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A proximal viewpoint of projected GD
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A proximal view of gradient descent

xt+1 = xt ≠ ÷tÒf(xt)

Ì

xt+1 = arg min
x

I
f(xt) + ÈÒf(xt),x ≠ xtÍ¸ ˚˙ ˝

first-order approximation

+ 1
2÷t

Îx ≠ xtÎ2

¸ ˚˙ ˝
proximal term

J

Proximal gradient methods 5-2

Outline

• Mirror descent

• Bregman divergence

• Alternative forms of mirror descent

• Convergence analysis
f(xt) +

+Òf(xt),x ≠ xt
, ≠ 1

2÷t
Îx ≠ xtÎ2

2

Mirror descent 5-2

Convex and Lipschitz problems

minimizex f(x)
subject to x œ C

• f is convex and Lf -Lipschitz continuous

Mirror descent 5-35

xt+1 = arg min
x∈C

{

���f(xt) +
〈∇f(xt),x− xt〉

︸ ︷︷ ︸
linear approximation

+ 1
2ηt
‖x− xt‖22

}

• the quadratic proximal term is used by GD to monitor the
discrepancy between f(·) and its first-order approximation
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A proximal view of gradient descent

xt+1 = arg min
x

I
f(xt) + ÈÒf(xt),x ≠ xtÍ + 1

2÷t
Îx ≠ xtÎ2

J

By optimality condition, xt+1 is the point where
f(xt) + ÈÒf(xt),x ≠ xtÍ and ≠ 1

2÷t
Îx ≠ xtÎ2 have same slope

Proximal gradient methods 5-3

Outline

• Mirror descent

• Bregman divergence

• Alternative forms of mirror descent

• Convergence analysis
f(xt) +

+Òf(xt),x ≠ xt
, ≠ 1

2÷t
Îx ≠ xtÎ2

2
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Convex and Lipschitz problems

minimizex f(x)
subject to x œ C

• f is convex and Lf -Lipschitz continuous
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Outline

• Mirror descent

• Bregman divergence

• Alternative forms of mirror descent

• Convergence analysis
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, ≠ 1
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Îx ≠ xtÎ2
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xt+1 = arg min
x∈C

{

���f(xt) +
〈∇f(xt),x− xt〉

︸ ︷︷ ︸
linear approximation

+ 1
2ηt
‖x− xt‖22

︸ ︷︷ ︸
proximity term

}

• the quadratic proximal term is used by GD to monitor the
discrepancy between f(·) and its first-order approximation
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Inhomoneneous / non-Euclidean geometry

The quadratic proximity term is based on certain “prior belief”:
• the discrepancy between f(·) and its linear approximation is

locally well approximated by the homogeneous penalty
(2ηt)−1‖x− xt‖22︸ ︷︷ ︸

squared Euclidean penalty

Issues: the local geometry might sometimes be highly
inhomogeneous, or even non-Euclidean
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Example: quadratic minimization

Proof of Lemma 2.5

It follows that
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Gradient methods 2-36

minimizex∈Rn f(x) = 1
2(x− x∗)>Q(x− x∗)

where Q � 0 is a diagonal matrix with large κ = maxi Qi,i

mini Qi,i
� 1

• gradient descent xt+1 = xt − ηtQ(xt − x∗) is slow, since the iteration
complexity is O

(
κ log 1

ε

)

• doesn’t fit the curvature of f(·) well

• one can significantly accelerate it by rescaling the gradient
xt+1 = xt − ηtQ−1∇f(xt) = xt − ηt(xt − x∗)︸ ︷︷ ︸

reaches x∗ in 1 iteration with ηt=1

⇐⇒ xt+1 = arg min
x∈Rn

{
〈
∇f(xt),x− xt

〉
+ 1

2ηt
(x− xt)>Q(x− xt)

︸ ︷︷ ︸
fits geometry better

}
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Example: probability simplex

total-variation distance

minimizex∈∆ f(x)

where ∆ := {x ∈ Rn+ | 1>x = 1} is probability simplex

• Euclidean distance is in general not recommended for measuring the
distance between probability vectors

• may prefer probability divergence metrics, e.g. Kullback-Leibler
divergence, total-variation distance, χ2 divergence

Mirror descent 5-6



Mirror descent: adjust gradient updates to fit problem geometry

— Nemirovski & Yudin, ’1983



Mirror descent (MD)
Replace the quadratic proximity ‖x− xt‖22 with distance-like metric
Dϕ
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Outline

• Mirror descent

• Bregman divergence

• Alternative forms of mirror descent

• Convergence analysis
f(xt) +

+Òf(xt),x ≠ xt
, ≠ 1

2÷t
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2
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Convex and Lipschitz problems

minimizex f(x)
subject to x œ C

• f is convex and Lf -Lipschitz continuous
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Outline

