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Abstract

Diffusion models, which convert noise into new data instances by learning to reverse a diffusion process,
have become a cornerstone in contemporary generative modeling. In this work, we develop non-asymptotic
convergence theory for a popular diffusion-based sampler (i.e., the probability flow ODE sampler) in
discrete time, assuming access to f2-accurate estimates of the (Stein) score functions. For distributions in
R?, we prove that d/e iterations — modulo some logarithmic and lower-order terms — are sufficient to
approximate the target distribution to within ¢ total-variation distance. This is the first result establishing
nearly linear dimension-dependency (in d) for the probability flow ODE sampler. Imposing only minimal
assumptions on the target data distribution (e.g., no smoothness assumption is imposed), our results also
characterize how ¢ score estimation errors affect the quality of the data generation processes. In contrast
to prior works, our theory is developed based on an elementary yet versatile non-asymptotic approach
without the need of resorting to SDE and ODE toolboxes.
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1 Introduction

Diffusion models have emerged as a cornerstone in contemporary generative modeling, a task that learns to
generate new data instances (e.g., images, text, audio) that look similar in distribution to the training data
(Ho et al., 2020; Sohl-Dickstein et al., 2015; Song and Ermon, 2019; Dhariwal and Nichol, 2021; Jolicoeur-
Martineau et al., 2021; Chen et al., 2021; Kong et al., 2021; Austin et al., 2021). Originally proposed by
Sohl-Dickstein et al. (2015) and later popularized by Song and Ermon (2019); Ho et al. (2020), the mainstream
diffusion generative models — e.g., denoising diffusion implicit models (DDIMs) (Song et al., 2020a) and
denoising diffusion probabilistic models (DDPMs) (Ho et al., 2020) — have underpinned major successes in
content generators like DALL-E (Ramesh et al., 2022), Stable Diffusion (Rombach et al., 2022) and Imagen
(Saharia et al., 2022), claiming state-of-the-art performance in the now broad field of generative artificial
intelligence (AI). See Yang et al. (2022); Croitoru et al. (2023); Chen et al. (2024b) for overviews of recent
development.
In a nutshell, a diffusion generative model is based upon two stochastic processes in R%:

1) a forward process
Xo—>X1—>- = Xp (1)

that starts from a sample drawn from the target data distribution (e.g., of natural images) and gradually
diffuses it into a noise-like distribution (e.g., standard Gaussians);

2) a reverse process
Yr—=>Yr_1—---—2Y, (2)

that starts from pure noise (e.g., standard Gaussians) and successively converts it into new samples
sharing similar distributions as the target data distribution.

Transforming data into noise in the forward process is straightforward, often hand-crafted by increasingly
injecting more noise into the data at hand. What is challenging is the construction of the reverse process:
how to generate the desired information out of pure noise? To do so, a diffusion model learns to build a
reverse process (2) that imitates the dynamics of the forward process (1) in a time-reverse fashion; more
precisely, the design goal is to ascertain distributional proximity!

Vi & Xy, t=T,e 1 (3)

through proper learning based on how the training data propagate in the forward process. Encouragingly,
there often exist feasible strategies to achieve this goal as long as faithful estimates about the (Stein) score
functions — the gradients of the log marginal density of the forward process — are available (Anderson,
1982; Haussmann and Pardoux, 1986). Viewed in this light, a diverse array of diffusion models are frequently
referred to as score-based generative modeling (SGM). The popularity of SGM was initially motivated by, and

d
1Two random vectors X and Y are said to obey X 4 Y (resp. X =Y) if they are equivalent (resp. close) in distribution.



has since further inspired, numerous recent studies on the problem of learning score functions, a subroutine
that also goes by the name of score matching (e.g., Hyvérinen (2005, 2007); Vincent (2011); Song et al.
(2020b); Koehler et al. (2023)).

Nonetheless, despite the mind-blowing empirical advances, a mathematical theory for diffusion generative
models is still in its infancy. Given the complexity of developing a full-fledged end-to-end theory, a divide-
and-conquer approach has been advertised, decoupling the score learning phase (i.e., how to estimate score
functions reliably from training data) and the generative sampling phase (i.e., how to generate new data
instances given the score estimates). In particular, the past few years have witnessed growing interest and
remarkable progress from the theoretical community towards understanding the generative sampling phase
(Block et al., 2020; De Bortoli et al., 2021; Liu et al., 2022; De Bortoli, 2022; Lee et al., 2023; Pidstrigach, 2022;
Chen et al., 2022b,a, 2023c; Tang and Zhao, 2024a,b; Pedrotti et al., 2023; Liang et al., 2024; Li and Yan,
2024). For instance, polynomial-time convergence guarantees have been established for stochastic samplers
(e.g., Chen et al. (2022b,a); Benton et al. (2024); Li et al. (2024c); Tang and Zhao (2024a); Li et al. (2024a);
Mbacke and Rivasplata (2023); Liang et al. (2024); Li and Yan (2024)) and deterministic samplers (e.g., Chen
et al. (2023c); Benton et al. (2023); Li et al. (2024¢); Gao and Zhu (2024); Li et al. (2024a); Huang et al.
(2024)), both of which accommodated a fairly general family of data distributions.

This paper. The present paper contributes to this growing list of theoretical endeavors by developing
non-asymptotic convergence theory for a popular deterministic sampler (Song et al., 2021b) — originally
proposed based on a sort of ordinary differential equations (ODEs) for the reverse process called probability
flow ODEs or diffusion ODEs, closely related to the DDIM sampler (Song et al., 2020a). For concreteness, we
prove that the iteration complexity is no larger than the order of

(iteration complexity) : d/e (4)

(up to some logarithmic factor and lower-order term), with d the data dimension and ¢ the target accuracy
level in total-variation (TV) distance. We impose only minimal assumptions on the target distribution (e.g.,
no smoothness condition is needed), and quantify the impact of 5 score estimation errors upon convergence.
In comparisons to past works, our main contributions are as follows.

e Linear d-dependency. Our iteration complexity scales nearly linearly in the dimension d, which improves
upon all prior theoretical guarantees for deterministic samplers (Li et al., 2023; Chen et al., 2023¢; Huang
et al., 2024); in fact, the state-of-the-art d-dependency before our work scales with d? (Li et al., 2023;
Huang et al., 2024). Note that d-linear convergence theory was established for the stochastic sampler
DDPM (Benton et al., 2024); the theoretical framework for DDPM is not applicable for analyzing
probability flow ODEs, but the use of a stochastic localization result in Benton et al. (2024) motivates
our approach in sharpening the d dependency. Additionally, our result does not exhibit exponential
dependency on the smoothness or regularity conditions as in Chen et al. (2023c); Benton et al. (2023)
(e.g., the regularity parameter used in Benton et al. (2023) might even scale with the dimension d).

e Linear dependency on 1/c. We derive an iteration complexity upper bound that is proportional to 1/e.
Note that this was already accomplished in an earlier version of this work (Li et al., 2023), strengthening
prior convergence guarantees considerably (Chen et al., 2023c). This scaling 1/ was also proven by a
recent work Huang et al. (2024) via a completely different ODE-based approach.

e (5 score estimation errors for the deterministic sampler. Our theory reveals that the TV distance
between X; and Y; is proportional to the ¢s score estimation error as well as the associated mean
Jacobian errors, an appealing property already established in an earlier version of this work (Li et al.,
2023). In comparison, prior theoretical results either study stochastic variations of this deterministic
sampler (Chen et al., 2023b) (so that the samplers are no longer the original deterministic sampler) or
fall short of accommodating discretization errors (Benton et al., 2023), with the only exception being
the recent work Huang et al. (2024) that also accounts for score errors for deterministic samplers.

e An elementary analysis framework. From the technical point of view, the analysis framework laid out
in this paper is fully non-asymptotic in nature. In contrast to prior theoretical analyses that take a
detour to study the continuum limits and then control the discretization error, our approach tackles the



discrete-time processes directly using elementary analysis strategies. No knowledge on SDEs or ODEs
is needed for establishing our theory, resulting in a versatile framework and sometimes lowering the
technical barrier towards understanding diffusion models (for those with no background in SDEs/ODEs).

It is worth emphasizing that our analysis for the probability flow ODE differs drastically from the analysis for
DDPM (Chen et al., 2022b,a; Benton et al., 2024). More concretely, the state-of-the-art analysis for DDPM
(Benton et al., 2024) is built upon the Girsanov theorem, a hammer that provides a powerful way to control
the Kullback-Leibler (KL) divergence between the forward process and the sampling process. This approach,
however, is known to be inapplicable to ODE-based deterministic samplers, given that the aforementioned
KL divergence might even approach infinity. Working backward, our proof attempts to track the proximity of
px, and py, by iteratively computing how px, /py, evolves from px,., /py,.,-

Notation. Before proceeding, we introduce a couple of notation to be used throughout. For any two functions
f(d,T) and g(d,T), we adopt the notation f(d,T) < g(d,T) or f(d,T) = O(g(d,T)) (resp. f(d,T) = g(d, T))
to mean that there exists some universal constant C; > 0 such that f(d,T) < Cig(d,T) (resp. f(d,T) >
C19(d,T)) for all d and T'; moreover, the notation f(d,T) =< ¢(d,T) indicates that f(d,T) < ¢g(d,T) and
f(d,T) = g(d, T) hold at once. The notation O(-) is defined similar to O(-) except that it hides the logarithmic
dependency. Additionally, the notation f(d,T) = o(g(d,T)) means that f(d,T)/g(d,T) — 0 as d,T tend
to infinity. We shall often use capital letters to denote random variables/vectors/processes, and lowercase
letters for deterministic variables. For any two probability measures P and @, the TV distance between
them is defined to be TV(P, Q) = % J|dP — dQ|. Throughout the paper, px(-) (resp. px |y (-|-)) denotes the
probability density function of X (resp. X given Y). For any matrix A, we denote by ||A| (resp. ||Al|r) the
spectral norm (resp. Frobenius norm) of A. Also, for any vector-valued function f, we let Jy or 5 represent
the Jacobian matrix of f.

2 Preliminaries

In this section, we introduce the basics of diffusion generative models. The ultimate goal of a generative
model can be concisely stated: given data samples drawn from an unknown distribution of interest pgata in
R?, we wish to generate new samples whose distributions closely resemble pgata-

2.1 Diffusion generative models
Towards achieving the above goal, a diffusion generative model typically encompasses two Markov processes:

a forward process and a reverse process, as described below.

The forward process. In the forward chain, one progressively injects noise into the data samples to
diffuse and obscure the data. The distributions of the injected noise are often hand-picked, with the standard
Gaussian distribution receiving widespread adoption. More specifically, the forward Markov process produces
a sequence of d-dimensional random vectors X; — Xy — --- — X7 as follows:

XO ~ Pdata (53)
Xe=V1-B: X1+ /B Wy, 1<t <T, (5b)
where {W;}1<i<r indicates a sequence of independent noise vectors drawn from W, e (0,14). The

hyper-parameters {3; € (0,1)} represent prescribed learning rate schedules that control the variance of the
noise injected in each step. If we define

t
a :zl_ﬂh Qi ::Hak7 IStSTa (6)
k=1

then it can be straightforwardly verified that for every 1 <t < T,

X, = varXo +V1—a, W, for some Wy ~ N(0,1,). (7)



Clearly, if the covariance of X is also equal to I;, then the covariance of X; is preserved throughout the
forward process; for this reason, this forward process (5) is sometimes referred to as variance-preserving (Song
et al., 2021b). Throughout this paper, we employ the notation

g = distribution (Xt) (8)

to denote the distribution of X;. As long as @r is vanishingly small, one has the following property for a
fairly general family of data distributions:
qr ~ N(Oa Id) (9)

The reverse process. The reverse chain Yr — Yr_; — ... — Y] is designed to (approximately) revert
the forward process, allowing one to transform pure noise into new samples with matching distributions as
the original data. To be more precise, by initializing it as

YT NN(O,Id), (10&)

we seek to design a reverse-time process with nearly identical marginals as the forward process, namely,

(goal) Y, & X, t=T,T-1,--,1. (10b)
Throughout the paper, we shall often employ the following notation to indicate the distribution of Y;:
pi = distribution(Y;). (11)

2.2 The probability flow ODE

Evidently, the most crucial step of the diffusion model lies in effective design of the reverse process. The
data-generation process of a deterministic sampler typically proceeds as follows: starting from Yr ~ N (0, 1),
one selects a set of functions {®;(-) }1<i<7 and computes:

Yr ~ N(0, 1), Y 1 :<I>t(Yt) fort=1,---,1. (12a)

Clearly, the sampling process is fully deterministic except for the initialization Yr. Suppose now that we
are armed with the estimates {s;(-)}1<t<r for the log density functions {s;(-) = Vlog¢:(-) }1<i<r — often
referred to as the (Stein) score functions. Then a discrete-time version of the probability flow ODE approach
(cf. (15)) adopts the following mapping:

B, (x) = \/% <x 41 S st(x)>. (12b)

This approach, based on the probability flow ODE (15), often achieves faster sampling compared to the
stochastic counterpart like DDPM (Song et al., 2021Db).

In order to elucidate the plausibility of a deterministic approach, we find it helpful to look at the continuum
limit through the lens of SDEs and ODEs. It is worth emphasizing, however, that the development of our
main theory does not rely on knowledge of SDEs and ODEs.

e The forward process. A continuous-time analog of the forward diffusion process can be modeled as
dXt = f(Xt,t)dt =+ g(t)th (O S t S T), XO ~ Pdata (13)

for some functions f(-,-) and g(-) (denoting respectively the drift and diffusion coefficient), where W,
denotes a d-dimensional standard Brownian motion. As a special example, the continuum limit of (5)
takes the following form? (Song et al., 2021b)

dXt = 7%ﬂ(t)Xtdt + V B(t) th (O <t< T)a XO "~ Pdata (14)

for some function 3(t). As before, we denote by g; the distribution of X; in (13).

2To see its connection with (5), it suffices to derive from (5) that X; — Xy_qr = V1 — Bt Xi—ar — Xe—ar + VBWe =
—%&Xt—dt + VBt Wi.



e The reverse process. As it turns out, there exist reverse processes capable of reconstructing the marginal
distribution of the forward process. In particular, the probability flow ODE is a reverse process taking
the following form (Song et al., 2021b)

1
dypde = ( — f(YPe, T —t) + 5g(T —1)*Vlog qr_; (dee))dt (0<t<T), Yo ~gp,  (15)

where we use Vlogq:(X) to abbreviate Vx logg:(X) for notational simplicity. This ODE exhibits
matching distributions with the forward process in that

vd L x,,  0<t<T.

As can be easily shown, the continuous-time limit of (12) falls under this category. Note that this
family of deterministic samplers is closely related to the DDIM sampler (Karras et al., 2022; Song et al.,
2021b).

Interestingly, in addition to the functions f and g that define the forward process, construction of (15) relies
only upon knowledge of the (Stein) score function Vlog g:(-) of the intermediate steps of the forward diffusion
process, an intriguing fact that also holds when designing stochastic samplers like DDPM. Consequently, a
key enabler of diffusion models lies in reliable learning of the score function, and hence the name score-based
generative modeling.

