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Abstract

In this paper, we explore provable acceleration of diffusion models without any additional retraining.
Focusing on the task of approximating a target data distribution in R to within € total-variation distance,
we propose a principled, training-free sampling algorithm that requires only the order of

U2/ K /K

score function evaluations (up to log factor) in the presence of accurate scores, where K is an arbitrarily
large fixed integer. This result applies to a broad class of target data distributions, without the need
for assumptions such as smoothness or log-concavity. Our theory is robust vis-a-vis inexact score esti-
mation, degrading gracefully as the score estimation error increases — without demanding higher-order
smoothness on the score estimates as assumed in previous work. The proposed algorithm draws insight
from high-order ODE solvers, leveraging high-order Lagrange interpolation and successive refinement to
approximate the integral derived from the probability flow ODE.
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1 Introduction

Diffusion models, which originally drew inspiration from nonequilibrium thermodynamics (Sohl-Dickstein
et al., 2015), have emerged as a powerful driving force in the realm of generative modeling, reshaping the
landscape of contemporary generative artificial intelligence (Croitoru et al., 2023; Yang et al., 2023). Yet,
despite their incredible sample quality and enhanced stability, diffusion models face the challenge of slow
data generation compared to alternatives like Generative Adversarial Networks (GANs) (Goodfellow et al.,
2020) and Variational Autoencoders (VAEs) (Kingma and Welling, 2013). In comparison to GANs and VAEs
that generate data in a single step (i.e., through a single forward pass of a neural network), diffusion models
require a number of iterations. Each of these iterations, which oftentimes involves evaluating the pretrained
score functions, necessitates at least one pass of a neural network or transformer, making the entire process
more computationally intensive. In order to fully unleash the capability of diffusion models for real-time
data generation, accelerating their sampling process without compromising sample quality is essential.

1.1 Diffusion models and score function evaluations

To set the stage, note that a diffusion model begins with a data-contaminating forward process:
(forward process) Xo ~ pdatas, Xe=A/1—=0:Xp 1 +/Be Wy, t=1,---,T, (1a)

where pgata indicates the target data distribution in R?, T is the total number of steps, the W,’s are noise
vectors independently drawn from N(0,1;), and {B:}1<i<r C (0,1) denotes some predetermined sequence
that governs the variance of the additive noise at each step. In essence, this forward process first draws a
sample X from the distribution of interest, and progressively corrupts it by injecting independent Gaussian
noise. When T is sufficiently large, it is often the case that the distribution of X1 becomes exceedingly close
to M(0,1;). The central task of diffusion generative modeling is to learn a time-reversal of the above forward
process, enabling us to start with a pure noise distribution (e.g., (0, I4)) and iteratively turn it back into
the target distribution pgata. Mathematically, this can be described as the construction of a backward process

(backward process) Yr ~ N(0,1,), Yr =Yr_ i = - =Y =Y,

that ensures the distributions of Y; and X; stay close for each step ¢, namely, Y; ’gz X;.

As already demonstrated by classical stochastic differential equation (SDE) literature (Anderson, 1982;
Haussmann and Pardoux, 1986), time-reversal of the forward process (1) is made possible through the
use of the (Stein) score functions {Vlogpx,(-)}. Consequently, diffusion generative modeling involves an
initial, extensive training phase to learn these score functions, which produces a collection of pretrained
score estimates that can be readily invoked in data generation. For instance, two prominent score-based
diffusion model paradigms — DDPM (Ho et al., 2020) and the probability flow ODE (or DDIM) (Song
et al., 2021, 2020) — both rely upon these pretrained scores for iterative sampling. In practice, however,
these mainstream approaches remain relatively slow due to their large iteration complexities; for example,
generating high-quality samples with DDPM can take hundreds or even thousands of iterations, with each
iteration requiring the evaluation of a neural network or a transformer. All this underscores the need to
speed up the iterative sampling process while maintaining the outstanding sample quality diffusion models
are known for.



1.2 Training-free acceleration

In this work, we explore principled, training-free acceleration of diffusion models (Lu et al., 2022; Zheng
et al., 2023; Zhao et al., 2024; Zhang and Chen, 2023; Jolicoeur-Martineau et al., 2021; Xue et al., 2024).
In a nutshell, the training-free approach wraps around and makes more efficient use of the pretrained score
functions to expedite data generation, which stands in sharp contrast to the training-based approach — such
as distillation or consistency models — that performs another round of resource-intensive training (Luhman
and Luhman, 2021; Salimans and Ho, 2022; Meng et al., 2023; Song et al., 2023; Li et al., 2024b; Nichol and
Dhariwal, 2021). Remarkably, training-free acceleration has already seen widespread adoption in practice,
with a prominent example being the DPM-solver (Luhman and Luhman, 2021) that has achieved dramatic
empirical speedup compared to the original probability low ODE algorithm.

Nevertheless, the theoretical underpinnings for accelerated diffusion models remain largely elusive. It was
not until recently that researchers began developing non-asymptotic analysis frameworks for the training-
free approach, although significant technical hurdles remain that limit the theoretical performance. More
concretely, consider training-free acceleration methods that come with provable guarantees, and suppose that
we would like to generate a sample whose distribution is e-close in total-variation (TV) distance to the target
distribution of interest. Li et al. (2024a) proposed a deterministic accelerated approach, akin to the second-
order ODE solver, achieving an iteration complexity of 5(d3 /+/2).} Huang et al. (2024a) analyzed the p-th
order Runge-Kutta method for solving the probability flow ODE, and established an iteration complexity
of O((LDd)**1/P/c1/P) for any constant order p, where D represents the radius of the data support and
L bounds certain high-order derivatives of the score estimates. This represents a clear improvement over
Li et al. (2024a) in terms of the ¢ dependency, although the stringent requirements on L and D limit the
range of data distributions it can accommodate without compromising the acceleration effect. Meanwhile,
stochastic training-free methods have been proposed and analyzed in recent literature as well (Li et al.,
2024a; Wu et al., 2024; Li and Cai, 2024), with the state-of-the-art results achieving an iteration complexity
of O(d®/*/,/2) (Li and Cai, 2024). While such stochastic acceleration methods often come with theoretical
guarantees under minimal assumptions, their ¢ dependency remains considerably worse than that of the
deterministic counterpart.

In summary, while the strand of work outlined above has made significant progress towards enriching the
theoretical foundation for training-free acceleration, it still leaves room for improvement, given that all of
these prior results fell short of optimality.

1.3 Main contributions

Motivated by the limitations of prior work as outlined above, the present paper seeks to strengthen the
theoretical and algorithmic development for training-free acceleration of diffusion models. More concretely,
we propose a novel training-free acceleration algorithm aimed at solving the probability flow ODE. Falling
under the category of deterministic samplers (except for its initialization), the proposed algorithm exploits
high-order Lagrange polynomial interpolation, in conjunction with suitable successive refinement, to approx-
imately calculate the integral derived from the probability low ODE. We prove that, to achieve e-precision

in total variation, it takes our algorithm 5(%) iterations, or equivalently,

[ 12/ K
<€1/K> score function evaluations

in the presence of accurate scores. Our theory does not require any smoothness or log-concavity assumptions
on the target distribution, making it broadly applicable. When only inexact score estimates are available, we
demonstrate that the sampling quality degrades gracefully as the score estimation error and the associated
Jacobian errors increase. Our results outperform Li et al. (2024a); Wu et al. (2024); Li and Cai (2024) by
offering better scaling in both ¢ and d, and improve upon Huang et al. (2024a) by accommodating a broader
set of nonsmooth distributions without assuming higher-order smoothness.

IThroughout this paper, the standard notation f(d,e~!) = O(g(d,e™ 1)) or f(d,e™!) < g(d,e~!) means that there exists a
numerical constant ¢; > 0 such that |f(d,e™")| < c1lg(d,e™1)|; f(d,e™) = g(d,e™!) means that g(d, e~ 1) < f(d,e™1); and
f(d,e™1) < g(d,e~') means that both f(d,e~1) < g(d,e~ 1) and f(d,e1) > g(d,e~ 1) hold true. The notation O(-) is defined
analogously to O(+) except that the log dependency is hidden.



1.4 Other related work

The development of convergence theory for diffusion models — particularly DDPM and DDIM — has
received much attention during the past few years. Partial examples include Chen et al. (2022); Liu et al.
(2022); Lee et al. (2023); Chen et al. (2023a,c); Li et al. (2023); Cheng et al. (2023); Chen et al. (2023b);
Benton et al. (2024); Tang and Zhao (2024); Liang et al. (2024); Li et al. (2025); Jiao and Li (2024); Cai
and Li (2025); Li et al. (2024d); Gao and Zhu (2024); Li and Jiao (2024); Li and Yan (2024b); see also the
references therein. The convergence analysis for the DDPM was carried out in Chen et al. (2022) by means
of Girsanov’s theorem, and this analysis framework was subsequently improved to accommodate nonsmooth
data distributions Lee et al. (2023); Chen et al. (2023a), unveiling an iteration complexity with nearly linear
d dependency Benton et al. (2024); Li and Yan (2024b). When it comes to the DDIM sampler or the
probability flow ODE, the convergence analysis was originally provided in Chen et al. (2023c), with a set of
subsequent work devoted to sharpening the iteration complexity (Li et al., 2024c; Huang et al., 2024a; Li
et al., 2024d; Liang et al., 2025). In addition, a recent line of work Li and Yan (2024a); Huang et al. (2024b);
Azangulov et al. (2024); Potaptchik et al. (2024); Liang et al. (2025); Tang and Yan (2025) explored how
DDPM and DDIM adapt to unknown low-dimensional structures underlying the target data distribution,
leading to substantially improved theoretical guarantees.

2 Preliminaries

Before proceeding to the description of our algorithm, let us start by gathering several preliminary facts.

The forward process. Recall the forward process (1). By taking
t
api=1— 5 and oy = H o, (2)

we see that (1) admits the following distributional characterization:
Xt = \/ath + v 1— o7 Wt with Wt ~ ./\/(0, Id) (3)

Moreover, we find it useful to introduce a continuous-time generalization (X,) of the above process.
Specifically, for every 7 € [0, 1], construct X, such that

X, =V1—-1Xo+ V72 with Xo ~ pgata and Z ~ N(0, I), (4)
where Xy and Z are independently generated. Clearly, with this construction we have
= d
leat = Xt. (5)

In the sequel, we will often refer to 7 as the time variable too as long as it is clear from the context, and will
develop and describe our algorithm mainly based on this continuous-time forward process (4).

The score function and Tweedie’s formula. As mentioned previously, a key object that plays a pivotal
role in the sampling procedure is the (Stein) score function, defined as the gradient of the log marginal density
of the forward process. To be precise, the score function associated with (X, ) is defined and denoted by

53(X) = Vlogp, (X) (6)
for each 7 € [0,1]. The celebrated Tweedie formula (Efron, 2011) tells us that

sj(x)z—%{m—\/ﬁE[XﬂyT:x]} (7)

for any = € R?, which implies that

W=7y = -7 / Py, 1. (@0 | VT=72)(@ — z0)do. (8)



Algorithm 1: HEROISM (High-ordER Ode-based dIffusion SaMpler)

1 input: g =71 k1 =1—-a forall 1 <¢t<T -1, and 77,0 = 1 — @p. Choose 7, as in (11).
2 initialization: t =T,...,2, .., « Y ~ N(0, I).

3 fort>1do

4 xnyo<—Ytandx(7?1<—thorallz':(),...,K—1

5 forn=0,...,N—-1do

6 L compute I(T?TH) via Eqn. (14) for all i =0,..., K -1

(N)
}/tfl — x‘rt,K71

~

8 output: Y

The probability flow ODE. As has been shown by Song et al. (2021), there exists an ordinary differential
equation (ODE), called the probability flow ODE, that is able to reverse the forward process (4) (in the
sense of yielding matching marginal distributions). Note that the precise form of the probability flow ODE
depends on the parameterization of the forward process (e.g., (X;) and (X,) are associated with different,
although related, ODEs). In particular, the probability flow ODE associated with process (4) takes the
following form:

yode 1

JI=7 2(1-r)n or

see, e.g., Li et al. (2024a, Eqn. (20)). When setting Y°% = X, and running (9) backward from 75 to 7y
] g ) ) q g T2 T2 g )

one has YT"ldE 4 X ,,, allowing one to transport the distribution of X, to that of X, .

Yo dr: (9)

Notation. For two probability measures P and @, the total-variation distance between them is defined as
TV(P,Q) = % J|dP — dQ|. For any random object X, we let px denote its probability density function.
For any matrix A, we denote by || A|| its spectral norm.

3 Algorithm

In this section, we present the main ideas and detailed procedure of the proposed algorithm. At a high level,
our algorithm is an iterative procedure that attempts to approximately solve ODE (9) by approximating the
true scores in the integrand using high-order polynomials.

Approximating an integral. Recall that X; = X 4, and X;_; = X;_g,_,, which makes apparent the
importance of time points 1 — @; and 1 — @;_1; when generating Y; ;. Armed with the probability flow
ODE (9), an ideal strategy for step ¢ — 1 would be to evaluate the following integral:

Yode yode 1—op_1 1

o _ Yiw, *
Va1 Vay 1-a, 2(1_7)3/28T(

However, computing (10) involves evaluation an infinite number of score functions (i.e., those in the integral),
making it computationally intensive. As a result, everything comes down to how to approximate the integral
using a small number of score function evaluations.

