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Abstract

This paper investigates model robustness in reinforcement learning (RL) to reduce the sim-to-real
gap in practice. We adopt the framework of distributionally robust Markov decision processes (RMDPs),
aimed at learning a policy that optimizes the worst-case performance when the deployed environment
falls within a prescribed uncertainty set around the nominal MDP. Despite recent efforts, the sample
complexity of RMDPs remained mostly unsettled regardless of the uncertainty set in use. It was unclear
if distributional robustness bears any statistical consequences when benchmarked against standard RL.

Assuming access to a generative model that draws samples based on the nominal MDP, we characterize
the sample complexity of RMDPs when the uncertainty set is specified via either the total variation (TV)
distance or x? divergence. The algorithm studied here is a model-based method called distributionally
robust value iteration, which is shown to be near-optimal for the full range of uncertainty levels. Somewhat
surprisingly, our results uncover that RMDPs are not necessarily easier or harder to learn than standard
MDPs. The statistical consequence incurred by the robustness requirement depends heavily on the size
and shape of the uncertainty set: in the case w.r.t. the TV distance, the minimax sample complexity of
RMDPs is always smaller than that of standard MDPs; in the case w.r.t. the x? divergence, the sample
complexity of RMDPs can often far exceed the standard MDP counterpart.
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1 Introduction

Reinforcement learning (RL) strives to learn desirable sequential decisions based on trial-and-error inter-
actions with an unknown environment. As a fast-growing subfield of artificial intelligence, it has achieved
remarkable success in a variety of domains such as large language model alignment (OpenAl, 2023; Ziegler
et al., 2019), healthcare (Fatemi et al., 2021; Liu et al., 2019), and robotics and control (Kober et al., 2013;
Mnih et al., 2013). Due to the unprecedented dimensionality of the state-action space, the issue of data
efficiency inevitably lies at the core of modern RL practice. A large portion of recent efforts in RL has
been directed towards designing sample-efficient algorithms and understanding the fundamental statistical
bottleneck for a diverse range of RL scenarios.

While standard RL has been heavily investigated recently, its use can be significantly hampered in
practice due to the sim-to-real gap; for instance, a policy learned in an ideal, nominal environment might fail
catastrophically when the deployed environment is subject to small changes in task objectives or adversarial
perturbations (Klopp et al., 2017; Mahmood et al., 2018; Zhang et al., 2020a). Consequently, in addition to
maximizing the long-term cumulative reward, robustness emerges as another critical goal for RL, especially
in high-stakes applications such as robotics, autonomous driving, clinical trials, financial investments, and
so on. Towards achieving this, distributionally robust RL (Iyengar, 2005; Nilim and El Ghaoui, 2005),
which leverages insights from distributionally robust optimization and supervised learning (Bertsimas et al.,
2018; Blanchet and Murthy, 2019; Duchi and Namkoong, 2018; Gao, 2020; Rahimian and Mehrotra, 2019),
becomes a natural yet versatile framework; the aim is to learn a policy that performs well even when the
deployed environment deviates from the nominal one in the face of environment uncertainty.

In this paper, we pursue fundamental understanding about whether, and how, the choice of distributional
robustness bears statistical implications in learning a desirable policy, through the lens of sample complexity.
More concretely, imagine that one has access to a generative model (also called a simulator) that draws
samples from a Markov decision processes (MDP) with a nominal transition kernel (Kearns and Singh, 1999).
Standard RL aims to learn the optimal policy tailored to the nominal kernel, for which the minimax sample
complexity limit has been fully settled (Azar et al., 2013b; Li et al., 2023b). In contrast, distributionally
robust RL seeks to learn a more robust policy using the same set of samples, with the aim of optimizing the
worst-case performance when the transition kernel is arbitrarily chosen from some prescribed uncertainty set



around the nominal kernel; this setting is frequently referred to as robust MDPs (RMDPs).! Clearly, the
RMDP framework helps ensure that the performance of the learned policy does not fail catastrophically as
long as the sim-to-real gap is not overly large. It is then natural to wonder how the robustness consideration
impacts data efficiency: is there a statistical premium that one needs to pay in quest of additional robustness?

Compared with standard MDPs, the class of RMDPs encapsulates richer models, given that one is allowed
to prescribe the shape and size of the uncertainty set. Oftentimes, the uncertainty set is hand-picked as a
small ball surrounding the nominal kernel, with the size and shape of the ball specified by some distance-like
metric p between probability distributions and some uncertainty level o. To ensure tractability of solving
RMDPs, the uncertainty set is often selected to obey certain structures. For instance, a number of prior
works assumed that the uncertainty set can be decomposed as a product of independent uncertainty subsets
over each state or state-action pair (Wiesemann et al., 2013; Zhou et al., 2021), dubbed as the s- and (s, a)-
rectangularity, respectively. The current paper adopts the second choice by assuming (s, a)-rectangularity for
the uncertainty set. An additional challenge with RMDPs arises from distribution shift, where the transition
kernel drawn from the uncertainty set can be different from the nominal kernel. This challenge leads to
complicated nonlinearity and nested optimization in the problem structure not present in standard MDPs.

1.1 Prior art and open questions

In this paper, we focus attention on RMDPs in the context of v-discounted infinite-horizon setting, assuming
access to a generative model. The uncertainty set considered herein is specified using one of the f-divergence
metrics: the total variation (TV) distance and the x? divergence. These two choices are motivated by their
practical appeals: easy to implement, and already adopted by empirical RL (Lee et al., 2021).

A popular learning approach is model-based, which first estimates the nominal transition kernel using
a plug-in estimator based on the collected samples, and then runs a planning algorithm (e.g., a robust
variant of value iteration) on top of the estimated kernel. Despite the surge of recent activities, however,
existing statistical guarantees for the above paradigm remained highly inadequate, as we shall elaborate on
momentarily (see Table 1 and Table 2 respectively for a summary of existing results). For concreteness, let
S be the size of the state space, A the size of the action space, v the discount factor (so that the effective
horizon is ﬁ), and o the uncertainty level. We are interested in how the sample complexity — the number
of samples needed for an algorithm to output a policy whose robust value function (the worst-case value
over all the transition kernels in the uncertainty set) is at most € away from the optimal robust one — scales
with all these salient problem parameters.

e Large gaps between ezisting upper and lower bounds. There remained large gaps between the sample
complexity upper and lower bounds established in prior literature, regardless of the divergence metric
in use. For the case w.r.t. the TV distance, while the state-of-the-art upper bound (Clavier et al., 2023)
and lower bound (Yang et al., 2022) coincide when the uncertainty level ¢ < 1 —+ is small,? the upper
bound can be a factor of ﬁ larger than the lower bound when ¢ approaches 1. The situation is
even worse when it comes to the case w.r.t. the x2? divergence. More specifically, the state-of-the-art
upper bound (Panaganti and Kalathil, 2022) scales quadratically with the size S of the state space and
linearly with the uncertainty level & when o 2 1, while the lower bound (Yang et al., 2022) exhibits
only linear scaling with S and is, in the meantime, inversely proportional to o; these lead to unbounded

gaps between the upper and lower bounds as o grows. Can we hope to close these gaps for RMDPs?

e Benchmarking with standard MDPs. Perhaps a more pressing issue is that, past works failed to provide
an affirmative answer regarding how to benchmark the sample complexity of RMDPs with that of
standard MDPs over the full range of uncertainty levels, given the large unresolved gaps mentioned
above. In fact, prior works only achieved limited success in this regard — namely, demonstrating that
the sample complexity for RMDPs is the same as that of standard MDPs in the case of TV distance

1While it is straightforward to incorporate additional uncertainty of the reward in our framework, we do not consider it here
for simplicity, since the key challenge is to deal with the uncertainty of the transition kernel.

2Let X = (S, A4, ﬁ,a, %, %) The notation f(X) = O(g(X)) or f(X) < g(X) indicates that there exists a universal
constant C7 > 0 such that f < Cig, the notation f(X) 2 g(X) indicates that g(X) = O(f(X)), and the notation f(X) =< g(X)
indicates that f(X) < g(X) and f(X) 2 g(X) hold simultaneously. Additionally, the notation O(-) is defined in the same way

as O(-) except that it hides logarithmic factors.
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Table 1: Comparisons between our results and prior arts for finding an e-optimal robust policy in the infinite-
horizon RMDPs, with the uncertainty set measured w.r.t. the TV distance. Here, S, A, ~, and ¢ € (0,1)
are the state space size, the action space size, the discount factor, and the uncertainty level, respectively,
and all logarithmic factors are omitted in the table. Our results provide the first matching upper and lower
bounds (up to log factors), improving upon all prior results.

when the uncertainty level satisfies 0 < 1—-. For all the remaining situations, however, existing sample
complexity upper (resp. lower) bounds are all larger (resp. smaller) than the sample size requirement
for standard MDPs. As a consequence, it remains mostly unclear whether learning RMDPs is harder
or easter than learning standard MDPs.

1.2 Main contributions

To address the aforementioned questions, this paper develops strengthened sample complexity upper bounds
on learning RMDPs with the TV distance and x? divergence in the infinite-horizon setting, using a model-
based approach called distributionally robust value iteration (DRVI). Improved minimax lower bounds are
also developed to help gauge the tightness of our upper bounds and enable benchmarking with standard
MDPs. The novel analysis framework developed herein leads to new insights into the interplay between the
geometry of uncertainty sets and statistical hardness.

Sample complexity of RMDPs under the TV distance. We summarize our results and compare
them with past works in Table 1; see Figure 1(a) for a graphical illustration.

e Minimax-optimal sample complexity. We prove that DRVI reaches ¢ accuracy as soon as the
sample complexity is on the order of

o(a=rmmlis0))

for all o € (0,1), assuming that ¢ is small enough. In addition, a matching minimax lower bound
(modulo some logarithmic factor) is established to guarantee the tightness of the upper bound over
the full range of the uncertainty level. To the best of our knowledge, this is the first minimax-optimal
sample complexity for RMDPs, which was previously unavailable regardless of the divergence metric
in use.

e RMDPs are easier to learn than standard MDPs under the TV distance. Given the sample
complexity 9] (ﬁ) of standard MDPs (Li et al., 2023b), it can be seen that learning RMDPs
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Figure 1: Illustrations of the obtained sample complexity upper and lower bounds for learning RMDPs with
comparisons to state-of-the-art and the sample complexity of standard MDPs, where the uncertainty set is
specified using the TV distance (a) and the x? divergence (b).

under the TV distance is never harder than learning standard MDPs; more concretely, the sample
complexity for RMDPs matches that of standard MDPs when o < 1 — «y, and becomes smaller by a
factor of o/(1 —+) when 1 —+ < o < 1. Therefore, in this case, distributional robustness comes almost
for free, given that we do not need to collect more samples.

Sample complexity of RMDPs under the x? divergence. We summarize our results and provide
comparisons with prior works in Table 2; see Figure 1(b) for an illustration.

e Near-optimal sample complexity. We demonstrate that DRVI yields € accuracy as soon as the

sample complexity is on the order of
(1 —n)te?

for all o € (0, 00), which is the first sample complexity in this setting that scales linearly in the size S of
the state space; in other words, our theory breaks the quadratic scaling bottleneck that was present in
prior works (Panaganti and Kalathil, 2022; Yang et al., 2022). We have also developed a strengthened
lower bound that is optimized by leveraging the geometry of the uncertainty set under different ranges
of o. Our theory is tight when ¢ < 1, and is otherwise loose by at most a polynomial factor of the
effective horizon 1/(1 — v) (regardless of the uncertainty level o). This significantly improves upon
prior results (as there exists an unbounded gap between prior upper and lower bounds as o — ).

e RMDPs can be harder to learn than standard MDPs under the x? divergence. Somewhat
surprisingly, our improved lower bound suggests that RMDPs in this case can be much harder to learn
than standard MDPs, at least for a certain range of uncertainty levels. We single out two regimes of
particular interest. Firstly, when o < 1, the sample size requirement of RMDPs is on the order of

% (up to log factor), which is provably larger than the one for standard MDPs by a factor of

ﬁ. Secondly, the lower bound continues to increase as ¢ grows and exceeds the sample complexity

of standard MDPs when o 2> ﬁ

In sum, our sample complexity bounds not only strengthen the prior art in the development of both
upper and lower bounds, but also unveil that the additional robustness consideration might affect the sample
complexity in a somewhat surprising manner. As it turns out, RMDPs are not necessarily harder nor easier
to learn than standard MDPs; the conclusion is far more nuanced and highly dependent on both the size
and shape of the uncertainty set. This constitutes a curious phenomenon that has not been elucidated in
prior analyses.
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Table 2: Comparisons between our results and prior art on finding an e-optimal robust policy in the infinite-
horizon RMDPs, with the uncertainty set measured w.r.t. the x? divergence. Here, S, A, v, and o € (0, 0)
are the state space size, the action space size, the discount factor, and the uncertainty level, respectively,
and all logarithmic factors are omitted in the table. Improving upon all prior results, our theory is tight (up
to log factors) when o =< 1, and otherwise loose by no more than a polynomial factor in 1/(1 — ~).

Notation and paper organization. Throughout this paper, we denote by A(S) the probability simplex
over a set S and x = [ac(&a)](sﬂ)eSXA € R54 (resp. x = [az(s)]ses € R®) as any vector that constitutes

certain values for each state-action pair (resp. state). In addition, we denote by z oy = [(s) - y(s)] ses the
Hadamard product of any two vectors z,y € R.

The remainder of this paper is structured as follows. Section 2 presents the background about discounted
infinite-horizon standard MDPs and formulates distributionally robust MDPs. In Section 3, a model-based
approach is introduced, tailored to both the TV distance and the x? divergence. Both upper and lower
bounds on the sample complexity are developed in Section 4, covering both divergence metrics. We then
summarize several additional related works in Section 5 and conclude the main paper with further discussions

in Section 6. The proof details are deferred to the appendix.

2 Problem formulation

In this section, we formulate distributionally robust Markov decision processes (RMDPs) in the discounted
infinite-horizon setting, introduce the sampling mechanism, and describe our goal.

Standard MDPs. To begin, we first introduce the standard Markov decision processes (MDPs), which fa-
cilitate the understanding of RMDPs. A discounted infinite-horizon MDP is represented by M = (S , A, P, 7"),
where § = {1,---,5} and A = {1,---, A} are the finite state and action spaces, respectively, v € [0,1) is
the discounted factor, P : S x A — A(S) denotes the probability transition kernel, and r: § x A — [0, 1] is
the immediate reward function which is assumed to be deterministic. A policy is denoted by 7 : S — A(A),
which specifies the action selection probability over the action space in any state. When the policy is de-
terministic, we overload the notation and refer to m(s) as the action selected by policy 7 in state s. To
characterize the cumulative reward, the value function V™ for any policy 7 under the transition kernel P
is defined by

VseS: VP (s) =K, p

i,ytr(st,at) ‘ So = S] , (1)

t=0

where the expectation is taken over the randomness of the trajectory {s¢, a:}$2, generated by executing
policy 7 under the transition kernel P, namely, a; ~ 7(-|s;) and s;41 ~ P(-| s, a¢) for all t > 0. Similarly,



the Q-function Q™" associated with any policy 7 under the transition kernel P is defined as

Z,ytr(st,at) ‘ S0 =8,a0 = a} , (2)

V(s,a) e S x A: Q™ (s,a) =E, p
t=0

where the expectation is again taken over the randomness of the trajectory under policy .

Distributionally robust MDPs. We now introduce the distributionally robust MDP (RMDP) tailored to
the discounted infinite-horizon setting, denoted by M, = {S, A, 7, Z/lg(PO), r}, where S, A, v, r are identical
to those in the standard MDP. A key distinction from the standard MDP is that: rather than assuming a
fixed transition kernel P, it allows the transition kernel to be chosen arbitrarily from a prescribed uncertainty
set U7 (PY) centered around a nominal kernel P° : § x A — A(S), where the uncertainty set is specified
using some distance metric p of radius o > 0. In particular, given the nominal transition kernel P° and some
uncertainty level o, the uncertainty set—with the divergence metric p : A(S) x A(S) — R*—is specified as

U (P’ = Ul (P),)  with UJ(P),)={Pia€AS):p(Psa,P,) <0}, (3)
where we denote a vector of the transition kernel P or P? at state-action pair (s, a) respectively as
P, o= P(-]|s,a) € R'*S, Pl =P |s,a) € RS, (4)

In other words, the uncertainty is imposed in a decoupled manner for each state-action pair, obeying the
so-called (s, a)-rectangularity (Wiesemann et al., 2013; Zhou et al., 2021).

In RMDPs, we are interested in the worst-case performance of a policy 7 over all the possible transition
kernels in the uncertainty set. This is measured by the robust value function V™7 and the robust Q-function
Q™7 in M,qp, defined respectively as

V(s,a) e SxA: V™(s) = PGZE[I'}f(‘PU) VP (s), Q™% (s,a) = Pezi};f('PO)Q’T’P(S,a). (5)

Optimal robust policy and robust Bellman operator. As a generalization of properties of standard
MDPs, it is well-known that there exists at least one deterministic policy that maximizes the robust value
function (resp. robust Q-function) simultaneously for all states (resp. state-action pairs) (Iyengar, 2005;
Nilim and El Ghaoui, 2005). Therefore, we denote the optimal robust value function (resp. optimal robust
Q-function) as V*7 (resp. @*7), and the optimal robust policy as 7*, which satisfy

VseS: VH(s) =V (s) = max VTa(s), (6a)
V(s,a) €S x A: Q% (s,a) = Q" 7(s,a) = mﬁxe”"’(s,a). (6b)

A key machinery in RMDPs is a generalization of Bellman’s optimality principle, encapsulated in the fol-
lowing robust Bellman consistency equation (resp. robust Bellman optimality equation):

v SxA: Q™° _ inf Ve 7
(s,a) e Sx A: Q™(s,a) =r(s,a) + 77360{1;?(1".?‘07? ’ ™

v SxA: OQ° — inf Ve 7
(S,a) c X A Q (S,a) T(S7ar) +’Y'PEL[I§1(P£,Q)’P ( )

The robust Bellman operator (Iyengar, 2005; Nilim and El Ghaoui, 2005) is denoted by 77(-) : RS4 — RS54
and defined as follows:

V(s,a) eSxA: T7°(Q)(s,a) =r(s,a)+~y inf PV, with V(s):=maxQ(s,a). (8)

PeUS(P?,) a

Given that @*7 is the unique fixed point of 77, one can recover the optimal robust value function and Q-
function using a procedure termed distributionally robust value iteration (DRVI). Generalizing the standard
value iteration, DRVI starts from some given initialization and recursively applies the robust Bellman operator
until convergence. As has been shown previously, this procedure converges rapidly due to the ~y-contraction
property of 77 w.r.t. the £, norm (Iyengar, 2005; Nilim and El Ghaoui, 2005).