• Mirror descent

• Bregman divergence

• Alternative forms of mirror descent

• Convergence analysis
f(xt) +

+Òf(xt),x ≠ xt
, ≠ 1

2÷t
Îx ≠ xtÎ2

2 ≠ 1
÷t
DÏ(x,xt)

Mirror descent 5-2

xt+1 = arg min
x∈C

{
f(xt) +

〈∇f(xt),x− xt〉+ 1
ηt

Dϕ(x,xt)︸ ︷︷ ︸
Bregman divergence

}

where Dϕ(x, z) := ϕ(x)− ϕ(z)− 〈∇ϕ(z),x− z〉 for convex and
differentiable ϕ
Mirror descent 5-8



Mirror descent (MD)

or more generally,

xt+1 = arg min
x∈C

{

���f(xt) +
〈
gt,x− xt〉+ 1

ηt
Dϕ(x,xt)

}
(5.1)

with gt ∈ ∂f(xt)

• monitor local geometry via appropriate Bregman divergence
metrics
◦ generalization of squared Euclidean distance
◦ e.g. squared Mahalanobis distance, KL divergence

Mirror descent 5-9



Principles in choosing Bregman divergence

• fits the local curvature of f(·)
• fits the geometry of the constraint set C
• makes sure the Bregman projection (defined later) is inexpensive
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Bregman divergence



Bregman divergence

Let ϕ : C 7→ R be strictly convex and differentiable on C, then

Dϕ(x, z) := ϕ(x)− ϕ(z)− 〈∇ϕ(z),x− z〉

• shares a few similarities with squared Euclidean distance
• a locally quadratic measure: think of it as

Dϕ(x, z) = (x− z)>∇2ϕ(ξ)(x− z)

for some ξ depending on x and z
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Example: squared Mahalanobis distance

Let Dϕ(x, z) = 1
2(x−z)>Q(x−z) for Q � 0, which is generated by

ϕ(x) = 1
2x
>Qx

Proof: Dϕ(x, z) = ϕ(x)− ϕ(z)− 〈∇ϕ(z),x− z〉

= 1
2x
>Qx− 1

2z
>Qz − z>Q(x− z)

= 1
2(x− z)>Q(x− z)

�
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Example: squared Mahalanobis distance

When Dϕ(x, z) = 1
2(x− z)>Q(x− z), C = Rn, and f differentiable,

MD has a closed-form expression

xt+1 = xt − ηtQ−1∇f(xt)

In general,

xt+1 = arg min
x∈C

{
ηt〈gt,x〉+ 1

2(x− xt)>Q(x− xt)
}

= arg min
x∈C

{1
2x
>Qx−

〈
Q
(
xt − ηtQ−1gt

)
,x
〉

+
��

���1
2x

t>Qxt
}

= arg min
x∈C

{1
2
(
x− (xt − ηtQ−1gt)

)>
Q
(
x− (xt − ηtQ−1gt)

)}

︸ ︷︷ ︸
projection of xt−ηtQ−1gt based on the weighted `2 distance ‖z‖2

Q := z>Qz
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Example: KL divergence

Let Dϕ(x, z) = KL(x ‖ z) := ∑
i xi log xi

zi
, which is generated by

ϕ(x) =
∑

i

xi log xi (negative entropy)

if C = ∆ := {x ∈ Rn+ |
∑
i xi = 1} is the probability simplex

Proof: Dϕ(x, z) = ϕ(x)− ϕ(z)− 〈∇ϕ(z),x− z〉
=
∑

i

xi log xi −
∑

i

zi log zi −
∑

i

(
log zi + 1

)(
xi − zi

)

= −
∑

i

xi

︸ ︷︷ ︸
=1

+
∑

i

zi

︸ ︷︷ ︸
=1

+
∑

i

xi log xi
zi

= KL(x ‖ z)

�
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Example: KL divergence

When Dϕ(x, z) = KL(x ‖ z), C = ∆, and f differentiable, MD has
closed-form (homework)

xt+1
i =

xti exp
(− ηt

[∇f(xt)
]
i

)
∑n
j=1 x

t
j exp

(− ηt
[∇f(xt)

]
j

) , 1 ≤ i ≤ n

• often called exponentiated gradient descent or entropic descent
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Example: generalized KL divergence

If C = Rn+ (positive orthant), then the negative entropy
ϕ(x) = ∑

i xi log xi generates

Dϕ(x, z) = KL(x ‖ z) :=
∑

i

xi log xi
zi
− xi + zi
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Example: von Neumann divergence

If C = Sn+ (positive-definite cone), then the generalized negative
entropy of eigenvalues

