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Proximal gradient descent for composite
functions



Composite models

minimizex F (x) := f(x) + h(x)
subject to x ∈ Rn

• f : convex and smooth
• h: convex (may not be differentiable)

let F opt := minx F (x) be the optimal cost
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Examples

• `1 regularized minimization

minimizex f(x) + ‖x‖1︸ ︷︷ ︸
h(x): `1norm

◦ use `1 regularization to promote sparsity

• nuclear norm regularized minimization

minimizeX f(X) + ‖X‖∗︸ ︷︷ ︸
h(X): nuclear norm

◦ use nuclear norm regularization to promote low-rank structure

Proximal gradient methods 6-5



A proximal view of gradient descent

To motivate proximal gradient methods, we first revisit gradient
descent

xt+1 = xt − ηt∇f(xt)

m

xt+1 = arg min
x

{
f(xt) + 〈∇f(xt),x− xt〉︸ ︷︷ ︸

first-order approximation

+ 1
2ηt
‖x− xt‖22

︸ ︷︷ ︸
proximal term

}
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A proximal view of gradient descent

xt+1 = arg min
x

{
f(xt) + 〈∇f(xt),x− xt〉+ 1

2ηt
‖x− xt‖22

}

A proximal view of gradient descent

xt+1 = arg min
x

I
f(xt) + ÈÒf(xt),x ≠ xtÍ + 1

2÷t
Îx ≠ xtÎ2

J

By optimality condition, xt+1 is the point where
f(xt) + ÈÒf(xt),x ≠ xtÍ and ≠ 1

2÷t
Îx ≠ xtÎ2 have same slope
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xt+1 = xt ≠ ÷tÒf(xt)

Ì
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By the optimality condition, xt+1 is the point where
f(xt) + 〈∇f(xt),x− xt〉 and - 1

2ηt ‖x− xt‖22 have the same slope
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How about projected gradient descent?

xt+1 = PC
(
xt − ηt∇f(xt)

)

m

xt+1 = arg min
x

{
f(xt) + 〈∇f(xt),x− xt〉+ 1

2ηt
‖x− xt‖22 + 1C(x)

}

= arg min
x

{
1
2
∥∥x− (xt − ηt∇f(xt))

∥∥2
2 + ηt 1C(x)

}
(6.1)

where 1C(x) =
{

0, if x ∈ C
∞, else
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Proximal operator

Define the proximal operator

proxh(x) := arg min
z

{1
2 ‖z − x‖22 + h(z)

}

for any convex function h

This allows one to express projected GD update (6.1) as

xt+1 = proxηt 1C
(
xt − ηt∇f(xt)

)
(6.2)
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Proximal gradient methods

One can generalize (6.2) to accommodate more general h

Algorithm 6.1 Proximal gradient algorithm
1: for t = 0, 1, · · · do
2: xt+1 = proxηth

(
xt − ηt∇f(xt)

)

• alternates between gradient updates on f and proximal
minimization on h
• useful if proxh is inexpensive
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Proximal mapping / operator



Why consider proximal operators?

proxh(x) := arg min
z

{1
2 ‖z − x‖22 + h(z)

}

• well-defined under very general conditions (including nonsmooth
convex functions)

• can be evaluated efficiently for many widely used functions (in
particular, regularizers)

• this abstraction is conceptually and mathematically simple, and
covers many well-known optimization algorithms
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Example: indicator functions

(elastic net)
1

2
kX� � yk2

| {z }
:=f(�)