Specification of the divergence p. We consider two popular choices of the uncertainty set measured
in terms of two different f-divergence metric: the total variation distance and the x? divergence, given
respectively by (Tsybakov, 2009)

1 P(s'|s,a)
TV (PS,MPS?CJ = 3 HPS)Q—PSO)QH1 S;SPO ‘8 a) m ) (9)
)y po _PEsa)
@ (Peas Pla) =) PO(s'|5,0) ( PO(s'|s,a)) 1o

s'eS

Note that ptv (PS s P2 ) € [0,1] and p,2 (PS as P0 ) € [0,00) in general. As we shall see shortly, these two
choices of divergence metrics result in drastically different messages when it comes to sample complexities.

Sampling mechanism: a generative model. Following Panaganti and Kalathil (2022); Zhou et al.
(2021), we assume access to a generative model or a simulator (Kearns and Singh, 1999), which allows us to
collect N independent samples for each state-action pair generated based on the nominal kernel PY:

V(s,a) € S x A, Si.s.a i PO(-|s,a), 1=1,2,---,N. (11)

The total sample size is, therefore, NSA.

Goal. Given the collected samples, the task is to learn the robust optimal policy for the RMDP —
w.r.t. some prescribed uncertainty set /7 (P°) around the nominal kernel — using as few samples as possible.
Specifically, given some target accuracy level € > 0, the goal is to seek an e-optimal robust policy 7 obeying

VseS: V*9(s)—V™(s) <e. (12)

3 Model-based algorithm: distributionally robust value iteration

We consider a model-based approach tailored to RMDPs, which first constructs an empirical nominal tran-
sition kernel based on the collected samples, and then applies distributionally robust value iteration (DRVI)
to compute an optimal robust policy.

c RSAXS

Empirical nominal kernel. The empirical nominal transition kernel po can be constructed on

the basis of the empirical frequency of state transitions, i.e.,

N

V(s,a) eSx A: Ps|s,a) = %Z]l{si,sya =s'}, (13)

i=1

which leads to an empirical RMDP ./\/lrob ={S, Ay, U (PO) r}. Analogoubly, we can define the correspond-

ing robust value function (resp. robust Q-function) of policy 7 in Myep as V™0 (resp. Q™) (cf. (6)). In
addition, we denote the corresponding optimal robust policy as 7* and the optimal robust value function
(resp. optimal robust Q-function) as V*7 (resp. Q*7) (cf. (7)), which satisfies the robust Bellman optimality
equation:

V(s,a) eSx A: Q%(s,a) =r(s,a)+~ inf PV, (14)
PeUg(P?,)

Equipped with 160, we can define the empirical robust Bellman operator 77 as

V(s,a) €S x A:  To(Q)(s,a) = r(s,a) +~ inf PV, with V(s):=maxQ(s,a). (15)
PeUs(P?,) a



Algorithm 1: Distributionally robust value iteration (DRVI) for infinite-horizon RMDPs.

1 input: empirical nominal transition kernel 130; reward function r; uncertainty level o; number of
iterations T'. R

2 initialization: Qo(s,a) =0, Vy(s) =0 for all (s,a) € S x A.

3 fort=1,2,---,T do

4 for s€ S,a € Ado

5 L Set @t(s,a) according to (16);

6 for s € S do
7 L Set V;&(S) = maXg Qt(sv a);

8 output: Qr, Vo and 7 obeying 7(s) == arg max, Q7 (s, a).

DRVI: distributionally robust value iteration. To compute the fixed point of ’7"’, we introduce dis-
tributionally robust value iteration (DRVI), which is summarized in Algorithm 1. From an initialization
Qo = 0, the update rule at the t-th (¢ > 1) iteration can be formulated as:

V(s,a) €S x A: @t(s,a) =77 (@t,l)(s,a) =r(s,a)+~ inf 7317},1, (16)
PeUus(PL )

where ‘//\},1(5) = max, @t,l(s, a) for all s € S. However, directly solving (16) is computationally expensive
since it involves optimization over an S-dimensional probability simplex at each iteration, especially when
the dimension of the state space S is large. Fortunately, in view of strong duality (Iyengar, 2005), (16) can
be equivalently solved using its dual problem, which concerns optimizing a scalar dual variable and thus can
be solved efficiently. The specific form of the dual problem depends on the choice of the divergence p, which
we shall discuss separately in Appendix A.2. To complete the description, we output the greedy policy of
the final Q-estimate Q7 as the final policy 7, namely,

VseS: #(s)=argmaxQr(s,a). (17)

Encouragingly, the iterates {@t of DRVI converge linearly to the fixed point @*’U, owing to the appealing

i >0
~-contraction property of 7.

4 Theoretical guarantees: sample complexity analyses

We now present our main results, which concern the sample complexities of learning RMDPs when the
uncertainty set is specified using the TV distance or the x? divergence. Somewhat surprisingly, different
choices of the uncertainty set can lead to dramatically different consequences in the sample size requirement.

4.1 The case of TV distance: RMDPs are easier to learn than standard MDPs

We start with the case where the uncertainty set is measured via the TV distance. The following theorem,
whose proof is deferred to Appendix B, develops an upper bound on the sample complexity of DRVI in order
to return an e-optimal robust policy. The key challenge of the analysis lies in careful control of the robust
value function V™7 as a function of the uncertainty level o.

Theorem 1 (Upper bound under TV distance). Let the uncertainty set be Uy (-) = Uy (+), as specified by
the TV distance (9). Consider any discount factor ~v € E, 1), uncertainty level o € (0,1), and 6 € (0,1).
Let 7 be the output policy of Algorithm 1 after T = Clog (%) iterations. Then with probability at least
1 -6, one has

VseS: V*(s)—V™o(s)<e (18)



for any e € (0, V/1/ max{1 — 'y,a}} , as long as the total number of samples obeys

NSA >

CySA g((SAN ) (19)

o
(1 =7)?2max{1l —~v,0}e? 1—7)0
Here, C1,Cy > 0 are some large enough universal constants.

Remark 1. Note that Theorem 1 is not only valid when invoking Algorithm 1. In fact, the theorem holds
for any oracle planning algorithm (designed based on the empirical transitions P°) whose output policy 7

obeys
{r%,0 7,0 (1 _7)2 SAN

Before discussing the implications of Theorem 1, we present a matching minimax lower bound that
confirms the tightness and optimality of the upper bound, which in turn pins down the sample complexity
requirement for learning RMDPs with TV distance. The proof is based on constructing new hard instances
inspired by the asymmetric structure of RMDPs, with the details postponed to Appendix C.

Theorem 2 (Lower bound under TV distance). Consider any tuple (S, A, v, 0,¢) obeying o € (0,1 —cq] with
0<c < % being any small enough positive constant, v € [%, 1), ande € (0, %] We can construct two
infinite-horizon RMDPs Mo, My defined by the uncertainty set Uy () = U\(+), an initial state distribution
p, and a dataset with N independent samples for each state-action pair over the nominal transition kernel
(for My and M; respectively), such that

inf max {Po(V*’”(w) — V() > €), PL(V* () = V() > 6)} > é,

provided that
coSAlog?2

< .
~ 8192(1 — )2 max{1 — v, o }e?

Here, the infimum is taken over all estimators 7, and Py (resp. P1) denotes the probability when the RMDP
is My (resp. My).

NSA

Below, we interpret the above theorems and highlight several key implications about the sample com-
plexity requirements for learning RMDPs for the case w.r.t. the TV distance.

Near minimax-optimal sample complexity. Theorem 1 shows that the total number of samples re-
quired for DRVI (or any oracle planning algorithm claimed in Remark 1) to yield e-accuracy is

0 ((1 —7)? mi?I -, 0}52> ' (21)

Taken together with the minimax lower bound asserted by Theorem 2, this confirms the near optimality of
the sample complexity (up to some logarithmic factor) almost over the full range of the uncertainty level o.
Importantly, this sample complexityscales linearly with the size of the state-action space, and is inversely
proportional to ¢ in the regime where o 2 1 — 7.

RMDPs is easier than standard MDPs with TV distance. Recall that the sample complexity
requirement for learning standard MDPs with a generative model is (Agarwal et al., 2020; Azar et al., 2013a;

Li et al., 2023b)
~( sS4
o) 2

in order to yield & accuracy. Comparing this with the sample complexity requirement in (21) for RMDPs
under the TV distance, we confirm that the latter is at least as easy as — if not easier than — standard
MDPs. In particular, when o < 1 — « is small, the sample complexity of RMDPs is the same as that of
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standard MDPs as in (22), which is as anticipated since the RMDP reduces to the standard MDP when
o = 0. On the other hand, when 1 — v < ¢ < 1, the sample complexity of RMDPs simplifies to

~ SA
O ———— 23
(a==). ®
which is smaller than that of standard MDPs by a factor of o /(1 — 7).
Comparison with state-of-the-art bounds. While the state-of-the-art sample complexity upper bound

derived in Clavier et al. (2023) is tight when o is small (i.e., 0 < 1—+), the sample complexity bound therein
scales as O(%) in the regime where 1 — v < 0 < 1. Consequently, this is worse than our result by a

factor of
o c ( 1 1 >
(I=7)2 " \1-7y"(1-7)2)"

Turning to the lower bound side, Yang et al. (2022) developed a lower bound for RMDPs under the TV
distance, which scales as

~(SA1—7~) . 1 1

O (52 min W’ ; .

Clearly, this is worse than ours by a factor of (1f 3 € (1, (1717)3) in the regime where 1 —v <o < 1.

3
Y

4.2 The case of y? divergence: RMDPs can be harder than standard MDPs

We now switch attention to the case when the uncertainty set is measured via the y? divergence. The
theorem below presents an upper bound on the sample complexity for this case, whose proof is deferred to
Appendix D.

Theorem 3 (Upper bound under y? divergence). Let the uncertainty set be Us(-) = U;2(~), as specified
using the x? divergence (10). Consider any uncertainty level o € (0,00), v € [1/4,1) and § € (0,1). With

probability at least 1 —9, the output policy 7™ from Algorithm 1 with at most T = ¢; log (%) iterations yields

VseS: V*(s)—V™(s)<e (24)

1

for any e € (07 m], as long as the total number of samples obeying

c2SA(1 + o) o SAN
(1 —n)te? o)

Here, c1,co > 0 are some large enough universal constants.

NSA >

(25)

Remark 2. Akin to Remark 1, the sample complexity derived in Theorem 3 continues to hold for any oracle

R . ~ A~ 1 _SAN
planning algorithm that outputs a policy 7 obeying HV*“’ — V’“"’HO<> < O(W)

In addition, in order to gauge the tightness of Theorem 3 and understand the minimal sample complexity
requirement under the x? divergence, we further develop a minimax lower bound as follows; the proof is
deferred to Appendix E.

Theorem 4 (Lower bound under x? divergence). Consider any (S, A,~,0,€) obeying v € [%, 1), o0 € (0,00),
and

1 : 1
ESC3{1_"/ szG(Oa 4 ) (26)

1 . 1—
max{m,l} ZfO'e [T’Y,OO)

for some small universal constant cg3 > 0. Then we can construct two infinite-horizon RMDPs Mg, M1

defined by the uncertainty set Ug (-) = Uy, (+), an initial state distribution ¢, and a dataset with N independent

samples per (s,a) pair over the nominal transition kernel (for Mg and M respectively), such that

i%f max {]P’O(V*"’(ap) — V™ (p) > g), PL(V*(p) — VT (p) > 5)} > é, (27)
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provided that the total number of samples

4 Foe(05)

N&4§q{“ﬂwﬁﬂA ) o
eIy o€ [t 0)

(28)

for some universal constant cq4 > 0.

We are now positioned to single out several key implications of the above theorems.

Nearly tight sample complexity. In order to achieve s-accuracy for RMDPs under the x? divergence,
Theorem 3 asserts that a total number of samples on the order of

5 <SA(1 + 0)) ' (29)

(1 —n7)%e?

is sufficient for DRVI (or any other oracle planning algorithm as discussed in Remark 2). Taking this together
with the minimax lower bound in Theorem 4 confirms that the sample complexity is near-optimal — up
to a polynomial factor of the effective horizon —— — over the entire range of the uncertainty level o. In

. 1
particular,

e when o =< 1, our sample complexity 9] (%) is sharp and matches the minimax lower bound;

e when o 2 ﬁ, our sample complexity correctly predicts the linear dependency with o, suggesting

that more samples are needed when one wishes to account for a larger y2-based uncertainty sets.

RMDPs can be much harder to learn than standard MDPs with x? divergence. The minimax
lower bound developed in Theorem 4 exhibits a curious non-monotonic behavior of the sample size require-
ment over the entire range of the uncertainty level o € (0,00) when the uncertainty set is measured via the
x? divergence. When o < 1 — +, the lower bound reduces to

o(a=a)

which matches with that of standard MDPs, as 0 = 0 corresponds to standard MDP. However, two additional
regimes are worth calling out:

1 ~ SA 1
_ < < - . - 1 _
RN (R O((l—v)“fgmm{g’d‘?})’
1 ~ (SAc
> - .
MRTEEYER O( g2 )

both of which are greater than that of standard MDPs, indicating learning RMDPs under the x? divergence
can be much harder.

Comparison with state-of-the-art bounds. Our upper bound significantly improves over the prior
~ 2

art O (%) of Panaganti and Kalathil (2022) by a factor of S, and provides the first finite-sample
complexity that scales linearly with respect to S for discounted infinite-horizon RMDPs, which typically
exhibit more complicated statistical dependencies than the finite-horizon counterpart. On the other hand,
Yang et al. (2022) established a lower bound on the order of O (%) when o 2 1 —~, which is always
smaller than the requirement of standard MDPs, and diminishes when ¢ grows. Consequently, Yang et al.
(2022) does not lead to the rigorous justification that RMDPs can be much harder than standard MDPs,
nor the correct linear scaling of the sample size as o grows.
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5 Other related works

This section briefly discusses a small sample of other related works. We limit our discussions primarily to
provable RL algorithms in the tabular setting with finite state and action spaces, which are most related to
the current paper.

Finite-sample guarantees for standard RL. A surge of recent research has utilized the toolkit from
high-dimensional probability/statistics to investigate the performance of standard RL algorithms in non-
asymptotic settings. There has been a considerable amount of research into non-asymptotic sample analysis
of standard RL for a variety of settings; partial examples include, but are not limited to, the works via
probably approximately correct (PAC) bounds for the generative model setting (Agarwal et al., 2020; Azar
et al., 2013b; Beck and Srikant, 2012; Chen et al., 2020; Kearns and Singh, 1999; Li et al., 2023a, 2022a, 2023b;
Sidford et al., 2018; Wainwright, 2019) and the offline setting (Jin et al., 2021; Li et al., 2022b; Rashidinejad
et al., 2021; Shi et al., 2022; Xie et al., 2021; Yan et al., 2022; Yin et al., 2021), as well as the online setting
via both regret-based and PAC-base analyses (Bai et al., 2019; Dong et al., 2019; Jafarnia-Jahromi et al.,
2020; Jin et al., 2018, 2020; Li et al., 2021, 2023c; Yang et al., 2021; Zhang et al., 2020b).

Robustness in RL. While standard RL has achieved remarkable success, current RL algorithms still have
significant drawbacks in that the learned policy could be completely off if the deployed environment is subject
to perturbation, model mismatch, or other structural changes. To address these challenges, an emerging line
of works begin to address robustness of RL algorithms with respect to the uncertainty or perturbation over
different components of MDPs — state, action, reward, and the transition kernel; see Moos et al. (2022) for
a recent review. Besides the framework of distributionally robust MDPs (RMDPs) (Iyengar, 2005) adopted
by this work, to promote robustness in RL, there exist various other works including but not limited to
Han et al. (2022); Qiaoben et al. (2021); Sun et al. (2021); Xiong et al. (2022); Zhang et al. (2021, 2020a)
investigating the robustness w.r.t. state uncertainty, where the agent’s policy is chosen based on a perturbed
observation generated from the state by adding restricted noise or adversarial attack. Besides, Tan et al.
(2020); Tessler et al. (2019) considered the robustness to the uncertainty of the action, namely, the action is
possibly distorted by an adversarial agent abruptly or smoothly.

Distributionally robust RL. Rooted in the literature of distributionally robust optimization, which
has primarily been investigated in the context of supervised learning (Bertsimas et al., 2018; Blanchet and
Murthy, 2019; Duchi and Namkoong, 2018; Gao, 2020; Rahimian and Mehrotra, 2019), distributionally
robust dynamic programming and RMDPs have attracted considerable attention recently (Badrinath and
Kalathil, 2021; Derman and Mannor, 2020; Goyal and Grand-Clement, 2022; Ho et al., 2018, 2021; Iyengar,
2005; Kaufman and Schaefer, 2013; Smirnova et al., 2019; Tamar et al., 2014; Wolff et al., 2012; Xu and
Mannor, 2012). In the context of RMDPs, both empirical and theoretical studies have been widely conducted,
although most prior theoretical analyses focus on planning with an exact knowledge of the uncertainty set
(Iyengar, 2005; Tamar et al., 2014; Xu and Mannor, 2012), or are asymptotic in nature (Roy et al., 2017).
Resorting to the tools of high-dimensional statistics, various recent works begin to shift attention to
understand the finite-sample performance of provable robust RL algorithms, under diverse data generating
mechanisms and forms of the uncertainty set over the transition kernel. Besides the infinite-horizon setting,
finite-sample complexity bounds for RMDPs with the TV distance and the x? divergence are also developed
for the finite-horizon setting in Dong et al. (2022); Xu et al. (2023). In addition, many other forms of
uncertainty sets have been considered. For example, Wang and Zou (2021) considered a R-contamination
uncertain set and proposed a provable robust Q-learning algorithm for the online setting with similar guar-
antees as standard MDPs. The KL divergence is another popular choice widely considered, where Blanchet
et al. (2023); Panaganti and Kalathil (2022); Shi and Chi (2022); Wang et al. (2023); Xu et al. (2023); Yang
et al. (2022); Zhou et al. (2021) investigated the sample complexity of both model-based and model-free
algorithms under the simulator or offline settings. Xu et al. (2023) considered a variety of uncertainty sets
including one associated with Wasserstein distance. Badrinath and Kalathil (2021) considered a general
(s,a)-rectangular form of the uncertainty set and proposed a model-free algorithm for the online setting
with linear function approximation to cope with large state spaces. Moreover, various other related issues
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have been explored such as the iteration complexity of the policy-based methods (Kumar et al., 2023; Li
et al., 2022c), and regularization-based robust RL (Yang et al., 2023).