ϕ(X) =
∑

i

λi(X) log λi(X)− λi(X) =: Tr(X logX −X)

generates the von Neumann divergence (commonly used in quantum
mechanics)

Dϕ(X,Z) =
∑

i

λi(X) log λi(X)
λi(Z) − λi(X) + λi(Z)

=: Tr(X(logX − logZ)−X +Z)
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Common families of Bregman divergence

Function Name ϕ(x) dom ϕ Dϕ(x; y)

Squared norm 1
2x2 (−∞,+∞) 1

2 (x − y)2

Shannon entropy x log x − x [0,+∞) x log x
y − x + y

Bit entropy x log x + (1 − x) log(1 − x) [0, 1] x log x
y + (1 − x) log 1−x

1−y

Burg entropy − log x (0,+∞) x
y − log x

y − 1

Hellinger −
√

1 − x2 [−1, 1] (1 − xy)(1 − y2)−1/2 − (1 − x2)1/2

ℓp quasi-norm −xp (0 < p < 1) [0,+∞) −xp + p xyp−1 − (p − 1) yp

ℓp norm |x|p (1 < p < ∞) (−∞,+∞) |x|p − p x sgn y |y|p−1
+ (p − 1) |y|p

Exponential expx (−∞,+∞) expx − (x − y + 1) exp y

Inverse 1/x (0,+∞) 1/x + x/y2 − 2/y
Table 2.1

Common seed functions and the corresponding divergences.

Exponential Family ψ(θ) dom ψ µ(θ) ϕ(x) Divergence

Gaussian (σ2 fixed) 1
2σ2θ2 (−∞,+∞) σ2θ 1

2σ2 x2 Euclidean

Poisson exp θ (−∞,+∞) exp θ x log x − x Relative entropy

Bernoulli log(1 + exp θ) (−∞,+∞) exp θ
1+exp θ x log x + (1 − x) log(1 − x) Logistic Loss

Gamma (α fixed) −α log(−θ) (−∞, 0) −α/θ −α log x + α log α − α Itakura–Saito
Table 2.2

Common exponential families and the corresponding divergences.

9

taken from I. Dhillon & J. Tropp, 2007
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Basic properties of Bregman divergence

Let ϕ : C 7→ R be µ-strongly convex and differentiable on C

• non-negativity: Dϕ(x, z) ≥ 0, and Dϕ(x, z) = 0 iff x = z

◦ in fact, Dϕ(x, z) ≥ µ
2 ‖x− z‖22 (by strong convextiy of ϕ)

• convexity: Dϕ(x, z) is convex in x,︸ ︷︷ ︸
by defn, since ϕ is cvx

but not necessarily

convex in z
• lack of symmetry: in general, Dϕ(x, z) 6= Dϕ(z,x)

• linearity: for ϕ1, ϕ2 strictly convex and λ ≥ 0,

Dϕ1+λϕ2(x, z) = Dϕ1(x, z) + λDϕ2(x, z)

• unaffected by linear terms: let ϕ2(x) = ϕ1(x) + a>x+ b,
then Dϕ2 = Dϕ1

• gradient: ∇xDϕ(x, z) = ∇ϕ(x)−∇ϕ(z)
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Three-point lemmaThree-point lemma

[PICTURE]

Fact 5.1

For every three points x,y,z,

DÏ(x,z) = DÏ(x,y) + DÏ(y,z) ≠ ÈÒÏ(z) ≠ ÒÏ(y),x ≠ yÍ

• for Euclidean case with Ï(x) = ÎxÎ2
2, this is law of cosine

Îx ≠ zÎ2
2 = Îx ≠ yÎ2

2 + Îy ≠ zÎ2
2 ≠ 2 Èz ≠ y,x ≠ yÍ¸ ˚˙ ˝

Îz≠yÎ2Îx≠yÎ2 cos\zyx
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Outline

• Mirror descent

• Bregman divergence

• Alternative forms of mirror descent

• Convergence analysis
DÏ(x ≠ z) = Îx ≠ zÎ2

2 DÏ(x ≠ y) = Îx ≠ yÎ2
2

DÏ(y ≠ z) = Îy ≠ zÎ2
2 \xyz
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Fact 5.1

For every three points x,y, z,
Dϕ(x, z) = Dϕ(x,y) +Dϕ(y, z)− 〈∇ϕ(z)−∇ϕ(y),x− y〉

• for Euclidean case with ϕ(x) = ‖x‖22, this is the law of cosine
‖x− z‖22 = ‖x− y‖22 + ‖y − z‖22 − 2 〈z − y,x− y〉︸ ︷︷ ︸

‖z−y‖2‖x−y‖2 cos∠zyx
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Proof of the three-point lemma