+ �
�
k�k1 + (�/2)k�k2

2

 
| {z }

:=g(�)

bt+1 = �t + ↵t

�
�t � �t�1

�
| {z }
momentum term

�t+1 = proxµt+1g

�
bt+1 � µt+1rf

�
bt+1

��

+1

2
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Example: ¸1 norm
≠1

2Îx ≠ xtÎ2
2 + c

If h(x) = ÎxÎ1, then
prox⁄h(x) = Âst(x; ⁄) (soft ≠ thresholding)

where Âst(x) =

Y
__]
__[

x ≠ ⁄, if x > ⁄

x + ⁄, if x < ≠⁄,

0, else
is applied in entry-wise manner
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If h = 1C is the “indicator” function

h(x) =
{

0, if x ∈ C
∞, else

then

proxh(x) = arg min
z∈C
‖z − x‖2 (Euclidean projection)
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If h(x) = λ‖x‖1, then

(proxλh(x))i = ψst(xi;λ) (soft-thresholding)

where ψst(x) =





x− λ, if x > λ

x+ λ, if x < −λ
0, else
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Basic rules

• If f(x) = ag(x) + b with a > 0, then

proxf (x) = proxag(x)

• affine addition: if f(x) = g(x) + a>x + b, then

proxf (x) = proxg(x− a)
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Basic rules

• quadratic addition: if f(x) = g(x) + ρ
2‖x− a‖22, then

proxf (x) = prox 1
1+ρg

( 1
1 + ρ

x + ρ

1 + ρ
a

)

• scaling and translation: if f(x) = g(ax + b) with a 6= 0, then

proxf (x) = 1
a

(
proxa2g(ax + b)− b

)
(homework)
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Proof for quadratic addition

proxf (x) = arg min
x

{1
2‖z − x‖22 + g(z) + ρ

2‖z − a‖22
}

= arg min
x

{1 + ρ

2 ‖z‖22 − 〈z,x + ρa〉+ g(z)
}

= arg min
x

{1
2‖z‖

2
2 −

1
1 + ρ

〈z,x + ρa〉+ 1
1 + ρ

g(z)
}

= arg min
x

{
1
2

∥∥∥∥z −
( 1

1 + ρ
x + ρ

1 + ρ
a

)∥∥∥∥
2

2
+ 1

1 + ρ
g(z)

}

= prox 1
1+ρg

( 1
1 + ρ

x + ρ

1 + ρ
a

)
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Basic rules

• orthogonal mapping: if f(x) = g(Qx) with Q orthogonal
(QQ> = Q>Q = I), then

proxf (x) = Q>proxg(Qx) (homework)

• orthogonal affine mapping: if f(x) = g(Qx + b) with
QQ> = α−1I︸ ︷︷ ︸

does not require Q>Q=α−1I

, then

proxf (x) =
(
I − αQ>Q

)
x + αQ>

(
proxα−1g(Qx + b)− b

)

◦ for general Q, it is not easy to derive proxf from proxg
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Basic rules

• norm composition: if f(x) = g(‖x‖2) with
domain(g) = [0,∞), then

proxf (x) = proxg(‖x‖2) x

‖x‖2
∀x 6= 0
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Proof for norm composition
Observe that

min
z

{
f(z) + 1

2‖z − x‖2
2

}

= min
z

{
g(‖z‖2) + 1

2‖z‖
2
2 − z>x + 1

2‖x‖
2
2

}

= min
α≥0

min
z:‖z‖2=α

{
g(α) + 1

2α
2 − z>x + 1

2‖x‖
2
2

}

= min
α≥0

{
g(α) + 1

2α
2 − α‖x‖2 + 1

2‖x‖
2
2

}
(Cauchy-Schwarz)

= min
α≥0

{
g(α) + 1

2 (α− ‖x‖2)2
}

From the above calculation, we know the optimal point is

α∗ = proxg(‖x‖2) and z∗ = α∗
x

‖x‖2
= proxg(‖x‖2) x

‖x‖2
,

thus concluding proof
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Nonexpansiveness of proximal operators

The claim would follow immediately if

(x � x̃)>(z � z̃) � kz � z̃k2 (together with Cauchy-Schwarz)

(= (x � z � x̃ + z̃)>(z � z̃) � 0

(=

8
>>><
>>>:

h(z̃) � h (z) + hx � z| {z }
2@h(z)

