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Asymptotic notation

o f(n) < g(n)or f(n) =0O(g(n)) means
O

e Jgtmf =
e f(n) 2 g(n)or f(n) =Q(g(n)) means

| f(n)]

nh_)fg@ 9] > const
e f(n) = g(n) or f(n) = O(g(n)) means

| f(n)]
const; < nlLHgO () < consty
e f(n) =o0(g(n)) means
TG

oo [g(n)
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Model selection

All models are wrong but some are useful.

— George Box
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Basic linear model

y=XB+mn,
e y=1[y1, - ,yn] €R": observed data / response variables
o X =[xy, -,z design matrix / feature matrix (known)

o assumed to be full rank

B=[B1,-+,Bp)" €RP: unknown signal / regression coefficients

n=n, - ,nn}T € R": noise

Throughout this lecture, we assume Guassian noise

n ~ N(0,0%I,)
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Model selection / feature selection

Regression:
e find relationship between response y; and explanatory variables
Lil, ", Lip

e use the fitted model to make prediction

Question: which (sub)-set of variables / features should we include?

model
e Myth: nothing is lost by including every feature / variable
available

e Paradoxically, we can often achieve better predictions by
discarding a fraction of variables

8-6
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Tradeoff

e Model too small == large bias (underfitting)

e Model too large = large variance and poor prediction
(overfitting)

How to achieve a desired tradeoff between predictive accuracy and
parsimony (model complexity)?
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Underfitting

Recall that the least squares (LS) estimate is 3 = (X TX) !X Ty

e Divide the design matrix into 2 parts: X = [X1), X (2)]

~ { &M

T — ) }: new data

e LS estimate based only on X™):
B .= (X(I)TX(I))*lx(l)Ty
with prediction at & given by
gunderﬁt = i(l)Tﬁ(l)
e LS estimate based on true model
B=(XTX)"'XTy
with prediction at & given by
Qtrue = [i(l)-rv"i@)—r]/é
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Bias due to underfitting

(1)
Suppose the ground truth is 3 = [ Z(Q) 1 then
E [g(n] _ (Xu)TX(l))‘lX(l)T (Xu)ﬁ(l) +X<2>5(2>)

— 80§ (X(l)TX(l))_l xO7T x5

bias

— ,é(l) is a biased estimate of ,@(1)

Model selection and Lasso 8-9



Prediction variance due to underfitting

Fact 8.1

Var [Qtrue] > Var [gunderﬁt]

e Implications: the “apparent” prediction variance tends to
decrease when we adopt small models

e (Exercise): compute the prediction variance under overfitting
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Proof of Fact 8.1

Observe that

Covid] = (XTX) " X Cov[y X (X X) ' =02 (XTX)"
_ 2 { (XOTXOY=1 4 TMLT —LM

_AMLT M } (matrix inversion identity)

where L = (X(l)TX(l))f1 XMWT X and
—1
M = {X@)T (I ~ X0 (x0T xm)™! X(l)T) X<2)} ~ 0.

This gives )
Var [§ue] = [i(l)T@(Z)T} Cov {,@} [ ;E;; }
& 4+ o2 (LT:i:(l) - :5(2)>T M (LT:i:<1> - :i:<2>)

j(l) = Var [gunderﬁt}
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Model selection criteria

Choosing a subset of explanatory variables might improve prediction

Question: which subset shall we select?

One strategy
(1) pick a criterion that measures how well a model performs

(2) evaluate the criterion for each subset and pick the best

One popular choice: choose a model that predicts well
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Prediction error and model error

training set: y, X

° B: an estimate based on training set

e new data: § = X8+ 7 € R™, where /) ~ N(0, I,,,)
e Goal: use ,3 to predict y

One may assess the quality of the estimate based on its prediction
erroron g, i.e.