Dϕ(x,y) +Dϕ(y, z)−Dϕ(x, z)
= ϕ(x)− ϕ(y)− 〈∇ϕ(y),x− y〉+ ϕ(y)− ϕ(z)− 〈∇ϕ(z),y − z〉
− {ϕ(x)− ϕ(z)− 〈∇ϕ(z),x− z〉}

= −〈∇ϕ(y),x− y〉 − 〈∇ϕ(z),y − z〉+ 〈∇ϕ(z),x− z〉
= 〈∇ϕ(z)−∇ϕ(y),x− y〉
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(Optional) connection with exponential families

Exponential family: a family of distributions with probability density
(parametrized by θ)

pϕ(x | θ) = exp {〈x,θ〉 − ϕ(θ)− h(x)}

for some cumulant function ϕ and some function h

• example (spherical Gaussian)

pϕ(x | θ) ∝ exp
{
−‖x− θ‖

2
2

2

}
= exp

{
〈x,θ〉 − 1

2‖θ‖
2
2

︸ ︷︷ ︸
=:ϕ(θ)

− ‖x‖
2
2

2

}
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(Optional) connection with exponential families

For exponential families, under mild conditions, ∃ function gϕ∗ s.t.

pϕ(x | θ) = exp {−Dϕ∗(x,µ(θ))} gϕ∗(x) (5.2)

where ϕ∗(θ) := supx{〈x,θ〉 − ϕ(x)} is the Fenchel conjugate of ϕ,
and µ(θ) := Eθ[x]

• ∃ unique Bregman divergence associated with every member of
exponential family

• example (spherical Gaussian): since ϕ∗(x) = 1
2‖x‖22, we have

Dϕ∗(x,µ) = 1
2‖x− µ‖22, which implies

pϕ(x | θ) ∝ exp
{
− ‖x− µ‖

2
2

2︸ ︷︷ ︸
Dϕ∗ (x,µ)

}
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Proof of (5.2)

pϕ(x | θ) = exp{〈x,θ〉 − ϕ(θ)− h(x)}
(i)= exp

{
ϕ∗(µ) + 〈x− µ,∇ϕ∗(µ)〉 − h(x)

}

= exp
{
− ϕ∗(x) + ϕ∗(µ) + 〈x− µ,∇ϕ∗(µ)〉

}
exp{ϕ∗(x)− h(x)}

= exp(−Dϕ∗(x,µ)) exp{ϕ∗(x)− h(x)}︸ ︷︷ ︸
=:gϕ∗ (x)

Here, (i) follows since (a) in exponential families, one has µ = ∇ϕ(θ) and
∇ϕ∗(µ) = θ, and (b) 〈µ,θ〉 = ϕ(θ) + ϕ∗(µ) (homework)
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Bregman projection

Given a point x, define

PC,ϕ(x) := arg min
z∈C

Dϕ(z,x)

as the Bregman projection of x onto C

• as we shall see, MD is useful when Bregman projection requires
little computational effort
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Generalized Pythagorean Theorem

Generalized Pythagorean Theorem
Generalized Pythagorean Theorem

[PICTURE]

Fact 5.2

If xC = PC,Ï(x), then
DÏ(z,x) Ø DÏ(z,xC) + DÏ(xC ,x) ’z œ C

• in squared Euclidean case, it means angle \zxCx is obtuse
• if C is a�ne plane, then

DÏ(z,x) = DÏ(z,xC) + DÏ(xC ,x) ’z œ C
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Three-point lemma

[PICTURE]

Fact 5.1

For every three points x,y,z,

DÏ(x,z) = DÏ(x,y) + DÏ(y,z) ≠ ÈÒÏ(z) ≠ ÒÏ(y),x ≠ yÍ

• for Euclidean case with Ï(x) = ÎxÎ2
2, this is law of cosine

Îx ≠ zÎ2
2 = Îx ≠ yÎ2

2 + Îy ≠ zÎ2
2 ≠ 2 Èz ≠ y,x ≠ yÍ¸ ˚˙ ˝

�z≠y�2�x≠y�2 cos\zyx
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Fact 5.2

If xC = PC,Ï(x), then
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• in squared Euclidean case, it means angle \zxCx is obtuse

• if C is a�ne plane, then
DÏ(z,x) = DÏ(z,xC) + DÏ(xC ,x) ’z œ C
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Fact 5.2

If xC = PC,Ï(x), then
DÏ(z,x) Ø DÏ(z,xC) + DÏ(xC ,x) ’z œ C

• in squared Euclidean case, it means angle \zxCx is obtuse

• if C is a�ne plane, then
DÏ(z,x) = DÏ(z,xC) + DÏ(xC ,x) ’z œ C
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Fact 5.2

