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Abstract

Federated reinforcement learning (RL) enables collaborative decision making of multiple distributed
agents without sharing local data trajectories. In this work, we consider a multi-task setting, in which
each agent has its own private reward function corresponding to different tasks, while sharing the same
transition kernel of the environment. Focusing on infinite-horizon tabular Markov decision processes, the
goal is to learn a globally optimal policy that maximizes the sum of the discounted total rewards of all
the agents in a decentralized manner, where each agent only communicates with its neighbors over some
prescribed graph topology.

We develop federated vanilla and entropy-regularized natural policy gradient (NPG) methods under
softmax parameterization, where gradient tracking is applied to the global Q-function to mitigate the
impact of imperfect information sharing. We establish non-asymptotic global convergence guarantees
under exact policy evaluation, which are nearly independent of the size of the state-action space and
illuminate the impacts of network size and connectivity. To the best of our knowledge, this is the
first time that global convergence is established for federated multi-task RL using policy optimization.
Moreover, the convergence behavior of the proposed algorithms is robust against inexactness of policy
evaluation.

Keywords: federated reinforcement learning, multi-task reinforcement learning, natural policy gradient
methods, entropy regularization, global convergence
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1 Introduction

Federated reinforcement learning (FRL) is an emerging paradigm that combines the advantages of federated
learning (FL) and reinforcement learning (RL) (Qi et al., 2021; Zhuo et al., 2019), allowing multiple agents
to learn a shared policy from local experiences, without exposing their private data to a central server nor
other agents. FRL is poised to enable collaborative and efficient decision making in scenarios where data
is distributed, heterogeneous, and sensitive, which arise frequently in applications such as edge computing,
smart cities, and healthcare (Wang et al., 2023, 2020; Zhuo et al., 2019), to name just a few. As has been
observed (Lian et al., 2017), decentralized training can lead to performance improvements in FL by avoiding
communication congestions at busy nodes such as the server, especially under high-latency scenarios. This
motivates us to design algorithms for the fully decentralized setting, a scenario where the agents can only
communicate with their local neighbors over a prescribed network topology.

In this work, we study the problem of federated multi-task reinforcement learning (Anwar and Raychowd-
hury, 2021; Qi et al., 2021; Yu et al., 2020), where each agent collects its own reward — possibly unknown
to other agents — corresponding to the local task at hand, while having access to the same dynamics (i.e.,
transition kernel) of the environment. The collective goal is to learn a shared policy that maximizes the
total rewards accumulated from all the agents; in other words, one seeks a policy that performs well in
terms of overall benefits, rather than biasing towards any individual task, achieving the Pareto frontier in
a multi-objective context. There is no shortage of application scenarios where federated multi-task RL be-
comes highly relevant. For instance, in healthcare (Zerka et al., 2020), different hospitals may be interested
in finding an optimal treatment for all patients without disclosing private data, where the effectiveness of
the treatment can vary across different hospitals due to demographical differences. As another potential ap-
plication, to enhance ChatGPT’s performance across different tasks or domains (M Alshater, 2022; Rahman
et al., 2023), one might consult domain experts to chat and rate ChatGPT’s outputs for solving different
tasks, and train ChatGPT in a federated manner without exposing private data or feedback of each expert.

Nonetheless, despite the promise, provably efficient algorithms for federated multi-task RL remain sub-
stantially under-explored, especially in the fully decentralized setting. The heterogeneity of local tasks leads
to a higher degree of disagreements between the global value function and local value functions of individual
agents. Due to the lack of global information sharing, care needs to be taken to judiciously balance the use



of neighboring information (to facilitate consensus) and local data (to facilitate learning) when updating the
policy. To the best of our knowledge, no algorithms are currently available to find the global optimal policy
with non-asymptotic convergence guarantees even for tabular infinite-horizon Markov decision processes.

Motivated by the connection with decentralized optimization, it is tempting to take a policy optimization
perspective to tackle this challenge. Policy gradient (PG) methods, which seek to learn the policy of interest
via first-order optimization methods, play an eminent role in RL due to their simplicity and scalability.
In particular, natural policy gradient (NPG) methods (Amari, 1998; Kakade, 2001) are among the most
popular variants of PG methods, underpinning default methods used in practice such as trust region policy
optimization (TRPO) (Schulman et al., 2015) and proximal policy optimization (PPO) (Schulman et al.,
2017). On the theoretical side, it has also been established recently that the NPG algorithm enjoys fast
global convergence to the optimal policy in an almost dimension-free manner (Agarwal et al., 2021; Cen
et al., 2021), where the iteration complexity is nearly independent of the size of the state-action space.
Inspired by the efficacy of NPG methods, it is natural to ask:

Can we develop federated variants of NPG methods that are easy to implement in the fully decentralized
setting with non-asymptotic global convergence guarantees for multi-task RL?

1.1 Our contributions

Focusing on infinite-horizon Markov decision processes (MDPs), we provide an affirmative answer to the
above question, by developing federated NPG (FedNPG) methods for solving both the vanilla and entropy-
regularized multi-task RL problems with finite-time global convergence guarantees. While entropy regular-
ization is often incorporated as an effective strategy to encourage exploration during policy learning, solving
the entropy-regularized RL problem is of interest in its own right, as the optimal regularized policy possesses
desirable robust properties with respect to reward perturbations (Eysenbach and Levine, 2021; McKelvey
and Palfrey, 1995).

Due to the multiplicative update nature of NPG methods under softmax parameterization, it is more
convenient to work with the logarithms of local policies in the decentralized setting. In each iteration of the
proposed FedNPG method, the logarithms of local policies are updated by a weighted linear combination of
two terms (up to normalization): a gossip mixing (Nedic and Ozdaglar, 2009) of the logarithms of neighboring
local policies, and a local estimate of the global Q-function tracked via the technique of dynamic average
consensus (Zhu and Martinez, 2010), a prevalent idea in decentralized optimization that allows for the use of
large constant learning rates (Di Lorenzo and Scutari, 2016; Nedic et al., 2017; Qu and Li, 2017) to accelerate
convergence. Our contributions are as follows.

e We propose FedNPG methods for both the vanilla and entropy-regularized multi-task RL problems,
where each agent only communicates with its neighbors and performs local computation using its own
reward or task information.

e Assuming access to exact policy evaluation, we establish that the average iterate of vanilla FedNPG
converges globally at a rate of O(1/ T2/ 3) in terms of the sub-optimality gap for the multi-task RL
problem, and that the last iterate of entropy-regularized FedNPG converges globally at a linear rate
to the regularized optimal policy. Our convergence theory highlights the impacts of all salient problem
parameters (see Table 1 for details), such as the size and connectivity of the communication network.
In particular, the iteration complexities of FedNPG are again almost independent of the size of the
state-action space, which recover prior results on the centralized NPG methods when the network is
fully connected.

e We further demonstrate the stability of the proposed FedNPG methods when policy evaluations are
only available in an inexact manner. To be specific, we prove that their convergence rates remain
unchanged as long as the approximation errors are sufficiently small in the /., sense.

To the best of our knowledge, the proposed federated NPG methods are the first policy optimization
methods for multi-task RL that achieve explicit non-asymptotic global convergence guarantees, allowing for
fully decentralized communication without any need to share local reward/task information.



1.2 Related work

Global convergence of NPG methods for tabular MDPs. Agarwal et al. (2021) first establishes a
O(1/T) last-iterate convergence rate of the NPG method under softmax parameterization with constant step
size, assuming access to exact policy evaluation. When entropy regularization is in place, Cen et al. (2021)
establishes a global linear convergence to the optimal regularized policy for the entire range of admissible
constant learning rates using softmax parameterization and exact policy evaluation, which is further shown
to be stable in the presence of /., policy evaluation errors. The iteration complexity of NPG methods is
nearly independent with the size of the state-action space, which is in sharp contrast to softmax policy
gradient methods that may take exponential time to converge (Li et al., 2023c; Mei et al., 2020). Lan (2023)
proposed a more general framework through the lens of mirror descent for regularized RL with global linear
convergence guarantees, which is further generalized in Zhan et al. (2023); Lan et al. (2023). Earlier analysis
of regularized MDPs can be found in Shani et al. (2020). Besides, Xiao (2022) proves that vanilla NPG
also achieves linear convergence when geometrically increasing learning rates are used; see also Khodadadian
et al. (2021); Bhandari and Russo (2021). Zhou et al. (2022) developed an anchor-changing NPG method
for multi-task RL under various optimality criteria in the centralized setting.

Distributed and federated RL. There have been a variety of settings being set forth for distributed and
federated RL. Mnih et al. (2016); Espeholt et al. (2018); Assran et al. (2019); Khodadadian et al. (2022);
Woo et al. (2023) focused on developing federated versions of RL algorithms to accelerate training, assuming
all agents share the same transition kernel and reward function; in particular, Khodadadian et al. (2022);
Woo et al. (2023) established the provable benefits of federated learning in terms of linear speedup. More
pertinent to our work, Zhao et al. (2023); Anwar and Raychowdhury (2021) considered the federated multi-
task framework, allowing different agents having private reward functions. Zhao et al. (2023) proposed an
empirically probabilistic algorithm that can seek an optimal policy under the server-client setting, while
Anwar and Raychowdhury (2021) developed new attack methods in the presence of adversarial agents.
Different from the FRL framework, Chen et al. (2021, 2022b); Omidshafiei et al. (2017); Kar et al. (2012);
Chen et al. (2022a); Zeng et al. (2021) considered the distributed multi-agent RL setting where the agents
interact with a dynamic environment through a multi-agent Markov decision process, where each agent can
have their own state or action spaces. Zeng et al. (2021) developed a decentralized policy gradient method
where different agents have different MDPs.

Decentralized first-order optimization algorithms. FEarly work of consensus-based first-order opti-
mization algorithms for the fully decentralized setting include but are not limited to Lobel and Ozdaglar
(2008); Nedic and Ozdaglar (2009); Duchi et al. (2011). Gradient tracking, which leverages the idea of
dynamic average consensus (Zhu and Martinez, 2010) to track the gradient of the global objective function,
is a popular method to improve the convergence speed (Qu and Li, 2017; Nedic et al., 2017; Di Lorenzo and
Scutari, 2016; Pu and Nedi¢, 2021; Li et al., 2020).

Notation. Boldface small and capital letters denote vectors and matrices, respectively. Sets are denoted
with curly capital letters, e.g., S, A. We let (R?, ||-||) denote the d-dimensional real coordinate space equipped
with norm ||-[|. The ¢’-norm of v is denoted by ||v||,, where 1 < p < 0o, and the spectral norm of a matrix
M is denoted by ||M||,. We let [N] denote {1,..., N}, use 1y to represent the all-one vector of length NN,
and denote by 0 a vector or a matrix consisting of all 0’s. We allow the application of functions such as log(+)
and exp(+) to vectors or matrices, with the understanding that they are applied in an element-wise manner.

2 Model and backgrounds

2.1 Markov decision processes

Markov decision processes. We consider an infinite-horizon discounted Markov decision process (MDP)
denoted by M = (S, A, P,r,v), where S and A denote the state space and the action space, respectively,
v € [0,1) indicates the discount factor, P : S x A — A(S) is the transition kernel, and r : S x A — [0, 1]
stands for the reward function. To be more specific, for each state-action pair (s,a) € S x A and any state



setting algorithms iteration complexity optimality criteria
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Table 1: Iteration complexities of NPG and FedNPG (ours) methods to reach e-accuracy of the vanilla and
entropy-regularized problems, where we assume exact gradient evaluation, and only keep the dominant terms
w.r.t. €. The policy estimates in the t-iteration are 7 and 7() for NPG and FedNPG, respectively, where T
is the number of iterations. Here, N is the number of agents, 7 < 1 is the regularization parameter, o € [0, 1]
is the spectral radius of the network, v € [0,1) is the discount factor, |.A| is the size of the action space, and
(l—v)g(l—o)zloglA\)l/B.