Y°de)dr. (10)

Higher-order polynomials. In comparison to first-order solvers like DDIM that construct Y;_; solely
based on the score s1_z, (), we propose to take advantage of the score functions at K time points — denoted
by 70, ..., 7i,Kk—1 — within the interval [1 — @;_1,1 — @;]. To be precise, set

Tt,0 = 1-— it and Tt, K—1 = 1-— Q1 (11&)



to be the two endpoints of [1 — @;_1,1 — @], and create equi-spaced points within this interval as
i

ﬁ(’rmo — Tt,K—l)a 0<i< K, (11b)

Tt i = Tt,0 —
which clearly satisfy 7 g1 < Te,x—2 < -+ < T,0. It then boils down to how to exploit the score functions
at these K points to approximately compute (10).

Our strategy is to attempt approximation by means of the Lagrange interpolation. To be precise, consider

the renowned Lagrange basis polynomials as follows

Hi':i';éi(T — Tiir)
Hi’:z”;ﬁi (Tt,i - Tt,i’) '

Pi(T) = 0<i<K. (12)

Given a set of points (¢, (1 — 7;;)"3/%s,, ,(Y2%)) for 0 < i < K — 1, we would like to approximate

Wsj(mﬁ via the Lagrange interpolating polynomial passing through the above K points, i.e.,

1 N 57'7( :df)
msr(yrode) ~ ZO<i<K ’Q[J,L(T)W, VT I~ [Tt}Kfl, Tt,O]' (13)

Here, we have also replaced the true score s} with the score estimate s; on the right-hand side of (13).
Note that the Lagrange interpolating polynomial on right-hand side of (13) forms a unique degree-(K — 1)
polynomial passing through these K points.

Successive refinement. Noteworthily, the polynomial appproximation (13) still cannot be readily used,
given that the points {Y;;df} are inaccessible in general. To remedy this issue, we propose a successive
refinement scheme that alternates between estimating {Y;:df} and computing the the associated scores.
More precisely, let us perform an iterative estimation procedure containing N rounds, where in each round

n, we produce a sequence {x'(r?,)i}oﬁiﬁ K—1 as an estimate of {YT"tdf}. When {x(T:l,)i}ogig K—1 is available, we
compute, for each 7" € {r0,..., 7, k-1},
(n+1)
Ly L7i0 / 1 (n)
= St Y () g s, @), (14)
_ _ > _ \3/2 7Tt Tt,
Vi—71 /T—=7p 0<i<H_1 (1—m ) I
Tt,0
where v ;(7") ::/ Yi(t)dr and z,,, =Y. (15)
7—/

In a nutshell, we employ {x£7,)i}0§i§ x—1 to update the scores used in the polynomial approximation (13),
(n+1)

Tt

which in turn helps us generate {z }o<i<k—1 as improved estimates of {Y2%}.

Algorithm description. We are now ready to present our algorithm.

e Initialization. Let us initialize our algorithm with z.., = Y7 ~ N(0, 1) and x(T(;) = X7, for each

0 < i < K. To ease presentation, we also take x(TITVlLKfl = Trp -

e Iterative update rule. Working backward from ¢ = T to t = 1, we generate the point Y;_; as follows.
Let us look at the time points {7:;}o<i<k, and initialize both the sequence {xs'(t),)i}ogiSKfl and z,

using the value xg\?ly «_, obtained in the previous iteration. For each round n = 0,...,N — 1, we

generate a sequence {x&fjl)}ogig x—1 according to Eq. (14). After N rounds of successive refinement,
we output Y;_ = iU(rivll,l
The whole procedure of the proposed algorithm is summarized in Algorithm 1.
Several remarks are in order. To begin with, once the value of Y7 is given, the sequence {x&?)l} is purely
deterministic. Thus, when accurate score functions are available at the requested time points, the discrepancy
between the distributions of Y; and X; mainly stems from the approximation error when interpolating a



complicated function using polynomials of degree K — 1. In addition, our algorithm requires computing the
score functions at the sequence {ng)i}ogg K—1,0<n<N,1<t<T, and hence the total number of score function
evaluations is TKN. As we shall see momentarily in our theoretical development, K is taken to be a
constant, whereas N is chosen to be logarithmically large. Consequently, the total number of score function
evaluations is on the order of O(T).

4 Main theory

Encouragingly, the proposed algorithm comes with intriguing convergence guarantees, as we present in this
section. Throughout this paper, we let ¢; (resp. p;) denote the distribution of X; (resp. Y3).
4.1 Assumptions

Let us gather the key assumptions needed to state our main theorem. First of all, the sequence {f;} that
determines the variance of the injective noise (cf. (1)) is taken to be

ﬁl :1—Oél :T—Co (16&)
logT log T\"
Bi=1—oy = ;g min{ﬁl <1+C1 ;g ) ,1}7 t>2 (16b)

for some large enough numerical constants cg,c; > 0. In a nutshell, 5; undergoes two phases, growing
exponentially fast at the beginning and then staying flat in the remaining steps. Such a two-phase schedule
is consistent with what is used in the state-of-the-art diffusion theory work (e.g., Benton et al. (2024); Li
et al. (2024c¢); Li and Yan (2024b); Huang et al. (2024b)).

Next, we turn to assumptions for the target data distribution. Our goal is to accommodate a very broad
family of data distributions without imposing restrictions like smoothness or log-concavity. In fact, the only
assumption we make about pgats is the following boundedness condition, where the radius is allowed to be
polynomially large, with an arbitrarily large constant degree. A polynomially large support size can readily
accommodate a very broad range of applications.

Assumption 1 (Target data distribution). The target distribution pyaa satisfies
P (|| Xoll2 < T [ Xo ~ ppg.) =1
for some arbitrarily large constant cg > 0.

In the presence of imperfect score estimation, it is natural to anticipate that the sampling quality is
largely affected by the goodness of the score function estimates. In light of this, we introduce another set
of assumptions to capture the quality of score function estimates. The first one below is concerned with the
mean squared score estimation error, averaged over all time steps and iterations.

Assumption 2. Suppose that the score estimates at hand satisfy
1 T
m Zt:l EY"Nq" [Efcore,t(yt)] S €s2¢ore7

Zoret(@r0) = 50" Tny [[sm (@) — %, @85

In stark contrast to the SDE-based samplers (e.g., DDPM) for which the ¢ estimation error alone suffices
for the stability analysis (e.g., Chen et al. (2022); Benton et al. (2024)), the ODE-based samplers require
additional assumptions in order to preclude some unfavorable problem instances. See, e.g., Li et al. (2024c)
for a lower bound that justifies why ¢5 score accuracy assumption alone is insufficient. In this work, we
impose the following assumption concerning the goodness of the associated Jacobian errors.

where €

Assumption 3. Suppose that s:(-) is continuously differentiable for each 1 <t < T, and satisfies

1 T
m Zt=1 EYtht [E-zlaCObixt(Y;/)] < E?acobia

(n) * (n)
Doy (200 083, (@)

Tt,i

ox ox

1 N71’

2
K7
where €3, pi ¢ (T7,0) = Yico Pon—o ’




Remark 1. When N = K =1, these are equivalent to Li et al. (2024¢, Assumptions 1 and 2).

4.2 Convergence guarantees

We are now in a position to present our main theoretical guarantees for the proposed algorithm.

Theorem 1. Suppose that Assumptions 1, 2 and 3 hold. Let K > 0 be an arbitrary fized integer. If
T > Cod?log® T and N = [C3log T for some large enough constants Co,C3 > 0, then Algorithm 1 achieves

dlog> T\
TV(px,,pv,) < C1d? (Z“{) log? T + C1y/dlog* T eqeore + C1d(10g>'? T')e jacobi- (17)

When exact score functions are available (so that escore = €Jacobi = 0), Theorem 1 reveals that the number
of iterations needed to approximate g; to within ¢ TV distance is no greater than

_ Q12K
(iteration complexity) 0 (El/K) . (18)

Given that K is a fixed constant and N =< logT, the total number of score function evaluations of the
Ji+2/K

proposed algorithm is given by O(NKT) = O(T logT), which can be as small as 6(ﬁ) (cf. (18)). In

. . . . . . ~ o(1)
particular, when K grows, one can approximately interpret this number of function evaluations as O (%),

resulting in substantial speed-ups compared to prior theory in Li et al. (2024c,a); Li and Cai (2024); Wu
et al. (2024). In the noisy case when we only have access to inexact scores, our result guarantees that the
TV distance between our output distribution and the target distribution scales proportionally to the two
error metrics Escore and € jacobi- 1t is worth noting that: without assumptions on the smoothness of the score
estimates, additional assumptions like the one concerning Jacobian errors cannot be avoided in general, as
already illustrated by a counterexample in Li et al. (2023) for the probability flow ODE.

Notably, our approach bears some similarity with other higher-order ODE solvers recently developed
in the literature, such as the DPM solver (Lu et al., 2022). While remarkable empirical success of such
methods have been reported, their theoretical footings remain significantly underdeveloped. Recently, Huang
et al. (2024a) analyzed the theoretical performance of the K-th order Runge-Kutta method for solving the
probability flow ODE;, for any constant order K. While their theory is comparable to ours, it requires higher-
order smoothness on the score estimates (more precisely, they required the score estimate’s first (K + 1)-th
derivatives to be bounded). In addition, their iteration complexity also scales linearly in the support size
of Pgata; in contrast, our theory is nearly independent from such a support size as long as it is polynomially
bounded. Finally, while we were finalizing our paper, we became aware of a concurrent work Huang et al.
(2025), which — under a different set of assumptions — also relaxes the high-order smoothness condition
previously imposed in Huang et al. (2024a). Compared with our results, their analysis requires a stronger
assumption on the support size, and their total-variation bound depends heavily upon the early-stopping
parameter (denoted by 7 therein).

5 Main analysis

This section outlines the proof steps for establishing Theorem 1. Here and throughout, we assume

Escore < ((jl\/gl()g2 T)ila (1934)
€ Jacobi S (Cld10g3/2 T)il; (]'gb)

otherwise, (17) is trivially satisfied given TV distance is always bounded by 1.

5.1 Additional notation

Before proceeding to the main proof, we find it helpful to introduce an additional set of notation. Fix z7 € RY,
we slightly abuse notation by letting {x(T:IZ} denote the deterministic sequence defined by the update rule



(14) with z,,., = x7. We also define z; := 2, for all 1 <t < T — 1. We let x} (resp. Y*) denote the
solution of ODE (9) at 7 = 7,0 = 1 — @; with the initial condition =7, = = @41 (vesp. 27, = Yiq1).
For any T € [1;.x 1, 7t.0] = [| — @1, 1 — @], we denote by x* the solution of ODE (9) at 7 with the initial
conditionx’;m0 =a¢. Forany 0 <1< K —-1,1<t<T, 1§n§N we define

" n Y _ gt oy |[05m @) Dsk, (@f)
iclo)ret z(x‘(rfz) = ||87'f7(x£'f)7) B S.,_t’ ( Tt,i |27 ggzc)c'bl tz( ~(r,)7) = H Ox - 8%‘ ‘
It is also defined that
logT 2
ft(l't) = Z SZC)obl t, z 335:?)1 ) +VdlogT Z i?o)retz S::L)l)) ) (20&)
t
Si(zxr) = th(act) for t > 2, and S (z7) = 0. (20b)
k=2
From the definitions of score.t(+) and €jacobit(-), it follows that
1 1
2 By s (Y0)] < \/ 2 By [ (V)] = VN Kescore = e /108 T (21)
t t
1 1
T Z Ethqt [SJacobi,t(}/t)] S \/T ZEYith |:8ﬁacobi,t()/;')i| =V NKaJacobi = € Jacobi V 10g T. (22)
t t

5.2 Preliminary facts

The following lemmas will be frequently used throughout the proof. The first lemma introduces some helpful
properties concerning the learning rates.

Lemma 1. For large enough T, one has

c1logT S

1
ap>1— T 23 1<t<T (23a)
ll_ftgll_‘f < 1—7at §4cllogT’ o<t<T (23D)
21—0{t 20{,5—0[,5 1—Oét_1 T
1—ay 4cqlogT
1< <1 2<t<T 23
Siog o Stt—F - 2<t< (23¢)
1
ar < Ter (23d)
G o O AW gy (23¢)
1-— Q41 1-— Qg 1-— [e7ER}
Tt 1 Tt 12 log T . . . .
LS P , 2<t<T,0<14q,i9,13,94 < K —1, 23f
Tt7i3(1 _Tt,i4) =5 T o =t ( )
vei(me)| < 25 (ro —75), VO<i,j<K-—1 (23g)
1_7—t,iX1_Tt,j, Ttﬂ'XTt’ﬁ VOS’L,]SK—l,QStST (23h)
Here, co is a sufficiently large constant.
For notational convenience, we define
log p ()

0,(x) := - 24
(z) max{ dlog T 06} (24)

for some large enough constant cg > 0. The second lemma establishes the tail bounds of X, conditioned on
the continuous-time forward process X, (cf. (4)).