3 Convergence theory for the probability low ODE sampler

In this section, we analyze the probability low ODE sampler in discrete time. While the proofs for our
main theory are all postponed to the appendix, it is worth emphasizing upfront that our analysis framework
directly tackles the discrete-time processes without the need of resorting to any toolbox of SDEs and ODEs
tailored to the continuous-time limits. This elementary approach might potentially be versatile for analyzing
a broad class of variations of these samplers.

3.1 Assumptions and learning rates

Before proceeding, we impose some assumptions on the score estimates and the target data distributions, and
specify the hyper-parameters {«;} that shall be adopted throughout all cases.

Score estimates. Given that the score functions are an essential component in score-based generative
modeling, we assume access to faithful estimates of the score functions Vlogg¢:(-) across all intermediate
steps t, thus disentangling the score learning phase and the data generation phase. Towards this end, let us
first formally introduce the true score function as follows.

Definition 1 (Score function). The score function, denoted by s; : R4 — R (1 <t <T), is defined as
si(X) =Vlogq(X), 1<t<T. (16)

As has been pointed out by previous works concerning score matching (e.g., Hyvérinen (2005); Vincent
(2011); Chen et al. (2022b)), the score function s} admits an alternative form as follows (owing to properties
of Gaussian distributions):

1
VX V1—aW —W
8( a;Xo + a;y )+ T,

s} = arg min E
t d d
sRISRI WN(0,14),X0~Pdata

] w

2

which takes the form of the minimum mean square error estimator for fﬁw given /a; Xo + 1 — W
and is often more amenable to training. '

With Definition 1 in place, we can readily introduce the following assumptions that capture the quality of
the score estimate {s;}1<i<7 we have available.



Assumption 1. Suppose that the score function estimate {s;}1<¢<1 obeys

T
1 * 2 2
T;XJE(;,, [Hst(X) — 5¢ (X)H2i| Sgscore' (18)
Assumption 2. For each 1 <t < T, assume that s¢(-) is continuously differentiable, and denote by Jg; = %Lj

and Js, = % the Jacobian matrices of s7(-) and s.(-), respectively. Assume that the score function estimate

{sthi<i<T obeys

%ZXE |:HJ5t (X) - JSZ (X)M < € Jacobi- (19)

t=1 "1

In a nutshell, Assumption 1 reflects the 5 score estimation error, whereas Assumption 2 is concerned with
the estimation error in terms of the corresponding Jacobian matrix (so as to ensure certain continuity of the
score estimator). Both assumptions consider the average estimation errors over all T steps. As we shall see
momentarily, our theory for the deterministic sampler relies on both Assumptions 1 and 2, while the theory
for the stochastic sampler requires only Assumption 1. We shall discuss in Section 3.2 the insufficiency of
Assumption 1 alone for the probability flow ODE sampler.

Target data distributions. Our goal is to uncover the effectiveness of diffusion models in generating a
broad family of data distributions. Throughout this paper, the only assumptions we need to impose on the
target data distribution pqaia are the following:

e X is an absolutely continuous random vector, and
P(|| Xol2 < R=T°") =1, Xo ~ Pdata (20)
for some arbitrarily large constant cg > 0.
This assumption allows the radius of the support of pyata to be exceedingly large (given that the exponent cp

can be arbitrarily large).

Learning rate schedule. Let us also take a moment to specify the learning rates to be used for our
theory and analyses. For some large enough numerical constants cg,c; > 0, we set

1
fr=1-a1 = T (21a)
B _cplogT . c1logT\t
Br=1-a; =2 mm{ﬁl(H = ),1. (21b)

In words, our choice of {3;} undergoes two phases: at the beginning (when ¢ is small), 5; exhibits
exponential increase; once it reaches the level of QI%T, it stays flat for the remaining steps. This two-phase

choice shares similarity with the choice adopted in prior diffusion model theory like Benton et al. (2024).

3.2 Main results

We are now ready to present our non-asymptotic convergence guarantee — measured by the total variation
distance between the forward and the reverse processes — for the discrete-time version (12) of the probability
flow ODE. The proof of our theory is postponed to Section 5.2.

Theorem 1. Suppose that (20) holds true. Assume that the score estimates s¢(-) (1 < t < T) satisfy
Assumptions 1 and 2. Then the sampling process (12) with the learning rate schedule (21) satisfies

dlog*T I
TV (Q1ap1) < Ol% + Cl d10g4 Tascore + Cld(log2 T)‘C:Jacobi (22)

for some universal constants Cy > 0, provided that T > Cod?log® T for some large enough constant C > 0.
Here, we recall that py (resp. q1) represents the distribution of Y1 (resp. X1 ).



Let us remark on the main implications of Theorem 1, as well as several points worth discussing. Before
proceeding, we shall note that our theory is concerned with convergence to ¢;. Given that X; ~ ¢; and
Xy ~ qop are very close due to the choice of aq, focusing on the convergence w.r.t. ¢; instead of gy remains
practically relevant.

Iteration complexity. Consider first the scenario that has access to perfect score estimates (i.e., €score = 0).
In order to achieve e-accuracy (in the sense that TV(g1,p1) < £), the number of steps 7' only needs to exceed

0] (‘;) (23)

for small enough accuracy level €. As far as we know, this is the first result that unveils linear dimension
dependency for the probability flow ODE sampler. Note that our theory is established without assuming any
sort of smoothness or log-concavity on the target data distribution.

Stability. Turning to the more general case with imperfect score estimates (i.e., €score > 0), the deterministic
sampler (12) yields a distribution whose distance to the target distribution (measured again by the TV
distance) scales proportionally with escore and €jacopi. It is noteworthy that in addition to the ¢y score
estimation errors, we are in need of an assumption on the stability of the associated Jacobian matrices, which
plays a pivotal in ensuring that the reverse-time deterministic process does not deviate considerably from the
desired process.

Insufficiency of the score estimation error assumption alone. The careful reader might wonder why
we are in need of additional assumptions beyond the £5 score error stated in Assumption 1. To answer this
question, we find it helpful to look at a simple example below.

e Example. Consider the case where Xy ~ N(0,1), and hence X; ~ A (0,1). Suppose that the reverse
process for time ¢ = 2 can lead to the desired distribution if exact score function is employed, namely,

1
Y= Y, —
= (n
Now, suppose that the score estimate s2(-) we have available obeys
" 2./&2 * y* . * 1 1— (07,
sa(y2) = 83 (y2) + T~ {zu -L MJ} with i = (yz - s5()

for some L > 0, where |z] is the greatest integer not exceeding z. It follows that

1_20‘25;<Y2)) ~ N(0,1).

Yi= VP b S22 () — (V)] = L L

1 1 5/ 2 (X2 2(¥2 7|
Clearly, the score estimation error Ey, . xr(0,1)[]52(X2) — s3(X2)|?] can be made arbitrarily small by
taking L to be sufficiently small. However, the discrete nature of Y7 forces the TV distance to be

TV(Yy, X1) = 1.

The above example demonstrates that, for the deterministic sampler, the TV distance between Y; and X;
might not improve as the score error decreases. This is in stark contrast to the stochastic sampler like DDPM.
If we wish to eliminate the need of imposing Assumption 2, one potential way is to resort to other metrics
(e.g., the Wasserstein distance) instead of the TV distance between Y; and X;.



Support size of pgata. It is noteworthy that our theory holds true even when the support size of the target
distribution is polynomially large (see (20)). This implies that careful normalization of the target data is
often unnecessary. Furthermore, we note that the assumption (20) can also be relaxed. Supposing that
P(|| Xoll2 < B | Xo ~ pdata) = 1 for some quantity B > 0 (which is allowed to grow faster than a polynomial
in T'), we can readily extend our analysis to obtain

d
TV(QI;pl) <y (T + \/gescore + daJacobi) pOlleg(Ta B)
Importantly, the convergence rate depends only logarithmically in B.

Comparisons to previous works. Next, let us compare our results with past works.

e The first analysis for the discretized probability low ODE approach in prior literature was derived by a
recent work Chen et al. (2023c), which established non-asymptotic convergence guarantees that exhibit
polynomial dependency in both d and 1/e (see, e.g., Chen et al. (2023c, Theorem 4.1)). However, it fell
short of providing concrete polynomial dependency in d and 1/e, suffered from exponential dependency
in the Lipschitz constant of the score function, and relied on exact score estimates. In contrast, our
result in Theorem 1 uncovers a concrete O(d/¢) scaling (ignoring lower-order and logarithmic terms)
without imposing any smoothness assumption on the target data distribution, and makes explicit the
effect of /5 score estimation errors, both of which were previously unavailable for such discrete-time
deterministic samplers.

e Benton et al. (2023) studied the convergence of the probability flow ODE approach without accounting
for the discretization error. The result therein also exhibited exponential dependency on a certain
Lipschitz constant w.r.t. the forward flow and a regularity parameter (denoted by A therein, which
might scale with the dimension d).

e Chen et al. (2023b) studied two variants of the probability flow ODE. By inserting an additional
stochastic corrector step — based on overdamped (resp. underdamped) Langevin diffusion — in each
iteration of the probability flow ODE (so strictly speaking, these variations are no longer deterministic
samplers), Chen et al. (2023b) showed that O(L3d/c2) (resp. O(L2V/d/¢)) steps are sufficient, where L
denotes the Lipschitz constant of the score function. In comparison, our result demonstrates for the
first time that the plain probability flow ODE already achieves the O(d/e) scaling without requiring
either corrector steps or smoothness assumptions.

e The very recent work Huang et al. (2024) developed a novel suite of theory for the probability flow
ODE, accounting for p-th (p > 1) order Runge-Kutta integrators (so as to demonstrate the degree of
acceleration based on higher-order ODEs). When p = 1, the algorithm resembles what we analyze herein;
let us make comparisons for this case in the following. The iteration complexity derived by Huang
et al. (2024) scales as O(d?/e), whereas we obtain a sharper bound O(d/¢). In addition, the iteration
complexity in Huang et al. (2024) scales quadratically in the support size of the target distribution, while
our theory allows the support size to be polynomially large without affecting the iteration complexity.
Moreover, the TV distance bound in Huang et al. (2024) scales proportionally to A3 eore (in addition
to other multiplicative factors like the support size and Lipschitz constants), which is weaker than our
result Vdegcore in terms of the d-dependency.

Another recent work Gao and Zhu (2024) established the first non-asymptotic theory for the probability flow
ODE in 2-Wasserstein distance. The results therein require the target data distribution to satisfy strong
log-concavity though.

Finally, let us briefly compare our result with the theory for the popular stochastic sampler: DDPM. The
state-of-the-art convergence theory Benton et al. (2024) reveals that the iteration complexity for DDPM
scales as 6(d /%), which exhibits worse e-dependency compared to our theory for the probability flow ODE.



4 Other related works

Convergence theory for diffusion models. Early theoretical efforts in understanding the convergence of
score-based stochastic samplers suffered from being either not quantitative (De Bortoli et al., 2021; Liu et al.,
2022; Pidstrigach, 2022), or the curse of dimensionality (e.g., exponential dependencies in the convergence
guarantees) (Block et al., 2020; De Bortoli, 2022). The recent work Lee et al. (2022) provided the first
polynomial convergence guarantee in the presence of f5-accurate score estimates, for any smooth distribution
satisfying the log-Sobelev inequality. Chen et al. (2022b); Lee et al. (2023); Chen et al. (2022a) subsequently
lifted such a stringent data distribution assumption. More concretely, Chen et al. (2022b) accommodated a
broad family of data distributions under the premise that the score functions over the entire trajectory of the
forward process are Lipschitz; Lee et al. (2023) only required certain smoothness assumptions but came with
worse dependence on the problem parameters; and more recent results in Chen et al. (2022a); Benton et al.
(2024) applied to literally any data distribution with bounded second-order moment. In addition, Wibisono
and Yang (2022) also established a convergence theory for score-based generative models, assuming that
the error of the score estimator has a bounded moment generating function and that the data distribution
satisfies the log-Sobelev inequality. The recent work Li and Yan (2024) further showed that DDPM can
automatically adapt to intrinsic low dimensionality of the target distribution and converge faster. Turning
attention to samplers based on the probability flow ODE, Chen et al. (2023c) derived the first non-asymptotic
bounds for this type of samplers. Improved convergence guarantees have recently been provided by a
concurrent work Chen et al. (2023b), with the assistance of additional corrector steps inerspersed in each
iteration of the probability flow ODE. It is worth noting that the corrector steps proposed therein are based
on Langevin-type diffusion and inject additive noise, and hence the resulting sampling processes are not
deterministic. Additionally, theoretical justifications for DDPM in the context of image in-painting have
been developed by Rout et al. (2023). Moreover, convergence results based on the Wasserstein distance have
recently been derived as well (e.g., Tang and Zhao (2024a); Benton et al. (2023)), although these results
typically exhibit exponential dependency on the Lipschitz constants of the score functions. While the vast
majority of past theory has been devoted to accommodating general distributions in R?, acceleration is shown
to be possible if we restrict attention to discrete-valued distributions (Chen and Ying, 2024). Another strand
of recent works (e.g., Chen et al. (2024a); Gupta et al. (2024)) explored how to exploit parallel sampling
to achieve considerable speed-up. Theoretical guarantees have also recently been extended to cover other
popular methods like consistency models (Song et al., 2023; Li et al., 2024b; Dou et al., 2024) and diffusion
guidance (Ho and Salimans, 2022; Wu et al., 2024; Fu et al., 2024).

Score matching. Hyvirinen (2005) showed that the score function can be estimated via integration by
parts, a result that was further extended in Hyvérinen (2007). Song et al. (2020b) proposed sliced score
matching to tame the computational complexity in high dimension. The consistency of the score matching
estimator was studied in Hyvérinen (2005), with asymptotic normality established in Forbes and Lauritzen
(2015). Optimizing the score matching loss has been shown to be intimately connected to minimizing upper
bounds on the Kullback-Leibler divergence (Song et al., 2021a) and Wasserstein distance (Kwon et al., 2022)
between the generated distribution and the target data distribution. The recent work Koehler et al. (2023)
studied the statistical efficiency of score matching by connecting it with the isoperimetric properties of the
target data distribution. Furthermore, Feng et al. (2024) showed that statistical procedures based on score
matching can achieve minimal asymptotic covariance for convex M -estimation.

Other theory for diffusion models. The development of diffusion model theory is certainly beyond the
above two strand of works. For instance, Oko et al. (2023) studied the approximation and generalization
capabilities of diffusion modeling for distribution estimation; Kadkhodaie et al. (2024); Zhang et al. (2024);
Biroli et al. (2024) investigated the phase transition between the memorization regime and the generalization
regime in diffusion models; Chen et al. (2023a); Wang et al. (2024) studied how diffusion models can adapt to
low-dimensional structure. Moreover, Ghimire et al. (2023) adopted a geometric perspective and showed that
the forward and backward processes of diffusion models are essentially Wasserstein gradient flows operating
in the space of probability measures. Recently, the idea of stochastic localization, which is closely related to
diffusion models, is adopted to sample from posterior distributions (Montanari and Wu, 2023; El Alaoui et al.,
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2022), which has been implemented using the approximate message passing algorithm (Donoho et al. (2009);
Li and Wei (2022)); some results discovered in the stochastic localization literature (e.g., Eldan (2020)) have
also paved the way to sharpening of dimension dependency (Benton et al., 2024). In addition to the DDPM
and DDIM type samplers discussed herein, convergence of other flow-based generative modeling has also
been established in recent works (e.g., Gao et al. (2024); Cheng et al. (2024); Xu et al. (2024)). Xu and Chi
(2024) developed provably robust methods for posterior sampling with diffusion priors for general nonlinear
inverse problems, whereas Montanari and Wu (2024) exploited the idea of measure decomposition to improve
posterior sampling for linear inverse problems. There have also been a couple of recent works that delve into
various properties of diffusion models for Gaussian mixture models (Wu et al., 2024; Chen et al., 2024¢; Cui
et al., 2023; Li and Chen, 2024).