TNo

7 > 0 is the learning rate. For vanilla FedNPG, the learning rate isset asn =n; = O (

for entropy-regularized FedNPG, the learning rate satisfies 0 < n < ny = O (%) The iteration

complexities of FedNPG reduce to their centralized counterparts when o = 0.

s’ € S, we denote by P(s'|s,a) the transition probability from state s to state s’ when action a is taken,
and 7(s,a) the instantaneous reward received in state s when action a is taken. Furthermore, a policy
7w : S — A(A) specifies an action selection rule, where m(a|s) specifies the probability of taking action @ in
state s for each (s,a) € S x A.

For any given policy 7, we denote by V™ : § — R the corresponding value function, which is the expected
discounted cumulative reward with an initial state sy = s, given by

VseS: V7(s)=E lZ’ytr(st,atﬂso = s] ) (1)

t=0

where the randomness is over the trajectory generated following the policy a; ~ m(:|s;) and the MDP
dynamic s¢1 ~ P(:|s¢, at). We also overload the notation V™(p) to indicate the expected value function of
policy m when the initial state follows a distribution p over S, namely, V™ (p) := Es~, [V™(s)]. Similarly, the
Q-function Q™ : S x A +— R of policy 7 is defined by

V(s,a) eSxA: Q7(s,a) =E lZ’ytr(st,atﬂso =s,a0 = a] ) (2)

t=0

which measures the expected discounted cumulative reward with an initial state so = s and an initial action
ap = a, with expectation taken over the randomness of the trajectory. The optimal policy 7* refers to the
policy that maximizes the value function V™ (s) for all states s € S, which is guaranteed to exist (Puterman,
2014). The corresponding optimal value function and Q-function are denoted as V* and @Q*, respectively.

2.2 Entropy-regularized RL

Entropy regularization (Williams and Peng, 1991; Ahmed et al., 2019) is a popular technique in practice
that encourages stochasticity of the policy to promote exploration, as well as robustness against reward
uncertainties. Mathematically, this can be viewed as adjusting the instantaneous reward based the current
policy in use as

V(s,a) e S x A:  r.(s,a) =r(s,a) — Tlogm(als), (3)



where 7 > 0 denotes the regularization parameter. Typically, 7 should not be too large to outweigh the
actual rewards; for ease of presentation, we assume 7 < min {1, m} (Cen et al., 2022b). Equivalently,
this amounts to the entropy-regularized (also known as “soft”) value function, defined as

Vse8: VI(s)=V"(s)+1H(s,m). (4)

Here, we define

H(s, ) :=FE Z —"log m(a|s¢)|so = S] = L]Eslwd;r [— Z m(a|s’) logm(als’) |, (5)

t=0 1- v acA

where df is the discounted state visitation distribution of policy m given an initial state so € S, denoted by

VseS: di(s)=(1-7) Z’ytﬁ”(st = $|s0), (6)
t=0

with the trajectory generated by following policy 7 in the MDP M starting from state sq. Analogously, the
regularized (or soft) Q-function QT of policy 7 is related to the soft value function V™ (s) as

V(S’ a) ESxA: Q:(s,a) = 7“(8, a) + fY]ES’EP(-|s,a) [V:(SI)] ) (73‘)

VseS: V:(S) = anﬂ'(-|s) [—T7T((L|S) + Qﬁ(s,a)] : (7b)

The optimal regularized policy, the optimal regularized value function, and the Q-function are denoted by
mx, V¥, and @7, respectively.

2.3 Natural policy gradient methods

Natural policy gradient (NPG) methods lie at the heart of policy optimization, serving as the backbone
of popular heuristics such as TRPO (Schulman et al., 2015) and PPO (Schulman et al., 2017). Instead of
directly optimizing the policy over the probability simplex, one often adopts the softmax parameterization,
which parameterizes the policy as

exp6(s,a)
wed XD 0(s,a’)

mo = softmax(f) or V(s,a)eSxA: my(als) = 5 (8)

for any 6: S x A — R.

Vanilla NPG method. In the tabular setting, the update rule of vanilla NPG at the ¢-th iteration can
be concisely represented as

(t)
V(s,a) e S x A: " (als) oc 7™ (als) exp (M) , (9)
-
where 77 > 0 denotes the learning rate, and Q(*) = Q”m is the Q-function under policy 7(*). Agarwal et al.

(2021) shows that: in order to find an e-optimal policy, NPG takes at most O ((

1 . . .
m) 1terations, assuming

exact policy evaluation.

Entropy-regularized NPG method. Turning to the regularized problem, we note that the update rule
of entropy-regularized NPG becomes
- (t)
V(s,a) e S x A: n*(als) oc (1 (a]s))! " 157 exp (W) ; (10)
-

where n € (0, 1_77] is the learning rate, and Q(Tt) = Q’T'(t> is the soft Q-function of policy 7(Y). Cen et al.
(2022a) proves that entropy-regularized NPG enjoys fast global linear convergence to the optimal regularized
policy: to find an e-optimal regularized policy, entropy-regularized NPG takes no more than O (77% log (%))

iterations.



3 Federated NPG methods for multi-task RL

3.1 Federated multi-task RL

In this paper, we consider the federated multi-task RL setting, where a set of agents learn collaboratively
a single policy that maximizes its average performance over all the tasks using only local computation and
communication.

Multi-task RL. Each agent n € [N] has its own private reward function r,(s,a) — corresponding to
different tasks — while sharing the same transition kernel of the environment. The goal is to collectively
learn a single policy 7 that maximizes the global value function given by

N
s 1 T
VT(s) = i Z V. (s), (11)
n=1
where VT is the value function of agent n € [N], defined by
VseS: VI(s)=E Z'ytrn(st,atﬂso =s| . (12)

t=0

Clearly, the global value function (11) corresponds to using the average reward of all agents

N
r(s,a) = %Zrn(s,a). (13)

The global Q-function Q7 (s, a) and the agent Q-functions Q7 (s, a) can be defined in a similar manner obeying
T 1 N T
Q7 (s,0) = w7 2on=1 @ (s, 0).
In parallel, we are interested in the entropy-regularized setting, where each agent n € [N] is equipped
with a regularized reward function given by

Trn(s,a) =1ry(s,a) — Tlogm(als), (14)

and we define similarly the regularized value function and the global regularized value function as

oo 1 N
VseS: V‘:n(s) =E nytr‘r,n(sta at)‘SO =S|, and VTTF(S) = N Z VTT:-n(S) (15)
t=0 n=1

The soft Q-function of agent n is given by
Z,n(sv a‘) = Tn(S, a‘) + ’YES’EP(~\S,¢1) I:VTT:—’IZ(S/)] ) (16)

and the global soft Q-function is given by Q7 (s,a) = + 22;1 Q7 ,.(s,a).

Federated policy optimization in the fully decentralized setting. We consider a federated setting
with fully decentralized communication, that is, all the agents are synchronized to perform information
exchange over some prescribed network topology denoted by an undirected weighted graph G([N], E'). Here,
FE stands for the edge set of the graph with N nodes — each corresponding to an agent — and two agents can
communicate with each other if and only if there is an edge connecting them. The information sharing over the
graph is best described by a mixing matrix (Nedic and Ozdaglar, 2009), denoted by W = [w;;] € [0, 1]V <V
where w;; is a positive number if (¢, j) € E and 0 otherwise. We also make the following standard assumptions
on the mixing matrix.

Assumption 1 (double stochasticity). The mizing matric W = [w;;] € [0,1]NV*N

W T = W) and doubly stochastic (i.e., Wly =1y, 1L W =1}).

is symmetric (i.e.,



The following standard metric measures how fast information propagates over the graph.

Definition 1 (spectral radius). The spectral radius of W is defined as
o= HW “141) H2 e 0,1). (17)

The spectral radius ¢ determines how fast information propagate over the network. For instance, in a
fully-connected network, we can achieve o = 0 by setting W = %1 Nlj—'\—,. For control of 1/(1 — o) regarding
different graphs, we refer the readers to paper Nedié et al. (2018). In an Erdos-Rényi random graph, as long
as the graph is connected, one has with high probability ¢ < 1. Another immediate consequence is that for
any x € RV, letting = £ 1] @ be its average, we have

Wz —Tly|, <ole—-71ly],, (18)

where the consensus error contracts by a factor of o.

3.2 Proposed federated NPG algorithms

Assuming softmax parameterization, the problem can be formulated as decentralized optimization,

(unregularized) max V7o(s) = Z Ve (s (19)

nl

(regularized) max V(s Z Ve (s (20)

where 7y := softmax(f) subject to communication constraints. Motivated by the success of NPG methods,

we aim to develop federated NPG methods to achieve our goal. For notational convenience, let 7w(*) =

( (®) (t))T
N

T, be the collection of policy estimates at all agents in the t-th iteration. Let

N
1
7 = softmax (N ; log 77,@) ) (21)

1/N
which satisfies that 7® (a|s) o (Hg,l m(f)(a|s)) for each (s,a) € S x A. Therefore, 7® could be seen

as the normalized geometric mean of {7r(t)}ne . Define the collection of Q-function estimates as
® ONEE (®) O\ T
QU= (o i) @Y= (@)

(t)

We shall often abuse the notation and treat 7@, as matrices in RN *ISII4I and treat () (als), Q (a|s)

as vectors in RV for all (s,a) € S x A.

Vanilla federated NPG methods. To motivate the algorithm development, observe that the NPG
method (cf. (9)) applied to (19) adopts the update rule

"® (o e
7 (a]s) o 7 (als) exp (77Q —('y’ )> =7 (als) exp <772 =1 @n (5 )>

1 N(1—7)

for all (s,a) € § x A. Two challenges arise when executing this update rule: the policy estimates are
maintained locally without consensus, and the global Q-function are unavailable in the decentralized setting.
To address these challenges, we apply the idea of dynamic average consensus (Zhu and Martinez, 2010),

where each agent maintains its own estimate Ty(f) (s,a) of the global Q-function, which are collected as vector

T = (17", T

7



Algorithm 1 Federated NPG (FedNPG)

: Input: learning rate n > 0, iteration number 7" € N, mixing matrix W &
. Initialize: 7@, T = Q).

:fort=0,1,---T—1do

Update the policy for each (s,a) € S x A:

RNXN

gl}C»Jl\D»—A

log 7wV (als) = W <log 7 (als) + 1LT(t)(s7 a)) —logz(s), (22)
-

where z()(s) =3, 4 exp {W (log w0 (a'|s) + %T(t)(s, a’)) }
5. Evaluate Q(t1),
;:  Update the global Q-function estimate for each (s,a) € S x A:
T (s,a) = W(T(t)(s7 a) + Q™Y (s,a) — QW (s, a)) : (23)

Q-tracking

7: end for

At each iteration, each agent updates its policy estimates based on its neighbors’ information via gossip

mixing, in addition to a correction term that tracks the difference QZ’(‘HU (s,a) — QZS) (s,a) of the local Q-
functions between consecutive policy updates. Note that the mixing is applied linearly to the logarithms of
local policies, which translates into a multiplicative mixing of the local policies. Algorithm 1 summarizes the
detailed procedure of the proposed algorithm written in a compact matrix form, which we dub as federated
NPG (FedNPG). Note that the agents do not need to share their reward functions with others, and agent

n € [N] will only be responsible to evaluate the local policy Wﬁf) using the local reward r,.

