) (2*)1/2 _ (2(1))1/2(2(1)} (2*)*1/2H

QU (3 - (1) Q0|

Umm

)

~ 3/2

Umln

where the penultimate inequality uses (181]) and the last inequality arises from Lemma Additionally,
Lemma [45] gives

< 1 MO — pr+

Omin

HUO,U)QU) _U*

Plugging the previous two bounds into (186]), we reach

1
M|, < —
M 5 {4

= HX*X*TH2 o < VOmax [| X* |5, o, and the estimate (179).
Note that this also implies that HXlOf(l) H < 2|/ X™*||5 «- To see this, one has by the unitary invariance of
g ,

H()l‘ 2’

H(XO’(”Q(” - X¥) HMU) —M*

n
p%xmm.

l H ~ 3/2
12
O min

where the last relation follows from || M*|, .

e, =[x, < o 0@® =), [+ 1%l < 21X e
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Substituting the above bounds back to (185)) yields in

T * * T 1
om0 -3, [, S0 [0 - @ 4 {2

o n
Zlx*
Omin \/;} || ||2)OO
1 o n
5 T — + [} X* )
{2 L1
where the second line relies on Lemma the bound (179), and the condition omax/min =< 1. This

establishes (|70€)).

. Our final step is to justify (70d). Define B := argmingeorcr
R%W (cf. (72)), one has

U>OR—U° From the definition of

-
HXOf_I\O *XO’(Z)RO’(Z)H < HXO,(I)B 7XOH _
Recognizing that ' '
x00 g _ x0 — o0 [(2(1))1/23 _B (20)1/2} i (Uo,(z)B _ UO) (20)1/2 7
we can use the triangle inequality to bound

1/2

|20 - x|, <=0y "B - (=) + o0 m o] =]
F F F

In view of Lemma 46| and the bounds (178]) and (179)), one has

_ 1
O\~ 2g _ 321/2H < |(pm° = p® Uo,mH
H( ) F ™ \/Omin ( ) F
From Davis-Kahan’s sin® theorem [DK70| we see that
HUW)B - UOH <1l - M(l))UO*(l)H .
F "™ Omin F
These estimates taken together with (181)) give
1
x0 B _ XOH < MO — pm® UO,(Z)H
H F" A/ Omin ( ) F

It then boils down to controlling H (M0 - M(l)) (9AR0) HF Quantities of this type have showed up multiple
times already, and hence we omit the proof details for conciseness (see Appendix [B.5)). With probability
at least 1 — O (n_lo),

H(Mo _ M(”)UO’(”H < {W llogngmax o /nlogn} HUO,(l)H .
P np D 2,00

If one further has

l
o0, S0 S

1
,O0 v/ Omin

then taking the previous bounds collectively establishes the desired bound

— 1 !
HXOHO _ XO,(l)Roy(l)HF S {,ur\/E-i- U. n Ogn} ||X*||2,oo'
np Omin p

Proof of Claim . Denote by M ()% the matrix derived by zeroing out the Ith row/column of M®,
and UD=r ¢ R™*" containing the leading 7 eigenvectors of M®-#  On the one hand, [AFWZ17,
Lemma 4 and Lemma 14| demonstrate that

[P | Py (187)

(1),zero < *
I IO S O
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On the other hand, by the Davis-Kahan sin © theorem |[DK70| we obtain

HUO,(Z)Sgn (UO,(Z)TU(I),Zero) _ U(l),zero < 1 (M(l) _ M(l),zero) U(l),zero (188)
F Omin F ’
where sgn(A) denotes the sign matrix of A. For any j # [, one has
(M(z) . M(l),zero) U (D-zero _ (M(z) _ M(l),zero) Ul(z),zcro — 0.,
j,. J’l , )
since the Ith row of U, l(’l_)’zero is identically zero by construction. In addition,
H (M(l) o M(l),zero)[ U(l)7zer0 _ HMZ-U(Z))ZerO , < ||M*||2,oo < Omax ||U*||27oo )
5" 2
As a consequence, one has
H (M(l) _ M(l),zero) U(l)7zer0 _ H <M(l) _ M(Z)7zero> U(l)7zero < Omax ||U*||2
F 1 5 100 ?
which combined with (188) and the assumption oyax/0min < 1 yields
HUO’(l)sgn (UO,(Z)TU(Z),zero) _ U(l),zero < ”U* |2
F" 100
The claim (|187) then follows by combining the above estimates:
HUO,(z)H _ HUO’(l)sgn (UO,(Z)TU(l),zero> ‘
2,00 2,00
< ||U(l),zero||2700 + HUO,(l)sgn (UO,(Z)TU(Z),Zero) _ U(l),zeroHF S; ||U*H2,007
where we have utilized the unitary invariance of [|-||, . O

C Proofs for blind deconvolution

Before proceeding to the proofs, we make note of the following concentration results. The standard Gaussian
concentration inequality and the union bound give

max |alHa:*| < 5+/logm (189)

1<i<m

with probability at least 1 — O(m™19). In addition, with probability exceeding 1 — Cm exp(—cK) for some
constants ¢, C' > 0,

max [a, < 3VK. (190)
1<i<m
In addition, the population/expected Wirtinger Hessian at the truth z* is given by
Ix 0 0 ko’
0 Ik z*h*T 0
2 *\
\Y F(z ) = 0 (m*h*T)H Ix 0 (191)
(haT)" 0 0 Ix

C.1 Proof of Lemma [14]

First, we find it convenient to decompose the Wirtinger Hessian (cf. ) into the expected Wirtinger Hessian
at the truth (cf. (191])) and the perturbation part as follows:

V2 f(z) = VF(2") + (V2 f (2) — V?F(z")). (192)

The proof then proceeds by showing that (i) the population Hessian V2F (z*) satisfies the restricted strong
convexity and smoothness properties as advertised, and (ii) the perturbation V2f (z) — V2F (z*) is well-
controlled under our assumptions. We start by controlling the population Hessian in the following lemma.
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Lemma 26. Instate the notation and the conditions of Lemma[Ij We have
[V2F(2*)||=2 and  w"[DV?*F(2*) + V2F(2*)D]u > |ul;.
The next step is to bound the perturbation. To this end, we define the set

S :={z: zsatisfies (82)},

and derive the following lemma.

Lemma 27. Suppose the sample complezity satisfies m > ,uZKlog9 m, ¢ > 0 is a sufficiently small constant,
and 0 = ¢/ logZ m. Then with probability at least 1 — O (mflo +e Klog m), one has

sup HVQf (2) — V2F (z")] < 1/4.
z€S

Combining the two lemmas, we can easily see that for z € S,
[V2f (2)|| < ||[V2F (29)|| +||V?f (2) = VPF (2%)|| <2+ 1/4 < 3,
which verifies the smoothness upper bound. In addition,
u" [DV?f (2) + V’f(2) D] u
= u" [DV?F (z*) + V?F (2*) D] u + u"D [V2f(2) = VPF (") u + uM [V2f(z) — V*F (z*)] Du
2 [DV?F (2*) + V*F (2*) D] w — 2| D|| ||V2f (2) — V2F (2*)|| [|ull5
2 2 21+ 6) - | Jull?

@1
> 5l

where (i) uses the triangle inequality, (ii) holds because of Lemma [27| and the fact that ||D| < 14§, and
(iii) follows if § < 1/2. This establishes the claim on the restricted strong convexity.

C.1.1 Proof of Lemma [26]
We start by proving the identity HVQF (z*)H = 2. Let

h* 0 h* 0
1 0 12 1 0 1 xz*
up = 2l o ) Uz = NG TER Uz = o) 0 ) Uy = NG B
T* 0 —x* 0
Recalling that ||h*||2 = ||x*||2 = 1, we can easily check that these four vectors form an orthonormal set. A

little algebra reveals that

2 * H H H H
VF (z*) = Iig + uiuy + ugusy — ususy — ugy,

which immediately implies
|V2F (z%)] = 2.

We now turn attention to the restricted strong convexity. Since ut DV2F (2*) w is the complex conjugate
of utV2F (2*) D as both V2F(z*) and D are Hermitian, we will focus on the first term u! DV2F (2*) u.
This term can be rewritten as

u"DV?F (z*)u
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Ik 0 0 h*z*T hy — ho

i 0 Ix z*h*T 0 _
=t h) @) R R) @)D g et L ke
(hra*T)" 0 0 Ix T —

hi —hy + h*z* " (z, — x3)
N *px T )
2 [ ) o BB ] |
(h*2*T)" (hy — hy) + (@1 — @2)
hy — ho + h* (x; — iBQ)H a:*
x1 —xo+ax* (hy
hy — hy + h* (2] — x5
(

ml—w2+az* h1 hg

= {71 (h1 — ko) e (@1 — 22)" 31 (Br — ) 70 (@1 = :Bz)H}

m*

h2)" h
)H
)" b
=27 [|hy — hall; + 272 &1 — x|l

+ (71 +72) (b — ho) B (2 — 22) " + (31 + 72) (hy — ha)" h* (@1 — 22)" 2, (193)
=0 =B

where (i) uses the definitions of u and V2F (z*), and (ii) follows from the definition of D. In view of the
assumption , we can obtain

291 [1h1 = Rafl3 + 27 @ = @2} > 2min {31, 72} (1B = Ral3 + o = @2l3) = (1= 6) ull3
where the last inequality utilizes the identity
2 2 2
2[|hy = hally + 2 [lz1 — @2y = [ull; (194)
It then boils down to controlling 8. Toward this goal, we decompose 3 into the following four terms

6 = (h1 — hz)H h2 (iL‘l — QJQ)H o + (h1 - hg)H (h* - hg) (:c1 - (L‘Q)H ((L'* — wg)
=01 =2
+ (hl — hg)H (h* — hg) (:L’l — wg)H o + (h1 — hQ)H h2 (111 — QJQ)H (IB* — iL‘Q) .
:=L3 =B

Since ||ho — h*||, and |z — x*||, are both small by , B2, 83 and (4 are well-bounded. Specifically,
regarding (o, we discover that

|Bo| < [|R* = hally " — @2y A1 — hally lz1 — @2]l, < 62 (|1 — hall, 21 — 22ll, < 8 [[hy — hally |21 — 22,
where the second inequality is due to and the last one holds since § < 1. Similarly, we can obtain

1Bs] < 3|zl [[h1 — hally |21 — 22|, < 25 [[h1 — hall, |21 — 22|,
and |Ba] < 6 |lh2lly [[R1 — hally [[21 — @2y, < 26 [[h1 — hally |21 — 22, ,

where both lines make use of the facts that
[22lly < [l@2 — 2"y + [|", <1+ <2 and  [lholly < [lhe = h7[[; +[|R7], <146 <2 (195)
Combine the previous three bounds to reach

hi— holl2 + ||@1 — 2|2 5
8ol + 1851+ 184l < 5 s — By s — ], < 5ol —Pelo t e Z @l By

where we utilize the elementary inequality ab < (a? + b?)/2 and the identity (194]).
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The only remaining term is thus ;. Recalling that (hy,x1) and (hg, x2) are aligned by our assumption,
we can invoke Lemma [56] to obtain

(hi — ha)" by = |1 — 2|5 + 24 (21 — 22) — ||R1 — half5,

which allows one to rewrite 51 as

ﬁl=:{Hw1——mgﬂg%—wg(wl——wg)——th——hﬂ@}-(w1——w2f*m2
2
= @1 — )" (o — @3 — b1 — hall}) + | (@1 — @2)" o)
Consequently,
- Ho |2 H 2 2
B+ B =2|(x1 —x2)" 2 , +2Re |(x1 — x2) " x2| (|21 — 22|53 — [|h1 — h2]|5
> 2Re [(931 — )" 332] (||331 — @5 — [P — h2||§)
@ H 2
> — |(@1 - 22)" 2| ull
(i) ,
2 45 2.
Here, (i) arises from the triangle inequality that
2 2 2 2 1 2
@ = a3 = py = hall3] < lloy = @ll} + 1 = Bal} = 5 [lul3,

and (ii) occurs since ||x1 — x2ll2 < ||l1 — *||2 + |22 — *||2 < 20 and ||x2]|2 < 2 (see (195))).
To finish up, note that 1 +v2 < 2(1+J) < 3 for § < 1/2. Substitute these bounds into (193) to obtain

u"DV?F (") u

Y

(1= 0) [Jull5 + (11 +2) (B + B)
(1=0) ||l + (1 +2) (B1+B1) =2 (7 +72) (1B2] + |Bs] + |B4l)

Y

5
> (1= 0) |fuly — 125 ||ul; — 6 3 Jull;
> (1~ 20.56) [[ul ;
L2
> 5 llul;

as long as ¢ is small enough.

C.1.2 Proof of Lemma
In view of the expressions of V2f (z) and V2F (z*) (cf. (80) and (191)) and the triangle inequality, we get
|V2f (z) = V2F (2%)|| < 201 + 20 + das + day, (196)

where the four terms on the right-hand side are defined as follows

m m
H..|2 3 pH Hyp |2 H
ap = g |ajac| bjbj — Ik, g = g |bjh| aja; —Igll,
j=1 j=1
m m
_ th H b H _ b th H T h* *T
ag = (bjhata; —y;) bjaj |, Qg = E, ibj h (ajajz) —h'z
j=1 j=1

In what follows, we shall control sup,cg a; for j = 1,2, 3,4 separately.
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1. Regarding the first term a7, the triangle inequality gives

L H 2 g H NS Hox (2 H | Hx12 g pH
on <[> fajfe| b;bf = |afla* " bibl!| + 1> |ajlz*|" b;bl -
Jj=1 Jj=1 j=1

=pF1 =02

e To control 51, the key observation is that a?w and a;'w* are extremely close. We can rewrite 31 as

Z(\a ol — |afa**) bl | < |3 |lafal” — |alfa"|* b0l (197)
j=1 Jj=1

where

’|a?$|2 - |a?m*|2‘ © ‘ [af (@ — m*)}H all (x — o)+ [aff (v — m*)}H allz* + (alflz* )H al (x — x¥)

Here, the first line (i) uses the identity for u,v € C,
lul? = |v|* = uHu — oMo = (u— )P (w—v) + (u— )P + o (u— ),

the second relation (ii) comes from the triangle inequality, and the third line (iii) follows from ((189) and
the assumption (82b)). Substitution into (197) gives

logm’

m
B < lgzzxm“a?m]? — |a';-'w*|2’ HZ ;b < Cs
<j< 2

where the last inequality comes from the fact that Z:n:1 b; ij = Ik.
e The other term 5 can be bounded through Lemma which reveals that with probability 1—0 (m™1°),

B S /= logm.
m

Taken collectively, the preceding two bounds give

| K 1
sup 041 — log m + 03
zeS gm

Hence P(sup,cs a1 < 1/32) =1—0(m™19).

2. We are going to prove that P(sup,cgas < 1/32) = 1 — O(m™19). The triangle inequality allows us to
bound «» as

Z|b”h| a;a! — B3 Zic || +||IAl3 Ix — I -

=01 (h) :=02(h)
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The second term 65(h) is easy to control. To see this, we have
2
() = I3 1] = [ I, ~ 1] (IRl +1) < 35 < 1/64,
where the penultimate relation uses the assumption that ||h — h*||, < ¢ and hence
[l =1 <6, Jhl; <1+0<2.
For the first term 60 (h), we define a new set

2C, 11 log?
H:{heCK: Ih— R o< and  max |byh|§64ﬂ0gm}.
1<j<m

Jm

It is easily seen that sup,cs 01 < suppcy 1. We plan to use the standard covering argument to show that

P (sup 01(h) < 1/64) =1-0(m 1. (198)
hcH

To this end, we define ¢;(h) = |b?'h|2 for every 1 < j < m. It is straightforward to check that

m 2
2C4u10g2m>
0,(h) = ¢i(h) (a;at — I , max |¢;| < | ——— | , 199
O D A (199)
- - - 20 pulog? m ?
2 _ Hpl4 < Hp|2 Hp2 = Hp|2 2 g (At
D= DoIenit < { s BN DI { s R < 0 (2L (200
j= j= j=

for h € H. In the above argument, we have used the facts that ZT:l bjb;TI = Ik and
m m
DoIBRP =R (S bb | b= [R]3 < (1+6)? <4,
j=1 j=1

together with the definition of . Lemma [57| combined with (199) and (200 readily yields that for any
fixed h € H and any t > 0,

. t 2
P(61(h) >t) <2 C1K — Cymi '
(01(h) > 1) < eXp( 1 zmm{mamgjgmcj > C2}>

J=1"7

~ ~ in{l,t/4
< 2exp (CIK - omtm{t/}) , (201)
4C3 2 log™ m

where C7,Cy > 0 are some universal constants.

