Accelerating Convergence of
Score-Based Diffusion Models, Provably

Gen Li*f Yu Huang* Timofey Efimov®

CUHK UPenn CMU
Yuting Wei Yuejie Chi® Yuxin Chen?

UPenn CMU UPenn

March 6, 2024

Abstract

Score-based diffusion models, while achieving remarkable empirical performance, often suffer from
low sampling speed, due to extensive function evaluations needed during the sampling phase. Despite
a flurry of recent activities towards speeding up diffusion generative modeling in practice, theoretical
underpinnings for acceleration techniques remain severely limited. In this paper, we design novel training-
free algorithms to accelerate popular deterministic (i.e., DDIM) and stochastic (i.e., DDPM) samplers.
Our accelerated deterministic sampler converges at a rate O(%) with 7" the number of steps, improving
upon the O(%) rate for the DDIM sampler; and our accelerated stochastic sampler converges at a rate
O(%), outperforming the rate O(%) for the DDPM sampler. The design of our algorithms leverages
insights from higher-order approximation, and shares similar intuitions as popular high-order ODE solvers
like the DPM-Solver-2. Our theory accommodates ¢2-accurate score estimates, and does not require log-

concavity or smoothness on the target distribution.
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1 Introduction

Initially introduced by Sohl-Dickstein et al. (2015) and subsequently gaining momentum through the works
Ho et al. (2020); Song et al. (2021), diffusion models have risen to the forefront of generative modeling.
Remarkably, score-based diffusion models have demonstrated superior performance across various domains
like computer vision, natural language processing, medical imaging, and bioinformatics (Croitoru et al., 2023;
Yang et al., 2023; Kazerouni et al., 2023; Guo et al., 2023), outperforming earlier generative methods such
as GANs (Goodfellow et al., 2020) and VAEs (Kingma and Welling, 2014) on multiple fronts (Dhariwal and
Nichol, 2021).

1.1 Score-based diffusion models

On a high level, diffusion-based generative modeling begins by considering a forward Markov diffusion process
that progressively diffuses a data distribution into noise:

Xo add noise X1 add noise X2 add noise o add noise XT, (1)

where X ~ Pgata is drawn from the target data distribution in R?, and Xy resembles pure noise (e.g., with
a distribution close to N'(0, I)). The pivotal step then lies in learning to construct a reverse Markov process

Yr, (2)

which starts from purse noise Y7 ~ N (0, I;) and maintains distributional proximity throughout in the sense
that Y; 9 X; (t <T). To accomplish this goal, Y;_; in each step is typically obtained from Y; with the
aid of (Stein) score functions — namely, Vx logpx, (X), with px, denoting the distribution of X; — where
the score functions are pre-trained by means of score matching techniques (e.g., Hyvérinen (2005); Ho et al.
(2020); Hyvérinen (2007); Vincent (2011); Song and Ermon (2019); Pang et al. (2020)).

The mainstream approaches for constructing the reverse-time process (2) can roughly be divided into
two categories, as described below.

use scores use scores use scores use scores
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e Stochastic (or SDE-based) samplers. A widely adopted strategy involves exploiting both the score
function and some injected random noise when generating each Y;_1; that is, Y;_; is taken to be a
function of Y; and some independent noise Z;. A prominent example of this kind is the Denoising
Diffusion Probabilistic Model (DDPM) (Ho et al., 2020), to be detailed in Section 2. Notably, this
approach has intimate connections with certain stochastic differential equations (SDEs), which can
be elucidated via celebrated SDE results concerning the existence of reverse-time diffusion processes
(Anderson, 1982; Haussmann and Pardoux, 1986).

e Deterministic (or ODE-based) samplers. In contrast, another approach is purely deterministic (except
for the generation of Yr), constructing Y;—; as a function of the previously computed steps (e.g.,
Y;) without injecting any additional noise. This approach was introduced by Song et al. (2021), as
inspired by the existence of ordinary differential equations (ODES) — termed probability flow ODEs —
exhibiting the same marginal distributions as the above-mentioned reverse-time diffusion process. A
notable example in this category is often referred to as the Denoising Diffusion Implicit Model (DDIM)
(Song et al., 2020).

In practice, it is often observed that DDIM converges more rapidly than DDPM, although the final data
instances produced by DDPM (given sufficient runtime) enjoy better diversity compared to the output of
DDIM.

1.2 Non-asymptotic convergence theory and acceleration

Despite the astounding empirical success, theoretical analysis for diffusion-based generative modeling is still
in its early stages of development. Treating the score matching step as a blackbox and exploiting only (crude)
information about the score estimation error, a recent strand of works have explored the convergence rate of
the data generating process (i.e., the reverse Markov process) in a non-asymptotic fashion, in an attempt to
uncover how fast sampling can be performed (e.g., Lee et al. (2022, 2023); Chen et al. (2022, 2023a,c,b); Li
et al. (2023); Benton et al. (2023b,a); Liang et al. (2024)). In what follows, let us give a brief overview of the
state-of-the-art results in this direction. Here and throughout, the iteration complexity of a sampler refers
to the number of steps T needed to attain € accuracy in the sense that TV(px,,py,) < e, where TV(-,")
represents the total-variation (TV) distance between two distributions, and px, (resp. py,) stands for the
distribution of X; (resp. Y7).

e Convergence rate of stochastic samplers. Assuming Lipschitz continuity (or smoothness) of the score
functions across all steps, Chen et al. (2022) proved that the iteration complexity of the DDPM sampler
is proportional to 1/¢2. The Lipschitz assumption is then relaxed by Chen et al. (2023a); Benton et al.
(2023a); Li et al. (2023), revealing that the scaling 1/¢? is achievable for a fairly general family of data
distributions.

e Convergence rate of deterministic samplers. As alluded to previously, deterministic samplers often
exhibit faster convergence in both practice and theory. For instance, Chen et al. (2023¢) provided
the first polynomial convergence guarantees for the probability flow ODE sampler under exact scores,
whereas Li et al. (2023) demonstrated that its iteration complexity scales proportionally to 1/e allowing
score estimation error. Additionally, it is noteworthy that an iteration complexity proportional to 1/e
has also been established by Chen et al. (2023b) for a variant of the probability flow ODE sampler,
although the sampler studied therein incorporates a stochastic corrector step in each iteration.

Acceleration? While the theoretical studies outlined above have offered non-asymptotic convergence guar-
antees for both the stochastic and deterministic samplers, one might naturally wonder whether there is
potential for achieving faster rates. In practice, the evaluation of Stein scores in each step often entails com-
puting the output of a large neural network, thereby calling for new solutions to reduce the number of score
evaluations without compromising sampling fidelity. Indeed, this has inspired a large strand of recent works
focused on speeding up diffusion generative modeling. Towards this end, one prominent approach is distilla-
tion, which attempts to distill a pre-trained diffusion model into another model (e.g., progressive distillation,
consistency model) that can be executed in significantly fewer steps (Luhman and Luhman, 2021; Salimans
and Ho, 2021; Meng et al., 2023; Song et al., 2023). However, while distillation-based techniques have



achieved outstanding empirical performance, they often necessitate additional training processes, imposing
high computational burdens beyond score matching. In contrast, an alternative route towards acceleration
is “training-free,” which directly invokes the pre-trained diffusion model (particularly the pre-trained score
functions) for sampling without requiring additional training processes. Examples of training-free acceler-
ated samplers include DPM-Solver (Lu et al., 2022a), DPM-Solver++ (Lu et al., 2022b), DEIS (Zhang and
Chen, 2022), UniPC (Zhao et al., 2023), the SA-Solver (Xue et al., 2023), among others, which leverage
faster solvers for ODE and SDE using only the pre-trained score functions. Nevertheless, non-asymptotic
convergence analyses for these methods remain largely absent, making it challenging to rigorize the degrees
of acceleration compared to the non-accelerated results (Lee et al., 2023; Chen et al., 2022, 2023a; Li et al.,
2023; Benton et al., 2023a). All of this leads to the following question that we aim to explore in this work:

Can we design a training-free deterministic (resp. stochastic) sampler that converges provably
faster than the DDIM (resp. DDPM)?

1.3 Owur contributions

In this paper, we answer the above question in the affirmative. Our main contributions can be summarized
as follows.

e In the deterministic setting, we demonstrate how to speed up the ODE-based sampler (i.e., the DDIM-
type sampler). The proposed sampler, which exploits some sort of momentum term to adjust the
update rule, leverages insights from higher-order ODE approximation in discrete time and shares
similar intuitions with the fast ODE-based sampler DPM-Solver-2 (Lu et al., 2022a). We establish non-
asymptotic convergence guarantees for the accelerated DDIM-type sampler, showing that its iteration
complexity scales proportionally to 1/4/¢ (up to log factor). This substantially improves upon the prior
convergence theory for the original DDIM sampler (Li et al., 2023) (which has an iteration complexity
proportional to 1/¢).

e In the stochastic setting, we propose a novel sampling procedure to accelarate the SDE-based sampler
(i.e., the DDPM-type sampler). For this new sampler, we establish an iteration complexity bound
proportional to 1/ (modulo some log factor), thus unveiling the superiority of the proposed sampler
compared to the original DDPM sampler (recall that the original DDPM sampler has an iteration
complexity proportional to 1/e2 (Li et al., 2023; Chen et al., 2023a, 2022)).

In addition, two aspects of our theory are worth emphasizing: (i) our theory accommodates ¢s-accurate score
estimates, rather than requiring ¢, score estimation accuracy; (ii) our theory covers a fairly general family
of target data distributions, without imposing stringent assumptions like log-concavity and smoothness on
the target distributions.

1.4 Other related works

We now briefly discuss additional related works in the prior art.

Convergence of score-based generative models (SGMs). For stochastic samplers of SGMs, the
convergence guarantees were initially provided by early works including but not limited to De Bortoli et al.
(2021); Liu et al. (2022b); Pidstrigach (2022); Block et al. (2020); De Bortoli (2022); Wibisono and Yang
(2022); Gao et al. (2023), which often faced issues of either being not quantitative or suffering from the
curse of dimensionality. More recent research has advanced this field by relaxing the assumptions on the
score function and achieving polynomial convergence rates (Lee et al., 2022, 2023; Chen et al., 2022, 2023a,b;
Li et al., 2023; Benton et al., 2023a; Liang et al., 2024; Tang and Zhao, 2024b). Furthermore, theoretical
insights into probability flow-based ODE samplers, though less abundant, have been explored in recent
works (Chen et al., 2023¢c; Li et al., 2023; Chen et al., 2023b; Benton et al., 2023b; Gao and Zhu, 2024).
Additionally, Tang and Zhao (2024a) provided a continuous-time sampling error guarantee for a novel class of
contraction diffusion models. Gao and Zhu (2024) studies the convergence properties for general probability
flow ODEs w.r.t. Wasserstein distances. Most recently, Chen and Ying (2024) makes a step towards the
convergence analysis of discrete state space diffusion model. Note that this body of research primarily aims



to quantify the proximity between distributions generated by SGMs and the ground truth distributions,
assuming availability of an accurate score estimation oracle. Interestingly, a very recent research by Li
et al. (2024b) reveals that even SGMs with empirically optimized score functions might underperform due to
strong memorization effects. Moreover, some works delve into other aspects of the theoretical understanding
of diffusion models. Furthermore, Wu et al. (2024) investigated how diffusion guidance combined with DDPM
and DDIM samplers influences the conditional sampling quality.

Fast sampling in diffusion models. A recent strand of works to achieve few-step sampling — or even
one-step sampling — falls under the category of training-based samplers, primarily focused on knowledge
distillation (Meng et al., 2023; Salimans and Ho, 2021; Song et al., 2023). This method aims to distill
a pre-trained diffusion model into another model that can be executed in significantly fewer steps. The
recent work Li et al. (2024a) provided a first attempt towards theoretically understanding the sampling
efficiency of consistency models. Another line of works aims to design training-free samplers (Lu et al.,
2022a,b; Zhao et al., 2023; Zhang and Chen, 2022; Liu et al., 2022a; Zhang et al., 2022), which addresses
the efficiency issue by developing faster solvers for the reverse-time SDE or ODE without requiring other
information beyond the pre-trained SGMs. In addition, Li et al. (2023); Liang et al. (2024) introduced
accelerated samplers that require additional training pertaining to estimating Hessian information at each
step. Furthermore, combining GAN with diffusion has shown to be an effective strategy to speed up the
sampling process (Wang et al., 2022; Xiao et al., 2021).

1.5 Notation

Before continuing, we find it helpful to introduce some notational conventions to be used throughout this
paper. Capital letters are often used to represent random variables/vectors/processes, while lowercase let-
ters denote deterministic variables. When considering two probability measures P and @, we define their
total-variation (TV) distance as TV(P,Q) := % [ |[dP — dQ)|, and the Kullback-Leibler (KL) divergence as
KL(P[ Q) = [ (log %)dP. We use px(-) and px|y(-|-) to denote the probability density function of a
random vector X, and the conditional probability of X given Y, respectively. For matrices, ||A] and ||A||r
refer to the s%ectral norm and Frobenius norm of a matrix A, respectively. For vector-valued functions f,

we use Jy or g to represent the Jacobian matrix of f. Given two functions f(d,T) and g(d,T'), we employ

the notation f(d,T) < g(d,T) or f(d,T) = O(g(d,T)) (resp. f(d,T) = g(d,T)) to indicate the existence of
a universal constant C7 > 0 such that for all d and T, f(d,T) < Cy1g(d,T) (resp. f(d,T) > C19(d,T)). The
notation f(d,T) < g(d,T) indicates that both f(d,T) < ¢(d,T) and f(d,T) 2 g(d,T) hold at once.