Entropy-regularized federated NPG methods. Moving onto the entropy regularized case, we adopt
similar algorithmic ideas to decentralize (10), and propose the federated NPG (FedNPG) method with en-
tropy regularization, summarized in Algorithm 2. Clearly, the entropy-regularized FedNPG method reduces
to the vanilla FedNPG in the absence of the regularization (i.e., when 7 = 0).

Algorithm 2 Federated NPG (FedNPG) with entropy regularization

1: Input: learning rate n > 0, iteration number 7' € N, , mixing matrix W € RV*N  regularization
coefficient 7 > 0.

2: Initialize: 7, T = Q\¥.

: fort=20,1,--- do

Update the policy for each (s,a) € § x A:

> W

log 7w+ (a]s) = W (<1 - 1777' ) log 7" (als) + %T(t)(sa a)> —log z(s), (24)
- -

where z(®)(s) =3, exp {W (( - %) log w®) (a'|s) + ﬁT(” (s, a')) }

5:  Evaluate Qgﬂ).

Update the global Q-function estimate for each (s,a) € S x A:

Tt (5, a) = W(T(t)(s, a) + QU (s,a) — QW (s, a)) . (25)

Q-tracking

7: end for




4 Theoretical guarantees

4.1 Global convergence of FedNPG

Convergence with exact policy evaluation. We begin with the global convergence of FedNPG (cf. Al-
gorithm 1), stated in the following theorem. The formal statement and proof of this result can be found in
Section A.3.

Theorem 1 (Global sublinear convergence of exact FedNPG (informal)). Suppose P ne [N] are set as

_ (1-0)?(1-—)?

the uniform distribution. Then for 0 <n < = NG we have
T_l *
1 —(t) V*(dr ) log | A| 32N027]2
=3 (V) - v () < . 26
12 (VO-VT0) < G S a oy 2

Theorem 1 characterizes the average-iterate convergence of the average policy 7 (cf. (21)) across the
agents, which depends logarithmically on the size of the action space, and independently on the size of

N1 4 )% (1—0)21 1/3
the state space. When T' > 128\@728)]{4\0 =) 3(21T]C\2_2 Og|«4\) to

balance the latter two terms, we arrive at

= . " V*(dg*) N1/352/3 log | A| 2/3
r 2 (0 -V0) S o e () 0

A few comments are in order.

, by optimizing the learning rate n = (

e Server-client setting. When the network is fully connected, i.e., ¢ = 0, the convergence rate of FedNPG
recovers the O(1/T) rate, matching that of the centralized NPG established in Agarwal et al. (2021).

o Well-connected networks. When the network is relatively well-connected in the sense of = U) 25 < }ng,

FedNPG first converges at the rate of O(1/T), and then at the slower O(1/T?/3) rate after T >

(1-1’(1-0)?
No? :

e Poorly-connected networks. In addition, when the network is poorly connected in the sense of ﬁ P

ﬁ, we see that FedNPG converges at the slower O(1/T2/3) rate.

We state the iteration complexity in Corollary 1.

Corollary 1 (Iteration complexity of exact FedNPG). To reach

1T1 o
72 (V) V) <<

t=0

the iteration complexity of FedNPG is at most O (( - 7)9/2(1 SEZEi 0)4) VN log|A| + (1_7)2)

Convergence with inexact policy evaluation. In practice, the policies need to be evaluated using
samples collected by the agents, where the Q-functions are only estimated approximately. We are interested in
gauging how the approximation error impacts the performance of FedNPG, as demonstrated in the following
theorem.

e
Theorem 2 (Global sublinear convergence of inexact FedNPG (informal)). Suppose that an estimate gn™

(t)
are used in replace of Qn" in Algorithm 1. Under the assumptions of Theorem 1, we have

T—1 *
. 70 V*(dy ) | log|A| 32N oy (0
> (Vo =VT0) < T T T O el [ -

» (28)

Nl

where Cs = 7 35;((1‘7"0)2 ( "l/ﬁ + 1) + 2
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The formal statement and proof of this result is given in Section A.4.
® 0 ¢
As long as max, |y} te[T] ||Qn — g H < & inexact FedNPG reaches % Z;":Ol (V*(p) v )(p)) <

2¢ at the same iteration complexity as predlcted in Corollary 1. Equipped with existing sample complexity
bounds on policy evaluation, e.g. using a simulator as in Li et al. (2023b) and Li et al. (2023a), this immediate
leads to a sample complexity bound for a federated actor-critic type algorithm for multi-task RL. We detail
this in the following remark.

Remark 1 (sample complexity bound of inexact FedNPG). Recall that Li et al. (2023b) shows that for
any fized policy m, model-based policy evaluation achieves ||qT — QT < €eval with high probability if the

number of samples per state-action pair exceeds the order of o <(1—+)3533|) When T 2, VN log|Alo" and

T (A=)t
1/3
n = (O_W)Z(QT_](JE loglAl) , we have C3 < 1/(1 —~)2. By employing fresh samples for the policy evaluation

(t)

of each agent at every iteration, we can Set Eeyal ‘= MaXy [N, t[T] HQn — qn = C%, = (1- 7)25, and
(o]

invoke the union bound over all iterations to give a (very loose) upper bound of sample complexity of Fed NPG
per state-action pair at each agent as follows:

6(((1—@9/2((]1—0)63/2*(1— ))f* s1—)7 ) 5((1—2))

iteration complexity sample complexity per iteration

=0 ((1 i K(l R —o> )\F+ e(l ”QD |

Hence, the total sample complexity scales linearly with respect to the size of the state-action space up to
logarithmic factors. When o is close to 1, which corresponds to the case where the network exhibits a high
degree of locality, the above sample complexity becomes

& ((1 \/fyﬁ)w | K(l —v>9/2;1 —er 10)4)D ’

which further simplifies to o (W) for sufficiently small €.

4.2 Global convergence of FedNPG with entropy regularization

Convergence with exact policy evaluation. Next, we present our global convergence guarantee of
entropy-regularized FedNPG with exact policy evaluation (cf. Algorithm 2).

Theorem 3 (Global linear convergence of exact entropy-regularized FedNPG (informal)). For any v € (0,1)
and 0 <7 <1, there exists o = min {1% o (“‘”Zﬂ) } such that if 0 < n < o, then we have

N
—(t _ 2C
107 - @2l <29Cip)",  [log s —10g 7| < =o' (20)
where Q(Tt) = Qf(t), p(n) < max{l— T, 342} <1 and C; is some problem-dependent constant.

The exact expressions of C;7 and 1y are specified in Appendix A.1. Theorem 3 confirms that entropy-
regularized FedNPG converges at a linear rate to the optimal regularized policy, which is almost independent
of the size of the state-action space, highlighting the positive role of entropy regularization in federated policy
optimization. When the network is fully connected, i.e. ¢ = 0, the iteration complexity of entropy-regularized
FedNPG reduces to (9( log 7>, matching that of the centralized entropy-regularized NPG established in
Cen et al. (2021). When the network is less connected, one needs to be more conservative in the choice of
learning rates, leading to a higher iteration complexity, as described in the following corollary.
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Corollary 2 (Tteration complexity of exact entropy-regularized FedNPG). To reach ||log mx — log 7® ||Oo <
€, the iteration complexity of entropy-reqularized FedNPG is at most

o (max {2, 4} log 1) (30)
™m l—o0o €

up to logarithmic factors. Fspecially, when n = 1g, the best iteration complexity becomes

0 (((1 —v)igz— SRR iv) 10g715> |

Convergence with inexact policy evaluation. Last but not the least, we present the informal conver-
gence results of entropy-regularized FedNPG with inexact policy evaluation, whose formal version can be
found in Appendix A.2.

Theorem 4 (Global linear convergence of inexact entropy-regularized FedNPG (informal)). Suppose that

(t) (t)
an estimate qr are used in replace of Q7% in Algorithm 2. Under the assumptions of Theorem 3, we have

)

||ch:: || ).

(t)

12 -z < 27<01p(77)t +Cy  moax IIQT(:

new (31)

. 2
[tog s ~10g7 0], < Z(Cuoto) +Co | maxc

where G(Tt) = Qf(t), p(n) < max{l— I 342} <1 and Cy, Cy are problem-dependent constants.

5 Conclusions

This work proposes the first provably efficient federated NPG (FedNPG) methods for solving vanilla and
entropy-regularized multi-task RL problems in the fully decentralized setting. The established finite-time
global convergence guarantees are almost independent of the size of the state-action space up to some
logarithmic factor, and illuminate the impacts of the size and connectivity of the network. Furthermore,
the proposed FedNPG methods are robust vis-a-vis inexactness of local policy evaluations, leading to a
finite-sample complexity bound of a federated actor-critic method for multi-task RL. When it comes to
future directions, it would be of great interest to further explore sample-efficient algorithms and examine
if it is possible to go beyond the entrywise approximation error assumption in policy evaluation. Another
interesting direction is to extend the analysis of FedNPG to incorporate function approximations.
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A Convergence analysis

For technical convenience, we present first the analysis for entropy-regularized FedNPG and then for vanilla
FedNPG.

A.1 Analysis of entropy-regularized FedNPG with exact policy evaluation

To facilitate analysis, we introduce several notation below. For all ¢ > 0, we recall 7 as the normalized
geometric mean of {wﬁf)}nem:

N
1
=) — — (®)
T = softmax( nE:1log7rn ) , (32)

1
from which we can easily see that for each (s,a) € S x A, @ (als) o (ngl m(f)(a|s)) ™. We denote the
),

P

soft Q-functions of T® by

(1)

® 7,1

7t .
QY= : |. (33)

(1)

TN

In addition, we define Q\(Tt), @(t) e RISl and Vit) € RIS as follows

T

N
~ 1 7
QW = N Z Qrin (34a)
n=1
—(t) (1) 1 N ()
QT = QT = N Z QT,n . (34b)
=1
—(t) =0 1 a 0]
V. =Vl = i Z |24 (34c)
n=1

For notational convenience, we also denote

nT
=1- .
! T (35)
Following Cen et al. (2022a), we introduce the following auxiliary sequence {€®) = ( Y), s ](\?)T €
RNXISIARY, o .., each recursively defined as
V(s,a) e Sx A: €9(s,a) = lexp (@2 (s,)/T)ly -7 (als), (36a)
LN 00700
exp (N En:1 ogmn (:|s) L
log €1 (s, a) = W (alog€®)(s,a) + (1 - )T (s,0)/7) , (36b)
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where T (s, a) is updated via (23). Similarly, we introduce an averaged auxiliary sequence {E(” € RISIAR
given by

V(s,a) e Sx A: E(O)(s,a) == |lexp (Q%(s,-)/7)|l, - ®V(als) , (37a)
1og 7 (s,a) = alogE” (s,a) + (1 — )OV (s, a) /7. (37b)

We introduces four error metrics defined as

0 = ). @80
Qg) = Hv(t)Hoo, (38b)
Q) = ||z — 1og €| _, (38¢)
fo) = max {0, — min (Q(Tt)(s, a) — 7log E(t)(& a)) } , (38d)
where u® v(®) e RISIAI are defined as

u9(s,a) = || 10g € (s,a) ~ log&" (s, a) L | . (39)
v (s,a) = HT(t)(s, a) — QW (s, a)INH2 . (40)

We collect the error metrics above in a vector Q) € R4:

-

0t (00, 0 ot alp) " m

With the above preparation, we are ready to state the convergence guarantee of Algorithm 2 in Theorem 5
below, which is the formal version of Theorem 3.