Lemma 2 (Lemma 1 in Li et al. (2024c)). Suppose that Assumption 1 holds and 7 < 1— Tio . Then for any

cs > 2, conditioned on X, =y, we have

H\/].—TX()—yH2 < 5¢54/0-(y)drlog T (25)

with probability exceeding 1 — exp(—c20,(y)dlogT). Furthermore, one has

E[|V1-7Xo—yl|, | X; =y] <12{/0-(y)drlogT, (26a)
E [H\/ﬁxo —yls | X, = y] < 1200, (y)drlog T, (26D)
E [||\/ﬁxo —ylls | X, = y} < 1040 (0, (y)drlog T)*/? (26¢)
E [H\/ﬁxo —y|l; | X, = y} < 10080 (8, (y)drlog T)? ,. (26d)

The next lemma provides key properties of the score function s*(-).

Lemma 3. One has

df,(x)logT
s @)l 5 o LT, (27a)
sk (x) e do.(x)logT (27h)
oz ||~ T '
Furthermore, if —logpx (Ax1 + (1 = A)x2) S dlogT for all A € [0,1], then
0st(x1)  Osk(z2) d3log® T
|Sen) S| JEE T o — sl (28)

The proofs of Lemma 1 and Lemma 3 are deferred to Sections B.1 and B.2, respectively.
The following lemma shows that if —logpy (z7) is not too large, then —logps  (z7,) can be well-

controlled for all 7/ sufficiently close to 7.

Lemma 4. Suppose that —logpx_(2%) < OdlogT for some 6 > 1. Then for all |7 — 7| < ¢o7(1 —7) for

some sufficiently small constant cq > 0, one has

The proof of Lemma 4 can be found in Section B.3. The last lemma reveals that the the distributions of
X7 and Yr are close.

Lemma 5 (Lemma 3 in Li et al. (2024¢)). Suppose that T is large enough. Then

1

DO =

(TV(oxr || pv2))” <

5.3 Main steps for proving Theorem 1
We now proceed to present the proof ideas, which comprises multiple steps as detailed below.
Step 1: controlling the density ratio. To establish the convergence rate (17), a pivotal step is to

Py, (Te—1) /th(xt,)
px,_q (xe—1)/ px,(z4)"

control the density ratio Our starting point is the following observation:

Py (1) Pyaye o, (Vorre—1) | puary, (Vi) (pmxtl(ﬁwtl))_l Py, (1)

px, (1) Pyaixe, (V@ri-1) Py, (@) px, (zt) px, (%)
Pyarve s (Vorxi—1) Pyaive , (VOxti_1) (pyaxe (Varwi—1) Dyaix, . (Vario)\ ' py, ()

_ iy ey . (31)
pyaryy (Vo) Py, (21) Pyaixe_, (Vauri_y) px, (2t) px, (%)

10



By virtue of the defition of Y;* ; and the fact that we can transport the distribution of X; to the one of X;_;
via (9), one has

pyaye, (Vouria) _ pyax, (Vi)

= 32
v, ) P () 32
o . . arx, g (VTe—1) 1 (Vorwi—1)
In addition, the following lemma provides upper bounds for 2\/‘/;;71 i \/aﬁx;j) and gﬁ ;*,1 et 1), respec-

tively.
Lemma 6. We have

p\/aXtﬂ(\/OTtlﬂi_l) — exp (O(”wtl —733?71”% n dl|zi—1 — $E71||% logT)>. (33)
Pyax, ., (Vauri_y) S e

8325_{1271/‘ /1—Ty K1
Bfrt)g/\/lfﬂ,o

p\/GTth—l(\/OTt‘rtfl) — exp <O(d :'t K— 1/\/% B ax‘(rivl)(—l/m >) (34)
pyayy, (Varr_) ozt /\/T— 1o 0270 /\/T— 700 :

The proof of Lemma 6 is postponed to Section B.4. Combining (31), (32), (33) and (34), we know that

-1
If, furthermore,

<1, then

2z (V) /1=,
if || e ./ c < 1, then we have
87cn10/\/1 Tt,0
Py, \(Tt— Doy, _ ( O‘tl't—l) AT
vl Pyavie WD), 0 ) 22, (35)
pr,—l(‘rt—l) p\/OTtthl( OftIt—l) pXt(‘rt)
where
c(x)dHathK 1/\/ — Tt,K—1 83777;( 1/\/1_7-75K 1 TtK 1_11:‘("?’}( 1||2+\/d” T K — l_xs'ivi)( 1“ IOgT
e 833%0/1/1—7}70 al‘7t0/1/1—7t0 1—0675,1 l—at,1 '
(36)
The next lemma reveals that (;(x;) is small for “typical” points.
Lemma 7. We define the events
& = Sgcobtz( (”)) logT < T, for alli,n}
and
& =& N{~logpx,, ()\x(Tf) + (1= Nz3, ) < CadlogT, for all i,n}
N{—=logpx, (z}) < CydlogT for all o k1 <7 < T}, (37)
where Cy > 0 is a sufficiently large constant. Then on the event &, for any 0 <i < K — 1, one has
‘PﬁﬁlAﬂnKl (382)
6257}0/\/1—7}0 N ’

1og T ) 2 dr'log® T [ dlog® T 2K
S Ccr'? Z Z score t, z xn),)) +3C T2 T ’ (38b)
0<n<N 0<i<k

H%gWV-¢ 0%, /N T= T ||
ano/w Tt,0 3m,rt0/,/1—7't0

d®log" T n) n log T n) 2 dlog®T
S T4 Z (‘?gcore,ui (I;Z)) /2 Z sgacobl t, z Tt 1)) + ( T

,n

X
|| th thz

)2K+2' (380)
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The proof of Lemma 7 is deferred to Section A. By virtue of Lemma 7 and (36), one can show that on
the event & N {&(x:) < ¢}, one has

px, ., (Te-1)
dlogT @ dlog T =) (d log2T>K+1 py; ()
=ex J?-,—t i score 1 L +d| —— ——Y
P ;L: Jacobl b, )) Z 2 ) T Px, (xt)
dlog? T) BN py, ()
=e O xy) +d —, 39
Xp ( (ft( t) ( T px, (Ty) (39)

provided that T > d2?log? T. Here, & (-) is defined in (20a). Furthermore, the following lemma shows that the

log densities {—logpx,, ()\xﬂ nH) 4 (1—=N)zx, 1)}1 n,.ae0,1] can be well-controlled as long as x,, , is “typical"
and the score estimation errors are not extremely large.

Ory o (Try, o)dlog” T+\/ Or o (Try, o) 2im ( score, t, 7,($ )) dlog®T

Lemma 8. If Cy
Cio >0, then for all0 <i < K —1, O<n<N71 one has

<1 for some large enough constant

—logpx,, (Al 4+ (1= Nap, ) < 2.1d6,logT, (40a)

Tt

[1=Tt0 . (n+1)
p =70 ( l—Tt,i'rvai

Io To7y,; i < 4cpdlogT LC d*6? log T \/ dby log T Z (n) (n) ))
g pXr,,)U (th,o) = T 10 Escore,t, z L7y
(40Db)
Step 2: decomposing the TV distance of interest. Next, let us define the sets
E={z: q(x) > max{pi(x),exp(—cedlogT)}}, (41)
and
Il = {(L‘T | ST({ET) S 03} (42)

for some small enough constant ¢ > 0. Then we learn from Li et al. (2024c, Eqn. (51) and (53)) that

(Y1)
p1(Y1)

TV(q1,p1) < Ey,ep, [( — 1) 1{y; € 5}} + exp(—cgdlogT)

=Evrepr [(;ﬁgﬂ - 1) WY, €& Yr e I1}} +Evrepr [(m — 1) {1 €&, Yr ¢ T}
+ exp(—cedlogT). h o (43)

provided that ¢ > 4(cg + 2). This motivates us to bound «; and «y separately.
Step 3: bounding «;. We let 7(z7) denote the following quantity:
T(xr) i=max{2 <t <T+1:5_1(xr) <cs3}. (44)
Then for any zr € Z;, one has
r(zr) =T +1. (45)

In addition, we have the following two important properties regarding 7(xzr):

12



Lemma 9. If —logqi(z1) < cgdlogT, then for all 1 < { < 7(xr), one has

—log q(xe) < 2cedlogT (46)
as long as cg > 5.
Lemma 10. For 7 = 7(xr), We have
K
o) _ <1 o (;axt) +iog? (1T )) o )
s < o} < e V< o

The proofs of Lemma 9 and Lemma 10 are postponed to Sections B.6 and B.7, respectively. By virtue
of (45) and Lemma 10, one can show that

Eyvyepr {(218;3 f 1) 1Y, € £, Yy € 11}]

oo dlog? TN\ gr(Yr)
<<1+§t:§t(yt)+d2log T( = ) )p§<Y§)—1>ﬂ{Ylee,YTezl}

2 o\ K
= / { ((1 + th(xt) + d? IOgZT(dloi T> > qr(z7) —pT(xT)> 1z, €& 27 € I1}} dar

= Evrepr

< /|QT(:ET) — pr(zr)|dzy + d?log? T(dlojgf T>K + / St(z7)gr () W{z1 € E, 27 € Ty }der.  (49)
Additionally, we make the observation that
/ST(IT)(]T(IT) 1{xy € &, zp € Ty }dar
- Z/ log T ( Sacoblm ZET,, ) ++/dlogT Z Score“ acT,,))2 1{z, € &,z € Ty }darp

Z n l n

T
logT Y,
= § ]EYTN;DT |: 5—, (dsJacobi,t(Y;&) + lengscore,t(Y;)> Zigyzg ]1{1'1 S 5,1”]‘ € Il}:|
t=2

48) L
<4 Z ]EYT ~pT
t=2

q:(Y1)
# (Y1)

30)

{logT

T (d5J3c0b| t(}/t) + leg T{':score t()/t))

]l{xl e xr € Il}:|

logT
< 4ZEY1~1), |: & (deJacobl (Y;f) + leg Tascore t }/t
t=2

T
logT
=4 Z EYtht l:? (deJacobi,t(Y;t) ++/d log Tescore,t (}/t)):|

t=2
(21) and (22) 3/9 1
< d10g®/% T¢ jacobi + 1/ d1og* Tescore. (50)
Putting the previous two inequalities together, one arrives at
q1(Y1)
o = EYTGPT |:(p1(}/1) — ].) ]].{Yl € g,YT S Il}:|
dlog? T\
< d%log? T( 0; ) 4 d10g%/2 Te jacopi + 1/ d10g* Tescore. (51)
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Step 4: bounding as. Now, we turn to bounding ay. We let 7 = 7(z7) define the following sets:

Ty :=A{ar | cs < Sy (zr) < 2c3}, (52)

b (53)

)
)
2 e

It is straightforward to verify that Z; U Z, UZ3 UZ; = R?. The following lemma indicates that as can be
well-controlled.

I3 := {CCT | Sr—1(zr) < cs, & () > c3,

I4 = {I'T ‘ ST—l(xT) S C3a€7’(xT) Z C3,

Lemma 11. The following inequality holds:

q1(Y1) < 721002 legQT K 3/2 4
Ever | ( —1) 1V €€, Yr € LULUTL}| S dlog? T( i )+ dlog”’? Tesscani + \/d10g" Teseore.

p1(Y1)
(55)
An immediate consequence of Lemma, 11 is
q (Y1)
Qg = EYTEPT |:(p1(Y1) — 1) ]1{Y1 S E,YT é Il}:|

a1 (Y1)

< Eviepr |:(p1(Y1) — 1) 1{Y1 e&YrelyUly UI4}:|
dlog® T\ "™

< d?log? T( = ) + d10g>? Te jacobi + 1/ d10g* Teeore. (56)

Here, the second line comes from the facts gi(x) > pi(x) for any x € £ and Z§ C o UZ3 U Zy.

Step 5: bounding TV(p1,q1) Combining (43), (51) and (56), one arrives at the advertised result:
dlog? T\ ™ i
TV(p1,q1) < d? log2 T<01g1> + dlog?’/2 T€ Jacobi + dlog4 Tescore + exp(—cedlogT)

21..2 dlog2 T\" 3/2 4
=d log T T + dlog T{':Jacobi + dlog Tsscore~ (57)

6 Discussion and future directions

In this work, we have proposed an algorithm to speed up data generation in diffusion models. The pro-
posed algorithm exploits K-th order ODE approximation combined with a successive refining scheme, which
provably yields e-precision (measured by the TV distance between the output distribution and the target
distribution) within 5(d1+2/ K /51/ K ) iterations. Our theoretical guarantees hold under fairly mild assump-
tions on the target distribution, with no restrictions on smoothness and log-concavity, and are capable of
accommodating imperfect score estimation. Our findings leave open several interesting questions for future
investigation. For instance, while our theory allows the order K to be an arbitrary large constant, it is
worth exploring whether K can be allowed to scale with T (e.g., whether K can reach the order of log T'), as
accomplishing this might potentially lead to further acceleration. Additionally, our method is a deterministic
sampler designed to speed up diffusion ODE, and it remains unclear whether a similar iteration complexity
can be achieved with an accelerated stochastic sampler (i.e., the SDE counterpart). Furthermore, while
this work focuses on the iteration complexity of the sampling phase, how to develop an end-to-end theory
that also incorporates the score matching phase forms another direction for future study. Finally, if the
target data distribution exhibits intrinsic low dimensionality, it would be interesting to examine whether the
sampling process be further expedited.