6 Discussions

This work has developed improved sample complexity bounds for learning RMDPs when the uncertainty
set is measured via the TV distance or the x2? divergence, assuming availability of a generative model. Our
results have not only strengthened the prior art in both the upper and lower bounds, but have also unlocked
curious insights into how the quest for distributional robustness impacts the sample complexity. As a key
takeaway of this paper, RMDPs are not necessarily harder nor easier to learn than standard MDPs, as the
answer depends — in a rather subtle maner — on the specific choice of the uncertainty set. For the case
w.r.t. the TV distance, we have settled the minimax sample complexity for RMDPs, which is never larger
than that required to learn standard MDPs. Regarding the case w.r.t. the x? divergence, we have uncovered
that learning RMDPs can oftentimes be provably harder than the standard MDP counterpart. All in all,
our findings help raise awareness that the choice of the uncertainty set not only represents a preference in
robustness, but also exerts fundamental influences upon the intrinsic statistical complexity.

Moving forward, our work opens up numerous avenues for future studies, and we point out a few below.

e Extensions to the finite-horizon setting. It is likely that our current analysis framework can be extended
to tackle finite-horizon RMDPs, which would help complete our understanding for the tabular cases.

o Improved analysis for the case of x? divergence. While we have settled the sample complexity of
RMDPs with the TV distance, the upper and lower bounds we have deloped for RMDPs w.r.t. the x?
divergence still differ by some polynomial factor in the effective horizon. It would be of great interest
to see how to close this gap.

o A unified theory for other families of uncertainty sets. Our work raises an interesting question con-
cerning how the geometry of the uncertainty sets intervenes the sample complexity. Characterizing the
tight sample complexity for RMDPs under a more general family of uncertainty sets — such as using
¢, distance or f-divergence, as well as s-rectangular sets — would be highly desirable.
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A  Preliminaries

For convenience, we introduce the notation [T] := {1, - , T} for any positive integer T' > 0. Moreover, for any
two vectors = [2;]1<i<n and y = [y;]1<i<n, the notation x < y (resp. x > y) means z; < y; (resp. x; > y;)
for all 1 < i < n. And for any vecvor z, we overload the notation by letting 2°2 = [x(s,a)z](s,a)esxA
(resp. x°% = [x(s)z]s cs)- With slight abuse of notation, we denote 0 (resp. 1) as the all-zero (resp. all-one)
vector, and drop the subscript p to write U7 (-) = U7 (-) whenever the argument holds for all divergence p.
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Matrix notation. To continue, we recall or introduce some additional matrix notation that is useful
throughout the analysis.

e PO c RSAXS: the matrix of the nominal transition kernel with Pga as the (s, a)-th row.

o PV c RSAXS: the matrix of the estimated nomimal transition kernel with P?, as the (s,a)-th row.

s,a

RSA'

e : a vector representing the reward function r (so that r(, .y = 7(s,a) for all (s,a) € § x A).

o II™ € {0, 1}°%54: a projection matrix associated with a given deterministic policy 7 taking the follow-

ing form
T T T
€r(1) 0 e 0
0% exy - 0T

" — , (30)
o’ 0" - ey
T T T A ;
where €x(1)r€n(2)7 1 €n(s) € R4 are standard basis vectors.

e 7, € RY: a reward vector restricted to the actions chosen by the policy 7, namely, r,(s) = 7(s,7(s))
for all s € S (or simply, 7, = II"r).

e Varp(V) € R%4: for any transition kernel P € R4*S and vector V € R, we denote the (s, a)-th row
of Varp(V) as

Varp(s,a) = Varp, , (V). (31)

o PV c R4XS, PV € RSA%S: the matrices representing the probability transition kernel in the uncer-
tainty set that leads to the worst-case value for any vector V € RS. We denote PS"/ o (resp. PS"/ o) as the
(s,a)-th row of the transition matrix PV (resp. PV). In truth, the (s,a)-th rows of these transition
matrices are defined as

PSYG = argminp ey po )PV, and ﬁs‘{a = argminpeu(,(lgaa)’PV. (32a)

Furthermore, we make use of the following short-hand notation:
PS’:(’ZV = Ps‘,/;w = argminpey-(po ) PV™7, P;;f/ = PS‘A’/:U = argminpeug(PS‘a)P‘A/”’a, (32b)
]3375;1‘/ = 135‘/;” = argminpeua(ﬁg’a)PV’r’”, A;faA = ﬁfa’m = argminpew,(lgga)P‘/}”"’. (32¢)

The corresponding probability transition matrices are denoted by PV ¢ RSAXS pmV ¢ RSAXS ,
PV € R94XS and P™V € RS4%S respectively.

5 % 7,V A .
o P™ ¢ RS*S Pm ¢ RSXS pmV ¢ RSxS pmV ¢ RSxS Bﬂ € R5*S and BF € R5%S: six square
probability transition matrices w.r.t. policy m over the states, namely

PT o= HﬂPO’ ﬁﬂ' — le’so, BTF,V — Hﬂ—Pﬂ—7V7 Ew,f/ — HTFPTF,"}’
EW’V = H’T]S’T’V, and EW’V =" PV (33)

We denote P as the s-th row of the transition matrix P™; similar quantities can be defined for the

other matrices as well.
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A.1 Basic facts

Kullback-Leibler (KL) divergence. First, for any two distributions P and @, we denote by KL(P || Q)
the Kullback-Leibler (KL) divergence of P and Q. Letting Ber(p) be the Bernoulli distribution with mean
p, we also introduce

P 1-p
KL(p || q) :=plog5 +(1—-p) log 7

5 _p=@? (—q@? (p—q)?

which represent respectively the KL divergence and the x? divergence of Ber(p) from Ber(q) (Tsybakov, 2009).
We make note of the following useful property about the KL divergence in Tsybakov (2009, Lemma 2.7).

Lemma 1. For any p,q € (0,1), it holds that

N2
KLl a) < =t (35)

Variance. For any probability vector P € RS and vector V € R®, we denote the variance
Varp(V) = P(VoV)— (PV)o (PV). (36)
The following lemma bounds the Lipschitz constant of the variance function.

Lemma 2. Consider any 0 < Vi,V < ﬁ obeying ||V1 — Valloo < @ and any probability vector P € A(S),
one has

Varp(Vy) — Varp(Va)| < . 37
|Varp (V1) P( 2)\_(17V) (37)
Proof. 1t is immediate to check that
|Varp(V1) = Varp(V2)| = [P(Vi o Vi) = (PV1) o (PVi) = P(Va 0 V3) + (PV2) o (PV3)|
<|[P(VioVi = Voo Vo)| +[(PVi + PVa) P(Vi — Va)|
2z
<2 Vi + Valleo|Vi = Valloo < = (38)
where the penultimate inequality holds by the triangle inequality. O

A.2 Properties of the robust Bellman operator

~v-contraction of the robust Bellman operator. It is worth noting that the robust Bellman operator
(cf. (8)) shares the nice y-contraction property of the standard Bellman operator, stated as below.

Lemma 3 (y-Contraction). (Iyengar, 2005, Theorem 3.2) For any v € [0,1), the robust Bellman operator
T() (cf (8)) is a y-contraction w.r.t. || -|e. Namely, for any Q1,Qs € R4 s.t. Qi(s,a),Q2(s,a) €
[0, ﬁ] for all (s,a) € S x A, one has

I77(Q1) = T7(Q2) oo <7 [1@1 = Q2| - (39)

Additionally, Q*° is the unique fized point of T°(-) obeying 0 < Q*7(s,a) < ﬁ for all (s,a) € S x A.
Dual equivalence of the robust Bellman operator. Fortunately, the robust Bellman operator can be
evaluated efficiently by resorting to its dual formulation (Iyengar, 2005). In what follows, we shall illustrate
this for the two choices of the divergence p of interest. Before continuing, for any V € R®, we denote [V],
as its clipped version by some non-negative value o, namely,

Va(s) = {37(3) gtl‘;ii?z1s>ea (40)



e TV distance, where the uncertainty set is U (ﬁsoa) = M%V(]gga) = Z/[gw(ﬁso’a) w.r.t. the TV distance
p = prv defined in (9). In particular, we have the following lemma due to strong duality, which is a

direct consequence of Iyengar (2005, Lemma 4.3).

Lemma 4 (Strong duality for TV). Consider any probability vector P € A(S), any fized uncertainty
level o and the uncertainty set U (P) :== U, (P). For any vector V€ R obeying V > 0, recalling the
definition of [V]a in (40), one has

inf PV = max {P V], —o (a — min[V], (s'))} . (41)
PeU (P) a€[ming V(s),max, V(s)] s’
In view of the above lemma, the following dual update rule is equivalent to (16) in DRVI:

Qi(s,a) =r(s,a) +~ _ max o] {1350#1 {‘ZAL -0 (a - rr;l/n [‘7,571}0( (s/))} . (42)

ac [minS Vi—1(s),maxs \7}_1

e \? divergence, where the uncertainty set is Z/Ig(ﬁga) =UY, (ﬁsoa) =Ug (ﬁsoa) w.r.t. the x? divergence
p = py2 defined in (10). We introduce the following lemma which directly follows from (Iyengar, 2005,
Lemma 4.2).

Lemma 5 (Strong duality for x?). Consider any probability vector P € A(S), any fived uncertainty
level o and the uncertainty set U° (P) = L{)‘ZQ(P). For any vector V€ R® obeying V >0, one has

inf PV = max ; {P[V]a ~ JoVarp ([V]a)} , (43)

PEU (P) a€[ming V(s),maxs V(s
where Varp (+) is defined as (36).

In view of the above lemma, the update rule (16) in DRVI can be equivalently written as:

Qul5,0) = r(5,0) +7 mx AP TA] ove ([7] )}

(xe[mins Vi_1(s),max, Vi_1(s)

The proofs of Lemma 4 and Lemma 5 are provided as follows.

Proof of Lemma 4. To begin with, applying (Iyengar, 2005, Lemma 4.3), the term of interest obeys

pnf PV = max PV =)~ o (max (V) = ()}~ min {V() ~ (D))} (49)

where 1i(s’) represents the s’-th entry of u € R®. Denoting p* as the optimal dual solution, taking o =
maxg {V(s") — u*(s")}, it is easily verified that p* obeys

V(s)—a, ifV(s)>a
*(o) — 46
w(s) {0, otherwise. (46)
Therefore, (45) can be solved by optimizing « as below (Iyengar, 2005, Lemma 4.3):
inf PV = max {P Vi, —o (a —min [V], (s'))} . (47)
PeU (P) a€[ming V(s),max, V(s)] s’
O

Proof of Lemma 5. Due to strong duality (Iyengar, 2005, Lemma 4.2), it holds that

inf PV = max {P(Vfu)f\/UVarp(Vfu)}, (48)

PeU(P) WERS, 11>0
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and the optimal p* obeys

15 (s) = {V(s) —a, fV(s)>a (49)

0, otherwise.

for some « € [min, V(s), max, V(s)]. As a result, solving (48) is equivalent to optimizing the scalar « as
below:

inf PV = max {P[V]a— JVarp([V]a)}. (50)

PeU (P) a€[ming V(s),maxs V(s)]

O

A.3 Additional facts of the empirical robust MDP

Bellman equations of the empirical robust MDP ./\/lmb To begin with, recall that the empirical
robust MDP ./\/lrob = {S, A,’y,Z/l"(PO) r} based on the estimated nominal distribution PY constructed in
(13) and its corresponding robust value function (resp. robust Q-function) V™9 (resp. Q™ 7).

Note that @*"’ is the unique fixed point of ’7A"’() (seg\ Lemma 3), the empirical robust Bellman operator

constructed using PO, Moreover, similar to (7), for Mo, the Bellman’s optimality principle gives the
following robust Bellman consistency equation (resp. robust Bellman optimality equation):

V(s,a) €S x A: QM7(s,a) =r(s,a) +~ inf_ PV, (51a)
Peuc(pP?,)

V(s,a) €S x A: Q*7(s,a) =r(s,a)+~ inf PV, (51b)
Peus (P?,)

With these in mind, combined with the matrix notation, for any policy m, we can write the robust Bellman
consistency equations as

™ =4 inf PV™ and Q™7 =r+ inf 73‘7“"’, 52
? VPGU"(PO) @ ry’Peuv(ﬁO) (52)

which leads to

Vmo =r, 440"  inf PV™? @ e + WEW’VV”"’,
PeUs(PO)

(i)

N _ Vo
V™o =y 440" inf  PV™ = 4 qP VO (53)

Peu (Po)

where (i) and (ii) holds by the definitions in (30), (32) and (33).
Encouragingly, the above property of the robust Bellman operator ensures the fast convergence of DRVI.
We collect this consequence in the following lemma.

Lemma 6. Let Qo = 0. The iterates {Q},{Vi} of DRVI obey

R R A L A
vi20: Q=@ <y and -V < (54)
Furthermore, the output policy T obeys
. PN 2ve, PPN
||V*’U - Vﬂﬁ”oo — 176 ,F;t where HV T VT—1||OO = 50pt~ (55)

Proof of Lemma 6. Applying the ~-contraction property in Lemma 3 directly yields that for any ¢ > 0,

H@t h @*an = H?U(@t—ﬁ - %a(@*,o)uoo < 7||@t—1 - @*JHOO
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~ ~ —~ t
< 2@l =10 < 7

where the last inequality holds by the fact [|Q*7|o < ﬁ (see Lemma 3). In addition,

~ o~ -~ ~ t
max Q; (s, a) — max Q*7 (s, a)H <@ — Q@7 < BUE. )
acA 00

%~ 77|, = mag | may s

seS

where the penultimate inequality holds by the maximum operator is 1-Lipschitz. This completes the proof
of (54).

We now move to establish (55). Note that there exists at least one state sp € S that is associated with
the maximum of the value gap, i.e.,

[V5e = VR = V"(s0) = VF(s0) > V"9(s) - V7o(s), Vs €S.

Recall 7* is the optimal robust policy for the empirical RMDP M, rob- FOT convenience, we denote a3 = 7*(sg)
and ay = 7(sg). Then, since 7 is the greedy policy w.r.t. Qr, one has

r(so,a1) +7 inf P‘/}T_l = @T(So, ay) < @T(so,ag) =r(sp,az2) + 7 inf 77‘77“_1. (56)
PeU (P o)) PeU (P 4;)

Recalling the notation in (32), the above fact and (55) altogether yield

r(so,a1) + 'ylgs‘gfgll (IA/*"’ — 50pt1) < r(sg,a1) + vﬁggfgll ‘7T_1
< r(sg,as) + inf P‘AfT_l

Peus (P )

—~
=

1 AR, o~

< 7(s0,a2) +PY . Vr_y

50,02

< T(So,ag) + ’Yﬁ‘?ﬁﬂ (‘7*’0 + Eopt1> s (57)

80,02

where (i) follows from the optimality criteria. The term of interest can be controlled as

~

H‘/}*,O’ B ‘/}%,UHOO _ ‘7*’0(80) o Vﬁ,o(so)

=r(so,a1)+  if PV - (T(SOaa2)+7 inf 73‘7*"’)

PeU (P, ,.) PeuUs (P9, ,.,)

=r(sp,a1) — r(so,az2) + 'y< inf PV — inf 77‘7%’0)

PeUs (P2, ) Peus (P9, ,.)
) PO X PN ~5 ~ ~a
< 27yeopt + 'y(PS‘g a V77— PS‘gTa*ll Ve 4+ inf PV*T — inf PV’“")

’ ’ PEU(PY) 4,) PeU (PY ,,)

= 2yeopt + ’y(f’ZTag Vo _ inf ’PI/}%70> + ,7( inf Py _ ﬁs‘ZTaT 17*,0)

PeU(PY, ,,) PeU (P, .,)

(i) AR ~n ~5 o~ T~
S 27€0pt 4 ,YPV (V*,o' _ Vﬂ',a) + ,_Y(PVT_lv*,a’ _ PVT_lv*,a’>

50,02 50,01 50,01

< 2’)/gopt + ’YH‘/}*)U - ?%JH (58)

OO’

where (i) holds by plugging in (57), and (ii) follows from infp /0 (o )73‘7*7" < PV*7 for any P €
spsa1

U°(PY . ). Rearranging (58) leads to

50,01

[ - 77, < T,
I—»
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B Proof of the upper bound with TV distance: Theorem 1

Throughout this section, for any transition kernel P, the uncertainty set is taken as (see (9))
g g a g 1
U7 (P) = Uzy(P) = @ Uy (Ps.a), UTy(Psa) = {Ps/ﬂ € A(S): 3 HPsl,a - P87GH1 < 0}' (59)

B.1 Technical lemmas

We begin with a key lemma concerning the dynamic range of the robust value function V™7 (cf. (5)), which
produces tighter control when o is large; the proof is deferred to Appendix B.3.1.

Lemma 7. For any nominal transition kernel P € R4S any fized uncertainty level o, and any policy =,
its corresponding robust value function V™7 (cf. (5)) satisfies

1
Ve — minV™° < )
P () s (s) < ymax{l —~,o}

Next, we introduce the following lemma, whose proof is postponed in Appendix B.3.2.

Lemma 8. Consider an MDP with transition kernel matriz P and reward function 0 < r < 1. For any
policy T and its associated state transition matriz P, == II" P and value function 0 < V™ < ﬁ (cf. (1)),

one has
. - 8(maxs V™ (s) — ming V7P (s))
(I — 'YPTr) \/341‘137r (V ’P) S \/ 72(1 . ’7)2 L.

B.2 Proof of Theorem 1

The main proof idea of Theorem 1 is similar to that of Agarwal et al. (2020) and Li et al. (2023b) while
the argument needs essential adjustments in order to adapt to the robustness setting. Before proceeding,
applying Lemma 6 yields that for any eopt > 0, as long as T > log( , one has

1
(1_7)5opt )

~ ~a 2ve
||V*,a - Vﬂ',aH < g OPt7 (60)
allowing us to justify the more general statement in Remark 1. To control the performance gap HV*"’ - V%"’HOO,
the proof is divided into several key steps.