Theorem 5. For any N € Ny, 7 > 0,7 € (0,1), there exists g > 0 which depends only on N,~,T,0,|A|,
such that if 0 <n <mng and 1 — o > 0, then the updates of Algorithm 2 satisfy

12 = @zl < 29 2],, (42)
1ogmt 107 ®]|__ < 2p(a)||2,. (43)
where
p(n) §max{1— 72—”,310} <1.

The dependency of 79 on N,~, 7,0, |A| is made clear in Lemma 2 that will be presented momentarily in
this section. The rest of this section is dedicated to the proof of Theorem 5. We first state a key lemma that
tracks the error recursion of Algorithm 2.

Lemma 1. The following linear system holds for all t > 0:

oo % 0 0
M~vN (24+v)nMN MN
Q(t+1) é So 1+ nl*"/ )0 ’1YJZY g ’Wl],,Y g Q(t) ’ (44)
(1—a)M 0 I-a)yy+a (1-a)y
Q'I'fif’;M 0 0 et
=:A(n)
where we let )
S;_M\/N(2a+(1—a)-\/2zv+a-\/NM> , (45)
T
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and
14+ +27(1 —7v)log|A .

M =
(1—=79)?

In addition, it holds for all t > 0 that

@7 -z =0l +af?, (16)
—(t) * 2 (t)
HlOng‘ - 10g7TTHoo < =057 (47)
T

Proof. See Appendix B.1. O

Let p(n) denote the spectral norm of A(n). As Q®) >0, it is immediate from (44) that

1991, < o) (|2

27

and therefore we have

~(t)

L =]V = 200m) 2],

and ) )
J1og7® ~tognz ] < 2[00, < 2t 20

It remains to bound the spectral radius p(n), which is achieved by the following lemma.

Lemma 2 (Bounding the spectral norm of A(n)). Let

(1-7(1—0)r

= 48
¢ 8 (15902 +10Mco?/(1 —v) + (1 — 0)272/16)’ (48)
where So = M~/N (2 + V2N + M), c:=MN/(1—+v). For any N € Ny, 7> 0,v € (0,1), if
1—
O<77§770 :mln{47<}7 (49)
T
then we have 5 - )
+o 1+(1—-—a)y+«
p(n) < maX{ T 5 } <1 (50)
Proof. See Appendix B.2. O

A.2 Analysis of entropy-regularized FedNPG with inexact policy evaluation

We define the collection of inexact Q-function estimates as
o 2N T
qs—t) = (qﬂ;-,ll y T aqrﬁi\]) )
and then the update rule (25) should be understood as
T (s,0) = W (TO(s,0) + g (s,0) - g (s, a)) (51)

in the inexact setting. For notational simplicity, we define e,, € R as

MORIO

eni=max QT a7 ||, me N, (52)
and let € = (eq,--- ,e,)". Define g, the approximation of Q") as
1L Lo
g\t = ¥ ;qfﬁl . (53)
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With slight abuse of notation, we adapt the auxiliary sequence {E(t)}tzoy... to the inexact updates as

€% (s,) = llexp (@2(s, )/, - 7 als) (54a)
E(t+1)($7a) — [g(t)(s’a)]aexp ((1 - a)W) , Y(s,a) eSx A t>0. (54b)
In addition, we define
) = Hu(t)Hoo , (55a)
D= o (55b)
D= Qs - r10e8”|| (55¢)
fo) ‘= max {O, - nsuan (Q(Tt)(s, a) — 7log E(t)(s, a))} , (55d)
where
u®(s,a) = Hlogé(t)(s,a) - logg(t)(s,a)lj\zH2 , (56)
v (s,a) == HT@)(S, a) — g9 (s, a)lNH2 . (57)
We let ") be
Qb = (ng,ggw,ggw,apf . (58)

With the above preparation, we are ready to state the inexact convergence guarantee of Algorithm 2 in
Theorem 6 below, which is the formal version of Theorem 4.

o) ) PO .
Theorem 6. Suppose that qr5 are used in replace of Q-4 in Algorithm 2. For any N € Ny, 7 > 0,7 €
(0,1), there exists ng > 0 which depends only on N,~,7,0,|Al|, such that if 0 < n <mny and 1 — o > 0, we
have

(f)

- < 2y <p(77)t HQ(O)H2 + Cs IJ\I}]atf’é 7] HQT n QT n

o - e

) (59
) (60

where p(n) < max{1 — I, 342} < 1 is the same as in Theorem 5, and Cy = U\ﬁ@(l(l”);g?fgn)))”” as/uy

2 o o)
logn? —logm® || < = (pt)* @] +c |Qmi — o
froem: —tog= | <2 (e[ @], + €2 e [0 - o5

From Theorem 6, we can conclude that if

QT — (1 —7)(1 = p(n)e

< , (61)
© " 9y (a\/ﬁ(2(1 — )+ MVNp) + 292 + m)

max ‘
n€[N],te[T]

then inexact entropy-regularized FedNPG could still achieve 2e-accuracy (i.e. H@(Tt) — Qx| < 2¢) within

©) >
max { 7277, = } log M iterations.
Remark 2. When n =1y (¢f. (49) and (48)) and 7 < 1, the RHS of (61) is of the order
(1 —¥)7noe (1—9)*r(1 —0)%
o =0 ,

(72 + VN1 = 7)) 12+ 0V N(1 = 7)) (v2No? + (1 — 9)272(1 — 7))
which can be translated into a crude sample complexity bound when using fresh samples to estimate the soft
Q-functions in each iteration.
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The rest of this section outlines the proof of Theorem 6. We first state a key lemma that tracks the error
recursion of Algorithm 2 with inexact policy evaluation, which is a modified version of Lemma 1.

Lemma 3. The following linear system holds for all t > 0:

0
oV N (2 + MV/Ny
Q) < A + ( e ) lell » (62)
1—y
2+2
1—v
=:b(n)
where A(n) is provided in Lemma 1. In addition, it holds for all t > 0 that
[@7 - @z _ <l 0, (63)
2
| log 7" —log 2| _ < ;Qy) : (64)
Proof. See Appendix B.3. O
By (62), we have
¢
vee Nyt QW <A@ +) " Amn)'bn),
s=1
which gives
t
|20, < oot 2|+ 3 o= 6@l Nl
s=1
<o)’ 2] + VN —9) + MVNy) +29% 407 (65)
- 2 (1 =) = p(n) =

o - 24nt —s
Here, (65) follows from [[b(n)l, < [[b(n)]], = ZNCUHEMINDERZNT o) and 3!_, p(n)'~* < 1/(1—
p(n)). Recall that the bound on p(n) has already been established in Lemma 2. Therefore we complete the
proof of Theorem 6 by combining the above inequality with (63) and (64) in a similar fashion as before. We

omit further details for conciseness.

A.3 Analysis of FedNPG with exact policy evaluation
We state the formal version of Theorem 1 below.

Theorem 7. Suppose all 7T£L0) in Algorithm 1 are initialized as uniform distribution. When

(1-0Pa-°

O<n<n = ,
1= 1 W/ No?
we have
T-1 *
1 —) V*dr ) log|A|  8(1+47)%y2No?
- * _ YT < P 2 66
T;(v () =v™"(p)) < R Sl gL (66)

for any fixed state distribution p.

The rest of this section is dedicated to prove Theorem 7. Similar to (33), we denote the Q-functions of

7 by 5(”: )
QT
—(t) .
Q= : . (67)
f(t)
N
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()

In addition, similar to (34), we define @(t), Q' e RISIMI and V(t) € RISI as follows

N

N 1 e

Q(t) — N Z an , (68&)

n=1

—(t) . () 1 Y ()

QU=QT =5y an (68b)
n=1

—(t) 0 1 7

V=V :NZVH . (68¢)
n=1

Following the same strategy in the analysis of entropy-regularized FedNPG, we introduce the auxiliary

sequence {£1) = (&7 ... ¢HT ¢ R¥XISIMI} recursively:

1
¢ (s,a) = -7 (als), (69a)

Jexe (% S stog 1))
log €Y (s,a) = W <10g €W (s,a) + ILT@(S, a)> : (69b)
-

as well as the averaged auxiliary sequence {E(t) € RISIIALL.
E(O) (s,a) =7V (als), (70a)
logg(tﬂ)(s,a) = logg(t)(s, a) + &@(t)(s,a), V(s,a) eSx A, t>0. (70b)

As usual, we collect the consensus errors in a vector Q) = (Hu(t) ||Oo, |
are defined as:

v(t)Hoo)T’ Where u(t)’v(t) = RlSHAl

u(t)(s,a) = H logg(t)(s, a) — logg(t)(s, a)lNH2 , (71)
v (s,a) = HT(t)(s, a) — Q\(t)(&a)lNHZ. (72)
Step 1: establishing the error recursion. The next key lemma establishes the error recursion of

Algorithm 1.
Lemma 4. The updates of FedNPG satisfy

o /. 0
Qi+ < 1=y Q® 4 o 73
<o o (14 Sipadiag) e, (%)
—_——
=:B(n) =:d(n)
for allt > 0, where
2(1+9)y
J=""T0VN. 74
(I—7)? (")
In addition, we have
1) () < 4O 20+ oo V(o) — 7 75
() < oM (n) + S nl|u]| =0 (V*(p) () (75)
where n
) = By (KL (1) |70C1s))| = 77y, ve 0. (76)
Proof. See Appendix B.4. O
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Step 2: bounding the value functions. Let p € R? be defined as:

o(1=7)(1—o—(1+7)7VNon/(1-7)°)n
p(n) = (pl(”)) = 20497 [ Q=) i=o= @ VRezn/ T2 -0)=To% | . (77)

p2(n)) " (1—7)* ]
( ) (1=7)(1—o—(1+7)7VNo2n/(1-7)3) (1—0)—Jo>n

the rationale for this choice will be made clear momentarily. We define the following Lyapunov function
e (n) = ¢ (n) +p(n) QY ¥t >0, (78)
which satisfies

o () = ¢V () + p(n) TQUY

<00+ 3O =0 (V) =T 0) o) (B +dwm)
=@ () + |p()" (B(n) — 1) + <Wn Oﬂ QO —n (v*(p) - V" (p)
+pol) L3200 (79)

(1—=9)*

Here, the second inequality follows from (75). One can verify that the second term vanishes due to the choice
of p(n):

PO (B0~ 1)+ (G20 = 0.0, (50)
Therefore, we conclude that
— ®) () — GE+D) o
Vi) -7 < T g LT

Averaging over t =0,--- , T — 1,

1= (o —(t)

T (Vo) -V )

2O () — oM  201+9)°* No*rp?
7 P LI e T G ey e 5 s g

Step 3: simplifying the expression. We first upper bound the first term in the RHS of (81). Assuming

uniform initialization for all 7\’ in Algorithm 1, we have Hu(O)HOO = [|v©® |.. =0, and

Eoap |KL(n* (1) [ 7O (15))] < log|Al

Therefore, putting together relations (78) and (158) we have

() — 2@ (n) _log|Al 1

VH(dg)\ _loglAl | V*(df)
nT - T T

(p(n)TQ(O)/nJr )= T Tra ey (82)

To continue, we upper bound the second term in the RHS of (81). Note that

(1-0)d-19)°

n<m< —————,
2(1 + )7V No?

which gives

(14 ~)yVNo? <170
-7 =72
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Thus we have
(1= (1 =0 —(1+7)yVNo’n/(1=7)*)(1—0) - Jo’n
> (1=7)(1-0)*/2 = Jo?n
> (1=9)(1—-0)*/4, (84)

where the first inequality follows from (83) and the second inequality follows from the definition of 7; and
J. By (84), we deduce

20 4977 Ny S0
e N R e s R vy ) T e e (R (o E
and our advertised bound (66) thus follows from plugging (82) and (85) into (81).