Now we are in a position to strengthen this bound to obtain uniform control of 8, over H. Note that for
any hy,hs € H,

|01(h1) — 01(h2)| < Z (|bJth|2 - |ijh2|2) aja;' + | 1hall3 = 1h2]l3]
i=1

m

_ H 2 H 2 H 2 2

_1I§I§a§)§n||bjhl| — |65 hs| | z;ajaj +|Hh1H2—||h2||2|7
J:

where

|65 hol® — [Bf' Ry |*| = | (h2 — h1)"b;b Ry + ATD;BY (Ry — hy))|
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< 2max{[|hilz, [[Ral2}]|R2 — hall2]b; 3
< Al — R o y]13 < 22 e — Pl
and
[R5 = [R2ll3] = [AY (A1 — h2) — (h1 — h2)"ho| < 2max{|[ha ]z, [hal2} ke — hill2 < 4]Ry — R,
Define an event & = {HZT:l ajag' H < 2m}. When &y happens, the previous estimates give
|01(h1) — 01(ho)| < (8K +4)||hy1 — ha|l2 < 10K ||hy — hs||2, VYhi,hy € H.

Let e = 1/(1280K), and H be an e-net covering H (see [Ver12, Definition 5.1]). We have

1 1
Sup9 h < né& - {Supe S}
({heH 1(h) < 128} 0) hem o 64

and as a result,

1 1 )
(iszlel%pt 1(h) 2 64) = (:22 1(h) = 128) +P(E5) < |H] - max < 1(h) = 128> +P(E).

Lemma [57] forces that P(£§) = O(m~1°). Additionally, we have log |H| < C3K log K for some absolute
constant Cs > 0 according to [Verl2, Lemma 5.2]. Hence leads to

m(1/128) min {1, (1/128)/4})
4C3 2 log* m

1
|H| - max P (61 (h) > <2exp (5K log K + C1K — C,
heH 128

< 2exp 25'3K10gm — _Cam
12 log* m

for some constant Cy > 0. Under the sample complexity m > p2K log® m, the right-hand side of the
above display is at most O (m*w). Combine the estimates above to establish the desired high-probability
bound for sup, g as.

. Next, we will demonstrate that

P(sup a3 <1/96) =1 — 0 (m %+ e Xlogm).

zeS
To this end, we let
al! bl c1(2)
A= E(mel(7 B = E(meK’ C = C2 (Z) e(crnxm7
ap, bl cm (2)

where for each 1 < j < m,
cj(z) = b';-'h:cHaj -y = b'j'-| (hz" — h*x*M)a,;.

As a consequence, we can write az = ||[BHC A]|.

The key observation is that both the £, norm and the Frobenius norm of C' are well-controlled. Specifically,
we claim for the moment that with probability at least 1 — O (m’lo),

Culog5/2

T; (202a)

IClle = max Jo;] <
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ICIE = le;|* < 1267, (202D)

Jj=1
where C' > 0 is some absolute constant. This motivates us to divide the entries in C into multiple groups
based on their magnitudes.

To be precise, introduce R := 1 + [logy(Culog™? m)] sets {Z,}1<r<r, where

log®/? 1
Ir:{je[m]: Cplog*m . \_ Cplog™?m] o

and Zp = {1,---,m}\ (Uf;ll Z,). An immediate consequence of the definition of Z, and the norm
constraints in (202)) is the following cardinality bound

Cllz 1242 12624
\Z,| < H e 7 = 52 N2 2 271 5 (203)
min ez, |Cj| (Cu log"/zm) C?pu?log® m
o m —_——
O
for 1 <r < R—1. Since {Z, }1<,<gr form a partition of the index set {1,--- ,m}, it is easy to see that
R
B"CA=> (B, )"Cr, 1Az,

r=1

where Dz 7 denotes the submatrix of D induced by the rows and columns of D having indices from 7 and
J, respectively, and Dz . refers to the submatrix formed by the rows from the index set Z. As a result,
one can invoke the triangle inequality to derive

NCz |- Az, N+ Bz, || - | Oz 24| - | Az,

R—1
az < Y ||Bxz,. | (204)
r=1

Recognizing that BB = I, we obtain
|Bz,.| <[|B] =1
for every 1 < r < R. In addition, by construction of Z,., we have

Cu 10g5/2m
2r=1/m

[Cz, 7. || = max|c;| <
JE€L,

for 1 <r < R, and specifically for R, one has

Cu10g5/2m 1
281 /m — /mlogm’

which follows from the definition of R, i.e. R = 1 + [logy(Culog™/?m)]. Regarding || Az, .||, we discover
that ||Ar,..|| < |A| and in view of (203)),

C = max|c;| <
” IRJRH jeZ}1§|J|7

Az,

< sw Az

T:|Z|<8,m

, 1<r<R-1.

Substitute the above estimates into (204]) to get

w— Cplog”*m [N

az < ——— sup |Az.|+——". 205
; 2r=ty/m IZ\I|§5rmH | vmlogm (205)
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It remains to upper bound ||A| and supz.zj<s.m Az, [ Lemma |57| tells us that [|A]| < 2y/m with
probability at least 1 — O (m_lo). Furthermore, we can invoke Lemma (58| to bound supz,z<;

v |
for each 1 < r < R— 1. It is easily seen from our assumptions m > p2K log? m and § = c/ log® m that
0 > K/m. In addition,

24R-1 2 114+1og, (Cplog”/? m) 4
o, < 12074 = < 12074 ’ = = 4862 log2m = E;c < 1.
C?u?log®m C?u?log”m log”“m

By Lemma |58 we obtain that for some constants 52, 5’3 >0

P( sup ||Az.|| > \/4035 mlog(e/d, )) < 2exp <—0203§Tm10g(e/5r)>
T:|Z|<6,m 3
< 2exp <— 02303 §Tm> < 27K

Taking the union bound and substituting the estimates above into (205]), we see that with probability at
least 1 — O (m™') — O ((R—1)e™ %),

I A

R—
Culog _2ym
Z T \/46’3(5 mlog(e/d,) + Trlogm

p- P
464/12C53log(e/é,) +
f logm

S (R —1)54/log(e/d1) +

:Jﬁ
,_.»—A

IN

ﬁ
Il

logm’

Note that pu < \/m, R — 1 = [logy(Cplog™?m)] < logm, and

/ eC?u2log® m
log 5 \/10 1852 > < logm.

Therefore, with probability exceeding 1 — O (m_lo) -0 (e‘K log m),

1
sup ag < &log?m + oo
z€S ogm

By taking ¢ to be small enough in § = ¢/ log? m, we get
P <sup ag > 1/96) <0 (m_lo) +0 (e_K log m)
z€S

as claimed.

Finally, it remains to justify (202)). For all z € S, the triangle inequality tells us that

le;| < [bHR(z — 2*)a;| + [b% (h — h*)z™a;]|

< [o]'h| - [alf (@ —@*)| + ([b]'h| + []'R"]) - |aja’]
20 pulog?m 2C'3 20 plog?m I

=T Um log??m ( vm +>5 o
1log® 2 m

SCT7
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for some large constant C' > 0, where we have used the definition of S and the fact (189)). The claim (202b))
follows directly from [LLSW18| Lemma 5.14]. To avoid confusion, we use p1 to refer to the parameter u
therein. Let L =m, N = K, dy = 1, 1 = Cyplog? m/2, and € = 1/15. Then

S g./\/do ﬁNNl NN,

and the sample complexity condition L > u?(K + N) log? L is satisfied because we have assumed m >>
12K log® m. Therefore with probability exceeding 1 — O (m_lo + e_K), we obtain that for all z € S,

2 _ 9 CHII2
ICIE < 7 [ha® —hra™ |
The claim (202b]) can then be justified by observing that

||th - h*:c*HHF = Hh (x — )" + (h — h*) z*"

'F < |Ihlly [l = =" [l; + [[h = A7, l27], < 3.

4. Tt remains to control ay, for which we make note of the following inequality

> bl (ha” - bt T a;ag" Zb BT (@ a - Ix)

03 94
with @; denoting the entrywise conjugate of a;. Since {@;} has the same joint distribution as {a;}, by
the same argument used for bounding a3 we obtain control of the first term, namely,
P (sup 05 > 1/96) =O0(m™ ' + e Flogm).
z€S

Note that m > p?K logm/6% and § < 1. According to [LLSW18, Lemma 5.20,
P (sup 04 > 1/96) <P (sup 04 > 5) = O(m_lo).
z€S z€S

Putting together the above bounds, we reach P(sup,cg aq < 1/48) =1 —O0(m™1% 4+ e K logm).

5. Combining all the previous bounds for sup, g ; and (196]), we deduce that with probability 1 — O(m=10+
-K
e " logm),

2 2
[V2f (2) — VPF (z%)]| < 2- 3—2+2 3—2+4 %+4 5o 1

C.2 Proofs of Lemma 15 and Lemma [16]
Proof of Lemma[T8 In view of the definition of a‘*! (see (38)), one has

2
+ [latat " —ar];.
2

1 2

7ht+1 — h*
at-i—l

dist (zt+1,z*)2 = H

1 1 2 1 1
+ ||at+ $t+ 7m*||2 § Hoétht+ 7h*

The gradient update rules imply that

iht“:;("t E %W (= )):Et_nv"f =,

~ 2
a [zt

atettl = ot [zt ~t ~’7 V. f (3
= (o iV () =8 - s (39,
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where we denote h' = Lh! and ! = o'z’ as in (8I). Let bttt = Lh!*! and 2! = afz!*l. We further
(0% «
get

R+l _ pr Et _ R ||£tH;2 Ig I Vnf ()

Tt — p* - zt— x* B HhtHQ_ Ix Vaf (2Y)

R+l — b ht—he | 13,2 Ix Vi (Z)

Titl — px Tt — x* ’|Et||;2IK Vaf (%)
=D

(206)

The fundamental theorem of calculus (see Appendix [D.3.1)) together with the fact that Vf (z*) = 0 tells us

S [T e B
@x zt T gt — x z* it _ w*
Ver e | = | verE v |~ VO | a | (207)
Vaf (2t) Vaf (2t) = Vaf (2%) T~ -

where we denote z (1) := 2* + 7 (2! — 2*) and V2 f is the Wirtinger Hessian. To further simplify notation,

i+l
denote ztt! = {gﬂ_l} The identity 1' allows us to rewrite 1} as

St _ o St %
[M]:(I‘”DA){M} (208)
Take the squared Euclidean norm of both sides of (208)) to reach
~ H ~
1 2 1[ 2z —2* H zt— 2>
||z+ _Z*||2_2|:gt_z*:| (I -nDA) (I_nDA){gt_z*
1 zZt— 2> : 2 2 zh—z*
=3 { P ] (I +17°AD*A —n(DA+ AD)) [ P }
2 2 2 ~ 2 n Et—z* H Et—z*

<arRlAPIDP 2 -3~ 3| 525 | maran) | ZEE ] e

Since z (1) lies between 2! and z*, we conclude from the assumptions that for all 0 < 7 < 1,
max {[|h (7) = h*|l,, & (1) — a*|,} < dist (2", 2%) <& <65

max |a]H (z (1) —x*)| < Cs L

1<5<m 10g3/2m7

max ’b;lh(T)| < C’4Lmlog2m

1<j<m Vm

for £ > 0 sufficiently small. Moreover, it is straightforward to see that
12 ~i—2
ne=[[@]l,7 and 2= RS

satisfy
max {|y1 — 1], [y = 1|} maX{Hﬁt — h*|

2 ||Z* _w*Hz} <9

as long as £ > 0 is sufficiently small. We can now readily invoke Lemma [14] to arrive at

|A|l D] <3(14+6) <4  and

2t — 2* H(DA+AD) 2t — 2* 1 2t —2* 2_1H~¢ *H2
zt — 2* Zt—2z* | = 4 2t — z* 2_2 Z 2
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Substitution into (209) indicates that

0 — 212 < (14 1677 /) |5 — =3

When 0 < n < 1/128, this implies that

[2 =25 < (L= n/8) 3 = 27,

and hence

|20 — 2|, < |2 - 2¥]|, < (1 —n/8) 7 ||Zt — 2¥||, < (1 —7/16) dist(2", z*). (210)

This completes the proof of Lemma [T5]

Proof of Lemma[16 Reuse the notation in this subsection, namely, 2+ =

and z!*! = ofz!*!. From (210)), one can tell that

271 — 24|, < |2 — 27|, < dist(2", 2%).

Invoke Lemma [52] with 8 = af to get
ot —af| < ||2t+1 - z*”2 < dist(2", 2¥).
This combined with the assumption ||af| — 1| < 1/2 implies that

t+1 t+1 t

(67

‘at’ > and

| =

ot

_4:

This finishes the proof of the first claim.

|

R dist (2", z*)

flt+1
i+l

SGi

O

] with B!l = Lpttl
«

1

log®m’

The second claim can be proved by induction. Suppose that ||| — 1| < 1/2 and dist(z*, z*) < C1(1 —

1n/16)%/log? m hold for all 0 < s < 7 < ¢ , then using our result in the first part gives

Ha'r+1‘ -1

IN

s=0

SRR SR
4 flog=m ~ 2

for m sufficiently large. The proof is then complete by induction.

C.3 Proof of Lemma

Define the alignment parameter between z*() and z* as

1 1 2
00y = argoin | RO — — ] [lagt® - ot
aeC « ot 9
Further d for simplicity of ) At -
urther denote, for simplicity of presentation, z = |50 wit
At .= ;ht,(l) and a0 — o0t
' t,(1) mutual
mutual

Clearly, 26" is aligned with Z*
Armed with the above notatlon7 we have

mt

2

2

t,(1)

T 1 . x
|\a0|—1|+;|a5+1705} SZJcmdmt(zs,z )

2
dist (21O 5+1) = min

lhtJrl,(l) _ Lhtﬂ
a at+l

91

+ |’amt+1,(l) _ at+1mt+1||§



2

t+1 t
a a
T t1,(0) t+1

- mln H ( at ) <1 at htJrl (l) - ht+1>
o ot tl a ot

2
1
ot 1 Rt+1,0) _ éht—&-l + att (at(l) 2L _ atmt+1) (211)
O[t+1 () ot at mutual )
X nutual 2
Oét+1 0¢ — (1) ht+1 @) lt ht+1
S max — t+1 m&Sua 5 (212)
@ @ mutualwt+17(l) - atwt+1
where (211]) follows by taking o = a;tlafr’l(lfgual. The latter bound is more convenient to work with when
controlling the gap between z*(®) and z*
We can then apply the gradient update rules and (89 . ) to get
htt+L O _ L pt+l
am(l) ot
[ 0 — att ]
t,(1) _ 1) t,(1) At (1) _ 1 t_ _m t ot
B 7;32“&1 <h || P (l)||2 vhf (h’ y L )) ot (h Hthévh'f (h y L ))
t,(1) t,(1) _ (1) t(l 2zH0Y) ) — t( t_ _n t ot )
i X nutual | T ||ht (l)||2v f (h )) a’ |\ X ||ht\|§vmf (h , )
M 7t () _ ( tl’\tl t Tt ot
_ R [ES <”H2vhf (0, 30) - (h s Vad (W2 ))
=t l t, (1) =t ()Y _ [t Tt ot
| &0~ g Vel (0. 210) (@ g Vel (W2 )
By construction, we can write the leave-one-out gradients as
Vhf(l) (h,z) =Vnf (h,x)— (bthacHal — yl) blarm and
Vol (h.x) = Vi f (h,x) - (b]'haPa; — y)aib'h,
which allow us to continue the derivation and obtain
1 1 1 Rt _ L0 gt (l)
—Lnt0 - Lptn )[R sV (R ) - (B Hmtszhf( 7))
%lewm — 'zt 280 — s Ve f (R0, 20) ( M oS (B, &)
ba

(tht Mzt WHg, — 4, )

||”“’||
(tht(Dwt Ma, — ) bR

Hﬁfmn?