Step 1: decomposing the error. Recall the optimal robust policy 7* w.r.t. Mop and the optimal robust
policy 7*, the optimal robust value function V*7 (resp. robust value function Q™) w.r.t. M,p. The term
of interest V* — V™9 can be decomposed as

V*o — V%,J — (Vﬂ'*,a _ ‘7#*,0) + (‘777*,0 _ ‘7%*,0) + (‘7%*,0 _ ‘7%,0) + (‘7?,0 _ Vﬁ,o’)

(v ) 4 (Ve R 4 (R )

—~

1

* A * 2 A~ ~
< (Vﬂ' o T ,o‘) + 1’750pt1 + (VTr,U _ VTr,o’) (61)

—~
=

where (i) holds by V™" ¢ — V7" < ( since 7* is the robust optimal policy for Miop, and (ii) comes from the
fact in (60).

To control the two important terms in (61), we first consider a more general term V™o — Y™ for any
policy . Towards this, plugging in (53) yields

‘771',17 YT = S nyﬂ7V‘77"7U o (7’7‘— + ,YBTF,VVﬂ',O'>
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SN o o
— (,VE V™o _ ,YE‘IT,VVW,J) + (,VEW,VVW,U _ ,yE‘IT,VVTr7a'>
(i) Ve v ~m,V V5
S ’Y(BW’ Ve _Bﬂ', VTr,o’) + <,YB VT ,}/Bﬂ', VTI',O’),
where (i) holds by observing
Bﬂ,\/}"}ma SBﬂ',V‘/}'ﬂ',o’
due to the optimality of E’T’? (cf. (32)). Rearranging terms leads to
. RPN P
Ve _ e < v (I _ ,yBﬂ',V) 1 (B Vo BW,VVW,G‘)- (62)
Similarly, we can also deduce
~ oV~
Vo _ YT — re+ ,YB Vo _ (Tﬂ— + ,yBﬂ',vaa)
oV~ o o
_ (,.YE V™o _ ,YBTF,VVTI',O') + (VEW,VVTF}O' . ,_}/E‘IT,VVT{"U)
o % PNAPN o
> v (BW,V‘/TK‘,G' *BW’VVW’(.;) + (72 Ve _ ,YBTF,VV’TI',O'>
v -1 ,\Tr,ﬁ'/\ 7
27(1_7271', ) (B VW,U_B‘IT, VTr,a'). (63)
Combining (62) and (63), we arrive at

H‘//\'ﬂ,a _ VW,UHOO S 'YmaX{H (I _ ,VBW,V)*l (Eﬂyv‘//\vﬂ',a _BTF,‘?"/\'T(,U)

N WP 7N -
H (I o ,YBmV) (E VVTr,U _BTF,Vvﬂ',U)

‘ )
oo

Lo}. (64)

By decomposing the error in a symmetric way, we can similarly obtain
BN ~r, V"L f v
|7 —vmel| < ymax {| (1-92™") (7 v - prVyme)

Aﬂ,\? =1/ rVv TV
(1)

K

Lo}. (65)

With the above facts in mind, we are ready to control the two terms HV’T**’ - V”*"’Hoo and HV%“’ —
V%JHOO in (61) separately. More specifically, taking = = 7*, applying (65) leads to
)

777 vl <mac{ (1o (T v v)

~r* VN AtV * v *
|(1=o2"7) (& v e

‘ oo

LO}. (66)

Similarly, taking m = 7, applying (64) leads to

(OO}. (67)

Step 2: controlling |[V™" — V™":9||.: bounding the first term in (66). To control the two terms in
(66), we first introduce the following lemma whose proof is postponed to Appendix B.3.3.
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Lemma 9. Consider any ¢ € (0,1). Setting N > log(w), with probability at least 1 — §, one has
otV . N . log( 18SAN) log( 185’AN)
I2 Ve PT ,Vv‘n' I <9 5 Vi o (Vr0o 1
] 185'AN
< og(=5) 7 (68)
(1- )2N

where Varp-+ (V*?) is defined in (31).

Armed with the above lemma, now we control the first term on the right hand side of (66) as follows:
~7*V ~7*V o T Vit oo
() (e e

o < (r-20"") HEW*’VV”*"’—E“VV”*»”

(ii) oV log (854N log(£85A%)
< (I —-~P M ———— o (VR0) 4 — 01
=~ ( L ) < N \/V&rP (V ) N(l— ) )
lo 18SAN oV —1 lo 18SAN ~*V 1
< fil._))(f“”P’ ) 12 ‘§17V4442<I BTT) Ve (V)
=:Cq
log(185AN v 1
:ZCQ
lo 18SAN oV
Lo %(I ) ( Varpe (V27) = Varg. (Vo)) (69)
=:C3

~7*,V
where (i) holds by (I ~vP ) >0, (ii) follows from Lemma 9, and the last inequality arise from

VVarp.s (V*o) = (\/Varpw* (Vxo) — \/Varls,,* (V*v")) + \/Varls,,* (Vo)

< (\/Varp,r* (V=) —\/Varp.,« (V*”’)) + \/‘Varﬁ,r* (Vo) — VarE,(*,v(V*)")

by applying the triangle inequality.

+ /VarEw*,v (Vx0)

TV - C . . . .
To continue, observing that each row of Bﬂ is a probability distribution obeying that the sum is 1, we
arrive at

TtV > PURSVNE 1
[—~P ) 1:(1 t(P ’))1:—1. 70
(122 +3 (2 - (70)
Armed with this fact, we shall control the other three terms Cq,Cs,C3 in (69) separately.

e Consider C;. We first introduce the following lemma, whose proof is postponed to Appendix B.3.4.

Lemma 10. Consider any ¢ € (0,1). With probability at least 1 — 6, one has

log( 185AN) log( 1SSAN)
N - , (1 TV T ) . (1 TV O )
_ (Vo) < <
( = ) p v )< Y3 (1 = v)?max{1l —vy,0} — ¥3(1—~)3
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Applying Lemma 10 and inserting back to (69) leads to

log(ISSAN) ot vy —1
CL=2 T5(I P ) Var e v (V4)
log( 1856AN) log( 185;;AN)
<8 — |1 (71)
V(1 =7)?max{l —v,0}N (1=7)°N
e Consider Cy. First, denote V' := V*? —mingcs V*7(s')1, by Lemma 7, it follows that
0<V' < S (72)
T T ymax{l—v,0}
Then, we have for all (s,a) € S x A, and P, , € A(S), and P, , € U (P,.,):
Varp (V*7) = Varp, ,(V*7)| = |Varp (V') = Varp, (V)|
~ 2
<[ Poa = Poall V]I
2 2
< 7 1 (73)

1< .
y?(max{l —v,0})? ~ y?max{l —~,0}

Applying the above relation we obtain

log( 185AN U
Cy =2 % (1-+P V) \/ ’Varlg,,* (V+2) = Var ;e v (V47)

log(ISAN) ey : :

=2 Né (I — 9P ) \/|H“ (Varpo (V*9) — Varp.. v (V*9))]
log( ISS6AN) vy —1

2 T(I—vﬂ ) \/HVarﬁo(V*vU) —Varﬁ,r*,v(V*v“)Hool
Y log(18SAN ) ([ B fyﬁﬂ*’v)il 9 L 2 log(L8SAN ) .
- N - y2max{l —v,0} v2(1 —v)2max{l —v,0}N "’

~r*, v\ 1
where the last equality uses (I —~P ) 1= ﬁ (cf. (70)).

e Consider C3. The following lemma plays an important role.

Lemma 11. (Panaganti and Kalathil, 2022, Lemma 6) Consider any 6 € (0,1). For any fixed policy
7 and fized value vector V€ RS, one has with probability at least 1 — §,

[\ NVaep. (V) - Ve (V)] < \/2|V||zo]1$g<2§f4)1.

Applying Lemma 11 with 7 = 7* and V = V*7 leads to

211V *o|12 1 25A
Vat pre (V77) Varzswvw)s\/ s e,

which can be plugged in (69) to verify

18SAN

¢ =20/ 2B (1) (g (V59) - (Narp (v2)
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1 log(SAN)|Vr | dlog(18SAN)
SCEr R S (1 "

~*V
where the last line uses (I ~vP ) 1= ﬁ (cf. (70)).

Finally, inserting the results of C; in (71), C2 in (74), C3 in (75), and (70) back into (69) gives

A~V ATV — log(183AN) log (18SAN )
™0 _ pr*, o) «
(I e ) (E v v ) =8 ¥3(1 = v)?max{1l —v,0} N (1—79)2N
2 log(18SAN 4log(18SAN log(1854N
. gAY RSN g
(1—7)2 max{l —v,0}N (1- )2N N(1—~)2
<10 ) log( 1SSAN) log( SAN) ) 5 log( 185’AN)
<10\ w1 N T T ) T e
1 1SSAN 51 1SSAN
<160 o857 1 Bloal™s )y (76)
(1—7)? maX{l -7, 0N (1- )2N
log(9420)

where the last inequality holds by the fact v > % and letting N > (R

Step 3: controlling ||‘A/’T*7” — V™7||: bounding the second term in (66). To proceed, applying
Lemma 9 on the second term of the right hand side of (66) leads to

~r* YV STV o Vot o
() (B v

Aﬂ*"; 1 log( 1856AN) 1Og(ISSAN)
< _ 9N o 7 - *,0 9N o 7
< 2([ ~P ) ( A Varp (V59) + NI 1>

210g(185'AN) B log(l&SAN) ~r*V Un* o
e (TRl R ) 1P (1) N (77
=:Cy
1 1SSAN P —1 i
=:C5
log( 18SAN o
4 og(N )(I ’}/P V <\/‘Varpﬂ V*U) Var,\ﬂ* V(V*U))
::Cs
log(18SAN o
+2 %(I P v) ( Varprs (V*7) — Varﬁ**(v*’a))’ )
=:Cr

where the last term Cs can be controlled the same as Cs in (75). We now bound the above terms separately.
) Applying Lemma 8 with P = ]3”*7‘7, m = m* and taking V = V™9 which obeys yrie = v +

7]377 VV’T 7, and in view of (70), the term C4 in (77) can be controlled as follows:

(I ~P" ‘7) \/Varﬁﬂ*,o(f/”*ﬁ)

(18SAN)

N

lo
C, =2y 2
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log 185AN \/ max, V7 7 (s) — ming v (s ))
Y21 —9)?

log 1SSAN
<8 1, 78
TV =9)? maX{l —%U}N (7%)

where the last inequality holds by applying Lemma 7.

e To continue, considering Cs, we directly observe that (in view of (70))

1 18SAN /\71'*7‘7 -1 —
Cs =2 M (I _ FYB ) \/Varﬁﬂ*ﬁ(‘/ﬂ*,a _ Vﬂ'*,a’)

1SSAN
1. (79)

(oo}

HV*O’ Vﬂ" Nea

e Then, it is easily verified that Cg can be controlled similarly as (74) as follows:

2 1og( 18SAN)
< .
Co = 2\/72(1 —7)? max{1 — %U}Nl (50)

e Similarly, C; can be controlled the same as (75) shown below:

4log(18SAN )
Cr < ———5" (81)
(1=7)2N
Combining the results in (78), (79), (80), and (81) and inserting back to (77) leads to
~*V 5TV X X log(185AN )
I—~4P Ve — PV ) <8y | — 1
( = ) ( - ) - \/73(1 —v)?max{1 —v,0}N
log(188AN ) . 2 log(18SAN 4log(18SAN
Og HV*’U |l 149 og(=%) og(=%)
2N oo Y2 (1 —~)? max{l —v,0}N (1- )2N
log 1SSAN lOg 18SAN . 410g<18SAN>
<80 142 HV*’“ —vme|| e SRR 82
- \/(1 —-7)? max{l — 7,0}]\[ + 2N oo + (1-7)2N (82)
where the last inequality follows from the assumption ~v > i.
Finally, inserting (76) and (82) back to (66) yields
PN . log( ISSAN) 5 log( ISSAN)
o Ym0 < 1
HV v Oomax{ 60\/(1— ~)? max{l—’y,a}N+ (1—~ ’
1 lSSAN 1 lSSAN - 41 18SAN
80 og(—5 42 Og Hv**’ _pre| 4 AloslTE)
(1—7)2 max{l —v,0}N 2N oo (1—7)2N
log(1854N 8 log(185AN )
< 160 oa(=5) 1 Bloel , (83)
(I1—7)2 max{l —v,0}N (1- ) N

where the last inequality holds by taking N > %
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Step 4: controlling ||17%’” — V™|: bounding the first term in (67). Unlike the earlier term, we
now need to deal with the complicated statistical dependency between 7 and the empirical RMDP. To begin

with, we introduce the following lemma which controls the main term on the right hand side of (67), which
is proved in Appendix B.3.5.

Lemma 12. Consider any § € (0,1). Taking N > log (5(“15}1/%2 ) , with probability at least 1 — §, one has

2
AT - oen log(2AANL) = Blog(B4A0-) 9
P ’ V7T,U _ PTI',Vvﬂ,a‘ <9 (I=7) Vi V*9)1 (1=7) 1 Y Optl
1Og(54SAN2) 9
(1-7)d YEopt
<1 1 1. 4
<10 (1= ~)°N +1—7 (84)
With Lemma 12 in hand, we have
P 2T P P
(I _ ’YBW’V) (B VT BTF,Vvﬂ',o)
(1) ~ o\ "L A7V Ao o Tmn
< (I ’YBW’V> B vVﬂ',a _B‘n',VVTra
log(54SAN2) 1 — I 810g(54SAN2) 9
(I—v)o ( _ T V) ~ .0 ( o 7,V ) (1—~v)0 YEopt
20 ————— (1 P & , I P, 1
< N 0 Varpz (V*) + vPg N ) +1_’y
2
W (8log(GTF)  2reom Ly log(%42452) (1 %,§>—1 Vo)
= N(1—7)2 (1—7)2 N 7L PRV
=D,
log(%2A55) ~ o\l
+ 2| — (1-2277) \/‘Varpﬁ(v*ao) — Var . o (VF0)
=:D>
log(54slAN2) L — —~
+ 2\ — = (1-2277) \/ [Varps (V49) = Varpe 5 (747)], (85)
=:Dg

JUPSN. ]
where (i) and (ii) hold by the fact that each row of (1 — =) (I - 'yB”’V) is a probability vector that falls
into A(S).
The remainder of the proof will focus on controlling the three terms in (85) separately.
e For D;, we introduce the following lemma, whose proof is postponed to B.3.6.
log( 54SAN? )

Lemma 13. Consider any § € (0,1). Taking N > ﬁ and gopt < 1_77, one has with probability
at least 1 — 0,

1 ENP 1 L
Var - o (V7o) < 6 L<6y) 73l
arEr,v( ) < \/73(1 —y)2max{l —~,0} ~ (1—=7)3y?

Applying Lemma 13 and (70) to (85) leads to

(1-22"7)

log(3HANE)

- \/73(1 —7)?max{1 — 7, a}Nl‘ (86)
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e Applying Lemma 2 with ||17*"’ — V7

o < 2%:“ and (70), D can be controlled as

log(2454N2) ~ o\ L —
Dy =2 % (I - yEvV) \/’Varp o (V%9) = Var s ¢ (VF0)
log(54S:4N2 ) . = ye IOg 54SAN2 )
< T (1t ) sy [ 7

e D3 can be controlled similar to Cy in (74) as follows:

54SAN?

log (2~ A
— (lem) (1"

<0

—1 ~ ~
) \/ [Varps (747) = Var pe o (74)

54SANZ
)_1 = 1<4 el ) 1 (88)
y?max{l —vy,0} — ¥2(1 = v)?max{1l —y,0}N

Finally, summing up the results in (86), (87), and (88) and inserting them back to (85) yields: taking
log 54SAN2)

N> ﬁ and eopr < 1777, with probability at least 1 — 4,

log(F5*455) < .

- N

<

— 4P

2
Nl [T S 810%(5(41{14% ) 29Eopt
I ’)/BTF’V) (P 5 Yo _ 7'r,Vv7r70'> S Y op 1
( N(l=9) = (1-9)?

54SAN? 54SAN? 54SAN?
412 log( (1—7)8 ) - YEopt Log( (1—7)3 )1 4 log( (1—7)o )
¥3(1 = v)?max{1l —v,0}N (1 -7)*N ¥2(1 = v)?max{1 —vy,0}N
54SAN2 54SAN?
<16 log( =r; ) N 14 log( =F; ) (89)
¥3(1 = v)?max{1l —v,0} N N1 —-~)2 7
) ) ) ) 1 .(5457AN2) 1 (545;AN2)
where the last inequality holds by taking et < min {17'7’ og Elew)a } _ log Elew)s

Step 5: controlling ||‘A/ﬁ"’ — V™| »: bounding the second term in (67). Towards this, applying
Lemma 12 leads to

L m VS T 1 7V~ S
(1=7p™V) (BT VR - pVURe) < (1—qp™Y ) |PTT PR - prV e
10g(54SAN2) . 810g( 54SAN2) 9
(1—7)3 ( 7, v) / *0) ( 7, v) (1—7)3 YEopt
<2 vP I—~P 1
= N Varp V 074 N(l_ry) + T
8log(3454N%) o log (34242 I -
< ( N(l(iJ;S + (17_57";2 12\ =2 (1= P™Y)  [Varpen (VF)
=:Dy
log(B4SAN2 ) .
+2 7(]1\7 L (I P“’V> \/V&I“P?r v(Vme — V7o)
—.Ds
log(54S_AN2) L — —
+2\| — (I - WE”’V) \/’Varpﬁ‘v (V%) = Var pe.v (V)




Jog ( BASAN? . — -
((]1\[‘””) (I - WE”’V) \/ ’Varp% (V%) = Var pr.v (V9)]. (90)

+2

=D~
We shall bound each of the terms separately.

e Applying Lemma 8 with P = P™" | 7 = 7, and taking V = V™ which obeys V77 = pz + 4PV V77,
the term D4 can be controlled similar to (78) as follows:

log( 54SAN2)
Dy < 1. 1
= 8%%1 e max{l — 7,0}V 1)

e For Ds, it is observed that

log (2405 Ayl P —
D5 = 21| — (1 - 927 VVarps v (V2 — Vo)

54SAN

HVﬂ'O’ Vﬂ'O’

1. (92)

o0

e Next, observing that Dg and D7 are almost the same as the terms Dy (controlled in (87)) and Ds
(controlled in (88)) in (85), it is easily verified that they can be controlled as follows

Dy < 44| 2 log(%32355) 1 D. <4 log(%32355) 1
6 < ) 7 < . (93)
(1—~)4N ¥2(1 = v)?max{1 —vy,0}N

Then inserting the results in (91), (92), and (93) back to (90) leads to

54SAN?
(1-2277) (13” Vire PRYYR) < Sloslir) | e ) g log(*57) 1
- - “\ N(1-9)? (1—7)? 3(1 —v)?max{l —v,0}N