2 Problem settings
In this section, we formulate the problem, and introduce a couple of key assumptions.

2.1 Model and sampling process

Forward process. Consider the forward Markov process (1) in discrete time that starts from the target
data distribution Xy ~ pgata in R? and proceeds as follows:

Xt:\/l_ﬁtthl—"\/ﬁtWta tzl?"'7Ta (3)

where the W,’s are independently drawn from N(0, I;). This process is said to be “variance-preserving,” in
the sense that the covariance Cov(X;) = I holds throughout if Cov(Xy) = I;. Taking

t
Qi = H AL with Q= 1-— ﬂt (4)
k=1
for every 1 <t < T, one can write
Xt = \/ath + v 1-— o7 Wt for Wt ~ N(O,Id) (5)



Throughout the paper, we shall use ¢:(-) or px, () interchangeably to denote the probability density function
(PDF) of X;. While we shall concentrate on the discrete-time process in the current paper, we shall note
that the forward process has also been commonly studied in the continuous-time limit through the following
diffusion process

1
dX, = —gﬂ(t)Xtdt +V/BE)AW, (0<t<T), Xo~ pdata (6)
for some function S(t) related to the learning rate, where W, is the standard Brownian motion.
Score functions and score estimates. A key ingredient that plays a pivotal role in the sampling process
is the (Stein) score function, defined as the log marginal density of the forward process.
Definition 1 (Score function). The score function, denoted by s : R — R4(1 < ¢ < T), is defined as

1

S0 = Vlogai () = = 1= [ b (oo ) (o — Vo) dao (7)

Here, the last identity follows from standard properties about Gaussians; see, e.g., Chen et al. (2022). In
most applications, we have no access to perfect score functions; instead, what we have available are certain
estimates for the score functions, to be denoted by {s;(-)}1<i<r throughout.

Data generation process. The sampling process is performed via careful construction of the reverse
process (2) to ensure distributional proximity. Working backward from ¢ = T, ..., 1, we assume throughout
that YT ~ N(O, Id)

o Deterministic sampler. A deterministic sampler typically chooses Y;_; for each ¢ to be a function of
{Y;,...,Yr}. For instance, the following construction

1 l—«
3@12@(3/}-1- 5 tst(Kg)), t=1T,...,1 (8)

can be viewed as a DDIM-type sampler in discrete time. Note that the DDIM sampler is intimately
connected with the following ODE — called the probability flow ODE or the diffusion ODE — in the
continuous-time limit:

~ 1 ~ ~
4% = —56(1) (Ve + Viogau(V:) ) dt, Vo ~ar, (9)
which enjoys matching marginal distributions as the forward diffusion process (6) in the sense that Y, 4 Xy

for all 0 <t < T (Song et al., 2021).

e Stochastic sampler. In contrast to the deterministic case, each Y;_; is a function of not only {Y;,...,Yr}
but also an additional independent noise Z; ~ N (0, I3). One example is the following sampler:

Vier = ——(Yi+ (L= a)si (V) + V=), t=T,...,1 (10)

1
VOt
which is closely related to the DDPM sampler in discrete time. The design of DDPM draws inspiration
from a well-renowned result in the SDE literature (Anderson, 1982; Haussmann and Pardoux, 1986);
namely, there exists a reverse-time SDE

s 1

av; = ~36(1) (Vi +2Vioga (V1)) dt + V/B()AZ, (11)

with f/T ~ gr that exhibits the same marginals — }A/t 4 X; for all t — as the forward diffusion process
(6). Here, Z; indicates a backward standard Brownian motion.



2.2 Assumptions

Before moving on to our algorithms and theory, let us introduce several assumptions that shall be used mul-
tiple times in this paper. To begin with, we impose the following assumption on the target data distribution.

Assumption 1. Suppose that Xy is a continuous random vector, and obeys
P([[ Xollz < R=T" | Xg ~ pgata) = 1 (12)
for some arbitrarily large constant cg > 0.

In words, the size of Xy is allowed to grow polynomially (with arbitrarily large constant degree) in the
number of steps, which suffices to accommodate the vast majority of practical applications.

Next, we specify the learning rates {/3;} (or {a:}) employed in the forward process (3). Throughout this
paper, we select the same learning rate schedule as in Li et al. (2023), namely,

1

51:1*01:?00, (13a)
log T logT\"*

5t:1—at:61;g min{ﬁ1(1+01;g >1} t>1 (13b)

for some large enough numerical constants cg,c; > 0. In short, there are two phases here: at first g;
grows exponentially fast, and then stays unchanged after surpassing some threshold. This also resembles the
learning rate choices recommended by Benton et al. (2023a).

Moreover, let us also introduce two assumptions regarding the accuracy of the score estimates {s; }, which
are adopted in Li et al. (2023). Here and throughout, we denote by

o 6875

0sy
Jor = —4 =t
Y Ox

: o and Js

(14)

the Jacobian matrices of s}(-) and s;(-), respectively.

Assumption 2. Suppose that the mean squared estimation error of the score estimates {s¢}, ., obeys

score*

[ls:(X) = s7(X)3] < <2

Assumption 3. Suppose that s.(-) is continuously differentiable for each 1 <t < T, and that the Jacobian
matrices associated with the score estimates {si}, <,y satisfy

1
T ; XIeq [HJSt (X) B JS? (X)H] < € Jacobi-

In short, Assumption 2 is concerned with the ¢5 score estimation error averaged across all steps, whereas
Assumption 3 is about the average discrepancy in the associated Jacobian matrices. It is worth noting
that Assumption 3 will only be imposed when analyzing the convergence of deterministic samplers, and is
completely unnecessary for the stochastic counterpart.

3 Algorithm and main theory

In this section, we put forward two accelerated samplers — an ODE-based algorithm and an SDE-based
algorithm — and present convergence theory to confirm the acceleration compared with prior DDIM and
DDPM approaches.



3.1 Accelerated ODE-based sampler

The first algorithm we propose is an accelerated variant of the ODE-based deterministic sampler. Specifically,
starting from Yp ~ AN(0, 1), the proposed discrete-time sampler adopts the following update rule:
Y =0(Yy), Y= (YY) fort=T,-,1 (152)

where the mappings ®;(-) and W,(-,-) are chosen to be

1—-«
Dy (x) =/t (:v - QtHst(x)), (15b)
1 + 1-— (673
x
£/ Ot 2
and we remind the reader that s; is the score estimate. In contrast to the original DDIM-type solver (8),
the proposed accelerated sampler enjoys two distinguishing features:

Vi(z,y) = se(z) + m(st(@ - \/at+13t+1(y))>v (15¢)

e In each iteration ¢, the proposed sampler computes a mid-point ¥;~ = ®4(Y;) (cf. (15b)). As it turns
out, this mid-point is designed as a prediction of the probability flow ODE at time ¢ + 1 using Y;.

e In contrast to (8), the proposed update rule Y;_; = W;(Y:, Y, ) (see (15¢)) includes an additional term
that is a properly scaled version of s;(Y;) — \/@r115t+1(Y; ). In some sense, this term can be roughly
viewed as exploiting “momentum” in adjusting the original sampling rule.

Theoretical guarantees. Let us proceed to present our convergence theory and its implications for the
proposed deterministic sampler.

Theorem 1. Suppose that Assumptions 1, 2 and 3 hold. Then the proposed sampler (15) with the learning
rate schedule (13b) satisfies

d%log® T 3
TV(Qlapl) < CIT + C1\/ dlog” Tescore + C1(d10g T')€ jacobi (16)
for some universal constants C1 > 0, where we recall that p; (resp. q1) denotes the distribution of Yi
(resp. X1).

We now take a moment to discuss the implications about this theorem.

e [teration complexity. When the target accuracy level ¢ is small enough, the number of iterations needed
to yield TV (ql,pl) < ¢ is no larger than

poly(d)
\/g )
ignoring any logarithmic factor in 1/e. Clearly, the dependency on 1/e substantially improves upon the

vanilla DDIM sampler, the latter of which has an iteration complexity proportional to 1/e (Li et al.,
2023).

(iteration complexity)

(17)

e Stability vis-a-vis score errors. The discrepancy between the distribution of Y; and the target distri-
bution of X is proportional to the {5 score estimation error es.ore defined in Assumption 2, as well as
the Jacobian error € j,cop; defined in Assumption 3. It is worth noting, however, that the same result
might not hold if we remove Assumption 3. More specifically, when only score estimation accuracy is
assumed, the deterministic sampler is not guaranteed to achieve small TV error; see Li et al. (2023)
for an illustrative example.



Interpretation via second-order ODE. In order to help elucidate the rationale of the proposed sampler,
we make note of an intimate connection between (15) and high-order ODE, the latter of which has facilitated
the design of fast deterministic samplers (e.g., DPM-Solver (Lu et al., 2022a)).

In view of the relation (5), for any 0 < v < 1, let us first abuse the notation and introduce

X(7) £ VAXo+V1-7Z, Z~N(0,14) (182)
s3(X) = Vx logpx(y)(X). (18b)

We further consider the following continuous-time analog @(t) of the discrete learning rate @, (cf. (4)):

da(t)
dt

= —p(t)a(t), a(T)=7ar. (18c¢)
Given that the probability flow ODE (9) yields identical marginal distributions as the forward process X;

(cf. (6)) for every t, invoking (18¢), we can easily see that X (a(t)) 4 X, can be generated as follows:

dX (o
8 (@) + s (XE@)) ). X D) ~ (19)

By taking f('y) = %X(*y), we can apply (19) to derive

df 1 1 dX L.
d(WV) A dy) 2 735”<X(7))'

This taken together with &@; = a;_jay (cf. (4)) immediately implies that

1 1 1 [ 1

77X a — == 7X a + 7/ 73* X d 3
a1 ( t 1) \/a ( t) 9 - \/’)’73 'y( (,Y)) .l
1 Var [T

— X(ay) + Y 1/
o 2 & /73

= X(@1) = s (X (7))dr. (20)

Ve

With this relation in mind, we are ready to discuss the following approximation in discrete time:

e Scheme 1: 1If we approximate s% (X (7)) for v € [ay,a¢_1] by s% (X (7)) = s&, (X (@) ~ s:(Xy), then
we arrive at
_ 1 _ Q1
X 1)~ —X -1 X
@0er) % X + (Yt 1) m(x)
1

z@{x(atwr

where we use the facts that @;/@:—1 = a; and «; ~ 1. This coincides with the deterministic sampler

().

e Scheme 2: If we invoke a more refined approximation for s* (X (7)) as

1*0[,5

St(Xt)} ;

(X)) = 53, (K(a) + SEO) e
o s, (X)) + = (55, (X(@0)) — 5., (X (@)
Oéi Qg1
~ 5i(Xp) + % (50(X1) = 8141 (Xe41)) s (22)

then (20) can be approximated by

X(®—1)



) e 1 V(08 s () s g

~ \/aTX(at) + 5 /at ~ dy + @ =) /at = dy
1 SR (1— )

~ \/OTt {X(Oét) + St(Xt) + m (St (Xt) — AV O4+1St+1 (Xt+1)>} ) (23)

which resembles the proposed sampler (15), and is computationally more appealing since it reuses the
previous score function evaluation.

It is worth noting that similar approximation as in Scheme 2 has been invoked previously in Lu et al.
(2022a, Eqn (3.6)) to construct high-order ODE solvers (e.g., the DPM-Solver-2, with 2 indicating second-
order ODEs). Consequently, the acceleration achieved by our sampler is achieved through ideas akin to the
second-order ODE; in turn, our convergence guarantees shed light on the effectiveness of high-order ODE
solvers like the popular DPM-Solver.

3.2 Accelerated SDE-based sampler

Next, we turn to stochastic samplers, and propose a new stochastic sampling procedure that enjoys improved
convergence guarantees compared to the DDPM-type sampler (10). To be precise, the proposed sampler
begins by drawing Y7 ~ N (0, I;) and adopts the following update rule:

Vit =0(Ye, Zh), Yeer = WY, Z)) (24a)

fort =T,...,1, where Z,, Z,;” "X" N(0, Iy), and

Oy (z,2) =z + ! _2% z, (24b)
W) = —= (s 1= 0l + /5. (240)

The key difference between the proposed sampler and the original DDPM-type sampler lies in the additional
operation ®,(-,-). In this step, a random noise Z; is injected into the current sample Y; to obtain an
intermediate point Y;", which together with another random noise Z;" is subsequently fed into ¥;(-,-) — a
mapping identical to (10).

Theoretical guarantees. Let us present the convergence guarantees of the proposed stochastic sampler
and their implications, followed by some interpretation of the design rationale of the algorithm.