If xC = PC,Ï(x), then
DÏ(z,x) Ø DÏ(z,xC) + DÏ(xC ,x) ’z œ C

• in squared Euclidean case, it means angle \zxCx is obtuse

• if C is a�ne plane, then
DÏ(z,x) = DÏ(z,xC) + DÏ(xC ,x) ’z œ C
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Proof of Fact 5.2

Let
g = ÒzDÏ(z,x)

---
z=xC,Ï

= ÒÏ(xC,Ï) ≠ ÒÏ(x)

Since xC,Ï = arg minzœC DÏ(z,x), optimality condition gives

Èg,z ≠ xC,ÏÍ Ø 0 ’z œ C

Therefore, for all z œ C,

0 Ø Èg,xC,Ï ≠ zÍ = ÈÒÏ(x) ≠ ÒÏ(xC,Ï), z ≠ xC,ÏÍ
= DÏ(xC,Ï,x) ≠ DÏ(z,x) + DÏ(z,xC,Ï)

as claimed, where last line comes from Fact 5.1
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• if C is a�ne plane, then
DÏ(z,x) = DÏ(z,xC) + DÏ(xC ,x) ’z œ C
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Fact 5.2

If xC = PC,Ï(x), then
DÏ(z,x) Ø DÏ(z,xC) + DÏ(xC ,x) ’z œ C

• in squared Euclidean case, it means angle \zxCx is obtuse

• if C is a�ne plane, then
DÏ(z,x) = DÏ(z,xC) + DÏ(xC ,x) ’z œ C
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If xC,ϕ = PC,ϕ(x), then
Dϕ(z,x) ≥ Dϕ(z,xC,ϕ) +Dϕ(xC,ϕ,x) ∀z ∈ C

• in the squared Euclidean case, it means the angle ∠zxC,ϕx is
obtuse

• if C is an affine plane, then
Dϕ(z,x) = Dϕ(z,xC,ϕ) +Dϕ(xC,ϕ,x) ∀z ∈ C
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Fact 5.2

If xC = PC,Ï(x), then
DÏ(z,x) Ø DÏ(z,xC) + DÏ(xC ,x) ’z œ C

• in squared Euclidean case, it means angle \zxCx is obtuse

• if C is a�ne plane, then
DÏ(z,x) = DÏ(z,xC) + DÏ(xC ,x) ’z œ C
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Fact 5.2

If xC = PC,Ï(x), then
DÏ(z,x) Ø DÏ(z,xC) + DÏ(xC ,x) ’z œ C

• in squared Euclidean case, it means angle \zxCx is obtuse

• if C is a�ne plane, then
DÏ(z,x) = DÏ(z,xC) + DÏ(xC ,x) ’z œ C
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Proof of Fact 5.2

Let
g = ÒzDÏ(z,x)

---
z=xC,Ï

= ÒÏ(xC,Ï) ≠ ÒÏ(x)

Since xC,Ï = arg minzœC DÏ(z,x), optimality condition gives

Èg,z ≠ xC,ÏÍ Ø 0 ’z œ C

Therefore, for all z œ C,

0 Ø Èg,xC,Ï ≠ zÍ = ÈÒÏ(x) ≠ ÒÏ(xC,Ï), z ≠ xC,ÏÍ
= DÏ(xC,Ï,x) ≠ DÏ(z,x) + DÏ(z,xC,Ï)

as claimed, where last line comes from Fact 5.1
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2 + Îy ≠ zÎ2
2 ≠ 2 Èz ≠ y,x ≠ yÍ¸ ˚˙ ˝

�z≠y�2�x≠y�2 cos\zyx
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• Mirror descent

• Bregman divergence

• Alternative forms of mirror descent

• Convergence analysis
DÏ(x ≠ z) = Îx ≠ zÎ2

2 DÏ(x ≠ y) = Îx ≠ yÎ2
2

DÏ(y ≠ z) = Îy ≠ zÎ2
2 \xyz
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Fact 5.2

If xC = PC,Ï(x), then
DÏ(z,x) Ø DÏ(z,xC) + DÏ(xC ,x) ’z œ C

• in squared Euclidean case, it means angle \zxCx is obtuse

• if C is a�ne plane, then
DÏ(z,x) = DÏ(z,xC) + DÏ(xC ,x) ’z œ C
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If xC = PC,Ï(x), then
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Fact 5.2

If xC = PC,Ï(x), then
DÏ(z,x) Ø DÏ(z,xC) + DÏ(xC ,x) ’z œ C

• in squared Euclidean case, it means angle \zxCx is obtuse

• if C is a�ne plane, then
DÏ(z,x) = DÏ(z,xC) + DÏ(xC ,x) ’z œ C
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Fact 5.2
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If xC,ϕ = PC,ϕ(x), then
Dϕ(z,x) ≥ Dϕ(z,xC,ϕ) +Dϕ(xC,ϕ,x) ∀z ∈ C