PE::E{HXB—QHQ]
—E[|X(3-8)|"] +2&[(X(3-8)T(@ - X8)| +E |5 - X8|’

—2[Ix6-o]+
variability of data

:=ME (model error)
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Residual sum of squares (RSS)

We shall set X = X (and hence m = n) out of simplicity

e the case where the structures of new and old data are the same

Unfortunately, we do not have access to PE (as we don't know 3)

—> need an operational criterion for estimating PE

e One candidate: estimate PE via residual sum of squares
2112
RSS := ||y — X,@H2

= training error
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Training error underestimates prediction error

Suppose X 3 = Iy for some given IT with Tr(IT) > 0 (e.g. LS), then
PE = E[RSS] + 20°Tr(IT) > E[RSS] (8.1)
Proof:
PE-E[RSS] = E[|g— X8|’ —E[ly - X3|?]
= E[lgl*+ 1 X8I* - 2(5, XB3)]
—E[llyl? + 1XBI? - 2 (y, XB3)]
= 2E|(y—9,XB)| =2E[(n—n Iy)]

— 2E[(n,Tn)] Lom (IE [nn"])

= 20%Tr(II),

where (a) follows from the identity Tr(ATB) = Tr(BAT).
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Example: least squares (LS) estimator

The least squares solution is

B = arg méi,n ly - XBII3=(X"X)"'X"y

The fitted values §'® is given by

,g|s — H|Sy — X(X—rx)leTy'
= PE = E[RSS] + 202 Tr(IT') = E[RSS] + 202%p

Model selection and Lasso
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LS estimator for a given model

Suppose the model (i.e. support of 3) is S C {1,---,p}. The least
squares solution given S is

Bs := argmin{|jy — X8| : i =0 for all i ¢ S}
B

The fitted values ¢ is then given by
g =Ty = X5(Xg Xs5)"' X3y,

where X is formed by the columns of X at indices in S.
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Mallows’ C), statistic

In view of (8.1),
PE(Bs) = E[RSS(8s)] + 20°Tr(ILs) = E[RSS(Bs)] + 2|S|0?,
since

Tr(Ils) = Tr(Xs(Xg Xs) ' Xg) = Tr((X§ Xs) ' X§ Xs) =15].

Definition 8.2 (C), statistic, Mallows '73)

Cp(S) = RSS(Bs) + 2079

training error model complexity

C), is an unbiased estimate of prediction error
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Model selection based on C), statistic

1. Compute Cy(S) for each model S
2. Choose S* = argming C}(5)

This is essentially an {yp-regularized least-squares problem

minimize; [y — X853+ 2028l (8.2)

penalized by model complexity
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Example: orthogonal design

Suppose X = I, then (8.8) reduces to

m|n|m|ze

[\DM—A

an 2 +20°1{p; # 0}

Solving this problem gives

Ao {07 |y2| S \/§U

Bi = hard thresholding
Y lwl > V2o

e Keep large coefficients; discard small coefficients

Model selection and Lasso
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Example: orthogonal design

[ ue ()
V2o
N 0 i < V2 .
Bi = Une(yi; V20) := { - lul = V20 hard thresholding
yi, |yil > V20

Hard thresholding preserves data outside threshold zone
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Model selection and Lasso

Lasso estimator
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Convex relaxation: Lasso (Tibshirani '96)

Lasso (Least absolute shrinkage and selection operator)
L 1 12 5
minimizeg o[y — X B3 + AllB]: (8.3)

for some regularization parameter A > 0
e |t is equivalent to
minimize; [y — X 8|3
st. Bl <t

for some t that depends on A
o a quadratic program (QP) with convex constraints

e )\ controls model complexity: larger A restricts the parameters
more; smaller A frees up more parameters
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Lasso vs. MMSE (or ridge regression)

N

3: least squares solution

P () ’ B
B, i
minimizeg ly — XBl|2 minimizeg lly — X B2
s.t. 18] <t s.t. 1Bl2 <t

Fig. credit: Hastie, Tibshirani, & Wainwright
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A Bayesian interpretation

Orthogonal design: y = B + 1 with n ~ A(0,02I).