=J3
This further gives
RiHL(0) — L pt+l ] RtO — B (l)||2Vhf< 0 At“) — (At - B (l)HQVhf< )

T, (z)

Uual t41,(1) t 41 ~ ~ ~
) — ot t,(1) _ t (l) b)) — t_

° 20~ it Ve (R )~ (& - o vef (B 2)

mutual T

O[

=i

1 1 Pt ot
(i~ i) s (32

+n -
1 1 t ~t
(P - o) v ()

2 2

=V2

—nUs. (213)

In what follows, we bound the three terms v, 5, and v3 separately.
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1. Regarding the first term v, one can adopt the same strategy as in Appendix Specifically, write

Ht(l)i%t(z) 2vhf( t(l) ( At(l) TS )) _ N 7
EXT; X RO
zh(t) — [ <z)H2v f( zh() ) ‘ht (z>||2vmf( t)) _ M
ht() _ TR0 =z Ve f(Z80) — ( iz Ve (Zt)) M
R =013 RO
I 260 — W (z (1) ) ( 2 ”)Hz Vaf (2 ))
£,(1)]| =2
kOl e Vit (20) - Vaf (2)
[0, o Vaf (20) - Vot (2)
” o0, 1 Vus (F70) ~ Vs (&)
Vol (7:0) — Vaf (')

~ -2
o],

=D

The fundamental theorem of calculus (see Appendix [D.3.1]) reveals that

Vhf( t(l)) Vhf (Zt) /};t,(l) _}'Lt

oI VG | G| EO=E |
Vhf (jz\t l)) Vhf (zY) ht-() — Rt

of (Z80) = Vo f (1) —a zt() — gt

where we abuse the notation and denote z (1) = 2! + 7 (25() — 2!). In order to invoke Lemma E we

need to verify the conditions required therein. Recall the induction hypothesis that

uKlog m
\/7 )

and the fact that z (7) lies between z5() and 2. For all 0 < 7 < 1:

dist (240, 5) = |20 — 2], < &I

(a) If m > p2VK log*®/? m, then

2 (1) = 2, < max {250 — 2 [ - 2, } < 2 - 27, + B0 - 2]

27

[T TEY ¢ log mo_ 1

log? m f - log®m’
where we have used the induction hypotheses and ;

(b) If m > 2K log® m, then

<C

max. laf (@ (1) —a¥)| = max ral (@O — &) + a? (& - z*)
< lg-ag}in al (fc\t,(l) ~t ) + 1r<%a<)in |a (mt . m*)|
1
St(l) ot
< 1I<I;a<x lajll, ||Z || -z ||2 + Ogilog?’ﬂm
2Klog m 1 1
<3VK - Cy \F +C3 o <205 o (214)

which follows from the bound (190)) and the induction hypotheses and (90c));
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(c) If m > pK log®? m, then

max |b h(r)| = max !TbH(ht O ﬁt)+b?}“bt|
1<j<m 1<j<m
< max ’b}*(ﬁt"”—ﬁt)’Jr max [B9R!]
1<j<m 1<5<m
< max [bjll2]|ht? — Rt||, + max |[b}R!|
1<j<m 1<j<m

K p[pPKlog” m T T
<R o b e o B <20,-H1 215
S\ Cum\ T TG le ms 20T logm, - (215)

which makes use of the fact ||b;||2 = /K /m as well as the induction hypotheses and .

These properties satisfy the condition required in Lemma The other two conditions and
are also straightforward to check and hence we omit it. Thus, we can repeat the argument used in
Appendix to obtain

[l < (1= n/16) - [0 = 2*]],.

2. In terms of the second term vy, it is easily seen that

s kG

We first note that the upper bound on ||[V2f (-) || (which essentially provides a Lipschitz constant on the
gradient) in Lemma [14] forces
nf(2%) ]
f

Vhf zt) -V
t t vw (Z*)

where the first identity follows since Vp f (2*) = 0, and the last inequality comes from the induction
hypothesis . Additionally, recognizing that ||z'|, < Hitv(” ||2 = 1, one can easily verify that

1 1

4l a0l

1 1
[l (Ao

)

2

SIFF ==, s

f(z") 2 log?m’

Il

1 1

[

| e

S

Izl5 - |20,

A similar bound holds for the other term involving h. Combining the estimates above thus yields

S 101, = 1@]1,] < 1= - &,

vl < =2,
3. When it comes to the last term v3, one first sees that
H (blH;Lt,(l)@t,(z)Hal _ yz) bzarﬁt’(l)H < ‘b;-lflt,(l){it,(l)Hal _ yz‘ b, |l ®)|. (216)
2

The bounds ([189) and (214]) taken collectively yield

‘a?sﬁt’(l)‘ < |aj'z*| + ‘a? (ﬁt’(l) —x*)

1
S Viegm + C3—5— =< y/logm
log 2m
In addition, the same argument as in obtaining (215) tells us that
H/ 7t (1 M 2
b (R — h*)| < alﬁlog m.

Combine the previous two bounds to obtain

bRt Ot (OHg, — yz‘ < |b;-|ﬁt,(l)(:/it,(l) _ w*)Hal| I |blH(,Alt,(z) _ h*)m*Hal|
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< |BFREO| - |al @O — 2| + |BH(BAO — h)| - |ala|

< (]b{'(fzf’(” —h*)|+ |b}*h*|) laf (@O —2)| + b (R4 D — h*)| - a2 ]

logZm I 1 log® m 10g5/2m
< . [ . < = R
< (C4u N +\/ﬁ> 0310g3/2m+04u Jm Viegm < Cyp T

Substitution into (216) gives

~ 1 | K
H (btht’(l)mt’(l) a; — yl) bal'z I)H < Cup——— og -y/logm (217)

Similarly, we can also derive

H(blHﬁtﬂ(l):’Etv(l)Hal ) aubllht 0

‘tht Mgt OHg, — yz’ laull, ’blH;\lt,(z)’

<C log/ VE - Ci4=1

Putting these bounds together indicates that

0 W 2Klog m

\F

The above bounds taken together with (212]) and (213)) ensure the existence of a constant C' > 0 such that

[vslly S (Ca)

t+1 t 2 9
it (=40, 2%) < ma{ | 1 (1 0+ OO )10 =1, 0 e oy [0
1) 1—mn/21 — 0 W ,u2K10g9m
< 1m0 (7 g) 220 =2, + ety [

IN

(1= ) g0 — 2, + 20 (o)

e 12K log” m
vm m

9

_(1_"1 t,(1) =t 2 M p*K log” m

(1 o )dlSt( ,2H) 420 (Cy) nm\/ -

(i) wo | p2Klog®m

<C
s e o
Here, (i) holds as long as m is sufficiently large such that CC}1/log? m < 1 and
altt at 1-n/21
max{ of || o }< 1= 0/20° (218)

which is guaranteed by Lemma The inequality (ii) arises from the induction hypothesis and taking
Cs > 0 is sufficiently large.

Finally we establish the second inequality claimed in the lemma. Take (hy, ;) = (h'*!,&'*1) and
(hg, @) = (RHLO FHLA)Y iy Lemma Since both (hy,x1) and (ha,x2) are close enough to (h*,z*),
we deduce that

210 — 24| < B0 - 3| < 6 \/li Iz Klog m

as claimed.
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C.4 Proof of Lemma 18|

Before going forward, we make note of the following inequality

b;—l éht—&-l <

b;' L | < -
«

attl -

max
1<Ii<m

1
b;—i :tht—‘,-l
(%

max 1+4) max
attl! 1<i<m ( ) 1<li<m

for some small § < log_2 m, where the last relation follows from Lemma [16| that

‘s LY
log”m

at+1

ot
for m sufficiently large. In view of the above inequality, the focus of our subsequent analysis will be to
control max; ’b;"%h“‘l’.

The gradient update rule for h**! (cf. (79a))) gives

1 t+1 _ pt - H (7 ttH * . xH Hot
=h""! =h —ngz;bjbj (h'z™ — h*z*")a;a"'3",
j:
where h! = 2 Lt and z' = a'z’. Here and below, we denote £ = 1/||Z||3 for notational convenience. The
above formula can be further decomposed into the following terms

m m
Lprt pe ¢y b;bh!|af 5,»'f| +n8 ) bibi Rt Ma el

Jj=1 Jj=1

= (1= ngf="[3) B —nszbb“ht |ah@|* — |atiz"|)

at

i=v,

—ngzb Rt (|afe|” — ||la*||3) +ngzb bihrza;ala!,

=v2 =v3
where we use the fact that Z;nzl bjb;' = Ix. In the sequel, we shall control each term separately.
1. We start with |[bf'v;| by making the observation that

m

— |bl vy| = Zbl b; tht [ (' — x*) (a;'%t)H —|—a?w* (a;| (@' — = ))H}
Jj=1
<31ty { o8 }{ o [of @ )] (o] + e . 10
Combining the induction hypothesis and the condition yields
max. laflz!| < 123571|a (&' —x*)| + e laflzr| < C’3 o +5\/log < 6+/logm

as long as m is sufficiently large. This further implies

~ ~ . 1
1I<I§a<)§”’a (mt—w*)’ (’a?mt’+|a;'a: D SC’gm-ll logmglnglo -

Substituting it into (219) and taking Lemma we arrive at

%|ble1| 5logm.{1r<n_a<x |b§'7f|} Cs —503 max [bh!| < 0.1 max |[bYR!,
Sjsm

gm 1<j<m 1<j<m

with the proviso that Cj is sufficiently small.
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2. We then move on to |bf'vs|, which obeys

1 - - ~
e |bjlvs| < Zb?bjb;'h*m*HajaJH:c* + Zblejb;'h*m*Haja]H (&' —a")|. (220)
j=1 j=1

Regarding the first term, we have the following lemma, whose proof is given in Appendix

Lemma 28. Suppose m > CK log®m for some sufficiently large constant C' > 0. Then with probability
at least 1 — O (m_lo), one has

J

M
Nk

m
> bf'bblhraa altz — bf'h*| <
j=1

For the remaining term, we apply the same strategy as in bounding |b;"v1| to get

" m
;brbjb?h*xmaja;‘ (@' —a*)| < ; |b]'b;| {1%a<>$n |b§'h*|} {1%323” o} (& — :c*)‘} {1<mja<xm ’a?m*|}

o 1
= O3 ——5— - 54/l
vm 3logg/Qm st

IN
e

log

3

N
&

3

where the second line follows from the incoherence , the induction hypothesis (90|, the condition
(1189) and Lemma Combining the above three inequalities and the incoherence (36| yields

1

g [blfus] < [olthe| + % + 03\/% <(1+C5) %

3. Finally, we need to control |br112’. For convenience of presentation, we will only bound ’b'{'v2| in the
sequel, but the argument easily extends to all other b;’s. The idea is to group {b;}, <j<m into bins each

containing 7 adjacent vectors, and to look at each bin separately. Here, 7 < poly log(m) is some integer

to be specified later. For notational simplicity, we assume m/7 to be an integer, although all arguments

continue to hold when m/7 is not an integer. For each 0 <1 < m — 7, the following summation over 7

adjacent data obeys

T . 12 12
o> byt B (Jaft |~ 273)

j=1
u 7 12 * |2 § 7 *|2 * |2
=o' S babfa e (Jafl 2’ — e )3) + 60D (bt — biabf) B (Jalf e 271
j=1 j=1
T 9 5 . T . 9 5
=03 (latba[* = l2713) p blbrablah’ + 63 (bres = brsa) bl Rt ([affye |~ [l07))
j=1 Jj=1
¢ H7 x|2 *
O b (b — )R (Jaf 27— 1) (221)

j=1
We will now bound each term in (221)) separately.

e Before bounding the first term in 1) we first bound the pre-factor

7o (lafl @ = l27)3) |

Notably, the fluctuation of this quantity does not grow fast as it is the sum of i.i.d. random variables
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over a group of relatively large size, i.e. 7. Since 2 |a?w*|2 follows the x2 distribution, by standard
concentration results (e.g. [RV13, Theorem 1.1]), with probability exceeding 1 — O (m*m),

T

S (|ab 2 — llz*13)| < V7 logm.

j=1
With this result in place, we can bound the first term in (221)) as

T

Z (|az”+j-’v*|2 - ||33*||§) bll-ibl+1b?+17"t S Vrlogm ’bl{iblﬂ‘ [hax ’brﬁt‘ :

Jj=1

Taking the summation over all bins gives

m_ r m_
*|2 * 7 7
SR (lab @ ] = l2*[13) ¢ bibrrabl R < V/Tlogm D |b§'bk7+1|1r<nlz?§n‘b?ht . (222)
k=0 | | j=1 k=0 ==
It is straightforward to see from the proof of Lemma 48] that
fiin i K I
ogm
;0 |61 | = [|Ba]]3 + ; by 1| < ~ +O( T > (223)

Substituting (223]) into the previous inequality (222]) gives

—1
i 2 ~ K+/Tlogm log® m ~
>~ (lafay@’]” = 12718)  ollbursabfl B S | SB[ 22 ) max (bR

k=0 j=1 1slsm
= Jj=

a3

A

< 0.1 max ’bfﬁt
1<I<m

3

as long as m > K+/7logm and 7 > log® m.
The second term of (221)) obeys

T

b? Z (bl+j —biy1) b!iﬁt (!a?+jw*!2 - ||w*H§>

Jj=1

T T

HTt H 2 H 2 2)?

< 122%); ‘bl h ‘ Zl |b1 (biyj — bl+1)| 21 (|al+jw*| - ||az*||2)
= j=

2

< /7 max |b'R! ;

1<i<m

> | (bryj — biga)
j=1

where the first inequality is due to Cauchy-Schwarz, and the second one holds because of the following
lemma, whose proof can be found in Appendix [C.4.2]

Lemma 29. Suppose 7 > Clog*m for some sufficiently large constant C' > 0. Then with probability

exceeding 1 — O (m_lo),
.
2
Hx |2 2
> (lafar | l2*13) 57
j=1
With the above bound in mind, we can sum over all bins of size 7 to obtain

m __
-1 r

~ 2
B> (brrrj — brrga) bl R {’a?ﬂw*’ - Hw*Hg}
k=0 j—1

98



m__q

SV Z Z bl (brri s — bk7—+1)|2 max ‘b;"ﬁt

¢ 1<I<m
k=0 \ j=1 ==

< 0.1 max bleLt‘.
1<i<m

Here, the last line arises from Lemma which says that for any small constant ¢ > 0, as long as
m > 7K logm

T

Z |bli| (bk:‘rJrj - bk‘rJrl)’2 <c
k=0 \ j=1

e The third term of (221)) obeys

S
7=

T . 9 N
B> b (b — bin) R {fall 2|~ a3}

j=1

T
< [eftbin] § 3 [laft o] = 121
j=1

H H7Tt
<7 |BY by | ot X ’(bl+j —bi1) h

(biyj — b)) A

max
0<i<m—1,1<j<7

)

where the last line relies on the inequality

T T 2
2 2 2 2
> Jlatt ol - 11| < v, | 3 (fate| - 10l3) <0
Jj=1 j=1
owing to Lemma [29] and the Cauchy-Schwarz inequality. Summing over all bins gives

m_q

T

D7 B8 bt (brrs — birsn) R {all e = 25

k=0 j=1
m_q
H7¢
<75 |btp max b —b h"
STy b kr+1\0§§m_7,1g9 (bi+j — bis1)
k=0
<logm

b

where the last relation makes use of (223]) with the proviso that m > K7. It then boils down to bounding
maxo<i<m—r, 1<j<r | (bij — b)) h'|. Without loss of generality, it suffices to look at |(b; — by)"h!|

H7t
max bl i — bl 1 h
0<I<m—7,1<j<7 ’( + +1)

for all 1 < j < 7. Specifically, we claim for the moment that

max
1<j<r

(b; — b)) B!

o
< cCy—=logm (224)
A/ T

for some sufficiently small constant ¢ > 0, provided that m > 7K log® m. As a result,
z-1 T
HT 2 2 H
Z b Zb’”“ (brtj — bers1) R {|a,';'7+ja:*| - ||:c*|\2} < CC4—m log® m.
k=0

j=1 v
e Putting the above results together, we get

m_q -
Ln S H H 7 H 2 2 HT H 2
T by | < ,;_0 by jEZl brri by, b’ {’a,ﬁﬂw*‘ - ||a:*||2} <0.2 [nax. ‘bl ht‘—i—O cC;LW log“m | .
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4. Combining the preceding bounds guarantees the existence of some constant Cs > 0 such that

+0.3n9¢ max ’bz |+ Cs(1 +C3)77§f+08775604m10g m}

‘b}*ﬁt“‘ (1+0) {(1 —5¢) ’bl ht

® ( 1

<(1+4+0 ( )) {(1—07n§) Cy—=—log® m + Cs(1 + Cs)né —— + CgnécCy—— log2m}
log*m \F xf vm

(ii)

< 04% log;2 m.