(85)

A.4 Analysis of FedNPG with inexact policy evaluation

We state the formal version of Theorem 2 below.

(t) (t)
Theorem 8. Suppose that qn"  are used in replace of Qn™ in Algorithm 1. Suppose all 7('7(7,()) in Algorithm 1
set to uniform distribution. Let
(1= 0(1- )"

0<n< = ,
1= (Lt 1)/ No?

we have

T—-1
= (V- v0)
t=0
VA7) loglA]  8(1+7)%42No? ,
S T Ta-apra-op

80+ v, (AN MVN 2 Y
P S A N N /T 2 - nn _ nn
’ [(1 — = D ) TR | neiviiem HQ !

for any fixed state distribution p.

oo

We next outline the proof of Theorem 8. With slight abuse of notation, we again define e,, € R as

0

= puas o & [N] (56)
€p 1= {2[372? n dn o n )
and let e = (e1,--- ,e,) . We define the collection of inezact Q-function estimates as
o) 2ONT
q(t):: (qll a"'anN) )
and then the update rule (23) should be understood as
T (s,0) = W (TO(s,0) + g+ (s,0) = 4 (s, a)) (87)
in the inexact setting. Define g¥), the approximation of Q) as
1L o
R 88
q N ; ", (83)

we adapt the averaged auxiliary sequence {E(t) e RIS HA'} to the inexact updates as follows:

Z(0)

3 (57 a’) =70 (a’|8) ’ (89&)
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a(t)(S,a)) , VY(s,a)eSx A t>0. (89b)
, where u®, v®) ¢ RISIIAI

Z(t+1) Zz(®)
€0 =€ 0o (1
-
As usual, we define the consensus error vector as Q) = (Hu(t) HOO, Hv(t) HOO)T

are given by
(t)(s,a) = Hlog é(t)(s, a) — logg(t)(s, a)lNH2 , (90)
(91)

v (s,a) = HT(t)(s, a) — 3" (s,a)
The following lemma characterizes the dynamics of the error vector (), perturbed by additional approxi-

mation error.
Lemma 5. The updates of inexact Fed NPG satisfy

0
Qi+ < B(W)Q(t) +d(n) + <\/ﬁ ((H(—v)wf )) H H (92)
=:e(n)
In addition, we have
14+~ 2n w—(t)
o) < 600+ 20+ el - (v -TV0) . o)
(1 7)
O

where M) (n) is defined in (76).

Proof. See Appendix B.5.
Similar to (79), we can recursively bound ®® (n) (defined in (78))

e+ () = ¢+ () + p(n) TQIHY
O3« 2(1+9)y t

< oW(m) + WU HU( )

+ )" (BOQWY +d(n) + c()
=) + |t (B0 - D+ (T 2000) |20 < (v - 7 0)

=(0,0) via (80)

2n * (1)
a0 (Ve -700)

(1+7)yNo (1 +7)7mﬁ 2
+p2(77)w77+ [m(??)\/]vff( (1= ) + { _7)2] lello - (94)

From the above expression we know that

(1+v)7\/ﬁ+727> R 2] el

N0 (1 () — U+ (1) (147)yNo
Vi(p)=V"(p) < 7 +p2(ﬁ)w+ p2(n)VNo <(1_7)3 =
which gives
S 2 (n) — 2™ () (1+7)7No
T2 (v -7"(0) )
+ ()N (Wﬁ " 5) " (1_27)] el (99)




via telescoping. Combining the above expression with (82), (84) and (85), we have

LS (v - 70) < DAL VD SN
! <

m  T(1- ) —7)?(1
8(1+v)y 1+’y ’yn\F 2
*l(l—w -0 2>+(1—7)2] €l (50)

which establishes (86).

B Proof of key lemmas

B.1 Proof of Lemma 1

Before proceeding, we summarize several useful properties of the auxiliary sequences (cf. (36) and (37)),
whose proof is postponed to Appendix C.1.

Lemma 6 (Properties of auxiliary sequences {E(t)} and {€®}). {E(t)} and {£€D} have the following prop-
erties:

1. €9 can be viewed as an unnormalized version of ®®, i.e.,

(t) “)( )
2. For anyt >0, logg(t) keeps track of the average of log €™, i.e.,
1 —(t)
Nﬂvlogg(t) =logé . (98)
It follows that
=(t)
& (s

VseS,t>0: 7mH(|s)= (99)

1€ sl

Lemma 7 ((Cen et al., 2022a, Appendix. A.2)). For any vector 6 = [0u]aca € Rl we denote by mg € RIAI
the softmax transform of 0 such that

exp(6,)

mpla) = =—————~, a€A. (100)
> arca exp(bar)
For any 01,6, € R we have
| log(|lexp(61)]];) —log([lexp(82)[],)] < (161 — b2l (101)
[log mg, — log mg, ||, < 2161 — 62| - (102)

Step 1: bound u*1) (s, ) = || log €¢+1(s,0) — log € (s, a)1x [, By (36b) and (37b) we have
(t+1)
u(t“)(s,a) = H logf(tﬂ)(s,a) log € (s,a lNH2

= Ha(W log ﬁ(t)(s,a) — logz (s,a)lN) +(1-a) (WT(t)(s,a) — @g)(s,a)lN)/TH2

< 0| log€®(s,0) ~log€" (s, a) x|, + —0|TO(5,a) — Q1 (s,a) 1,

< oalu®|_ + =2 o], (103)

o0

where the penultimate step results from the averaging property of W (property (18)). Taking maximum
over (s,a) € S x A establishes the bound on Q(ltH) in (44).
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Step 2: bound vt (s,a) = || T+ (s,a) — Cj)\gﬂ)(s,a)lNHQ- By (25) we have
17D (s,a) = QY (s, )1

= HW (T(t)(s a) + QU (s,a) — QU (s, a)) — QU (s, a) 1NH

= H(WT(t)(s a) — Q(t)(s a)lN) +W (Q(t+1)(s a) —QW(s,a ) (Q(t) s,a) Q(H'l)(s a ) 1NH

<o T0(s,0) - Q05,011 ], + o | (@4 (s10) - Qs )) + (A5, - s, 1

< UHT(t)(s,a) - @(Tt)(s,a)lNH2 + O'||Q5_t+1)(s,a) — Q(t) (s,a H2 ,

where the penultimate step uses property (18), and the last step is due to

[(@¢65,0) - @V (5,0)) + (A (5,0) — Q4+ (5,0)) 1

= ||Q““)<s a) = QW (s, a)[|; + N(QP(s,a) - Q' (s,a))*
o Z (@ (s.0) - QT (5,)) (QUH(s,0) = QW (s, )
=@+ (s.0) - o)y = N (@ (s,a) - QU+ (s,a))’

< |Q¢+(s.0) —Q@ sl

Step 3: bound ||Q* — Tlog§ i )H We decompose the term of interest as

Q: —7log€ ™ = Q2 —7alogf” — (1 - a)QY

= a(@; — 71058 + (1= 0)(Q: - Q) + (1 - )@ - QY.

which gives

@ —710g8 || < 0f| @2 — 710gE"||  + (1 - a)]|@: - QY+ (1 - )lf@" - @

Note that we can upper bound H@it) — @(rt) ||OO b

50 0 _ LS or? 1§ or0
HQT 7QT ||C>O_ Nleﬂn 7NZlQT77L
1 N (t) (t) N
n=1
M

IN

¥ 2 el —toa €7 _<arfut?.

The last step is due to ‘1og fg)(s,a)
writing

7 (-|s) = softmax (log E(t)(sa )) )
7 (-|s) = softmax (log ¢ (s, )) ,

and applying the following lemma.
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(105)

(106)

- 1ogg(t)(s,a)‘ < u(s,a), while the penultimate step results from



Lemma 8 (Lipschitz constant of soft Q-function). Assume that r(s,a) € [0,1],¥(s,a) € S x A and 7 > 0.
For any 0, 0 € RISIAL we have

1+~v+427(1 - )log|A|

Tor — Q70 6 -9 - 107
1Q7 — Q7 [l < T ol oo (107)
=M
Plugging (106) into (105) gives
10: - rlog€* | < allQ: ~ r1ogE?, + (1 - )@ QY + (1 - M. (108)

Step 4: bound ||Q(t+1) a) — Q(Tt)(s, a)HQ. Let w® : S x A — R be defined as
V(s,a) e Sx A: wW(s,a) = | log €4 (5,a) —log €M (s,a) — (1 — a) V(s /7], - (109)

Again, we treat w® as vectors in RISIMAI whenever it is clear from context. For any (s,a) € S x A and
n € [N], by Lemma 8 it follows that

(41

0]
T (s.0) = QT (s.0)| < Mmax | log €l (s, ) —log € (s.4) — (1 = )V ()17

< M maxmax w' (s, a) < M||w(t ., (110)
sES acA o0
and consequently
17V (5,0) = @ (s, a)l, < MYN[[uw®]| . (111)

It boils down to control Hw(t) HOO To do so, we first note that for each (s,a) € S x A, we have
w (s, a)
= [W (alog€®(s,a) + (1 — )T (s,0)/7) —log € (s,a) = (1 = a) V7 (s)Lw/7]

(a) ‘Oé(W —1Iy) (logE(t)(&a) - logg(t)(&a)lN) +(1—a) (WT(t)(S,a)/T —log&"(s,a) - VT*(S)lN/T) Hg

(b) z
< 20/[log €0(s,a) — 1og € (s, a)1x |, + -

(s,a) — Tlogé(t)(s,a) — VT*(s)lNH2 (112)

where (a) is due to the doubly stochasticity property of W and (b) is from the fact |[W — Iy|2 < 2. We
further bound the second term as follows:

HWT(t)(s,a) —7log€®(s,a) — VT*(S)lNH2
= HWT(t)(S,a) —7log€® (s,a) — (Q5(s,a) — Tlogw:(a|s))1NH2
< HWT(t)(S, a) — Q:(s,a)lNﬂ2 +7|| log €M (s,a) — log ﬂ:(a\s)lNHz
< | WTO(s,a) — Q-(s,a)1n||, + ||Q-(s,0)1x — Qi(s,a)1n],
+7[|log €9 (s,a) — log @ (als)1n ||, + 7|| log 7" (als)1x — log 7% (als)1n],
= 0| T®(s,a) — QW (s,a)1n|, + VN|QW(s,a) — Q%(s,a)|
+ 7| log € (s, a) — logﬁ(t)(a|s)1NH2 + T\/JV| log @ (als) — log 75 (als)] - (113)
Here, the first step results from the following relation established in Nachum et al. (2017):
V(s,a) e S x A: VX(s)=—r1logni(als) + Q%(s,a), (114)
which also leads to

1og7® —togz | . < 2 (@2 ~ o€, (115)
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by Lemma 7. For the remaining terms in (113), we have

QW (s,a) — Qx(s,0)] < [|QY — Q| _ + @Y - @2, (116)

and

(1068”5, ) — log 7 )

] =

| 1og €9 (s,a) —log 7" (als) 1y, =

3
Il
_

2||log £ — log €|

WE

3
Il
-

2|2, = VAN . m7)

M=

<

3
I
-

where the first inequality again results from Lemma 7. Plugging (115), (116), (117) into (113) and using the
definition of u®, v(!) we arrive at

w5, < (2a-+ (1— ) VER) ul]],+ 2 o)+
+ 1_70[ 2\/NHQ: - Tlogg(t)Hoo

VN (@9 -7, + 11y - @sll..)