5 Analysis

In this section, we describe our non-asymptotic proof strategies for establishing Theorem 1.

5.1 Preliminary facts

Before proceeding, we gather a couple of facts that will be useful for the proof, with most proofs postponed
to Appendix A.

Properties related to the score function. First of all, in view of the alternative expression (17) for the
score function and the property of the minimum mean square error (MMSE) estimator (e.g., Hajek (2015,
Section 3.3.1)), we know that the true score function s} is given by the conditional expectation

1 1
S:(%‘) =E [—MW‘ \/O[itX() + 1 —atW =X = ?@E [\/@XU — X ‘ voTth + v 1 —atW = l‘:l
1
— = e Ve 2)dn. &N
zo

1—ay

= g:()
Let us also introduce the Jacobian matrix associated with g,(-) as follows:

_ 0gt(x)
ox ’

Ji() : (25a)

which can be equivalently rewritten as

1

_at

Jilw) = Ia = 7——Cov (Xt —VaXo | X = x) (25b)

Properties about the learning rates. Next, we isolate a few useful properties about the learning rates
as specified by {a;} in (21):

logT _ 1
o >1- A2 > o 1<t<T (26a)
Moo 11z 1-o dologT 2<t<T (26b)
2].—Oét 20ét—O[t ].—Oét,1 T
1 -0y 4cqilogT
1< M 142398 o< 26
ST St <t< (26¢)
_ 1
aT§T62, (26d)
1 G 4 1<t<T (26¢)

— = —_ = — )
1-— Q41 1-— Qg 1-— [e7EN]
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provided that T is large enough. Here, ¢; is defined in (21), and ¢ > 1000 is some large numerical constant.
In addition, if (1 at) < 1, then one has

( 1—a@ >d/2 14 d(l — ay) n d(d—2)(1 = a)? +O(d3( 17% )3)7 (26£)

o — Qi 2(0(,5 — @t) 8(Ott — &t)Q Qp — O

1—&t d/2_ I—O(t d l—O[t 2
(O[t —Et) = %P (O[t — Qi . 5 ) 1+O d(at —at) ' <26g)

The proof of these properties is postponed to Appendix A.2.

Properties of the forward process. Recall that the forward process satisfies X < varXo + V1 —a W
with W ~ AN(0,I;). We have the following tail bound concerning the random vector X, conditional on X,
whose proof can be found in Appendix A.3. Here and throughout, we take

0, (x) = max{ - W’ 06} (27)

for any = € R?, where cg > 0 is some large enough constant obeying cg > 2cg + co.

Lemma 1. Suppose that (20) holds true. Then for any quantity cs > 2, conditioned on Xy =y one has
|[VarXo —y|, < 5e51/0:(y)d(1 — @) log T (28)
with probability at least 1 — exp ( — c20,(y)dlogT). In addition, it holds that

E[[|[VaiXo —yl|,| Xe =y] < 12¢9t d(1 —ay)logT, (29a)
E [[VaXo - ylly | X = y| <1200, (y)d(1 — @) log T, (29D)
E ||[V&@Xo -yl | X0 = y| <1040(6:(y)d(1 — @) log T)*?, (29¢)
E [ [[V&Xo - ylly | X = y] < 10080(8.(x)a(1 — @) log T)". (29d)

In order to interpret Lemma 1, let us look at the case with 6,(y) = cg, corresponding to the scenario where
px,(y) > exp(—cedlogT) (so that px,(y) is not exceedingly small). In this case, Lemma 1 implies that
conditional on X; = y taking on a “typical” value, the vector v/a;Xo — X; = /1 —a; Wy (see (7)) might
still follow a sub-Gaussian tail, whose expected norm remains on the same order of that of an unconditional
Gaussian vector N(0, (1 — @;)1q).

Properties about the conditional covariance matrices. We shall also single out two basic properties
about certain conditional covariances as follows. To be precise, generate

Xo ~ Pdata and Z ~ N(O, Id) (30)

independently. Define, for any @ € (0,1) and any = € R, the following conditional covariance matrix
Sa(z) = Cov (Z VaXo+v1—aZ= x) (31)

The lemma below reveals two properties about Xz(-) that play a crucial role in our analysis; the proof is
postponed to Appendix A.4.

Lemma 2. The conditional covariance matriz defined in (31) satisfies the following properties.

(a) For any @,@’ € (0,1) obeying ga(;:g\) < dlolgT and 1 —@ > T~ (with ¢y the constant defined in (21)),
it holds that

E [(za/ (V&' Xo + V1 - a'z)ﬂ < C2E [(za(\/axo + \/ﬂz)ﬂ + Cgexp (— Codlog T) I

for some universal constants Cs,Cg, Cg > 0.
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Remark 1. This lemma, which plays a pivotal role in achieving linear d-dependency, is inspired by the
analysis of Benton et al. (2024) for DDPM, exploiting an intriguing property (see (88)) originally discovered
in the stochastic localization literature (Eldan, 2020). Note, however, that this property can also be established
using elementary analysis without resorting to any sort of SDE toolboxes (El Alaoui and Montanari, 2022).

Distance between pr and gr. We now record a simple result that demonstrates the proximity of pr and
qr, whose proof is provided in Appendix A.5.
Lemma 3. For any large enough T, it holds that

1

2
(TV(pXT H pYT)) < KL(pXT ” pYT) 5 77200 ° (32)

DO =

Additional notation about score errors. For any vector z € R? and any 1 < t < T, let us define
Escore,t(T) = Hst(x) — sf(x)“2 and € Jacobi ¢ () = ||J5t (z) = T (m)H, (33)

with J,, and J,: the Jacobian matrices of s¢(-) and s;(-), respectively. Under Assumption 1, we have

1 T 1 T 1/2
T Z EX’WR [5score,t(X)] S (T Z ]EXth [escore,t(X)Q] ) S Escore- (343)
t=1 t=1

Also, Assumption 2 says that

T

1

T Z EXth [EJacobi,t(Xﬂ < €Jacobi- (34b)
t=1

5.2 Main steps for the proof of Theorem 1

We now present the proof for our main result (i.e., Theorem 1) for the discrete-time sampler (12) based on
the probability flow ODE. Given that the TV distance is always bounded above by 1, it suffices to assume

1

Escore X ————=—5— 35a
T CVdlog? T (35a)

€ Jacobi < C (35b)
1

dlog*T

throughout the proof; otherwise the claimed result (22) becomes trivial.

Preparation. Before proceeding, we find it convenient to introduce a function

].—Oét

1—op
Gi@) = o+ i) = - g

2
l—Oét
2

/ (x — \/a»tfﬂg)pxop(t (zo | x)dxy, (36a)

di(x) =z + se(z), (36Db)
where the first line follows from (24). The update rule (12) can then be expressed as follows:

Vi1 = @,(Y;) = \/lajwm (37)
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Moreover, for any point yr € R? (resp. Yy € R?), let us define the corresponding deterministic sequence

1 , 1
Y1 = \/77@(%), Y1 = \/70[7

In other words, {yr—_1,...,y1} (vesp. {y/r_1,...,y1}) is the (reverse-time) sequence generated by the probabil-
ity flow ODE (cf. (37)) when initialized to Y7 = yr (resp. Yr = y/»). We also define the following quantities
for any point yr € R? and its associated sequence {yr_1,...,y1}:

logT
gt (yt) = i (d/EJacobi,t(yt) +4/d IOg Tgscore,t (yt)); (39&)

Se(yr) : for t > 2, and S1(yr) = 0. (39Db)

I
(] =
i

o

—~~

<

ol

In words, for any given starting point yr, & (y:) captures the (properly weighted) score error incurred in the
t-th iteration, whereas S;(yr) quantifies the aggregate weighted score error up to the ¢-th iteration.
With the above notation in place, we can readily proceed to our proof, which consists of several steps.

Step 1: bounding the density ratios of interest. To begin with, we note that for any vectors y;_; and
1, elementary properties about transformation of probability distributions give

Py, 1 (Y1) _ Pyary, ., (Votyi-1)
px, . (Yt—1)  Pyaix,_. (VOiyi-1)
_ Pyave s (Vaye1) (mef,_l(\/‘?tytl)yl pva(ye)
Py, (Yt) px, (yt) px, (Ye)’

(40)

thus converting the density ratio of interest into the product of three other density ratios. Noteworthily, this

observation (40) connects the target density ratio 539,7_1 at the (t — 1)-th step with its counterpart 5 ~*t at the
t

X1
t-th step, motivating us to look at the density changes within adjacent steps in both the forward and the
reverse processes (i.e., px, , vs. px, and py,_, vs. py,). In light of this expression, we develop a key lemma
related to some of these density ratios.

3
Lemma 4. Recall the definition of 0;(z) in (27). Consider any x € R? obeying w < /O (z)d.
Then one has

Pyaxea (0@) o (<5gscore,t(x)\/9t(x)d7k)g'f + 606, (x)dlog T 1—a > (41)

x, (x) oy — O

If, in addition, we have Cig < 1 for some large enough constant C1y > 0,

then it holds that

0:(z)d log? T+€score,t (2)1/ 04 (x)d log® T
T

Pyaix, . (0:(7))

Px, (.’17)
i1 —ay  (=a)(I[] (&= VEzo)pxy  x, (w0 2)dao|l; = f [l = Vo [y, | x, (20 | 2)dzo)
=1+ — + — —
2(C¥t — O[t) 2(0[,5 — O[t)(]. — Oét)
2 pf L—o N2 1—oy
n o(m(:c) (=0 ) 108 T+ o) Ou) 0B T (=2 ) ). (42a)
Moreover, for any random vector Y, one has
Pg.(v)(¢e(2))
py (z)
— 2 — 2
d(1—ay) (11— at)(H J (@ = Vazo)px, | x, (zo |2)dzo ||, — [ || — V&wol|,px, | x, (20 fﬂ)dwo)
=1+ —< + = =
2(ay — @) 2(ar —ay)(1 — @)
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ap — O T

1-—- 2 1 T acobi
+O<9t(x)2d2<at) log? T + 2108 T bm)), (42b)

provided that C1p <1 for some large enough constant Cy1 > 0.

d? log® T+de jacobi,¢ (z) log T
T

Proof. The proof of this lemma is postponed to Appendix B.1. O

+(x)d log? T+smf (2)/0¢(x)dlog® T <1

Remark 2. Combining Lemma 4 with Lemma 1 and (26) gives: if ClO
and if O¢(x) < 1, then (42a) tells us that

pyaix,_.(9:(z))  derdlogT d?log* T eccoret(z)\/dlog® T
< +Cho >— +
px, () T T T

log (43)

under our sample size assumption (35), where Cio > 0 is some large enough constant. Here, we have made

use of the fact that the penultimate term in (42a) is non-positive due to Jensen’s inequality.

Informally, the result in (42) already tells us that

Do, (v) (0:(x)) Pyarx, , (¢e(z))

Py (@) @

for many points z if we ignore the residual terms, which combined with (40) shows that

Py (Ye-1) _ pr(ve)
Px,_ (Y1) px, (W)

for many points y;. However, it is worth pointing out that: while Lemma 4 already provides useful estimates
for the density ratios of interest, these results alone are not sufficient to yield the desired d-dependency. For
instance, the residual term in (42) scales quadratically in d, thereby precluding one from obtaining linear
d-dependency.

To further make improvements, we develop a more refined bound below when 6;(z) < 1, whose proof can
be found in Appendix B.2.

Lemma 5. Recall the definition of 04(-) in (27). There exists some function (;(-) such that: for any x obeying

2 3 n
0,(z) < 1, Cpo2e)dlos T+Esc°'?f(x) VOln)dloe T — 1 4 an < 1 (with the constants C1o,C11

defined in Lemma /), one has

Do, (vi) (0:(2)) P yarx,_ (P:(2))

Py, (2) px,(z)
09 () 2 escore ((2)V/dlog® T dlog Tejacobis(z)  dlog®T
=1 — 1 : : 44
+<t($)+0<‘ o F+ T + T + (44)
with ¢t(x) < 0. In addition, this function (:(-) satisfies
8¢t 2] dlog®T
4
Xth HQ Xth [ HF:| + T2 (45)

provided that T > d?log® T.

In words, Lemma 5 makes apparent that a key quantity to control when bounding the density ratios of

interest is 90 )
L 46
|5 0 =1, (46)

While we are unable to obtain the desired control of (46) in a pointwise manner, the expected sum of this
quantity (46) over all ¢ can be bounded in a fairly tight manner (we shall demonstrate this momentarily in
(58)), which forms a crucial step towards sharpening the dimension dependency.
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Step 2: decomposing the TV distance based on “typical” points. To bound the TV distance of
interest, it is helpful to isolate the following sets

&= {y: a(y) > max{pi(y), exp (- codlogT)}}, (47)

where cg > 0 is some large enough universal constant introduced in Lemma 4. In words, this set £ contains
all y that can be viewed as “typical” values under the distribution ¢; (meaning that ¢;(y) is not exceedingly
small), while at the same time obeying ¢1(y) > p1(y).

In view of the basic properties about the TV distance, we can derive

TV(q1,p1) = / (1 (y) — p1(y))dy

y:q1(y)>p1(y)

[ (@) -n)a+ [ (@) -mW)dy. ()
yee y:p1(y)<q1(y)<exp(—cedlogT)
In order to bound the second term on the right-hand side of (48), we make note of a basic fact: since
X, @ @ X + VI —@W with W ~ N(0, 1) and (|| Xoll2 < T°%) = 1, it holds that
P{||Xs[l2 > T2} <P{||[W]]2 > T?} < exp (—cedlogT) (49)

under our assumption (35) on 7', thereby indicating that
/ ¢t (y)dy < exp (—cgdlogT). (50)
yillyll2>ToR+?

This basic fact in turn reveals that

(01(y) — p1(9))dy < / 01 (y)dy

/y:zn (y)<q1(y)<exp(—ci2dlogT) y:q1(y)<exp(—cedlogT')

< exp(—cedlogT) / dy + exp (—cedlog T')

yillyll2<TeR2
cr+2 d
< exp(—cgdlog T) (2T°"?)" + exp (—codlog T)
< exp ( — 0.5¢cgd log T),

provided that c¢g > 4(cgr + 2). Substitution into (48) then yields

Y;
TV(ql,pl) < Eviop {(%( 1) _ 1) 1{Y; € 5}} + exp ( — chlogT), (51)
p1(Y1)
with the proviso that c¢g > 4(cgr + 2).
To proceed, let us isolate the following set
1, = {yT | St (yr) < C14} (52)

for some small enough constant c;4 > 0. In words, Z; is composed of a set of points whose aggregated
score error along the backward trajectory is well-controlled; in fact, these are points that exhibit “typical”
behavior under the assumptions (35a) and (35b). As a result, we can decompose the first term of (51) into
the influence of “typical” points and that of the remaining points as follows:

E {(ql(yl) 71)11{Y1 es}} = E {(ql(yl) —1) 1{v; ES}}

p1(Y1) Yrepr [ \P1(Y1)
_ a(Y1) q1(Y1)
=B [(pl(Yl) 1) 1{Vy €& Yy € L}} B |:p1(Y1) 1{V, €&, Yr ¢ L}}, (53)

where the first identity holds since Y; is determined purely by Yr via deterministic update rules. The
decomposition (53) leaves us with two terms to control, which we accomplish in the next two steps.
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Step 3: controlling the first term on the right-hand side of (53). This step analyzes the first term
on the right-hand side of (53). We would like to make the analysis in this step slightly more general than
needed, given that it will be useful for the subsequent analysis as well.