14



References

Anderson, B. D. (1982). Reverse-time diffusion equation models. Stochastic Processes and their Applications,
12(3):313-326.

Azangulov, 1., Deligiannidis, G., and Rousseau, J. (2024). Convergence of diffusion models under the manifold
hypothesis in high-dimensions. arXiv preprint arXiv:2409.18804.

Benton, J., Bortoli, V. D., Doucet, A., and Deligiannidis, G. (2024). Nearly d-linear convergence bounds
for diffusion models via stochastic localization. In The Twelfth International Conference on Learning
Representations.

Cai, C. and Li, G. (2025). Minimax optimality of the probability flow ode for diffusion models. arXiv preprint
arXiv:2508.09583.

Chen, H., Lee, H., and Lu, J. (2023a). Improved analysis of score-based generative modeling: User-friendly
bounds under minimal smoothness assumptions. In International Conference on Machine Learning, pages
4735-4763. PMLR.

Chen, S., Chewi, S., Lee, H., Li, Y., Lu, J., and Salim, A. (2023b). The probability flow ODE is provably
fast. arXiv preprint arXiv:2305.11798.

Chen, S., Chewi, S., Li, J., Li, Y., Salim, A., and Zhang, A. R. (2022). Sampling is as easy as learning the
score: theory for diffusion models with minimal data assumptions. arXiv preprint arXiv:2209.11215.

Chen, S., Daras, G., and Dimakis, A. G. (2023c). Restoration-degradation beyond linear diffusions: A
non-asymptotic analysis for DDIM-type samplers. arXiv preprint arXiv:2303.0338.

Cheng, X., Lu, J., Tan, Y., and Xie, Y. (2023). Convergence of flow-based generative models via proximal
gradient descent in wasserstein space. arXiw preprint arXiv:2310.17582.

Croitoru, F.-A., Hondru, V., Ionescu, R. T., and Shah, M. (2023). Diffusion models in vision: A survey.
IEEE Transactions on Pattern Analysis and Machine Intelligence, 45(9):10850-10869.

Efron, B. (2011). Tweedie’s formula and selection bias. Journal of the American Statistical Association,
106(496):1602-1614.

Gao, X. and Zhu, L. (2024). Convergence analysis for general probability flow odes of diffusion models in
wasserstein distances. arXiv preprint arXiv:2401.17958.

Goodfellow, 1., Pouget-Abadie, J., Mirza, M., Xu, B., Warde-Farley, D., Ozair, S., Courville, A., and Bengio,
Y. (2020). Generative adversarial networks. Communications of the ACM, 63(11):139-144.

Haussmann, U. G. and Pardoux, E. (1986). Time reversal of diffusions. The Annals of Probability, pages
1188-1205.

Ho, J., Jain, A., and Abbeel, P. (2020). Denoising diffusion probabilistic models. Advances in Neural
Information Processing Systems, 33:6840—6851.

Huang, D. Z., Huang, J., and Lin, Z. (2024a). Convergence analysis of probability flow ode for score-based
generative models. arXiv preprint arXiv:2404.09730.

Huang, D. Z., Huang, J., and Lin, Z. (2025). Fast convergence for high-order ode solvers in diffusion
probabilistic models. arXiv preprint arXiv:2506.13061.

Huang, Z., Wei, Y., and Chen, Y. (2024b). Denoising diffusion probabilistic models are optimally adaptive
to unknown low dimensionality. arXiv preprint arXiv:2410.18784.

Ipsen, I. C. and Rehman, R. (2008). Perturbation bounds for determinants and characteristic polynomials.
SIAM Journal on Matriz Analysis and Applications, 30(2):762-776.

15



Jiao, Y. and Li, G. (2024). Instance-dependent convergence theory for diffusion models. arXiv e-prints,
pages arXiv—2410.

Jolicoeur-Martineau, A., Li, K., Piché-Taillefer, R., Kachman, T., and Mitliagkas, I. (2021). Gotta go fast
when generating data with score-based models. arXiv preprint arXiv:2105.14080.

Kingma, D. P. and Welling, M. (2013). Auto-encoding variational bayes. arXiv preprint arXiv:1812.611/.

Lee, H., Lu, J., and Tan, Y. (2023). Convergence of score-based generative modeling for general data
distributions. In International Conference on Algorithmic Learning Theory, pages 946-985.

Li, G. and Cai, C. (2024). Provable acceleration for diffusion models under minimal assumptions. arXiv
preprint arXiw:2410.23285.

Li, G., Cai, C., and Wei, Y. (2025). Dimension-free convergence of diffusion models for approximate Gaussian
mixtures. arXw preprint arXiv:2504.05300.

Li, G., Huang, Y., Efimov, T., Wei, Y., Chi, Y., and Chen, Y. (2024a). Accelerating convergence of score-
based diffusion models, provably. arXiv preprint arXiv:2403.03852.

Li, G., Huang, Z., and Wei, Y. (2024b). Towards a mathematical theory for consistency training in diffusion
models. arXiv preprint arXiv:2402.07802.

Li, G. and Jiao, Y. (2024). Improved convergence rate for diffusion probabilistic models. In The Thirteenth
International Conference on Learning Representations.

Li, G., Wei, Y., Chen, Y., and Chi, Y. (2023). Towards faster non-asymptotic convergence for diffusion-based
generative models. arXiv preprint arXiv:2306.09251.

Li, G., Wei, Y., Chi, Y., and Chen, Y. (2024c). A sharp convergence theory for the probability flow ODEs
of diffusion models. arXiv preprint arXiv:2408.02320.

Li, G. and Yan, Y. (2024a). Adapting to unknown low-dimensional structures in score-based diffusion models.
arXiw preprint arXiv:2405.14861.

Li, G. and Yan, Y. (2024b). O(d/T) convergence theory for diffusion probabilistic models under minimal
assumptions. arXiv preprint arXiv:2409.18959.

Li, R., Di, Q., and Gu, Q. (2024d). Unified convergence analysis for score-based diffusion models with
deterministic samplers. arXiv preprint arXiv:2410.14237.

Liang, J., Huang, Z., and Chen, Y. (2025). Low-dimensional adaptation of diffusion models: Convergence
in total variation. arXiv preprint arXiv:2501.12982.

Liang, Y., Ju, P., Liang, Y., and Shroff, N. (2024). Broadening target distributions for accelerated diffusion
models via a novel analysis approach. arXiv preprint arXiv:2402.13901.

Liu, X., Wu, L., Ye, M., and Liu, Q. (2022). Let us build bridges: Understanding and extending diffusion
generative models. arXiv preprint arXiv:2208.14699.

Lu, C., Zhou, Y., Bao, F., Chen, J., Li, C., and Zhu, J. (2022). Dpm-solver: A fast ode solver for diffusion
probabilistic model sampling in around 10 steps. Advances in Neural Information Processing Systems,
35:5775-5787.

Luhman, E. and Luhman, T. (2021). Knowledge distillation in iterative generative models for improved
sampling speed. arXiv preprint arXiv:2101.02388.

Meng, C., Rombach, R., Gao, R., Kingma, D., Ermon, S., Ho, J., and Salimans, T. (2023). On distillation of
guided diffusion models. In Proceedings of the IEEE/CVFE Conference on Computer Vision and Pattern
Recognition, pages 14297-14306.

16



Nichol, A. Q. and Dhariwal, P. (2021). Improved denoising diffusion probabilistic models. In International
conference on machine learning, pages 8162-8171. PMLR.

Potaptchik, P., Azangulov, 1., and Deligiannidis, G. (2024). Linear convergence of diffusion models under
the manifold hypothesis. arXiv preprint arXiv:2410.09046.

Salimans, T. and Ho, J. (2022). Progressive distillation for fast sampling of diffusion models. In International
Conference on Learning Representations.

Sohl-Dickstein, J., Weiss, E., Maheswaranathan, N., and Ganguli, S. (2015). Deep unsupervised learning
using nonequilibrium thermodynamics. In International Conference on Machine Learning, pages 2256—
2265.

Song, J., Meng, C., and Ermon, S. (2020). Denoising diffusion implicit models. arXiv preprint
arXiw:2010.02502.

Song, Y., Dhariwal, P., Chen, M., and Sutskever, 1. (2023). Consistency models.

Song, Y., Sohl-Dickstein, J., Kingma, D. P., Kumar, A., Ermon, S., and Poole, B. (2021). Score-based
generative modeling through stochastic differential equations. International Conference on Learning Rep-
resentations.

Tang, J. and Yan, Y. (2025). Adaptivity and convergence of probability flow odes in diffusion generative
models. arXiv preprint arXiv:2501.18863.

Tang, W. and Zhao, H. (2024). Score-based diffusion models via stochastic differential equations—a technical
tutorial. arXiv preprint arXiv:2402.07487.

Wu, Y., Chen, Y., and Wei, Y. (2024). Stochastic runge-kutta methods: Provable acceleration of diffusion
models. arXiv preprint arXiw:2410.04760.

Xue, S., Yi, M., Luo, W., Zhang, S., Sun, J., Li, Z., and Ma, Z.-M. (2024). Sa-solver: Stochastic adams
solver for fast sampling of diffusion models. Advances in Neural Information Processing Systems, 36.

Yang, L., Zhang, Z., Song, Y., Hong, S., Xu, R., Zhao, Y., Zhang, W., Cui, B., and Yang, M.-H. (2023).
Diffusion models: A comprehensive survey of methods and applications. ACM Computing Surveys, 56(4):1—
39.

Zhang, Q. and Chen, Y. (2023). Fast sampling of diffusion models with exponential integrator. In Interna-
tional Conference on Learning Representations.

Zhao, W., Bai, L., Rao, Y., Zhou, J., and Lu, J. (2024). Unipc: A unified predictor-corrector framework for
fast sampling of diffusion models. Advances in Neural Information Processing Systems, 36.

Zheng, K., Lu, C., Chen, J., and Zhu, J. (2023). Dpm-solver-v3: Improved diffusion ode solver with empirical
model statistics. Advances in Neural Information Processing Systems, 36:55502-55542.

17



A Proof of Lemma 7

For 74_10 < 7 < Tt , we let ¥ denote the solution of (9) with the initial condition x

f(n) — l‘_(rr/wrl) _ xn,o o Z 'Yt'(TI)(]-_Tt ) 3/2 * ({E(n))
score, T \/1 — \/1 —Tio 0ok ) ti t,i
> a1 =70) P s, (@) = 87, (28]

0<i<K

Then one can derive

xS—'f,L-‘rl) x:/
V-1 J1-=7

(n+1)

(\/177'

th,o .’£:_/ €z

V1 —Tt70) a <¢1 —7 /1 T—Orto)

*

Tt,0 Lre0°

Z Yo (7 (1 = Tt’i)fs/Zsﬂ,i(x(Tﬁ)i) +/

srdr
— \3/2°T
0Tk o 2(1 —7)3/
D i T =700) 7 s, (20) = 57, (20)]
0<i<K
— * n Tl 1 * *
+ Z Yea (T (1 = 700) 7287, (2) = <—/T WST(xT)dT>
O<1<K t,0 ]
e T D il )1 = 7) 72 (53, (3, ) = 53, (21)
0<i<K
Tl 1
(Y] — )32 N
+ Z lyt’Z(T )(1 Ttﬂ) S:tt(x:—ti) ( /7— 2(1 _7-)3/2‘9:(‘%:)(17—) .
_O§2<K t,0 |
Furthermore, we make the observation that

836(77“)/\/1 — — I+ Z 1 ),3/2 837—“(-%‘5—7),) ax'rt)/\/l — Tt
- 7t 1 — Tt
Oro/ /1= T0 0<i<K 0z ) /T =71 0%, o //T = To0
dsy, (@) 0al) )T =7
=T+ > () (1= 7)) 732 1 (07) v/ %Tt o
0<i<K (9:137—t /\/1_Ttla$T10/ I_Tt ’
and
Oz /[V1I—T 7 1 Osk(zr) oxr/\/1—1
oxx,  /\/1— Tro o 2(1—=7)3/2 92x /\/T - 7 0x%,  /\/1 — Tto
Combining the previous two equations, we have
9a /ﬁ oxt, [NT—7
(9337-,0/ — Tt,0 8%,”0/,/177}70
(n) (n)
0t )1 — e D) Orni) T T
Jacob T oSk ax-(r:l)b /1 — Tei 81‘.,.“0/ 1-— T¢,0
+/T, 1 Osx(zr) oxr/\1—1
2(

1—7)3/2 922 /y/T =7 O, O/m
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Controlling estimation error caused by score estimation. Cauchy-Schwarz inequality tells us that

2
||5§;:L,Tf||§§< ST ()1 = ) 3 i?o)rmu&zi))

0<i<K

<K Z 'Vm Y1 —7¢4) SHSTt,i(x‘(Fz)i)_S:tl( ‘(r?)l ’2

0<i<K
<K 3 2K = 1021 = ) s () = 3, (@)
0<i<K
= D0 (@ =m0 (= 70) s (@) = 57, @) (61)
0<i<K
here, the penultimate line makes use of (23g) and the last line holds since K is a constant.
We claim that on the event &, for all 0 < n < N, we have
H ozl T =77 (628)
027, o/\/1 =Tt o
n 1
€5 7l < 7 (62Db)