1

08 06 04 02 0 02 04 06 08

7 X
Impose an i.i.d. prior on f3; to encourage sparsity (Gaussian is not a

good choice):
A =l

(Laplacian prior) PG =z2) = 5¢€
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A Bayesian interpretation of Lasso

Posterior of 3:

P(Bly) < PyB)PB) x He “’za’i o8|
XX H@Xp{ 61) |B@’}

= maximum a posteriori (MAP) estimator:

arg mmz { + )\\Bz]} (Lasso)

Implication: Lasso is MAP estimator under Laplacian prior

)

Model selection and Lasso
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Example: orthogonal design

Suppose X = I, then Lasso reduces to

_ 1 5 5
minimize 5 3 Z(yz - ﬂi)2 + A Bil

i=1

The Lasso estimate ,@ is then given by

Bi=<wyi+ A < -\  soft thresholding
0, else

Model selection and Lasso
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Example: orthogonal design

I wst (Z‘)

v

A
—-A soft thresholding

Yi
Yi
else

IN 1V

Bi = st (yiz ) =

Soft thresholding shrinks data towards 0 outside threshold zone
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Optimality condition for convex functions

For any convex function f(3), 3* is an optimal solution iff
0 € Of(B*), where 0f(3) is the set of all subgradients at 3

f(8) =18l

e s is a subgradient of f(3) = |p| if

s =sign(B), if B#0
sel-1,1], iff=0
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Optimality condition for convex functions

For any convex function f(3), 3* is an optimal solution iff
0 € Of(B*), where 0f(3) is the set of all subgradients at 3

e The subgradient of f(3) = 1(y — 8)% + A|B| can be written as

g=pB—y+ As with s defined in (8.4)

o We see that 3 = st (y; A) by checking optimality conditions for
two cases:
o If |y] < A, taking 8 =0and s =y/\ gives g =0

o If |[y| > A, taking 8 =y — sign(y)\ gives g =0

8-29
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Single-parameter setup

Consider the case where there is only a single parameter B eR:
S 1 512 A
minimize;_p §||y—ﬁz\|2+)\|5|.

Then one can verify that (homework)

zZ'Yy A LT
) Ty A EHEE A e
B=vst | gz | =40, if [zTy| <A
213" [I=]]
e =1 zly 4 A else
lzlls * ll=z15°
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Algorithm: coordinate descent

Idea: repeatedly cycle through the variables and, in each step,
optimize only a single variable

e When updating Bj, we solve

minimize; 5|y - 3 Xahi—X ), HABI 3 1A
I RES] V1]

where X ; is jth column of X
e This is exactly the single-parameter setting, and hence

X (y D ity X sz) A

B‘ — st ;
’ ’ X511 1 X117
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Algorithm: coordinate descent

- ~<
v =P = = - = S
7 - ~<Is~.
1 / =TT = <~~~
\ BTN
\ /4 — ~
7 R SOSOS
\ \ ’ SN
\ N \ (=< SN
\ \ (S >~_ " SN
N \ I RN
S N N S Ssos v 0N
N N SOV SN NN AR
~ S0 ST ~- Vv
~ N ~ ~ ) \
<N o TR T Ny BT
SoS SN ====-7_7, \
~ ~ -~ - !
~ ~o - S,
\\~§~§ —————— - 7
-

Algorithm 8.1 Coordinate descent for Lasso

Repeat until convergence
for j=1,--- ,n:
XT] (y - Zm’;éj X:zﬂi) ' A

B‘ — Pst
! ) 1 X513 T IX 15

(8.5)
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Model selection and Lasso

Risk inflation
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Ideal risk: orthogonal design

y'L:BZ"i_T/h izla"'vn

Let's first select / fix a model and then estimate: for a fixed model
S C{l,---,n}, the LS estimate Bg is

N i, ifiesS
(Bs)i = {y
0, else

e Mean square estimation error for a fixed model S:

MSE(s, 8) := E[l|Bs — BIP) = S El(y: - 8)°) + 3. 82

i€S ¢S
_ 2 2
= |S|o + E B;
variance due to noise i¢gs
——

bias (since we don't estimate all coefficients)
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Ideal risk: orthogonal design

e Smallest MSE for a fixed model size: If we fix the model size
|S| = k, then the best model achieves