• in the squared Euclidean case, it means the angle ∠zxC,ϕx is
obtuse

• if C is an affine plane, then
Dϕ(z,x) = Dϕ(z,xC,ϕ) +Dϕ(xC,ϕ,x) ∀z ∈ CMirror descent 5-27



Proof of Fact 5.2

Let
g = ∇zDϕ(z,x)

∣∣∣
z=xC,ϕ

= ∇ϕ(xC,ϕ)−∇ϕ(x)

Since xC,ϕ = arg minz∈C Dϕ(z,x), the optimality condition for
constrained convex optimization gives (see Bertsekas ’16)

〈g, z − xC,ϕ〉 ≥ 0 ∀z ∈ C

Therefore, for all z ∈ C,

0 ≥ 〈g,xC,ϕ − z〉 = 〈∇ϕ(x)−∇ϕ(xC,ϕ), z − xC,ϕ〉
= Dϕ(z,xC,ϕ) +Dϕ(xC,ϕ,x)−Dϕ(z,x)

as claimed, where the last line comes from Fact 5.1
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Alternative forms of mirror descent



An alternative form of MD

Using the Bregman divergence, one can also describe MD as

∇ϕ(yt+1) = ∇ϕ(xt)− ηtgt with gt ∈ ∂f(xt) (5.3a)

xt+1 ∈ PC,ϕ
(
yt+1) = arg min

z∈C
Dϕ(z,yt+1) (5.3b)

• performs gradient descent in certain “dual” space
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An alternative form of MD

The equivalence can be seen by looking at the optimality conditions
• the optimality condition of (5.3b) gives

0 ∈ ∇ϕ(xt+1)−∇ϕ(yt+1)+NC
(
xt+1)

︸ ︷︷ ︸
normal cone

(see Bertsekas ’16)

= ϕ
(
xt+1)−∇ϕ(xt)+ ηtg

t +NC
(
xt+1) (5.3a)

• the optimality condition of (5.1) reads

0 ∈ gt+ 1
ηt

{
∇ϕ(xt+1)−∇ϕ(xt)

}
+NC

(
xt+1) (see Bertsekas ’16)

• these two conditions are clearly identical
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Another form of MD

For simplicity, assume C = Rn, then another form is

xt+1 = ∇ϕ∗
(
∇ϕ(xt)− ηgt

)
(5.4)

where ϕ∗(x) := supz{〈z,x〉 − ϕ(z)} is the Fenchel-conjugate of ϕ

• this is the version originally proposed in Nemirovski &
Yudin ’1983
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Another form of MD

When C = Rn, (5.3a)-(5.3b) simplifies to

xt+1 = yt+1 = (∇ϕ)−1
(
∇ϕ(xt)− ηgt

)

It thus sufficies to show

(∇ϕ)−1 = (∇ϕ)∗ (5.5)

Mirror descent 5-33



Proof of Claim (5.5)

Suppose y = ∇ϕ(x). From the conjugate subgradient theorem, this
is equivalent to (homework)

ϕ(x) + ϕ∗(y) = 〈x,y〉

Since ϕ∗∗ = ϕ, we further have

ϕ∗(y) + ϕ∗∗(x) = 〈x,y〉,

which combined with the conjugate subgradient theorem yields
x = ∇ϕ∗(y). This means

x = ∇ϕ∗(y) = ∇ϕ∗(∇ϕ(x))

and hence ∇ϕ∗ = (∇ϕ)−1
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Convergence analysis



Convex and Lipschitz problems

minimizex f(x)
subject to x ∈ C

• f is convex and Lipschitz continuous
◦ ϕ is ρ-strongly convex w.r.t. a certain norm ‖ · ‖
◦ ‖g‖∗ ≤ Lf for any subgradient g ∈ ∂f(x) at any point x, where
‖ · ‖∗ is the dual norm of ‖ · ‖
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Convergence analysis

Theorem 5.3

Suppose f is convex and Lipschitz continuous (in the sense
that ‖g‖∗ ≤ Lf for any subgradient g of f) on C. Suppose ϕ is
ρ-strongly convex w.r.t. ‖ · ‖. Then

fbest,t − fopt ≤
supx∈C Dϕ

(
x,x0)+ L2

f

2ρ
∑t
k=0 η

2
k∑t

k=0 ηk

• If ηt =
√

2ρR
Lf

1√
t

with R := supx∈C Dϕ
(
x,x0), then

fbest,t − fopt ≤ O
(
Lf
√
R√
ρ

log t√
t

)