To begin with, let us introduce the following quantity:

T(yr) = max{Z <t<T+1: St_l(yT) < c14}, (54)

meaning that the score errors exhibit “typical” behavior up to the (T(yT) — 1)—th iteration. As can be clearly
seen from the definition (52) of Z;,

T(yr)=T+1, Yyr € Z;. (55)
In the sequel, we first single out the following lemma, whose proof is deferred to Appendix B.3.

Lemma 6. Consider any yr and its associated sequence {yr—1,--- ,y1} (see (38)). If —logqi(y1) < cgdlogT,
then one has

—log g (yk) < 2cedlog T (56)
forany 1 <k < 7(yr) (cf. (54)), provided that cs > 3cy.

As a consequence of Lemma 6, we are able to control the density ratio ¢;/p: up to the (T(yT) — 1)—th
iteration, as stated in the following lemma. The proof can be found in Appendix B.4.

Lemma 7. Consider any yr, along with the deterministic sequence {yr—1,-+-,y1} (cf. (38))), and set
7=1(yr) (cf. (54)). Then one has

ql(y1; :{1+O<dIO§4T +Z( )+ H&ét Yt) _IH > S (g 1)>}‘IT1(?JT1)7 (57a)

p1(1 Pr—1(Yr—1)

@ (Yr) < ql(yl)

@ (Yr)
<2 , Vk < T, 57b
2pk(yk) — pi(yr) — (57D)

and
Pr(yr)

where the function ((-) is defined in Lemma 5.

Moreover, according to the definition in (36), we can invoke the properties (25) to obtain

(lon _ 11—y ™ X —Va X _ 1—oy
oz @) ~la=—5a @) =53 —ozt)COV( T Xt= ”“") 30 —ay) @

which combined with Lemma 2(b) and the property (26b) leads to
T T T
8¢t 2 1-— (73 \/7X0 2 1-— Qg 2
X =1, < =5 X))+ 22 lar=ay
ZZX,I%Q, [H (X) F:l ;XW% [ 21 — @) ov V1—ay F + ; 21 — @) g

5 () e[ Afw») L=y,

T

T 2
log T 1- 2 dlog™T
< og L Tr( E KZ@ (VaXo+ V11— atz)> D + Z 0g2
T = 1=0  \ Xo~psss Z~N(0.10) = T
dlog®T
= . 58
e (58)

Now let us look at the set Z;. Taking 7(yr) =T + 1 (cf. (55)) in Lemma 7 yields

WE [(2122; - 1) 1{Vi €& Yre Il}]
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- E ({1+O<dlo§4T+Z<<t +H8¢t yt) IH >+S( ))}gg;;—1)]1{Y165,YT6L}

dlog* T 0
—/{<1+O< 01% +y <Ct + H ¢t D) IH >+ST(yT)>> qT(yT)pT(yT)}]l{m €€&yr € Li}dyr
t
dlog* T
< / \ar (yr) — pr(yr)|dyr + O< O§ + y/dlog® Tescore + (dlog T)EJacoba>

dlog* T
< % +\/dlog? Teqeore + (d10g T)e jacobi- (59)

Here, the last line holds since TV(p7, qr) < T71% (according to Lemma 4), and the penultimate line follows
from the observations below:

/(ST yr +Z<|<t |+H8¢t ) IH ))qT(yT)ﬂ{yleS,yTEL}dyT

d log T’ 0@ )
= Z/ T (de sacobipt () + /dlog Tescore,t () + Gt (ye)] + H - IHF ar(yr) 1 {y € E,yr € T} dyr
t=1
T
logT 961 (V)
§4ZY E [( ? (de sacobiyt (Vi) + v/ dlog Tescore,t (Y1) + |G (Y2)| + H ¢t t) H > ]
t=1 1 TPT

T
logT
= 42 E & (dEJacobl t(}/:f) + leg zszcore t(yvt)) + ‘Ct th | +
Y;

t
dlog* T ——
< & + (d 10g T)EJacobi + legd Tescore,

where the first inequality is due to (57), and the last relation comes from (34) and (58).

-l

2
N

Step 4: controlling the second term on the right-hand side of (53). In this step, we find it helpful
to introduce the following sets (in addition to Z; defined in (52)), where we again abbreviate 7 = 7(yr) as
long as it is clear from the context:

Iy = {yT te1q < S:(yr) < 2014}, (60a)
o . q‘r—l(yT—l) 8QT(yT) }

13 = {yT 0 Sro1(yr) < casx(yr) > cua, P P < o) ) (60b)

I4 = {yT : ST*l(yT) < 014757 (yT) > C14, ]q):_i((Z:_ig > 8}3-7'((;/7—7)) } (60C)

It follows immediately from the definition that Z; UZ, UZ3 U Zy = R%. In words, for any point yr in Zs,
the resulting score error remains well-controlled in the 7-th iteration; in comparison, the points in Z3 and
T4 might incur large score errors in the 7-th iteration. The difference between Z3 and Z, then lies in the
comparison between the density ratios ¢;/p; in the (7 — 1)-th and the 7-th iteration.

We shall tackle each of these sets separately, with the combined result summarized in the lemma below.

Lemma 8. It holds that
a1 (Y1)

Yr~pr [ P1 (Yl)

dlog*T [~ 5
1 {Yi e&E,Yrel,UTs UI4}] S Jgj + dlog3 Tescore + (d log T)E_]acobi. (61)

See Appendix B.5 for the proof of this lemma.
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Step 5: putting all pieces together. Recall that Z; UZ, UZ3 UZy = R?. Taking (51), (53), (59) and
(61) collectively, we conclude that

q1 (Yl)
p1(Y1)
q1(Y1)
p1(Y1)

dlog*T [~ 5.
5 ;5: + legS T'escore + dE jacobi log T

TV, q) < E [( —1)]1{Y1€5,YT€L}}
Yr~pr

|

Yr~pr

1{NVi e, YreZ,UTs UL;}} + exp(—cedlogT)

as claimed.

6 Discussion

In this paper, we have developed a new suite of non-asymptotic theory for establishing the convergence and
faithfulness of the probability flow ODE based sampler, assuming access to reliable estimates of the (Stein)
score functions. Our analysis framework seeks to track the dynamics of the reverse process directly using
elementary tools, which eliminates the need to look at the continuous-time limit and invoke the SDE and
ODE toolboxes. Our result is the first to establish nearly linear dimension dependency for the iteration
complexity of this sampler, where only very minimal assumptions on the target data distribution are imposed.
The analysis framework laid out in the current paper might shed light on how to analyze other variants of
score-based generative models as well.

Moving forward, there are plenty of questions that require in-depth theoretical understanding. For instance,
can we establish sharp convergence results in terms of the Wasserstein distance for general non-strongly-
log-concave data distributions, which could sometimes be “closer” to how humans differentiate pictures and
might potentially help relax Assumption 2 in the case of deterministic samplers? To what extent can we
further accelerate the sampling process, without requiring much more information than the score functions?
Ideally, one would hope to achieve acceleration with the aid of the score functions only. It would also be of
paramount interest to establish end-to-end performance guarantees that take into account both the score
learning phase and the sampling phase.
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A Proof for several preliminary facts

A.1 Proof of properties (25b)

Elementary calculations reveal that: the (4, j)-th entry of J;(x) is given by
1
1-a {(/ Px, | x4 (z0 | x)(z, — \/a»tlfo,i)dl‘o) (/ DXo| X, (zo | x) (gcj — \/a»tx(),j)dxo)
—a; ” .
_ / Pxo | x, (@0 | @) (2 — Vaiwo,) (z; — @xo,j)dxo}. (62)
o

This immediately establishes the matrix expression (25b).
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A.2 Proof of properties (26) regarding the learning rates
Proof of property (26a). From the choice of §; in (21), we have

c1 log T

Oét:].—BtZ].— t22

1\3\»—\

The case with ¢ = 1 holds trivially since 81 = 1/T for some large enough constant ¢y > 0.

Proof of properties (26b) and (26c). We start by proving (26b). Let 7 be an integer obeying

log T\ " log T\
ﬁl(l—l—cl;g) S1</31<1-|-c1 = ) ; (63)

T
and we divide into two cases based on 7.

e Consider any t satisfying ¢ < 7. In this case, it suffices to prove that

_ 1 c1logT K
1—01 > = 1 . 4
ay 1_3,31< t—7 > (64)

Clearly, if (64) is valid, then any ¢ < 7 obeys

l—ay Be < cll;gTﬂ (1+ cllog’T) ~ 3eylogT
11— 1—ap_1 — %ﬂl(lJr c11;gT) T

as claimed. Towards proving (64), first note that the base case with ¢ = 2 holds true trivially since
l-a1=1-a1=0p1>5 (1 + %)2/3. Next, let tog > 2 be the first time that Condition (64) fails
to hold and suppose that tqg < 7. It then follows that

to to—1
_ g1 c1logT 1 c1logT 1
l—@y o=1— <l-a 1 <6 (1 =, (65
Qty—2 P Q-1 < ,31( + T ) < 261 + T <3 (65)

where the last inequality result from (63) and the assumption to < 7. This taken together with the
assumptions (64) and ¢y < 7 implies that

log T log T\ to—1 1
(1 —Oét071>at071 > = Og ﬁl mln{(1+ a og ) ,1} . (1 — 5) B c1 I;gTﬁ (1+ c1 logT)to 1 B e IOgT

— > — -
L B2 561 (14 et 1;“)“ B (1 + g Ty T
As a result, we can further derive

L—@—1=1— 1012 =1—Q—2 + (1 — ay—1) 0,2

= (1 G at°_1)at°_2>(1 )

1- Aty—2

c1logT c1logT 1 crlogT\"™t
>(1+ T )(1_at0 2) 2 <1+ T : 551 1+ —
1 crlog T\ ™
= - 1
361< + T ) 3

where the penultimate line holds since (64) is first violated at t = to; this, however, contradicts with
the definition of t5. Consequently, one must have ¢ty > 7, meaning that (64) holds for all ¢t < 7.

e We then turn attention to those ¢t obeying ¢t > 7. In this case, it suffices to make the observation that

T ¢1 1o T+1
cllogT> :%51(1—# log Ty S

cylogT -1’
I 14 calogT 4

_ _ 1
1—at—121—a7—12351(1+
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where the second and the third inequalities come from (64). Therefore, one obtains

- _ alel < derlogT
l—a, = 1/2a = T

The above arguments taken together establish property (26b).
In addition, it comes immediately from (26b) that
11—y Qi1 —

1< ——" =14 == " =1+

< ¢ - at_l(lif Oét) S 1+ 401 IOgT’
1-— [e T} 1— [e T} 1-— (o) T

thereby justifying property (26¢).

Proof of property (26d). Turning attention to the second claim (26d), we note that for any ¢ obeying

T T
t252m7oneha8

cilogT

1—0415:

. c1 log T)t c1logT
1 1, =
min {ﬂl( + T , T

This in turn allows one to deduce that

for an arbitrarily large constant co > 0.

Proof of property (26e). It follows that

ay 1—aq1

11— 1-o

HH—; = a — € [174]’
e t+1

where the last inequality makes use of (26a) and (26¢).
Proof of property (26f). It is easily seen from the Taylor expansion that the learning rates {c;} satisfy
(1_5: >d/2: <1+ 1_aj >d/2
Qy — O ap — Qg

dl — o) | d(d—2){1 - o)’ + O(di”(l_a’f)s)

2(as — az) 8(ay — a@y)?

provided that d(il;f’:) <1.

t—a ~

Proof of property (26g). Finally, recognizing that

exp(dz) — (1 + z)? o ( 1+

d
—1—(1—-0(22 d_ 72
exp(dx) exp(x)) =1-(1-0(%) O(dz”)

for any x obeying |dx| < 1/4, one can deduce that

1— @ \4/2 1—a \? l-a; d 1—ay \2
(A=) _(H at) -exp( at.>.(1+o<d( %))),
Qp — O Qp — Ot Qp — Ot 2 Qp — Ot

d(1
[e3

di-or) o q

t— 0

given the fact that
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A.3 Proof of Lemma 1

For notational simplicity, we drop the subscript ¢ and denote 6(y) := 6;(y) throughout this subsection. To
establish this lemma, we first make the following claim, whose proof is deferred to the end of this subsection.

Claim 1. Consider any cs > 2 and suppose that cg > 2cr. There exists some xo € R? such that

IVarwo — yll2 < 05\/9(y)d 1—a;)logT and (67a)
€ d . 1

hold simultaneously, where cq is defined in (21).

With the above claim in place, we are ready to prove Lemma 1. For notational simplicity, we let X
represent a random vector whose distribution px(-) obeys

px () = pxoix, (2] Y). (68)

Consider the point xg in Claim 1, and let us look at a set:

£ = {x VG||lz — @oll2 > des\/0(y)d(1 — at)logT},

where ¢; > 2 (see Claim 1). Combining this with property (67a) about zq results in

P(IVEX —llo > e /0wl @) logT) < B(X € £). (69)

Consequently, everything boils down to bounding P(X € £). Towards this, we first invoke the Bayes rule
Pxo | x. (@ |y) o< px, ()px, | x, (¥ | ) to derive

U € &1, = ) = el O
z PXo (x)pXt |X0(Z/ | x)dz
fzeg pXo(m)pXt | Xo (y|z)dz
fz:\lzfzo\lggerO (@)px, | xo (y | x)d
SUpyee Px, | x0 (Y |2) P(Xo € &)
T infe e agla<e Px, | X0 (Y [2) P([Xo — woll2 <€)

(70)

To further bound this quantity, note that: in view of the definition of £ and expression (67a), one has
SUp P, | x, (Y | 7) = sup Px, | X, (] 2)
v€l || V& z—/rzo |2 >4cs\/0(y)d(1—ar) log T

< sup ISAPNCIED
x:||vVarz—y||2>3c54/0(y)d(1—a) log T

1 9¢20(y)dlog T
- ( _ 9cs (y; g >
(27‘(’(1 —at»

IN

and

. 1 : ly — vVa|3
inf ~ px, yle) 2 ———— inf  exp (— —
el e PX %0 0]2) (2m(1 — @) wlle—zollaze 2(1 @)

1 exp(_ ly — V@ioll3 ||vat$—vatxo||§)

_— inf
(271'(1 — at))d/2 zi||z—zo[l2<e
1 Cly—va3 € )

> exp( — p—
(2m(1 — )" Lo 1w

Y

1—-o 1—-o;
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1 1 1
> ————————exp (—c%@(y)dlogT— - — )
rti—a0)” T 1-%

1

> W exp (— 2c20(y)dlogT),
s — O

where the second line is due to the elementary inequality ||a + b||3 < 2[|al|3 + 2||b||3, the penultimate line

relies on (67), and the last line holds true since 1 —@; > 1 —aq = 1/T° (see (21)). Substitution of the above
two displays into (70), we arrive at

1
([[Xo — zofl2 <€)

P(Xo € £| X =y) <exp(—25c20(y)dlogT) - P

d
< exp (— 2.5¢20dlogT) - <T29(y)+00/2>
< exp (— (25¢30(y) — 20(y) — eo/2)d10g T), )

where the second inequality invokes (67b). Substituting this into (69) and recalling the distribution (68) of
X, we arrive at

P(H@X — ylla > 5es1/0(y)d(1 — @) log T) < exp (= (2.5¢20(y) — 20(y) — co/2)dlog T)
< exp (—c30(y)dlogT),

with the proviso that ¢5 > 2 and ¢g > ¢o (so that (y) > ¢ > ¢p). This concludes the proof of the advertised
result (28) when ¢5 > 2 and ¢g > 2¢g + o, as long as Claim 1 can be justified.
With the above result in place, it then follows that

E [[lz: — vaiXol|, | Xi = ]
< 5e51/0(y)d(1 —a;)log T+ E [th —Va Xol|, 1 {||lz: — VaXol2 > 5e51/0(y)d(1 — @) log T} ‘Xt = xt]

o0

< 55\ /0)d(1l — a1 log T +/ Pz, — vazols > 7| X, = x)dr
5cs/0(y)d(1—ay) log T

oo 7_2

< b5e5v/0(y)d(1 — @ logT—!—/ exp(—)dr
VO 2 5es/0(y)d(1—as) log T 25(1 — @)

< 5e5y/0(y)d(1 —@;)log T + exp (= c20(y)dlog T)

< 6es\/0(y)d(1 — @) log T,

as claimed in (29a) by taking c; = 2. The proofs for (29b), (29¢) and (29d) follow from similar aguments and
are hence omitted for the sake of brevity.