MSE ‘= min MSE(B — ko2 i 2
SEL(B) Suin, SE(Bs, B) = ko +S{|r§1|r_1k%ﬁz

i=k+1

where |B|1) > |Bl2) = -+ = |B|(n) are order statistics of {|3;|}

Implication: good estimation is possible when 3 compresses well )
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Optimizing the risk over all possible models

\ﬁ\m

1.2

...........................

e Ideal risk (smallest MSE over all models): minimizing over
all possible model size k gives

ideal [ : A s 2 - 2
MSE"**(B) := m,gnsf‘gl‘ngSE(ﬁs,ﬂ)—mén{kJ + ) IBI@}

1=k+1

= 3 minfo?, 82}
=1

Model selection and Lasso
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Oracle lower bound

1Bl
“ o
12 °
°
n o8N Y "= SYS PR Wiy A SR ik (.|
MSEHe3(8) — 3" min{o?, 52} : 3

=1 0e °

02 °

o ®e

e (3; is worth estimating iff | 3;| > o2

o MSE“ s the optimal risk if an oracle reveals which variables are
worth estimating and which can be safely ignored

e With the oracle information, one can achieve MSE'®®? via

A i, if|Bi] >0 o . .
fideal — vir 1 1Bil > 0, (eliminate irrelevant variables)
0 else

Model selection and Lasso
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Risk inflation

e Problem: unfortunately, we do NO_T know which model S is the
best and hence cannot attain MSE9e?

e Instead, we shall treat it as an oracle lower bound, and consider
the increase in estimation error due to selecting rather than
knowing the correct model
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Risk inflation

Definition 8.3 (risk inflation, Foster & George '94)

The risk inflation of an estimator 3 is

3 _ o, MSE(B. B)
RI(B) - Slép MSEideaI(IB)’

where MSE(3, 3) := E[||8 — B][3].

e |dea: calibrate the actual risk against the ideal risk for each 3 to
better reflect the potential gains / loss

e Suggestion: find a procedure that achieves low risk inflation!
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Risk inflation by soft / hard thresholding

Consider identity design X = I, and Bi = Une (yis \) or
Bi = et (yi; A) with threshold zone [—\, )]

e For the extreme case where 3 =0,

MSEideal(B) — 21;1 min{O'Q,ﬂiQ} =0

e In order to control risk inflation, A needs to be sufficiently large
so as to ensure 3; & 0 for all . In particular,

maxi<i<p |Yi| = = max |ni| = ov/2logp (exercise)

= A>o0y2logp
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Risk inflation by soft / hard thresholding

Theorem 8.4 (Foster & George '94, Johnstone, Candes)

Let B be either a soft or hard thresholding procedure with threshold

A =o0+/2logp. Then
MSE(B,8) < (2logp + c) (o2 + MSE“=(3))

where ¢ = 1 for soft thresholding and ¢ = 1.2 for hard thresholding.

For large p, one typically has MSE'¢3(3) > o2, Then Theorem 8.4
implies
RI(B) ~ 2logp
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Proof of Theorem 8.4 for soft thresholding

WLOG, assume that ¢ = 1. The risk of soft thresholding for a single
coordinate is

rst(A, Bi) = E[(vst (yis A) — Bi)?]
where y; ~ N(5;,1).
1. There are 2 very special points that we shall single out: 5; =0

and 5; = co. We start by connecting 7 (A, ;) with rs (X, 0) and
st (A, 00).

Lemma 8.5
Tst(A, B) < rse(A,0) + 32 (quadratic upper bound)
ra(\, B) < rge(N,00) = 14 A2
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Proof of Theorem 8.4 for soft thresholding

2. The next step is to control rg (A, 0)

Lemma 8.6

A=+/2lo
Tt (A, 0) < 20(N)/ N K or 1/p (very small)

where ¢(z) = \/% exp(—22/2).