◦ one can further remove the log t factor
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Example: optimization over probability simplex

Suppose C = ∆ is the probability simplex, and pick x0 = n−11

(1) set ϕ(x) = 1
2‖x‖22, which is 1-strongly convex w.r.t. ‖ · ‖2. Then

sup
x∈∆

Dϕ(x,x0) = sup
x∈∆

1
2‖x− n

−11‖22 = sup
x∈∆

1
2
(
‖x‖22 −

1
n

)
≤ 1

2

Then Theorem 5.3 says

fbest,t − fopt ≤ O
(
Lf,2

log t√
t

)

if any subgradient g obeys ‖g‖2 ≤ Lf,2

(2) set φ(x) = −∑n
i=1 xi log xi, which is 1-strongly convex

w.r.t. ‖ · ‖1. Then

sup
x∈∆

Dϕ(x,x0) = sup
x∈∆

KL(x ‖x0) = sup
x∈∆

n∑

i=1
xi log xi −

n∑

i=1
xi log 1

n

= logn+ sup
x∈∆

∑n

i=1
xi log xi ≤ logn

Then Theorem 5.3 says

fbest,t − fopt ≤ O
(
Lf,∞

√
logn log t√

t

)

if any subgradient g obeys ‖g‖∞ ≤ Lf,∞
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Example: optimization over probability simplex

Suppose C = ∆ is the probability simplex, and pick x0 = n−11

(1) set ϕ(x) = 1
2‖x‖22, which is 1-strongly convex w.r.t. ‖ · ‖2. Then

sup
x∈∆

Dϕ(x,x0) = sup
x∈∆

1
2‖x− n

−11‖22 = sup
x∈∆

1
2
(
‖x‖22 −

1
n

)
≤ 1

2

Then Theorem 5.3 says

fbest,t − fopt ≤ O
(
Lf,2

log t√
t

)

if any subgradient g obeys ‖g‖2 ≤ Lf,2

(2) set φ(x) = −∑n
i=1 xi log xi, which is 1-strongly convex

w.r.t. ‖ · ‖1. Then

sup
x∈∆

Dϕ(x,x0) = sup
x∈∆

KL(x ‖x0) = sup
x∈∆

n∑

i=1
xi log xi −

n∑

i=1
xi log 1

n

= logn+ sup
x∈∆

∑n

i=1
xi log xi ≤ logn

Then Theorem 5.3 says

fbest,t − fopt ≤ O
(
Lf,∞

√
logn log t√

t

)

if any subgradient g obeys ‖g‖∞ ≤ Lf,∞
Mirror descent 5-38



Example: optimization over probability simplex

Comparing these two choices and ignoring log terms, we have

Euclidean: O
(
Lf,2√
t

)
vs. KL: O

(
Lf,∞√
t

)

Since ‖g‖∞ ≤ ‖g‖2 ≤
√
n‖g‖∞, one has

1√
n
≤ Lf,∞

Lf,2
≤ 1

and hence the KL version often yields much better performance
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Numerical example: robust regression

taken from Stanford EE364B

minimizex f(x) =
m∑

i=1
|a>i x− bi|

subject to x ∈ ∆ = {x ∈ Rn+ | 1>x = 1}

with ai ∼ N (0, In×n) and bi = ai,1+ai,2
2 +N (0, 10−2), m = 20,

n = 3000

Example

Robust regression problem with ai ∼ N(0, In×n) and
bi = (ai,1 + ai,2)/2 + εi where εi ∼ N(0, 10−2), m = 20, n = 3000

stepsizes chosen according to best bounds (but still sensitive to
stepsize choice)
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Convergence analysis
Using Lemma 5.4, we immediate arrive at
Theorem 5.3

Suppose f is convex and Lipschitz continuous (i.e. ÎgtÎú Æ Lf ) on C,
and suppoe Ï is fl-strongly convex w.r.t. Î · Î. Then

fbest,t ≠ fopt Æ
supxœC DÏ

!
x,x0"

+ L2
f

2fl

qt
k=0 ÷2

kqt
k=0 ÷k

• If ÷t =
Ô

2flR
Lf

1Ô
t

with R := supxœC DÏ
!
x,x0"

, then

fbest,t ≠ fopt Æ O

A
Lf

Ô
RÔ

fl

log tÔ
t

B

¶ one can further remove log t factor
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Numerical example: robust regression

taken from Stanford EE364B

minimizex f(x) =
m∑

i=1
|a>i x− bi|

subject to x ∈ ∆ = {x ∈ Rn+ | 1>x = 1}

with ai ∼ N (0, In×n) and bi = ai,1+ai,2
2 +N (0, 10−2), m = 20,

n = 3000

Example

Robust regression problem with ai ∼ N(0, In×n) and
bi = (ai,1 + ai,2)/2 + εi where εi ∼ N(0, 10−2), m = 20, n = 3000

stepsizes chosen according to best bounds (but still sensitive to
stepsize choice)
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Convergence analysis
Using Lemma 5.4, we immediate arrive at
Theorem 5.3