If (62a) and (62b) hold, then on the event &, we have

n * (n) n
H5 n ||2 _ Z Vi, ( )(1 — Tt, ) 3/2< as‘rtl(xg—t?l) _ asTt (‘r"'t,i) ) axs’t,l/\/ 1- Tt,i 2
Jacob,T o 02 ) T=10; 028 )\ T= 702/ 0% /\/T=Ten
: Csya||_95m (@) ds3, (@80 (10250 T= 70 [\

< Z ’Yt,z‘(T )(1 - Tt,i) - (n) ) 1

0<i<K ﬁxn’i/,/ — Tt axﬂ’i/,/l — Tt xn,o/\/ — Tt,0
= < S i) (1) D5, (%)) 0sy (af)) )
- 0<i<K 7 7 85”(72/\/ L=, 8$(T??i/\/ 1=,

2

= ( Z V(7)1 _Ttﬁi)_lggzzobi,t,i(xs'j)i>>

0<i<K
Cauchy—Schwarz n n 2

S K Z ’Yt z 1 — Tt l) 2(Egac)obi,t,i(a:‘(l't,)i))
0<i<K
(23g) 3 n ) 2
S (T, - TtvO)Z(l - Ttvi) Q(ESagobi,t,i(xS'f,,)i))

0<i<K

Lemma 1 log T n " 2
SJ /2 Z 6_(Jac)ob| tz (Tt)z)) ’ (63)
0<i<K
Controlling discretization error. We claim that if — ( *) < dflogT for 6§ > cg, then for any interger

k > 0, there exists a constant c; > 0 depending only on k: such that

oF  sk(xr) dflogT ( dflogT g
Y _on\te) )«
’ otk (1—71)3/2||, — Ck (1 —7)3 (T(l - T)> ’ (642)
and
o 1 dst(xx)  Oxr/VI—7 ( dflog T > h (64b)
otk (1—7)3/2 0% /\/1 - T0x%, /1= Teoll T (1—-7) ’
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which we prove by induction at the end of this proof. Then Taylor’s Theorem together with the fact that
T=<mpand 1 —7x1—m7, forall 7/ <7 <7 tells us that

%,
V1i=7
x’;t 0 T 1 N
T EEa
¥ d(r' — 70.0)2log T [ d(re0 — 7)log T\ ™
t,0 z 1 _ 3/2 * * O 5 5
=Tt I e o R (e T )
(65)
and
Ox /V1—T

3$¢to/m
_I_ / 1 Osy(ax) 027 /VI—T1
- 0 2(1—7)3/2 3x;/\/ﬁ8x;to/\/7
0s* * 0 T—7, o K+1
=T+ Y )1 —70) 72 *ST’ ST AV O((W) )
0<i<K Oz, [\/T= 1073, /\/T= 70 (1=7)

(66)

Putting everything together. Combing (58), (65) and Lemma 3, one has

JUST/LJFI) %,
Vi—1 J1-7
Sleerlzt 32 huatl0 =705, (7, =, ()]
0<i<K
’T/ 1
(! _ o~ \—3/2 (n) 1
| 2 U= )T (@) - ( / 21— 1) s:<x:)dr>
0<i<K 40 ,
S ||§s(c7?re,w||2 + Z 2K (0 — 7)1 — 714 3/2“8” (27, ) — s;(x(T:‘)) |2
0<i<K
+0 d(7—/ — Tt,0)2 logT d(Tt,O _ T/) log T K
T -7 1)
< Z d(Tto -7 10gT xS?)L k|
~ T, 1 — Tt 1 — 7! \/1 —

0<i<K

d(r" = 70.0)2log T [ d(7e0 — ') log T\
+ ||£score o ”2 + O(\/ 7'/(1 - 7'/)3 7'/(1 — 7'/)

< dlog’T Try; Tei + ”5 40 dr'log® T (dlog*T K
A 0<i<K Vi—1 J1-7 score. /112 31 -1) T ’

Here, the second inequality makes use of (23g) and Lemma 1; the third inequality is valid due to Lemma
3; the last line holds because of Lemma 1. Recalling that K is a constant, we know there exists constants
C > 0 such that

dlog?T 2
ESC ( T > Z Hm(n)' _337'“

0<i<K

[EAR

(1 =T )||§score T/ ||2 +

dr'log® T [ dlog® T\ **
T2 T
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61 1 o 2 ,log? T (n) w2 o dr'log® T [ dlog? T\**
< ol =l + O T 3 (o)) O )
0<i<K
Then it follows by induction that, for all N’ > 1,
(N) 1 N 2log T (n) 2 2
||x'r/ —1‘ ! ’2 - 370?%%{”58 Tt,'iHQ +07' Z Z scoretz T‘)i))
0<n<N’' 0<i<K
dr'log® T [ dlog? T\ **
2 . 67
+20t e T (18 (67)

Recalling the definition of 27, . and x(f?),

Tt
_ * _ * (%
2 ||w7't,z‘ - th,OHZ - H/ ST(J; )dT
Tt,0

)l
dlogT _ . | dlogT _
5 (Tt’O—Tt’Kfl) ) = (at,1 —Oét) % = O— \/1—Oét \/dlog
—

Tt,K—1

Lemma 1 log T
¢ Sa 2c1 01% \/dlogT

for all 0 < i < k—1, provided that —log p,(z%) < dlogT for all 7, ,—1 <7 < 7;. As a consequence, as long
as N > CplogT for some large enough constant Cy > 0, one has

we invoke Lemma 3 to obtain

* _ (0)

Tt,i Tt,i

<m0 —7a)  sup |ls7(aF

|2
T, <T<T¢,0

/ 3 2 2K
22 — a2, H2 <or ,210g T DI o) x(”))) 4 3o dlog T<dlog T> . (69)

score t, z Tt,i T2 T
0<n<N 0<i<K

Similarly, (60), (62a), (66), Lemma 1 and Lemma 3 together imply that on &,
H ozt NI = T b VI T
027, o/\/1—Teo 5$¢w/w /1 —T 0

T O R R PG e MYV e TR () 0al) )T =T
~ Tto—T — Tt,i . - - — - -
0 t t a,’lj_l*_td/w /1 — Tt,i 8.]3%10/1 /1 — T¢,0 ams—t,)b/ /1 — Tt 61‘7170/\/ 1- Tt,0

d(ry0 —7')logT Kl
+ ||€Jacob T/ || + 0 ((7—/(17—/)

7. (27 x . OT —

N Z (reo—7)1 -7 Z,)73/2 0s7, L(xﬂ 1) ath /m B 8337“/\/177},1
0<i<K 7 7 aa::” amgo m 8337%0/\/@
03/ m ds, (a,.) o5t (o)

+ Z (Tt,() — T/)(]. — Tt,i)73/2

s, o/ VT=T0l| 0z, /N T=T0i 0250 ) T= 70,

d(ry0 —7')logT Kl
+ ||€Jacob ‘r’” +O<< 7—/(]_ 77'/)

= () )
S 3 (o= - g e T | ST S
stk owy, o/m 0%r, o/ /T~ Teo0

_ d3log® T ,
+ Y (o= 71— 7)Y T =7 g [EAE

0<i<K

K+1
(n) d(Tt’O 77'/) IOgT
e+ o (10

Tt,i
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B Y N N
r 0<i<K ath,o/m 8513:} O/m t,i t,i

dlog? T\ K+1
1+ 0 (FE) ),

where the last inequality holds since % < logT and 7,0 — 7' <X 70— T forall 1 <i< K.

The previous inequality combined with (63), (67) and (68) yields that on the event &,
H&‘xgﬂ)/m ox*, /1 -1
ath,O/\/l _Tt,O 8:6%0/\/1 — Tt’()

5$n,)i/\/1 -7, Ox :,1/\/1 — T ||?
027, o/\/1—Tt0 3:17;10/,/1—7',50

dBlog®T (1 0 P log T (]) 2
+ C T27-/ (3n+1 0222% HIL‘S_t)l - l’:_“ ||2 + C Z Z score t, z Tj,)q ))
- 0<j<n+10<i<K

27 4
<Cd10gTZ’

0<i<K

+2C

dr'log® T (d log? T) 2K
T2 T

log T n ) 2 dlog® T
T2 /2 Z E‘:Sagobl t, ’L S't)z)) + C( T
0<i<K
<Cd210g4T Z Hazg'?,)i/\/th,i oz :“/\/1—7},1 2
- T2 7, o/\/1—Tto O, /\/1—To

d®log® T 1 2dlog T ,210g T (])
+ O (Gid TE T v or Y Y ()’
0<j<n+10<i<K

)2K+2

0<i<K

/ 3 2 2K
+20d7 log T(dlog T) )

T2 T

log T n 2 dlog® T
™" Y (i @) +C<T

0<i< K

)2K+2

Repeating similar arguments as in (69) yields

‘ 8x(T],V)/\/1—T’ Oz V1T
0x7, o/\/1—Te0 33:;170/\/1 — Tto

Bloe” T n log2 T dlog® T
5 % Z (Egcc?re,t,i(m-(,—z)l.)) Og /2 Z EJacobl t z ‘(rzL)l))Q + <%

i,n

)2K+2. (71)

In addition, recognizing that (62a) implies

Haxw MW
85U7—t 0/\/

we have finished the proof of Lemma 7.

Proofs of (62a) and (62b). Assuming that the event & occurs, we will prove (62a) and (62b) by induction.

0
For the base case n = 0, since m(,) = I(n)z = Zr,,, We have

1 < 1—1oy < axn)/\/l_th . \/1_7-15,0[
~ 1—@“_ 81‘7}10/1/1—7}70 1—7,
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Moreover, it can be shown that on the event &,

g o (T/)(] )—3/2( 687t 1(£E(t)1) 58Tt’i(x7(t?i) ) ax(ot)l/ 1 >
tyi ;t,i 0 — T — T
E':ﬂ(t,)z/ Tt,i 8$T(t)i/ — Tt Bacn,o/ — Tt,0

sy, (20) sz, (21)) ‘

HgJacob T/ ” =

0<i<K

5 Z 2K(Tt70—7'/)(1—7't,i)71

0<i<K 890(7?) 31’(7?)
(23f) KoK . - logT T
T log T
<1, (72)

Therefore, (62a) and (62b) hold for n = 0. Supposing that (62a) and (62b) hold for n, we would like to show
that these two claims still hold for n + 1. In view of (59), one has

H 02 T =7
8%_’0/, /1 — Tt,O
(n)

provided that —rx,, (th 1) < dlogT. Here, the first inequality makes use of Lemma 3 and the second

dlogT

Tei(1— Te4)

0\ ) T—70s
—

<1+42K Z (te0—7")
0<i<K

||§Jacob,7” || 5

inequality holds due to the induction hypotheses (62a) and (62b) for n. Similarly, one has

8$(n+1 /\/ axﬂ /\/
6‘%7-?0/\/1—7}0 177‘

In addition, repeating a similar argument as in (72) yields

dlogT
>1_2K Z TtO / g

S I b
0<i<K Tt,i(l — T, z Jacob, 7’

n 1
eS| <

Jacob, 7’

N)M—l

Therefore, (62a) and (62b) hold for n 4 1, and consequently we have finished the proof.