Proof of Claim 1. We prove this claim by contradiction. Specifically, suppose instead that: for every z
obeying ||vazz — yll2 < ¢51/0(y)d(1 — @) log T', we have

d
P(|Xo—z|2 <€) < ( ° ) with e = (72)

2T R Teco/2’

Clearly, the choice of € ensures that € < %\/d(l —ay)logT. In the following, we would like to show that this
assumption leads to contradiction.
First of all, let us look at px,, which obeys

px, (y) = / Pxo (T)Px, | x, (y | x)da

- / pxo(@)px, | x0 (v | 2)de
x: [|[Vare—yll2>es4/0(y)d(1—ar) log T
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+/ Px, (P)px, | x, (Y | z)dz. (73)
€z \l@x—y\|2<cs 0(y)d(1—a) log T

To further control (73), we make two observations:

1) The first term on the right-hand side of (73) can be bounded by

Px, (x)PX,, | Xo (y|r)dx

L: V& iz —y|l2>c54/0(y)d(1—a) log T
1

< sup exp(— 12113 )
= — \d/2 e
zi||z]|2>es54/0(y)d(1—a) log T (277(1 - Oét)) 2(1 at)

1
< g exp (—0(y)dlogT), (74)
provided that ¢5 > 2 and ¢ > 0 is large enough (note that 6(y) > ¢). Here, we have used X; 0
VaiXo + 1 —aW with W ~ N(0,1;) as well as standard properties about Gaussian distributions.

2) Regarding the second term on the right-hand side of (73), let us construct an epsilon-net N, = {z;} for
the following set

{z: V@ —yll2 < esv/0(y)d(1 — @) log T and |2 < R},

so that for each z in this set, one can find a vector z; € N, such that ||z — 2|2 < e. Clearly, we can
choose N so that its cardinality obeys [N, < (2R/e)?. Define B; = {z | ||z — 22 < €} for each
z; € N.. Armed with these sets, we can derive

|N€|
_ —d/2
/ P (@), | 30 (v | 2)dz < (27 (1 — @) "> S B(Xo € By)
z:||[Vaiz—yll2<cs/0(y)d(1—a;) log T i=1

d d
_\\—d/2 € 2R
27(1 — @) <2T20<y>R> <E>

exp (— 0(y)dlogT),

IN

A
DN =

where the penultimate step comes from the assumption (72).

The above results taken collectively lead to

px,(y) < exp (—0(y)dlogT), (75)

thus contradicting the definition of 6(y).
Consequently, we have proven the existence of  obeying ||v/a;x — y|l2 < ¢51/0(y)d(1 — a;)log T and

d d
€ €
P([[Xo — z[2 <€) > <2Tg(y)R> = <T29(y)> ’

provided that 6(y) > ¢g > 2¢g. This completes the proof of Claim 1.

A.4 Proof of Lemma 2

Part (a). Before proceeding, we abuse the notation by introducing the following convenient notation:
Xe=VaXo+vV1i—-aZ and Xz =VaXo+V1-aZ,

where we recall that Xy ~ pgata and Z ~ N(0, I;) are independently generated. Also, when ga(;:g\) < dlolgT,

we make note of several properties that can be easily verified:

axao and l—ax1-a (76a)
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Consider any =’ and let

r=/a/az.

Our first step is to demonstrate a certain equivalence result between px_, (z') and px_(z). Towards this end,
a little algebra reveals that

2 — Va'woll5 _ |lz — v/awo|l3 n a—a |lz— Va3 (77)
2(1—a) 2(1—@) a(l-a')(1—a) 2 ’

and as a result,

)= . o’ — Vo3
Pxg (@) = /pdata(ﬂﬂo)(%(lO/))d/2 exp ( - 2(1_0/)0>de

1-a 2(1 — @) 2a(l —a)(1-a)

1—«

o’ —a| 1
a(l—a) ~ dlogT

o e /pdata(xO)(QW(l—la))d/Q P < - (1 * O(dl(ng)) ||x2_(1\/az;)”§)dxo

N (/zOEE - /:mzs) pdata(mo)(%(l_la))‘m P (_ (1 + O(dlolg T)) ”xg_(l\/_&z;”%)dxoa (79)

Combine this with the assumption and the properties (76) to yield

where
1 1 |l — Va3
E=<x| exp( <1+O( )) — > exp (—4cgdlogT)
{ (2n(1 — @) dlogT/ ) 2(1-a)
with the constant cg > 0 defined in Lemma 1. Given our assumption that 1 — & > ﬁ and the fact ¢y < cg,

a little algebra leads to

lz — vaol|3

< 12¢gdlogT v
2(1—6) = Ce@ 10g 1, 35065»

and as a consequence,

/megpdata(ﬂﬁo)(%(l_la))m exp ( - <1 + O(dlolgT>) 332—(1\/_&2;|§>de

1 |z — \/aon%)
= Ddata(To) ———————— exp < — < |dxg
/zoes T o1 — ) 21— a)

o L e VamlB
= pxa(7) /Ioﬂpdata( 0)(%(1_&))(1/2 p< 2(1 —a) )d 0

Regarding those zp ¢ £, one can easily derive

/zoggpdata(xO)(%T(l_loé))(i/z exp ( - <1 + O(dlolgT)) 932(1x/_5;:§)|§>d$0
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< exp (—4cgdlogT) /pdata(xo)dxo = exp (—4cgdlogT) ;

similarly, it can also be easily verified that (which we omit here for conciseness)

1 |z — \/5560”5)
Ddata(Tg) ————————= exp (— ——— = |dzo < exp(—1.5cedlogT).
/zo¢e T em( - @) 2(1 - @)

Combine the above results with (79) to deduce that

NG 1 |z — vao|3
px (@) =< /pdata(xO)(QW(]_a))d/z exp < - 2(1_0(;)2)&1:0 + O(exp (—cedlogT))
= px.(2) + O(exp (~1.5¢6dlog T) ) (80)
= Pxo(T), (81)

where the last line is valid provided that —logpx. (x) < cedlogT.
Based on the above results, we can further demonstrate another equivalence result concerning px,|x.,
and px,|x.: if —logpx,(z) < cedlogT holds and

l2" = Va'zo |3 =[]z — Vazo|3 < d(1 —a)logT,

then one has

o' VT ao2
, pdata(xO)m exp (— I 2(175/)0”2)
PXo| Xy (zo|2") = rx., (@)
1 1 llz—vawo|3
_ paata(20) iy @ (— (14 O (qmgr)) “oie) 2
Px.(2)
z—Vaxg||2
- pdata(xo)me}(p(_ H 2([&3”2) = (zo|z) (82)
B Px~(T) PRl T

Now, we are ready to analyze the conditional covariance matrices of interest. Recalling that

(¢ — \/gxo) («/ - \/ng)T = M(w —Vawg) (z — \/EZEO)Ta

we can deduce that

! _ —/X
S (2') = Cov (Z\ VaXo+V1-aZ= x’) = Cov<x\/0710 VA Xo+V1-a'Z = a:’>
—

val
:6’(1—6)&)\/ x_\/EXOM/gX +V1-aZ=4a
a(l—a) V1-a 0
QCCOV L\/EXO\HX +V1-a'Z =1
= Co o 0
ii i —VaX —VaX Ry — —
(:)ColﬂfIE (xl\/faaop(x’)) (CEI\/%)M@)) }|\/07X0+\/104’Zx’

vVi—a vVi—a d(l—a)logTN
+ Cs exp ( — CldlogT)Id

(g) COIE[(CC\/(;XO - u'(a:)) <$\/&XO - M/(as))T 1 {Hx_\/&XOH; N 1} VA Xo+V1-a7 = “7/]
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(iv)

— S (a)

+ Coexp (— CidlogT) Iy

for some universal constants Cy, C1,Cs,C3 > 0, where
!/ . — pu—
1 () .:IE[Z|\/&XO+\/1—O¢Z=$}.

Here, (i) follows since @ < o and 1 —a < 1—a’ (cf. (76)); (ii) holds since Cov( ‘FX" |[Va'Xo+V1—a'Z =
a’ ) represents the error covariance associated with the minimum mean square error (MMSE) estimator for

Z given Va' Xy + V1 —a' Z = «'; (iii) arises from Lemma 1 (particularly the high-probability bound (28)

llz—vaXoll3

stating that the probability of the event di—aytogr > 11is exponentially small); and (iv) is an immediate

consequence of (82). In particular, the matrix S(z) defined in the step (iv) obeys

Sa(z) < Cov(gc_l\/@fo

||§a($)|| < IE( r —VaX

1—-a
provided that —log px. (z) < cgdlogT. These results in turn imply that

|VaX,+v1-az = m) = Yg(x),

2 —vaX
]I{Hx Va 0H2 < 1}|on+mZ_$> <dlogT,
> ld(l-a@)logT ~

(Zx (x/))Q < <03§5(l‘) + Cyexp (— Cidlog T)Id)2 = Cg(Ea(m))Q + Cyexp (— CsdlogT)Is  (83)

for some universal constants Cy, C5 > 0, as long as —logpx.(x) < cgdlogT.

Treating x’ as a random vector with the same distribution as va’ Xy +v'1 — @' Z — so that x is a random
vector with the same distribution as v/aXy + /1 — aZ — and taking expectation over 2’ (and hence x) on
both sides of (83), we arrive at

EREQ’(@XHMZ))T: E [Ex))]

x/NPX,,
= z/~IE [( ) 1{—logpx.(z) < c6d10gT}} + y NIE] {( ) 1{ - logpx.(z) > chlogT}}
= O§ E {(Za(x))q + Cyexp ( — CsdlogT)Id + E {( & ) { log px_(x) > chlogT}}
TP x'~px,
(84)

where we use px_, and px. to denote the distribution of Xz and Xz, respectively. To bound the last term
in the last line of (84), note that for any x obeying —log px_(x) > cedlog T, it follows from (80) that

px_, (') < px. (@) + O(exp(—1.5cedlog T)) = o( exp(—cedlogT)),

and hence
—log px_(x) 5 —logpx_, (')
S (2! 2 1 ——ofAw\) = S ()P0 08 PXe ) .
x/~IExa/ [< (= )) { dlogT =2 w’NIEX,, H (x )H dlog T > Cg d
Defining
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we can invoke Lemma 1 with a little algebra to derive (details are omitted for brevity)

_logp E/( _
LB e {0l <50 g [l {2t < 00 < 2

< CG exp (7C7d logT)

for some universal constants Cg, C7 > 0, where we have made use of the basic fact that

\/QO |\FX0+\/1—aZ—x

Putting the preceding resutls together, we can conclude that

[ ||<]E{||ZZT|||\FX0+\/§Z—:£}—El

E {(Ea/ (\/gXO +41-— o/Z)>2] < C3 xNIEXE {(Ea(x))Z] + {Cyexp (— Csdlog T) + Csexp (—Crdlog T) } I
< C3E [(Za(\/EXO + \/ﬂz))g] + Cgexp (— Codlog T) I,

for some universal constants Cg, Cy > 0, as claimed.

Part (b). First, we find it convenient to introduce another conditional covariance, defined as follows:

Ay(x) = Cov (X |sXo +/sZ =ux), (85)
which clearly satisfies
1
Cov (Z|sXo +/sZ =z) = Cov <\/§x —Vs5Xq|5Xo+VsZ = x) = sAq(x). (86)

It is easily seen that (by taking s = t%=)

—a

Ya(r) = Cov(Z |VaXo+V1-aZ= x) - A (1{56

l-a 1=

7). (87)
Let us single out a basic property about A, and Y& that plays an important role in the subsequent proof.
First of all, it has been shown in previous work (see, e.g., Eldan (2020); El Alaoui and Montanari (2022))
that the time-differential of (85) admits a simple form?
dE[Ay(sXo +V52)] = —E[(As(sXo + V/52))?] ds. (88)
Replacing s with 1% and using (31), we have

As(sXo +52Z) = —=Tx(VaXo + V1-az),

and hence (88) immediately tells us that

(L5 A+ VTTR2)] ) = ‘%E[(Eﬂ@% + ﬁz)ﬂd( =) @

11—«

From now on, let us consider any 0 < @ <@, < 1 obeying 12 = < - < 7= , and the monotonicity of

1_
f(x) = % in x gives

@ @ _ da f ac [, @]

or any @ € [y, @y

l—-w " 1—a~ 1—-1a Y b S

3While this result was originally established by Eldan (2020) using stochastic localization, it can also be derived using an
elementary estimation-theoretic approach without introducing any SDEs (see El Alaoui and Montanari (2022)).
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Use the positive semidefiniteness of the covariance matrix and the fact d(%) = (157%2 to derive

[ (e (et + V)] )
) /au d(%Tr(E[Ea(\/EXO + \/ﬁZ)]))
=/ da

da

= (Bl (VX +VI= )] ) - T (B (VR + VIS mA)]) 20, (00

u

where the penultimate line arises from (89).
Moreover, recalling that a; = Hle a; > Qpy1, we have

<1 O‘t)QTr<1E[(2a, (VaXo +MZ))2D -/m —_da

at [P (1 — a)2

O1-a 1—a — — 2\ 2 ap — Qpt1

= 4041 ' o .Tr<E{(Zat(\/OTtX0+ ! —oth)) D . (1 —a)(1 —@y1)

@ 1o (E[(zm (VaXo+vVi—m atz))zD
4041

i) 1

D1 atTr(E[(Eat(\/oZXo + i atZ))ZD (91)
4at

for any ¢ > 2, where (i) results from (26), (ii) is valid since @; — @41 = @(1 — as41), and (iii) uses the
property a; <1 (cf. (26a)) and the fact that 1 — a; <1 — ay4q for t > 2. Recall that (cf. (26b))

o7 —at+1 - 1-— (07 AR} < IOgT < 1

0< =
_at(l—at) 1—&,5 ~ T dlogT

and 1 — @11 > 1—a; > 1—a; =T . Taking inequality (91) together with Lemma 2(a) yields

/at (1 O‘>2 Tr<E[(2a(\/&XO + m2)>2}>(1_1a)2da

[e7

et
o oy (L2 1 (] (5, (VA X0 4 VT=T2)) /at L da— Croexp(—Codl T/at L da
26 () TEGn VEX e VTmA) ) [ Gapda - Coen(-CodlosT) [ S
1- 2 a-a
> Cy 4af‘tTr(E[(zm(\/EtX0+\/1atz)” fC’loeXp(ngdlogT)%
1_ 2
> Cy 45? {Tr(EKEm (VarXo + VI — atZ)) D O exp(—C’ndlogT)} (92)

for some universal constants Cs, Cy, C1g, C11,C12 > 0, where the first inequality invokes Lemma 2(a), and
. . . . Ty —, 1— _
the last inequality is valid since S2—tl — 2 %edl o 1—ar
Q410 Q41 Qi

Combine inequality (92) with (90) (with @ = @11 and @, = @;) to reach

Ci 14—;“ {Tr (E[(zat (VaiXo + MZ))QD — O eXp(—CudlogT)}

1-a L-a
< = T (B (VA Xo + VT= @ 2)] ) - = T (B[S (VaXo + V= @2)]).

