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Newton’s method

minimizex∈Rn f(x)

xt+1 = xt − (∇2f(xt))−1∇f(xt)

Examples

example in R2 (page 10–9)
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• backtracking parameters α = 0.1, β = 0.7

• converges in only 5 steps

• quadratic local convergence

Unconstrained minimization 10–21

minimizex max {distC1(x), distC2(x)}
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• quadratic convergence: attains ε accuracy within O(log log 1
ε )

iterations
• typically requires storing and inverting Hessian ∇2f(x) ∈ Rn×n

• a single iteration may last forever; prohibitive storage requirement
Quasi-Newton methods 13-2



Quasi-Newton methods

key idea: approximate the Hessian matrix using only gradient
information

xt+1 = xt − ηt Ht︸︷︷︸
surrogate of (∇2f(xt))−1

∇f(xt)

challenges: how to find a good approximation Ht � 0 of(∇2f(xt)
)−1

• using only gradient information
• using limited memory
• achieving super-linear convergence
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Criterion for choosing Ht

Consider the following approximate quadratic model of f(·):

ft(x) := f(xt+1)+〈∇f(xt+1),x−xt+1〉+1
2
(
x−xt+1)>H−1

t+1
(
x−xt+1)

which satisfies

∇ft(x) = ∇f(xt+1) + H−1
t+1
(
x− xt+1)

One reasonable criterion: gradient matching for the latest two
iterates:

∇ft(xt) = ∇f(xt) (13.1a)
∇ft(xt+1) = ∇f(xt+1) (13.1b)
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Secant equation
Proof of Lemma 2.5

It follows that
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Gradient methods 2-36

Monotonicity

We start with a monotonicity result:

Lemma 2.5

Let f be convex and L-smooth. If ÷t © ÷ = 1/L, then

Îxt+1 ≠ xúÎ2 Æ Îxt ≠ xúÎ2

where xú is any minimizer with optimal f(xú)

Gradient methods 2-35

Consider approximate quadratic model ft(·) of f(·) as follows

ft(x) := f(xt+1) + hrf(xt+1), x � xt+1i +
1
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(13.1b) holds automatically. To satisfy (13.1a), one requires

∇f(xt+1) + H−1
t+1
(
xt − xt+1) = ∇f(xt)

⇐⇒ H−1
t+1
(
xt+1 − xt) = ∇f(xt+1)−∇f(xt)

︸ ︷︷ ︸
secant equation

• the secant equation requires that H−1
t+1 maps the displacement

xt+1 − xt into the change of gradients ∇f(xt+1)−∇f(xt)
Quasi-Newton methods 13-5



Secant equation

Ht+1
(∇f(xt+1)−∇f(xt)

)
︸ ︷︷ ︸

=:yt

= xt+1 − xt
︸ ︷︷ ︸

=:st

(13.2)

• only possible when s>t yt > 0, since

s>t yt = y>t Ht+1yt > 0

• admit an infinite number of solutions, since the degrees of
freedom O(n2) in choosing H−1

t+1 far exceeds the number of
constraints n in (13.2)
• which H−1

t+1 shall we choose?

Quasi-Newton methods 13-6



Broyden-Fletcher-Goldfarb-Shanno (BFGS) method

Quasi-Newton methods 13-7



Closeness to Ht

In addition to the secant equation, choose Ht+1 sufficiently close to
Ht:

minimizeH ‖H −Ht‖
subject to H = H>

Hyt = st

for some norm ‖ · ‖

• exploit past information regarding Ht

• choosing different norms ‖ · ‖ results in different quasi-Newton
methods

Quasi-Newton methods 13-8



Choice of norm in BFGS

Choosing ‖M‖ := ‖W 1/2MW 1/2‖F for any weight matrix W
obeying Wst = yt, we get

minimizeH
∥∥W 1/2(H −Ht)W 1/2∥∥

F
subject to H = H>

Hyt = st

This admits a closed-form expression

Ht+1 =
(
I − ρtsty

>
t

)
Ht
(
I − ρtyts

>
t

)
+ ρtsts

>
t︸ ︷︷ ︸

BFGS update rule; Ht+1�0 if Ht�0

(13.3)

with ρt = 1
y>t st
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An alternative interpretation