Proof of Claims (64a) and (64b). It remains to verify (64a) and (64b). We let

ok sx(xr)

T T

WS B (= )

The score function can be expressed as

&L R N

(1—171)3/2 T(1—7)
_ 1 ) fzg px,(2o)px, |x0(\/ 1 -7z |20) (2 — T0)dT0 (73)
- or(1-1) fxo Px,(o)px. ‘XO(\/ﬁ:v | zo)dzo ’

where

1 —7)||lx — x|
(2777')[1/217}4)(0( /1—7x\x0):exp(—< )!T o||2)'

Then for sufficiently small §, we have

5:+6($:+5)
(1—7—6)3/2

=- ! - oo
N (T+5)(1—7‘—5)/$pX0|XT+5($O|xT+5)< — x0>d$0

0
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_ 1 Lrys . 33:— +/ D o ($0|JT* 6) L_Z‘O dzo
(TH+0)A—7—)\VI-—7-08 VI—7 Jy olFr VI

1 ) ar + Jay P20 (@0)Px, .y | xo (#7456 | 70) (\/% B mo) dzo
4+ -Tt-O\Vi—7t-056 Vi-71 fxopxo(:co)pyTMlXO(x‘;Jr&|x0)dx0
o 1 By _wr | JuPnlmors () em(d) (78 — o) dao
(T+0)(1-7=0) \VI-7-§ VI-7 Joy Pxo(0)P5 | x, (2% | 0) exp(A)dwo
_ 1 Tiis z* o Pxo 7. (w0 |27) exp(A) (7= — o) dao (74)
(t+)l—-7=-8) \Vi—-7-6 V1-7 fxopxﬂyT(mo|a:;)exp(A)da:0 ’

where

N Ot VT=T = moll3 (=7 = 8ot/ V=T =3~ woll} Z
' T T+ ot U

Here, the last equation of (74) makes use of the Bayes rule. We prove by induction that for any quantity
C > 2,

k
) , fork=0,1,.... K, (75a)

dflogT ( dflogT
[ukll2 < cx

T(l=7)\7(1-7)

_2( dflogT \* x . [dor1og T
log] < CkC2 e bl , fork=1,...,K, provided that HL —moH <5C &TOs” (75b)
T(1—71) V-1 2 1—7

For k = 0, we have

s
1 . x*
_ _ T _ d
7_(1_,7_) /mopX0|XT(x0|xT) <\/ﬁ xO) Zo ,
[ b oo | a
= — = (o _
7_(1 _ 7_) 0 pXo|XT 0|Lr \/ﬁ Zo Zo
1 T _
E T x|l | X, =a
w1=7) H’wl—f "l x}
Lcm<ma2 1 1 T p——
AT RV
dflogT
T(l—7)3"

Suppose that (75a) and (75b) hold for & < ky. We would like to prove (75a) and (75b) for k = ko + 1.
Recalling that

0 X 1 ()
— = — s (x
oT\/1—r1 2(1 —7)3/277 7
we have
k * k—1
0 o 0 1 5 (27).
otk /1—71 OTh=12(1 —7)3/2 7T

Then we know from Taylor expansion that

71 153
Vi—-7-90 \/1—7'_ 2

?r‘oﬂ
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Furthermore, it is straightforward to verify that

1

(t+8)(1—7—-08) 7(1—71) Z‘Sk [(1=m)= = (=07, (76)
and
(1—7 =82t s/V1—7—0— 03

T4+0

*
x‘r-i—é

) e+ - =,
N VI-r-6 Vil

(1
(-2t ) (s -l - G- il el

(77)
Then we immediately have
= ok - _k_1]l =X 2 11—-7/ xI T
5 5 [t - - A )
k—1
xk T _e1 1 11—7 1
-f—(\/ﬁ xo) ;::1(7) (k—ﬁ)uk51+4r ;Z'k g)UEIUkél
k—2k—1—¢
- Z ( T)_Z_lujlukfj1:|5k
(=1 j=1 k éi]

for sufficiently small § > 0. Comparing the coefficients of 6*o*1 on both sides and making use of the induction
assumption, one has

*

xT
vi-—1

1—71

xr u
B, S

|v/€0+1| < T_ko

2
—on +

—£—1 1

+H/7 wl, Z (ko 11— g)1 o
ko—1ko—¢

—=1,, _
T Zelk0+1_ e “‘kol*;; k;0+1—£ T ket

< k0€2d9710gT 1,7-7 [dOTlogT | dOlogT dﬁlogT
~T 1—7 1—7 T(1—71)3 1—7'
/d@TlogTZ d0logT [ dflogT \™ "
1—7 T(1=7)3\7(1—71)

1—72 delogT (d&bﬂ)“ dflog T (delogT)’“O“

7(1—7) T(1—=7)3\7(1—7)
. ’“Ozl ’“OZ‘ dt9 logT (d0logT\’™" | d9logT (dologT \* 7
—
= = —7)PB\r(1l-7) T(1=7)3\7(1-7)
Fo+1
< dflogT
~ T(1—7) ’
provided that || \/% <5C,/ dgzlfofT. Therefore, we have verified (75b) for k = ko + 1.
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Then, we prove that (75a) holds for k = ko + 1. We let e® =: o %wk =10 %wk(xo) denote the
Taylor expansion of e®. Then one can show that wg = 1 and for all 1 < k < ko + 1,

k k
! _ok [ dflogT
DD D e LR 502k<0g> ; (78)

| _
£:1j1+___+j[:k31- Je: (1 —7)

provided that || \/% — @o|]2 < 5C/ ¥rloeT
We define

d xx [dOTlog T
= : — < - -
Co {’JCQGR H\/ﬁ 330”2_507 T s
drlogT ol dftlogT
Cr=dmp e RY: 5. 2010, | 27108 <H Ty —:cOH <52 | FBE N k>
1—7 V-7 2 1—7

where ¢7 is a sufficiently large constant. Let ay (resp. by) denote the k-th order derivative

68—; fxo Px, %, (%o |27) exp(A)(\/% — x0)dxg (resp. % fxo Px,|x, (%o |27) exp(A)dzo). Then for 0 < k <
kO + 1a

|wg| =

*
:L‘T

ot -
l|al|2 /xOpXOXT(a:oMT)(m :co)wk 7o),

o0

x*
= Py 1% (To] x*)( T — m0>w;€dx0H
gloecz XOlXT T \/1 — T 2

x*

+ (zo|zX (;fx)wd:c H
[ e o o019 (G =t

*

B, e ol s

IN

< sup

*

T
< 7—on w2
s ||l = Ml

= Tr [dOTlogT | —
+ P H T fXH < 5.2 7’X7:x: su
; < v1—1 0 2 ! 1—-7 zoelgz
() [d07log T dolog T \ "
< .2k
S ber 1-r (7’(1—7’))
= dftlogT dflogT §

7225 2d01 T .25 e ‘25 2k [ ¥V Mo 4
+;exp( 2dflogT) - 2°c7y f T (5-2%) =
[d071og T [ dlog T \* & /o [d0710g T [ d9log T \*

< —2%c2dflog T

~ 1—7 (7’(1—7)) —l—gexp( cravio8 ) 1—7 T(1—7)
_ [dorlogT ( dflogT \*

- 1—7 T(l—71)) "

and more specifically,

:L,*
e = o] nle
v1i—1T1 2

x*

m*
agp = ~ (zo| zX T_ — 20 Jwedzy = ~ (x 33*( T —x)dx.
0 /Q:UPXOIXT( of T>(\/ﬁ 0) 0dZo /azopXMXT( olzy) Vi 0 0

Here, () is valid due to Lemma 2 and (78). Similarly, for all 1 < k < kg + 1, one can show that

dflog T

k
1<k< 1.
7(17'))’ VIS k< kot

bop=1, and |bg| S (
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We denote by

*

ak fxo ng |Y, (l‘o | 33:_) eXp(A)(\/% - xo)dxo
ork fxo Px, %, (@0 |25) exp(A)dzg

I*
o Pxg | 5, (w0 | 22) exp(A) (5= —0) dao
Jao Pxo 1 X, (@o [ 23) exp(A)dzo

dk =

the k-th derivative of - . Then one can easily verify that

*

* :Z:T
do = / Pxy %, (%o zT)(\/T—T - fo)dwo, (79a)

[d0710g T [ dflog T \ "
| = |ak_zd£bk )< T_og (T(l(igT)> , forall0 <k <ky+1. (79Db)

Now, we are ready to prove (75b) for ¢t = tg + 1. In view of (74) and (73), one has

ﬁu _ STs(@hs)  si(})
BT (= =03 (1-1)3
_ 1 @ik o Pxo %, (w0 |27) exp(A) (7= — o) dao
Croi-r—0 \Vicr=5 vI_r T o 5. (@0 | 22) exp(B) o
1
+ m /IO Px, | X, (zo | V1 —72)(x — 20)d20
1 = % 1 JRN 1
= — _— 1 — — (— — —_ — —_—
<T(1—T)+Z_:6 [( 7) (=) )( ngk Z dk 1—T)d0
k
Up—1 — 2dy, 1 ——17 2dk—g —Uk—1—1 | o
- - - Ot T k=1L ) sk
Z( 1-7) 2k +Z§[( ™) (=7 s )° (80)
By virtue of the induction hypothesis (75a) for 1 < k < kg and (79b), we have
ko+1
T N e I
[Ukgt1] = P ( 5 dko+1) + z_: [(=7) (I—1) ]Q(ko T1-0) (2dkg+1-0 — Uko—r)
1 dflogT [ dflogT + dorlog T [ dOlog T\ *o™™
~r(l-1) T(1=7)p3\7(1-7) 1—7 T(1—1)

N ’““il 1 [d0rlog T [ d0log T \ Foti~* | [d0logT (dflogT ko=
— [7(1 — 7))+t 1—7 \7(1—-17) T(1=7)3\7(1-7)

dologT [ dflogT \ "™
T(1—=7)3\7(1-17) ’

which has finished the proof of the induction step. Therefore, we have verified Claim (64a).

Claim (64b) can be proved by using similar arguments. We omit the details here for the sake of brevity.
B Proofs of technical lemmas
B.1 Proof of Lemma 1

Equations (23a) - (23e) follow directly from Li et al. (2024c, (26a) - (26¢)).

Proof of (23f). For any 2 <t <T,0 <iy,is,i3,i4 < K — 1, one has

Tris(1— 7o) |~ Tem1 (1 —70) @ (l—@—1) ol —ay - T B T

Tty — Ttis To — Tek—1  Og—1 — O 11— (23a) azd (23b) 5. 4erlogT  8cplogT
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Proof of (23g). By virtue of (15), one has

v,i(7e,)] < (70— Te5)  sup [gu(7)].

TE[Te, kK —1,T¢,0]

We observe that

< 2K,

V= su [Liz (K —1—i"—n) (K —-1)! (K -1
0 N [l =) - (DN <LK2_1J>

TE[Ts, Kk —1,T¢,0) nel0,K—1]

Putting the previous two inequalities together, we have completed the proof of (23g).

Proof of (23h). Forall 0 <i< K —1,2<t¢<T, one has
ar=1-no<1l-7;<1l-mxg1=0-1 and 11— 1=7x-1<7;<Tr0=1—0.
Therefore, it suffices to show that
ap < Q1 and 11—y 1 <1 —ay,

which are direct consequences of (23a) and (23c), respectively.

B.2 Proof of Lemma 3

Elementary calculations reveal that

V1ii—T
T

Is7 (@), =

/ Px, %, (7o |2) (\/lx—T —!E0> dzg

V-1 T
/pX0|X (2o | ) Vil dg
E H Xo X.,—SC:|
v 2

which has finished the proof of (27a).
Turning to (27b), by virtue of (24) and (25b) in Li et al. (2024c), we have

Osy(zr)
or

We make the observation that
HCov (YT —V1-7X0 | X, = x)” < HE {(33 -1 —TXO) (aﬁ -1 —7'X0)—r | X, = x] H

<E[[le - vVI=7X[|; | X = 2]
< db-(x)TlogT.

1 1 — ~
Iy + —Cov (X, —VI-7Xo | X, =1). (81)
T T

Here, the last line holds due to Lemma 2. Then we immediately have

x 11 log T
Osi@) | < Lt L g (wyriogT = 20r(@)1osT
ox T T2 T

Eqn. (28) follows by an argument similar to that of Li and Cai (2024, Claim (89)); we omit the details
for brevity.
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B.3 Proof of Lemma 4

We let J, denote the Jacobian matrix

0 st(vV1—r1z
J.(V1—72) = 833(5 . 7)3/2)

__ 1 Id+T—12(IE[(x—XO)(x—XO)T|YT:\/1—7'$]

7(1—7)
—E[m—Xo ’YT = —\/1—T$]E[$—X0 ’YT :\/1—TJU]T). (82)

We define
—logpx , (z7/)

0 = sup —_— T < 0.
7|7 =7 <coT(1-7) legT

By virtue of Lemma 2, we have
d 1 =

tr (Jr(z2)) < a9 + (1= 7_)tr (E[(zF — V1 —1X0) (2t —V1— 7Xo)" | X, =a%])

— d 1 * 2 N %
=it EaA® [[l25 = VT=7Xo|[; | Xr = %]
d 120 120
< - 0'drlogT < 0'dlog T. 83
- T(1—7)+7’2(1—T) T8 —r(1-71) o8 (83)
In addition, (9)tells us that
0 Oxr/V1—-1 0 oxr/\/1—1

or dz%, V1 —7 O, /N1—1  Or

- myiﬁ <_2(1 17)3/2S¢($:)>
0 ( L o *)> dat/VI—7

- ozt [v1—1 201 - 7)3/2ST o oxk, [vV1—1
1 V1 —
=——J, (z*) &57/77 (84)
2 Oxr, /1 -1
Applying Jacobi’s formula
d B _, dA(®)
= det A(t) = (det A(t)) - tr <A(t) g
yields
9 et ( ozr)VI—7 ) et ( ozt VI —7 ) o ( ozr VI —7 )1 9 dur/VI-T
or oxr, V1 —7) oxx, [V1 =1 oxx, N1 =1 ot dz*, [NV1—1'
1 /1 —
= —Ztr (J, (22)) det (WT) . (85)
2 oxr, [vV1—1
By solving this equation, we know that
ax:w/ V 1—7" 1 ™ *
det <W> = exp <2 /I_, tr (J-,— (IT)) d7'> (86)
for all 7/, 7”. In view of (83) and (85), one has
d PX_, /vi= (23 /V1=1) d Ozt /1 —71 1 .
- lo " — = 7? log det A = = itr (JT/ (fl;,,_/)) . (87)
dr Px. )yisF (z2/V1—7) T 0xs/V1—7
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Moreover, recognizing that for all |7/ — 7| < ¢o7(1 — 7),

1 1 (7" =) (1 =7 —7)] < coT(1—7) B co

T’(l*T’)_;(lf?) o r7A-)7T(1-7) —rA-7)71-7) TQA-1)

we have

1 < 1 1 < 2
T7(1—7) " 1—co7(1—-7) — 7(1—-7)"

Combining (83), (87) and the previous inequality gives us

—logpx, = (€3 VT =) < —logpx ) yr=s (12/VT = 7) + |7 — Fl—r——0'dlog T.