Suppose f is convex and Lipschitz continuous (i.e. ÎgtÎú Æ Lf ) on C,
and suppoe Ï is fl-strongly convex w.r.t. Î · Î. Then

fbest,t ≠ fopt Æ
supxœC DÏ

!
x,x0"

+ L2
f

2fl

qt
k=0 ÷2

kqt
k=0 ÷k

• If ÷t =
Ô

2flR
Lf

1Ô
t

with R := supxœC DÏ
!
x,x0"

, then

fbest,t ≠ fopt Æ O

A
Lf

Ô
RÔ

fl

log tÔ
t

B

¶ one can further remove log t factor
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Fundamental inequality for mirror descent

Lemma 5.4

ηt
(
f(xt)− fopt

)
≤ Dϕ(x∗,xt)−Dϕ(x∗,xt+1) +

η2
tL

2
f

2ρ

• Dϕ(x∗,xt)−Dϕ(x∗,xt+1) motivates us to form a telescopic
sum later
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Proof of Lemma 5.4

f
(
xt
)
− f

(
x∗
)
≤ 〈gt,xt − x∗〉 (property of subgradient)

= 1
ηt
〈∇ϕ

(
xt
)
−∇ϕ

(
yt+1),xt − x∗〉 (MD update rule)

= 1
ηt

{
Dϕ

(
x∗,xt

)
+Dϕ

(
xt,yt+1)−Dϕ

(
x∗,yt+1)} (three point lemma)

≤ 1
ηt

{
Dϕ

(
x∗,xt

)
+Dϕ

(
xt,yt+1)−Dϕ

(
x∗,xt+1)−Dϕ

(
xt+1,yt+1)}

(Pythagorean)

= 1
ηt

{
Dϕ

(
x∗,xt

)
−Dϕ

(
x∗,xt+1)}+ 1

ηt

{
Dϕ

(
xt,yt+1)−Dϕ

(
xt+1,yt+1)}

so we need to first bound the 2nd term of the last line
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Proof of Lemma 5.4 (cont.)

We claim that

Dϕ

(
xt,yt+1)−Dϕ

(
xt+1,yt+1) ≤ (ηtLf )2

2ρ (5.6)

This gives

ηt
(
f
(
xt
)
− f

(
x∗
))
≤
{
Dϕ

(
x∗,xt

)
−Dϕ

(
x∗,xt+1)}+ (ηtLf )2

2ρ

as claimed
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Proof of Lemma 5.4 (cont.)

Finally, we justify (5.6):

Dϕ

(
xt,yt+1)−Dϕ

(
xt+1,yt+1)

= ϕ
(
xt
)
− ϕ

(
xt+1)−

〈
∇ϕ
(
yt+1),xt − xt+1〉

≤
〈
∇ϕ
(
xt
)
,xt − xt+1〉− ρ

2
∥∥xt − xt+1∥∥2 −

〈
∇ϕ
(
yt+1),xt − xt+1〉

(strong convexity of ϕ)
=
〈
∇ϕ
(
xt
)
−∇ϕ

(
yt+1),xt − xt+1〉− ρ

2
∥∥xt − xt+1∥∥2

2

= ηt〈gt,xt − xt+1〉 − ρ

2
∥∥xt − xt+1∥∥2 (MD update rule)

≤ ηtLf
∥∥xt − xt+1∥∥− ρ

2
∥∥xt − xt+1∥∥2 (Cauchy-Schwarz)

≤ (ηtLf )2

2ρ (optimize quadratic function in ‖xt − xt+1‖)
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Proof of Theorem 5.3

From Lemma 5.4, one has

ηk
(
f(xk)− fopt

)
≤ Dϕ(x∗,xk)−Dϕ(x∗,xk+1) +

η2
kL

2
f

2ρ

Taking this inequality for k = 0, · · · , t and summing them up give

t∑

k=0
ηk
(
f(xk)− fopt

)
≤ Dϕ(x∗,x0)−Dϕ(x∗,xt+1) +

L2
f

∑t
k=0 η

2
k

2ρ

≤ sup
x∈C

Dϕ(x,x0) +
L2
f

∑t
k=0 η

2
k

2ρ

This together with fbest,t − fopt ≤
∑t

k=0 ηk(f(xk)−fopt)∑t

k=0 ηk
concludes the

proof
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