Using previous display, we can write (111) as
QY™ (s,a) — QP (s,a)],
< 3] (20t (1— ) VER) a0, + 2= el

o0

F120VE (a0 - @ill) + eV - oL )

T

Combining (104) with the above expression (118), we get

W“wa§a<1+nyf§ﬁ>Wﬁww+0MVN{<%A(1(@ ¢M>Www
T UNQY - | a‘2VNHQ:Tkg§@HW}. (119)

(t+1)

Step 5: bound ||Q, " — Q%||__. For any state-action pair (s,a) € S x A, we observe that

(t+1)

Qsls.0) QL (5,0
—ratr, B W (o, B [17)])

s'~P(-]s,a) s'~P(-|s,a
(o .
=~ E {Tlog < exp (QT(S - )>
s'~P(:|s,a) T

where the first step invokes the definition of @, (cf. (7a)), and the second step is due to the following
expression of V* established in Nachum et al. (2017):

o (22)
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>}v E @) - rlogm D (@ls)] L (120)
1 harA iV

mn@:Tbg(

) : (121)



To continue, note that by (99) and (37b) we have
=(t+1) =(t+1)
log 7+ (afs) = log &' (5,0) — log ([[€“"" (s, )| )
=) QY (s, ) o
=alogé (s,a)—i—(l—a)f —log (Hf (s,-)”l) ) (122)

Plugging (122) into (120) and (118) establishes the bounds on

oo ()] ) s )

(®)
_ E [Q£t+1)(s a ) _r <O{ logg(t) (S/, a/) + (1 _ Oé)(ja)> ]

Qi(s,0) = Q" (s,0) =y E {Tlog(

s'~P(|s,a)

s/ ~P(:|s,a),
~w(t1) (shy

=log & (s',a")
(123)

for any (s,a) € S x A. In view of property (101), the first term on the right-hand side of (123) can be

bounded by
(ol .
7log ( exp <QT(S ! ))
i

Plugging the above expression into (123), we have

) —rios (IE6 ) < l@s — rios

1

0<Qis.a) = @V (s,0) < 4[Q5 = rlog€ T~ ymin (@ (s,0) — 71088V (s,0))

s,a
which gives

AN

HQ* - 'yHQ: - Tlogg(tﬂ) Hoo + 7 max {O, — min (@(Ttﬂ)(s, a) — Tlogg(tﬂ)(s, a)) } . (124)

s,a

Plugging the above inequality into (108) and (119) establishes the bounds on Qgtﬂ) and QéHl) in (44),
respectively.

(t+1) (s

Step 6: bound —min,, (@T

,a)—T log§ (s, a)). We need the following lemma which is adapted
from Lemma 1 in Cen et al. (2022a):

Lemma 9 (Performance improvement of FedNPG with entropy regularization). Suppose 0 <n < (1—+)/7.
For any state-action pair (so,a9) € S x A, one has

VI (50) = V1 (s50) > % dgm) [ oKL (Js0) 17O (1s0)) + KLEOC[so) 7D (]30)) |
=l -a’.. (125)
Q™ s0,0) = @ (s0,0) > —%nw - (120
Proof. See Appendix C.3. O

Using (126), we have

—(t+1) () 0 (s,a)
QT (570’)_7— Oélng (Saa)—"_(l_a)f
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A5 o
>0 (s,0) 7 <a1ogs“><s,a> FO-a ‘”) - 2o -l

=) Z(t) 2y 1 A
> o (@7 (s,0) = T10g€ " (5,0)) = QY Q) (127)
which gives
— min (@(Ttﬂ)(s, a) — Tlogg(tﬂ)(s, a))
s,a
. — 2
< —min (096100~ 106?00 + 2T 0]
. - 2
< amax {0, min (Q(Tt)(s,a) - Tlogﬁ(t)(s, a)) } + Y+ m-MH (t)H (128)
This establishes the bounds on Q(tH) in (44).
B.2 Proof of Lemma 2
Let f(\) denote the characteristic function. In view of some direct calculations, we obtain
f) == a){ (A —oa)(A=o(l+abn))(A—(1-a)y—a)
=:fo(A)
2
- ~ (SO = (L a)y —a) +yedMy + (1 - )2+ ) Mer) } (129)
=:f1(N)
™y 2
— 5 - 2cdMo”,
(1=7)
where, for the notation simplicity, we let
M+v'N
b= VN , (130a)
L—n
MN
c= =V/Nb, (130b)
[
2y +nT
d: 130
1—~ (130c)

Note that among all these new notation we introduce, S, d are dependent of 7. To decouple the dependence,
we give their upper bounds as follows

1+~

doi=1— 2, (131)

So = MVN <2+\/W+M;/N> >S9, (132)

where (131) follows from n < (1 —~)/7, and (132) uses the fact that « <1and 1 —a < 1.
Let

N+ ::max{3+a 1+(1—a)’y+0z}.

4 7 2

Since A(p) is a nonnegative matrix, by Perron-Frobenius Theorem (see Horn and Johnson (2012), The-
orem 8.3.1), p(n) is an eigenvalue of A(p). So to verify (50), it suffices to show that f(A) > 0 for any
A € [, 00). To do so, in the following we first show that f(A\*) > 0, and then we prove that f is non-
decreasing on [A*, c0).

(133)
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o Showing f(A\*) > 0. We first lower bound fy(A\*). Since A* > 32 we have

1
A —o(1+oby) > 40, (134)
and from \* > W we deduce
1-— 1-—
A*—(l—a)y—azw (135)
and L+
x>l (136)
which gives
1
N —oa> —12—04_00[. (137)
Combining (137), (134), (135), we have that
1-— 1
fo(A*) > g ta_ oo | nT. (138)
8 2
To continue, we upper bound f;(A\*) as follows.
2
fi(N) < Sty + vyedMn + 1 i_ 30M7772
2
=7 (7‘ <S + JlMcn) + ’ych) . (139)

Plugging (138),(139) into (129) and using (136), we have

7]02
1—7

_ 3
FOF) > 1TO‘ (fo(/\*) — fl(/\*)) _ T oeqMo?

(1—9)?

2 T 2
™ l1-0 1 no 247
> _ 1 _ _ _2)) = Zrtr
Z 50— | 8 ’7'(1 o+ (1—a)(o 2)> 1_7(T(S+1_7MC77 + 5yedM
2 T 2
™ |[(1=0) " 2 247, o o1 5\ 1-0 2
= — —M - — — dM
T T 1_7<S’7'O' —1—1_7 coTTN+ T 5 0 3 + 5yedMo
2 T 2 2
n (I-o0) n 2, 1—0)° , 2
> — —_ 2 do) cM >
T T 1_7<S()TO' + 67 + (24 7+ 5vdy) cMo >0,

where the penultimate inequality uses % —oc< 1_7", and the last inequality follows from the definition

of ¢ (cf. (43)).

e Proving f is non-decreasing on [\*,00). Note that

(1-y(1-0)
< (< 7
77_4_ 8500’2
thus we have
* . / 77‘72 / n 2
VYA > A" fo(/\)—1_7f1()\)Z()\—Uoz)()\—a(l—i-abn))—1_750 >0,

which indicates that fo — f1 is non-decreasing on [A\*,00). Therefore, f is non-decreasing on [A*, c0).
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B.3 Proof of Lemma 3

Note that bounding u(**+1) (s, a) is identical to the proof in Appendix B.1 and shall be omitted. The rest of
the proof also follows closely that of Lemma 1, and we only highlight the differences due to approximation
error for simplicity.

) O\ T
Step 2: bound vt (s,a) = [TV (s,a) — §$t+1)(s,a)1NH2. Let ¢ = (qu o ,q:’fjvv) . Similar to

(104) we have

||T(H1)(s,a) _ Z]\.(,_t+1)(5,a 1NH2

< GHT(t)(s,a) — (s, a) 1N|| —|—cr||q(t+1 (s,a) —qP(s,a ||
< o||TW(s,a) — ¢ (s, a)1n]], + 0| QU (s,a) = QW (s,a) |, + 20 |lell, - (140)

(tJrl) H

Step 3: bound HQ* Tlog& In the context of inexact updates, (105) writes

1Q: — 71og € V|| < al|@: —710g €| + (1 — )|z = Q|| + (1 — )@Y —q¥| .

For the last term, following a similar argument in (106) leads to

@ - 2| ;imﬁ-zpﬁ ;i@mﬂﬁ)
" . v ~
< M- 53 |[log !l ~logE” Z
n=1 n=1
< M|, + llell
Combining the above two inequalities, we obtain
@ = r10g€“ ™V, < all@s 108"+ (1= @) @5 = Q||+ (1 @) (M[[u] .+ le]].,) - (141)

Step 4: bound HQ Hl) (s,a) — Qg)(s, a)HQ. We remark that the bound established in (111) still holds in

the inexact setting, with the same definition for w®:
HQgH)(s,a) QW (s,a)H2 < M\/NHw(t)HOO . (142)
To deal with the approximation error, we rewrite (113) as
HWT<t>(s,a) —rlog €V (s,a) — V:(s)1NH2
= HWT(t)(s,a) —7log€®(s,a) — (Q%(s,a) — Tlogwﬁ(a|s))1NH2
< ||WTW(s,a) — Qx(s,a)1n]|, + 7| log €7 (s, a) — log w}(als) 1y,

< HWT(t)(s,a) —q-(s,a 1NH2—|— - (s,a)1n —Q‘;(S,a)lNH2

+ 7| log €M (s,a) —log T (als) + TH log7™® (als)1y — log ﬂ:(a\s)lNHz

§UHT(t)(s,a)—§g salNH +\/>|4t) - Q%(s,a)|

+7 Hlogé(t)(s, a) —log 7@ (als) 1H2 + T\F| log @ (als) — log 75 (als)|, (143)
where the second term can be upper-bounded by

3 (s,) ~ Qi(s.0)] < [|QY ~ @ + @ ~ Q2o+

(5,0) = Q¥(s,0)|
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N —(t —(t
< @9 - @Y + @ - @l + el (144)
Combining (144), (143) and the established bounds in (112), (115), (117) leads to

w® (s,a) < (2a +(1-a)- \/QW) Hu(t)HOO + 1_705 Hv(t)HOO

17 —~ — —
eV (e e e

T

1-— _
f|llell) + —= -2V Qs — T1028”

Combining the above inequality with (142) and (140) gives

HU(H_UHOO <o (1 + nM\ﬁ ) Hv(t)H +UM\F{ <2a+ (1-a)-

2 VM) a0

1 —(t) N 1-a =(®)
- \/N(HQ, —QT||OO+||e||OO) + 2VN||Qs —Tlog€ || _ ¢ +20VN le]
(145)
Step 5: bound HQ =) _ Qx It is straightforward to verify that (124) applies to the inexact updates
as well: >
HQ* Hl)H <7 HQ* Tlogf( i )H < min (Q( H)(S,a) - Tlogf(t+1)(s,a))) .
s,a

Plugging the above inequality into (141) and (145) establishes the bounds on ngﬂ) and Qgt'H) in (62),
respectively.