54SAN?2 54SAN?2
g 54SAN HV’”’ ool 4 4\/7€optlog( (1-)3 )1 4\/ log( (1_@5)

(1-— —v)?max{l —vy,0}N
8SAN2 54SAN?
1 2log(17555) 141og (2555 ) log (B454N" Hvﬂﬂ el 0
(1 —~)2 max{l—%a}N N(1—7)2 0o
545 AN?
where the last inequality holds by letting eqpe < log(fyliN”)‘s), which directly satisfies eqpr < 1_77 by letting
N> log( 545?1\72)
54SAN .(54SAN?
Finally, inserting (89) and (94) back to (67) yields: taking eqpe < (;1]\,”)5 ) and N > %7
with probability at least 1 — §, one has
54SAN2 54SAN?
792~ vee| < max {16 log (=35 ) | 14l =5 )
oo ¥3(1 = v)?max{1l —v,0} N N(1-
2
» 2log(H25) 141og(H24055) log (P50 HVW o _pre| )
(1 —9)?max{l —~,0}N N(1- oo
54SAN?2 54SAN?
<o log( =T ) 28 log( = ) (95)
- ¥3(1 = v)?max{1l —v,0}N N(1—~)2
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Step 6: summing up the results. Summing up the results in (83) and (95) and inserting back to (61)

. log(S4SAN2 ) 16 log(3484N2 . -
complete the proof as follows: taking eqpr < yizvv and N > W, with probability at least
1-9,
- . ~ 2 =
vne - vRel < Vet - ey 2 Ry
_ 2’750pt 160 10g( 18SAN) 810g( ISSAN)
~1l—x (1 —=~)?max{l —~,0}N (1—-79)2N
5 2 2
o log(532255) 28log(H2405)
¥3(1 = v)?max{1l —v,0}N N(1— )2
- 2
s log (2455 36 log (32455 )
(1 =7)?*max{l —v,0}N N(1—9)?
log(54SAN2)
(1—v)é
< 1508 96
: \/<1 S max(l - 7,0}V 96)

2
16 log( 54S§N

where the last inequality holds by ~ > i and N > =

B.3 Proof of the auxiliary lemmas
B.3.1 Proof of Lemma 7

To begin, note that there at leasts exist one state so for any V™ such that V™7 (sp) = minges V™ (s).
With this in mind, for any policy 7, one has by the definition in (5) and the Bellman’s equation (7a),

T,0 — E (s [ , . f 7r,o’j|
B VTIE) = e e [P0, B )PV

<  max (1 +~ inf PV”’U>,
(s,a)eSxA PeuU (Ps.qa)
where the second line holds since the reward function r(s,a) € [0, 1] for all (s,a) € S x A. To continue, note

that for any (s,a) € S x A, there exists some P9 o« € R¥ constructed by reducmg the values of some elements
of Ps , to obey P, , > PS,a >0and Y (Psq(s") — PS,a(s )) = o. This implies Ps ot ae S L[”( ), where

es, is the standard basis vector supported on sg, since 3 ||P5’a + 0650 Psallr < 3 ||Ps,a —
Consequently,
inf PV < (Poatoel, ) VIO < || P,V + 0V (50)
PeU(Ps,q)
<(1- vme inV"™ 97
< (1= 0)maxV™(s) + omin V"o (s), (97)

where the second inequality holds by ||?S,a||1 => ]Ssya(s’) =—> 4 (P&a(s’) - ]557(1(5’)) + >y Psals) =

1 — 0. Plugging this back to the previous relation gives

T,0 <1 1— T,0 : T,0
max V™% (s) < 147 (1 - o) maxV™(s) + yomin V"7 (s),

which, by rearranging terms, immediately yields

1+ yominges V™o(s)

max V77 (s)

s€S - 1—v(1-0)
< 1 + . VTra'( )< 1 4 . V‘n’ U( )
————— 4+ minV"(s) < —————— + min V" (s).
T (1—7)+vo ses ~ ymax{l —v,0} seS
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B.3.2 Proof of Lemma 8
Observing that each row of P, belongs to A(S), it can be directly verified that each row of (1—~) (I — vP,) ™"
falls into A(S). As a result,

(I —~yPy)~"y/Varp (V™P) = %( V) (I —~vP)" "/ Varp (V™P)

I/\Q

)
7\/1— (I —~P:)” 1Varpw(V’TvP)

,/ i ) Varp,_ (V7P), (98)

t=0

where (i) holds by Jensen’s inequality.
To continue, denoting the minimum value of V' as Vi, = minges V™ (s) and V' = V™F — V.1, We
control Varp_(V™F) as follows:

Varp_(V™F)
O Varp, (V) = Py (V' o V') = (P,V") o (P,V)
2

ii 1
( ) P (V Vl) - 7 (V/ —Tr + (1 - ’Y)vainl) o (V/ —Tr + (1 - 7)‘/minl)

1 2 1
=P, (V'oV') - ?V' oV + ?V/ o(rr — (1 —~)Viinl) — ? (rr — (1 =) Vainl) o (7x — (1 = 9)Vininl)

1 2

< P (V/OV/)—7V/OV/+72HV/||001, (99)
Y Y

where (i) holds by the fact that Varp_(V™F —b1) = Varp_(V™F) for any scalar b and V™ € R¥ (ii) follows

from V' = 4y P V™ —Viginl = 17 —(1=7) Vinin 147 Px V', and the last line arises from -5 V/oV’ > 1V’ oV
and ||rr — (1 = ¥)Viminllleo < 1. Plugging (99) back to (98) leads to

_ 1 2
(I —~Py)""/Varp (V©P) < Vis ZW ( V/OV/)_VV/OV/+’Y2|V/|001>

(i) 1 > ( - 2
S VIOV/ _7V/0V/ ,-yt ﬂ_ V/ 001
| X )~ VJZ 'SV
(R N e
1=y -0 t=0

@ v \/2||V/||oo1
< +

(1 =7) 72(1—7)?
8[[V"[loo

m, (100)

where (i) holds by the triangle inequality, (ii) holds by following recursion, and the last inequality holds by
IVl < 2.

B.3.3 Proof of Lemma 9

Step 1: controlling the point-wise concentration. We first consider a more general term w.r.t. any
fixed (independent from PO) value vector V' obeying 0 <V < 1 1 and any policy 7. Invoking Lemma 4
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leads to that for any (s,a) € S x A,

PrYv - PRV <

max {ﬁga V], —o (a —min [V], (S/)>}

a€[ming V(s),maxs V (s)] s’

P, V], —wo (a=min[V], () }|

s/

max {
a€[min; V(s),maxs V(s)]

< max ‘(PS “ PO ) [V]a

) 101
" a€[ming V(s),max; V(s)] ( )

=:gs,a(a,V)

where the last inequality holds by that the maximum operator is 1-Lipschitz.
Then for a fixed o and any vector V that is independent with P, using the Bernstein’s inequality, one
has with probability at least 1 — 9,

[21og(2) 21
og 5 1/Varpo 3N01g
21og(2) 21
\/ Wl e s e

Step 2: deriving the uniform concentration. To obtain the union bound, we first notice that gs ,(a, V')
is 1-Lipschitz w.r.t. « for any V obeying Voo < %7 In addition, we can construct an e;-net N, over
ﬂ (Vershynin, 2018). By the union bound and (102), it holds with

probability at least 1 — = that for all & € N,

geale V) = (P2,

[0, ﬁ] whose size satisﬁes [N, | <

210g QSA\NE1 2log QSA\N51|)
gs,a(a, V) ,/Varpo TaN(=o) (103)

Combined with (101), it yields that,

ﬁ;;lVV - P;f;lVV‘ <

= max ‘(Psoa_ﬁsoa)[v]a
a€[ming V(s),maxs V (s)] ’ ’

(i) ~
<e;+ sup ’(Pga - P£a> [V]a

OéeNel
2SA|N \ 2SAINEII)
< e+ Varpo 3N = ) (104)
(111) QSA\N51| QSA|N51|)
Varpo
1 18SAN 1 1SSAN
\/ o8 1/Vaurpo Og (105)
<y log( 1SSAN) HVH og( 1885AN)
- N o N(l —)
log( ISSAN)

< —9 106
S (106)

where (i) follows from that the optimal a* falls into the e;-ball centered around some point inside N,
2SA|Ng |

and g, (a, V) is 1-Lipschitz, (ii) holds by (103), (iii) arises from taking e, = %, (iv) is verified by
|Ne, | < - < 9N, and the last inequality is due to the fact || oo < ﬁ and letting N > log(%).

17)
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To continue, applying (105) and (106) with 7 = 7* and V = V*° (independent with P°) and taking the
union bound over (s,a) € S x A gives that with probability at least 1 — §, it holds simultaneously for all
(s,a) € S x A that

. . log 1SSAN log(l&sAN)
ProVvee — prV e 00) b
VY VY Varps (V ) N
10g 18SAN
< —0 1
S N (107)

By converting (107) to the matrix form, one has with probability at least 1 — ¢,

P log 185AN log( 1SSAN)
P _prVyTe . =0 7
P v 1% \/Varp N )
10 1SSAN
<3 (gwl (108)

B.3.4 Proof of Lemma 10

Following the same argument as (98), it follows

(I +P" ’V)_l,/VarEW*,V(V*ﬂ):,/ﬁ i’yt (Ew*’v)tVarEw*,v(V**”). (109)
t=0

To continue, we first focus on controlling Var prV (V*9). Towards this, denoting the minimum value of

V*7 as Vipin = minges V*7(s) and V' := V*° :Vminl, we arrive at (see the robust Bellman’s consistency
equation in (53))

Vi=vV*rT — Vininl = rpx + ’)/Eﬂ—*}vv*’g — Vininl
STV o TV BTV *,0
:T.TK‘*—’_A/E Ve +’7<£ ’ _B )V mln1
_ 57V TV STV *,0
= Tg* _(1_’7)Vmin1+'}/£ V +7 E _B V
~7*,V * ~*,V
= +9B" TV (P BT T e, (110)

where the last line holds by letting 77, = rz+« — (1 —7)Vipinl < rpv. With the above fact in hand, we control
Var 5+ v (V7) as follows:

~*,V ~*V TV
(P

VarE,r*,v(V*’”) © Varéﬂ*,v(V’) =P (V'oV') —

ii) A",V
(:) P

V')o (E V')

1 * ~T*, 02
(V’OV/)*ﬁ(V/*T;**’Y(Bﬂ 7V*B V)v*,o’)

1 2 * ~m* )V
(V!0 V)= V' oV + SV o (rh +4(P7Y = BT yne)
v Y

1 * ~*V 02
_7(7‘;*_’_7(2# ,V_B )V*,rr)

~*V

=P

’72
(i) 7, 2 ~T%,
< P V(V’oV)—fV’OV’+7—||V’||ool+f||V’||oo‘( L Ve I CEED
~1*V 2 1og( IBSAN)
< / R 4 ARV IRV el )
< BTV V) = SV oV SV el + 21V oy L (112)
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where (i) holds by the fact that Varp_(V — bl) = Varp_(V) for any scalar b and V € R, (ii) follows from
(110), (iii) arises from 712V’ oV >

> %V’ oV and —1 < rpx — (1 = 4)Viinl = 7l < rpe < 1, and the last
inequality holds by Lemma 9.
Plugging (112) into (109) leads to

(1=~B"") " Varpe (V)

1 s T, oV log(18SAN)
<\ 2 (P ) P wvrov V/ovurfv' 001+fo00 e
2 ( (V'oV) - 1Vt + 21V loe| o
(i) 1 > ~*,V ~m*,V 1
< E ,Yf ) (P T (Vo V! _VIOV/)‘
L=\ 1= ( ( : v
1 S ~m* VNt 2 6 log( ISSAN)
4/ — vt(g ) SNV sl + = Voot | ——221
Vi Vol 21V oo\ | <y

lo,
<2+6 (gl(fy)2N> 1Vl
1

(1—=7)*2

T

7

(DY 5V /_l / /
'y( ) P (Vo V) ’YV oV’ +

, (113)

where (i) holds by the triangle inequality. Therefore, the remainder of the proof shall focus on the first term
which follows

S (B (B wrevy - v

t=0

(S(E) " S ) wew

t=0

1
< ;IIV’Iliol (114)

by recursion. Inserting (114) back to (113) leads to

A~V -1 .
I—~P Varéw*,v(V )

1 log( 1855AN) Vl

V2 (14 VS ) 1V

< 143 55 1
(1 -7) (I =)y

log( 1SSAN) log( ISSAN) log( 1SSAN)
(1+ #)HV | (1+ _7"2) (14‘\/_752)
<4 (1—7v)2N °°1<4 (1-7)*N 1<4 (1—7v)2N

(1 —7)22 = (1 —~v)?max{1l —vy,0} — 3(1— )3 1, (115)

where the penultimate inequality follows from applying Lemma 7 with P = P° and 7 = 7*:

1
Voo = V*9(s) —minV*(s) < ——M8M8M .
vl P (5) s (s) < ~ymax{l —~,0}
B.3.5 Proof of Lemma 12

To begin with, for any (s,a) € S x A, invoking the results in (101), we have

< o max (S)]‘(PO - P0 ) [‘77?’”}&

a€[ming V™ (s),max, V7o

< geme (P B) 7 | (P P (197, - 1971,
a€[ming V™9 (s),maxs V7 (s)]

)
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= . max —~ <‘(Psoa_ﬁsoa) ‘7*’0:| +’Psoa_ﬁsoa ” vme - ‘/}*’U] )
a€[ming V79 (s),maxs V77 (s)] ’ ’ [ a | ? ? [ ]a [ ||‘>O
(%) _ max . ‘(Psoa _ ﬁga) [‘7*70]a’ +2 H"}%,a o ‘7*,0
a€[ming V79 (s),maxs V77 (s)] ’ ’ %)
(i) . N et
< (Psoa—PsOa) Ve ‘+7°p, 116
a€[ming ‘A/*v"rﬁj,}r(naxs V*v“(s)] ’ ’ [ ]a 1-— y ( )

where (i) holds by the triangle inequality, and (ii) follows from |]P§a—13£a Hl < 2and || [‘7%’0} a« [‘7*70] @ Hoo <
||17%70’ - 17*"’“00, and (iii) follows from (60).

To control ‘ (Pga — ﬁ;?,a) [‘7*7”] ol n (116) for any given a € [O, ﬁ], and tame the dependency between

V*° and ]30, we resort to the following leave-one-out argument motivated by (Agarwal et al., 2020; Li et al.,
2022b; Shi and Chi, 2022). Specifically, we first construct a set of auxiliary RMDPs which simultaneously
have the desired statistical independence between robust value functions and the estimated nominal transition
kernel, and are minimally different from the original RMDPs under consideration. Then we control the term
of interest associated with these auxiliary RMDPs and show the value is close to the target quantity for the
desired RMDP. The process is divided into several steps as below.

Step 1: construction of auxiliary RMDPs with deterministic empirical nominal transitions.
Piecall that we target the empirical infinite-horizon robust MDE\M,ob with the nominal transition kernel
P°. Towards this, we can construct an auxiliary robust MDP M for each state s and any non-negative
scalar u > 0, so that it is the same as /\//Tmb except for the transition properties in state s. In particular, we
define the nominal transition kernel and reward function of M as P*" and r*“, which are expressed as
follows

Pu(s | s,a) = 1(s' = s) for all (s',a) € S x A, (117)
P(-|5,a) = P°(-|5,a) for all (5,a) € S x A and §# s,
and
ro%(s,a) = u for all a € A, (118)
rot(s,a) =1(3,a) for all (3,a) € S x A and 5 # s.

It is evident that the nominal transition probability at state s of the auxiliary ./(/l\i;ﬁ, i.e. it never leaves state

s once entered. This useful property removes the randomness of ﬁga for all a € A in state s, which will be
leveraged later. R .
Correspondingly, the robust Bellman operator 77, (-) associated with the RMDP M is defined as

V(3,a) e Sx A T2 (Q)(5,a) = r¥“(3,a) + T, Min(gg . u)PV, with V(5) = maxQ(3,a).  (119)
cu 5,’(1 a

Step 2: fixed-point equivalence between M\rob and the auxiliary RMDP M\fc;g. Recall that @*"’ is
the unique fixed point of 77(-) with the corresponding robust value V*¢. We assert that the corresponding
robust value function V7. obtained from the fixed point of 77,(-) aligns with the robust value function

V* derived from 7\"7(~)7 as long as we choose u in the following manner:

fi=ut(s) =VH(s) —y  inf PV 120
ut =" (s) (s) Vit (120)

where e, is the s-th standard basis vector in R®. Towards verifying this, we shall break our arguments in
two different cases.
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e For state s: One has for any a € A:

5% (s,a) + v inf PV =u* 4+~ inf PV

PeUo (P2 PeU (e,)
= 17*,0 . inf 7)‘7*’0 inf P"/‘v*,o _ ‘7*,0 7 121
(S) ’Y'PGZI/{I}’(eS) + ’ypezl/{na(es) (S) ( )

where the first equality follows from the definition of P;’;g* in (117), and the second equality follows
from plugging in the definition of u* in (120).

e For state s’ # s: It is easily verified that for all ¢ € A,

(s a)+~  inf PV =r(s,a)+~ inf PV
Peus (P PeUs (P9, )

=T7(Q")(s',a) = Q*°(5', ), (122)
where the first equality follows from the definitions in (118) and (117), and the last line arises from

the definition of the robust Bellman operator in (15), and that Q* is the fixed point of 7°(-) (see
Lemma 3).

Combining the facts in the above two cases, we establish that there exists a fixed point QS «+ Oof the

operator 7;"u* (+) by taking

Q:Z (s,a) = Ve 7(s) for all a € A, (123)
Q;Z*( ,a) = Q*’U(S ,a) for all s # s and a € A.

Consequently, we confirm the existence of a fixed point of the operator 7A“’ (). In addition, its corresponding

value function VS e also coincides with V*. Note that the corresponding facts between ./\/lrob and /\/l op 0
Step 1 and step 2 holds in fact for any uncertainty set.

Step 3: building an e-net for all reward values u. It is easily verified that

~ 1
0<uw <V*(s) < ——. (124)
L=y
We can construct a N.,-net over the interval [ T }, where the size is bounded by |N.,| < m (Ver-
shynin, 2018). Following the same arguments in the proof of Lemma 3, we can demonstrate that for each

u € Ng,, there exists a unique fixed point @;g of the operator 7A'S"u()7 which satisfies 0 < @;Z < ﬁ - 1.