Theorem 2. Suppose that Assumptions 1 and 2 hold. Then the proposed stochastic sampler (24) with the
learning rate schedule (13b) achieves

d3log?® T

T + C1Vdescore log1'5 T (25)

1
TV(q1,p1) < iKL((h | p1) < Ch

for some universal constant Cy > 0.

Theorem 2 provides non-asymptotic characterizations for the data generation quality of the accelerated
stochastic sampler. In comparison with the convergence theory for the DDPM-type sampler — which has
a convergence rate proportional to l/ﬁ (Chen et al., 2022, 2023a; Li et al., 2023; Benton et al., 2023a)
— Theorem 2 asserts that the proposed accelerated sampler achieves a faster convergence rate proportional
to 1/T. In contrast to Theorem 1 for the ODE-based sampler, the SDE-based sampler does not require
continuity of the Jacobian matrix (i.e., Assumption 3). As before, the total-variation distance between X;
and Y] is proportional to the £5 score estimation error when T is sufficiently large, which covers a broad range
of target data distributions with no requirement on the smoothness or log-concavity of the data distribution.
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Interpretation via higher-order approximation. Now we provide some insights into the motivation
of the proposed sampler. We start with the characterizations of conditional density px, ,|x,. Denoting

wy (zy) == \/% (¢ + (1 — ay) 87 (w4)) and Jy(z¢) = —(1 — @) Jsz (24), we can approximate px,_,|x, by

1—Oét

2(0[,5 — at)

Py o )~ exp (= g (1 - H)) e - ). o)

which is tighter than the one used in analysis of the original SDE-based sampler (Li et al., 2023) by adopting
a higher-order expansion. This in turn motivates us to consider the following sequence

o oy (1~ oy)*2
Vi1 = Yt \/7 FZ* )st(Ye) = —=——~Ji(V Zt)
t (V) = V2(a — @) )
<1>(Yt,Zf) ~s (‘I’(Yt Zt))

with Z;, Z;7 "< RN N(0,14), and py, |y, (x4—1 | z¢) follows

o (u:(xt)’ : o <I T3 (lliaait)Jt (zt)> <I - ﬁjt (mt)>T>

which aligns with (26). In addition, if we further utilize (1 — oy)s;(Yz) — \(}(St) = )J +(Y:)Z; as a first-order

Zt), we can then arrive at the update rule of the proposed sampler in (24).

1—ay

approximation of s} (Yt +

4 Experiments

In this section, we illustrate the performance of the proposed accelerated samplers, focusing on highlighting
the relative comparisons with respect to the original DDIM/DDPM ones using the same pre-trained score
functions. As an initial step, we focus on reporting result for the deterministic samplers, leaving the stochastic
samplers to future work.

4.1 Practical implementation

In practice, the pre-trained score functions are often available in the form of noise-prediction networks ;(-),
which are connected via the following relationship in view of (7):

1
\/I*Oét

and €;(+) is the estimate of €/ (). To better align with the empirical practice, it is judicious that the integration
in (20) be approximated in terms of €;(X), leading to an equivalent rewrite as

N S m
X(at_l)_\/OTtX / \/—1_

Following similar discussions in Section 3.1, we discuss its first-order and second-order approximations in
discrete time.

s;(X) = — € (X)), (27)

e (X(y))dy.

e Scheme 1: If we approximate €% (X (7)) for v € [ay, 1] by € (X (7)) ~ ¢
we arrive at

(X () =~ (Xy), then

*
o

)~ =X (@ N A
Xmm~ﬁguw(1 - xc)<m (28)

which matches exactly with the DDIM sampler in Song et al. (2020).
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e Scheme 2: 1If we invoke the refined approximation (22) in terms of €% (X (7)), we have

. _\/at—let(Xt) it 1
Ve s L e
VAT (05 — e (X)) [ (=)

- d’Ya

2(@; — ary1) @ V11 =9)

X(at_l) ~

which after integration becomes:

X(@) ~ =X @) + (VI=a - %) al(X)

Q1 VA . — VA =
VTl el I Al _ )
+ (at at+1> (ozt ey + arcsin /1 — N arcsin \/at> (et41(Xeq1) — e (Xy))
(29)

This is our new sampler for implementation.

4.2 Experimental results

We use pre-trained score functions from Huggingface (von Platen et al., 2022) for three datasets: CelebA-
HQ, LSUN-Bedroom and LSUN-Churches. The same score functions are used in all the samplers. Note that
we have not attempted to optimize the speed nor the performance using additional tricks, e.g., employing
better score functions, but aim to corroborate our theoretical findings regarding the acceleration of the new
samplers without training additional functions when the implementations are otherwise kept the same.

We first compare the vanilla DDIM-type sampler (cf. (28)) and the accelerated DDIM-type sampler
(cf. (29)). To begin, Figure 1 illustrates the progress of the generated samples over different numbers of
function evaluation (NFEs) (between 4 and 50) from the same random seed, using pre-trained scores from
the LSUN-Churches dataset. Here, the NFE is the same as the number of diffusion steps since each step
takes one score evaluation.

Figure 1: The progress of the generated samples over different numbers of NFEs (from 4 to 50), using pre-
trained scores from the LSUN-Churches dataset. Top row: the vanilla DDIM-type sampler. Bottom row:
the accelerated DDIM-type sampler (ours).

To further demonstrate the quality of the sampled images, Figure 2 provides examples of sampled im-
ages from the DDIM-type samplers, using pre-trained scores from CelebA-HQ, LSUN-Bedroom and LSUN-
Churches datasets, respectively. It can be seen that the sampled images are crisper and less noisy from the
accelerated DDIM-type sampler, compared with from the original one, indicating the effectiveness of our
method.

5 Discussion

In this paper, we have developed novel strategies to achieve provable acceleration in score-based generative
modeling. The proposed deterministic sampler achieves a convergence rate 1/72 that substantially improves
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(b) LSUN-Bedroom (c) CelebA-HQ

Figure 2: Examples of sampled images from the DDIM-type samplers with 5 NFEs, using pre-trained scores
from the LSUN-Churches, LSUN-Bedroom, and CelebA-HQ datasets. For each dataset, the top image is the
original DDIM-type sampler, and the bottom image is the accelerated DDIM-type sampler (ours).

upon prior theory for the probability flow ODE approach, whereas the proposed stochastic sampler enjoys a
converge rate 1/T that also significantly outperforms the convergence theory for the DDPM-type sampler.
We have demonstrated the stability of these samplers, establishing non-asymptotic theoretical guarantees
that hold in the presence of ¢5-accurate score estimates. Our algorithm development for the deterministic
case draws inspiration from higher-order ODE approximations in discrete time, which might shed light on
understanding popular ODE-based samplers like the DPM-Solver. In comparison, the accelerated stochastic
sampler is designed based on higher-order expansions of the conditional density.

Our findings further suggest multiple directions that are worthy of future exploration. For instance, our
convergence theory remains sub-optimal in terms of the dependency on the problem dimension d, which calls
for a more refined theory to sharpen dimension dependency. Additionally, given the conceptual similarity
between our accelerated deterministic sampler and second-order ODE, it would be interesting to extend the
algorithm and theory using ideas arising from third-order or even higher-order ODE. In particular, third-
order ODE has been implemented in DPM-Solver-3, which is among the most effective DPM-Solvers in
practice. Finally, it would be important to design higher-order solvers for SDE-based samplers, in order to
unveil the degree of acceleration that can be achieved through high-order SDE.
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A Preliminaries

Before delving into the proof, we make note of a couple of preliminary facts, primarily from Li et al. (2023).

A.1 Basic facts

Score functions. We first give some characterizations of the score function, which follow from Li et al.
(2023, properties (38)).

Lemma 1. The true score function s; is given by the conditional expectation below:

__ 1 /T (z — Vagzo)px, x, (zo | ©)do. 0

1-a

1
1—"ay

E[\/a:th—x|\/a:th+v1—atW:x]

=:g¢(x)

Also, the Jacobian matriz

Ji(z) = ag(;im)

(31)
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associated with the function g:(-) (defined in (30)) satisfies
15 {E[Xt — Va@Xo | X, = 2] (E[Xt V@ Xo | X, = x])T
-y
- B[~ vEX0) (X - vaK) | X =a] | (32)

Jt(l’) =1+ 1

Learning rates. The learning rates {a;} as specified in (13b) enjoy several properties that will be used
multiple times in the analysis. We record several of these properties below, which have been proven in Li
et al. (2023, properties (39)).

Lemma 2. The learning rates specified in (13b) obey

atzycll%T % 1<t<T (33a)

TEA e e vk @
1§%§1+%, 2<t<T (33c)

Ty < TL (33d)

provided that T is large enough. Here, c; is defined in (13b), and c2 > 1000 is some large numerical constant.
In addition, if d{ii%g:) < 1, then one has

( 1-a, )d/2 s d(1 — o) N d(d— 2)(1—)62%)2 n O(d?’(l_at)?))- (33e)

oy — Oy 2(Oét - at) 8(@15 — O y — O

The forward process. Next, we gather several conditional tail bounds for the random vector X of the
forward process, which have been established in Li et al. (2023, Lemmas 1 and 2).

Lemma 3. Suppose that there exists some numerical constant cg > 0 obeying

P(|Xolo <R) =1 and R=T°". (34)
Consider any y € R, and let
—log px, (y)
0(y) == —_— 35
() = { EERD) (3)

for some large enough constant cg > 2cr + co. Then for any quantity cs > 2, conditioned on Xy =y one has
|[VaiXo - yl|, < 5e5v/0(y)d(1 — @) log T (36)
with probability at least 1 — exp ( — c20(y)dlog T). In addition, it holds that

E [[|[vVaiXo —yll,| Xe =] < 12\/9 d(1—ay)logT, (37a)
E|[VaXo - yll3| X = y| < 1200()d(1 ~ @) 1og T, (37D)
[IV@Xo = ylly | Xi =y < 1040(6()d(1 — @) log T)*?, (37¢)
[HWXO —ylla] X: = y} < 10080(6(y)d(1 — &) log T). (37d)

Lemma 4. For some 0 > cg, assume that ||y — z|l2 S (1 — ait1)4/ % and logpx, (x) > —0dlogT. Then

we have

2
(1 — ayq1)||x — Vo z —aur) (y—x
PXo | Xeir (T0 | VA11Y) = Pxy | x, (T0 | 33){1 + 2(1H AL Il _ ¢ 110% W-2)_
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/JEO ((1 - m;zi”_fft;)\Q/aTxOHZ (= \/?foc);(y - x))pXolxt (zo | x)dzo + o<9d<11—_7a%1>3/2 logT) }

(38)
Proof. See Section A.2. O

Proximity of px, and qy,. When the number of steps T is sufficiently large, the distribution of px, and
that of py,. become exceedingly close, as asserted by the following lemma (see Li et al. (2023, Lemma 3)).
Lemma 5. For any large enough T, one has

1
KL(pxr | PYr) S 0 (39)

DO =

TV(pXT H pYT)2 <

Score estimation errors. Consider any vector x € R%. For any 1 < t < T, define

Escore,t(x) = Hst(w> - 5:<$)H2 and € Jacobi, t = HJS - Jst* (-'17) s (40)

where we use J;, and J,; to represent the Jacobian matrices of st(~) and s} (), respectively. We also have,
under Assumptions 2 and 3, that

1 X T 1/2
Z E Escore t ( Z Escore #( )2} ) < Escore; (413)

1 X~a =

t:

T

Z €Jacobl t X)] < € Jacobi- (41b)
t— X ~qt

NI~

A.2 Proof of Lemma 4

To establish this lemma, we observe that

Pxo| X41 (xO | V at+1y)

PXo (fco)px,+1 | Xo (y | o)
fwo Pxo(Z0)Px, 11 | X, (Y | Zo)dzo

P, (o) exp ( o fxi’”Q)
_ 2<“t+1_at)
[ px, (o) exp ( lly— on\lz)dxo
To 2(at+1—o¢f)
z tT o, )llz— Vaiz ”g z—\/Axo) | (y—=x oy 3/2
Px,(20) exp ( ! 2(\1/7(1;)%) 1- +21(1 )2 e \ﬁl—oa),,, =2 4 O(ed(ll—o:l) logT))
a - z T +2ol|3 T—+vaT —x — 3/2
G e e e | P
2
l1-«a T — Vo —vax) ' (y —
= pxy | x, (70| 2) 1+( t+1) || 7\/7 0||27(z \/OTtxOl (y — )
¢ 2(1 —ay)? 1—ay
= 2
(1 o)l = Vol _ (= VA (y - )
- 2(1 — @2 - 1—a, Px, | x, (o |2)dzo
xo L
1-— gyl )3/2 )
+0(9d( —— logT) 4,
which follows from the following property:
ly = Varwoll3 |z — varwol3
2(ey )y — o) 2(1 — @)
_ (= ay)lly — Vaiwoll3 o Mly = vaol; — llz = vaizol;
2(1 — @) (e —a) 2(1 —w)
(= agp)llz = Va3 | 2(z — Vo) T (y — ) 1 — ouy1)\3/2
=— + + 0(9d(7) 1ogT)
2(1 — oy )? 2(1 — ) 1— '
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B Analysis for the accelerated ODE sampler (proof of Theorem 1)

In this section, we present our non-asymptotic analysis for the accelerated ODE sampler. Considering the
total variation distance is always upper bounded by 1, we can reasonably assume the following conditions
throughout the proof, which are necessary for the claimed result eq. (16) to be non-trivial.