Here, (i) uses the induction hypothesis (90d), and (ii) holds as long as ¢ > 0 is sufficiently small (so that

(14 0)Csnéc < 1) and n > 0 is some sufficiently small constant. In order for the proof to go through, it

suffices to pick

T = C10 log4 m
for some sufficiently large constant c1g > 0. Accordingly, we need the sample size to exceed

m > u’tK log4 m = p?K log®m.
Finally, it remains to verify the claim (224)), which we accomplish in Appendix

C.4.1 Proof of Lemma 2§

Denote
wj = b?bjb;'h*m*HajaJHw*.
Recognizing that E[a;a ] = Iy and ZJ 1 b;b = Ik, we can write the quantity of interest as the sum of
independent random varlables namely,
m m
> bbbl hratasalizt — bf'hr =) (w; — Elw,]).
; =

Further, the sub-exponential norm (see definition in [Ver12|) of w; — E [w;] obeys

IV
<

)

(i) (ii) o (iil) U WK

H Hyp * H,.* H
lwj = Efwilll,, < 2lwill,, < 4[b'b;] |[biR*] [lafz*[[, < |b'b] U S Tm
where (i) arises from the centering property of the sub-exponential norm (see [Verl2, Remark 5.18]), (ii)
utilizes the relationship between the sub-exponential norm and the sub-Gaussian norm [Ver12, Lemma 5.14]

and (iii) is a consequence of the incoherence condition and the fact that ||a5':c*“ s < 1, and (iv) follows

from [|bj||2 = \/W Let M = max;e(m) [|[w; — ]E[wj]”wl and
2 2 H H M s MK
V=3t Bl £ (1ot L) =2 oz = 21

j=1

which follows since Y7, [bb;|* = Y (zm b»b“) bi = [bi]3 = K/m. Let a; = [[w; —E[w,]],, and
Xj = (wj — Elw])/a;. Since || Xjlly, = 1, 371, af = V* and maxje[m) |a;| = M, we can invoke [Verl2,
Proposition 5.16] to obtain that

- t 12
P a; X;j| >t] <2e —cmin
o] =) <o (-com {3, 2}).
j=1
where ¢ > 0 is some universal constant. By taking ¢t = u/+/m, we see there exists some constant ¢’ such that

M/A}/ﬁ)uj//;%})

P Zblejb;'h*:c*Haja —bl'h*| > % < 2exp (—cmin{
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< 2exp <C’ min { Mli%//mm’ ugtlz(//n;”ﬂ }>

= 2exp (—c’min{\/m,m/l(}) .

We conclude the proof by observing that m > K log® m as stated in the assumption.

C.4.2 Proof of Lemma [29]
From the elementary inequality (a — b)* < 2 (a? +b%), we see that

S (lattet —1212)" <23 (Jafar |+ *)3) = 23" [afia [ 42 (225)
j=1

Jj=1 Jj=1

where the last identity holds true since ||z*||, = 1. It thus suffices to control Z;zl |a§'m*|4. Let & = aJHa:*,
which is a standard complex Gaussian random variable. Since the &;’s are statistically independent, one has

Var (Z |§i|4> < Cyr
i=1

for some constant Cy > 0. It then follows from the hypercontractivity concentration result for Gaussian
polynomials that [SS12, Theorem 1.9]

T 272 1/4
P{z_: (‘£2|4_E[|£z|4]) >CT} < Cexp <_C2 <\M) >

2, 2\ 1/4 2\ 1/4
< Cexp (cz <CC:T> ) = Cexp <02 <é4> 71/4>

< O(m™"),

for some constants ¢, co, C' > 0, with the proviso that 7 > log4 m. As a consequence, with probability at

least 1 — O(m~19),
> lafer| 74 D 0E [lafer ] <

j=1 j=1

which together with (225]) concludes the proof.

C.4.3 Proof of Claim (224)

We will prove the claim by induction. Again, observe that

1
at—1

ht

(bj — b1)" !

) _
H
:‘(bj_bl) Jht =|— -

1
H
‘(bj — b)) —n'

< (146 \(bj by

t

for some & < log™? m, which allows us to look at (b; — b)) - L_h! instead.
Use the gradient update rule for ht (cf. (79a))) once again to get

1 1 G
Bt— - (ht—l _ % Zblbr (R'~1z! 1 — B M) alalet_1>

|zt =15 =1

m
— il 779szb}* ('flt—lit—lH _ h*w*H) aialzt 1,
=1
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t— lH

where we denote 6 := 1/ ||w This further gives rise to

1

O[t_l

Rt = (b; — b)) R =0 (b — b)) > by (Ef—lat—“* - h*w*H) aalzt !
=1

(bj — by)"

— (b; - b)) R 0 (b; — b)" Zblsz (Etflitle _ h*w*H> Ft-1
=1

— 6 (b; — b)Y byb! (ﬁHaHH _ h*m*H) (@a — Ix) @'
=1

= (1 =702 Y3) (b; — b1)" R 400 (b; — b1)" R* (z*H3!)
=P

—n6 (b; —b1)" > byb}! (ﬁf—lat—“* - h*w*H) (aal! — Ig) 1,

=1

=2
where the last identity makes use of the fact that Zl";l blblH = Ik. For (31, one can get

N
vao

where we utilize the incoherence condition (36) and the fact that !~ and x* are extremely close, i.e.

1 Hooliown et
1811 < (B = b0)" b7 2" o & 2 < 4

[ ar:*H2 <dist (2' 71, 2%) « 1 = 2 < 2.

Regarding the second term fs, we have

ie 1Ba] < {Z ‘(bj — b)) bl’} max ‘b{' (EHEHH - h*x*H) (wa — Iy) iH’ .
=1

1<i<m

=Y

The term 9 can be bounded as follows
< max ‘bHiNLt_lit_lH aal — I it_l‘ max b et (a;al! — Ix) 1
w_lglgm ! ( 1% ) +1<l<m’ ! ( 1 K) ’

tlH( ~t— 1’

ajaf — I) '™ '+ max ’bl h*| max ‘m (aiaf —Ix)z

1<i<m 1<i<m

< max ‘b;"ht_l max ‘:c
< 1<I<m

Tt M
<logm{ max ’btht 1‘+— .
~ <m /M

Here, we have used the incoherence condition and the facts that
@ (al! — )& < lal'E |+ & < logm,
o (aal! 1)@ < [alla 1, alfa |, + 5o < logm,

which are immediate consequences of (90c) and (189). Combining this with Lemma |50} we see that for any
small constant ¢ > 0

1 1 HNt—l‘ H
il < =
0 1P| < “Togm {123571 ‘bl R vm

holds as long as m > 7K log* m.
To summarize, we arrive at

+cnb

(bj—bl)“ﬁt‘§(1+5){(1—neumt 15 [ = B0 R |+ 4no =

‘tht 1‘ L
vm logm 151Em vml )’
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Making use of the induction hypothesis (85¢c|) and the fact that H:ct ! || > 0.9, we reach

cund
1 .
\/7 Ogm+ \/ﬁlogm}

Recall that § < 1/ log? m. As a result, if n > 0 is some sufficiently small constant and if

’(b —by) ht‘< 1+5){(1—09n9)’(b — b)) Rt 1‘—1—604770

< 20c¢Cy L. logm

W
1
Ogm+n0\/ﬁlogm) - vm

‘(b — b)) Rt 1’<10c<c4\ﬁ

holds, then one has
|6 —b1)" B!

I
< 20cCy——=logm.
- vm

Therefore, this concludes the proof of the claim (224) by induction, provided that the base case is true,
i.e. for some ¢ > 0 sufficiently small

HT H
‘(bj — bl) ho‘ S 20604%

log m. (226)
The claim ([226]) is proved in Appendix (see Lemma .

C.5 Proof of Lemma [19

Recall that h° and @° are the leading left and right singular vectors of M, respectively. Applying a variant
of Wedin’s sin® theorem |[Dop00, Theorem 2.1|, we derive that

¢ [[M - E[M]|
o1 (E[M]) — 03 (M)’

min {Haﬁo - (227)

-0
aeC,|al=1 + Haa: - w*Hz} <

(8

for some universal constant ¢; > 0. Regarding the numerator of (227]), it has been shown in [LLSW 18, Lemma
5.20] that for any & > 0,
IM —E[M]|| <¢ (228)

with probability exceeding 1 — O(m~1?), provided that

S € 2K log*m

=T e
for some universal constant co > 0. For the denominator of (227)), we can take (228) together with Weyl’s
inequality to demonstrate that

o1 (E[M]) — 02 (M) > o1 (E[M]) — 03 (E[M]) — [|[M —E[M][| > 1-¢,

where the last inequality utilizes the facts that o1 (E[M]) = 1 and o3 (E[M]) = 0. These together with

([227) reveal that

Cli < 2ei€ (229)

min {Haho —h

Lo +[lag? — "]} <

Il

as long as £ < 1/2. §
Now we connect the preceding bound (229)) with the scaled singular vectors h® = /oy (M) h° and

z0 = /o (M) &°. For any o € C with |a| = 1, from the definition of h® and x° we have
lah® = b7, + [laa® = a*|, = |[V/or (M) (ah®) = b+ /o1 (M) (ai’) — 2

0 are also the leading left and right singular vectors of M, we can invoke Lemma @ to get

2[00 (M) — o1 (E[M])|

Vo1 (M) + /o1 (E[M])

Since ah?, ad

o B[l + low® 2|, < V/or (BT ([]ah? — B[, + o — 2], +
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= ok~ e + fla? — a7 + 2B E AL (230)
In addition, we can apply Weyl’s inequality once again to deduce that
|01(M) — o1 (E[M])| < |[M - E[M]|| <&, (231)
where the last inequality comes from . Substitute into to obtain
Joh — B[, + flaa® - 2|, < lah? — Bl + ]z - a7, + 2 (252)

Taking the minimum over «, one can thus conclude that

min (o~ e, 4 o~ @, < min {lah® 7, + laa® — o} + 26 < 2es6 4 26

where the last inequality comes from (229)). Since ¢ is arbitrary, by taking m/(u?K log? m) to be large
enough, we finish the proof for . Carrying out similar arguments (which we omit here), we can also

establish (93).
The last claim in Lemma [19| that ||ag| — 1| < 1/4 is a direct corollary of and Lemma [52]
C.6 Proof of Lemma
The proof is composed of three steps:
e In the first step, we show that the normalized singular vectors of M and M are close enough; see .
e We then proceed by passing this proximity result to the scaled singular vectors; see (243)).

e Finally, we translate the usual ¢y distance metric to the distance function we defined in ; see (1245)).
Along the way, we also prove the incoherence of h® with respect to {b;}.

Here comes the formal proof. Recall that h? and @° are respectively the leading left and right singular
vectors of M, and h%(®) and &%) are respectively the leading left and right singular vectors of M® . Invoke
Wedin’s sin® theorem [Dop00, Theorem 2.1] to obtain

(M = 20) 20, ¢ [i00" (31— 21}
g1 (M(l)) — 09 (M)

L {[Jah? = RO, + oz — 2V, } < e

for some universal constant ¢; > 0. Using the Weyl’s inequality we get
o1 (MD) = oy (M) > 01 (BIM D)) — | M© — E[MD]| — 05 (E[M]) — | M — E[M]]
>3/4— MY ~EMY]| ~ |M - E[M]| >1/2,
where the penultimate inequality follows from
o1 (E[M ")) > 3/4

for m sufficiently large, and the last inequality comes from |[LLSW18, Lemma 5.20], provided that m >
cop? K log® m for some sufficiently large constant ¢, > 0. As a result, denoting

PO = agin (o~ RO, + aa? - 250, } (39
a€eC,|al=1

allows us to obtain

9 0R < B0 03— a2, < 20 |01~ )]

ROOR (M = MO) [, ). (284)

It then boils down to controlling the two terms on the right-hand side of (234)). By construction,

M — MY = b h e Haal.
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e To bound the first term, observe that
(a1~ 2 ®)a0 O = [[obfintaaaia O] = o, | afa’| - |af'z* |
2 2
<304 1 Klog m’
N T
where we use the fact that ||b;||2 = /K /m, the incoherence condition , the bound . and the fact
that with probability exceeding 1 — O (m_w)

max |aH:I:0 4U) ’ < 54/logm

1<Ii<m

(235)

due to the independence between £%®) and a;.

e To bound the second term, for any & obeying |&| = 1 one has

|BOOR (ag - M) ||~ HhowblbrmmmalarH2 = Jlaul, |BI'R*| |afiz?| - [BlROO)|

<V 5\/10g - [bH RO

D 15, /1 logm Klogm| bl RO| + 15/ 28T Klogm’b“ Gh — h0<l>)’
@ [PK] K1
PR Tog ™, o) 1 15 [WKlogm [K H ahO — o0 ‘ .

Here, (i) arises from the incoherence condition (36)) together with the bounds (189) and (190)), the inequality
(ii) comes from the triangle inequality, and the last line (iii) holds since |bl||2 =+K/m and la| = 1.