Qpy1

Multiplying both sides by 1?'5@, we are left with
1— Ot — — 2
Cgm Tr E[(Eat (\/ OétXO —+ \/ 1 — OétZ)) i| — 012 eXp(—Clldlog T)
—
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< oy (B (VAo + VTR 2)]) = T (B[ (VX + VI=T02) )

arr1(l — oy
< Tt (E[Sr,,. (VA1 Xo + VI — @11 2)]) = Tr(E[Sa, (VEXo + VT =@ 2)])

32¢q log T — X — 7/
& r(EP?t 1(\/Oét+1 0 \/1 t+1 )])
I 3201d1()g1

< Tr(E[Sa (VEm Xo + VI = @1 2)]) = Tr(E[Sw, (VEXo + VT =7 2)] ) + &S )

for any ¢ > 2. Here, the penultimate inequality in (93) holds since (according to (26a), (26b) and (26¢))

1—as - l—ap <

Oét+1(1 — at) Olt+1(1 — at) -

4(1 — at+1) < 3201 IOgT
1—a T ’

and the last inequality in (93) follows since, for any @ € (0, 1),
E[Sa(VaXo + VI—aZ)] = E|Cov(Z | VaX, + VI—aZ)| = Cou(Z) = L. (94)

Consequently, sum over ¢ = 2,...,T to form a telescopic sum and derive

Cs Y %Tr (IE [(Eat (Var Xo + MZ))QD

<> {0 (B 5 (VX + T 2)]) -~ (Bl (Ve + VI=2)] )} + vl

.
||
N

+Csz4(1 C12€XP( Ci1dlogT)

< Tr( [ Tt (\/CYT+1X0 + /1 — aTHZ)]) + 32¢1dlog T + 2¢1C3Cho exp(—Ch1dlog T) log T
< 34cidlogT,

where the last inequality uses (94) and property (26b). This concludes the proof.

A.5 Proof of Lemma 3

Recognizing that Yr ~ N (0, 1) and that Xp 4 VarXo + /1 —ar Wy with Wy ~ N(0,1;) (independent
from Xj), one has

X
KL(pxy [ pve) = / pxe () log 2228 4,

pYT(x)
; /pXT ) log y lyll<varTer px/@XO( )p\/ﬁwt(x—y)dydx
pYT( )
< /pX o Pyl VTR Py, )
S Py ()
_ 2 2
yillyll2<vVETTeR 2(1—ar) 2
< . vl
< /PXT(f) - d/210g(1 — OéT) + ||£L'||2 sup 177 dz
yillylla<varTer + — QT
_ arTer
< —d/21 1-— NTT O RNX
< —d/2log(1 —ar) + 20— 5 1 X7l2]
(iii)i @TC .
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where (i) arises from the assumption that || Xo||2 < 7%, (ii) applies the Cauchy-Schwarz inequality, (iii) holds

true since

E(|Xrla) < Var|Xoll2 + E [[Wel] < varT™ + E[IW[3] < varre + Vi,

and (iv) makes use of (26d) given that c; > 1000. The proof is thus completed by invoking the Pinsker

inequality (Tsybakov, 2009, Lemma 2.5).

B Proof of auxiliary lemmas

B.1 Proof of Lemma 4
B.1.1 Proof of relations (41) and (42a)
Recall the definition of ¢; and ¢} in (36), and introduce the following vector:

wi=x = ¢yx) = — ¢} (x) + ¢} (x) — du(2)

1 (e 77

- m /xﬂ (z = Vazo)px, | x, (zo | 2)dzo —

1—&15

The proof is composed of the following steps.

Step 1: decomposing p /zx,_, (qﬁt(x))/pxt (z). Recognizing that
X, L VaXo+vVi—a@W  with W~ N(0, 1)
and making use of the Bayes rule, we can express the conditional distribution as

e o el 1
pXo|Xt(x0|x)* pXt(l‘) pXt‘Xo( | 0) pXt(CU) (27‘((1—@,5))(1/2 p(

Moreover, it follows from (97) that

Vo X1 4 Vor (Va1 Xo+ 1 - W) = VaXo + Vou —a, W.

These taken together allow one to rewrite p /;x, , such that:

Pyaixe_, (¢(®) @) 1 .
px, ()  px, (o) /9;0 Pxo(0) (27 (cy — @)

L~ €z ! exp | — @
e L e I =

Q(O{t — at)

2(0[15 — @)(1 — at) 2(0&,5 — Et)
iii 1—a; \d4/2
(:>( t) / Pxo| x, (zo | )-
o

( a(mwmeinmazw@ﬁw@)
cexp | — dzxo

Qp — oy

(se(x) = 57 (2))-

= = Va5
2(1 — @)

— 2
1 /2 exp(— Hgbt(x)\/aton?)dxo

2(ar — @) (1 — @) 2(ay — @)

) {1+M+O(d2(m>2>}'

e ( (=)o Vamoly  ulj — 24T (= — Vi)

(1= )|l = Vamolly  l[ul3 — 2u™ (v — Vrwo)

\/x0 pXOlXt(xO |$) P ( 2(th —@t)(l —at) N 2(0[,3 —at)
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)dxo (100)

(101)



Here, identity (i) holds due to (99) and hence

Pyaix,—, (%) :/ Pxo (0)parmw (2 — Vaizo ) dao;

Zo

identity (ii) follows from (96) and elementary algebra; relation (iii) is a consequence of the Bayes rule (98);

and relation (iv) results from (26f).

Step 2: controlling the integral in the decomposition (101). In order to further control the right-hand
side of expression (101), we need to evaluate the integral in (101). To this end, we make a few observations.

e To begin with, Lemma 1 tells us that

IP’(H\/@XO — x”z > 5esy/0;(2)d(1 — ;) log T | X = x) < exp (— c20y(x)dlogT)
for any quantity c5 > 2, provided that cg > 2cg + co-

o A little algebra based on this relation allows one to bound w (cf. (96)) as follows:

-« 1-a
HUHQ < thscore,t(l') + Q(Tatt)E [H\/EXO — l‘”2 { X = :L‘}
l-«a 6(1 —«a
= Ttgscore,t(m) + %\/at(l‘)d(l — at) log 117
- g

where the last inequality arises from Lemma 1.

Next, let us define

gopical {xo . Hx _ @x0‘|2 < 5¢v/0,(z)d(1 — @) logT}

for any quantity ¢ > 0. Then for any zo € EYP?! it is clearly seen from (102) and (26) that

(1-oy ||x — \/>:Eo||2 25¢2 (1 — oy )0y (w0 )dlogT 100¢; ¢?0, (x)d log? T
20 —ap)(1—ay) — 2 o — 0y T ’
2 1— 2 1— 2
IIqui < ( O‘Z) rcore 1 (2)? 36£ o) a
2 — @) ~ Ao — @) ’ (1 —ay)(ay — )
2¢3 log® T 2304¢2

0¢(x)dlogT

= T2 Escore,t (1')2 + 2 0; (x)dlog3 T,
UT (:C — \/atl’o) < ||U||2||I’ - \/at$0||2
oy — O - oy — Qi

5¢(l — o) — 30¢(1 — )b (x)dlog T
—— d(1— logT

= 2(0426 Olt) Escore, t \/et Oét) ogl + p——
20cc 240cc1 0 (x)dlog® T

S Tlgscore,t(x)\/et (x)d(l - at) 10g3 T+ ! t(T) g .

As a consequence, for any x¢ € EYP@ for ¢ > 2, we have seen from (104d) and (26) that

(—ede—vawol,  July |, v (z~vaw) _u(r - Va)

2(0475 —@t)(l —&t) 2(Oét —@) ap — QO - o — O
5¢(1 — 30¢(1 — ay)6 dlogT

=) A —F)lea T + S0clL = an)fu(z)dlog
Q(Olt Oéf) Qp — O
20cc 240cc

< ! Escore,t (.Z’) 915 (x)dIOgS T+ ! et( )d 10g2 T < Cet (CC)d,

- T
provided that
3
4001€score,t($) IOgE T <

T < \/Oi(x)d and T > 480¢; log? T.
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Step 2(a): proof of relation (41). Substituting (105) into (101) and making use of (26) under our
assumption on T yield

Py, (¢:(x)) Se(1 — ay) 30c(1 — ay) /
————= <2 ——————Escore 0¢(x)dlogT + ———=0;(x)dlog T d
px, (@) = 2exp 2 — t)E (z) /0 (z)dlog T + o — o +(x)dlog . Px, | x, (Zo | x)dzo
5¢(1 — ay) 30c(1 — o)
<2 T 0, (2)dlog T + 22" g (2)dlog T ),
exp (2 (o — ) e.t(2)V/0i(z)dlog T + po—— +(z)dlog
thus establishing (41) by taking ¢ = 2.

Step 2(b): proof of relation (42a). Suppose now that

Gt(a:)dlog2 T+ Escore, t (I) \/ 0 (ﬂi)dlog?’ T <

- <1 (107)

holds for some large enough constant Cy > 0. Under this additional condition, it can be easily verified that

Cio

|_ (0 —aolle = varoll,  Julf w7 (r~ Vo)

2(0[,5 —at)(]. —at) 2(04t —at) (673 —at
l-—a
< cio (Ht(x)dIOgT + Escore,t () /b (x)d log T) - at (108)
t—
for any z € EYP (with ¢ = 2), where ¢19 > 0 is some sufficiently small constant. Therefore, the Taylor

expansion e =% = 1 — z + O(2?%) (for all |z| < 1) gives

oxp < L -a)|e = Vawoly  ul3 —2uT (z - mxo))

2(Ott — at)(l — at) 2(0[15 — @t)
_ (1—04,5)Hx—\/6>tm0H2 uT(x—@xo) 22, 2 2 1—ay\?
— 1ol e +0<(9t(g:) 108 T + xcore.t () Gt(a:)dlogT)(at —at) )

(109)

for any zo € EYP® which invokes (108) and (104b) (under the assumption (107)). Combine (109) and (106)
to show that

2

1-— —Ja 2 o T =
/pX0|Xt($0|$)eXp<—( at)||z ‘/OTtxOHQ [ul]3 —2u’ (= \/OTtaco))dxo
Zo

2(@15 —at)(]. —at) 2(Olt —at)

— 12 —
B (1—ap)||z — Vao|, [ull3 —2u" (z — Vawo)
= T | pxoix. (ol @) exp | — Ao —a)(—a) e dxg
zo€EYP  Jmog ey ap — ) (1 —ay) (a — )

2

= 2
1 — T —
—/ Egtypicale“Xt(xOlm)(l (1—ap)||z — Vo,  u'(x @xo))dxo
z0€EES +

2(O[t *at)(l *at) Qp — at

11—y \2 oo
+ O <(9t ($)2d2 10g2 T+ Escore,t(l')Qet (-r)dlog T) ( : ) > + @) (Z / typi \ ~ Px, | X+ ($0 ‘ SL’) exp (Cet (x)d) d$0>
c=3JTo€ES pical giyilial

(1= ) ( [, o x, (w0 | 2)||2 — Vo 3dwo — || [, x| x, (w0 | 2) (2 — V/Trao)dao]| ;)
2(0[15 —&t)(l *at)

+0 <9t(a:)2d2 (1_7%)2 1og? T + €score.t () Ht(x)dlogT( 1-a )) + O(exp (— 60i(x)dlog T))

ar — 0 ap — O

=1—-

(1— ) ( [, px,  x, (@0 |2)||x = V@ ydwo — || [, x| x. (@0 | 2) (& — VTrwo)dao| ;)

2(O[t — at)(l — at)

=1-
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+O<9t(aj)2d2(1_0%)210g2T+€score7t(x) 0, (x )dlogT(O‘t)>, (110)

O — O Qp — O

where the penultimate relation holds since, according to (102a),

(oo}

Z/ s o Px, | x, (To | z) exp (O (z)d) dzo < Zexp —c*0,(z)dlog T) exp (cby(x)d)
- 3 Ioegty ical Eiy_lca

< Zexp (2029t(x)dlog T> <exp (=0 (z)dlogT),

and the last line in (110) again utilizes (26) and the fact that 0;(z) > ¢g for some large enough constant
cg > 0.
Putting (110) and (101) together yields

p\/OTtthl(qﬁt(x)) _ d(l—at) 9l 1—ay 2 5 o
W _1+M+O<9t(x) d (m) log T+55core,t($) et( )dlogT( t—at)>_

(1= a0) (Lo, Pxo (0| )2 = Vaeollydeo — || [, pxo 1 x. (w0 |2) (2 — v/rwo)daol)
2(Oét *at)(l *at)

as claimed.

B.1.2 Proof of relation (42b)

Consider any random vector Y. To understand the density ratio py, (v (¢:(z))/py (z), we make note of the
transformation

Oy (x)\—1
Po,(v) (¢e(2)) = det( 53(3 )) py (z), (111a)
« ¢y (x)\ 1
P (v (97 (@) = det(%) py (2), (111b)
1
where 8%”;3") and a¢f (I) denote the Jacobian matrices. It thus suffices to control the quantity det(a(b’(m))

To begin with, recall from (36) and (24) that

1—Oét

¢;(z) =x — mﬂt( ).