T >+/C1d®1og” T, (42a)

1
5\SCOI“C S ) 42b
C1Vdlog® T (42b)

1
€Jacobi S N 1 2 42c
Jacobl = o dlog? T (42¢)

B.1 Main steps of the proof

Preparation. To begin with, let us introduce the following functions that help ease presentation:

Gi(w) =7 — T () (430)

u(z) = 2 — %st@c), (43h)

B = a4 5w+ 10 () - Va6 ) (130)
L 1-—- (73 (1 — Oét)

dila) =+ @)+ gl (s(2) = Vs (@n(@)) ). (43d)

Armed with these functions, one can equivalently rewrite our update rule (15) as follows:

Vior = (Y5 00(¥) = e (). (430)

Additionally, for any point yr € R?, we introduce the corresponding sequence

Y1 = \/%wt (We), vy =aade(ye), t=T,T—1,-- (44)

Furthermore, it is also useful to single out the following error-related quantities for any point yr € R? and
its associated sequence {y;}1;' and {y; }/_:

logT _ _
& (yT) = 5—. {d(gJacobi,t(yt) + 5Jacobi,t+1(yt )) + dlogT(Escore,t(yt> + gscore,t+1(yt ))} 5 (4534)
Si(yr) = Z Ee(yr), fort>2, and Si(yr) =0, (45b)
L<k<t

where we recall the definitions of €jacopit(+) and €score,r inn (40). To understand these quantities, note that if
we start from a point yr, then & (y;) reflects a certain weighted score estimation error in the ¢-th step, while
Si(yr) aggregates these weighted score estimation errors from the very beginning to the ¢-th iteration.

In addition, there are several objects that play crucial roles in the subsequent analysis, which we single
out as follows; here and throughout, we suppress their dependency on x to streamline presentation.

1
Ay = T /pxo|xt(33o |2)|| — @xol‘zdxo; (46a)
2
B; = —a ’/pxﬂxt x0|a:)(x—\ﬁxo)dxo : (46b)
2
1
CY m /pxo | X, (o “T)H‘T - \/a»tx()HQdIO? (46c¢)
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Di= e [ |0 ((ale), @ = Vo)) oo (16d)
= i [ oo 9l = vE Eote) =~ Vi, (160

With the above preparation in place, we can now readily proceed to our proof.

Step 1: bounding the density ratios. To begin with, we make the observation that

Py,_y (Yt-1) _ Pyavi, (\/atytfl)
px, 1 (Yr-1) Par X1 (\/atytfl)

_ Pye(vy) (Ve (yt)) _ (P\/Eth (wt(yt)))l Py, (yt)
Py, (Yr) px, (yt) px, (yt)’

(47)

PYy;_1

which is an elementary identity that allows one to link the target density ratio -~ at the (t — 1)-th step
—1

with the density ratio % at the t-th step. This relation reveals the importance of bounding Pug(vy) (Ve (4r))
t

Py (Yt)
and Wt;;—w, towards which we resort to the following lemma.
+ (Yt
Lemma 6. For any x € R%, suppose that
log px, (v)
_ t < 48
dlogT — 6 (48)
3
for some large enough constant cg > 2cr + ¢y, and that w < +/d. Then one has
Px, arrr (9 () crlogT
A @E ) 5 exp (= () VTog T+ atog 7) 25T (19)

dlog® T+(Escore,t () +Escore,t 41 (Pt (2)))/d log® T <1
T

for some universal constant ¢z > 0. If, in addition, we have Cyg
for some large enough constant Cg > 0, then it holds that

Pyaixi_1 (Yi(z)) (1 —ay)(d+ B — Ay)

1+

px.(@) 2(1 — )
8((1 >) [d(d+2) + (4 +2d)(B, — Ay) — Bf + C, + 2D, — 3E; + A, B,]
3 o o 3
+0 (d ITE T + \/dltz—‘? <€5core7t ($) + Escore,t+1 (@t(z)))> . (50&)

Moreover, for any random vector Y, one has

Py (v) (We()) 14 (1 —o)(d+ B — Ay)
py () 2(1—an)
1— 2
+ 8((102))2 [d(d+2) + (44 2d)(B; — Ay) — B} + Cy + 2D, — 3E; + A, By
— 0y
d%log® T /dlog® T dlogT
+0 < T% + Tg Escore,t (;E) Tg (EJacobi,t(I) + EJacobi,t+1 ((I)t (I))>> s (5Ob)

. d®log®> T score dlog® T+d(e jacobi, ¢ (2 acobi @ log T
provided that Cyy 0g” T+€score,t (x)4/ dlog® T+ (;J bi, £ (Z)+EJacobi,t+1 (Pe(x))) log

constant C11 > 0.
2 2 . .
Additionally, if “1oe"T+vdlog TES“?*(IHdEJ“"""t(I) 08T <1 then we have

< 1 holds for some large enough

P, (x,)(Pe(2)) s O(d2 log*T  d®log®T N Vd10g Tescore,t () + de jacobit (x) logT) 51)

x,) (Pt
Pxpir (P1(2)) T2 T3 T
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The proof of this lemma is postponed to Section B.2. Notheworthily, the main terms in (50a) and (50b)
coincide, a crucial fact that allows one to focus on the lower-order term later on. Moreover, the relation
(51) captures the effect of performing one iteration of the probability flow ODE sampler (as captured by the
mapping ¢(-)).

Step 2: decomposing the TV distance of interest. We now move on to look at the TV distance of
interest. Akin to Li et al. (2023), we first single out the following set:

£ = {y L q1(y) > max {p1(y), exp (— codlog T)}}a (52)

where cg > 0 is some large enough numerical constant introduced in Lemma 6. The points in & satisfy two
properties: (i) ¢1(y) > pi1(y), and (ii) ¢1(y) is not too small, so that y falls within a more normal range
(wrt. px, ().

Following similar calculations as in Li et al. (2023, Step 2 of Section 5.2) and invoking the properties of
the forward process in Lemma 3, we can demonstrate that

TV(q1,p1) < Y1IE[)1 [(;igg; - 1) 1{Y; € 5}] +exp (— cgdlogT), (53)

and hence it suffices to focus attention on what happens on the set £. To proceed, for any point yr, we
define

7(yr) = max {2 <t<T+1: St,l(yT) < c1q and —logqr(yx) < c;dlogT, for all k < t} (54)

for some universal constant ¢, > 0. We shall often abbreviate 7(yr) as 7 as long as it is clear from the context.
Taking {yt}tT;ll to be the associated sequence of our deterministic sampler initialized at yr (cf. (44)), we
can further define

Iy = {yT cT(yr) =T+ 1}, (55a)

I = {yT :S-—1(yr) < c1a and —log g, (yr) > crdlog T}, (55b)

IQ = {yT :C14 § ST (yT) § 2014} ﬂIf, (55C)
qT—l(yT—l) 8qT (yT) }

I3 = 2 S < ci4,&r > ci4, < NZi, 55d

: {yT l(yT) H g (yT) H pT—l(yT—l) pT(yT) ! ( )
%4(%4) 8CIT(yT) }

Ty = 1S, < c14,ér > 14, > NZi. 55e

! {yT 1(ZUT) t (yT) H pr—1(yr-1) pr(yr) ' (55¢)

As an immediate consequence of the above definitions, one has
TyUT UL, UZ; ULy = R%

In the following, we shall look at each of these sets separately, and combine the respective bounds to control
the first term on the right-hand side of (53).

Step 3: coping with the set Z;. In order to obtain a useful bound when restricting attention to Zy
(cf. (55a)), we resort to the following key lemma, whose proof is provided in Section B.3.

Lemma 7. Consider any yr, along with the deterministic sequences {yr—1,--- ,y1} and {yp,--- ,ys }. Set
7=1(yr) (cf. (54)). Then one has

a(y) {1 n O<d610g6T + 57_1(%—1)) } ;T_l(%_l), (56a)

P1(y1) T2 r—1(Yr—1)
a(yr) _ a(y1) qx (Yr)
and 20 (08) < i) < 21% ) Vk < T. (56D)
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With this lemma in mind, we are ready to cope with the set Zy. Taking 7(y7) = T+ 1 in Lemma 7 yields

WE [(;igg; - 1) 1{Vie&Yre IO}}

I (.

1)1 {vie& YreT
Yrepr pr(Yr) ) & v}

6
= / { <1 + O<d61;g2T + ST(?JT))) qr(yr) —pT(yT)} 1{y1 € &, yr € To}dyr

(ii) dSlog® T
< /’(IT(yT) — pr(yr)|dyr + O(

T2 )/QT(yT)dyT + 0 (\/ d10g3 Tescore + (d log T)£Jacobi)
(iii) 7676
< d°log” T

~ T2 + dlog3 Tescore + (d1og T)e jacobi-

(57)
Here, (i) invokes Lemma 7, whereas (iii) holds since TV(pz, ¢r) < T (according to Lemma 6). To see
why (ii) is valid, it suffices to make the following observation:

/ST(yT)qT(yT) 1{y1 € &, yr € Io} dyr =

T
logT _ _
? § / {d(gJacobi,t(yt) + 5Jacobi,t+1(yt )) + legT(escore,t (yt) + Escore,t+1(yt ))}
t=1

~qr(yr) L{y1 € &, yr € Lo} dyr
(i<V) 4logT

T
Z / {d(EJacobi,t (yt) + 8Jacobi,tJrl(y;)) + leg T(Escore,t (yt) + Escore,t+1(y;))}
t=1

: Qt(yt)pT(yT) 1{y: € &, yr € T} dyr
Pt (Yt)

_ 4logT d

T Z

|:{d(5Jacobi,t (}/t) + € Jacobi,t+1 (}/;_ )) + d log T(Escore,t(}/t) + Escore,t+1 (Y_ )) }
=1 YT~PT
Y;
: 1 E}/t; 1 { V leg Tsscore,t (th) + ngacobi,t (th) 1og T 5 T}:|
t

Dt

4logT d

T E
=1 Yi~pt

|: d(f‘:Jacobi,t (th) + 5Jacobi,t+1(y;7)) + legT(Escore,t(}/t) + Escore,t+1(1/ti))}
@ (Yy)

Pt(Yt
_ 4logT

T
T ; YtIeq

~—

1 {\/ leg Tc‘:score,t O/t) + dSJacobi,t (i/t) 1Og T /S T}:|

1

{d(gJacobi,t(}/t) + € Jacobi,t+1 (Y;j_ )) ++/d log T(sscore,t (Yt) + Escore,t+1 (Yf_ )) }

-1 { V leg Tgscore,t(Y;t) + dEJacobi,t(Y;f) IOgT 5 T}:|

™) logT d
S T YIE |:d5Jacobi,t(Y;f)+ lengfscoreJ(Yt)]
t=1 "t

(vi)

5 (d IOg T)EJacobi + \/ d 10g3 TEscore~

Here, (iv) follows from Lemma 7, while (vi) comes from (41). To understand why (v) is valid, let us denote
the probability density of ®(X;) by ¢, and, by referring to (51), we derive that

YE |:55core,t+1(}/t_) 1 { V leg Tgscore,t (Y;f) + dEJacobi,t (Y;f) IOgT § T}j|
t™~qt
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= E |:5score,t+1(}/;7) 1 { V leg Tescore,t (}/t) + dEJacobi,t (}/t) IOgT ,S T}:|
Y, ~a

S E [5score,t+1(Y;_)] . (58&)

Y, ~qepa

Similarly, we have

E 5Jacobi,t+1(}/t_) 1 { V leg TEscore,t(}/t) + dEJacobi,t(}/t) IOgT S T}] ,S E [‘C:Jacobi,t+1(}/t_)] . (58b)

Yi~qe Y;Nqﬂ_l

Step 4: coping with the set Z;. In view of Lemma 7, the condition S;_1(y,—1) < ¢14 implies that

lh(yl)
p1(y1)

2(]7-_1 (y‘r—l)

<
Pr—1 (y‘rfl)

This in turn allows one to obtain

(Y1) } {CIT 1(11) }
1{Y1e€&Yrel <2 E |—=1{hhe&Yrel
Yr~pr pl(Yl) { ' T 1} Yr~pr pT—l(Yl) { ! r 1}
= gt—1(Y1)
=2 E |2 li{v;e&Yrel}1 —t}
;YTNPT [pt—l(Yl) { ! ’ 1} {T }
T
Qt71(Yt71) }
<2 E |2V gy ey, e T, 59
ZYTNPT |:pt—1(Y;5—1) { ! ! t} ( )

=2
where the last line comes from the definition of Z; (cf. (55b)), with J; defined as

T = {yt s —logqi(y:) > chlogT}. (60)

To bound the right-hand side of (59), we make note of the following identities:

- &, (2] =, ] =B, (MG e s rmie g o

Yi)
(Y1 )] E {qtl(ytl)(]l{YZEJt}+]l{Yt€.7f})} (61b)
( Yr~pr

1=
Yio1) pe—1(Ye-1)

Yr~pr |:pt 1

which in turn imply that

E [Qt—l(Yt—l)

Yr~pr

pt—l(Yi—l) L {Yt < jt}}

L1y e gy ]

-z |G
(
(

< E [(CJth
Yr~pr e (Y3

Here, the last line follows since

[Qt(yt)
Yr~pr pt(Yt)

) q—1(Ye—1)
) pt71(thl)
) (Y1)
) (Y1)

)1{Ke$6}]+ E

T~PT

B

) 1{Y, Jf}] +0(exp (—codlogT)).