Substitution of the above bounds into (234)) yields

Hﬁo,(z)ho _ ho,(l)H 4 Hﬁo’(l)io _ :i,O,(l)H
2 2

K log? [12K 1 . [12K 1 [K ((_:0
< 2 30L. M+15 w‘brh0|+15 pmAlogm 7H&h0_h0,(l)H
vm m m m m 2

Since the previous inequality holds for all |&| = 1, we can choose & = %M and rearrange terms to get

(1 — 30¢; M1 /K> (Hﬁm(z)ho B il07(l)H I Hﬁo,(z)io B io,(z)H )
m m 2 2
K log? 2K 1 §
< 600y = - | =B 4 300, | 228 R0
vm m m

Under the condition that m > uK log'/? m, one has 1 — 30¢; V12K logm/m - \/K/m > 1, and therefore

2
Hﬂo«l)ho _ iz0><l>H n Hﬁ&(l)‘fo _ iom” < 1900, F . [KlogTm o Ji2 K logm YR
2 2 Vm m m

which immediately implies that

s [0 -0 )

1<i<m

K log? 2K 1 .
< 1200 = - [ =2 4 60ey | 8 max (R (236)
vm m m 1<i<m
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We then move on to b}"lvzol. The aim is to show that max;<;<pm, |b'l"i10| can also be upper bounded by
the left-hand side of (236]). By construction, we have M&° = o1 (M) h°, which further leads to

H70| _ 1 Hn 0
‘bl h’| = o (M) ’bl Mz
(i§)2 Z th*w*HaJaJHacO
j=1
<2 (S s, (oo s
(ii) . . .
< 8logm - % (5\/10g ) gaﬁ{‘a;'dco’m‘ + llajll, HBO’(J)ﬁ:O - :i:O’(J)HQ}

2 2
< 200M1%8 ™ | 199 Klog n H D@0 — £0.0)
vm 1<]<m

where 3%0) is as defined in (233). Here, (i) comes from the lower bound o; (M) > 1/2. The bound (ii) follows
by combining the 1ncoherence condltlon (36)), the bound - the triangle inequality, as well as the estlmate
Z |be ’ < 4logm from Lemma The last line uses the upper estimate maxi<;j<m |a a0 3)|

5\/10g and - Our bound . further implies

log? 2K 1 )
max [bIAC| < 200822 4 190y 208 T og’m H (J)H . (238)
1<Ii<m v/ m 1<]<m 2

The above bound (238)) taken together with (236) gives

, (237)

. . Klog®>m
0,0 _ o,(nH H 0,(1) 50 _ vomH }< _H o Blogm
1211?7(71{“/3 h'—h 2 e - o) 12061\/5 m

2K 1 log? 2K log®
+ 600y 08 90028 T g0y (L2 08 T oy HBO (D g0 _ 5O U)H (239)
m v/ m m 1<j<m

As long as m > p?K log> m we have 60c;+/u2K logm/m - 1204/ p2K log® m/m < 1/2. Rearranging terms,

we are left with

. 5 2Klo m
0,() 0 _ f,0.(1) 0,050 _ 00| V< oy H 7g
e {[}o"OR® — RO+ |5 |} <y (210)

for some constant c¢g > 0. Further, this bound combined with (238) yields

log? (2K1 12K1 log
max [b'A0| < 20022 4 190 w £ og'm _ mogim o)
1<i<m vm S m Jm

for some constant ¢y > 0, with the proviso that m > 2K log? m.
We now translate the preceding bounds to the scaled version. Recall from the bound (231) that

1/2<1-6< M| =0i(M)<1+£<2, (242)

as long as £ < 1/2. For any a € C with |o| =1, ahV, a@® are still the leading left and right singular vectors
of M. Hence, we can use Lemma [60] to derive that

TR R e RS R Y R N
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L e S e
2

and

o], s 20,
2
:Hm(am)_mho 0 H,Fl 0 oy ()00
VO(Z)H } 2|01 M)—al(M(l))|

<o (M Haﬁo — fLO’(l)H + Haﬁ:o —
! ){ 2 Vo1 (M) + /o (M®)
< V2 {||oh? = RO+ [la® 20| L+ V2|01 (M) - o1 (MD)].
2 2

1

Taking the previous two bounds collectively yields
e I S| R Y R N
2 2 2 2 2

which together with (235 and (240) implies

2 5
min {Haho hO® H + Haa: — l)H } <cs L M (243)
a€eC,|a|=1 Vvm

for some constant c; > 0, as long as £ is sufficiently small. Moreover, we have
[z O+ ot —aata @], < 2 {0 - ant O]+ o — 0z }
2

for any |a| = 1, where a? is defined in and, according to Lemma satisfies

1/2 <]’ < 2. (244)
Therefore,
2 2
min \/Hho ’(l)H + Haocco - OtOéoajov(l)H
a€eC,|al= 2 9
< min ého _ 2o 4 Hozo — aaz%W H }
ozE(C,|a\:1 ao aO 9 2

o (-, -]
a€eC,lal=1 2 9

2 5
< ey s [1E T,
m m

Furthermore, we have

dist(zo’(l),z =min \/Hho 0 — hOH + ||a:c0 o — anOH
aeC

R T R R
DLG(C lal=1

n | p2Klog®m

<2c¢5 T s (245)

m m

where the second line follows since the latter is minimizing over a smaller feasible set. This completes the
proof for the claim .
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Regarding | b;* RO ,

. log® m
6RO = ‘«/01 (M)b;*ho‘ 3\/5(;27“\/% ,

where the last relation holds due to (241) and (242)). Hence, using the property (244]), we have
plog®m

|b;"ﬁo| = Jm

1
b}*:oh0
«

< ‘1‘ [bl'R°| < 2v/2e,
af

which finishes the proof of the claim .
Before concluding this section, we note a byproduct of the proof. Specifically, we can establish the claim
required in (226) using many results derived in this section. This is formally stated in the following lemma.

Lemma 30. Fiz any small constant ¢ > 0. Suppose the number of samples obeys m > 7K log*m. Then

with probability at least 1 — O (m*m), we have

max
1<j<r

(b; — by)" EO’ < C% log m.

Proof. Instate the notation and hypotheses in Appendix [C.6] Recognize that

~ 1
(b — by)" ho‘ = ‘(bj —by)" =h’ o1 (M)h®
«

= ‘(bj —by) =

af

(b — by)" ho‘

4‘(bj—b1)”h0),

where the last inequality comes from 1) and 1) It thus suffices to prove that |(b; — bl)H ho| <
cplogm/+/m for some ¢ > 0 small enough. To this end, it can be seen that

. 1
b, — b Hho‘: )b»—b HMVO‘
( J 1) o1 (M) ( J 1) T
> (b — b1)" bibfR* 2 ayal 2
k
Hp % H, x H 0
<2 1’ (b; —b1) ka 1g}cagxmﬂbkh Hakaf: ||akm
(i) 1 1 ) ) .
< (51 ) {‘ Hvtx(a)‘ . H 0,(J)v0_v07(J)H}
= o T (x/? max {|afa" 0|+ g, ||a" V2" - 20|
(ii) U 1 L
< < c—=logm, (246)

~ cﬁlogm - Jm

where (i) comes from Lemma the incoherence condition (36)), and the estimate (I89). The last line (ii)
holds since we have already established (see (237]) and m

() g0 _ 70.0) }
max {]a'a" 0|+ a,l, o0z |} = Viogm

The proof is then complete. O

C.7 Proof of Lemma [21]

Recall that o and a®®) are the alignment parameters between z° and z*, and between z*() and z*,
respectively, that is,

1
a¥ := argmin {Hho —h*
aeC «

bt oa — a7},
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i+ s —*|}.

a0 .= argmin {tho’(l) —h*
aeC «

Also, we let

1 1
amfllt)ual = argmin { tho’(l) — :OhOHS + Hozaco’(l) - ozomon} .
acC o

The triangle inequality together with and (245) then tells us that

2
0,(1) *|2
\/H hO,(l) - h’* 2 + Ho‘mutualmu(l) - H2
mutual
2 0,(1) 2 1 2 2
RO-O||” 4 |la020 — a%B)  20.0||" 4 \[||=h0 — h*|| + [|al20 — z*||
9 mutual 9 0 2
mutual @ 2
2K log” 1
< oyt 2K og"m o 1
vm m log®m
<20C
! logZm’

where the last relation holds as long as m > u?vVK logg/ 2

Let )
i =ax, h 7h0 and T = amgt)ualwo (l), hy = Who’(l).

0
(67
¥utual

It is easy to see that @1, h1,x2, hy satisfy the assumptions in Lemma [55] which implies

2 2
ho 0 7h0 Jr |00 20:0) a0m0|| RO || + [[a020 — o2V 20.0)
0. 0 O 9 mutual 9
A mutual

2K log®
P Yot LY (247)
vm m
where the last line comes from (245). With this upper estimate at hand, we are now ready to show that
with high probability,

®
’ar (%2 — 2*)| < ‘a? Oéo,(l)azo,(z) — )

(i)
< 5/logm||a® Va0 — 2*|| + iz [[a%a® - a® Va0

(ii) 1 wo | p2Klog® m
D Jiogm . —L R Ko m
~ s logZm vm m

where (i) follows from the triangle inequa ht (ii) uses Cauchy-Schwarz and the mdependence between 0 (")
and a, (iii) holds because of (95 l 5) and under the condition m > p?K log®m, and (iv) holds true as

long as m > pu 2K log* m.

0_ ao,(Z)wo,(z))‘

+ ’a? (o'

2
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D Technical lemmas
D.1 Technical lemmas for phase retrieval
D.1.1 Matrix concentration inequalities

Lemma 31. Suppose that a; R N(0,1,) for every 1 < j < m. Fiz any small constant § > 0. With
probability at least 1 — Coe™ 2™ one has

I~ T
Ezlajaj —I,|| <6,
]:

as long as m > con for some sufficiently large constant co > 0. Here, Co, co > 0 are some universal constants.

Proof. This is an immediate consequence of [Ver12) Corollary 5.35]. O
Lemma 32. Suppose that a; i N(0,1,,), for every 1 < j < m. Fiz any small constant § > 0. With
probability at least 1 — O(n~10), we have

m
S (a) @)’ asa] — (231, + 22*2*T) || < 5|3,

provided that m > conlogn for some sufficiently large constant cy > 0.

Proof. This is adapted from [CLS15, Lemma 7.4]. O

Lemma 33. Suppose that a; bLd N(0,1,), for every 1 < j < m. Fiz any small constant § > 0 and any

constant C' > 0. Suppose m > con for some sufficiently large constant ¢y > 0. Then with probability at least
1-— 02€—ch7

S\H

Z ]1{|a el<cy @ja; — (Bixx’ + Bolla|31,)|| < 6l|w|3, Vo eR"

holds for some absolute constants co, Co > 0, where

Br=E [ Lg<cy] —E[? Ljg<c] and By =E [ Ljg<c]
with £ being a standard Gaussian random variable.

Proof. This is supplied in [CC17], supplementary material]. O

D.1.2 Matrix perturbation bounds

Lemma 34. Let A\(A), u be the leading eigenvalue and eigenvector of a symmetric matriz A, respectively,
and A1 (A), u be the leading eigenvalue and eigenvector of a symmetric matriz A, respectively. Suppose that
A (A), M (A), || All, [|A]l € [C1,C4] for some Cy,Cs > 0. Then,

VA - nda) <

Proof. Observe that

VAT u - () @

A A)“Hz
Vien

+(Va+ ) el

R e R e |
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< VAT - @)+ ) -l (218)
where the last inequality follows since ||ul|, = 1. Using the identity v/a — v/b = (a — b)/(v/a + V/b), we have

A (4) = () \Al ~ Mi(A)]
‘\//\17—1—\//\1 ] we

where the last inequality comes from our assumptions on A (A) and A;(A). This combined with (248) yields

VA - Y a| <

To control ‘)\1 (A) — M (A)),

A1 (A)

‘)\1 M(J‘D‘
2v/Cy

v/ |l — ], (249)

use the relationship between the eigenvalue and the eigenvector to obtain

‘/\1(A) - Al(ﬁ)‘ - ‘uTAu - ﬁTﬁﬁ‘
< ‘uT (A - K)u‘ - ‘uTﬁu —~ ﬁTﬁu‘ + ‘ﬁTAVu ~u' Au
< [I(A — A)ul, +2|lu—al, || 4]
which together with gives

VAT w- () @

(A = A)ul|, +2u—al, || A] -

< ”(AQ?/‘%)UHQ + (S V@) -l

as claimed. O

D.2 Technical lemmas for matrix completion
D.2.1 Orthogonal Procrustes problem

The orthogonal Procrustes problem is a matrix approximation problem which seeks an orthogonal matrix R
to best “align” two matrices A and B. Specifically, for A, B € R"*", define R to be the minimizer of

minimizegeorxr  ||AR — Bl|g . (250)
The first lemma is concerned with the characterization of the minimizer R of l)

Lemma 35. For A,B € R"*", R is the minimizer of if and only if RTATB is symmetric and
positive semidefinite.

Proof. This is an immediate consequence of [TB77, Theorem 2]. O

__ Let ATB = UXVT be the singular ~value decomposition of ATB € R™". It is easy to check that
R := UV satisfies the conditions that RT AT B is both symmetric and positive semidefinite. In view of
Lemma R =UVT is the minimizer of . In the special case when C := AT B is invertible, R enjoys
the following equivalent form:

R=H(C)=cC(Cc'c) ", (251)
where H () is an R™*"-valued function on R"*". This motivates us to look at the perturbation bounds for
the matrix-valued function H (+), which is formulated in the following lemma.
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Lemma 36. Let C € R"™" be a nonsingular matriz. Then for any matrizc E € R™" with || E|| < omin (C)
and any unitarily invariant norm ||-||, one has

—~ — 2
HC+E7HCH’< E|,
|7 RO < —Ere®
where f{\() is defined above.
Proof. This is an immediate consequence of [Mat93, Theorem 2.3]. O

With Lemma [36] in place, we are ready to present the following bounds on two matrices after “aligning”
them with X™.

Lemma 37. Instate the notation in Section . Suppose X1, Xo € R" " are two matrices such that

[ X1 = X[ [ X*]| < Omin/2, (252a)
[ X1 — Xo|| [ X*]| < omin/4- (252b)

Denote

R, := argmin | X; R — X*|| and R; := argmin | XoR — X*||.
RecOTXx" RecOrxr

Then the following two inequalities hold true:
||X1R1 - X2R2|| S 5K ||X1 - X2|| and ||X1R1 - X2R2||F S 5K HXl - X2||F .
Proof. Before proving the claims, we first gather some immediate consequences of the assumptions ([252]).
Denote C = X' X* and E = (X3 — Xl)—r X*. It is easily seen that C is invertible since
() ii
€= X TXH| < X1 = XM | X*] € omin/2 % 0, (C) > nin/2 (253)
where (i) follows from the assumption (252a)) and (ii) is a direct application of Weyl’s inequality. In addition,
C + E = X, X* is also invertible since
o @ (ii)
B[ < [| X1 = Xol [ X*]| < owmin/4 < 0 (C),

where (i) arises from the assumption (252bf) and (ii) holds because of (253). When both C and C + E are
invertible, the orthonormal matrices R; and Ry admit closed-form expressions as follows

—1/2

R, =C(C'0C)

and Ry, = (C+E) [(C +E) (C+ E)] o

Moreover, we have the following bound on || X1 ||:

i L (D) .
+ X < 2] X, (254)

@) (ii) Omin g
12X < [ X0 — X[ + || X7 < +1IX7) < .
2| x|

21X

where (i) is the triangle inequality, (ii) uses the assumption (252al) and (iii) arises from the fact that || X*| =

\Y/ Umax~

With these in place, we turn to establishing the claimed bounds. We will focus on the upper bound
on || X1 R — XoRs||p, as the bound on || X R; — X2Rs|| can be easily obtained using the same argument.
Simple algebra reveals that

[ X1 R — XoR||p = [[( X1 — X2) Ry + X1 (R — Ry)|lp
<[ X1 = Xoflp + | X1l [[R1 — Ra|lg
<[ X1 = Xo|lp + 2| X[ [[R1 — Rallg (255)
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where the first inequality uses the fact that ||Rz|| = 1 and the last inequality comes from (254). An
application of Lemma [36[leads us to conclude that

2
R, — Ryl < E
I17) = Boll < s | Bl
< (X>— X)) X* (256)
Omin F
2 *
< — | X = Xallp 1X7, (257)
where (256) utilizes (253]). Combine (255) and (257) to reach
4
I X1 R = XoRalp < (| X1 = Xollp + —— [| X2 = Xalg X
< (1 +4R) [ X1 — Xo|p,
which finishes the proof by noting that « > 1. O

D.2.2 Matrix concentration inequalities

This section collects various measure concentration results regarding the Bernoulli random variables {3, 1 }1<j k<n,
which is ubiquitous in the analysis for matrix completion.

Lemma 38. Fiz any small constant § > 0, and suppose that m > § 2unrlogn. Then with probability
exceeding 1 — O (n_lo), one has

(1=9)[BlF < %IIPQ(B)IIF < (1+9)|Bllr

holds simultaneously for all B € R™*™ lying within the tangent space of M*.

Proof. This result has been established in [CR09, Section 4.2] for asymmetric sampling patterns (where each
(i,7), i # j is included in  independently). It is straightforward to extend the proof and the result to
symmetric sampling patterns (where each (4,75), ¢ > j is included in €2 independently). We omit the proof
for conciseness. O

Lemma 39. Fiz a matriv M € R™"*". Suppose n’p > conlogn for some sufficiently large constant co > 0.
With probability at least 1 — O (n*m), one has

1 n

sPa ) - | < % aa
p p

where C > 0 is some absolute constant.