As a result, one can use (25a) and (25b) to derive

007 (r)  1—ay ol 1 = B
I o _at)Jt(x) = =) I— T atCOV(Xt VaiXo | Xy = ;U) . (112)
=B
This allows one to show that
¢y (x)\ _ d(1l — )
Tr(I o ) “oi—ay
(1 - Oét)(” fl‘o pXO | Xt (x() | l‘) (l' - \/a»txo)dxonz B fZL’() pXOIXt (1'0 |.’L’)||£E - \/a»txonzdxo) (1133:)
2(1 — @;)2 '

Moreover, the matrix B defined in (112) satisfies

1Bl < B[~ vaXe) (X~ vaXe) " | Xe=a]| < [ pxoixilan o)l - Varodao
zo
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due to Jensen’s inequality. Taking this together with (112) and Lemma 1 reveals that

— 2
0¢; (x 097 (x fwo pXO\Xt(xO \x)”x— \/OTtonzde
e B = O =z
1-— Qay 1-— (677
1-— Qg
Additionally, the Taylor expansion guarantees that for any A and A,

det(I + A+ A) =1+ Tr(A) + O((Tr(A))* + || A} + d|All) (114a)
det(I + A+ A)_l =1-Tr(4)+ O((Tr(A))2 + | A|1E + dHAH) (114b)

hold as long as d||A|| + d||A]| < ¢11 for some small enough constant c¢i; > 0. The above properties taken
collectively with (36) and (33) allow us to demonstrate that

Pour)(0e(@) det(agﬁt(z)>_1 = <det(a¢;(m) Gl [Jst(x) - JS*(Q;)D)l

Py () Ox Ox 2 t
B 0¢y (x) 1— oy -t
_ (det (I e [Jst (@) — Jos (x)} (115)
1 8@*(5”)_ 2 pf l—ar\? o 3 1673 L—o\3 _ )
=1 Tr( 8Jj I) + O et(x) d (m) log T + 0°d log T(m) + (]. Oét)dEJacob,,t(.T)

a1 —ap) (= a) (Il Ly pxo (@0 |2) (@ = Vawo)daoll; = [, px, . (20 | @) |2 = Varwo| 30 )
=1+ — + — —

Q(Oét — Oét) 2(0&,5 — Oét)(l — O{t)

2o L—ap\2 _ .
+0 (675(37) d (Oét — at) log®T + (1 at)dEJacobl,t(x) ) (116)

with the proviso that

d*(1 — o) logT < 8c1d?log® T
ap — O - T

d acobi 1 T
<2 and (1 — o) de jacobi,e () < €102 sacoti (¢) log < ez

- T

for some sufficiently small constant ci;2 > 0 (see (26)).

B.2 Proof of Lemma 5

Before proceeding, let us make note of several basic facts: for any x with 6;(x) < 1, Lemma 1 and (26) taken
together reveal that:

1_
o (I~ VAo | %= i I - E[1X: - vaxol} | X = yt])\

(O{t — Olt)(l —
— 2
(1 — a)B[[|Xe = vaiXo[l, | Xi = 3] < (L—a)dlogT _ dlog’ T _ o(1) (117a)
- (Oét —@t)(l —@t) ~ Qi —at ~ T
and ALz o) odlogT gy (117b)

ap — Q¢ ~ T
Our proof consists of several steps below.
PyarXe_q (01(2))

Pxy (a:)
of £YPical in (103), we can repeat the arguments in (100) and (110) to reach

Step 1: obtaining a refined approximation of To begin with, recalling the definition

p\/on,Xf,_l (¢t(x))
px,(z)
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= ( ! —_6: )d/2 /xo Pxo | x, (%o | ) exp (— (1 ogfle - @xd@ + 2ul(z— \/OTtxO)) |u”%>d$0

ap — Gy 2(ar —a) (1 — @) 2(ar — @y
—ay \ /2 (1—y)||lr — Vage xr —\agwo) — ||ul|3
- (oi - at)d { /woeg;ym. Pxo | x, (o | ) exp ( S —Hat)(l ‘ atO)Hz u' ( S (;)t)) >dxo
+ O(exp (—0i(x)dlogT) )}

1—ay \4/2 (1- at)[(ac - @xO)TE[x —VaXo | Xy = :C] — Hm — @xd‘i]
) ( o ) { /z egyme Pxo1x. (@0 |2} exp ( 2(ay —a)(1 —a) )

(_ (1— o) (sl )— si(w >)T<xf Vaiwe)  ul3

2(ay — @y 2(ay — @)

)dx +o(exp<—et<m>dlogT>)}

dl T
:O(exp(fet( )dlog T) +<1+0 Og >>

/ (d(l 1—at)[($—@$0)TE[$—\/aXo | Xy = 2] —H:T—\/CTNCOHE]>
Px, | x, (To | z)exp
2o cEDPieal

2 Qp — @ 2(C¥t *at)(]. — at)

(
eXp( (1—ay) St(x) sy(w )) (If \/>z0) _ HUH% )>d$07

(Oét — Oét) 2(0& — at (118)

where we remind the reader of the definition of w in (96). Here, the last line in (118) follows since
1—ay \/2 dlog®T d(1 — ay)
(140 (fiedy
<Oét —at) ( * ( T2 P 2(Oét —at)

a consequence of the property (26g) and the fact 2=% < logT (cf. (26b)).

ai—ag

Moreover, following the arguments in (104), we can easﬂy derive that: for any xg € 5;ypica|,

v [ (L= 00 (@) = 5i(@) (2~ Vawo) Jull
p ( 2(th — @t) 2(at — Cvt)>

—140 ((1 — adllse(@) = s(@)l2lle = Vol | _lull3 )
Qr — Ot ap — O

—140 Escore, t (1:) et (Cc)d IOgS T Escore, t (a:)Q 10g2 T Ot (x)d 10g3 T
=14 T + T2 + T2

score,t(¥)V/dlog® T dlog® T
:1—1—0(5 1(x)v/dlog +dog >7

T T2

(119)

3/2

where the last line invokes the assumptions 6;(z) < 1 and s"’(z)# < /0:(z)d < Vd. With (118) and
(119) in place, we obtain

Py, (00@) O(exp (— Gt(m)dlogT)) + (1 + O<d10g3 T Cscoet(®)y dlog’ T))

bx, ($) T2 T
410 (= 0o = o) B[l - VA Xo | X = 4] — [lo - V]
/zoeg;m' Pxo| x; (20| ) exp (2(% @) 2Nar —a)(l — ) >
_ d10g3 T <C:score,t(zf)\/(m
B O( T2 + T )-l—
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— T
/ cgtypical 0|Xﬁ(x0|x)exp( d(liat) + (1_0415)[(1‘—\/0;3;0) [Z‘—fXO |Xt—x} _ Hx_\/*xOH ]

2(0475 - @t) 2(at — Oét)(l — at)
_0 dlog®T Escore,t(2)V/d log® T
B i T *

Tewo) @ =] - ||z — Vol
/PXO|X,($o|x)exp<d(1_at) +(1701t)[(x*\/07t1'0) Elz — vaXo | X; =] — || Vay O||2]>dx0,

2(ay — @) 2(oy —a)(1 — ) (o)
1

where the penultimate inequality invokes (117) (so that the integral above is at most O(1)), and the last
inequality repeats the arguments in (110) once again to demonstrate that

— \T _ e o
/ gevricdl ol X, (zo | ) exp < a1 - o) + (1 — o) [(z — vaymo) Elz— VaXo | X =] — ||z — Vo | )dxo

2(ay — @) 2(ar —ap)(1 — @)

<exp ( — 6,(x)dlog T) <

Pg,(v) (Pt(2))
py (z)

symmetric matrix A € R?*? obeying ||A|| < 1/2 and ||A|| < 1/2, elementary linear algebra (e.g., Weyl’s
inequality) tells us that

Step 2: obtaining a refined approximation on For any matrix A € R%*¢ and any

d
Y oi(I+A+A) =

i=1 i

-

d
(i1 +4) + O(|A]) = DAl +A) + Od|A]]) = d + Tr(A) + O] Al),
1 i=1
d

(Nl +4) = 1)° =3 (ni(4)” = [l

1 i=1

M&
_M&

O’ZI+A —1)

i=1 i

d d
S (oI +A+2)-1)° <2Z (oI +A) —1)* +23 " (0:(I + A+ A) — oi(I + 4))°
=1 =1 i=1
< 2|| Al +2d|| A%,

with 0;(Z) (resp. A\;(Z)) representing the i-th largest singular value (resp. eigenvalue) of a matrix Z. These
properties in turn allow one to derive

d d d
log|det(I+ A+ A)| = log (oi(I+ A+ A) =Y (o:(I+A+A)—1) +O(Z(JZ—(I+A+A) —1)2>
=1 i=1 i=1
=Tr(A) + O(d|| Al + [|AlIE +dl|A]I?) = Tr(A) + O([|AllF +d[|A]).

With this approximation for the log-determinant function in mind, we can invoke (115) to obtain

logw = —log ‘det(fd + &%iz) -1+ ! ;at |:J3t(x) - JSIT(:C)})‘

_ _Tr<‘%§;x) _ ]) + 0(”% —1I . +d(1 - at)eJacobi,t(ff)>
= 0<H a"gi“") —1 i +d(1 - at)EJacobi,t(x)) + (1 + O(IO§~T))

Jdi—ay O = an) (|1 L, pxo (o | ) (2 = Vo) daol3 — f,, o . (0 | @) | — v/&rao | sdao )
2(aq — @) 2(ar —a)(1 —ap)

2

1oy 0= at) (|| f,, Pxo 1. (0] 2) (& = V&ewo)dao|; = [, Py x. (@0 | 2)]7 = v/Frwo||3dao)

2oy — @) 2(ay — ay) (1 — @)
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2 dlog? T)

Ob*
+ O(Hw — Il + d(]. - Oét)EJacobi,t(x) + T2

ox

where the penultimate relation arises from (113a) and the following fact (which uses (26b))

F

1 1 1—ay
oo, 1-a; | @ a0 (a0 ol 0 logT
1 - 1 - — @ T ’
1—a; 1—o at at

and the last relation applies Lemma 1 (under the assumption 6;(z) < 1) and (26). It is then easily seen that

* 2 2
M = exp <O<H a(b(;:ix) + d(l — Olt)gJacobi,t(-r) + dl(;ﬂg2 T>>
F

(1= a0) (||, pxo 1, (20 [ 2) (2 = Vo) daol; = [, pxo 1, (a0 | )2 — @wonidwo))

-1

e d(]. — O[t)

X

Po(e: — @) 2oy — ) (1 — @)
oI 2 dlog®T

_ 0<H ¢59Ex> -1+ (1 — )€ sacobie () + ‘;?2 >

(1- Oét)(H oy Px0 1 x, (20 | 2) (2 — Vo) dzo|; - oy Px0 1 x, (@0 | 2) ||z — @$0||§d$o)>

+ex d(l — O[t) +
P Q(Olt —at) 2(at —at)(l —at)
(121)

Step 3: computing the density ratio of interest. From relations (42a) and (42b) in Lemma 4 as well

as (117), we see that

Po,a(e(@) _ nd | Pvaxe (@)
@) Lte) and @ e

Then, compare the preceding two results (120) and (121) (with Y chosen to be Y;) to arrive at

Po vy (0e(2)) pyaix,_, (¢e(x))

Py, (33) PXx, (a?)
_ 9@ 001(2) P ceoren(@)Vdlog® T | dlog® T
— ga(x) +0 (H Ox I . + T + d(1 — o) jacobit () + s ,

where the two functions g;(-) and g2(-) are defined as

| (= an) (]| [, pxo 1, (@o | 2) (& = Vaiwo)dao|; = f,, pxy . (w0 | @)l — Varwo 3o )
g1(@) = exp 2o — ar)(1 — @) ’
— )|z — Voo TIEx— o Xo | Xy = x| — ||z — Vagzx 2
gala) = /pX()'Xt(xO'm)eXp((l )[ (& — vaixo) 2([% \g;(lolat) ] == - vau °||2]>de.

Jensen’s inequality tells us that g1 (z) < ga(z), and hence we can write

Porve)(:(2) Pyaix,_, (¢¢(x))
py, () px,(7)

:1+ct(x)+0<‘a¢t*(x) —1

? ecoret(2)Vdlog? T dlog Tejacobie ()  dlog® T
+ T + T T

ox F

for those x obeying the assumptions of this lemma, where (;(-) = g1(-)/g2(-) — 1 is some function obeying
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Similarly, replacing ¢; (resp. Y;) with ¢} (resp. X;) in the above display and repeating the same arguments,
we arrive at

Per(x) (97 () por(x,) (07 () p\/ajx,,fl(gb;(:z:)) (Had)t B 2 dlog3T>

The careful reader would immediately note that we have not yet defined ¢;(-) for all 2. To ease presentation,
we shall simply take (;(z) = 0 for any = that does not satisfy the assumptions of this lemma.

Step 4: bounding the expectation of (;(-). Define the set

Cioby(x)dlog® T - 1}

&= {m | O:(x) < 2C49, T

for some large enough constant C1o > 0. With (122) in place, we have

2

dlog3T>

0
b (010600 = 00 (670) o (61(0) ~ g (1) 0| 252 1]+ T,

for any « € &. In addition, according to the properties (115), (117a), Lemma 1, and the assumption that
T > d?log® T, one can easily derive

o (P50 (- i e iy )
< (1+0(ET)) =1 (dzlog ) <2 (1230)

and ‘det(&@f))‘ > <1 - M)d - (1 —O(lo;{T)) > % (123b)

for any x € &:. These properties in turn allow one to derive

0< —/P\/EXH (97 (2))Ge(2)da = —/ Pyaixe, (07 ()¢ (@)dx

€&

< [ o e o) de ()t

__ / g et dile ))‘ (W)‘dx%— / o () det(@@f)) N,
*/Ieggpmxu(w:v))‘det (a“’gy)‘o( 3@%?),[ } dlc;i‘"’T)dm

<[ acxofoia]ase (P2 ar 1+ fo o x| 22 - i)d“O(dk}ng)’

(124)

where the last line is valid since
N 09} () / N 09 (x) /
< = =1.
/Iescp ers S (¢>t (x))‘ det( B ) de < [p rytxtfl(gbt (x)) det( 5 ) dz Pyaix, , (x)dr =1

It then boils down to evaluating fmegcp¢t (X4) ((i)t )‘ det a¢t (@) |dac Towards this end, we make the

observation that
O¢;(x)\ "
det
e( ox

[t (52) oo (24

X

dx

dr = / bx, (l’)
€&
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_ / L =1 / D, (2)dz. (125)

Moreover, it is seen from (49) that
P (|| X¢ll2 > T°7?) < exp(—cedlog T),

thereby allowing us to derive that

/ px, (z)dz < / px. (z)dz + / px, (z)dz
x¢&¢ z:0¢(x)<Cha,||z|| 2 <T°R T2 [|z]|2>T°erT?2

< (T°r2) % exp (—2C12dlog T') + exp(—cedlog T)
< 2exp ( — min{C12, ¢g }dlog T).

Combine this with (125) to reach

/ Por(x0) (97 () ‘ det (aCfg(I))‘dx =1—O(exp (—min{Ci2, cs}dlogT)).
€& €z

Substitution into (124) then gives

0<— / Py, (67(2)) G (2)dz

o 2 dlog® T
S—1+O(exp(—min{C’lg,c6}dlogT))+1+/prxt 1(¢t (H i (x _I )dx—FO( 3%2 )
F
d 2 dlog® T
x/prxuqst H ACONY NPT 1%’2 . (126)
F

To finish up, note that Lemma 4 together with Lemma 1 and properties (26) tells us that, for any = € &,

px. (%) < pyarx, ., (97 (2)).