Consequently, the corresponding robust value function also satisfies ‘ AS P < 1—
By the definitions in (117) and (118), we observe that for all v € N,, ./\/lf(;b is statistically independent
from Psoa This independence indicates that [V;7], and P?, are independent for a fixed . With this in

mind, invoking the fact in (105) and (106) and taking the union bound over all (s,a,a) € S x A x Ng,,
u € N, yields that, with probability at least 1 — ¢, it holds for all (s,a,u) € S x A x N, that

18SAN\NE 18SAN|N., |
’(PO ) V*O‘ ‘ < +2 — = V. V* o) log( 5 2 )
max — £ I s,u
a0,/ (1— [\ 54 ? R 3N(1—17)

ISSAN IN., |
5

<er+3 (125)

(1 —7)2N

where the last inequality holds by the fact Varpo (17 7)< HV* oo < %7 and letting N > log (%‘stl).
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Step 4: uniform concentration. Recalling that u* € [0, ﬁ} (see (124)), we can always find some

T € N, such that [t — u*| < g2. Consequently, plugging in the operator ﬁ"u() in (119) yields

QR ||To(@) -T2 = -l <e

HOO

With this in mind, we observe that the fixed points of ﬁoﬂ() and 7A'S“u* (-) obey

S*,0 Ao’ *,0
HQS,’* s u* s Jux (Qs7u*) o
a *,0 0 To ANk o
(Qs:u ’ s, u*) - 7;,u* (Q5:u*) ’OO
S a Qs u* + £2,

where the last inequality holds by the fact that ﬁ”u() is a y-contraction. It directly indicates that

€2 < €2
(1—7) - (1-9)

Armed with the above facts, to control the first term in (116), invoking the identity Vro = Vs*u”*
established in Step 2 gives that: for all (s,a) € S x A,

—

~
Qi — Qe
s, u s,u*

{7*,0 k.0
and ‘ Viz — V.

s,u*

< Q\*,a @*,a
— s, u s, u*

(126)

max o ‘ (Pga — ﬁga) [17*’”]&

a€ming V77 (s),max, V7o

< max ’(P;)a _ﬁga) [‘7*70]01 = max ‘(Psoa _ﬁsoa) [‘79*1’:7*](1
agl0,1/(1—)] ’ ’ a€[0,1/(1—7)] ’ ’ ’
(i) ~ ~ ~ ~ ~
< ozE[Onil/a()lif'y)] {‘ (Pso,a - Pso,a) [V:,(%T] (Ps({a - Ps({a) ([V;g]a - [‘/sfq,f*}a> }
(ii)
< max ‘ (P — PO ) [V* o ﬂ
a€l0,1/(1—7)]
(i) 185AN\NE2 2 log 18SAN\N52|)
< 2 Vi
—(1 y et \/ \/ WP 3N(1— )

1SSAN|N 18SAN|N52 [ )

E \
362 1 —_ 2 210
< +2 \/Varpo Vo
(=) -7)

log<1SSAN|N |
+2 \/’Varpo (V*o) = Varpo (V%)

. ISSAN\NE 18SAN\N5 | 18SAN|N,, |
(1v) 2o AV Ren | 2log(——1==2! 2e9 log(———=
v 352 o1/ 10 \/W og )+2\/ g2 log( T )
-7) N(1—9)
log(5415’AN2 - 810g(54SAN )
7)d *,0 (1—7)3
<2 7\/\@:])0 R i (127)
log( BASAN2
<1 g( (17;)5 )7 (128)
(1—7)2N
where (i) holds by the triangle inequality, (ii) arises from (the last inequality holds by (126))
(P20 = P20) (V)0 = 1925200 )| < PR = P2u| 172570 = (P37
= 262
V32—V < , 129
C T e T (1 =) (129)
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(iii) follows from (125), (iv) can be verified by applying Lemma 2 with (126). Here, the penultimate inequality

18SAN|Ne, |

holds by letting g5 = % which leads to |N_,| < m < 131\; , and the last inequality holds by

% i 2
the fact Varps, (77) < [V < 715 and leting N > log (342452},

Step 5: finishing up. Inserting (127) and (128) back into (116) and combining with (128) give that with
probability at least 1 — 4,

s Do P o ~ ~ 2
sﬂ:;l Ve _ P;&Vvﬂ',a < _ max - ‘(Pga _ Pso,a) [V*J]a‘ + YEopt
a€[ming V™9 (s),max, V79 (s)] 1—n
-~ 2
<  max (PS o= PO ) [V*7U]a‘ 4 STCort
a€l0.1/(1-7)] 1—~
54SAN?2 54SAN?

) Nty () + i Gos) , Do
- N(1—7) 1—~

54S AN?2
log( (1—)0 ) 2v€opt

<1 1
e R T 130)
holds for all (s,a) € S x A.
Finally, we complete the proof by compiling everything into the matrix form as follows:
A ~ lo (54SAN2 Slo (54SAN2)

A~V ~~ ~ D~ g a g (I—=7)8 27vEopt

P VT pRVYTel <9 7” Varpo (V*o o1+ 2

P P V MRy T,

log(®FAE) 2
<10 (=70 7 4 “V€opty (131)

S TR E) e g

B.3.6 Proof of Lemma 13

The proof can be achieved by directly applying the same routine as Appendix B.3.4. Towards this, similar
o (109), we arrive at

-\ ! = 1 = ~ o\ ¢ o~
(1—72 »V) Varpe o (V7)< 4/ 77—, | D" (Ev‘/) Var . o (V59). (132)
N 7\ = -
To control Varp;, V(V%’”), we denote the minimum value of V79 as Vinin = Mingegs 17%"’(5) and V' =

VA9 — Vipinl. By the same argument as (111), we arrive at
.0 7,V Loy o 2050 2 %‘7 70\ DR
Varg;,y(V’ y < pPoY (V! oV)—;V oV +7—||V||ool+;||V||oo —-pPmr VT

54SAN?
log( (=0 ) 2750pt> 1

. 1 2 2
<PV (V' oV) ==V oV + S|V ||l + = ||V']|oo | 10
P ( ) 5 72|| | 7|| | A—2N " 1—4

(133)

where the last inequality makes use of Lemma 12. Plugging (133) back into (132) leads to

(I—vﬂﬁ)fl\/\mg y—— ’ivt (P77) (B77 (viovn) — 1vrov)
= L=\ Iz gl

1 og(FEAF)  2ve0n
Al 755 (2+20 -+ °"> Vool
(1—7)%2( (1—7)2N V'l
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log(243AN ) oot
(2+20 . +2”“)v'|oo

@ VIR
< EI 1
7(1=7) (1 =)
(iii) V|2 24|V || o Voo
AT-7 T (1 =7)%y
where (i) arises from following the routine of (113), (ii) holds by repeating the argument of (114), ( i) follows
oo ( BASAN?
by taking N > % and gopr < =7, and the last inequality holds by [[V'[|ec < [[V*7]|co 17

Finally, applying Lemma 7 with P = PO and T = 7 yields

~ ~ 1
Voo < VTo(s) —minV™7(s) < ————,
IV llee < es () wes () < ymax{l —v,o}
which can be inserted into (134) and gives
(1=2277) " NVar e (V7) 1<6,/— 1
K max{l —v,0} (1 —7)3427

C Proof of the lower bound with TV distance: Theorem 2

To prove Theorem 2, we shall first construct some hard instances and then characterize the sample complexity
requirements over these instances. Note that the hard instances for robust MDPs are different from those for
standard MDPs, due to the asymmetric structure induced by the robust RL problem formulation to consider
the worst-case performance. By constructing a new class of hard instances inspired by the asymmetric
structure of the RMDP, we develop a new lower bound in Theorem 2 that is tighter than prior art (Yang
et al., 2022).

C.1 Construction of the hard problem instances

Construction of two hard MDPs. Suppose there are two standard MDPs defined as below:
{My = (S. A, P?r,7) |¢=1{0,1}}.

Here, ~ is the discount parameter, S = {0,1,...,5— 1} is the state space. Given any state s € {2,3,--- ,5—
1}, the corresponding action space are A = {0,1,2,--- , A — 1}. While for states s = 0 or s = 1, the action
space is only A’ = {0, 1}. For any ¢ € {0, 1}, the transition kernel P? of the constructed MDP M, is defined
as

pl(s =1)+ (1 —p)1(s'=0) if (s,a)=(0,9)
P?(s'[s,a) = ¢ ql(s' =1)+ (1= g)1(s' =0) if (s,a)=(0,1-9) , (135)
1(s =1) if s>1
where p and ¢ are set to satisfy
0<p<1l and 0<g=p-A (136)

for some p and A > 0 that shall be introduced later. The above transition kernel P? implies that state 1 is
an absorbing state, namely, the MDP will always stay after it arrives at 1.
Then, we define the reward function as

1 ifs=1
(s, a) { 0 otherwise ° (137)
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Additionally, we choose the following initial state distribution:

1, ifs=0
=7 ) 138
#(5) { 0, otherwise (138)

Here, the constructed two instances are set with different probability transition from state 0 with reward
0 but not state 1 with reward 1 (which were used in standard MDPs (Li et al., 2022b)), yielding a larger
gap between the value functions of the two instances.

Uncertainty set of the transition kernels. Recalling the uncertainty set assumed throughout this
section is defined as U°(P?) with TV distance:

, 1
U (P) = URy(P) = G UR(Pra),  URy(Poa) = {PLa € AS) i 5 |[Pla— Poal, S0}, (139)

where P?, = P?(-|s,a) is defined similar to (4). In addition, without loss of generality, we recall the radius
o € (0,1 = co] with 0 < ¢g < 1. With the uncertainty level in hand, taking c¢; = %, p and A which
determines the instances obey

p=(14c1)max{l —~,0c} and A < c¢ymax{l —~,0}, (140)

which ensure 0 < p < 1 as follows:
3 3
(1+cl)0§1—co+010§1—%0<1, I+e)(l-)<S0-n<T <t (141)

Consequently, applying (136) directly leads to
p>q>max{l —~,0}. (142)

To continue, for any (s,a,s’) € S x A x S, we denote the infimum probability of moving to the next state
s’ associated with any perturbed transition kernel P; , € Z/{"(ija) as

P?(s'|s,a) = inf P(s'|s,a) = max{P(s'|s,a) — 0,0}, (143)
Ps,a€U7 (P,)

where the last equation can be easily verified by the definition of 2/°(P?) in (139). As shall be seen, the
transition from state 0 to state 1 plays an important role in the analysis, for convenience, we denote

p=P10.0)=p—0, q=P([01-¢)=q-0, y

which follows from the fact that p > ¢ > o in (142).

Robust value functions and robust optimal policies. To proceed, we are ready to derive the corre-
sponding robust value functions, identify the optimal policies, and characterize the optimal values. For any
MDP M, with the above uncertainty set, we denote 7 as the optimal policy, and the robust value function
of any policy 7 (resp. the optimal policy ) as V"7 (resp. Vg 7). Then, we introduce the following lemma
which describes some important properties of the robust (optimal) value functions and optimal policies. The
proof is postponed to Appendix C.3.1.

Lemma 14. For any ¢ = {0,1} and any policy 7, the robust value function obeys

Vg (0) = V(fg ) : (145)
-1+ &) a-va-o)
where zj is defined as
zg = pr(¢]0) + g (1 — ¢]0). (146)
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In addition, the robust optimal value functions and the robust optimal policies satisfy
v(p—o)

1= (1+ 2525) G = (1-0)

m(¢ls) =1, forseS. (147b)

V7 (0) = , (147a)

C.2 Establishing the minimax lower bound

Note that our goal is to control the quantity w.r.t. any policy estimator 7 based on the chosen initial
distribution ¢ in (138) and the dataset consisting of N samples over each state-action pair generated from
the nominal transition kernel P?, which gives

(@, V37 = V7Y = V27 (0) — V77 (0).

Step 1: converting the goal to estimate ¢. We make the following useful claim which shall be verified

in Appendix C.3.2: With ¢ < ﬁ, letting

A =32(1 —v)max{l —~,0}e < cymax{l —v,0} (148)
which satisfies (140), it leads to that for any policy 7,
(P V37 = V7) 2 2:(1-7(90)). (149)

With this connection established between the policy 7 and its sub-optimality gap as depicted in (149),
we can now proceed to build an estimate for ¢. Here, we denote Py as the probability distribution when the
MDP is My, where ¢ can take on values in the set {0, 1}.

Let’s assume momentarily that an estimated policy 7 achieves

o 7,0 7
Pof(, V57 = Vi) <eb 2 5, (150)
then in view of (149), we necessarily have 7(¢|0) > 1 with probability at least £. With this in mind, we

are motivated to construct the following estimate q/b\ for ¢ € {0,1}:

~

= #(a0), 151
10 argaggﬁ} 7(a|0) (151)

which obeys

o

Py{o = o} > Py{7(¢|0) > 1/2} > (152)
Subsequently, our aim is to demonstrate that (152) cannot occur without an adequate number of samples,
which would in turn contradict (149).

Step 2: probability of error in testing two hypotheses. Equipped with the aforementioned ground-
work, we can now delve into differentiating between the two hypotheses ¢ € {0,1}. To achieve this, we
consider the concept of minimax probability of error, defined as follows:

pe = inf max {Po( # 0), P1 (s # 1)} (153)

Here, the infimum is taken over all possible tests ¥ constructed from the samples generated from the nominal
transition kernel P?.

Moving forward, let us denote jq (resp. p14(s)) as the distribution of a sample tuple (s;, a;, s;) under the
nominal transition kernel P? associated with My and the samples are generated independently. Applying
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standard results from Tsybakov (2009, Theorem 2.2) and the additivity of the KL divergence (cf. Tsybakov
(2009, Page 85)), we obtain

Pe > ieXP ( — NSAKL (uo | ul))
= Lo N(KL(P(10,0) | P(10,0)) + KL(P([0,1) | P(Jo.1)) ), (154)

where the last inequality holds by observing that

KU(o 1) = 57 S0 KL(PY(S!|s,) | PA(s'[5,0)

s,a,s’

1 0
=35a > KL(P°(-|0,a) || P'(-]0,a)),
ac{0,1}

Here, the last equality holds by the fact that P°(-|s,a) and P!(-|s,a) only differ when s = 0.

Now, our focus shifts towards bounding the terms involving the KL divergence in (154). Given p > ¢ >
max{1 —v,0} (cf. (142)), applying Lemma 1 (cf. (35)) gives

_ 2 . A2
KL(P(-[0,1) || PM(-]0,1)) =KL (p | q) < 2= ©
(PC10.0) | P 10.0) =KL ) < T &2
(i) 1024(1 — 7)? max{1 — v, 0}%e?

p(1—p)
1024(1 — ~)2 1— > 4
< A=) ] 200 20 P a1t — e, (159
_ 1

where (i) stems from the definition in (136), (ii) follows by the expression of A in (148), and the last inequality
arises from 1 —¢ > 1—p > ¢ (see (141)).

Note that it can be shown that KL(P°(-10,0) || P*(-]0,0)) can be upper bounded in a same manner.
Substituting (155) back into (154) demonstrates that: if the sample size is selected as

c1log?2
N < 156
~ 8192(1 — v)2max{1l — v, c}e?’ (156)
then one necessarily has
1 192 1
pez gexo{ = N2 P w1 - o)t | 2 4, (157)
c1

Step 3: putting the results together. Lastly, suppose that there exists an estimator 7 such that
S 1 = 1
Po{(p, Vg7 =V 7) > e} < 3 and P {{(p, V"7 —V"7) > e} < 3
According to Step 1, the estimator $ defined in (151) must satisfy

P@#0) <y ad  B(GAD <y

However, this cannot occur under the sample size condition (156) to avoid contradiction with (157). Thus,
we have completed the proof.

C.3 Proof of the auxiliary facts
C.3.1 Proof of Lemma 14

Deriving the robust value function over different states. For any M, with ¢ € {0,1}, we first
characterize the robust value function of any policy 7 over different states. Before proceeding, we denote
the minimum of the robust value function over states as below:

V5o = E%igV¢’ (s). (158)

¢,min
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Clearly, there exists at least one state s ;, that satisfies V"7 (s7 ;i,) = Vi i
With this in mind, it is easily observed that for any policy 7, the robust value function at state s = 1

obeys

V(1) =Epor ) |7(1,a) + inf PV”’U}
5 (1) (1)[( ) ’YPEU"(Pffa) f

D1+ B [PPA LV W) 490V @142 = V7 () 490V, (159)

where (i) holds by r(1,a) = 1 for all @ € A" and (143), and (ii) follows from P?(1|1,a) =1 for all a € A’.
Similarly, for any s € {2,3,---,5 — 1}, we have

,min

=71 -0) V(1) +yo V0 (160)

¢,min’

VI () = 04 ABan( ) [P (L] 5,0V ()] + 90V

since r(s,a) = 0 for all s € {2,3,---,5 — 1} and the definition in (143).
Finally, we move onto compute Vq:r "7(0), the robust value function at state 0 associated with any policy
m. First, it obeys

V7I7(0) = Egon(.10y|7(0,a) +~  inf PV”’U]
= (0) <o>[< ), PV,

=0+97m(¢]0) inf PV +ym(l—¢[0) inf PV (161)
PeU(Py,) Peus (P, _,)

Recall the transition kernel defined in (135) and the fact about the uncertainty set over state 0 in (144), it
is easily verified that the following probability vector P; € A(S) obeys P, € U° (ng ) Which is defined as

Pl(O)zl—pﬁ-UIl(O:sg’min), P(l)=p=p—o,
Pi(s) =01 (s =55 min) Vs e {2,3,---,9 -1}, (162)

where p = p — 0 due to (144). Similarly, the following probability vector P, € A(S) also falls into the
uncertainty set U”(P(fl_d)):

Py(0)=1—q+01(0=5F ), P(1)=qg=q—o0,
Py(s) =01 (0= 5] nin) Vs e {2,3,---,5 -1} (163)

It is noticed that Py and P; defined above are the worst-case perturbations, since the probability mass at
state 1 will be moved to the state with the least value. Plugging the above facts about P, € L{"(ng ¢) and

P, e UU(P$1_¢) into (161), we arrive at
VI (0) < Am(9| )PV +ym(1 — 6] 0) PV
=9m(6]0) | (0 — o) V(1) + (1= p) V] (0) + oV
(1= 810)[ (4= o) V7 (1) + (1= ) VI (0) + oV
D (25 — o) VIT (1) 4+ 10VIT + (1 = 25V (0), (164)

where the last equality holds by the definition of 2} in (146). To continue, recursively applying (164) yields
V7 (0) <y (25 — o) VIO () + oV, +v(1 = 25) ['y (25 — o) V5O (1) + o Vo, +v(1 = 25)V,7(0)

,min ,min
©)

< (25 - o) Voo (1) + oV, + (1 = 23) [vngJ’”(l) + (1 — zg)VJU(O)}
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<.
<7 (25 = o) Vi (1) o Vi + 792 D7 (1= 25) V7 (1) + Jim (1= 25)V] 7 (0)
t=1

V25 o
—V, " (1)+0
1—7(1—22) ¢ (1)

<7 (zf —o0) Voo (1) + oV, + (1= 25V (1)

(if) T,0 T,0 T
<7 (zg - 0) 7% (1) + YoV min T (1 — z¢)

¢,min
=71 =)V, O(1) + vV (165)
where (i) uses V7.7, < V/"7(1), (ii) follows from (1 — 27) < 1, and the penultimate line follows from the
.. 'yz;)'
trivial fact that T2 <1.