Proof. See [KMO10al, Lemma 3.2]. Similar to Lemma the result therein was provided for the asymmetric
sampling patterns but can be easily extended to the symmetric case. O

Lemma 40. Recall from Section that E € R™™"™ is the symmetric noise matriz. Suppose the sample size
obeys n2p > conlog® n for some sufficiently large constant co > 0. With probability at least 1 — O (n‘lo),

one has )
HPQ (E)H < CJ\/E7
p p

Proof. See [CW15, Lemma 11]. O

where C' > 0 is some universal constant.
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Lemma 41. Fiz some matric A € R™" with n > 2r and some 1 < | < n. Suppose {015}, ;, are
independent Bernoulli random variables with means {pj}1<j<n no more than p. Define

Gi(A) = [611A] 612A] - 61,A) ] €R™

Then one has

| ) 3 2] A2,
Median (|G (A)l] < \[pIAIP + /20 | A1, 1] log (47) + == log (4r)

and for any constant C > 3, with probability exceeding 1 — n~(1-5¢—1)

n

> (61~ AT, Ay | <€ (VoA AT Togn + AIS  ogn )

Jj=1

and

1G1 ()] < \/p |l +C (%p A2 .. [ AP logn + [ AJ2, 10gn).

Proof. By the definition of G| (A) and the triangle inequality, one has

n

IGi (A = |G (4) HZ%A A <306 - ) AL A +p AP
j=1
Therefore, it suffices to control the first term. It can be seen that {(d;; — pj)A A }1< <, Are iid.

zero-mean random matrices. Letting

L= max (55— p;) AL A < A3

n

and V= ZE[(%—pj)QAjT,-Aj,-AjT,-Aj,} SE{(fSl,j—pj)ﬂ 1Al (D AT A, <pllAl . A7

j=1 j=1
and invoking matrix Bernstein’s inequality [Trol5b, Theorem 6.1.1], one has for all ¢ > 0,
n

—t2/2
P (01; —pj) A A; || >t <2r-exp ( . . - ) . (258)
; ’ P Al o IAI7 + Al o - /3

We can thus find an upper bound on Median [HZ" (015 —pj) Al A H] by finding a value ¢ that ensures
the right-hand side of (258]) is smaller than 1/2. Using this strategy and some simple calculations, we get

n 2||All;
Median Z (01,5 — pj) A LA S\/2p||A||§7OO ||A||210g(47’)+%10g(4r)

and for any C > 3,

n

> 6y ) AL A | < € (VoA IAI g+ AL . logn

Jj=1

holds with probability at least 1 —n~(1:5¢=1) As a consequence, we have

. 2 2 2 2| A5
Median [[|G; (A)[|] </ [|A]l +\/2p||A||27oo | A[" log (4r) + ——== log (4r),
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and with probability exceeding 1 — n~(1-5¢=1),

1G: (A) < pllAIP + C Wp |AJ2 ., A togn + ||A||§7wlogn) .

This completes the proof. O

Lemma 42. Let {5lvj}1<l<j<n be i.i.d. Bernoulli random variables with mean p and &, ; = 0;;. For any

A € R, define
Gi (A) = [61,1AI_, 5172A;’_7 e 7617nA:; } c R™*".

Suppose the sample size obeys n®p > wurnlog®n. Then for any k > 0 and a > 0 large enough, with
probability at least 1 — cie”*Cm" logn/2

= 1 < 2anlogn
Z {IlGi(a)|z4ypy+2vhre} = L
=1

holds simultaneously for all A € R™ " obeying

logn , ., nlogn .,
8, < oty [ Xy, + Gy | X o= €

1 n
d Al < Copt X C — | X =
an [A[l < gpurmll |+ um/pH | =1,

where c1,C5, Cg, Cy, C19 > 0 are some absolute constants.

Proof. For simplicity of presentation, we will prove the claim for the asymmetric case where {d;;},, i<n
are independent. The results immediately carry over to the symmetric case as claimed in this lemma. To
see this, note that we can always divide G;(A) into

Gi(A) = G (A) + G (A,

where all nonzero components of G;**®(A) come from the upper triangular part (those blocks with I < j
), while all nonzero components of GI°"**(A) are from the lower triangular part (those blocks with [ > j).
We can then look at {G;""?(A) |1 <1 <n} and {G;"*"(A) |1 <1< n} separately using the argument
we develop for the asymmetric case. From now on, we assume that {d; ;}, - 1j<n AT€ independent.

Suppose for the moment that A is statistically independent of {d; ;}. Clearly, for any A, Ae R™*T

IN

G (a) |- a@)l| <|le @) -a(@d)| < |6 @) -a@d))

n 2
Z HAJE‘ - AJE‘H
. 2
Jj=1

=d(A,A),

IN

which implies that ||G; (A)|| is 1-Lipschitz with respect to the metric d (-,-). Moreover,

A - < <
@asxn 101,581l < HA”gm =¢

according to our assumption. Hence, Talagrand’s inequality |[CC18|, Proposition 1] reveals the existence of
some absolute constants C, ¢ > 0 such that for all A >0

P{IIG: (A)] — Median [ Gy (A)]]] = A&} < Cexp (—eA?). (259)

We then proceed to control Median [||G; (A)||]. A direct application of Lemma [41| yields

2
Median [|G: ()] < \/ 202 + /plog ey + 2 log (4r) < 2/p,
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where the last relation holds since py? > €2 log r, which follows by combining the definitions of ¥ and &, the
sample size condition np > kurlog? n, and the incoherence condition (114). Thus, substitution into (259))
and taking A = Vkr give

PLIG: (A)] = 2ype + VErg } < Cexp (~chr) (260)

for any k > 0. Furthermore, invoking [AS08, Corollary A.1.14] and using the bound (260]), one has

n gt
P (Z ﬂ{HGz(A)HZL/WJr\/WE} > tnCexp (—ck‘r)) < 2exp (— nC' exp (—ckr))
=1

for any t > 6. Choose t = alogn/ [kC exp (—ckr)] > 6 to obtain

omlogn aC
(Zﬂ{lclmwzﬂ)wm} 2 > < 2exp (_2”’" 10g”> : (261)

So far we have demonstrated that for any fixed A obeying our assumptions, > ;" ]I{I\Gz(A)HZL/Wﬂ/Wé}
is well controlled with exponentially high probability. In order to extend the results to all feasible A, we
resort to the standard e-net argument. Clearly, due to the homogeneity property of ||G; (A)]], it suffices to
restrict attention to the following set:

S = {a min (6.4} < JA] < ). (262)
where ¢/ < (| X]| /]| X*
1. Introduce the auxiliary function
1, if [|G1(A)| > 4Py + 2VEkre,
_ ) IGu(A)|—2v/pyp—VEre .
xi(A) = § IEUBIBVILVUE it ||Gu(A)]| € [2yp0 + VEre, 4y/p +2vkre],
0, else.

Clearly, this function is sandwiched between two indicator functions

Loy ayizayppravime) < XUA) S Lryg a)sa ot vire) -
Note that x; is more convenient to work with due to continuity.

2. Consider an e-net N, |Tao12, Section 2.3.1] of the set S as defined in (262). For any e = 1/n°(), one can
find such a net with cardinality log |N,| < nrlogn. Apply the union bound and (261)) to yield

omlogn anlogn
(le VA€N><]P’<Z]1{|G As2ypvsvire) 2 VAeNe>

< 2|N|exp (—azcnr logn> < 2exp (—afm" log n> ,

as long as « is chosen to be sufficiently large.

3. One can then use the continuity argument to extend the bound to all A outside the e-net, i.e. with
exponentially high probability,

- 2an1
>oaa) < =EE vAES

2anlogn
= D jaa)zameravirg <D X(A) ===, VAES
=1 =1

This is fairly standard (see, e.g. [Taol2} Section 2.3.1]) and is thus omitted here.
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We have thus concluded the proof. O

Lemma 43. Suppose the sample size obeys n’p > Crurnlogn for some sufficiently large constant C > 0.
Then with probability at least 1 — O (n’lo),

H;PQ (XXT - X*X*T)

*112 *
\ < 20 | X2 + dey/logn | X7, . [ X7

holds simultaneously for all X € R™*" satisfying

1X = Xy 00 < € Xy s (263)

”2,00
where € > 0 is any fized constant.

Proof. To simplify the notations hereafter, we denote A := X — X*. With this notation in place, one can

decompose
XXT-X*X*"T=AX*"T + X*AT + AAT,

which together with the triangle inequality implies that

H;PQ (Xxx"-Xx*x*T)

<[iriax

-+ 2Pa (xraT)

+ H;PQ (AAT)

1
H (AAT) ‘ HPQ (AX*T) ‘ . (264)
p
= =2
In the sequel, we bound «; and «ay separately.
1. Recall from |[Mat90, Theorem 2.5] the elementary inequality that
(265)

where |C| := [|¢; j]]1<i,j<n for any matrix C = [¢; ;|1

i<n- In addition, for any matrix D := [d; j]1<: j<n
such that |d; ;| > |c; ;| for all 4 and j, one has |||C|| Il

<i
< D| |- Therefore

1
o< |70 (a7 < 181 | 70 27

Lemma then tells us that with probability at least 1 — O(n~19),

< C\/Z (266)

for some universal constant C' > 0, as long as p > logn/n. This together with the triangle inequality
yields

H;PQ (117) —11"

o

<[ a0

T < C\/i* n <o, (267)

provided that p > 1/n. Putting together the previous bounds, we arrive at
ar <2 Al; - (268)

2. Regarding the second term a3, apply the elementary inequality once again to get
1P (AX*T) || < [[Pa (JAX*T])],

which motivates us to look at HPQ (‘AX*TD H instead. A key step of this part is to take advantage of
the {3 o, norm constraint of Pq (’AX *T ’) Specifically, we claim for the moment that with probability
exceeding 1 — O(n~10),
2
[Pa (JAX*T])

s < 2P0max A5 o =0 (269)
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holds under our sample size condition. In addition, we also have the following trivial £, norm bound

[Pa (JAXT]) || < Al 00 | X* |y, 00 = - (270)

||OO

In what follows, for simplicity of presentation, we will denote
A:="Pq(|lAX*T]). (271)

(a) To facilitate the analysis of || Al|, we first introduce ko + 1 =  log (rkpur) auxiliary matricesﬂ B, € R™*"

that satisfy
ko—1

[ < [1Broll + > 1Bl (272)
s=0

To be precise, each Bj is defined such that
1 . 1 1
1 £ A 1 .1
[Bs]jk:{gg% ll ik € (% 27, for 0 <s<ky—1 and
’ , else,

1 : 1
[Bk ] _ QTO’Ya if Aj,k: S QTOW?
0%k 0, else,

which clearly satisfy (272)); in words, By is constructed by rounding up those entries of A within a
prescribed magnitude interval. Thus, it suffices to bound || B;|| for every s. To this end, we start with
s = ko and use the definition of By, to get

(i 5 (i) 1 G
1Broll < [[Brollo / (21n0)" < 4np 1A 00 XMl 00 < 4vrp [[Ally oo 1 X

NG

where (i) arises from Lemma with 2np being a crude upper bound on the number of nonzero entries
in each row and each column. This can be derived by applying the standard Chernoff bound on €. The
second inequality (ii) relies on the definitions of v and kg. The last one (iii) follows from the incoherence
condition . Besides, for any 0 < s < kg — 1, by construction one has

1
2 2
I1Bsll2,00 < 40 = 8pomax [All5 0o and [ Bsllo = 557,

where @ is as defined in (269]). Here, we have used the fact that the magnitude of each entry of Bj is at
most 2 times that of A. An immediate implication is that there are at most

2 2
||B5||2,oo < 8pamax HAHZ,OO
2 = 2

nonzero entries in each row of B, and at most

=k,

ke = 2np

nonzero entries in each column of B,, where k. is derived from the standard Chernoff bound on €.
Utilizing Lemma [44] once more, we discover that

1 2
1Bsll < I1Bslloe Vkrke = 557V krke = \/16np20max [A3.00 = 4Vnp | Ally o | X7

for each 0 < s < ky — 1. Combining all, we arrive at

ko—1
JA < D7 1Bl + 1Bkl < (ko + 1) 4v/np | Ally o 1 Xl
s=0

9For simplicity, we assume % log (kur) is an integer. The argument here can be easily adapted to the case when % log (kpur)
is not an integer.
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< 2v/nplog (kpr) |Ally o [ X ||
<2ynplogn||Af, . I X*],

where the last relation holds under the condition n > kur. This further gives
02 < Al < 2vilogn Al . |X7] (213)
(b) In order to finish the proof of this part, we need to justify the claim . Observe that
[P (ax ], D=0 (anx;Ta)"
= A (X0 0uXiT X ) AL
<Al ||Xo0 0 X7 X

for every 1 < | < n, where §; ; indicates whether the entry with the index (I, j) is observed or not.
Invoke Lemma [] to yield

n * T y*
DI S

(274)

= | [0a Xt T 002 X5 o X5

< P+ C (¢p 17 1 o 1P logn + | X3 Jog n)

< <p+C [prurlogn +Cﬁurlogn> _
n n

< 2pOmax; (275)
with high probability, as soon as np > kurlogn. Combining (274) and (275)) yields

|Pa (aX )], [ < spomlAR. 1<i<n

as claimed in (269)).
3. Taken together, the preceding bounds (264)), (268)) and (273) yield

H Lp (XXT —X*X*T)
p

<ot 200 < 201 AJR o+ 4Wilogn Al X

The proof is completed by substituting the assumption |Al, . < e[| X*|5 o - O

In the end of this subsection, we record a useful lemma to bound the spectral norm of a sparse Bernoulli
matrix.

Lemma 44. Let A € {0,1}""" be a binary matriz, and suppose that there are at most k. and k. nonzero
entries in each row and column of A, respectively. Then one has ||A| < Vkck:.

Proof. This immediately follows from the elementary inequality || A[? < ||Al151]|Allco—oeo (see [Hig92l
equation (1.11)]), where || A||1—-1 and || Al|co—oo are the induced 1-norm (or maximum absolute column sum
norm) and the induced co-norm (or maximum absolute row sum norm), respectively. O

D.2.3 Matrix perturbation bounds

Lemma 45. Let M € R™ " be a symmetric matriz with the top-r eigendecomposition USU . Assume
|IM — M*|| < omin/2 and denote

Q := argmin |[UR — U p.
ReOrXr
Then there is some numerical constant c3 > 0 such that

lvQ-v*| < =M - .
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Proof. Define Q = UTU™*. The triangle inequality gives
lve-vr<|v@-Q+IvQ-Ur|<|Q-Q|+|vvTu -Ur. (276)
[AFWZ17, Lemma 3| asserts that
1@ ~ QI < 4(IM — M*|| /oumin)®
as long as |[M — M*|| < 0in/2. For the remaining term in (276)), one can use U*' U* = I,. to obtain
\lvvTu* -ut|| = |lvvuTur -UururTUr| < |lUUT - UrUrT ],

which together with the Davis-Kahan sin® theorem [DK70] reveals that

vt - U < [
U'U* - U*| and l) to reach
~ 4 2
[vQ-u) < (S In - a | ||
for some numerical constant ¢z > 0, where we have utilized the fact that |[M — M*|| /omin < 1/2. O

Lemma 46. Let M7M € R™ "™ be two symmetric matrices with top-r eigendecompositions USU" and
UXU', respectively. Assume |[M — M*|| < omin/4 and ||M - M*H < Omin/4, and suppose omax/Omin S
bounded by some constant c; > 0, with omax and omin the largest and the smallest singular values of M™,

respectively. If we denote

Q —argmmHUR U||F7
O‘VX‘V

then there exists some numerical constant cs > 0 such that

R N it I Rl

min

< o | (M)

Proof. Here, we focus on the Frobenius norm; the bound on the operator norm follows from the same
argument, and hence we omit the proof. Since ||| is unitarily invariant, we have
HEI/QQ _ Q§1/2H _ HQT21/2Q _ i1/2” ’
F F
where QT X1/2Q and $1/2 are the matrix square roots of QT X Q and f], respectively. In view of the matrix
square root perturbation bound [Sch92, Lemma 2.1],

1
B Omin [ (2)1/2 ] + Omin [ 1/2

=@ -a=] jo7=a 5], <

15> EH 2
\/ Um]n Q Q 77

where the last inequality follows from the lower estimates
Omin () 2 Omin (X7) = [M — M”|| > owmin/4
and, similarly, crmin(fl) > Omin/4. Recognizing that ¥ = U MU and > =UTMU, one gets
jo7=a -3 = |we) mwue) - vTMT],
< |vQ) ' M(UQ) - (UQ) ' MUQ)| +|(UQ) MUQ) -TMUQ)|

+ HUT UQ) - UTMUH
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< |1 - M)UHF +2|uQ - U [|a1] < | (1 - M)UHF + o [UQ - T |, (278)
where the last relation holds due to the upper estimate
1M < [|M*] + [|[M = M| < max + 0min/4 < 20wmax.
Invoke the Davis-Kahan sin® theorem [DK70] to obtain

(6] 262

UQ-Ul. < _
UQ - Ul < o (M) —oiD)

@7 - 2o, <

(M — M)UHF, (279)

Omin
for some constant co > 0, where the last inequality follows from the bounds
oy (M) = 0, (M*) = | M — M*|| > 307 /4,
0r41 (M) < 7y (M?) + | M~ M*|| < 0in /4.
Combine , , and the fact omax/0omin < €1 to reach

HEI/ZQ Qzl/QH

\/m (M — MUH

for some constant c3 > 0. O

Lemma 47. Let M € R™ " be a symmetric matriz with the top-r eigendecomposition UXU . Denote
X =UX'Y? and X* = U*(E*)'/2, and define

Q := argmin IUR—-U"|p and H := argmin IXR—X"||p.
RcOTx" ReOTxr

Assume ||[M — M*|| < omin/2, and suppose Omax/Omin is bounded by some constant ¢ > 0. Then there
exists a numerical constant ¢z > 0 such that

Q- H] <

Proof. We first collect several useful facts about the spectrum of 3. Weyl’s inequality tells us that || — X*|| <
IM — M*|| < 0min/2, which further implies that

0, (2) 200 (B — [|Z =T Z omin/2  and  [Z] < [IZ7] + [[Z = T[] < 20max-

Denote
Q=U"U* and H=XTX".
Simple algebra yields
H = 21/2Q (2*)1/2 _ 21/2(Q o Q) (2*)1/2 + (21/QQ _ QEUQ) (2*)1/2 + Q (22*)1/2.