3. With these lemmas in mind, we are ready to prove Theorem 8.4
P
5 P .
Y E(G AT <m0+ 30, min { 37, A2 + 1}
1=

< 1+Zf:1min{ 1-2,2logp+1}
< (2logp+1) {1+Zf:1min{ﬁi2,1}]
(2logp + 1) (1 + MSEideal)
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Proof of Lemma 8.5

42
re(hoo) = 14 A2 V",vm()\.O) + 3

(3 8) Figure adapted from

(A, 5) Johnstone '15

1 s 1

WLOG, assume § > 0.
(1) To prove rg (A, B) < re (A, 0) + (52, it suffices to show 86’—'5* <28, as

ﬁarst()\aﬂ) A 2
WO B) — (0, 0) = [ L5 < a8 = B2
ra8) = ra(n0) = [ %P as < [ apas
This follows since (exercise)
Il _spp(zef-A-pA-p)el0.28,  (89)

with Z ~ N(0,1)
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Proof of Lemma 8.5

. 32
(A o0) = 14+ A? :"'vu()\.O) 7

(3 8) Figure adapted from

(A, ), Johnstone '15

1 s 1

WLOG, assume § > 0.

(2) The identity (8.6) also shows rg is increasing in 3 > 0, and hence

Tst(N, B) < rse(N 00) =E[(B+2—A) —B) ] =1+ )\ (8.7)
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Proof of Lemma 8.6 (Candes)

w0 = [T Ny

= [T -2y + X [ oty
A A

@) —//\Oo(y—Q)\)qﬁ'( )y + A2P{Z > A}

L)y -2\ ely) +/ (y)dy + A2P{Z > A}
= () + (1 +)\2)}P’{Z>/\}

< A¢(A)+(1+)\2)¢()\)\) =¢(j),

where (a) follows since ¢'(y) = —yp(y), (
by parts, and (c) holds since P{Z > A} <

Model selection and Lasso 8-45
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Optimality

Theorem 8.7 (Foster & George '94, Jonestone)

- MSE(3,8)
1t sup ideal
B B o2+ MSE“?(3)

> (14 0(1))2log p

e Soft and hard thresholding rules—depending only on available
data without access to an oracle—can achieve the ideal risk up
to the multiplicative factor (1 + o(1))2logp

e This 2log p factor is asymptotically optimal for unrestricted 3
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Comparison with canonical selection procedure

1. Minimax-optimal procedure w.r.t. risk inflation
Bi = e (wis 0v/2logp)
2. Canonical selection based on C), statistics
Bi = (Z/z'; \/20>

o Optimal procedure employs a much larger threshold zone

o Reason: ming Cp,(S) underestimates ming E[PE(S)] since

E{msinCP(S)} S minE[Cy(8)] = minE[PE(S))

sometimes <
o e.g. when B8=0, |[vn (y;vV20) — B]|* < n>> 0 with high prob.
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More general models

Let's turn to a general design matrix X:

y=XpB+mn wheren~N(0,1I)

One can take the ideal risk to be

MSE**!:= min PE(S) = min {E[|| X585 — X B3] +|5|o” |

model error
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More general models

Consider the ¢y-penalized selection procedure
minimize; [y — X AII3 + \202|8]o (8.8)

for some A < +/logp

Theorem 8.8 (Foster & George '94, Birge & Massart '01,
Jonestone, Candes)

(achievability) MSE(B,,@) < (logp) {02 + MSEideal(,B)}

(minimax lower bound) inf sup MSE('B.;ﬁI)
B B 0?4+ MSE(B)

2 logp

(8.8) is nearly minimax optimal for arbitrary designs!
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Lasso is suboptimal for coherent design

1 € 0 1

1 : : :

X = ) |, B= 0 , and y=XpB= :
h ¢ —1/e 1

1 1 1/e 0

When € — 0, solution to Lasso is
1

B _ | far from the truth

e Issue: the last 2 columns of X are too similar / correlated
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Minimax risk for sparse vectors

Model selection and Lasso
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Asymptotic minimax risk for sparse vectors

So far we've considered risk without any restriction on 3. Practically,
prior knowledge (like sparsity of (3) might be exploited to yield more
accurate estimates.