Step 6: bound —min, , (@(Ttﬂ)(s, a)—T1 logg(tﬂ)(s, a)). We obtain the following lemma by interpreting
A ()
& -q;

Lemma 10 (inexact version of Lemma 9). Suppose 0 <n < (1 —~)/7. For any state-action pair (sg,ag) €
S x A, one has

in Lemma 9.

the approximation error e as part of the consensus error ‘
o0

Ve s0) = 7, (s0) % o LKL Cso) 7 (o) + KLEO Clso) [ 7D (|so)
t)
= (H tlell) - (146)
QM (s0.a0) = @ (s0,00) = (H 7| +lello) - (147)

Using (147), we have

—(t+1) =(t) 0Y (s, a)
Q, (s,a) =7 | alogé (8,a)+(1—a)f

At
—(t —(t Q" (s,a 2 ~ —(t
> QY (s.0) 7 <a10gg< (s.0) + (1 - ) )> -2 (@0 -+ el
T 1-— Y o]
1Y) Z(®) 2y 07 |50 A® 2y
>« (QT (87CL) - Tlng (Sﬂl)) - 17 HQ'(rt) - QT - HeH (148)
which gives
— min (@S_t+1)(57 a) — 7'logz(t+1)(s7 a))
a 149)
_ ; 2 2 (
< —amin (@ (s,a) - 710g€ " (5,0)) + Z+ T+ 17 el
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B.4 Proof of Lemma 4

Step 1: bound u(*t1)(s,a) = Hlogﬁ(ﬂ'l)(s a) —logé&
tablishing (103), we have

HIOg £ (s,a) — logg(Hl) (s, Q)INHQ

gt )(s,a)lNH . Following the same strategy in es-
2

- ” (W05 (s,a) — 1og€ " (s,0) 1y ) + % (WT®(s,a) - QW (s,0) L)

o HT<t>(s,a) - @<t>(s,a)1NH2 , (150)

2

<o Hlogﬁ(t)(s,a) - 1ogg(t)( ,a)

or equivalently

[ < ol + =0 lv ]l - (151)

1—7

Step 2: bound v("*V(s,a) = | T+ (s,a) - Q(H‘l)(s,a)lNHT In the same vein of establishing (104), we
have

||T(t+1) (S,Q) - Q\(t+1)(37 a)]-NHQ
< UHT(t)(Sa a’) - Q(t)(sva)lNHQ + UHQ(tJrl)(Sa a) - Q(t)(SVQ)HQ ) (152)

The term [|QFV(s,a) — Q™ (s,a)||, can be bounded in a similar way in (111):

Qs - QU0 = VAl (153)

where the coefficient E i’y;} comes from M in Lemma 8 when 7 = 0, and w( ) ¢ RISIMI is defined as

(154)

V(s,a) e S x A: wét)(& a) = |[log€*V(s,a) —log €W (s,a) — %V*(s)lN
-

2

It remains to bound Hwo )|| Towards this end, we rewrite (112) as

i (s,a)
n N
=||w (1og§<t>(s,a) + MT@)(S,CL)) “log€® (s, a) ﬁv (s)1n]l,

= H(W -1 (logﬁ(t)(s,a) - logg(t)(s,a)lN) + & (WT(t)(s,a) - V*(S)IN)

2

< 2| log €W (s, a) — logg(t)(s,a)lg\zH2 + &HWT(t)(s,a) - V*(s)lNH2

< 2” log €™ (s,a) — logg(t)(s,a)lj\;H2 + ﬁHWT(t)(S, a) — @(t)(s,a)lg\;H2 + % . \/N‘@(t)(s,a) — V*(s)| .

(155)
Note that it holds for all (s,a) € S x A:
~ 1
|Q(f/)(s7a) — V*(S)’ < ﬁ
since Q) (s,a) and V*(s) are both in [0,1/(1 — ~)]. This along with (155) gives
() (t) Y 0 VN
wy (s,a) < 2(|u + v + .
o (s,a) H ||oo ’YH Hoo (1 —7)2
Combining the above inequality with (153) and (152), we arrive at
1
Hv(t+1)||oo <o <1 + ( J<F1’Y )7V N7 ) H t)H 7)’Y\ﬁa{QHU(t H (1 _777)2 \/N} (156)
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Step 3: establish the descent equation. The following lemma characterizes the improvement in ¢ (n)
for every iteration of Algorithm 1, with the proof postponed to Appendix C.4.

Lemma 11 (Performance improvement of exact FedNPG). For all starting state distribution p € A(S), we
have the iterates of FedNPG satisfy

S0 <600 + 55100 Q@ (Vi) -7 0) (1s7)

where

vy, we>o. (158)

60(0) = Bz [KL( (1) 170(19)] - 72

It remains to control the term ||@(t) — @(t) ||oo Similar to (106), for all ¢ > 0, we have
N N
1 7 1 —(1)
T > On
n=1 n=1

1 1 &
L LS o -t

|2 -av|

oo

,\
INg

1-7)2 N

—~
=
=
=2

MHU@H
(1—7)?

IN

(159)

oo’

where (a) invokes Lemma 8 with 7 = 0 and (b) stems from the definition of u*). This along with (157) gives

6" 0n) < 900) + T 0 (v - V0 0)

B.5 Proof of Lemma 5

The bound on u(tH)(S, a) is already established in Step 1 in Appendix B.1 and shall be omitted. As usual
we only highlight the key differences with the proof of Lemma 4 due to approximation error.

) o)
Step 1: bound vtV (s,a) = ||T") (s,a) — "*V(s,a)1n],» Let ¢ = (ql RN ) . From (87),

we have
HT(tH)(s, a) — gtV (s, a)INH2
= W (T.0) + gD s.0) — @ s,0)) — D s, a1
= H (WT(t)(s,a) —gW¢(s, a)1N> +W (q(t'H)(s, a) — q® (s, a)) + (E]\(t) (s,a) — gV (s, a)) 1NH2
< | TO(s,0) = 75, )1n [, + o [ (4“0 (s.0) = 4V (s,0)) + (7(5,0) = 705, )) 1|
< O'HT(t)(87CL) - §(t)(s,a)1]\;||2 + UHq(t‘H)(s,a) qP(s,a ||2
< O'HT(t)(S,CL) — §<t)(s,a)1]\;H2 + O'HQ(t—H)(S,a) - QW (s,a |, + 20V'N |le]|, - (160)

Note that (153) still holds for inexact FedNPG:

|@ 0 (s,0) - Q(s,0)|

Al LU 16y

where w(()t) is defined in (154). We rewrite (155), the bound on w(()t)(s, a), as

wl(s,a) < 2|/ log €D (s,a) —log € (s, a)1n],
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R ITOe 0 - atn, + 75 VN - Vi@ 6)
With the following bound
Vs,a)eSx A [g0(s,a) — V¥(s)] < [[a® QP + —
in mind, we write (155) as
f(5.0) < 2+ PO+ VA (0 -2+ 15 )

Putting all pieces together, we obtain

o] < <1+ ¢ (17)77\(77 ) ]|

(L+7)y
-|-( ) \/> {ZHU H +(

+20V'N |||,

n\f \F el (163)
1—7 "

Step 2: establish the descent equation. Note that Lemma 11 directly applies by replacing Q®) with

7
2n A0 x (1)
6 m) < 60 + = [@ =@V =0 (v -7) .
(1=2) o0
To bound the middle term, for all ¢t > 0, we have
= 1) 1 ol x® 1 —(t) 1| & x® 7®
[@7 -2 =g e -g e v 5|2 (¢ -
N N
S+ 1 H (¢ () 1
52 Jloge —1088”|_+ > en
SR N 2::1 o N nz::l
< A7)y H ()
U +|le . 164
<oz 10+ el (164)

Hence, (93) is established by combining the above two inequalities.

C Proof of auxiliary lemmas

C.1 Proof of Lemma 6

The first claim is easily verified as log 57@( s,-) always deviate from log i )( |s) by a global constant shift, as
long as it holds for ¢t = 0:

N

log &1 (s, b (@log &l (s.) + (1 = )T (s,)/7)
n’:l
N
=« Z |- (a(logwff,)(s, )+ cgf,)(s)lM‘) + (1 — )T (s, )/T)
n/=1
N

=a 3 W (alogl)(s,1) + (1= )T (s, ) /) = log 240 ()14 + £V ()14
n'=1
= log {1 (Js) + el ()14,
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where z{) is the normalization term (cf. line 5, Algorithm 2) and {cslt )(s)} are some constants. To prove the

second claim, Vt > 0,V(s,a) € S x A, let

— 1
T(t)(s,a) = NlTT(t)(&a). (165)

Taking inner product with %1 for both sides of (25) and using the double stochasticity property of W,
we get

T (s5,0) =T (s,0) + QU (s,0) = Q¥ (s,0) . (166)
By the choice of T(® (line 2 of Algorithm 2), we have 7 = Q') and hence by induction
vi>0: TV =00, (167)
This implies
log€ ™ (5,a) — alog€ " (5,) = (1 - )@Y (s,0)/7
=(1- a)T(t)(s,a)/T
1 1
= NlT logﬁ(tH)(s,a) — cuﬁl—r logé(t)(s, a).
Therefore, to prove (98), it suffices to verify the claim for ¢ = 0:

1 N 1
17 1og € (5, ) = log llexp (Q1(s,)/7) |, + 11" logw® (als) — log

1 N
€xp <NE 10g771(10)('5)>
— log [lexp (Q(s,-)/T)|l, +log 7 (als) = log € " (s,a).

By taking logarithm over both sides of the definition of T*1) (cf. (24)), we get

log T (a)s) = alog® P (als) + (1 — a)QW (s,a) /7 — 2 (s) (168)

for some constant z(t)(s)7 which deviate from the update rule of log E(H_l) by a global constant shift and
hence verifies (99).

C.2 Proof of Lemma 8

For notational simplicity, we let Qf, and QY denote Q7 and Q™ respectively. From (7a) we immediately
know that to bound HQﬁ/ — Q% , it suffices to control [V (s) — VY (s)| for each s € S. By (4) we have

oo

[VE(s) = VI (s)| < |[VO(s) = V¥ (s)| + 7|H(s,m9) — H(s,ma')|, (169)

so in the following we bound both terms in the RHS of (169).