, z � z̃i

h(z) � h(z̃) + hx̃ � z̃| {z }
2@h(z̃)

, z � z̃i

�1

2
k� � �1k2 + c1 � 1

2
k� � �2k2 + c2 �1 �2 prox(�1) prox(�2)

relative error
f(�t) + g(�t) � min{f(�) + g(�)}��min{f(�) + g(�)}

�� iteration t

⇥ =


⇥11 ✓12

✓>
12 ✓22

�
S =


S11 s12

s>
12 s22

�
W =


W11 w12

w>
12 w22

�

0 2 W11� � s12 + �@k✓12k1

C PC(�1) PC(�2)

4

Nonexpansiveness of proximal operators
≠1

2Îx ≠ x1Î2
2 + c1 ≠ 1

2Îx ≠ x2Î2
2 + c2 x1 x2

Nonexpansiveness is a property for general proxh(·)

Fact 5.1 (Nonexpansiveness)

Îproxh(x1) ≠ proxh(x2)Î2 Æ Îx1 ≠ x2Î2

• In some sense, proximal operator behaves like projectionProximal gradient methods 5-13
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Nonexpansiveness of proximal operators
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Gradient methods (constrained) 3-13
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Recall that when h(x) =
I

0, if x œ C
Œ else

, proxh(x) is Euclidean

projection PC onto C, which is nonexpansive:

ÎPC(x1) ≠ PC(x2)Î2 Æ Îx1 ≠ x2Î2
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Recall that when h(x) = 1C(x), proxh(x) is the Euclidean projection
PC onto C, which is nonexpansive for convex C:

‖PC(x1)− PC(x2)‖2 ≤ ‖x1 − x2‖2
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Nonexpansiveness of proximal operators
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in some sense,
proximal operator

behaves like projection

Fact 6.1

• (firm nonexpansiveness)
〈proxh(x1)− proxh(x2),x1 − x2〉 ≥ ‖proxh(x1)− proxh(x2)‖22

• (nonexpansiveness)
‖proxh(x1)− proxh(x2)‖2 ≤ ‖x1 − x2‖2
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Proof of Fact 6.1
Let z1 = proxh(x1) and z2 = proxh(x2). Subgradient
characterizations of z1 and z2 read

x1 − z1 ∈ ∂h(z1) and x2 − z2 ∈ ∂h(z2)

The nonexpansiveness claim ‖z1 − z2‖2 ≤ ‖x1 − x2‖2 would follow if

(x1 − x2)>(z1 − z2) ≥ ‖z1 − z2‖22︸ ︷︷ ︸
firm nonexpansiveness

(together with Cauchy-Schwarz)

⇐= (x1 − z1 − x2 + z2)>(z1 − z2) ≥ 0

add these inequalities⇐=





h(z2) ≥ h(z1) + 〈x1 − z1︸ ︷︷ ︸
∈∂h(z1)

, z2 − z1〉

h(z1) ≥ h(z2) + 〈x2 − z2︸ ︷︷ ︸
∈∂h(z2)

, z1 − z2〉
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Resolvent of subdifferential operator

One can interpret prox via the resolvant of subdifferential operator

Fact 6.2

Suppose that f is convex. Then one can write
z = proxf (x) ⇐⇒ z = (I + ∂f)−1

︸ ︷︷ ︸
resolvent of operator ∂f

(x)

where I is the identity mapping
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Justification of Fact 6.2

z = arg min
u

{
f(u) + 1

2‖u− x‖22
}

⇐⇒ 0 ∈ ∂f(z) + z − x (optimality condition)

⇐⇒ x ∈ (I + ∂f) (z)

⇐⇒ z = (I + ∂f)−1 (x)
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Moreau decomposition

Fact 6.3

Suppose f is closed convex, and f∗(x) := supz{〈x, z〉 − f(z)} is
convex conjugate of f . Then

x = proxf (x) + proxf∗(x)