1{Y; e%}]

C@—1(Ye
Y

Pt—1

oieat] -, i

Sexp (— cedlogT),

ﬂ{YteJt}} = E [1{¥; € 7i}]

t™~qt

provided that cgg > 0 is large enough. As a consequence, the right-hand side of (59) can be bounded by

& qi—1(Yi—1)

1{"; €&,Y, e T,
t—p YT~PT |:pt 1(Ye-1) n ! t}}
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<38 [(458 - 0ty et ]+ o(rom (—aionr)). (02

Moreover, the first term in the last line (62) can be decomposed as follows

(B ey

Jriean]

a(Ys)  q-1(Yi1)
YT~pT (pt(Y}) pt 1(Yi- 1)> L{Y: € J5 &(Ye) < 014}]
at R 1(Yi—1) .
HE (pt Di_ l(m 1)>]1{5/t6t7tv€t(}/t)2614}:|7 (63)

leaving us with two terms to control.

e With regards to the first term on the right-hand side of (63), for Y; satisfies log ¢;(Y;) < —c;dlogT

and &(Y;) < c14, we can directly apply Lemma 6 to obtain a one-step version of Lemma 7 to control

the difference between the density ratio ‘hg‘) and Z’t 182 3

ptfl(ytfl) _ pt(yt) .{14_0(616 10g6T>+

Qt—l(yt—1) Qt(yt) T3

< (Escore,t (yt) + Escore,t(q)t (yt))) V d10g3 T i legT(EJacobi,t (yt) + 5Jacobi,t(¢)t(yt))) ) }
T T

as follows

0

which is an intermediate step in the proof of Lemma 7 (referring (94) in Section B.3 for details). The
above relation yields:

> [(430 - 50 s g <

dSlog® T /
S % + legS Tgscore + leg TEJacobi'

e When it comes to the second term on the right-hand side of (63), we can invoke similar arguments as
in Li et al. (2023) (i.e., the arguments therein to bound Z3), as well as the relation (58) for the score
error of Y, , to obtain

> g [H

t=2

€ \7t agt(}/t > Cl4}:| < \/ dlog Tescore + leg T'€ Jacobi-

Putting all this together, we arrive at

Y1) dS1og® T
y [Zli 1{vie&Yre L}} < % + 1/ d10g® Teqeore + d108 T Jacobi- (64)
T~pT 1

Step 5: coping with the remaining sets. The analyses for 7,73 and 74 are similar to Li et al. (2023).
For the sake of brevity, we state the combined result in the lemma below and omit the proof.
Lemma 8. [t holds that

{CH(Y 1)
Yr~pT pl(y )

Blog®T
1 {Yl S (c: Yr el Ul; UI4}:| Tiﬁ + dlog?’ Tescore + (d log T)£Jacobi~ (65)
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Step 6: putting all pieces together. Given the preceding results on Zy to Z;, we can substitute the
upper bounds derived in (57),(64) and (65) back into (53), which leads to the following conclusion:

TV (p1,q1) < YTIEPT Kii 88 - 1) tnesyre IO}} N Yrepr [Zi 8;3

a1 (Y1) B
Yrrpr [pl (Y1) 1€l yreL, Ul UI4}} JrO(QXIO( cadlogT))

dlog®T
5 T% + legg Tescore + (leg T)fJacobi-

1 {Yl S (‘:,YT EIl}:|

B.2 Proof of Lemma 6
B.2.1 Proof of property (49)

This property can be established in a similar way to Li et al. (2023, Lemma 4). Before proceeding, let us
introduce the following vector:

vi(®) = = ¢i(x) = — ¢y (2) + &7 (x) — ¢u(2)

1- 1-
- _2#/ (= Vaizo) px,|x, (w0 | ) dao + ﬁ(st(m) - 57 (@),
(]- _at) zq 2

where we have invoked the definitions of ¢} and ¢, as well as the property (30). For notational simplicity,
we shall abbreviate v = v;(x) in the following analysis.
Recognizing that

X 2 VaXo+VI—aW  with W ~ N (0,1,)

and making use of the Bayes rule, we can express the conditional distribution px, x, as

P, (20) P, (0) 1 ||z = V@l
X (l‘) Pxy1xo (CI? | Io) pxt( ) ’ (27T (1 _ at))d/2 €Xp <_ B (1 *at) .

t

Pxo|x, (To | ¥) =

Additionally, recalling that

1
V41

one can demonstrate that

Py (@) 1 /pxo<xo>(2( ! ))Mexp“@ —Va xo||2> -

— oW,

t+1 =

d 1 — — —
e (\/ 01 X0+ /1 — at+1W) =+varXo +

t+1

px, () px,(z) - 2 (o — @)

_ 1 1 = Vol
= L P Cr(arh —a))” ( 2(1—a)

,exp<_ (1= gl = Vawolly I3 - (m—\ﬁxo)>d .

2oy — @) (1 —ay) 2oy — @)

1—a; \94/2
= (T) / Px, | x, (%o | 2)-
Qpig — O To

o (S Dl =l 2T Vi),

2(at+1 —ay)(1 —@) 2(0pyy — @)
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To lower bound the above expression, we can focus on controlling the second term within the exponential
part of the integral over the set G¥Pi°dl defined as follows, since the first term is always non-negative:

glypical {xo : Hx — \/@t:toHQ < 5ey/egd (1 — ) logT} ) (66)
Furthermore, we make the following observations:

e When (48) holds, Lemma 3 implies that

P (H\/ETXO - av||2 > 5esy/ced (1 —ay)log T | X; = a:) < exp (—cicgdlogT) (67a)

for any quantity cs > 2, provided that cg > 2cg + co.

e The we can makes use of the above relation to bound v as follows:

1—ai 1— oy —
||’UH2 < 9 Escore ,t(x)+72 (l_at)E[H\/Olth—xHQ ‘ X :.’E]
1-— 6(1—
< T ore () + (7WJc6d (1—ay)logT. (67Db)
2 1—oy
Therefore, we obtain that: for any xzg € G,
2 @) (1— 2 36 (1 — 2
ﬂfHQ — S ( _1at+12 Escore ,t($)2 + 7( 5 a_t-li_l) — CGdIOgT
2 (ozH_1 - ozt) 4 (O‘t+1 - ozt) (1—a) (ozt_‘_1 — ozt)
(i) 2¢21og® T 2304c?
S 1T&score ,t(‘r)2 + T2 1 66d10g3 T;
0T (& — o) | ) ol & — Vo,
at;ll — oy o Ol;+11 —ay
(iv) 20 240 dlog®T
< ﬂﬁ?seore ,t(x)\/cﬁd (1 - O715) IOgS T+ M

T T

Here, (i) is due to (67); (ii) holds by the choice of learning rates in (33); (iii) follows from the Cauchy-Schwarz
inequality; and (iv) comes from the definition of G and (33). Moreover, (33) also guarantees that

d
( }1_51 )d/2: (1_1—O[t+1>2 Zexp(—401dlogT).
A —ay I - T

Combine the above relations to yield

pXt+1/\/T+1<¢t($)>
px, ()
1—oy \94/2 v||2 =207 (z — VAo
2(_171) / pxolxt(ﬁﬂ0|$)-exp(—| I _1( —— ))dxo
Oy — O z0€G 2(appy — )

clogT
T

> exp ( - (200155core,t(m)\/ cedlog T 4 240c;d log T)

_ 261€score,t (1’)2 10g2 T>

cedlog® T T2

logT
> exp ( - (205score,t($) dlog T+ 300d log T) 6611(3g>

derdlogT  2304c3
P\ T T T T

3
provided that T > %cl celogT and 40¢1 €score ;A,’;('T) log> T < V/d. Taking any fixed ¢ > 2 we obtain the desired
result.
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B.2.2 Proof of property (50a)
Before embarking on the proof, we first single out some useful properties about ¥} and s;.

Lemma 9. Under the same conditions as Lemma 6, it holds that

() = 67 @)l = O(“E { o) + xcrmsin (@1(0))} ). (652)
and
Oy (w, ®y(2) _ Of(, ®;(x)  ~
ox n or G
_ -y (1—ap)? 9(si(z) = Vamspa(®1(2) | | ~
= <I - mt]t(x) + 4(1 R Oét+1) aCE 1 ) + Ct (68b)

where the residual term 5 satisfies
~ logT
HCt” = O (? {f‘:score,it(l')/\/g + 5Jacobi,t(x) + € Jacobi,t+1 (q)t (I)) }) .
Additionally, we introduce the following notations for simplicity:

w = @7 (z) (69a)

I
2
+
—
7 N
S
|
—
|
N o
&
JF
—
5t
—
N

z=—(1—ay)s;(x) = gi(x). (69b)
Then the characterization of s} is summarized in the following lemma.

Lemma 10. Under the same conditions as Lemma 6, equipped with the notation (69), we can write

* * 1—ai 1— oy
51 (0) = Varrista() = - (oo - g 1B

11—« — — T
— 71?13/ Pxo | x, (o |a:)(m — \/04,5330) (l’ — \/ataro) zdzg
2(1 — Ott) zo
11—« — 2 —
2(17;)13/ pX0|Xt(x0|9L‘)Hm—\/atx0||2(x— Vazg — z)dzg + (o (70)
—w)® Jy,

where HCSI — O((d(lo(ztlJrlo)ttl())QgT)fih)} and
8(3;(5”) RY at+1s§+1(w)) 1—ogyqq 1—ogyr
= — ———(H1+ Hy+ Hy, — H. 1
0z ST @t g gyt Hat Ha = Ha) +¢s, (7))
where ||Cy, ]| = (dz%bg T). Here, we denote J; = %, and
0
= el
0
Hy = Gx/ Pxo | x; (To | ) Hx— Va on (a:— Va xo)dxo,
0 — 2
Hs = p PXO\Xt(SUo\ﬂC)HiC*\/Oét$0||227
T o
0 — \T
Hy = P / Px, | x; (To \x)(x —Va xo)( — \/atxo) zdzg.
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To streamline presentation, we leave the proofs of Lemma 9 and Lemma 10 to Section B.2.5.
Equipped with the relations in Lemma 10, we can derive that

dlogT\3/2
||3:(33) — Varr1sip(w H2 < (1 — agyr) ( 1 igat ) ; (73a)
8(82(‘%) vV at+1st+1 < (1 - Oét+1) 10g2 T
H Oz H (1—a,)? : (73b)

The proof of (73) is also deferred to Section B.2.5.
Next, let us introduce the following vectors:
u(x) =z — Py (x),
up(z) = x — ¢ (2).

For notational simplicity, we shall abbreviate u = u;(x) and u* = w}(z) in the following analysis. Akin to
the calculations in Appendix B.2.1, we can obtain

Pyaix,_, (V@) _pxt($)< el )d/2

Qp — Qg

— 2 —

' / ) (0] 2) exp ( (1= ay) ||z — V||, |l = 2uT (2 - \/atxo)>dx
g 01 X0 2oy — ) (1 — ay) 2o — ) 0-

Similarly, by focusing mainly on the following set given x:

G = {0 : ||z — Vazo||, S Vd(1 — @) log T}, (75)

we can derive

1 0 t - 2 t
o

2(0 —a)(1 —ay) 2(ar — ) )dwo - O<eXP(_C8d10gT))
(1—o)l|z— @xo||§ ull3 —2u" (z — V&) B
+ /32068 Pxo|x; (To | T)exp (— o —a)(-a,) > (o — ) dzy =t RHS (76)

for some numerical constant cg > 0. To further control the right-hand side above, recall that the learning
rates are selected such that 1£(X(:t1 < fa logT for 1 < ¢ < T (see (33b)). In view of the Taylor expansion

e‘*zl—x—i—%ﬁ—i—O( )forac<1/2 Wecanderlve

d3log® T N Vdlog® T
T

T3 Escore,t+1 (q)t (l‘)))

Q. 2 1—ay u* —
+/ (x |x){1— (1 —ad)|lz — vVaio| B 4((1 ozt)2||z||2 Tz — Vagao)
20€E Pxo| x:\To Q(Ozt — at)(l — at) 2(0515 _ at)

+8(at_(1at_)2a(t1)2_at (Hx \/7$0H2 (x_\/ozmo))Q}dmo. -

3
RHS = O(exp(—csdlogT)) + O( \/dlj(i?

Escore,t(x

Here, we have made use of the following facts:

1— oy B 11—y
u 2(1—@)2 L x — () + 3 si(x) )
(i) logT
< (1 o 1 H S¢ —VOt41 St+1 H2 ( i {gscore,t(x) + Escore,t+1 (q)t (Z‘)) }>
—
(D) dlogT\3/2 logT logT
S (1 - at)Q ( 1 _gat ) + %gscore,t(x) ,? Escore,t+1 ((Dt( )) (78)
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where (i) follows from (68a) in Lemma 9 and (ii) follows from (73).
Moreover, for any o € £, using the definition of £ (cf. (75)) and combining it with the properties (33)
of the learning rates, we reach

(1—ozt)Hm—\/§7on§ _ dlog®>T

As a result, we can derive

3 — 207 (x — Vaizo)

2(04,5 - at)
_at 2 — -
@ 4((11763)2 12113 = 207 (& — Varwo) +0 d?log® T + dlog® T, (z) + Ma (@4(x))
B 2(ay — @) T3 T score, t T score,t+1 (Pt

Escore,t (1‘

2 (z — Vaymo) 2log*T /dlog®T
) +0 + T

2(0[15 *at)(l *at T2
dlog?T  +/dlog’T Vdlog® T
=0 + T ) + —

dlog® T
) + \/;Tgscore,ﬂrl (q)t(x)))

Escore,t (.’E

T 6scor’e,t+1 ((I)t (l’))) 9

where (i) follows from (78) and Lemma 10. Taking the above results together and using the following basic
properties regarding quantities As, ..., F; (defined in (46))

/pX0|Xt(wO | iU)Hﬂf - @$0‘|§d$0 = (1 —ay)As,

[ o301, a0 )10 = (1~ ) By

1-— (673 (1 — at)2
B ~ 7
> TR0 —ay

2
/pXO 1 x, (o | x)(Hx - \/67960”; —z! (z— \/il‘o)) dzg = (1 —at)Q[Ot + D, — 2E,],

/PXMX,, (wo | $)U*T($ - @xo)dxo = [Bt - B} +D;—E; + AtBt]a

we arrive at

(1—o)(Ar = By) | (1—a)’

= @) 80— a?

d*log® T
[— B} + Cy + 2D, — 3E; + Ay By] +O<Og>.