( )
Furthermore, by noting that p%_, s—(27/vV1—7) = (1 - T)d/prT (x%), we have

! . 120
— —T|————0'dlogT
—T>+|T T|7‘(1—7’) o8

1
—logpx ,(27/) < —logpx, (x%) + dlog < .
7" — 7|

< —logps_(2%) +d g — Ty 60cot’ dlog T
7 -7

< 0dlog T + codt + 60cof’'dlog T

1
< 6OdlogT + Eﬂldlog T,

provided that |7" — 7| < ¢o7(1 — 7). Here, the second inequality makes use of log(1 + z) < x. Recalling the
definition of &', we know that

1
'dlogT = sup —logpx , (2) < 0dlogT + iﬁldlog T,

7|7 —T|<coT(1-7)

which implies

Therefore, for all |7/ — 7| < ¢o7(1 — 7), we have
—logpx ,(x7,) < 20dlogT,
which has finished the proof of Lemma 4.

B.4 Proof of Lemma 6

In addition, elementary calculations show that

p\/(TtXt—l(V atmt—l) _ / » (Z‘ ‘\/OTJZ* )eXp ( ”xt—l - \/at—leH% B Hx;—l - \/at—ll'OH%)dm
— o Xi— 0 tbt— - — 0
p\/on,Xf,_l(vatxffl) zo XolvoXi =1 2(1 —Oltfl)
We define v := 41 — z}_;. Then we have
Pyaix, s (Vouze-1) / N ( Julld +2u’ (274 — \/at_lxo)>
= p @i X1 (Zolv/ouxi_1)exp | — — dz
p\/aT,Xf,_l( /iatxgil) 2 Xo | VarX 1( 0‘ tly 1) 2(1 _ atfl) 0
ull3 u' (z7_y — V/@—1w9)
:eXP<— 21 —ar 1)> PXo | varXe s (Tolv/auri_ 1)exp( T2, )dxo
[[ull3 ) u' (27, a—1Xo)
<o (- gy ) o (-
= oxp ( 20—a)/) |7P 1—a, .
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Sexp(—

2 o —Var 1 X

2(1 —@—1) 1—a;
By virtue of Lemma 2, one has

Y= Va1 X
oy (Lol VTN | x|

1—-a; 4

0o * — Ja X
:/ IP,<exp<||u||2||96t_1 VA o||2) o ’ X, It*_1> dw
0 1—ay
> ullo||xf_1 — var—1X
_ 1+/ P(exp(l l[2/l27_4 VA 0||2) o w ‘ X, :x;1> dw
1 1—a;
=T [ el — f———
1 + . eVi—®-1 Jl—iﬁp (”.’E:_l — at_lXOHQ > 1-— Qp—1v Xt_l = l':_1> dv

[[u]|2 <||U||2 : 5C5v06d10gT> /°° ler ully w2
<1+ 5es5v/cgdlogT - ——— exp — + eviTot-1 —— =7 2B du
° ¢ & I—a % I—ai 5¢c5v/cgdlog T \% -t

. dlogT
<1+ 5esv/cedlogT - lul> exp(”uH2 5C5W>
-1

1 — O V1 — Q1
o 25lul3 \ [ (v — g’
u|2 ul|3 / ( 2/1—a; 1 )
+ — ex — ex — dv
VI p<4(1at_1)> P 25
[l <||U||2'5C5\/66d10gT> [[ull2 ( 25]ul3 )

=14 5cs54/cedlogT - —— ex — +O5V2T——exp | ———

5 6 & \/1 — O P RV 1— (o) \/1 — O P 4(1 — O[tfl)

o (O M= = 3ialB | [dlecs i [310s T )
l—Oét_l l_at—l

where the last line holds since 1 + aexp(b) + cexp(d) < (1 + a + ¢) exp(max{b,d}) < exp(a + b+ ¢+ d) for
all a,b,¢,d > 0. Combining (88) and the previous inequality, we have ﬁnished the proof of (33).

0¢(w))

In addition, we make the reservation that p¢(y)(¢(x)) = det( py (z). Then we can write

Pyayi, (Vaw) P 1( Vo= 1)
* - 1
pyayy, (Vowri_y) Pvy, (\/7 )
vy (e )/ =Y vi (775 ®r0)
Jiﬁ,oixw,o m =1 m tK 1 ! o v
= 1 1 *
pmyﬁl(\/ﬁxt 1)/p\/;Yt(1—n,0xn,o)
d t(axim 1/m>/d t(axﬁll/m)
= de S
NN TN
det Tt,K_1/m _ det 5'11\]1( MW
895%0/\/1*7”) 0wz, o/+/1=Tt0
det 0z /\/1=Te k1
0wy, o/\/1-Te,0

We know from Ipsen and Rehman (2008, Corollary 2.14) that
det :tK A _ det O '("JtV)K VAT
Tto/\/l Tt,0 ath,O/\/l—Ttyo
det( (TZRK /AN I=Te k- 1>

8%0/\/1 0
TtK 1/\/1_7}7}{*1 61‘7?1{ 1/\/1_TtK 1

89075\];1 V= Tk
0%, o/\/1 =Tt o0 axito/w/l—n,o 0%7, o/\/1—Tio
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—1 oxr*

Tt,K—l/ V 1- Tt,K—1 _ 8{'6'(’—?,[})(71/\/ 1- Tt,K—1
837:},0/ V 1- Tt,0 ath,O/\/ 1- Tt,0

—1
azs_ql(_l /A/1—=Tt, k-1
8:1:”’0/\/1771,0

895(75,\,];)@1/\/ 1— 7 x—1
8$T¢,o/’ / 1-— Tt,O

)-1

< exp <d‘

<1

~

The previous two inequalities together tell us that (34) holds if

B.5 Proof of Lemma 8

We prove Lemma 8 by induction. For notational convenience, we let 6; := OTtyo(x(T?’)i). Recalling that

x} is the solution of ODE (9) at 7 with the initial condition z7, = = ¥, ,, we know from Lemma 4 that

—logpx. (xx) <204dlogT for all Ty g1 <7 <T74p. Forall A e [O,Yl]7 one can derive

(0)
rx,, (Awrl + (1 =Na7, ) e (-l B . TG, Ty
= exp Px, X, , (Zol], ;) exp T
. ,

rx, (z5,,) 27 Tti

Tt,i

> exp

(_nua)EleXp<_||u||2||x;,i—¢1—*mxo2) P ]

27y 4 Tt,i b T

where u = A(m(T?) — 2 ). In view of (89) and Jensen’s inequality, we know that

Tt,i
(Ml = VIZroley ]

E |ex

Tt,i
Tt,i !

ullo||lzr  — /1 — 1, X _
. (E [exp(ﬂ l2llz7, . — v/ t, 0||2) ‘Xm _

-

Tt,z Tt,i
> exp -0 HxS'?)L - ‘/'C:'t,i ; + dHfES—?)1 - (E;ﬁtl z]OgT
Tt,d Tt,i
>exp | —O HI(T?) *793;,,71 E n \/dHI(T?) - x}lH; log T
l—ai 1—1

where the last line makes use of 1 — @;_1 =< 7¢;. By virtue of (68), one has

1 ——

The previous two inequalities together with Lemma 1 and (33) imply that

l#0, —%, ll, S Temr (1 =)

(0 .
rx,,  (Aon) + (1= Nag, ) 0,dlog® T /Bdlog? T VOidlog? T
log : =0 + =0 —— ).

rx., (@7,,) 72 T T

Therefore, for any ¢ and A € [0, 1], we have

“logpy, (A + (1Nt ) < 2.1d6; log T. (91)

Ty
i t,i

Then Lemma 3 tells us that
df;logT
55, (A2 + (1= Nar )| S /58S, W<i<K -1 (92)
:, , i T
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We define

w™ = L =70 (n)
t,l - 1— T ‘:ET{,J', - th,U
5T

=VI=T0 >, i) (L= 705) "% s, (2l771).

0<j<K
For n = 1, recognizing that
1-— )
S OX L T meXe+ A =700)Ti 7 here 7 ~ N(0, 1),

1 77},2 1 77}7,'

one can apply the Bayesian rule to derive

1-— Tt70 (1)
P a—
p\/ Tt X (V L=, ™
1-— Tt 0 (1)
= | pxo(xo)p e \[ T, s | @0 | d2o
/a:o o(0) 17713 Xy i [ Xo ( 1=, e

1— Tf() 1 2
1 =7 n7 — /1 = Tt,0%0 )

= x, (To) exp _ dzo
/ﬂco ’ (271-4(1 1Tf ,0)Tt, 1>d/2 2%
Tt,i
1
/ (20) 1 H\/ '(rt)1 \/1—Tt0$oH .
= Pxo(To exp Zo
U (an rain ) 2“1%
177}@ 4
2
1 ||£C7—t,0 — \/1—7}’0‘%0“2
=/, pxo(®o) (A—re0)me: \ V2 AT 270
T6,0)Tt,i ,
0 (2ﬂ%>
2 2
Cex (o = i) |0 = /T = Trool, | ||y + 2(uf) o = /T = Tr0m0) da
P 2(1 = 74,0)7,0Tt,i 2(1—1ﬂ770)ﬂ o
— Tt

Therefore, we can rewrite

[1-T¢0 (1)

p 17715,0? ( 1— T“xnz
\/ T=7p Tt
t,i ,

pX,.t,O (‘Tﬂ,o)
1 / 1 _TtO (1)
= Px, (T0)p — 2o | dzg
]:XTto(xT'O) X0 ’ 11 .,.iUXr,' < ]-*7_251 Ttl

d/2
(A =T)Te0
- ((1_7}0)7“ - pX0|XTt10(330 | Tr, o)

(1= 7 oy = VTl ol 20— T=0m) |
- - 0

2(1 = 71,0)72,07t 9 (1=Tr.0)7e.i

lth,i
d T Tt Teo — Tt.d 2
1 + = t,0 — Tt2 + O d2 < t,0 t,2 >
( 2(1 —m0)7y (1 —Te,0)7Te:

| b, @olon)
o ’

- exp
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(0= 7)oy — T Tmoll2 [ 200, — T i)

. dzg.
<P 2(1 — T4,0)T,0Tt,i 2(11”# o
(93)
By virtue of (92), we can derive
“m ( \/1—7't0/ WT( )dT)
2
= VT=70| D i) (1 =75) 7 (sr,,@0) =52, (@0)
0<j<K
Z ) (1 =705) "% %8, (a3, ) — | — Tlil *(zX)dr
77‘3 ti) tJ T, Tt o o2(1 - )3/2 St
0<j<k t,0 9
<SVI=70 Y @)l (U =70) 72 |sr,, (@0) = 82, (@9)]]
0<j<K
_ X T
VT s =) #s, e ) = (- [ g sitena)|
0<j<K t,0
< 2 (o= ma)(1 = 7i0) " sn, (2)) = 57, @)
0<j<K
dO:(7e,i — Te 0 210gT<d9t(Tt0 —Tti)logT)K
+1-T ’ ’
to\/ T0(1 — 74 0)3 Te,0(1 — T o)
_ TologT 0 d0yri0log® T (df,log? T\
~ T Z HSTt,j(In,j) - Sn,J( Tt] ||2 T2 T
0<j<K
TiologT © 2 [doiriolog T (df,log> T\
S T \/KZ scoretz(‘th,i)) + )112 ( T )
TtologT O Lo by 010g> T ([ df,log? T\ ™
== \/Z scoretz L1y ) + )1w2 ( T ) . (94)

Here, the fourth line makes use of (23g), (23h), (64a) and Taylor’s Theorem; the fifth line holds due to (23f);
the fifth line comes from Cauchy-Schwarz inequality and the last line is valid since K is a constant. By

virtue of Lemmas 1, 3 and 4, one has
db;log T
\/ﬁ Te,0 — Tt dbslog T
t’02(1 —Tt70)3/2 Tt70

= T T TN a0 log T (95)

2(1 — Tt,O)Tt,O

\/ Te,0d0¢ 1og3 T

A

N 96
R, (96)
Combining the previous two inequalities, we obtain
3
! \ 7t0d01og" T 7y 5 log T 0 0) 2
||u( )||2 ~ T + T Z ( icgre,t z(x‘("t)L)) ‘ (97)
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We denote

EPPR = {xg ¢ |7, — /1 — Trowoll2 < 56/dO;miolog T}, £=1,2,...

ical
Then for any zo € £,""'°*, we have

2
(Te,0 — Tei) ||$n,o —/1- Tt,o»’lﬂoH2 < 2502 (Tt,0 — T¢,i)db log T Lcmgla 1 2 do, log2 T