Step 1: bounding |H(s, mg) — H(s, mg’)
of Lemma 14 in Mei et al. (2020). We let

. We first bound |H(s, mg) — H(s, mg’)

using the idea in the proof

0, =0+t —0), VteR, (170)
and let hy € RIS be
VseS: hi(s)=— Z mo, (als)logmy, (als) . (171)
acA
Note that ||h||,, < log|A|. We also denote Hy : S — RIAXIAl by:
: _ OmCls)| T
VseS: Hy(s):= 50 = diag{m, (:|8)} — 7o, (:|8)me, (-|5) ', (172)
0=0,
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then we have

wess [T |y )
= |(Hi(s)log ma, (-]s), 0'(s,) = 0(s,-))]
< [|Hi(s) log ma, (-[s)ll1 10'(s,-) = 0(s, )l (173)
Ohy(s) Ahy(s)

where g7 stands for 5|,y - The first term in (173) is further upper bounded as

1He(s) log mo, (-|s)Il, = Y mo, (als) [log w0, (als) — ma, (|s) " log ma, (-]s))]

acA
< > mo,(als) (logm, (als)| + [mo, (-|s) " log 7o, (-|3)])
acA
=-2 Z mo, (a, s) log e, (a|s) < 2log|Al.
acA

By Lagrange mean value theorem, there exists ¢ € (0,1) such that

ha(s) — <>|—\ )| < 9 log | A] 6(s, ) — 05, )]

where the inequality follows from (173) and the above inequality. Combining (5) with the above inequality,
we arrive at
2log |A|

<
- 1-

|7‘l(8, 7T9) — H(SﬂTg/)

16" =0l - (174)

Step 2: bounding |V?(s) v (s)|- Similar to the previous proof, we bound [V¥(s) —V‘gl(s)| by bounding
’dvet ( )

g~ (8)|- By Bellman’s consistency equation, the value function of g, is given by

V(s me (als)r(s,a —|—727r9 (als) ZP (s'|s,a) VO (s,

acA s'eS

which can be represented in a matrix-vector form as

VO(s)=el Myr,, (175)
where e, € RIS! is a one-hot vector whose s-th entry is 1,

M, = (I—-~P)™ !, (176)

with P, € RISIXIS| denoting the induced state transition matrix by g,

=", (als)P(s']s,a) , (177)
acA
and r, € RIS is given by
VseS: m(s) = Z mo, (als)r(s, a). (178)
acA
Taking derivative w.r.t. ¢ in (175), we obtain (Petersen and Pedersen, 2008)

dV9(s)
dt

d?“t
dt -

dP;
=7 €;th

dt MtT’t—|—€ Mt

(179)

We now calculate each term respectively.
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e For the first term, it follows that

dP;
v eTMt

dt Mﬂ“t

<7HMt MtTt

IN

j [ M| o H(" — bl (180)

2y /
e el oo 1107 = 0l oo

S(l—i

2
< e -0
(1-7)

where the second and fourth lines use the fact | M||; < 1/(1 —~) (Li et al., 2023b, Lemma 10), and
the last line follow from

(181)

Il = mas |37 mo, als)r(s, ) < 1.
acA
We defer the proof of (180) to the end of proof.
e For the second term, it follows that
dr 1 dr 1
T t t /

M, < —6 -0 . 182

S <= | s - (12

where the first inequality follows again from || M;||; < 1/(1—+), and the second inequality follows from

(oL e - ot )

”9/(37 ) - 9(37 )Hoo

1

= max (Z mo, (als) |r(s, a) — 7o, (-]s) (s, ~)\> 16°(s,-) = 005, )l oo

acA

d’l"t

dt

7@&(5, ) T(s’ )

< _ 1) T . A .
< magmag [r(s,a) — 75, (1) (s, )| 19'(5,) — 05, ).

1 since r(s,a)€[0,1]

0(s, Moo = 116" = bll

<
< o’
_rgeagll (s5,-) —

Plugging the above two inequalities into (179) and using Lagrange mean value theorem, we have

1+7
(1—7)?

Step 3: sum up. Combining (183), (174) and (169), we have

VOs) - V7 (s)] < [ (183)

1+9+27(1 — ) log|A]
logm —
< e [log

Combining (184) and (7a), (107) immediately follows.

VseS: |VI(s)— Vf/(s)| log7'|| . - (184)
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Proof of (180). For any vector = € RIS we have

B } > 3 ) s gy,

s’eSacA

from which we can bound the I, norm as

HdPt H < msaxz Z P(s']s,a)

acAs’'eS

—max E

acA
<2[|0" — 0l 7]l

dﬂet (al )

dﬂgt a|

as desired, where the last line follows from the following fact:

b (e o)
‘§\<%Zisz'f§*9’<$f>-9<Sv'>>!

= mo,(als) [(6'(s,a) = 0(s,a) =g, (-1s) T (&' (5,) — 6(s, "))

dﬂ'g, a|

acA
< max|0(s,a) — 0(s,a)| + |mo, (-|s) " (¢'(s,-) = 0(s,))]
<2[0" =0l

C.3 Proof of Lemma 9

To simplify the notation, we denote
50 = QW - QY. (185)

We first rearrange the terms of (168) and obtain

1-7

Z(t) S).
o (s). (186)

—7log7™ " (als) + (@f)(s,a) +40® (s,a)) _1=7 ; (1og7r(t+1)( |s) — logw® (a\s)) +

This in turn allows us to express V(Tt)(so) for any so € S as follows

VW)= E [—rlogﬁ(t)(ao\SO) + QY (s0, ao)}

ao~7*) (+|s0)

1-— 1-—
= E [nvz(t)(so)] + E { 7 (10g7f(t+1)(a0|80) - logf(t)(adso)) - 5(”(30’@0)}

ao~T ) (+|s0) ao~T® (+]s0)

17Tv'z(t)(5 ) — = . “IKLED ([so) |7V (|s)) = E [5(t)(50,a0)]

ao~m D (-]s0)

1—

Eo|
a0~ (Jso) | 1

(50)] = IKLEO s |70 Clse)) = B [8000)]
(187)

where the first identity makes use of (7b), the second line follows from (186). Invoking (7b) again to rewrite
the z(so) appearing in the first term of (187), we reach
—(t
V. (s0)
— 1—
= E —7log T (ag|s0) + Q(Tt)(soa ap) + (T - 7) <logf(t+1)(ao|80) - 1Og7f(t)(a|s))]
n

ag~7(t+D) (‘Is0)
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1= (+1) _ ®) ®)
RLEO (o) 1T Cs0) = B [00G0a)] £ B 5 s0,00)]
= E - [-rlogm D aglso) + r(s0.a0) + 1V (s0)]
ag~mEED (sg),

s1~P(-|sg,a0)

B <1n’y _ 7_> KL (7 (+1)([s0) ||f(t)(.|50)) — liTPYKL( )(-]sg) || D) (]50))

- E [5<t>(so,ao)}+ E [5“)(50,@0)}. (188)

ao~TM (+|s0) ao~TtHD (]s0)

Note that for any (sg,ag) € S x A, we have

- E [6(t)(so, ao)} + E {5(“(«907 ao)]

ao~T® (+]s0) ao~TEHD (+]s0)

-3 (f(t“)(ao\so) —f(t)(ao\so)) 5D (s, ao)

ap€EA
[7 Clso) =70 Clso) [ ][0, < 2(10@]].. - (189)

IN

To finish up, applying (188) recursively to expand V(Tt)(si), 1 > 1 and making use of (189), we arrive at

7 (s0)

i, () { _ (t+1) ¢, }
y 2H6 Hoo+ aiﬁ(tlﬂ)(_‘m [ZW r(si,a;) — Tlog T (a4)s4)

i=1

IN
1M8

sip1~P(ls;,a;),Yi>0

- Z (577 ) KUE ) 17OC0) + KL ) |7 ))}]

t+1
= Hé“ +7 s0)
1
_ E {( T ) KL (t+1 ) ||f(t)('|5i)) + ,KL(ﬁ(t)(_Lgi) ||7T(t+1)('|8i)):| ’ (190)
Swdf(gt+1) - n

where the third line follows since V(Ttﬂ) can be viewed as the value function of 7+ with adjusted rewards

7 (s,a) = r(s,a) — T log @™V (s]a). And (125) follows immediately from the above inequality (190). By
(7a) we can easily see that (126) is a consequence of (125).

C.4 Proof of Lemma 11

We first introduce the famous performance difference lemma which will be used in our proof.
Lemma 12 (Performance difference lemma). For all policies w, 7' and state sy, we have

: 1 o
V7(50) = V™ (50) = 1= Bomaz, Eavrte 47 (s,0)] . (191)

The proof of Lemma 12 can be found in, for example, Appendix A of Agarwal et al. (2021).

For all t > 0, we define the advantage function Z(t) as

V(s,a) e S x A: Z(t)(s,a) = Q(t)(s7 a) — V(t)(s). (192)
Then for Alg. 1, the update rule of 7 (Eq. (168)) can be written as

log T (als) = log 7P (als) + 1L (Z“”(s,a) + 5(t)(s,a)> ~log 2W(s), (193)
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where () is defined in (185) and

log 2 (s) = log Z ®(a'|s) exp {117 (Z(t)(s, a) +6® (s, a')) }
-7

a’€A
> Z 7 (a'|s) log exp {lnfy (Z(t)(s,a’) I 5(t)(87a/))}
a’€A
- % a%f(o (d']s) (Zm(& a) + 60 (s, a/)>
— &G%W(t)(aﬂs)é(t)(s,a’) > _% Hé(t)Hoo 7 (194)

where the first mequahty follows by Jensen’s inequality on the concave function log x and the last equality
uses 47 (d]s )A()(s a') = 0.

For all starting state distribution p, we use d**1) as shorthand for dz(tﬂ), the performance difference
lemma (Lemma 12) implies:

V“*”( )~V ()

t 1
1 — éNd(t-u) Z ™ t+1) a| (A( )(s,a) + 5(t) (S, a)) - E]ESNd(t+l)]EaN?(t+l)(.|s) [(5(1‘/)(8,0,)}

acA
1 7D (a]5)2(0) (s) 1
= *]Eswd(url) f(t+1) (CLIS) IOg — Eswd(t+1)EaNF(t+1) s |:6(t) (S,Cl):|
n g 7 (als) -y ¢l
1 1 1
E]Ewdqu'—( AU (s) [ 70 () + 5E5~d<t+1> log 27 (s) — mEswd(f+l>Ea~?(t+l)(~|s) [5(t) (Sva):|
1 n 2
S e (oes®s) 4+ 5Ol ) — 2 j5®
> 1o (1083006) + T[99 ) - 2 0.
from which we can see that 5
F(t+1) 7t
V() =V () > f—l_WHé“)Hw, (195)
where we use (194), and that
—(t+1) () 11—~ n 2
V5 ) =V () 2 — B (log%”(s) + 1_||6<“Hoo> o] L IO (196)
n Y Y
which follows from d*+1 = d’r(t+1> > (1 — v)p and the fact that log 2 (s) ||6(t)|’ >0 (by (194)).

For any fixed p, we use d* as shorthand for d;‘*. By the performance dlfference lemma (Lemma 12),

V() = 7 (p)
1

_ g * a® ®) b e e ()
! %w (als) (A (s,a) + 6D, )) = Eoa B (1o [5 (s,a)}
1 T (a]s)z0(s) 1
= — * * * * 5 (t)
nEsNd ;ﬂ' (als) log 7D (als) 7 —VESNd Eqons(]s) {5 (s,a)}
1 _ 1
= Esmdr (KL( (L) 17O (]s)) = KL ([s) |7 (]s)) +10g?(“(s)) - 1_7Es~d*an<-\s> [5(“(8,@]
1 x _ x — n
< 5EM* (KL(W C1s) 17D (]s)) — KL(7*(]s) |7V (-]s)) + <1og2<t>(s) + 1_7||5<f>|yoc>> , (197)

where we use (193) in the second equality.
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By applying (196) with u = d* as the initial state distribution, we have

1 (t+1) ()
- 2(t) () _ 5@
nESNH<logz (8) + 1= H6 [ )_17 (VP -v"@9) + ML

(1
Plugging the above equation into (197), we obtain

VA (0) =V 0) < B (KL(C1s) | 701) = KL( (1) [ 7(1)))

4L (V(t“)(d*) 77<t>(d*)) "

11— (1_7*)2”5(””007

which gives Lemma 11.
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