T3
Once again, we note that integrating over the set £ and over all possible x only incurs a difference at most
as large as O(exp(ngdlog T))
Putting the preceding results together establishes the claimed property (50a).
B.2.3 Proof of property (50b)

Consider any random vector Y, and recall the basic transformation

s () = det (20D ) T,

-1
where 6%'7&) denotes the Jacobian matrix. It then comes down to controlling the quantity det (%{im)) .

Towards this end, note that the determinant of a matrix obeys
1
det(I+ A+ A)™" = 1=Tr(A) + S [Tr(4)* + [ Al[5] + O(&*| 4> + dl|A]),

with the proviso that d||A|| < 1. This relation taken together with %ﬁ') =1- % + W leads to

oy () = det (22D ()
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u—u)

() () | o | 2|+

To further control the right-hand side of the above display, let us first make note of several identities
introduced in Lemma 10:

w2

)}py(x). (79)

Jo=1+ 1—a {(/I pX0|X,5(330 | x)(fl? - @xo)dzo) (/z pX0|Xt($o | I)(x - \/a;txo)dilfo)T
~ [ oo )0 = Vo) (o = Vi) oo (808)
Hy = ||2|3J; + 2227 J;; (80D)

M= / oo ) ]lo = Vo dwol +2 / P13, 0| 9) (& = Vo) (z = Vino) Tdeo
& ((/xo Py 1, (@0 [0)||e = Vo[ (x = Vo) ) (/IO P x, (w0 | ) (x — Varwo)dzo )
= [ P9l VEroly(r ~ Vo) (e~ Vo) ) (506)
— <(/xopxoxt(x0x)”$\/OTtonz)zzT
— / Pt 2o = Vo (e - \@co)dxof) (50d)

Hy= 2|31 + 22"
— — \T
+ / Pxo | x, (o | x) (x — \/atmo) (m - \/atxo) Jedzg
xo

Hs :/ P01 x, (%0 | 2)||z — Vawo|[ydzo ], + 2227 +
zo

1 —1&t / Pxo1x, (w0 | 2) (27 (2 = Vatzo)) (¢ — Vaiwo) 2 dao
1 —1@ / P, (@0 |2) (=T (2 = Vo)) (v = Vawo) (v — Va) ' dao. (80e)

The above identities can be directly verified through elementary calculation involving Gaussian integration
and derivatives, which are omitted here for the sake of brevity.
Recall the definition of u* that

ow _ 1o, 0 (=0 9(51(@) — vsha (v)
ox 2 % 4(1 — oq1) Oz
(i) 1 — Qg (1 — Oét)Q
= 7‘] i
2(1 — at) t(x) 4(1 — O[t+1)

1—ap 1—ay
P YFEam— 7[-[ Hy+ Hy, — H
( 2(1—Ozt)2Jt(x)+ AR (Hi+Hs+ Ho 3)+ij>,

where ||y, || < d2% log? T'. Here, (i) follows from Lemma 10. Then, invoking (80) and the definitions

of A; to E; gives

d(l —ay)logT
—_— 1
H 1-— Oét ’ (8 a)
Tr(au ) B (1- at)(dJrBt — At)
ox /) 2(1 — @)
1
+ 8((1a)> (d—2A; — A} +3A,B; + 2B, — 3B} + C; + 4D, — 3E; — F), (81b)
- G
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|5 I = e+ 0 (e (5 =5) et )
Ox 4(1 — ) oy — o
_(-a) (d+2(B; — Ay) + B2+ F, — 2D,) + O(d5 (ﬂ)s log® T) (81c)
4(1 —at)Q t o _at ?
as long as dQ(O} _Og ) logT < 1. Here,
— — \T 2
Fi(z) = H T~ / Px, | X, (To |ac)(x — \/cTtxO) (x — \/axo) deHF. (81d)
— @ Sy,
Further note that u = Ct, where Ct is the residual term defined in (68b) from Lemma 9, and satisfies
~ logT
HCt” =0 T {5score,t (l‘)/\/& + 5Jacobi,t(l‘) + €Jacobi,t+1 ((I>t (l‘))} . (816)

Substituting these results into inequality (79) leads to

pwt(Y)(wt(w)) _ py(x){l i (1—ay)(d “rﬁBt — Ay) + O(d6(1_70ﬁ)310g3 T)

2(1 — @) Qy — O
dlog® T dlogT
1— 2
8((10(‘;))2 [d(d+2) + (4+2d)(B; — Ay) — BY + Cy + 2D, — 3E; + A By] } (83)
-

B.2.4 Proof of property (51)

Following similar arguments as in Li et al. (2023, relation (58a)), we can obtain

P11/ e (9(@))
px, (2)
oyl — O /2
- (%) / Pxo | x, (o | 2)-
— 041 Zo
— 2 —
(- el Tl ol 2T e~ i)
exp | — — — —— dzg
2(0‘t+1 —a)(1 —a) 2(0‘t+1 —ay)
d(1 — ovy1) d*(1 — ap4q)? /
(1 o ). |
( 2(1 —@yq1) +0( (1 —@p1)? ) o Pxo 1. (70] 7)
— 2
(1 = )|z = Varwoll,  [Joll3 =207 (z — Vi)
exp — -2 _ — dzg
2(1 —OéH_l)(l —Ott) 2(th+1 _at)
d(l— 2 1
:1_(0%‘*'1)_|_0< 2d2<¢) 10g2T‘|‘5scoret( ) /cﬁdlogT(at-H))—F
2(1 - at+1) 1—a; 1 1—aq

(1= ) (Lo, P 3 0 | )]} = /ol 2w + o] [, P x| ) (2 — y/wo) o)

84
2(1 —@pr1)(1 — @) (84)
Similarly, using the arguments as in Li et al. (2023, relation (58b)), we can deduce that
Poyxo (91(2)) _ e at+1)+
Px, () 2(1 = @41)
— 2 — 2
(1— Oét+1)(fa~0 Px, | x, (Zo | CU)Hx - VatxOHQd‘TO + atHH f:zo Px, | x, (To | 2) (x -V atwO)deHQ) "
21 —ayy1)(1 —ay)
2 (1l — 3 16 apr1\3
O| cgd (77) log? T + cgd log® T(7> + (1 — ay41)de Jacobipt () |- (85)
— ()ét+1 ]- - at+l
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Consequently, it is readily seen that

Po,x)(Pe(2) _ Poxn (61(@)  pexn (de(x)) DX,/ ey (0(T)) B
Pxoys (Pe(2))  px,yyym(de(x)  px (@) px, (@)
B Plog* T dlog® T /d1og Tescore.t () + de jacobi ¢ () log T
= 1+O( R a T )

thus completing the proof of Lemma 6.

B.2.5 Proof of additional lemmas

To establish Lemma 9 and Lemma 10, making use of Lemma 3, we first summarize the following norm
properties of the score function sy and the Jacobian matrix J,: for x statisfying log px, (z) > —cedlogT"

X 1 _ dlogT
”St (CCt)”Q < (1_dt)E[||Xt*\/OéthH2 ‘ Xt :It] S 1—54t’ (86&)
1 _ 2
175 @I £ T=777" [z = V@ Xo||y | Xo = o] < dlogT, (86D)
[Vou Jgs ()ulls S d*?log®? T, for u € S (86¢)
The detailed calculation for the second property is presented in Li et al. (2023, Lemma 8). The third property
follows a rationale akin to that for Jg: agé(r) and is therefore omitted here for the sake of brevity.

Proof of Lemma 9. To start with, it follows from the definitions of ¢ and ¥} (cf. (43)) that

(@) — i (@) = (1 5 48 = ;ﬁl)) (st(2) = s (2))
(1 — Oét)2\/m * * * *
ey (e (@) = st (0u(0) + 81 (0) = 511 (¥7(0))).

Armed with this relation, to derive (68a), we only need to control the following term:

(1) logT

(1= ae1) 511 (@1(2)) = 8721 (07 (@) |, S Zo 571 (@1(2)) = s (@ (@) |
i) log T
< ——d(logT)|[®4(x) — &} ()],
(i4%) dl T
§ %Escore,t(x)~

Here, (i) follows directly from the choice of learning rate in (33); (ii) holds by observing that both ®;(z) and
@7 (x) remain within the typical set with logpx,,, ®¢(x),logpx, , ®;(r) > —cedlog T due to (49), and then
invoking (86b); (iii) is due to the definition of escore,t(z) (cf. (40)). Combining the above bound with (40)
and (33), we arrive at

logT logT dlog®T
H%(m) ( )” < T gscore,t(x) + Tescore,H»l((I)(x)) + Ti‘:score,t(m)

logT
5 % (Escore,t(m) + 5score,t+1 (@(ZL’))) .

For (68b), by direct calculation, we have

Opi(x, Bo(x)) 0P (w, Df(x)) (1 —a, (1-ay)?
8:5 8;5 2 4(1 — O[t+1)

) (e (@) = Tz (@)
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I () (1= 1220, ) g (010) (1 L1 ),

The term in the first line can be directly bounded by the definition of €jacopit(x) and (33) as follows

)(Jst (x) — sz (a?))H < dl(;gTEJacobi’t(x). (87)

l1-« 1—oy)?
|5+ =
4(1 = 1)

Turning to the second line, we have
1-— 1—
Joes (@:@)) (T = =552 (@) = Ty, (@F(@) (1= =520 (@)
1-— 1-—
= (Jows (@12)) = Ty, (07(@) ) (1 = =551 (@) + = e (00(@)) (T (2) = s (2) ) (89)
To proceed, we further observe that

d3log? T

15z, (®e(2)) = T, (@5 (@) ]| S (d1ogT)? 1@ (2) — @} ()2 S T

5score,t (l‘),

which is obtained by invoking (86¢), (33) and (40). This bound together with (86b) allows us to control the
first term in (88) as follows

(s @) T, (@) ) (T~ T4 ) H

s(%H@mw—kh@mm)+(Lh@mw—kﬂ@mmw
< leTngJacobi,t—‘rl((I)t(f)) + M%Tsscme,t(m) (59

The second term in (88) can be controlled by (86b) and (40) as follows

logT

H %J&H (@4(x)) (Js; (z) — Js, (37)> H N (EJacobi,H—l (®:(x)) + dlog T) Esacobirt (). (90)

Substituting (89) and (90) into (88), together with (87), we obtain

0 :r<I> 8*x7<I>*x dlogT dlogT d3log? T
H {lpt t wt ( 81‘ t( )) H g f € Jacobi,t (x) ngscore,tJrl ((I)t (1’)) + Tigsscore,t (SU)
log®> T
?—‘2 <5Jacobi,t+1 ((I)t (33)) + dlog T> 5Jacobi,t(-73)
dlogT dlogT logT
S TgﬁgJacobi,t(x) ngscore,t—i-l ((I’t (.23)) + d%giTescore,t(x)
where the last inequality invokes conditions for d and T in (42). O

Proof of Lemma 10. To begin with, applying (86a) to w leads to

w—x

=1 —arp)llsi(@)]2 S (1 = arga)
2

7=

Then denoting w = w/,/az+1, we can apply Lemma 4 to (W, ) to obtain

K, = / Do | Xoar (To | W) (w/ /a1 — Vazo)dag
zo
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2
— @ H/pXOIXfxO,x){H( lllr = VBl (@~ Vo) (@ -0
20[t+1(1 — at) 1— o

1*04t+1 |l’*\/>$0H2 _ (x—@xO)T(@—x)

2

)pXo | X+ (1’0 | x)de

20zt+1 1 - O(t) 1-— ay

+O(d(%) o2 IOgT)}(LL'—\/OTtI())dl‘o.