2(1 — 74,0) 7,07t - 2 (1 —Te0)7m ~ T ) (98)
H“Sz)H; + 2<u1(511)’x7'f 0oV 1- Tt,0x0>
) (1 1Tt O)Tt i
H (1)”2 + QHU(I) Wl T o = /1= Te070ll2
2(1*Tt,0)‘rt,i
1—7¢4
(97) and Lemma 1 g 160® T 7, g log? T o dflog® T
S : T2 0 T2 Z (5£23,—e t z(xS'?)7)) + E%
(y/d@trtolog T (O) 9
Z score t, z Ly 1))
04/ dOyT, log T
gdetlog T tTt,0 \/Z Score“ .'177—,7>)2- (99)
Combining the previous two inequalities and the fact exp(—z) = 1 — z + O(2?), we know that for any
T € €;ypical’
(=) o~ Tl DI 20,2~ T )
P 2(1 — 74,0) 7,07t 2%
(o= 7)o, = VI eowolly [l |l + 2(uf? @ — T Ti0m0)
N 2(1 — 7,0)T0Te 2%
d?0?log* T db;7:0log® T
+0 ( et ) (eifzre,t,xx%?i)f)
B (Te,0 — i) Hﬂﬁn,o - mxonz B 2<U§11),Ir, o — /1= Te0%0)
= 2(1 —_ Tt,O)Tt,OTt,i 2(1173%
d?021og* T db;7i0log® T (0) (0) 1\ 2
+ O T2 + T2 Z (Escore,t,i (x‘rt,i>) I (100)
and for any zg € 5;ypical,
(Te0 — T ||$n,o — /1= Tt70xo||§ Huglz) Hz + 2<u£}i), Trp — /1= T0T0) < 10 101
B 2(1 — Tt,O)Tt,OTt,i B 2% - t ( )
—Tt,i

We make the observation that

| i, @l
o ’
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(0= ) rry — T Tgoll2 [l 200 v, — T i)

s 2(1 = 74,0)Te,0Te,i 2%
- / cgoical pXO |Y7’t,0 (1’0 | th'O)
To€ES
2
. (1.0 = 724) |70 — /1T = Tr0mol[,  ||u (1)”2 +2(ul s, — /T— Teoto) .
cexp | — _ -
P 2(1 — 74,0)T,07t, 2% 0
> Py o (701 77,0)
; $0€g;ypical\gzyfiial XO|XTt,O 0
2 2
ex — (Tt’o _ Tt’i) Hx“" — mxouz . Hui,lz)HQ + 2<u1§11)7x7't oV 1- 7't,0x0> dz
P 2(1 = 74.0) 7,07t 2% 0
(100) and (101)
= ' IpXO\YT O(x0|x‘rt,o)
T eg;yplca t,
2
(Tt’o - Tt”i) |’m7t,0 - meHQ 2<U§11),l’7-t 0~ \/1— Tt70I0> d
o - T
2(1 — 74,0) 7,07t 2% 0
d202log* T dO;70log® T 0 o) 2
+0 < tT2 + T2 Z (‘?gcgre,t,i(gjs—tz))
+ o (Z/ . ] pXo | X (Io ‘ x"’t,o)dxo + €Xp (zdet)> (102)
. egtyplcal\gtyplcal Tt,0
(=3 7 T0=Cy -1
2
(94) and Lemma 2/ pe 1w (xolam) [1- (71,0 = 71,0) |27 — /T = T0%0] o
xoEEYP XolXrio o 2(1 — 74,0)Te,07¢,i
2(—/T—7p n(; " T)ws L(x)dr, zr,, — /T — Tt’0$0>d
; /zoeggypiq pXO IYU,O (IO | ajn’o) 2 (14171—_;)7'1 i Zo
K
7¢,0 log T (0) (0) 1y 2 dbite 0 log® T [ df;log® T doy ologT
M o ( T \/Z <€Score’t7i(l’n,i)) - T2 T (1—7¢,0)Te,i
d?0?log* T d;my0log® T ©) o)
+0 T2 + ’Tz Z (Escore,t e Tz, ) +0 ZGXP (¢ —1)%dflog T) - exp (£dby) | .
i
(103)

Furthermore, (96), (98), (99) and Lemma 2 together imply that
RHS of (103)
2
(Tt,O - Tt,i) fzo Px, ‘Xﬂ:,o (IO | I‘Ft,o) ||11T1,‘0 WV 1- Tt70170||2 d:EO

2(1 — Tt O)Tt,OTt,i

2< Vi 1- Tt,0 Ttol 2(1— 7)3/2 -r( :—)dT fzo Px, \f ($0 | xn‘o)(xn,o Y 1- 7't,O‘TO)dx0>

(1 Tt, o)Tt i
2 1—7¢ 4

- / apical D X0 | X ry (o th'O)de
xongYP s

N >0 / (Te,0 — Tei) Hxn,u —/1- Tt,oonzdxo

p X Zo | Tr
=g J o\ X°|X”’°( |#r.0) 2(1 = 74,0)Te,07¢.i
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<H Vizra [ et

2

00 1) (1)
H ( || +2(ug ) @7, o — /T =T 0%0)
ez: /xoegtypica'\gtyfca' Px, |Yﬂ,10 (1'0 | Tr,, 0 2 i2tTe0 dzg

1—7¢,0)7Tt,i
— 9l ,0)

1—7¢ 4
Lo d292 log T w/thTtolog T\/Z (0) (0)

score,t, z Tt L))

(Tt0 = 7)oy Pxo | %

2
o (wo |27, ,) ||th10 —/1- Tt,0170||2 dzo
2(1 = 7,0)7t,07¢,i
2( — m[:o ms;(xj)dﬂ Jao Pxy B (20| Try o) (@ o — /1 — Tt,000)dz0)

2 (1=7¢,0)Tt,4

1—7¢ 4
Lo d20210g T W/CmtTtOlOg T\/Z

2
scoretz Ly 7,)) . (104)

In addition, one can show that

H2\/ no/ 75*@*)(1 ~ 0T Thig

1—7’ 327 1—7, S"'t‘o(fﬂ,o)

)

2

HM‘—/ (z=eiten) ~ gt Ja

2(1 — Tt,0)3/2 Tt,0 Tt,0

T0 — Teio 0 — Tii
* ( 1—m, 1 Tt0 > HS:t,o (mTt,O)HQ
Tt,0 dat logT d@t logT (Tt 0—Tt i)2 d&t logT
<2,1— B ] ] | |
~ m/n,i (0 =) T/eb[}rl,l')rt,o] \/ET'“ —7') T+ (1 —=74) (1 —70) Tt,0

4320} 10> 2 T 700 — 7o 7m0 — Ti |dO;log T
S V1 =Te0(Te0 — T64)? ¢ + = LA i
oo = 7t:) T%Q(l — T1,0)%/2 l—7; 1—mp Tt,0

RO g T o120 log? 2 T
T,

2

_ 12 @0 og" 2T
T2 t,0 T2 ~Tt0 #

Here, the third line is valid due to (64a) and Lemma 3; the penultimate line and the last line result from
Lemma 1. Then we have

‘< =21 =m0 [[1) samyrsi(@i)dr — 0T, (2r,0) [, Px, 1%r, o (@0 | 7o) (@70 = /1= Tt,olfo)d$0>’

2 (I=7¢,0) Tt

1—7¢ 4

— Tt o _ Tt,0 Tt ok
Lemg]a 1 H2m i o2(1- 7)3/28 (LE )dT 8
~Y

R no(xno Hz

Tt,0

’ H Px, 1 X+, (LC() | mTt,o)(xﬂ,o -V 1- Tt,UxO)deHQ
xo ’

1/2.d3/293/2 10g7/2 T
Lemgw 27T, é ”Tigog -/ 0idTe o log T
Y
Tt,0
_ d?0?log' T
=

(105)
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Combining (103), (104) and (105), one has

| i@l
o ’
(10,0 = Ttd) ||Treo — VI — Tt,oonz ||u(1)H2 2(ul), 7,y — /T~ Trot0)

rexp | - - d
P 2(1 = 74.0) 7,07t 9 (1=7e.0)7e.i To

(Tt,o - Ttyi) fgco Px, | X 0 (xo | mTt,o) Hwﬂ,o -V 1 - Tt»oxOHQ dzo
2(1 = 74,0)Te,0Tei

<Tt10 T:tl - S:t 0 :C'f'f 0 fxo Px, | X, (IO |‘T‘Ft,0)('r‘rt,o Y, 1- Tt70$0)dx0>

(1 T4,0)Tt,i
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Equation (93) together with the previous inequality and Lemma 1 implies that

Pv (0) \\2
Xrio (xﬂ 0> B T 10 T2 65C0l’e,t,z(x7't,i))
(106)

( T (1))
X
T 0= 1—7 . PRt
\/i e X e " _ derdlogT Lo d?0? log* T N Vb, 1og3T\/Z( 0)
T

g

Similarly, for any A € [0, 1], one has

1—7¢, * (1)
1—Tt,oyTt ) ( 1—‘rt: (AITM + (1 - >‘)th 1))

1—7¢ 4

pY (x‘l't,o)

Tt,0

— score,t 1 Ty

< Cuo db, 1og T E\/d@t log T\/z 20 ))2 (107)

Repeating similar arguments and using induction yields that foral 0 <n < N -1, 0<i< K — 1,

—logpx ()\a:(”H) + (1= N3, ) <2.1d0;logT, (108a)

Tt

1—7¢0 (n+1)
1/1 oY, ( e U7 ) 2092
o X < 4cidlogT + Cuo d?63 1og T d9t10g T\/Z

. (Tr,) - T

Tt,0

2
score,t 1 Tf i ))

(108b)
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B.6 Proof of Lemma 9

We prove Lemma 9 by contradiction. Suppose that there exists ¢ € [1,7(z7)) such that —logge(xs) >
2cgdlogT. We let 1 < t < ¢ denote the smallest time step satisfying

lo x
0 (xy) = max{%,cﬁ} > 2cg. (109)

Since — log q;(x¢) < ¢gdlog T, we have
O (xt) > 2601 (21). (110)
Morevoer, by repeating similar arguments as in Li et al. (2024c, Eqn. (129)), one can derive
O1(x1),...,0:(xs) € [cq, 4cq). (111)
By virtue of Lemma 8, for any 2 < j < t, one has

log gj—1(zj—1) — log gj(x;)
re. (29 ))

iK1

= log

pYTj’O ($7j~0)
P [ om0 % <V %IS?)K*)
p?q—jo(‘rﬂo)

4erdlog T 2621 T, \/db, log® T -
< dadlogT og tog \/Z () (@)’

- T

< 4cidlogT
- T

+ C1o : (112)

score,t, z Ly i

d29210g T \/W \/Z (@)’

d/2
1—7 1—7; .
where we makes use of the fact Px. (xg?)K_l) = (1_717;(‘11) P (; /ﬁxgl{_l) in

T—7) Kk—1" i, K—1

the second line. Putting (109), (110), (111) and (112) together leads to

lo T —lo z:) + lo T
co = 01(21) < Or(w) — O (1) = fﬁth) () < gqt(dtl)ogT g qi (1)
t

1
= JlgT > (logg;—1(zj-1) —log g;(x;))
=2

log®> T Sriapr)—
<dc; +Cps (d 8 (zT) 1(xT))

T dlogT
< 5cy. (113)

Here, the last inequality holds due to (44). This contradicts our assumption cg > 5c¢;. Therefore, we know
that (46) holds for all 1 < £ < 7(aT).

B.7 Proof of Lemma 10

First, we prove that the event {S;(z7) < ¢3} implies & N {&(z1) < 3} for all ¢ < 7. We know from Lemma
9 that

—log qe(z¢) < 2cdlogT, V1<{<t. (114)
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Then Lemma 4 and Lemma 1 (more precisely, (23f)) together imply that for any 7 € [ry k1, 7¢,0], one has

—logpx_(27) < 4cgdlogT.

Furthermore, it is straightforward to verify that

n n)y\ 2
97’t,0 (ITt,o)dlog2 T+ \/97},0 (th,,o) Zi,n (Egco)re,t,i(zg'tv)i)) d10g3 T

10 T
n n 2

- d10g2 T + \/Zz,n (ggcgre,t,i(x‘(rt,)i)) d10g3 T
- T

dlog*T
< 1% + & ()

dlogT
< 01% + Si(xr)
< 1.

By virtue of Lemma 8, we know that forall 0 <i< K —1,0<n < N,

Tt,i

In addition, for all 0 <i < K — 1,0 < n < N, we have

Eﬂn) (x(T:LZ) logT

acob,t,:

T
Combining (115), (117) and (118) together yields

< &) < Si(er) <3 < 1

{St(xr) < ez} €& N {& () < c3}-

Observing that Si(xr) < ¢z for all t < 7, (39) tells us that

Xy (Te-1) T px, (T¢)

2 K+1
7]3%_1(%71) = exp (O (Et(mt) + d(leg T) ' >) L(xt), V2 <t < T(x7).

As a result, one has

QI(xl) _ e, <d10g2T>K+l . Q‘rfl(xrfl

pl(‘rl) B tzl—[QeXp <O <£t(mt) d T pT—l(xT—l
2 K

= exp <O <Z &i(xy) + d? logQT(dIO?T> >> m

t<T

2 K

t<T

K
which has finished the proof of (47). Here, the last equation holds since 3=, _ & (z¢)+d?log> T (dk’]gi?T)

K
c3 + d?log? T(lengT> < 1 and exp(z) = 1+ O(z) for all |z| < 1. Similarly, we can also prove (48).

B.8 Proof of Lemma 11

(115)

(116)

(117)

(118)

(119)

(120)

(121)

IN

We can prove Lemma 11 by using same arguments in the proof of Li et al. (2024¢, Lemma 8) and we omit

the details here for the sake of brevity.
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