Ht+1 is also the solution to

minimizeH 〈Ht,H
−1〉 − log det

(
HtH

−1)− n
︸ ︷︷ ︸

KL divergence between N (0,H−1) and N (0,H−1
t )

subject to Hyt = st

• minimizing some sort of KL divergence subject to the secant
equation constraints

Quasi-Newton methods 13-10



BFGS methods

Algorithm 13.1 BFGS
1: for t = 0, 1, · · · do
2: xt+1 = xt − ηtHt∇f(xt) (line search to determine ηt)
3: Ht+1 =

(
I − ρtsty

>
t

)
Ht
(
I − ρtyts

>
t

)
+ ρtsts

>
t , where st =

xt+1 − xt, yt = ∇f(xt+1)−∇f(xt), and ρt = 1
y>t st

• each iteration costs O(n2) (in addition to computing gradients)
• no need to solve linear systems or invert matrices
• no magic formula for initialization; possible choices: approximate

inverse Hessian at x0, or identity matrix

Quasi-Newton methods 13-11



Rank-2 update on H−1
t

From the Sherman-Morrison-Woodbury formula(
A + UV >

)−1 = A−1 −A−1U
(
I + V >A−1U

)−1
V >A−1, we can

show that the BFGS rule is equivalent to

H−1
t+1 = H−1

t − 1
s>t H

−1
t st

H−1
t sts

>
t H

−1
t + ρtyty

>
t

︸ ︷︷ ︸
rank-2 update
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Local superlinear convergence

Theorem 13.1 (informal)
Suppose f is strongly convex and has Lipschitz-continuous Hessian.
Under mild conditions, BFGS achieves

lim
t→∞

∥∥xt+1 − x∗
∥∥

2∥∥xt − x∗
∥∥

2
= 0

• iteration complexity: larger than Newton methods but smaller
than gradient methods
• asymptotic result: holds when t→∞
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Key observation

The BFGS update rule achieves

lim
t→∞

∥∥(H−1
t −∇2f(x∗)

)(
xt+1 − xt

)∥∥
2∥∥xt+1 − xt

∥∥
2

= 0

Implications
• even though H−1

t may not converge to ∇2f(x∗), it becomes an
increasingly more accurate approximation of ∇2f(x∗) along the
search direction xt+1 − xt

• asymptotically, xt+1 − xt ≈ −(∇2f(xt)
)−1∇f(xt)

︸ ︷︷ ︸
Newton search direction

Quasi-Newton methods 13-14



Numerical example
— EE236C lecture notes

minimizex∈Rn c>x−
N∑

i=1
log

(
bi − a>i x

)

Example

minimize cTx �
mX

i=1

log(bi � aT
i x)

n = 100, m = 500
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BFGS

• cost per Newton iteration: O(n3) plus computing r2f(x)

• cost per BFGS iteration: O(n2)

Quasi-Newton methods 2-10

Convergence analysis
Using Lemma 5.4, we immediate arrive at
Theorem 5.3

Suppose f is convex and Lipschitz continuous (i.e. ÎgtÎú Æ Lf ) on C,
and suppoe Ï is fl-strongly convex w.r.t. Î · Î. Then
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supxœC DÏ

!
x,x0"

+ L2
f

2fl

qt
k=0 ÷2

kqt
k=0 ÷k

• If ÷t =
Ô

2flR
Lf

1Ô
t

with R := supxœC DÏ
!
x,x0"

, then

fbest,t ≠ fopt Æ O

A
Lf

Ô
RÔ

fl

log tÔ
t

B

¶ one can further remove log t factor
Mirror descent 5-37

Convergence analysis
Using Lemma 5.4, we immediate arrive at
Theorem 5.3

Suppose f is convex and Lipschitz continuous (i.e. ÎgtÎú Æ Lf ) on C,
and suppoe Ï is fl-strongly convex w.r.t. Î · Î. Then

fbest,t ≠ fopt Æ
supxœC DÏ

!
x,x0"

+ L2
f

2fl

qt
k=0 ÷2

kqt
k=0 ÷k

• If ÷t =
Ô

2flR
Lf

1Ô
t

with R := supxœC DÏ
!
x,x0"