Combining (159), (160), and (165), we have that for any policy T,
Vyo(0) = Vi (166)

¢,min’
which directly leads to

1 +~0V7(0)
Vio(1)=1 1-0)V]7(1 Vil = 167
1) () +7( U) ) ()+ryo- ,min 1_,.)/(1_0_) ( )
Let’s now return to the characterization of V"% (0). In view of (166), the equality in (164) holds, and we
have
VJ’U(O) =7 (zg — o’) V(;r’g(l) + (1 —z5+ cr) V(;T’U(O)

) . 1 +70V¢f’0(0) o .

B m " <1 o) (—17(17(—10) 0))> Vi (0)

(33 -) -0 e
e (- S o

where (i) arises from (167). Solving this relation gives

A(5-0)
V7 (0) = ) (168)
(1-7) (1 + m>

The optimal robust policy and optimal robust value function. We move on to characterize the
robust optimal policy and its corresponding robust value function. To begin with, denoting

(2§ — o)

R e gt (169)

we rewrite (168) as

Vio(0) = ] =: f(2).

Plugging in the fact that 2§ > ¢ > o > 0 in (142), it follows that z > 0. So for any z > 0, the derivative of
f(z) w.r.t. z obeys
(I-—70+2)-(1—-79)2 1

A-721+22  (0-ma+2° 0. (170)
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Observing that f(z) is increasing in z, z is increasing in zj, and 27 is also increasing in (¢ |0) (see the fact
p > ¢ in (142)), the optimal policy in state 0 thus obeys

73(6]0) = 1. (171)

Considering that the action does not influence the state transition for all states s > 0, without loss of
generality, we choose the robust optimal policy to obey

Vs>0: mi(e]s) =1 (172)

Taking m = w3, we complete the proof by showing that the corresponding robust optimal robust value
function at state 0 as follows:

Z(zg(l_ag lv(p(zd) )

VEo(0) = e = i . 173

o ©) v(23" —0) (1— )<1+M) (173)
(1 o Py) L+ 1—v(1—0) v 1-v(1-0)

C.3.2 Proof of the claim (149)
Plugging in the definition of ¢, we arrive at that for any policy ,
v(p—=5)
(P, V37 = Vo) = V3o (0) = V7 (0) = U™
_ _Alp—a) T\Ee 7).
(1 ’Y) (1 + 177(170)) (1 + 17(10))

which follows from applying (145) and basic calculus. Then, we proceed to control the above term in two
cases separately in terms of the uncertainty level o.

e When o € (0,1 —v]. Then regarding the important terms in (174), we observe that
l=-9<1=7(1-0)<1=71-Q1=7)=0-71+7) <2(1-1), (175)

which directly leads to

(g —0) @ y@p-o) yer(1=7)
< < 1
1—-v(1-0) " 1—=7(1-0) " 1—-7v(1—-0) < an (176)

where (i) holds by 27 < p, and (ii) is due to (175). Inserting (175) and (176) back into (174), we arrive

at
v(p—27)
vo mo 209) v(p—23)
(V) 2 T T Z ST =ap
-9 (1-7(0]0)) Al —7(¢]0))
- S0 = R > 2¢(1—n(6]0)), (177)
where the last inequality holds by setting (v > 1/2)
A =32(1 — ). (178)

Finally, it is easily verified that

C1

< a4 A<e(l-7).
Cmioy o Asalsy
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e When o € (1 —,1 — ¢;1]. Regarding (174), we observe that
vyo<l—-y(1—-0)=1—v+v0 < (1+7v)o < 20, (179)
which directly leads to

(=5 —0)
l-9(1=0) " 1=-7(1-0) " 1-7(1-0)

where (i) holds by (179). Inserting (179) and (180) back into (174), we arrive at

v(p—o) < veio (2 ‘o (180)

Wwcd)  (p-2) g (1-(6]0)
Ve =V 2 i Tar 2 S0~ sd—7)e
A(l—m7
= w > 2:(1—(60)), (181)

where the last inequality holds by letting (y > 1/2)

A = 32(1 — v)oe. (182)
Finally, it is easily verified that
<9 o A<ec (183)
“=3201-9) =a

D Proof of the upper bound with y? divergence: Theorem 3

The proof of Theorem 3 mainly follows the structure of the proof of Theorem 1 in Appendix B. Throughout
this section, for any nominal transition kernel P, the uncertainty set is taken as (see (10))

U (P) = UL(P) = @UL(Pya),  UL(Poa) = {P’ INGEDY (P |s:0) — P! |5,0)" a}.

X X 5@ P(s'|s,a)
s'eS
(184)
D.1 Proof of Theorem 3
In order to control the performance gap HV*"’ — V%*’HOO, recall the error decomposition in (61):
o~ * Sk 2 A~ ~
V*o _ e < (VTr o YT ,a) + 1,7/50:/"-1 + (VTF,O’ o Vﬂ',o’) , (185)

where gopt (cf. (60)) shall be specified later (which justifies Remark 2). To further control (185), we bound
the remaining two terms separately.

Step 1: controlling ||‘7”*"’ — V’T*’UHOO. Towards this, recall the bound in (66) which holds for any
uncertainty set:

)

||‘77r*)a . Vﬂ*ﬁHOO < ’YIH&X{H (I _ ’)/ETF*7V)_1 (EW*,VVK*J _ Eﬂ—*,Vvﬂ—*’o’)

~n* VL anr v * V *
o8 e

‘ o0

LO}. (186)

e *AV * * *
To control the main term Bﬂ CyThe - PTOVY T in (186), we first introduce an important lemma
whose proof is postponed to Appendix D.2.1.
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Lemma 15. Consider any o > 0 and the uncertainty set U (-) == UZ (). For any 6 € (0,1) and any fized
policy m, one has with probability at least 1 — ¢,

Hﬁﬂ’vvﬂ',o o P‘n’,var,U

2(1 + o) log(245AN)
o0 §4\/ (1—7)2N

Applying Lemma 15 by taking m = 7* gives

A7r v N . 2(1 + o) log(Z4SAN)
7\' P‘IT ,V T ,0 < 4 1
|2 Vi s % 1N (187)
which directly leads to
~r* ¥V 1/ x*v * Y *
[(F=a2™) (& v - v
~*V * * * A7r*,V -1 2(1+U)10g(w)
<[ v~ prvyrte| (1-9P 1| <4 anty 1
—Hf v 2V ( T ) o = (1-7)*N (188)
Similarly, we have
7V ATV N 2(1 + o) log (234N
™o _ pT, 0 < .
R N e .
Inserting (188) and (189) back to (186) yields
P o 2(1 + o) log(HSAN)
\vror—v ay|oo<4\/ 0N (190)

Step 2: controlling H?%" —yTe Recall the bound in (67) which holds for any uncertainty set:

oo

We introduce the following lemma which controls E
Appendix D.2.2.

Lemma 16. Consider the uncertainty set U°(-) :== U7, (-) and any 6 € (0,1). With probability at least 1 -,
one has

57V on 7V 7 2(1 4 0) log(355887) 294 OEopt
P VTe _pRVyYTell <12 0 + 2P op 192
|2 ™ ¢ e A e A =
Repeating the arguments from (187) to (190) yields
R 7 2( + U) 1Og(36SAN ) 29€opt O€opt
T,0 _ /7,0 <12 L 4 il . 1
77— e, < ¢ e () A (e 1)

Finally, inserting (190) and (193) back to (185) complete the proof

||V*’U*Vﬁ’UH SHVW*,U e UH 750pt+||v7ro— V%,JH
o o0
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- 4\/2( + 0,) 10g(24SAN) N 2’7~Eopt I 12\/2(1 + 0') 10g(%) N 2'7£opt ! O€opt
B (I —)*N 1—vy (I —)*N (1—7)? (11—
36SAN?2
< 2(1 + o) log(==5~) (194)
(L=—yN

3

SAN?2 365AN2
where the last line holds by taking eopr < min {\/32(“'”) loﬁ( ) 410%(3; ) }

D.2 Proof of the auxiliary lemmas
D.2.1 Proof of Lemma 15
Step 1: controlling the point-wise concentration. Consider any fixed policy 7 and the corresponding

robust value vector V := V™ (independent from PY). Invoking Lemma 5 leads to that for any (s,a) € S x A,

pr,Virm,o Vi mo|
Ps,a 14 - Ps,a Vv -

max PsoaVa— oVar Va}
a€[ming V(s),maxg V(s)]{ ’ [ } Pla ([ ] )

~

— PO V a — V D V «@
a€[ming VIgE)L,}r(nax V(s)]{ S’a[ ] 7 arPe?,u ([ ] )} ’
— O ~ —
" a€[min, Vrga)i(naxs V(s)] ‘(PS @ P ) [V]a + \/Jvarpg,a ([V]a) \/UVanga ([V}Oé)
P, —P°,) [V
" a€[min, V%e)ti(naxs V(s)] ‘ ( 5@ 5,@) [ ]oz
Vo |\Varpy ([VIa) = yVares, (V1)

where the first inequality follows by that the maximum operator is 1-Lipschitz, and the second inequality
follows from the triangle inequality. Observing that the first term in (195) is exactly the same as (101),
recalling the fact in (106) directly leads to: with probability at least 1 — ¢,

+

max ) (195)
a€[ming V(s),maxs V(s)]

1 QSAN
<> og(=25~)

< W (196)

max ‘(PS " P0 ) [V]a

a€[ming V(s),maxs V(s)]

holds for all (s,a) € S x A. Then the remainder of the proof focuses on controlling the second term in (195).

Step 2: controlling the second term in (195). For any given (s,a) € § x A and fixed a € [0, ﬁ],

applying the concentration inequality (Panaganti and Kalathil, 2022, Lemma 6) with [|[V]4 |0 < ﬁ, we
arrive at
2log(2)
’\/Varlgga ([V]a) = \/VarP;{a ([V]a) A—~2N (197)

holds with probability at least 1 — §. To obtain a uniform bound, we first observe the follow lemma proven
in Appendix D.2.3.

Lemma 17. For any V obeying |V |lco < 2=, the function J q(c, V) ‘\/Var }a)—\/Varpga (Vl]a)

w.r.t. a obeys

lag — g

|J5,a(alav)_J5,a(a27v)‘ §4 177
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In addition, we can construct an ez-net N, over [0, 1 7 whose size is | Ne,| < 53(1 3 (Vershynin, 2018).
Armed with the above, we can derive the uniform bound over « € [ming V(s), max, V(s)] C [0,1/(1 — )]
with probability at least 1 — SA, it holds that for any (s,a) € S x A,

Varpo

VarPO
a€[ming V( ),max V(s)] s,a

- ae[o 1/ 1 -l ‘\/ arpo, Vle) = \/V3rP§’,a ([Vl]a)
< 4\/i + sup ‘\/Varpo Via) — \/Varpga ([V]a)

2SA\NE3
210g 2SA\N53 210g (24SAN ) (198)
o (2SA|N53|)
where (i) holds by the property of N.,, (ii) follows from (197), (iii) arises from taking e5 = gszv(%»y), and

the last inequality is verified by |N.,| < (1 -3 < 24N.
Inserting (196) and (198) back to (195) and taking the union bound over (s,a) € S x A, we arrive at
that for all (s,a) € S x A, with probability at least 1 — ¢,

ﬁ”*VV—P“’VV‘ < a ‘(PO .y ) Via| +
s,a s,a — ae[mins Vr&),}fnaxs (S)] s,a s,a [ ]Ot
Var 5 Var Vi
o€[ming V( ),max; V(s)] ‘\/0- PO ) \/U Pla ([ ] )
21 QSAN 271 24SAN 21 1 24SAN
_ [rosY) | [2log(3AY) 21+ o) log(REAY)
V- )2N (1- )2N - (1—=7)2N
Finally, we complete the proof by recalling the matrix form as below:
~,V 2 1 24SAN
HB Vﬂ',a’ _ B‘IT,Vvﬂ,U S max ’P:' VV P;T&VV‘ S 4 ( ) Og( )
0o (s,a)eSxA ’ ( )2N

D.2.2 Proof of Lemma 16

Step 1: decomposing the term of interest. The proof follows the routine of the proof of Lemma 12
in Appendix B.3.5. To begin with, for any (s,a) € S x A, following the same arguments of (195) yields

ﬁj;f/v%"’ — Pf’f‘//\'ﬁ’” < _ max ~ ’(Pga — ]32(1) [‘7%"’]& +
ou’:'[minS V7.9 (s),maxs V%’U(s)]
+ _ max Var g, ([‘7%”]0) — \/Varpga ([‘7%1”]0) : (199)
oze[minS V79 (s),max, V’A'»"(s)] S '

Invoking the fact in (130) (for proving Lemma 12), the first term in (199) obeys

max | ‘(P;{a - ﬁga) 7] ﬁga) [77e]

oze[min5 V7.9 (s),max, V77 (s

< max ’(Pfa
a€l0,1/(1=v)]

[0

3SAN3/2
log( (1—7)3 ) 27vEopt

(1—=9)2N -~

(200)

The remainder of the proof will focus on controlling the second term of (199).
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Step 2: controlling the second term of (199). Towards this, we recall the auxﬂlary robust MDP Mrob
defined in Appendix B.3.5. Taking the uncertainty set U7 (-) = U, (+) for both ./\/lfog and M,op, we recall

the corresponding robust Bellman operator '7A'S"u() in (119) and the following definition in (120)

=V (s)—~y inf PV, 201
(s) Vit | (201)

Following the arguments in Appendix B.3.5, it can be verified that there exists a unique fixed point @* z

the operator ﬁ”u(), which satisfies 0 < Q* ‘o < 7= 1. In addition, the corresponding robust value function
coincides with that of the operator ’?"(-), .., V;u" = Vxo,

We recall the N.,-net over [O, ﬁ} whose size obeying |N,| < ﬁ (Vershynin, 2018). Then for

all u € N62 and a fixed «, M\ °p is statistically independent from Psoa7 which indicates the independence

between [Vs*u”]a and P507 «- With this in mind, invoking the fact in (198) and taking the union bound over all
(s,a) € S x A and u € N, yields that, with probability at least 1 — ¢,

— 2 log( 24SAN|N,, | )
\Y s*u"a>\/v (Vu a) <2 J 202
e [V, ares, (V2] < (202)

1—7)2N
holds for all (s,a,u) € S x A x N_,.
To continue, we decompose the term of interest in (199) as follows:

a€[min, V7. Ur?sa);axs Vo ‘\/Varpo Vﬂ’a] a) - \/VarPgﬁa (ﬁ/\'ﬁff’] a)
T~ ag0,1/(1-)] \/Varﬁ?-a (W%’U]a) - \/VarPé’,a (Wﬁ"’]a)
S ’\/Va”“’ [7+1,) - \/ Vares, (W*"’]a)

< max

S o e ey O o (e e C |
(11) ~ 2 ~ ~
onll/a(}f 7)1 ‘\/Varpo Vh ]0‘) B \/VNPS'“ ([V*7 LV) +ae[0f111/a(>1<7)]2\/(1 —7) H[V ’ ]0‘ B [V .’ ]‘1 00
_(re] ) = Vro __Copt _
< g \/Varpga (7+1,) \/Varpga (7], +4 T (203)

where (i) holds by the triangle inequality, (ii) arises from applying Lemma 2, and the last inequality holds
by (60).

Armed with the above facts, invoking the identity V*7 = Vs*ug* leads to that for all (s,a) € S x A, with
probability at least 1 — 9,

e ‘\/Varp0 V*vg]a) - \/Varpg,a ([V*x”]a>
Yo D) o (2]

(1) A‘k o x,0
= ae[o 1/(1 )] ’\/ Vé”ﬂ L) B \/VarP-S"' ([Vﬁﬁ L)
aG[O 1/ 1 ] {\/’ AP, ( G*L) B Varﬁ?,a ([‘7;;})
< [V, ([72]) = e, ([722],)
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m \/ 24SAN|N \) =
+4 2
(1=1)

36SAN \NEZ | )
: (204)

where (i) holds by the triangle inequality, (ii) arises from applying Lemma 2 and the fact ‘V — V:f* <
24SAN|Neg, | >
(15 5 (see (126)), (111) follows from (202), and the last inequality holds by letting e5 = %, which
leads to |Ng,| < m < 3N
In summary, inserting (204) back to (203) and (203) leads to with probability at least 1 — 4,
max ‘\/Varlgo ([V%,o]() _ \/Varpo ([f/ﬁa]a)
ae[mln V7. (s),max, V7 ( s) Sha s
% log(36SAN \NEZ UEO "
<6 " 205

holds for all (s,a) € S x A.