— Oy

1—at+1 * . l_at+1
T2 St(x)—z(l—at)

sf(x) in (30), we can obtain

1 — 1 - 2 1 -y / — 2
K = (1 ) —— el { Y
1 + 2(1— @) + 201 — )2 2113 )z + o(1—a)? J,, Px, | x, (%o | @) Hx O‘txOHQ

Plugging W — x = z into the above equation and combining with the expression of

— (z — Vo) T2 — / |z — \/itonszo 1 x, (o | »’U)GL"EO}(m —Vayxo)dwo + (k,,
zo

where the residual term obeys

3/2
Il s L aen)logT) 7
e 1—a

Then we can immediately establish the first claim (70) by recognizing that

1 1
st (@) — Varyisiy (W) = ———Ki — — 2.

Qo — O 1 —o

Similarly, one sees that

Ky

= / Do | Xopr (To | W) (w/ /g1 — Varzo) (w/ /a1 — \/EIO)TdIo
_ /m Do s yrer (w0 | ) [ (8 — ) (@ — Vo) + (@ — Vo) (@ — )~ (@~ 2) (@~ 2) " |dag

2
1- —Ja Y e _
+/ pX0|Xt($O|73){1+( a1 ||z — Vo, _ (= Vatl'Ol (w x)+0(d<11¢)3/210gT>
Zo

2at+1(1 — 6t)2 1— Qg — Qi

_/ ((1 — agg1)||z — @xd\i G VOTWO)T(QD_J;))%{ 1 x. (%o x)dxo}

20ét+1(]. —at)2 1 — Qy
(= Varo) (¢ — Vo) | dag
- / P x. (20| 2) (2 — Vawo) (z — v/Frwo) | dag

11—« 1 11—« 1
+ 1_;; ZZT+2(1_%)2/17X0|X¢ xﬂx{”x—\/ J;0H2 (x — Vagzy) =

- / e = V@ol|gpx, 1 x, (o | 2)do — z|§}<m — Vo) (¢ = Vo) ' dao + s,
zo

where the residual term (g, satisfies

o (1 —aty1) 3/2

[[TAPS Wlog T.

Then the second claim (71) immediately follows by recognizing

O(s5(x) — Jarristir (w))
ox
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Jar 1
- VO w2 )

— t+1 - —
1*0[15_;,_1 + X ].*Oét

! (Ko kT 1)) (14 525 @)) — -2 ila)

1
Oét_+11 — oy ( o 2(1 —ay)

Oét+1 — Qg

_ 1—
C2(1—w)? e

-«
2(1_7%)13(1{1 + Hy+ Hy — H3) + (.,

where the residual term ¢, satisfies

1—a )3/2
<l mom) " g
1¢n]l S 0= 1) og
O
Proof of properties (73). To prove these properties, we first note that Lemma 3 implies that
Izl SE[|| Xe — VaXol, | Xe =] S V/d(1 —a)logT, (92a)
— — \T
‘ / Pxoix, (o | @) (v — Vagmo) (X — Vagao) 2z dag
xo 2
_ 2 dlog T\
< zll, B U\Xt —VaXo|ls | X = x} < (1%) : (92b)
— 0y
_ 2 _
‘ / Pxo|x, (o | ) HXt - \/OltﬂCoH2 (96 —Vaixg — z) dxg
xo 2
_ 3 _ 2
< |E[IIxe — vaxoll; | X =] |+ lzll, [ [[1%: - v&Xo]l3 | X = o] ||
dlogT\*?
< [ —= . 92
< (T0) (920)
Substituting the above bounds into (70) yields the first claim of (73). Similarly, the second claim follows by
applying Lemma 3 and utilizing (80) in the context of (71). O

B.3 Proof of Lemma 7
To begin with, it follows from the definition (54) of 7(yr) that

—log qi(y:) < c;dlogT, Yt < 7(yr).

Our proof is mainly built upon Lemma 6. Specifically, combining Lemma 3, (33) and the definition (54) of
7(yr) gives

1
|Bi| < |Ai] £ = ~d(1—a)logT < dlogT (93a)
—
1
Cy|  ——d*(1 —@)*log®> T =< d*log> T 93b
G| £ - (1 —@)*log og (93b)
x)||3 — 12
’Dt’ < M/pxﬂxt(xﬂac)”x - \/atxOHdeo < d*log’T (93¢)
—
x)||3 3
|Ey| < (ngt_(a)t”)é/pxﬂxt(xﬂx)”x = \/atxOHQdmo < d?log? T (93d)

for all t < 7(yr). As a consequence, the properties (50a) and (50b) in Lemma 6 tell us that

Pyarvi, (Ve (yt)) (p\/axtl(iﬁt(yt)))_l _ Py vi) (Ve () (P\/(Ttxtl(iﬁt(yt)))_l
Py, (Yt) px, (yt) Py, (Yt) px, (yt)
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d® 10g6 T (5score,t(yt) + Escore,t ((I)t (yt))) Vd 10g3 T dlog T(5Jacobi,t(yt) + EJacobi,t(q)t(yt)))
=140 T3 + T + T

for all t < 7(yr). Give that y,_; = \/%71/%(2#), one can make use of the relation (47) and derive

Pe—1(y1-1) _ pt(yt).
qt-1(Y—1) at(yt)

d6 10g6 T (Escore,t(yt) + Sscore,t(q)t(yt))) V d10g3T legT(gJacobi,t(yt) + 5Jacobi,t(q)t(yt)))
14+0 T3 + T + T

(94)

for any t < 7(yr). If we employ the shorthand notation 7 = 7(yr), then it can be seen that

q1(y1) _ {1 +O<d6 log6T n Sq-—l(y‘r—l)>} qr—1(Yr—1)

p1(y1) T2 pr—1(Yr-1)
|:p‘rl(y71) 21)71(%1)] (953.)
21]7—1(%—1)’ QT—l(yT—l)
Repeating this argument also yields
2
a(y) o ol %(%)7 Vi< 7. (95b)
2pe(ye) ~ pi(yr) T pe(ye)

C Analysis for the accelerated DDPM sampler (proof of Theo-
rem 2)

In this section, we turn to the accelerated stochastic sampler and present the proof of Theorem 2.

C.1 Main steps of the proof

Preparation. First, we find it convenient to introduce the following mapping

i (1) = \/{7( (1 - ap)si (@)- (96)

For any ¢, introduce the following auxiliary sequences: Hr ~ N(0, I), and

H 4 = { Y . J)st(Hy) — MJt(Ht)Zt +4/2 - Zj} (97)
— ir(H, \/7%(@ T )2+ 2 ) (98)
fort =T, ---,1. We shall also adopt the following notation throughout for notational convenience:
N 1
Ty = \/OTtxt' (99)

Step 1: decomposing the KL divergence of interest. Applying Pinsker’s inequality and repeating
the arguments as in Li et al. (2023, Section 5.3) lead to the following elementary decompositions:

1
TV(pXqul) < iKL(pX1 H le)? (100)

T
KL@x, [ pv) < KL, [ove) + 32 B [KL(pxey 1o v 12) | o)
t=2"""
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In particular, the term KL(px, || pyy) can be readily bounded by Lemma 5 as follows:

1
KL(px, [l pyr) S T200°

As a result, it suffices to bound KL(px, | x,(- | )Py, , v, (- | ¥)) for each 1 < ¢ < T separately, which we
shall accomplish next.

Step 2: bounding the conditional distributions py, ,|x, and py, ,|g,- We now compare the two
conditional distributions px, ,|x, and py, || H,-
Towards this end, let us first introduce the set below:

1 ~
£ = {(xt,xt_1)| —logpx,(x) < 506d10gT, lxi—1 — Ze]|2 < e/ d(1 — at)logT} (102)

with Z; defined in (99), and we would like to evaluate both pg, || g, and px,_, | x, over the set £. Regarding
PH,_, | H,> We have the following lemma.

Lemma 11. For every (zt,2:—1) € € as defined in (102), we have

PH,_, | H, (Te—1]2¢) X exp{ - 2(1%%) H ([ — 2(11__C;t) Jt(xt))_l(ggtA — iy (w¢)) Hz + O(%) }
(103)

Turning to px, , |x, over the set £, we can invoke Li et al. (2023, Lemma 12) to derive the following result.
Lemma 12. There exists some large enough numerical constant cc > 0 such that: for every (x4, x4-1) € €,
1

(2 2524) " det (1 = g8t (o))

(- MJt@t))_l(xt_l i)

Px, .| X, (1| m¢) =

2
Qi

'exp<_2<1wt)

holds for some residual term (i(xi—1,xt) obeying

T ctm_l,xt)) (104)

2

d®log*® T

}Ct(mt—lyxt” < T3/2

(105)

Moving beyond the set &£, it suffices to bound the log density ratio log % for all pairs (z¢, zi—1),
t—1 t

which can be accomplished in a way similar to Li et al. (2023, Lemma 13).
Lemma 13. For all (x4, 7,—1) € R x R, we have

Px, 1| X, (i1 \ﬂﬂt)

log
PH,_, | H; (w41 \xt

< oot fllg g — By + w3 + 1} (106)

where ¢y is defined in (13b).

Equipped with Lemmas 11 to 13, one can readily repeat similar arguments as in Li et al. (2023, Step 3,
Theorem 3) to derive the following result:

Lemma 14. For any 1 <t <T, one has

dloghs T\
KL (sl o)) 5 (S5 ) (107

T~ qt
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Step 3: quantifying the KL divergence between py, g, and py, ,|y,- In the previous step, we
have quantified the KL divergence between px, ,|x, and py, ,|g,. Recognizing that H; ; is a first-order
approximation of Y;_1 using the true score function, we still need to look at the influence of the score
estimation errors, for which we resort to the lemma below.

Lemma 15. For any 1 <t <T, one has

E [KL(pxo s ixClao ov s vClen)] = B [KU(px i Gl L om, o, Cla)]

Te~qt Tt~qt

dlog® T d®log" T
o8 [sscore,t(Xt)g] + L

<exp ( — cgod log T) + 7 xE. T3

(108)

Step 4: putting all this together. We are now ready to complete the proof. Substituting (107) and
(108) into the decomposition (101) yields

T—1
KL(px, Il pvi) < KLpxr [ pve) + 0 B [KL (1, Clae) I pm,, Cl20) )|

€Ty~
=1 Tt qt

+T§:1{ £ {KL(pXH'Xt('mt) I th—l‘Yt(.|xt))i| - E |:KL<pXt_1\Xt('|xt) |th—1Ht('xt)>:|}

Tt~qt Tt~qt

E [5score,t (Xt)z]

t™~qt

SKLpxr love) + )~ +

log® T dlog® T ET:
2<t<T =2 X
= d®log® T
<~

thereby concluding the proof of Theorem 2.

+ d€s2core 10g3 T?

C.2 Proof of Lemma 11

To begin with, we observe that

PH,_, | B, (Tt—1 | T¢) X

1—Oét

Qg ~ T
” (mt,l — ,u:(xt)) Var(Zt 1

1—
It is easy to verify that

-1
exp ( - Jt(Ht)Zt + Zj ‘ Ht = $t> (J?t,]_ - ﬁ:(.’l?t)>)

7at

l1—«
Var(Zt -1 —Ez Jy(H)Zy + Z;F | Hy = l’t)

1*0& 1*0[1}

.
—o(r - % " T T,
( 201 — @) Jt(xt)) ( 2(1 — @) Jt(xt)) A Ji(@) ()
For any (z:—1,2:) € £, we can deduce that
[Je (1) || S dlog T, (109a)

l-a =
mﬂ‘: (e = VarXoll, | Xi = ]

(i) dlog T
< d(1—at)1ogT+,/1°ga (1-ay) = /A1 —ay)logT, (109b)
- g

where (109a) follows (86b) and (i) both arises from Lemma 3. Taking the above relations together and using
the relation (13b), we arrive at

[@e—1 — 17 (@)l < [lwe—1 — Tell, +

1—Oét

d®log® T
(1 —a)?

1Tz le = A (@olls S ——

which completes the proof.
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C.3 Proof of Lemma 13

According to the expression (103), one has

].—Oét ]._Oét 2 (1_at)3
Ht—l | Ht =Tt ~ N(ﬁr((tt), o (I 2(1 _at)Jt(th)) + 4at(1_at)2(]t(1't)2>.