=F =A

It can be easily seen that o,_1 (A) > 0, (A) > omin/2, and

1Bl <[22 @ - Q- (=) ]| + | ='/2@ - @=2| - || (=)
< 20 max ”Q_Q”+\/Umax 21/2Q_Q21/2 5
N———

=« :Zﬁ
which can be controlled as follows.

e Regarding «, use [AFWZ17, Lemma 3] to reach

min-*

a=]Q-Ql <4|M - M| /o]
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e For 3, one has
(ii)
- 20, 21/2

111

1/2Q 21/2’

jarsa- 5|

20, ( 21/2 ’

where (i) and (iii) come from the unitary invariance of ||-||, and (ii) follows from the matrix square root
perturbation bound [Sch92, Lemma 2.1]. We can further take the triangle inequality to obtain

|=@-az|=|=e-ez+2@-@ - @-@=|
<[IZQ - Q[ +2|Z] |Q - Q|
— UM -MHUT +Q (= - %) +2|T] ||Q - Q|

< v 1 -y U]+ Qs - 2| + 2] Q- @)
< 2| M — M*|| + 4o max,

where the last inequality uses the Weyl’s inequality || X*—X|| < ||[M —M*|| and the fact that || 3| < 20 max.

e Rearrange the previous bounds to arrive at

IE| < 20max@ + v/Omax—— (2| M — M*|| + 4domax) < co ||M — M*||

mlll

for some numerical constant ¢y > 0, where we have used the assumption that oax/0min is bounded.

Recognizing that @ = sgn (A) (see definition in (177)), we are ready to invoke Lemma [36[to deduce that

2
E|| <
- Or—1 (A) + oy (A) || H o Omin

for some constant cg > 0. O

M — M|

D.3 Technical lemmas for blind deconvolution
D.3.1 Wirtinger calculus

In this section, we formally prove the fundamental theorem of calculus and the mean-value form of Taylor’s
theorem under the Wirtinger calculus; see and , respectively.

Let f : C* — R be a real-valued function. Denote z = x + iy € C™, then f (-) can alternatively be
viewed as a function R?™ — R. There is a one-to-one mapping connecting the Wirtinger derivatives and the
conventional derivatives [KD0Y):

g1 *
]3]

su([]) - ([3])
([ ]) e[ 2])

where the subscripts R and C represent calculus in the real (conventional) sense and in the complex
(Wirtinger) sense, respectively, and
S [ I, i, ]

I, —iI,

With these relationships in place, we are ready to verify the fundamental theorem of calculus using the
Wirtinger derivatives. Recall from [Lan93, Chapter XIII, Theorem 4.2| that

(0D (DU GEDART-[0]) e
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where

L=l D
y (1) Y2 | Y1 Y2
Substitute the identities (280) into (281) to arrive at

Jchfq:D—Jchf([ZD — g :/Olv%fq 5 DdT} ‘”1([2}_[2])

1
= | [ver (| 5
o (Cf Z(T)

where z1 = 1 + iy1, 22 = T2 + iyY2 and

28] [2)-(2)- (2D
z (1) z2 | Z1 Z2
Simplification of gives

([z])-ve (2] - (GRD(2]-[2]) e

Repeating the above arguments, one can also show that

- H
zZ1 — 22 1 Z1 — 22 2 ~ zZ1 — 22
— -V H — | T2y , 284
Fle - 1) =Ves () | 222 |4 | 222 vz | 222 | (254)
where z is some point lying on the vector connecting z; and z5. This is the mean-value form of Taylor’s
theorem under the Wirtinger calculus.

D.3.2 Discrete Fourier transform matrices

Let B € C™*K be the first K columns of a discrete Fourier transform (DFT) matrix F € C™*™, and denote
by b; the Ith column of the matrix BH. By definition,
1

H
b, = 7= (Lw(l—l)’ww—l),... M(K—l)(l—l)) ,

where w := e~ with i representing the imaginary unit. It is seen that for any j # [,

1 — ¢ 1 = ( y 1 = k) 11— wk0=9)
Hp _ 1 k(-1 TrG-p @ 1 k(-1) k(1—-j) _ © -\ k@) 1 1—w>r?
blb]—mkz_ow wk( )_mkz_;w w —mkz_o(w ) = T (285)

Here, (i) uses w® = w™® for all a € R, while the last identity (ii) follows from the formula for the sum of a
finite geometric series when w!=7 # 1. This leads to the following lemma.
Lemma 48. For any m > 3 and any 1 <1 <m, we have

m

Z }b;"bj| < 4logm.
j=1

Proof. We first make use of the identity (285) to obtain

S 1N [1—wEED | K 1 O [sin[K(1—j)Z]
bi'b,| = b3+ — Y === ml |
;| I J’ [[Bul2 mjél 1 —wl=J m mj%l sin [(l—])%

where the last identity follows since ||bl||§ = K/m and, for all a € R,

™

11— wo| = ‘1 _e—if—ga‘ _ ‘e—i%a (eima _ e—i%a)‘ —9

sin (a%)’ . (286)
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Without loss of generality, we focus on the case when [ = 1 in the sequel. Recall that for ¢ > 0, we denote
by |c] the largest integer that does not exceed ¢. We can continue the derivation to get

3 (= RV e A
o [l . - ) K
m\ o |sin[(i-1)F] jszHsij—U%J m

W 1 L% ]+1 ) m ) %

T m = |sin[(G-1)Z] +_ 2 sin [(m+1—5) =] m’

where (i) follows from |sin (K (1—4)Z)| < 1 and |sin ()| = [sin(—x)|, and (ii) relies on the fact that
sin (z) = sin (7 — ). The property that bln( ) > x/2 for any x € [0,7/2] allows one to further derive

2], (=]

ME

2]

o3

s 1 i 2 K 2 1 1 K
S bl < — TRt Y mriearltmoa  Et il R
- m G-m (m+1—j)m m 7w\ 4~k —  k m
7j=1 Jj=2 w42 k=1 k=1

H41 K G)4 (iii)

< = — 4+ — < = (141 1 < 41

_ﬂ];k m_W(Jrogm)Jr = 08T

where in (i) we extend the range of the summation, (ii) uses the elementary inequality > ;- , k' < 1+logm
and (iii) holds true as long as m > 3. O

The next lemma considers the difference of two inner products, namely, (b, — bl)H b;.

Lemma 49. For all0 <[ —-1<71< L%J, we have

H (J,‘L_Tl) % + (iT_/l;Tz for 1+7<5< L J +1,
(bl B bl) bj S 4T K 81/ [ < i<
m=G=Dm T m-G-DP for |Z|+1<j<m-—rT.

In addition, for any j and 1, the following uniform upper bound holds

K
H
‘(bl —by) bj’ <2

Proof. Given (285)), we can obtain for j # [ and j # 1,

1|1 =KW 1 KO-
‘(bz*bl)Hbj’:* = 5
m| 1—w7 1 —wt=7
11 =KW= 1 yKOQ=9) 1 ,KOQ=5) 1 KO-35)
Tm| 1w 1—wld 1—w7 1 —wli
K(1—j K(l—j K(1—4
:l wK( J)fw.( J)+(wl’j—w1’j) 17%‘) (1-4) /'
m 1—wl=J (1 —wh=7) (1 —w')
11—k 9 1
“m| 1—wd +m‘( “ )(1—wl—J)(1—w1—J) ’

where the last line is due to the triangle inequality and |w®| =1 for all « € R. The identity (286) allows us
to rewrite this bound as
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(b — b)), < -

-m

1

sin [(1 —1)
sin [(l —7) %]

]

] } : (287)

sin[K(lfl)%”Jr

3aER

sin [(1 — j)



Combined with the fact that [sinz| < 2|z| for all 2 € R, we can upper bound (287) as
1

(-7 =] {2KT+ }

m
where we also utilize the assumption 0 <! —1 < 7. Then for [ + 7 < j < |m/2] + 1, one has

1
‘(bl — b)) bj’ <2

-m

27‘%
sin [(1—j) Z]

-H=|<g  ad |0-y)
Therefore, utilizing the property sin (z) > x/2

2 v 4 a7 K 87/m
b —b Hb“S.(?KT-ﬁ-. )g T2y :
‘(l V70, (G-Om mo j—1)7" (G=Om (j-1)?

for any x € [0,7/2], we arrive at

where the last inequality holds since j — 1 > j — . Similarly we can obtain the upper bound for |m/2| +1 <
j < m — 7 using nearly identical argument (which is omitted for brevity).
The uniform upper bound can be justified as follows

(b= b0)" b| < (el + [1Bally) b1l < 2/m.

The last relation holds since ||bl||§ =K/mforalll<Ii<m. O
Next, we list two consequences of the above estimates in Lemma [50| and Lemma [51}

Lemma 50. Fiz any constant ¢ > 0 that is independent of m and K. Suppose m > CTK log* m for some
sufficiently large constant C > 0, which solely depends on c. If 0 <1 —1 < 1, then one has

c

i’(bz —by)" bj‘ <

1og2 m’
Proof. For some constant ¢y > 0, we can split the index set [m] into the following three disjoint sets
Al = {j ‘l+corlog?m < j < {%J},

Ag:{j: {%J +l§j§mfco7'log2m},
and As = [m]\ (41 U As).

With this decomposition in place, we can write

We first look at A;. By Lemma [49] one has for any j € A,

47 K
’(bl*bl)HbJ‘S —T =y 8T/7T2,
Jg=tm  (j—1)
and hence
H L2+ 4r K = 871/7w 41K 1 87 o 1

Z‘(bl—bl) bj| < > — i, T2 = dort— > =
. 4 , J—=tm (-1 m “~k 7 , k
jEAL j=l4corlog?m k=1 k=coT log®m

K 167 1
<8r—logm+ ———5—,
m T coTlog®m
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where the last inequality arises from Y ;. k1 <1+4+logm < 2logm and Yo k=2 <2/c
Similarly, for j € As, we have
4t K 8r/m

m—(j=Om " [m— (-1

‘(bl —b1)"b;

<

which in turn implies
167 1

K
3 ‘(bl — b)) bj’ <8r—logm+ — —— .
ieA, m T coTlog”m

Regarding j € A3, we observe that
|As] <2 (00T10g2 m+ l) <2 (cm-log2 m-+T7+ 1) < eyt log® m.
This together with the simple bound ‘(bl - bl)H bj‘ < 2K/m gives

2
SQ% Ay < 8coT K log m

> ‘(bz —b)"b;

JEAs

m

The previous three estimates taken collectively yield

- 167K 1 2 1 K log? 1
= m T coTlog®m m log“m
as long as ¢ > (32/7) - (1/c) and m > 8co7K log* m/c. O

Lemma 51. Fiz any constant ¢ > 0 that is independent of m and K. Consider an integer 7 > 0, and
suppose that m > CTK logm for some large constant C > 0, which depends solely on c¢. Then we have

lm/7] T
‘bH (brryj — bk-r+1)|2 < <
kZ:O ; 1 J \E

Proof. The proof strategy is similar to the one used in Lemma First notice that

B (brrsj — brr1)| = ‘(bm —bu1y) b

As before, for some ¢; > 0, we can split the index set {1,---, [m/7]} into three disjoint sets

= oo << [(|2] +1-5) ]}

Bo={k:|(| 5] +1-d)/r| + 15k <lm+1-9) /7] i},

and Bgz{l,uq{%J}\(lﬁUBz)a

where 1 < 5 < 7.
By Lemma [49] one has

T K 81/w
< —

_Em (kT)Q, kEBL

‘(bm - bm-l—l—j)H ka

Hence for any k € By,

~ _ 2 4r K 87/m\ 4K 8/m
;|b1 (brrsj — brri1)] S\ﬁ(lm_er(kT)Q =T T T )
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which further implies that

Z Z|b'f(bkr+j—bm+1 <IZ(+S/W) SIKIOgm Eil,

™ TC
keB; j=1 k=c1 \/> !

where the last inequality follows since Y7,* | k~! < 2logm and Y_;* | k=2 < 2/¢;. A similar bound can be
obtained for k € Bs.
For the remaining set B3, observe that
|B3| S 2(31.

This together with the crude upper bound ‘(bl - bl)H bj‘ < 2K/m gives

” 2K  4deiJTK
S | D01 rrs — br)|” < 1Bl s B8 br sy — i) < B3] V7 - 2 < VTR

keBs Jj=1

The previous estimates taken collectively yield

m/7] ™
2 Klo m 161 1 deg/TK 1
>0 [0l birey — b <2 (BFE B )+ et
, T /T m VT
k=0 j=1
as long as ¢; > 1/c and m/(c;7K logm) > 1/c. O

D.3.3 Complex-valued alignment
Let gz (-) : C — R be a real-valued function defined as

2
+ llaz — 2*l3.

1
9h,x (a) = Hah —h*
2

which is the key function in the definition (34)). Therefore, the alignment parameter of (h,x) to (h*,x*) is
the minimizer of gy » (a)). This section is devoted to studying various properties of gn » (). To begin with,
the Wirtinger gradient and Hessian of gp 4 (-) can be calculated as

9gh,z (@) —2 2 =2 7 &
vgh,z(a)[a]{anwz—m @7 Bl + @) h“h}; (288)

oon o) a2l — oMo — @) a2 B +a-2hMR*
2 4 2 _1,—-3 2 =3 3 4H
ol Al 20-1 (@) B — 2 (@) *
Vg, <a>=[ _Nfzlls + ol A0, Al —2 (@) (289)
- 2(@) o~ A2 - 20~ ShHR* el + Jof = 2

The first lemma reveals that, as long as (%h7 ﬁaz) is sufficiently close to (h*, *), the minimizer of gp, o (a)

cannot be far away from f.

Lemma 52. Assume theres exists B € C with 1/2 < |B| < 3/2 such that max {H%h —h*

d < 1/4. Denote by & the minimizer of gn. .« (¢t), then we necessarily have

Bz =7, } <

&l — 18] < |a — 8] < 180.