, then

fbest,t ≠ fopt Æ O

A
Lf

Ô
RÔ

fl

log tÔ
t

B

¶ one can further remove log t factor
Mirror descent 5-37

O
pt

im
al

ity
of

N
es

te
ro

v’
s

m
et

ho
d

In
te

re
st

in
gly

,n
o

fir
st

-o
rd

er
m

et
ho

ds
ca

n
im

pr
ov

e
up

on
Ne

st
er

ov
’s

re
su

lt
in

ge
ne

ra
l

M
or

e
pr

ec
ise

ly,
÷

co
nv

ex
an

d
L

-sm
oo

th
fu

nc
tio

n
f

s.t
.

f
(x

t )
≠

f
op

t
Ø

3L
Îx

0
≠

x
ú Î

2 2
32

(t
+

1)
2

as
lon

g
as

x
k

œ
x

0
+

sp
an

{Ò
f
(x

0 )
,·

··
,Ò

f
(x

k
≠

1 )
}

¸
˚˙

˝
de

fin
iti

on
of

fir
st

-o
rd

er
m

et
ho

ds

fo
ra

ll
1

Æ
k

Æ
t

Ac
ce

ler
at

ed
GD

7-
35

O
pt

im
al

ity
of

N
es

te
ro

v’
s

m
et

ho
d

In
te

re
st

in
gly

,n
o

fir
st

-o
rd

er
m

et
ho

ds
ca

n
im

pr
ov

e
up

on
Ne

st
er

ov
’s

re
su

lt
in

ge
ne

ra
l

M
or

e
pr

ec
ise

ly,
÷

co
nv

ex
an

d
L

-sm
oo

th
fu

nc
tio

n
f

s.t
.

f
(x

t )
≠

f
op

t
Ø

3L
Îx

0
≠

x
ú Î

2 2
32

(t
+

1)
2

as
lon

g
as

x
k

œ
x

0
+

sp
an

{Ò
f
(x

0 )
,·

··
,Ò

f
(x

k
≠

1 )
}

¸
˚˙

˝
de

fin
iti

on
of

fir
st

-o
rd

er
m

et
ho

ds

fo
ra

ll
1

Æ
k

Æ
t

Ac
ce

ler
at

ed
GD

7-
35

Consider approximate quadratic model ft(·) of f(·) as follows

ft(x) := f(xt+1) + hrf(xt+1), x � xt+1i +
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One reasonable criterion: gradient matching for latest two iterates:
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generic optimization algorithms
Stage 1: random init ! local region Stage 2: local convergence
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t�mVt�m · · · Vt�1

+ ⇢t�mV >
t�1 · · · V >

t�m+1st�ms>
t�mVt�m+1 · · · Vt�1

+ ⇢t�mV >
t�1 · · · V >

t�m+2st�m+1s
>
t�m+1Vt�m+1 · · · Vt�1

+ · · · + ⇢t�1st�1s
>
t�1

From Sherman-Morrison-Woodbury formula, BFGS rule is equivalent to
Newton

H�1
t+1 = H�1

t � 1

s>
t H�1

t st

H�1
t sts

>
t H�1

t + ⇢tyty
>
t

| {z }
rank-2 update

2

n = 100, N = 500
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Limited-memory quasi-Newton methods

Hessian matrices are usually dense. For large-scale problems, even
storing the (inverse) Hessian matrices is prohibitive

Instead of storing full Hessian approximations, one may want to
maintain more parsimonious approximation of the Hessians, using
only a few vectors
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Limited-memory BFGS (L-BFGS)

Ht+1 = V >t HtVt + ρtsts
>
t︸ ︷︷ ︸

BFGS update rule

with Vt = I − ρtyts
>
t

key idea: maintain a modified version of Ht implicitly by storing m
(e.g. 20) most recent vector pairs (st,yt)
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Limited-memory BFGS (L-BFGS)

L-BFGS maintains

HL
t = V >t−1 · · ·V >t−mHL

t,0Vt−m · · ·Vt−1

+ ρt−mV >t−1 · · ·V >t−m+1st−ms>t−mVt−m+1 · · ·Vt−1

+ ρt−m+1V
>

t−1 · · ·V >t−m+2st−m+1s
>
t−m+1Vt−m+1 · · ·Vt−1

+ · · ·+ ρt−1st−1s
>
t−1

• can be computed recursively
• initialization HL

t,0 may vary from iteration to iteration
• only needs to store {(si,yi)}t−m≤i<t
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