=:3(Z)

In order to quantify the above density of interest, we first bound the Jacobian matrix J;(x) defined in (31).
On the one hand, the expression (32) tells us that J;(x) < I for any x, given that the term within the curly
bracket in (32) is a negative covariance matrix. On the other hand, J;(x) can be lower bounded by

Tw) =~ E[(X, ~ VEXo) (X~ VEXo) | | X, =]

—a,
— 2
E[||X: - vaXol; | X = 2] 9| a]|3 + 2720
- — Iz ———1q
1-— (673 1-— Qi
=T (||l]|3 + T%°7) I,

Y

where the second line applies the assumption that || Xo|l2 < T°7, and the last line invokes the choice (13b).
As a consequence, we obtain

1— 1— 2 l—oy (1-@ A 1— 1—
S(F) = at(1—2 O“)],i_ at( ot o at)Idt Y= — M1 (110a)

Qg (1 — at) 4at 1 — at 40ét - 4
=~ L — 4 00042 (01~ 14 deg (1- O‘t)g 2c0+2 (|2 |14 dep
Y(Z) = ——T (2Bl 4 2T4R) I[4 + —————5 14 2 AT (1|3 + T*") 4. (110Db)
Qg 40(,5(1 — Ott)

With the above relations in mind, we are ready to bound the density function pg, | | g, (z¢—1|2¢) for any
x4, i1 € RY, Tt is seen from (103) that

log 1 _ (e — () T (2(E)
PH, ,|H, (g1 |xt) 2

(201 — 1y (1))

1 d
+ 5 log det(X(zy)) + 3 log(27)

< 2wy — 7if (2)])
- 1-— Qg

< oreot {2HxH —F|5 4 a3 + T?CR} + glog (w?cw?(nang + T4CR))

d
+ 5 log (87‘(‘T260+2(H/.%‘\t”% T T4CR))

< Tcot2cr+2 {th71 — /x\tuz + ||J,‘t||g + 1} R
where the second inequality results from (110), and the third inequality makes use of (13b) and the fact that

lwe—1 = i (@o)3 < 2llwe—r = Fell3 + 20170 — 77 (20113

2
11—« 2
~ 112 t —
=2||xt1—xt||2+2(@<1_%)) | pxoitmo (o = Vo)l
~ 2(1 —Olt)2 — 2
<2lzpoy — T|5+ ————  sup Ty — Vayxg
(e tll =Tt P P |2y — Va3
. 64c21log® T e
<2y — Tell5 + 1T72g (2|xt||§ +2a,T? 'R)
< 2w — T3 + (a3 + TR (111)

Px, q|X4 (ze—1|wt)

PH; q|H4 (Te—1]2e) —

Given that log

log we have concluded the proof.

PH, | |Hy (Tt—1|Tt)’
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C.4 Proof of Lemma 14

Firstly, it follows from Lemma 11 and Lemma 12 that: for any (z;,z,—1) € &,

Px, 1| X, (xt—l |JL‘t) a3 10g4.5T
- O\ 112
PH,_y |1, (Te-1 | 31 ( ( T3/2 )) (112)
d3 10g4.5T 1

which further allows one to derive

B [KU(pxos 1,120 s 20)]

Te~qt

Px,_1| X, (!Ft—l |$t)
</+/ )pxt(%’t)pxt,l\xt(%—l |9Ct)10g 1| dr;_1dxy,
£ c PH, .| H, (w1 | 2)

@)
= /gpxt (xt){pth | X¢ (41| x) —PH, 1| H, (1| x)

Ti—1|X 2
+pXt1|Xt(xt_1xt).0<<th1|Ht( t 1| t) _1) dﬂjt_ldxt

Px, o | X (i1 | T¢)

DX 1| X, (l't,1 | xt)

PH, 1| H: (.’L‘t,1 | ‘Tt)

i d®log” T
@ /px,, (xt){pth | x (@1 | 2e) — v,y B (T | 2) + px, ) x, (T $t)O<T%> }dzt—ldxt
£

+/ px, (T)px,_, | x,(Te—1]7¢) log dzy_1dxy

+ / P @0px, 1 x, @t |2 {20 (il + oy = 33 + T2%) a1 da. (114)
é‘c

Here, (i) invokes the basic fact that: if Z ;Ef; — 1| < 3, then the Taylor expansion gives

B
~px(e) ~pva) + px(@)0( (200 -1)°)

and in (ii) we apply (113) and Lemma 13.
Next, we would like to bound each term on the right-hand side of (114) separately. In view of the
definition of the set £ (cf. (102)), one has

P((Xy, Xi-1) ¢ E) = / Px,—1(Te—1)px, | x,_y (Tt | 24—1)dws 1 day
(zg,e—1)¢EE

1 Ty — v/ouxi—1||3
= / pXt_l(xt_l)—d/Q eXp <_ || t 2(1 _t t 1||2>dxt_1dl't
(zt,mt71)§25 (27‘(’(1 — Oét)) at)

< exp (— czdlogT), (115)

and similarly,
/ px,@px, 1 x, e |20 (2T (el + ey = Bllg) + T2%)day1dzy < exp ( — epdlogT).
(we—1,2¢)¢E
(116)

In addition, for every (xt,x;—1) obeying ||xi—1 — x¢/\/arlla > c31/d(1 — a¢)logT and —logpx,(z:) <
2cedlog T, it follows from the definition (96) of 7} (-) that

1 1—0(,5
Ti—1 — i (x = ||lzi_q1 — Ty — 7E[£—\/EX X:x} 117
-1 — 1 () |2 t—1 NG t Jor(l—a) t +Xo | X¢ t , (117)
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>

Tt—1 —

1 H 1—Oét

ﬁxt - mﬂz[“xt - \/EtXOHQ | Xi = xt}
e /AT o IoeT — 65— =% /dloa T

Ott(l—Oét)
= 03—6657 Vd(1 — ) 10gT>—\/ (1—ay)logT, (118)
at(l—at)

where the third line results from (37a) in Lemma 3, and the last line applies (33) and holds true as long as c3
is large enough. Taking this result together with Lemma 11 reveals that: for any x; obeying —log px, (z:) <
%CGdlog T, one has

c
/ PH,_ | H, (Tt—1 | 2¢)das 1 < exp ( - ;dlog T). (119)
ze_1:||wi—1—xe /|2 >e34/d(1—oy) log T

Combine (115) and (119) to arrive at

<P((Xy, Xe-1) € €)

/pxt (xt){pxt,l \x (@1 [ 2e) = pa,_y  H, (T |$t)}d5€t—1d$t
£

px, (Te)PH, | H, (Te—1 | 2¢)dw 1 day

“ P
log px, (1)< 5cedlog T,||zt—1—z¢/\/ar|2>c3/d(1—a;) log T

< 2exp ( - %dlogT). (120)
To finish up, plugging (116) and (120) into (114) yields: for each ¢ > 2,

d®log® T c dlog® T
E KL (pxey () oy (e ) | € 55— + 8o (— GdloaT) £ ==5—. (121)

Te~qe

C.5 Proof of Lemma 15

We first introduce the following notation:

1 11—« l1—«
pe(xe, 2e) = \/T—t(l't + Lo+ (1 —a)se (l't + 5 tZt)>;

* o L 1—oy _ * _ (1 B at>3/2
wr (e, 2¢) = NG (xt + \/72 2zt + (1 — ) sy (x4) 7\/5(1 — Jt(xt)zt).

In the sequel, we shall use u; and u} to denote pi(xy, z:) and u}(x¢, 2¢), respectively, for simplicity, as long
as it is clear from the context. It is observed that
E [KL(pxoyixClao ovvClen)] = B KU (px Gl om, o)
T~qt Te~qt
PH,_, | H,(Tt—1|T1)

dl’tfldl't
Py o ve (@e—1 | mt)

= /pxt (e)px, | x, (@1 | z¢) log

PH, | H, (1| 2t)
Py, v, (Te—1 | @)
PH, | H:,Z: (xtfl |-75t> Zt)

Py 1 |Y:,Z; (w41 \xt,zt)

/pXt To)Px, o | X (@1 | 28)Pz, | H, 1, (20 | i1, 74) log dz¢dw—1dzy

—
=

dthl'tfldl't

IN

/PXt T)Px, .y | X (Te—1 | 2e)pz, | H 1, (20 | i1, 1) log

=

/th To)Dx, 1| X (@1 | 2e)Pz, | Hy oy 1, (2 | To— 1’%)(1?715%)(“%71 - MtH; — ||z — Mf”i)dztdxtqd%t

a 2
/pXt (@)px, o x: (@1 | 26)pz, | Hy o 1, (28 | 2o 1,$t)m”/@ — ||, dzedm_q day

Ha
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2c0
+ /pxt (@)px, o x: (@1 |2e)pz, | Hy o 1, (28] xt—laﬂﬁt)ﬁ(ﬂf — )" (w1 — pp)dzedae_rday .

Qg

Ho

Here, (i) follows the property of KL divergence that

Pz, | Hy 1,H, (2t | 241, )
Pz Vi1, Yi (2t |zp—1, 1)

/pZt|Ht,1,Ht (21| xp—1,2)log dz; >0,

whereas (ii) results from the following expressions:

Qg
PH, \Ht,Zt(xt—l |$t72t) X exp ( - 7(1 a )
- G

@t~ ni@)||)

(673 2
Py, _, |Yt,Zt(It—1 |1'ta2't) X exp ( - m“(xt—l - Mt(%))” )

To bound H;, we first note that

1 112
T e = willy = (1~ )
2
1—0475 1—0{,5 l—Oét (1—Oét)1/2
sl e + z)—s*(m—l— z)—l—s*(m—l— z)—s*x 4+ Ji(x)2
t(t 5 A Pl 5 At Pl 5 At t (@) VA — ) +( t)t2
: 2
11— -«
<(1—ay) 5t<xt+ tht)—st (xt+ 5 tzt) +
- (1—ay)'/? 2
11—« s*(x + z) sy (xy) + Ji(x)z
(1= )i (e + 5%0) = s + e s |

logT 11—« 2 Plog' T
5 %Escore,t(xt"_ 2 tzt) + T%

where the last inequality follows from the definition (40), the relation (13b), and the fact that

1—q (1— )2 ?
_ * —_ -t _ex N Ty
(I —ay)|s (ﬂﬁt + B Zt) st (@) + V3 — ) Je(xt)zt ,
(1—ay)? ! 1—ay > dPlog' T
= _ <4 o8 L
2(1—an)? || Jo CAERAC MRV ) )y e

Here, the last inequality holds by invoking the property (86¢) that for (z,z;—1) € €,

17 (2) = Ji(@e)|| < sup [uT (Ji(x) = Ji(we))ul S d*3 ||z — will2 log™* T. (122)

u€eSd—1

For the case with (z,z,—1) ¢ &, this term will decay exponentially fast and can be bounded analogously.
Furthermore, we observe that

Iz — V@3

1—&t)—|—1—at

p(I)t(Xtyzt)(:r) = (71—(2(1 7at) +1-— at))id/Q /pXO(Io)eXp < - 2( >d:170 = pXt(I)v

which in turn implies that

d®log*® T
Hy < (1 + O(T3/2>) /pr, (T)PH,_\ | Hyzo (Te—1 | Tt 26) Pz, (2t)

Qi

1—a H“t - ﬂ:”;dxtdzt_ldzt

logT

< Escore,1&(x—i_)2:| +

{ dolog" T
~ xt~®y (X4, Zy) T

TS
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dlog®T

dlog” T

We then decompose Ho as follows

Ho = /pXt (l‘t)(pxt,l | Xt (xtfl |36t) —PH, 1| H: (-thl \l‘t))pzt | Ht,l,Ht<Zt ‘xtfla ﬂ?t)
2a N
m(ﬂt - ,Ut)T(Uthl - N:)dztdxtfldmt

2a
+ /pxt (@)pH, | 1, 2, (Tt—1 |21, 20)pz, (21) - 7(1 ; )(M? - Mt)T(xt—l - Mt*)dztdl‘tqda?t
— oy

—~
=

/th (mt)(pxt_1 | X (331571 |$Ct) —PH, 1| H: («thl |37t))pZt | Ht_l,Ht(Zt \Cﬂtq,wt)
2a N
m(ﬂt — )" (w1 = pf)dzda, 1 day

= (/ +/ )pxt (xt)(pxt,l |x: (o1 | 2e) = pH, B, (T2 |$t))pZt|Ht,1,Ht (2 |2p—1, 1)
e Jee

2a N .
m(ut - /J’t)T('rt—l - l’(’t)dztdxt—ldxt,

where (i) follows the fact that E[H;_1 — pu;|H, Z;] = 0. In the following, we mainly focus on the term

fg denoted as K, since the other term can be bounded similarly as (Li et al., 2023, Lemma 10) and is
exponentially small.

O B log*® T . 1 .
KiS —mpm— /ng‘ (@), 1,2 (@1 | T4, 20) Pz, (20) || we—1 — 1 Hg‘l . ([t = p || A -1 dy
() @3 log*> T

g W \V4 ’CQ’C?,.

Here, we have

(123)

2
Ko = /pxt (ZO)PH, 1 | 1,2, (Te—1 | e, 20) Py, (20) |we—1 — pif || dme—1daedzy
£
< d(l — ay) < dlogT
— at ~ T I

Ks = / D, @OPH, s (@t | 20 20) P (1)
E

1 P
oyl = willodeerdedz
dlog® T
< E [Escore ,t (Xt)2} + 7g

~ Xi~qe T2
Therefore, we arrive at
K, < d*51og” T [ (x )2} N dSlog® T
- 79 Escore - 73
13 T2 xE (Kt T3

Taking the above bounds on H; and Ky together completes the proof.
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