• key relationship between proximal mapping and duality
• generalization of orthogonal decomposition
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Moreau decomposition for convex cones

proxf (x) = arg min
x

⇢
1

2
kz � xk2

2 + g(z) +
⇢

2
kz � ak2

2

�

= arg min
x

⇢
1 + ⇢

2
kzk2

2 � hz, x + ⇢ai + g(z)

�

= arg min
x

⇢
1
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1

When K is a closed convex cone, (1K)∗(x) = 1K◦(x) (exercise) with
K◦ := {x | 〈x, z〉 ≤ 0,∀z ∈ K} polar cone of K. This gives

x = PK(x) + PK◦(x)

• a special case: if K is a subspace, then K◦ = K⊥, and hence
x = PK(x) + PK⊥(x)
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Proof of Fact 6.3

Let u = proxf (x), then from the optimality condition we know that

x− u ∈ ∂f(u).

This together with conjugate subgradient theorem (homework) yields

u ∈ ∂f∗(x− u)

In view of the optimality condition, this means

x− u = proxf∗(x)

=⇒ x = u + (x− u) = proxf (x) + proxf∗(x)
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Example: prox of support function

For any closed and convex set C, the support function
SC is defined as SC(x) = supz∈C〈x, z〉. Then

proxSC(x) = x− PC(x) (6.3)

Proof: First of all, it is easy to verify that (exercise)

S∗C(x) = 1C(x)

Then the Moreau decomposition gives

proxSC(x) = x− proxS∗C(x)
= x− prox1C(x)
= x− PC(x)

�
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Example: `∞ norm

prox‖·‖∞(x) = x− PB‖·‖1 (x)

where B‖·‖1 := {z | ‖z‖1 ≤ 1} is unit `1 ball

Remark: projection onto `1 ball can be computed efficiently

Proof: Since ‖x‖∞ = supz:‖z‖1≤1〈x, z〉 = SB‖·‖1 (x), we can invoke
(6.3) to arrive at

prox‖·‖∞(x) = proxSB‖·‖1
(x) = x− PB‖·‖1 (x)

�
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Example: max function

Let g(x) = max{x1, · · · , xn}, then

proxg(x) = x− P∆(x)

where ∆ := {z ∈ Rn+ | 1>z = 1} is probability simplex

Remark: projection onto ∆ can be computed efficiently

Proof: Since g(x) = max{x1, · · · , xn} = S∆(x) (support function
of ∆), we can invoke (6.3) to reach

proxg(x) = x− P∆(x)

�
Proximal gradient methods 6-31



Extended Moreau decomposition

A useful extension (homework):

Fact 6.4

Suppose f is closed and convex, and λ > 0. Then
x = proxλf (x) + λprox 1

λ
f∗(x/λ)
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Convergence analysis



Cost monotonicity

The objective value is non-increasing in t:

Lemma 6.5

Suppose f is convex and L-smooth. If ηt ≡ 1/L, then

F (xt+1) ≤ F (xt)

• different from subgradient methods (for which objective value
might be non-monotonic in t)
• constant stepsize rule is recommended when f is convex and

smooth
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Proof of cost monotonicity

Main pillar: a fundamental inequality

Lemma 6.6

Let y+ = prox 1
L
h

(
y − 1

L∇f(y)
)
, then

F (y+)− F (x) ≤ L

2 ‖x− y‖22 −
L

2 ‖x− y+‖22 − g(x,y)︸ ︷︷ ︸
≥0 by convexity

where g(x,y) := f(x)− f(y)− 〈∇f(y),x− y〉

Take x = y = xt (and hence y+ = xt+1) to complete the proof

Proximal gradient methods 6-35



Monotonicity in estimation error

Proximal gradient iterates are not only monotonic w.r.t. cost, but also
monotonic in estimation error
Lemma 6.7