Step 4: finishing up. Inserting (205) and (200) back to (199), we complete the proof: with probability

at least 1 — 6,
_ 3SAN3/2 36SAN2|N.
Hﬁ V‘A/ 7o PAvV‘A/ﬁvU <4 log( 1-7)3 ) n 27v€opt 6 2010g(%) 44 OEopt
- - oo (I=7)°N  1-v (1=9)*N (1—9)?
2(1 4 o) log(3654N2) o CEopt
<12 + = +4 . 206
\/ -7 - Ty (200)

D.2.3 Proof of Lemma 17

For any 0 < ay,as < 1/(1 — «), one has
|JS,a(a17 V) - Js,a(a27 V)|

= ‘\/Varﬁ;{a (V]ay) — \/Varpga Jar)

)

‘\/Var Vlas) — \/VarP;{a ([V]az)
Varze, (Vi) = \Narng (Vie) = Varp, (Vies) +/Varey, (V1)

< |\WVarpe, ([VIa) = Varps ([VIea)| + |y Vares, (VIa) = /Varps, ([V]e,)
(11)

< WNarpy (Via,) = Vargy ([Via) + y/Varps, (IV]a,) = Varpy, ([V]a)

—~
=

IN

(iii)
<

PO, [(V]ar) o (Vla) = ([V]az) © ([V}az)]’ +

o (Vlar + Vlaz) - P24 (V]ay = [V]aa)

+ \/|P£,a [([V]ar) o (V]ay) = ([V]as) © (V]a)] + [P (V]ay + [Vias) - PLa ([V]ay = [V]as)|

s,a

< 2v/2(a; + az)lar — as| < 4 M (207)
-7

where (i) holds by the fact ||z|—|y|| < |z —y| for all z,y € R, (ii) follows from the fact that /o —/y < /z —y
for any z > y > 0 and Varp ([V]a,) > Varp ([V]a,) for any transition kernel P € A(S), (iii) holds by the
definition of Varp(-) defined in (36), and the last inequality arises from 0 < ay, a2 < 1/(1 — 7).
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E Proof of the lower bound with x? divergence: Theorem 4

To prove Theorem 4, we shall first construct some hard instances and then characterize the sample complexity
requirements over these instances. The structure of the hard instances are the same as the ones used in the
proof of Theorem 2.

E.1 Construction of the hard problem instances

First, note that we shall use the same MDPs defined in Appendix C.1 as follows
{My = (S. A, P?r,7) |¢=1{0,1}}.

In particular, we shall keep the structure of the transition kernel in (135), reward function in (137) and
initial state distribution in (138), while p and A shall be specified differently later.

Uncertainty set of the transition kernels. Recalling the uncertainty set associated with y? divergence
in (184), for any uncertainty level o, the uncertainty set throughout this section is defined as U7 (P?):

s,a

' |s,a) — P*(s' |s,a))’
)

Clearly, ua(nga) = Pﬁ?a whenever the state transition is deterministic for x? divergence. Here, ¢ and A
(whose choice will be specified later in more detail) which determine the instances are specified as

U (P*) = ® U (PL,), U;UW)::{g@ezysy
s'eS

1-— if o € (0,
0<g=4 . 7 ﬁ ), p=q+4, (209)
and
La—~ if o € (0,
0<A< 4(, 1) . (1 ). (210)
mm{z(l -7, 72(1+0)} if o € [+52,00)
This directly ensures that
=A+g< ild a-yb <t
p= 4 = thax 1404 SV

since v € [%, 1).
To continue, for any (s,a,s’) € S x A X S, we denote the infimum probability of moving to the next state
s’ associated with any perturbed transition kernel P; , € Z/{"(ija) as

P?(s'|s,a) = inf P(s']s,a). (211)
Py €U (PS,)

In addition, we denote the transition from state 0 to state 1 as follows, which plays an important role in the
analysis,

p=P?(1]0,¢), q:=P?1]0,1-¢). (212)

Before continuing, we introduce some facts about p and ¢ which are summarized as the following lemma;
the proof is postponed to Appendix E.3.1.

Lemma 18. Consider any o € (0,00) and any p,q, A obeying (209) and (210), the following properties hold

{ﬂz<q<1—% g+ia<p<q+A<HP) o (0,457), (13)
=0

THA<p<(3+0)A ifoe[HE oo)
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Value functions and optimal policies. Armed with above facts, we are positioned to derive the corre-
sponding robust value functions, the optimal policies, and its corresponding optimal robust value functions.
For any RMDP M with the uncertainty set defined in (208), we denote the robust optimal policy as T,
the robust value function of any policy 7 (resp. the optimal policy 77}) as V" (resp. V¢* 7). The following
lemma describes some key properties of the robust (optimal) value functions and optimal policies whose
proof is postponed to Appendix E.3.2.

Lemma 19. For any ¢ = {0,1} and any policy 7, one has

- V2
V7 (0) = ¢ : (214)

(=) (1-7(1-27))

where z3 is defined as

2 = pr(610) + gn(1 — 6 0). (215)
In addition, the optimal value functions and the optimal policies obey

P
(1-7(1-701-p)
T (¢ls) =1, forseS. (216b)

V7 (0) = (216a)

E.2 Establishing the minimax lower bound

Our goal is to control the performance gap w.r.t. any policy estimator 7 based on the generated dataset and
the chosen initial distribution ¢ in (138), which gives

(V3 =VE7) = V3T () = V(). (217)

Step 1: converting the goal to estimate ¢. To achieve the goal, we first introduce the following fact
which shall be verified in Appendix E.3.3: given

m ifoe (0, 1777) ,
o<1 by o [M k). 218)
337 if o> ﬁ
choosing
18(1 — )% if o € (0,432),
A={64(1+0)(1—~) ifoe [%TV ﬁ) , (219)
ﬁa if o > ﬁ

which satisfies the requirement of A in (209), it holds that for any policy 7,
(o, V37 = V) > 2e(1—7(40)). (220)

Step 2: arriving at the final results. To continue, following the same definitions and argument in
Appendix C.2, we recall the minimax probability of the error and its property as follows:

De > ieXp{ — N(KL(PO('|O,O) | P*(-10,0)) + KL(PY(-]0,1) || P*(- |0, 1)))}, (221)

then we can complete the proof by showing p. > % given the bound for the sample size N. In the following,
we shall control the KL divergence terms in (221) in three different cases.
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e Case 1: o € (0, 1TT7) In this case, applying v € [2,1) yields

1-v 3 1 1
p>qg=1—nr. (222)

Armed with the above facts, applying Lemma 1 (cf. (35)) yields

KMPWWQUHPWWQU)ZKMPwgéf_gpgpdﬁp)
() 324(1 —7)'e?
~ p(l-p)
(2) 648(1 — )2, (223)

where (i) follows from the definition in (209), (ii) holds by plugging in the expression of A in (219), and
(iii) arises from (222). The same bound can be established for KL(PP(-|0,0) || P{(-]0,0)). Substituting
(223) back into (221) demonstrates that: if the sample size is chosen as

log 2
N<—— 82 (224)
1296(1 — )3¢e2
then one necessarily has
1 3 9 1
peZZ@m{—AWI%Mva)E}Zg. (225)
e Case 2: 0 € [%, 3(17177)) Applying the facts of A in (210), one has
1 1 1
l-g>l-p=1-qg—A> . _
¢ b =1 " 21+0) 21+0)
o
>q= . 226
P24=17 (226)
Given (226), applying Lemma 1 (cf. (35)) yields
_ 2 . A2
KL(P(-]0,1) || P'(-]0,1)) =KL (p | q) < (P—9” ®
(P10.0) [ PC10.0) =KL ) < =2 0 2
(i) 4096(1 4 0)2(1 — 7)*e?
p(1—p)
(iif) 2(1 — ~)4e2 —~)4 4g2
g 4096(14—02; (1—7)% < 8192(1 — )*(1 + 0)%e 7 (227)
2(110)? g

where (i) follows from the definition in (209), (ii) holds by plugging in the expression of A in (219),
and (iii) arises from (226). The same bound can be established for KL(P}(-|0,0) || P{(-]0,0)).

Substituting (227) back into (154) demonstrates that: if the sample size is chosen as

olog?2
N < 228
~ 16384(1 — v)%(1 + 0)%e?’ (228)
then one necessarily has
1 16384(1 — v)%(1 g2 1
pe24exp{—N638( V(A to)e }28. (229)
o
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e Case 3: 0 > ﬁ > % Regarding this, one gives

1 1 1
' ! TS i) T 200
1
pzqzyg. (230)
Given p > ¢ > 1/2 and (230), applying Lemma 1 (cf. (35)) yields
—_ 02 A2
KL(PO(-10,1) || P(-10.1)) =KL (p [ q) < 2= 9" ©
(P°(-10,1) || P*(-10,1)) (P lla) T2 707
© Trope”
p(1—p)
(iil) 4992¢2
< = (231)
o

where (i) follows from the definition in (209), (ii) holds by plugging in the expression of A in (219), and
(iii) arises from (230). The same bound can be established for KL(PP(-|0,0) || P{(-]0,0)). Substituting
(231) back into (154) demonstrates that: if the sample size is chosen as

olog?2
232
— 984e2” (232)
then one necessarily has
1 984¢2 1
o > = - N > . 2
p 4eXp{ > }8 (233)

Step 3: putting things together. Finally, summing up the results in (224), (228), and (232), combined
with the requirement in (218), one has when

L if o € (0,2
e<a {1‘” . . (1_74 ) : (234)
max{m,l} lfUE [T,OO)
taking
vea[thnamcu -
min{1,(1—v)4(140)%}e? itoe [T’ OO)

leads to p, > %, for some universal constants ¢, co > 0.

E.3 Proof of the auxiliary facts

We begin with some basic facts about the x? divergence defined in (34) for any two Bernoulli distributions
Ber(w) and Ber(z), denoted as

(w—z)? (1—11)—(1—95))2_(10—90)2
w + 1—w w1l —w)

flw,z) = x*(z | w) = (236)

For x € [0,w), it is easily verified that the partial derivative w.r.t. = obeys afg“;’z) = i((ﬁi’;’}))

that

< 0, implying

Vi < a9 €[0,w), flw, 1) > f(w,x2). (237)

In other words, the x? divergence f(w, ) increases as x decreases from w to 0.
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Next, we introduce the following function for any fixed o € (0,00) and any x € [1_%0, 1):

folz) = inf Y Y max {O,x —Vozx(l— x)} =z —/ox(l—ux), (238)

 {y(yllz)<oyel0,a]}

_g_

where (i) has been verified in Yang et al. (2022, Corollary B.2), and the last equality holds since 2 > 7 7
The next lemma summarizes some useful facts about f,(-), which again has been verified in Yang et al.
(2022, Lemma B.12 and Corollary B.2).

Lemma 20. Consider any o € (0,00). Forx € [1_%0, 1), fo(z) is convex and differentiable, which obeys

/ _ \/5(21'_ 1)
fo@) =1+ 2/x(1—x)

E.3.1 Proof of Lemma 18

Let us control ¢ and p respectively.

Step 1: controlling g. We shall control ¢ in different cases w.r.t. the uncertainty level o.

e Case 1: 0 € (O, 1?%) In this case, recall that ¢ = 1 — v defined in (209), applying (238) with z = ¢
leads to

|

5 (239)

1—7y
l=v=q¢>g=fo(d) =1-7=Voyl =7 21—y —/——(1—-7)>

o Case 2: 0 € [17V 00). Note that it suffices to treat P(‘)bkd) as a Bernoulli distribution Ber(g) over

4 >
states 1 and 0, since we do not allow transition to other states. Recalling ¢ = 17~ in (209) and noticing
the fact that
2 2
¢ (1-(0-9) q
f(g,0) = —+ = =0, 240
q 1—gq (1-q) (240)

one has the probability Ber(0) falls into the uncertainty set of Ber(q)) of size o. As a result, recalling
the definition (212) leads to

q¢=P%1]0,1-¢)=0, (241)

since ¢ > 0.

Step 2: controlling p. To characterize the value of p, we also divide into several cases separately.

e Case 1: 0 € ( 7%). In this case, note that p > ¢ =1 —~ > 7. Therefore, applying that fo(s) is
convex and the form of its derivative in Lemma 20, one has

p=Ffo(p) > fola) + fi(a)(p—q)

q+<1+‘/5(2q_1)>A2q+<1\/7(1_2(1_7))>A2 +34A- (242)

2¢/q(1—q) 2/ (1 =)y

Similarly, applying Lemma 20 leads to

:q+<1_M>qu+A, (243)



where the last inequality holds by 1 —2p > 0 due to the fact p =g+ A < 2(1—7) < & < 1 (cf. (210)
and v € [%, 1)). To sum up, given o € (0, %), combined with (239), we arrive at

5(1—17)

244
+ TR (244)

e~ w

A<p<g+Ac<

IS

where the last inequality holds by A < (1 — ) (see (209)).

e Case 2: g € [%7 oo). We recall that p=qg+ A >¢g= 7, in (209). To derive the lower bound for p
in (212), similar to (242), one has

. o—1 _
@4 1+L A:(1+U21)A:(0;1>A, (245)

where (i) follows from ¢ = $7- and ¢ = 0 (see (241)). For the other direction, similar to (243), we have

= foD) < o)+ S —) =g+ <1+ ﬁ@p—l)) R

P
£ 2y/p(1—p)

i - ii Vo (f5 +24

(:)<1+;/5(2(11)1;>A(:) 1+ (1+ ) A

p —-p i
2 /(25 +2) (- 2)
(iii) (iv)
o 1+\/E(1—+2A1) AT <1+(1+g) <1+1+10>)A:(3+0)A7 (246)
2\/1%5 2079

where (i) holds by ¢ = 0 (see (241)), (ii) follows from plugging in p = ¢+ A = - + A, and (iii) and

(iv) arises from A = min {i(l — ), ﬁ} <1 in (210). Combining (245) and (246) yields

o+1
2

A<p<(3+0)A. (247)

Step 3: combining all the results. Finally, summing up the results for both ¢ (in (239) and (241)) and
p (in (244) and (247)), we arrive at the advertised bound.

E.3.2 Proof of Lemma 19

The robust value function for any policy m. For any My with ¢ € {0,1}, we first characterize the
robust value function of any policy 7w over different states.

Towards this, it is easily observed that for any policy 7, the robust value functions at state s = 1 or any
s€{2,3,---,5—1} obey
vro) D14 qvrey = (248a)
¢ =T 14
and

. ™, (i) m,0 _ ’7
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where (i) and (ii) is according to the facts that the transitions defined over states s > 1 in (135) give only
one possible next state 1, leading to a non-random transition in the uncertainty set associated with x>
divergence, and r(1,a) = 1 for all a € A" and r(s,a) = 0 holds all (s,a) € {2,3,---,5 =1} x A.

To continue, the robust value function at state 0 with policy m satisfies

VT7(0) = Egony. r(0,a) +~ inf PV}
s (0) (-10y|7(0,a) periry ?

=0+97m(¢]0) inf PV +ym(l—¢]0) inf PV? (249)
Peuc (P ,) Peus (P, _,)

@
<1 (250)

where (i) holds by that [|[V;"[| < ﬁ Summing up the results in (248b) and (250) leads to
Vs €{2,3,---,5}, Voo (1) > Vo (s) = V07 (0). (251)
With the transition kernel in (135) over state 0 and the fact in (251), (249) can be rewritten as

VI7(0) =m(¢|0)  inf PV 4am(l—¢|0)  inf PV
PGUU(P(fd)) pEMU(P$1_¢)
(;) ’Yﬂ'((b ‘ O) [BVJ’U(l) + (1 — B) V;U(O)} + ,Yﬂ.(l —¢ | 0) |:gv(;1'70'(1) 4 (1 B g) VJ’U(O)}

2V (1) 4y (1 - 25) VI ()
— 7% , (252)
(1= (1-01-27)

where (i) holds by the definition of p and g in (212), (ii) follows from the definition of 27 in (215), and the
last line holds by applying (248a) and solving the resulting linear equation for V{; 7(0).

Optimal policy and its optimal value function. To continue, observing that V(;T’U(O) =: f(z}) is
increasing in 27 since the derivative of f(2f) w.r.t. 27 obeys

P (B R
(1=7)2 (1501~ 2])) (1-~(1-27)

where the last inequality holds by 0 < 27 < 1. Further, 27 is also increasing in 7(¢]0) (see the fact p > ¢
in (212)), the optimal robust policy in state 0 thus obeys

75(6]0) = 1. (253)

Considering that the action does not influence the state transition for all states s > 0, without loss of
generality, we choose the optimal robust policy to obey

Vs>0: m(e]s) =1 (254)

Taking m = 7 and z;q’ = p in (252), we complete the proof by showing the corresponding optimal robust
value function at state 0 as follows:
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E.3.3 Proof of the claim (220)

Plugging in the definition of ¢, we arrive at that for any policy =,
(V37 = VE7) = V3 (0) = VI (0)

i) P Y24

- 1= :7(1 -p)) - (1—7) (1 —7(1 —zg))

—~

B v(p-23) W 7 (2-73) ) 1@-0)(1-(s]0)
= = 7 = 2
(1=7(1-p) (1-701-2))  (1=7(0-p)) (1-7(1-p)
where (i) holds by applying Lemma 19, (ii) arises from 27 < p (see the definition of z] in (215) and the fact

p > g+ 32 in (212)), and (iii) follows from the definition of zj in (215).
To further control (255), we consider it in two cases separately:

, (255)

e Case 1: 0 € (07 1?%) In this case, applying Lemma 18 to (255) yields

W(B_Q)(l—ﬂ(¢\0))> v32(1—7(¢]0))
(1-7(1-p)’ 7(1_7(1_M))2

_ A(L-(0]0)

T 91 —)?

where the penultimate inequality follows from « > 3/4, and the last inequality holds by taking the
specification of A in (219) as follows:

(V37 =V 2

= 2¢(1—7($]0)), (256)

A =18(1 —v)%. (257)

It is easily verified that taking ¢ < ﬁ as in (218) directly leads to meeting the requirement in
(210), i.e., A < 1(1— ).

e Case 2: 0 € [ITTV, 00). Similarly, applying Lemma 18 to (255) gives

vo e (p—q)(1—7(0]0)) YIA(1 = 7(9]0))
(o Vo = vy > ] > 2 . (258)
v 1=7(1-p)" " min{1,(0-7(1-3+0)a)?}
Before continuing, it can be verified that
1= 7(1=B+0)8) =1=7+96+0)A £ 1=+ @+ o)min{ 10 - 1), 52|
< min {2(1+0)(1 — ), g} (259)

where (i) is obtained by A < min {i(l -), ﬁ} (see (209)). Applying the above fact to (258)

gives
*,0 T,0 ’Y%HA(l - 7T(¢ | 0)) @ 3(0 + I)A(l - 7T(¢ | 0))
VT YT > >
<S0 ¢ ¢ > - min{l, 1-~v(1-03+ U)A))z} - 8min {4(1 +0)?(1 — ), 1}
> Al —n(¢]0)) = 2e(1—(¢]0)), (260)
min{32(1 o)1 —9)2, ﬁ}
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where (i) holds by v > 2 and (258), and the last equality holds by the specification in (219):

64(1 + 0)(1 —7)3e ifae{lf—”,#),
A= { 56 J(L=)e | T 5 (261)
mé‘ if o > 30—
As a result, it is easily verified that the requirement in (210)
A < min 1(1 -7) _ (262)
is met if we let
— 1l ifge [1‘—”,—1 ),
e < {2356(1+0)(1—’Y) . g 41 3(1=7) (263)
33 if o > Bl

as in (218).

The proof is then completed by summing up the results in the above two cases.
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