Proof. The first inequality is a direct consequence of the triangle inequality. Hence we concentrate on the
second one. Notice that by assumption,

2
+ 1Bz — ¥} < 26%, (200)
2

%@ww{ﬁh—m
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which immediately implies that gp, . (@) < 26%. It thus suffices to show that for any o obeying |a — 3| > 184,
one has gp 5 (@) > 262, and hence it cannot be the minimizer. To this end, we lower bound gp, o () as follows:

ha (@) = [laz —2*[5 = |l(a - B) & + (bz — 2")|;
—la = B @]} + 82 — 2"} + 2Re [ (a - B) (B — =*)" 2]
> | = 8P @} - 2|a - 8| (8o — o).
Given that ||fz —x*||, <J§ < 1/4 and ||z*||, = 1, we have
1Bzlly > la*(l2 — [[fz — x*|, > 1 -0 > 3/4,
which together with the fact that 1/2 < |8| < 3/2 implies
l&l, >1/2 and [zl <2

and H
| (B — &) 2| < ||z — 2|, |l < 26.

Taking the previous estimates collectively yields

gha (@) > = o — B> =46 |a — .

o~ =

It is self-evident that once |a — 3| > 18, one gets gp.» () > 262, and hence a cannot be the minimizer as
Gh,z (@) > gn 2 (B) according to (290). This concludes the proof. O

The next lemma reveals the local strong convexity of gp o () when « is close to one.

Lemma 53. Assume that max {||h — h*||,, ||z — x*||,} < & for some sufficiently small constant § > 0.
Then, for any « satisfying | — 1| < 189 and any u,v € C, one has

[, 0"] V20 o (@) [ ; } > % (|u|2 n |U|2)7

where V2gp o (+) stands for the Wirtinger Hessian of gp.«(-).

Proof. For simplicity of presentation, we use gn o (o, @) and gn o (o) interchangeably. By (289), for any
u,v € C , one has

[, o"] Vgn.q () [ . } = (I2ll3 + a1~ 1R13) (Jul® + [o1*) +2Re [uMv (207 @) Bl -2 (@) h**R)] .

=F1 =0

We would like to demonstrate that this is at least on the order of |u|® + |v]>. We first develop a lower
bound on ;. Given the assumption that max {||h — h*||,, || — x*||,} < 0, one necessarily has

1-6<||,<1+6 and 1-6<|h|,<1+3.
Thus, for any a obeying |a — 1| < 184, one has
By > (1 + \a|—4) 1-06)7> (1 F(1+ 185)—4) 1-62>1

as long as 0 > 0 is sufficiently small. Regarding the second term f2, we utilizes the conditions |o — 1| < 184,
|zl <1+ 6 and ||h|2 <146 to get

1821 < 2[ul ol Jo] >0~ [R5 — A

128



= 2lullol |~ [(a™" = 1) B[} ~ (b — )R
< 2[ul ol Jo| * (o~ = 1] |RI3 + [Ib B[, A,

189
1—186

< 2|ul |v|(1186)3( (1+5)2+5(1+5)>

<8 (Jul + Jof?),

where the last relation holds since 2|u||v] < |u|* + |v]* and § > 0 is sufficiently small. Combining the
previous bounds on 3; and B3, we arrive at

u

[, oM V2gh 0 (o) [ . } > (1-00) (luf + 1of*) = % (1l + o)

as long as ¢ is sufficiently small. This completes the proof. O

Additionally, in a local region surrounding the optimizer, the alignment parameter is Lipschitz continuous,
namely, the difference of the alignment parameters associated with two distinct vector pairs is at most
proportional to the /5 distance between the two vector pairs involved, as demonstrated below.

Lemma 54. Suppose that the vectors x1,xs, hi, hy € CX satisfy
max {||lx1 — ||y, [h1 = B*[|y, [lo2 — @[]y, [|h2 — R¥[|,} <6 < 1/4 (291)

for some sufficiently small constant § > 0. Denote by oy and ao the minimizers of gn, «, (@) and gh, o, (@),
respectively. Then we have
lar — ao| S [J@r — @2, + [|h — hal|, -

Proof. Since a; minimizes gp, z, (@), the mean-value form of Taylor’s theorem (see Appendix [D.3.1)) gives

ghl,wl (CYQ) Z ghl,a:l (al)

a1 — Qg J 2 ~ Q] — Q2
— 4+ =(ay —ag,a1 —a)V a)| —=
a1a2:| (1 2, 01 2) ghl,:ﬁ() ar —ag |’

H
= 9hy,x;y (012) + vghl;ml (Oég) [ 2

where & is some complex number lying between a1 and as, and Vgp, », and V2gp, », are the Wirtinger
gradient and Hessian of gn, , (-), respectively. Rearrange the previous inequality to obtain

s < Vs 03]
™ Amin (v2gh1,m1 (@)

(292)

as long as Amin (VQth,wl (62)) > 0. This calls for evaluation of the Wirtinger gradient and Hessian of

Jhy @, ()
Regarding the Wirtinger Hessian, by the assumption (291)), we can invoke Lemmawith B =1 to reach
max {|ag — 1|, |az — 1|} < 18§. This together with Lemma [53|implies

)\min (V2gh1,m1 (a)) Z 1/2’

since « lies between «; and am.
For the Wirtinger gradient, since o is the minimizer of gp, «, (@), the first-order optimality condition
[KDO09, equation (38)] requires Vgh, «, (@2) = 0, which gives

Hv.ghl,z1 (a2)”2 = Hv.gh1,z1 (Ckz) - v9h27w2 (a2)||2.
Plug in the gradient expression ([288]) to reach

Hv.ghlyml (OQ) - v.ghmfﬂz (a2)||2
= V2| [ a1 - ¥ — a3 (@) 2 a3+ ()2 hh]

129



“[a2“m2H§-wEw*—-agl<aa>*2nh2H§—+<ag>*2h*Hh2}’

2 2

S laa] [ll2a} = llzs 3| + |22 %x\+ Mmm2|mﬁ\+ |2hMm—hmm|
2 2

S foal [l = laall + o = el + Mmm2|mﬂ\+ L

where the last line follows from the triangle inequality. It is straightforward to see that
2 2 2 2
122 0ol €2, [l@all} - J@all3] S llew = @allys  [Iall3 = al] S IR = hall,

under the condition (291 and the assumption ||x*||2 = ||[h*|]2 = 1, where the first inequality follows from
Lemma Taking these estimates together reveals that

VR, @, (@2) = Vhs.a, (@2)lly S @1 — @2, + [[h1 — b2, -
The proof is accomplished by substituting the two bounds on the gradient and the Hessian into (292). [

Further, if two vector pairs are both close to the optimizer, then their distance after alignement (w.r.t. the
optimizer) cannot be much larger than their distance without alignment, as revealed by the following lemma.

Lemma 55. Suppose that the vectors x1,xs, hi, hy € CX satisfy
max {[|z1 — 2"y, [h1 = h*|y, @2 — 27|, [[h2 — h7[|,} <0 < 1/4 (293)
for some sufficiently small constant § > 0. Denote by iy and aa the minimizers of gn, «, (@) and gn, o, (@),

respectively. Then we have

2

Sl — @alls + |hy — half5 .-
2

1
larx, — 0425'32\\3 + th — —hy
aq Q2

Proof. To start with, we control the magnitudes of ; and as. Lemma [52] together with the assumption

([293) guarantees that
1/2 <|ap| <2 and 1/2 < |ag] < 2.

Now we can prove the lemma. The triangle inequality gives

laon®r — aomally = [lon (21 — ®2) + (1 — 2) ®al|,

<laall|z1 — z2lly + o — azf |22,
(i)
< 2|z — @2y + 2|1 — g

ii

S e — z2lly + [k — k2,

where (i) holds since |aq| < 2 and |[z2]l2 < 146 < 2, and (ii) arises from Lemma [54] that |a; — as| <

lz1 — x2|5 + |1 — hal|,. Similarly,
1 1 1
= H(hl _h2)+ ( - ) h2
9 o7 aq Qg

1
<|—II|lhy — h
‘al‘ﬂ 1= hall, +

2

1 1
— ——||n
~ - 2 ]imal,

(0%
< 2||hy — hsyl|, + plon = as|
|y g

S e — @2lly + |k — b2y,

where the last inequality comes from Lemma as well as the facts that |a;| > 1/2 and |ag| > 1/2
as shown above. Combining all of the above bounds and recognizing that ||&1 — x2||y, + ||h1 — h2|, <

\/2 Iy — @55 + 2 [y — hall3, we conclude the proof. O
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Finally, there is a useful identity associated with the minimizer of g(a) as defined below.

Lemma 56. For any hy, ha, 1,22 € CK, denote

2

+ oz — 223
2

1
of := argming(a), where §(a):= th — hy
o «

Let 1 = oty and 77,1 = %hl, then we have
|72 — s |+ (@1 —@2) = [[Bs — haf; + (Ba — o) "ha.
Proof. We can rewrite the function g («) as
2 ) , 1 H 1
Il + sl (51 o - nf (L)

1 1 1
=aa |z |5 + |25 — azfla, — azhz; + — IRl + |h2ll; — ah'f’w - ghghl-

~ 2 2 2 H 1
7(@) = laf* o113 + ol - () 2 - af (o) + | 5

The first-order optimality condition [KDO09, equation (38)] requires
7 = of @1l —zi'z2 + — ( —=5 ) IPull; = | —=5 ) ho'h1 =0,
At « ot aﬁ
which further simplifies to
~ ~ =2 =~
|1Z1]5 — @Yo = |||, — hE R
since & = ofwy, hy = %hl, and of # 0 (otherwise g(af) = oo and cannot be the minimizer). Furthermore,
(o3
this condition is equivalent to

E’l-l (il — 332) = (;Ll — hg)Hfll.

Recognizing that

H - ~ ~
(T1 — x2) = 2 (T) — x2) + ||T1 — 22[3,
H H
2

H
2
R (g — ha) = B (g — h) + (R — ha)" (g — ha) = B (g — ha) + ||Ruy — hal3,
we arrive at the desired identity. O

D.3.4 Matrix concentration inequalities

The proof for blind deconvolution is largely built upon the concentration of random matrices that are
functions of {aja;'}. In this subsection, we collect the measure concentration results for various forms of
random matrices that we encounter in the analysis.

Lemma 57. Suppose a; ik N(O, %IK) +iN (0, %IK) for every 1 < j < m, and {cj}1<j<m are a set of

fixed numbers. Then there exist some universal constants Cy,Cs > 0 such that for allt >0

~ ~ t 12
>t| <2exp | Ci1K — Cymin s =m 3 .
s o] S,

Proof. This is a simple variant of [Ver12, Theorem 5.39], which uses the Bernstein inequality and the standard
covering argument. Hence we omit its proof. O

P

Z cj(aja? — IK)

j=1
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Lemma 58. Suppose a; i N( IK) —|—iN( IK) for every 1 < j < m. Then there exist some absolute
constants Cy,Cy, Cs > 0 such that for all max{1,3C,K/Csy}/m < e <1, one has

D aa]

JjeJ

sup
|J|<em

> 4536771 log ¢ < 2exp (— 02303 emlog e) ,
€ €

where J C [m] and |J| denotes its cardinality.

Proof. The proof relies on Lemma[57and the union bound. First, invoke Lemma [57] to see that for any fixed
J C [m] and for all ¢ > 0, we have

P > ||t < 2exp (élK—@mmin{t,t?}), (294)

> (ajal — Ix)

JjeJ

for some constants C~'1, 52 > 0, and as a result,

®)
sup ZaJ >fem](14+t) | <P sup ZaJ > [em](1+41t)
|J|<em jed |J|=[em] jeJ
<P sup Z(aja;' —Ig)|| > [em]t
[J|=[em] jeJ

< ((:;ﬂ) -2exp (élK = Csem] min {t, t2}> ’

where [¢]| denotes the smallest integer that is no smaller than c. Here, (i) holds since we take the supremum
over a larger set and (ii) results from lb and the union bound. Apply the elementary inequality (Z) <
(en/k)¥ for any 0 < k < n to obtain

sup
[J|<em

em|(1+1t) | <2 (fmw) o exp (51K — Cy[em] min {t7t2}>

em

Zaﬂ a;

jeJ

e 2em ~ ~
<2 (E) exp (ClK — Cyemmin {t,tQ})
= 2exp [6'1]( —em (6’2 min {¢, 4>} — 210g(e/5))} . (295)

where the second inequality uses em < [em] < 2em whenever 1/m <e < 1.

The proof is then completed by taking Cs > max{1,6/Cy} and t = Cslog(e/e). To see this, it is
easy to check that min{¢,t?} = t since t > 1. In addition, one has 1K < égzsm/?) < agsmt/S, and
2log(e/e) < Cat/3. Combine the estimates above with to arrive at

~ ()
> 4Csemlog(e/e) | <P [ sup
|J|<em

aja;4 > [em](1+41t)

jeJ

P| sup
|J|<em

jed
< 2exp [51[( —em (52 min {¢,t*} — 210g(e/€))}

(ii) _
< 2exp (—EmCQt/?)) = 2exp (—

C35mlog(e/5)>

as claimed. Here (i) holds due to the facts that [em] < 2em and 1+ ¢ < 2t < 2C5log(e/c). The inequality
(ii) arises from the estimates listed above. O
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Lemma 59. Suppose m > K log® m. With probability exceeding 1 — O (m_m), we have

K
<S4/ — logm.
m

Proof. The identity Z;"’:l b; b? = Ik allows us to rewrite the quantity on the left-hand side as

jil <‘a5‘m*’2 - 1) bjb;'

=Z;

o 2
> lalfer [ bl — I
j=1

b

> laffa " bl — I
j=1

where the Z;’s are independent zero-mean random matrices. To control the above spectral norm, we resort
to the matrix Bernstein inequality [Kolll, Theorem 2.7]. To this end, we first need to upper bound the

sub-exponential norm || - ||, (see definition in [Verl2|) of each summand Z;, i.e.
2 2 H %12 K
Zillly, = ol | e =[], < sl a7, < 5
11231, = o513 [ lafial” = 1] sl flatte" "] <5
where we make use of the facts that
||bj||§ =K/m and H|a?:c*’2H < 1.
1
We further need to bound the variance parameter, that is,
ot = |E Y z,2¢ || = Elz (lafa"[* = 1) bjb;*bjb?}
j=1 j=1

< K K
~ m m

> bbb b
j=1

i b; b
j=1

where the second line arises since E[(|afz*|* — 1)2] =1, b3 = K/m, and 7", bb! = I. A direct
application of the matrix Bernstein inequality [Kol11, Theorem 2.7] leads us to conclude that with probability
exceeding 1 — O (m’lo),

m K K K
HZ ZjH,Smax{wlogm,logzm}xy/logm,
J=1 m m m

where the last relation holds under the assumption that m > K log® m. O

D.3.5 Matrix perturbation bounds

We also need the following perturbation bound on the top singular vectors of a given matrix. The following
lemma is parallel to Lemma [34]

Lemma 60. Let 01(A), u and v be the leading singular value, left and right singular vectors of A, respec-
tively, and let 01(A), uw and v be the leading singular value, left and right singular vectors of A, respectively.
Suppose o1(A) and o1(A) are not identically zero, then one has

[01(4) — 01 ()] < (A = D)o, + (s — @l + o~ ) | ]|

2’01(A) _01(2{)’

[Vardiu- /(&) @

S Vor(A) (lu—ally + v - 5]l,) +
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Proof. The first claim follows since
o1(A) — al(j)] - ’uHAv - a“ﬁa‘
< ‘uH (A - X)v‘ + )u”éiv —~ ﬂ“jv’ + ‘ﬁ”ﬁv —~ ﬁ”ﬁﬁ‘
<|l(A= A)v|l, + llu—all, | A] + || Al v - B,

With regards to the second claim, we see that
Vo u— (@) | < |[Vatd - Vo a, +« |Vt @ o) @
— V(A o~ @l + [Vor(A) - o (A)

\UI(A) - al(ﬁ)\

2

= Voi(A) [u—ul, +

Similarly, one can obtain

e T )|

2 \/0’1(A)‘|— 0'1(A)

Voo (&) 5

Add these two inequalities to complete the proof.
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