Suppose f is convex and L-smooth. If ηt ≡ 1/L, then

‖xt+1 − x∗‖2 ≤ ‖xt − x∗‖2

Proof: from Lemma 6.6, taking x = x∗, y = xt (and hence
y+ = xt+1) yields

F (xt+1)− F (x∗)︸ ︷︷ ︸
≥0

+ g(x,y)︸ ︷︷ ︸
≥0

≤ L

2 ‖x
∗ − xt‖22 −

L

2 ‖x
∗ − xt+1‖22

which immediately concludes the proof
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Proof of Lemma 6.6
Define

φ(z) = f(y) + 〈∇f(y), z − y〉+ L

2 ‖z − y‖22 + h(z)

It is easily seen that y+ = arg minz φ(z). Two important properties:
• Since φ(z) is L-strongly convex, one has

φ(x) ≥ φ(y+) + L

2 ‖x− y+‖22
Remark: we are propergating smoothness of f to strong
convexity of another function φ
• From smoothness,

φ(y+) = f(y) + 〈∇f(y),y+ − y〉+ L

2 ‖y
+ − y‖22

︸ ︷︷ ︸
upper bound on f(y+)

+ h(y+)

≥ f(y+) + h(y+) = F (y+)
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Proof of Lemma 6.6 (cont.)

Taken collectively, these yield

φ(x) ≥ F (y+) + L

2 ‖x− y+‖22,

which together with the definition of φ(x) gives

f(y) + 〈∇f(y),x− y〉+ h(x)︸ ︷︷ ︸
=f(x)+h(x)−g(x,y)=F (x)−g(x,y)

+ L

2 ‖x− y‖2
2 ≥ F (y+) + L

2 ‖x− y+‖2
2

which finishes the proof
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Convergence for convex problems

Theorem 6.8 (Convergence of proximal gradient methods for
convex problems)

Suppose f is convex and L-smooth. If ηt ≡ 1/L, then

F (xt)− F opt ≤ L‖x0 − x∗‖22
2t

• achieves better iteration complexity (i.e. O(1/ε)) than
subgradient method (i.e. O(1/ε2))
• fast if prox can be efficiently implemented
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Proof of Theorem 6.8
With Lemma 6.6 in mind, set x = x∗, y = xt to obtain

F (xt+1)− F (x∗) ≤ L

2 ‖x
t − x∗‖22 −

L

2 ‖x
t+1 − x∗‖22 − g(x∗,xt)︸ ︷︷ ︸

≥0 by convexity

≤ L

2 ‖x
t − x∗‖22 −

L

2 ‖x
t+1 − x∗‖22

Apply it recursively and add up all inequalities to get
t−1∑

k=0

(
F (xk+1)− F (x∗)

)
≤ L

2 ‖x
0 − x∗‖22 −

L

2 ‖x
t − x∗‖22

This combined with monotonicity of F (xt) (cf. Lemma 6.6) yields

F (xt)− F (x∗) ≤
L
2 ‖x0 − x∗‖22

t
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Convergence for strongly convex problems

Theorem 6.9 (Convergence of proximal gradient methods for
strongly convex problems)

Suppose f is µ-strongly convex and L-smooth. If ηt ≡ 1/L, then

‖xt − x∗‖22 ≤
(

1− µ

L

)t
‖x0 − x∗‖22

• linear convergence: attains ε accuracy within O(log 1
ε ) iterations
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Proof of Theorem 6.9

Taking x = x∗, y = xt (and hence y+ = xt+1) in Lemma 6.6 gives

F (xt+1)− F (x∗) ≤ L

2 ‖x
∗ − xt‖22 −

L

2 ‖x
∗ − xt+1‖22 − g(x∗,xt)︸ ︷︷ ︸

≥µ2 ‖x∗−xt+1‖2
2

≤ L− µ
2 ‖xt − x∗‖22 −

L

2 ‖x
t+1 − x∗‖22

This taken collectively with F (xt+1)− F (x∗) ≥ 0 yields

‖xt+1 − x∗‖22 ≤
(

1− µ

L

)
‖xt − x∗‖22

Applying it recursively concludes the proof
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Numerical example: LASSO

taken from UCLA EE236C

minimizex f(x) = 1
2‖Ax− b‖22 + ‖x‖1

with i.i.d. Gaussian A ∈ R2000×1000, ηt = 1/L, L = λmax(A>A)