This taken collectively with (126) leads to the advertised result

0< - / P, (2)Cu(2)de = — / P (@)l < / P, (65 (2)G()da

Tz€E:

o7 (z) 2 dlog® T ¢ (z dlog3 T
< * e e A = L .
~ /p@XH (91 (x))H or Lt T / |75 IH T2
B.3 Proof of Lemma 6
In view of the definition (54), one has
Sk(yr) < c14, for any k < 7(yr). (127)

Suppose instead that (56) does not hold true, namely, — log gx (yx) > 2cgdlog T for some k < 7(yr), and we
would like to show that this leads to contradiction.
Towards this, let 1 <t < k be the smallest time step obeying

lo
et(yt) = max{ — dglztg(gf)’ 6} > 266 = 291(y1) (128)

where the last identity holds since —logqi(y1) < cgdlogT and hence 6;(y1) = max { — %, 6} = Co.

We claim that ¢ necessarily obeys

2c6 < O4(yr) < 4cs. (129)
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Assuming the validity of Claim (129) for the moment, it necessarily satisfies

91(y1)792(y2)7' o vet(yt) € [06;406]

According to the relations (43) and (127), we derive

o —lo +1o
ce = 01(y1) < 0:(ye) — 01(y1) = _dglztg(gf) () < gqt(i/ltl)ogT e (v1)
1 t—1
= JloaT ; (logq;(y;) — log gj+1(yj41))
d]OgST ST(yT)fl(yT)
<2
<2c; +Cyo { T dlogT < 3¢y

under our sample size condition. This, however, cannot possibly hold if ¢g > 3¢y as assumed for Lemma 6.

To finish up, it suffices to justify Claim (129). In order to see this, suppose instead that 6;(y;) > 4ce.
Given relation (127) that Si(yr) < c14, it can be readily seen from (41), (127) as well as the learning rate
properties (26) that

—~

Or—1(ye—1) = 0c(ye) + Or—1(ye—1) — Oc ()

log g (y+) > 0,(y) — log gt—1(yt—1) — log g+ (yt)

= 0:(y:) + 011

—~

Y1) +

dlogT dlogT
461 (55score,t (yt) gt(yt)dIOgT —+ 609[» (yf)dlog T) 10g2
> 01(ye) — a7 " dlog T
ey (5esco,e,t (y:)v/dlog T + 60d log T) log 2
> 0(yt) — a7 O (ye) — dlog T

1
> iot(yt) > 2cg,

which is contradictory with the assumption that ¢ is the smallest step obeying 6;(y;) > 2¢s. Thus, we complete
the proof of relation (56) as required.

B.4 Proof of Lemma 7

Next, consider any yr, with {yr_1,--- ,y1} being the associated deterministic sequence (cf. (38))). As an
immediate consequence of Lemma 6 and the definition (27) of 6;(-), one has

Ot (yr) < 2cq, Vit < 7(yr) (130)

We then intend to invoke Lemma 5 to control the term of interest. To do so, note that Lemma 1, (26) and
the definition (54) of 7(yr) taken together reveal that: for all ¢ < 7(yr) one has
d(l — dlogT
(1-0) dlogT _ .y
Q(Oét — Oét) T

1—ap\2 1—«
Ht(yt)2d2< —t ) 1Og2 T+ Escore,t(yt) V et(yt)dIOgT< : ) + (1 - at)ngacobi,t(yt)
Qp — Oy Qp — Oy
< d? 10g4 T Escore,t (yt) V d 10g3 T dEJacobi,t (yt) IOg T — of1
ST + T + T =o(1),

and

(1- Oét)(HE[Xt —VaiXo | X; = ] H; —-E[||X; - @XO‘E | X = yt])
(o —u)(1 — )
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(1 - a)E[]|X; — V@ Xo||; | X = vi]
(o — ) (1 — )

< (I—ay)dlogT _ dlog®T
oy — Q¢ ~ T

= o(1). (131)

With these bounds in mind, applying relations (42a) and (42b) in Lemma 4 leads to

Pyayia (¢t(yt)) (p\/OTtXt_l (¢t(yt)) > -t _ Po.(vy) (d)t(yt)) (p\/axt_l (¢t(yt)) > -t
Py, (Yt) px, (Yt) Py, (Yt) px, (Yt)

—14+0 <d2 10g4 T + <€score,t(yt) V d10g3 T + dEJacobi,t(yt) 10gT>

T2 T T

for all t < 7(yr). Using the fact that y:—1 = \/%@(yt) and invoking the relation (40), we arrive at

Pt—1 (yt71> d? 10g4 T Escore,t(yt) V d IOgB T dEJacobi,t(yt) 10g T Dt (yt)
—L=<14+0 + + "
t

qt-1(Yi-1) 17 T T (y:)

for any t < 7(yr). By abbreviating 7 = 7(yr) for notational simplicity, we reach

p1(y) d?log" T Pr—1(yr—1)
Q1(y1) B {1 * O( T * ST_l(yT_l)) } qTfl(nyl)

p'rfl(y’rfl) 2p‘rl(y'rl):|
€ , ) 132a
|:2CIT—1(2/7'—1) QT—I(yT—l) ( )
and similarly,
a(yk) _ alyr) _ o ar(ye)
< <2 . Vk<T. 132b
2pk(yk) ~ pi(yr) = pe(yw) (132b)

This finishes the proof of the claim (57b).
Regarding the other claim (57a), we first observe from (113b) that

%5 (yt)
ox

2 2
4l < Or(ye)d(1 — o) log T\ ™ _ d?log® T < 1
. 1—a ~o T2 Y TlogT’

given our assumption that 7 > d?log® T. Applying Lemma 4 leads to

Dyaiy, (0¢(ye)) <p\/OTtth (¢t(yt)))1 _ Doy (vi) (D¢ (wr)) <p\/oTtXt1 (¢t(yt))>1

Py, (Ut) px, (yt) Py, (Yt) px, (Yt)
2 3 3
Vd1og® T d1og T€ jacopi dlog3 T
=1+ Gy +O< Dty 1| +2 ’t(yt)T I 7). = >
F

for all ¢ < 7(yr), where (;(-) is the function defined in Lemma 5. Recall the fact that v, = \/%@(yt) and
invoke the relation (40) to arrive at

Pe—1(Yi—1) ¢t
Qtfl(ytfl) {1+Ct v +O<‘ !

? n d10g3 T + Escore,t (yt) V d10g3 T + dsJacobi,t (yt) IOgT> } Dt
qt

e T2 T T
for any t < 7(yr). Apply this relation recursively over 1 < ¢t < 7 to conclude the proof of the claim (57a).

B.5 Proof of Lemma 8

In the following, we shall tackle Z5, Z3 and Z, separately. Throughout this proof, we shall abbreviate 7 = 7(Y7)
(cf. (54)) whenever it is clear from the context.
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The sub-collection in 7Z,. By virtue of the definition (60a) of Z5, we make the observation that

[Ch (Y1)
Yr~pr | P1 (Yl)

n{Yleg,YTeIQ}y%) E {QI(Yl)IL{Yleé’YTef} (YT)}

~ Yr~pr [ P1(Y1) C14
(it logT
) 08 Z { ") 1{Y1 €& Yr €1y} <d€Jacobi,t(Yt) + /dlog Tsscore,t(}/t)):|
c1aT Yr~pr )
(ii)) 2]og T (Y1)
< 1Y, €& Yrel (d scoit (Vi d10g Tescore Y)
ST LB [pt(yt) (Y1 € £.Yr € T} (descobi.s(Ye) + v/d10g Tescore.1 (Vi)

2logT ¢ (Yy)
< de yacobi,t (Y dlog Tescoret (Vs
- ocuT ZYTIEPT L?t(yt) ( Egacobi ¢ (Y1) + 08 Tescoret( t))

ciaT Yi~p:

2logT Y,
= o8 E |:Qt( t) (deacobi,t O/t) + leg TEscore,t(}/t)) :|

t=2
_ 2logT d
o 614T

(iv)
< (dEJacobi ++/dlog Tgscore) log T (133)

E {ngacobi,t(}/t) + dlog Tascore,t(Y;f)]
—2 Yirvqs

Here, (i) follows since S;(yr) > c1a in Z, (see (60a)); (ii) comes from the definition of S;(-) (see (39)); (iii)
holds since (by repeating the same proof arguments as for (57) as long as 2c¢14 is small enough)

pi(y1) _ 2p:(y1)

< ; vt < T
q1 (yl) Qt(yt)

and (iv) arises from (34).
The sub-collection in Z3. With regards to Zs (cf. (60b)), we can derive the following bound in a way
similar to (133):

|:QI (Y1)
Yr~pr pl(Y )

]1{Y1 Eg YTEI;;}]O) E |:q1(Y ]l{YleE YTEI} (Y ):|

~ Yo~pr [P1(Y1) C14
log T l:(h(Yl) ]
1{Y; € 5, Yr € 7. de acobi, T YT ++/dlo Tsscore T Y‘r
c1aT yr~pr [p1(Y1) h el ( secir (V) ¢ ol ))

(1<_1) 210gT E |:q.,— 1(Y7- 1)
cuyT YTNPT Pr— I(YT 1)

1 {}/1 S 8 YT € 13} (ngacobl T(YT) + leg Tascore,‘r (YT)> :|

2logT Y,
_ 2log [qf 1(Yi—1) 1{Y1 €& Yrcls} (dEJacobi,t(Y}) + dlogTascore,t(Yt)) 1{r = t}] (134)
c1uT = vrrpr [P-1(Yi-1)
(i) 16logT q-(Y;)
< .
= c4T Yy~pr |:pT(Y7—) 1 {Yl €& Yre I3} (dEJaCObI,T(Y‘F) + +/dlog TEscore,r(Yq—))
T
16logT %(Kﬁ)
< .
=T ;YT%DT |:pt(Yt) (dEJacobu,t(Yt) ++/dlog TEscore,t(Yt))
T
16logT q:(Yy)
= d it (Y3 dlog Teecore.t (Y5 )
cul’ = YEM |:pt(Yt) ( €Jacobi,t (V) + 08 Tescore,t (V1)
T
16logT
= g E {dEJacobi,t(Y}) + +/dlog TEscore,t(Yt)}
cul = vica
S} (dsJacobi + leg TEscore) IOg T. (135)

Here, (i) comes from (60b), (ii) arises from (57b), whereas (iii) is a consequence of (60b).
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The sub-collection in Z;. We now turn attention to Zy (cf. (60c)), towards which we find it helpful to
define

T = {yT 2&(yr) < C14} (136a)
qr—1(Yr— 1) 8%(%)}
J :—{ H&(yr) = e, 136b
2t v &(yT) H Pe—1(ye—1) — pe(ye) ( )
qr—1(ys— 1) 8%(%)}
T34 = : > C14, 136¢
3.t {yT & (yr) > c1a e en) . pelue) (136¢)
for each 2 <t < T. Equipped with the above definitions, we first make the observation that
¢ (Y1) } [QT 1(Y1) ]
1{\, €&, Yrel <2 E 1{Vie&Yrel
Yr~pr pl(Yl) { ! ’ 4} Yr~pr | Pr l(Yl) { ! r 4}
d gt—1(Ye-1)
=2 E |V 90y, €€, Yr el ]17_t}
;YTNPT [pt 1(Yio1) n 4 o J
- (Ye-1)
<2 E BtV 1y, € £, Yr € T } 137
;YTNPT |:pt 1(Yio1) { ! T 3’t} ( )

where the first inequality follows from (57b), and the last line comes from the definition of Z4 (cf. (60c¢)) and
Js.¢ (cf. (136¢)). For notational simplicity, let us define, for 2 <t < T,

q:(Y3)
pt(Yt).

In view of the second inequality in (136¢), one has h,_1 > 8h, as long as yr € J3 ;. Consequently,

h‘t =

T
Z hi—11{Yr € T34}

t=2

<th 1 1{Yr € T34} + = th 111{YTng,t}——thn{YTeJ“}

t=2 t=2

3| oo

((htl — e 1{¥r € T =l 1{Yr € Joa} ) = (b = b1 {Vr € Tiu} = hi 1 {¥7 € Jz,t})>

1= 10

~| oo

||
N

T
8
he — hy_1) 1{Y; = (he—1 — hy)
t (t tl) {ngl,tUJZ,t}JF?; t—1 t

Here, the second line holds true since, for all ¢, one has (i) J1,, U J2: U J3¢ = R¢, and (ii) J1.4, Jo.r and T3,
are disjoint. Substituting this into (137), we arrive at

o

E
Yr~pr

]1{Y1€€ YT€j3t}:| <22 ht_l]l{YTEJ&t}]

YT ~pr

T
3
<=Y(LE [Mi{YrediUdhd] = B [hea1{Yr € 514U di}])

i—g \YT~PT Yr~pr
8 T
+ = 72 ( E [h-1]—- E [ht]) (138)

Yr~pr Yr~pr

In order to further bound (138), we make note of a few basic facts. Firstly, the identity below holds:

E [h]= E |:Qt(Y;5):| :YEm {Qt(Yt):| _1, o<t <T

Yr~pr Yr~pr [Pt (Yt) Y43 (Yt)
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Secondly, by defining the set
&= {y:qt(y) >exp(—c6dlogT)}7 2<t<T, (139)

we can show that

(509 s (vigan] =3 8 [0 gy

- T
he 14{Y; ¢ &Y,
Z E [h1{Y; ¢ &, Yr € Jis}] Z E — v pe(Y2)

i—a Yr~pr i YTNI)T

T T
= Prg (Vi 2 &} = Px,ng {Xi ¢ &}
t=2 t=2

T T

<Y Pxing, { X ¢ & and | Xill2 < T7F2} ) P, {(1Xe]l2 > 720772}
t=2 t=2
T

IN

/ qi(x¢)dxy + T exp ( — cgdlog T)
t=2 7/ w:gt(z)<exp(—cedlog T), ||z |2 <T?°RT2

< T(2T26R+2)d exp(—cedlogT) + T exp ( — cgdlog T) < exp ( - %dlog T),

where the penultimate line comes from (49), and the last inequality holds true as long as ¢ is large enough.
Plugging the preceding two results into (138), we reach

T
a (Y1 8
1 —= —hi—1)1
Yr~pr |:p1(Y) {Yl © g YT © 14}:| 7 ;YT%PT [(ht ht 1> {yt < 5t’YT < jl,t}]
8 d c
6
? Z ht 1{Yr € Ja1} | +exp ( - EdlogT). (140)

:2

As it turns out, the sum w.r.t. the set J1, and the sum w.r.t. the set Jo, in (140) can be controlled
respectively using the same arguments as for Z; and Z3 to derive

dlog'T = [
Y E (ht hy— 1) 1 {yt € 5t7 Yreh t}] jg—, + d10g3 Tescore + (d log T)EJacobh

T
Z v E [ht 1 {YT S j2,t}] ,S \/ d10g3 Tgscore + (leg T)aJacobi;
T~pT

t=2

TMH

we omit the arguments here for the sake of brevity. Therefore, we have proven that

Y dlog* T
[ql( Vivies vre 14}} < 298 1\ Jdlog® Tecore + (d10g T)e sacobi- (141)
Yr~pr pl(Yl) T

Putting all this together. Taking (133), (135) and (141) together, we establish the advertised result.
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