Example: 1-norm regularized least-squares

minimize
1

2
kAx � bk2

2 + kxk1
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randomly generated A 2 R2000⇥1000; step tk = 1/L with L = �max(A
TA)
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Convergence analysis
Using Lemma 5.4, we immediate arrive at
Theorem 5.3

Suppose f is convex and Lipschitz continuous (i.e. ÎgtÎú Æ Lf ) on C,
and suppoe Ï is fl-strongly convex w.r.t. Î · Î. Then

fbest,t ≠ fopt Æ
supxœC DÏ

!
x,x0"

+ L2
f

2fl

qt
k=0 ÷2

kqt
k=0 ÷k

• If ÷t =
Ô

2flR
Lf

1Ô
t

with R := supxœC DÏ
!
x,x0"

, then

fbest,t ≠ fopt Æ O

A
Lf

Ô
RÔ

fl

log tÔ
t

B

¶ one can further remove log t factor
Mirror descent 5-37
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Numerical example: LASSO

taken from UCLA EE236C

minimizex f(x) = 1
2‖Ax− b‖22 + ‖x‖1

with i.i.d. Gaussian A ∈ R2000×1000, ηt = 1/L, L = λmax(A>A)

Example: 1-norm regularized least-squares
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Suppose f is convex and Lipschitz continuous (i.e. ÎgtÎú Æ Lf ) on C,
and suppoe Ï is fl-strongly convex w.r.t. Î · Î. Then

fbest,t ≠ fopt Æ
supxœC DÏ

!
x,x0"

+ L2
f

2fl

qt
k=0 ÷2

kqt
k=0 ÷k

• If ÷t =
Ô

2flR
Lf

1Ô
t

with R := supxœC DÏ
!
x,x0"

, then

fbest,t ≠ fopt Æ O

A
Lf

Ô
RÔ

fl

log tÔ
t

B

¶ one can further remove log t factor
Mirror descent 5-37
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Backtracking line search

Recall that for the unconstrained case, backtracking line search is
based on a sufficient decrease criterion

f
(
xt − η∇f(xt)

) ≤ f(xt)− η

2‖∇f(xt)‖22

As a result, this is equivalent to updating ηt = 1/Lt until

f
(
xt − ηt∇f(xt)

) ≤ f(xt)− 1
Lt
〈∇f(xt),∇f(xt)〉+ 1

2Lt
‖∇f(xt)‖22

= f(xt)− 〈∇f(xt),xt − xt+1〉+ Lt
2 ‖x

t − xt+1‖22
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Backtracking line search

Let TL(x) := prox 1
L
h

(
x− 1

L∇f(x)
)
:

Algorithm 6.2 Backtracking line search for proximal gradient methods
1: Initialize η = 1, 0 < α ≤ 1/2, 0 < β < 1
2: while f

(
TLt (xt)

)
> f(xt)− 〈∇f(xt),xt −TLt (xt)〉+ Lt

2

∥∥TLt (xt)−xt
∥∥2

2
do

3: Lt ← 1
β
Lt (or 1

Lt
← β 1

Lt
)

• here, 1
Lt

corresponds to ηt, and TLt(xt) generalizes xt+1
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Summary: proximal gradient methods

stepsize convergence iteration
rule rate complexity

convex & smooth (w.r.t. f)
ηt = 1

L O
(

1
t

)
O
(

1
ε

)
problems

strongly convex &
ηt = 1

L O
(
(1− 1

κ)t
)

O
(
κ log 1

ε

)
smooth (w.r.t. f) problems
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