Theorem 8.9

Suppose X = I. For any k-sparse 3 with k < p, the asymptotic
minimax risk is

inf sup MSE(B,B) = (1+ o(1))202klog(p/k)
B BlBlo<k
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Minimaxity of soft thresholding estimator

Consider §3; = st (yi; A) with A = 0/2log p as before
e If 3 =0, one has B ~ 0 as discussed before

o If 31> P> > fr >0 and By ==, =0, then
A yi— A, ifi <k
Bi =
0, else

k
—  MSE(B,8) ~ Y E[(yi—Bi—N?| =h(o* +)?)
=1

ko?(2logp + 1) > 2ko? log(p/k)
—— —

minimax risk
o Need to pick a smaller threshold A
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Minimaxity of soft thresholding estimator

Theorem 8.10

Suppose X = I. For any k-sparse 3 with k < p, the soft
thresholding estimator (3; = st (yi; \) with A = o+/2log(p/k) obeys
MSE(8, 8) < (1 + o(1))20°k log(p/k)

e Threshold )\ determined by sparsity level
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Sanity check

If 81> > B >0 and fyy1 == [, =0, then
s Jyi— A ifi<k
b~ {O, else
—  MSE(B3,8) ~ k(6®>+X?) (as shown before)

= ko?(2log(p/k) + 1)
~ 2ko?log(p/k)
—————

minimax risk

Model selection and Lasso
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Proof of Theorem 8.11

WLOG, suppose o = 1. Under the sparsity constraint,

p

MSE(B,8) = > ra(\Bi) = D ra(XBi)+ (0 — k) rse(X,0)
=1 1:3; 70

krsy (A, 00) + (p — k) rst (A, 0) (8.9)

k (1 + AQ) + 2p¢()\)

IN

A

IN

(8.10)
kK
mlog(p/k)

(14 o(1))2klog(p/k) +
= (1+o0(1))2klog(p/k),

where (8.9) follows since 74 (A, ) is increasing in 3, and (8.10)
comes from (8.7) and Lemma 8.6
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Adaptivity to unknown sparsity

e Problem of “optimal” soft thresholding: knowing the sparsity
level a priori is often unrealistic

e Question: can we develop an estimator that is adaptive to
unknown sparsity?

Adaptivity cannot be achieved via soft thresholding with fixed
thresholds, but what if we adopt data-dependent thresholds?
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Data-dependent thresholds

Let [y|a1y > - > [yl(p) be the order statistics of [yi],- - -, [y

Key idea: use a different threshold for y; based on its rank
Bi = vselyis Ag)if lil = lylg) (8.11)

e originally due to Benjamini & Hochberg '95 for controlling false
discovery rate
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How to set thresholds? (non-rigorous)

Consider k-sparse vectors, and WLOG suppose 0 = 1. Recall that
when we use soft thresholding with A = \/2log(p/k), the least
favorable signal is

1> >0 >0 and fry1=--=0p=0 (8.12)

If we use data-dependent thresholds and if {)\;};~x are sufficiently

large, then
A yi_>\ia |fz§l<:
P& {0, else
. k
MSE(B, ) ~ S El(yi — A — 5)% = 3 (1+2?)
i=1 i=1
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How to set thresholds? (non-rigorous)

If the estimator is minimax for each k£ and if the worst-case 3 for
each k is given by (8.12), then

k
= Y X\ ~2klog(p/k), k=1,---.p
=1

This suggests a choice (think of A\? as the derivative of
g(x) :==2xlog(p/x))

M =~ 2log(p/i) — 2 ~ 2log(p/i)

Model selection and Lasso
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How to set thresholds? (non-rigorous)

° e Observations Y,
25- ® - - thresholds )\/
L ]
\ estimates B/
2F °
N\
~
15 .;“
o~ -
o T~ =~ -
(1} =~ -~ o
1 ° T~ o
o'o..... = -
%0
05 ."c.....
%004,
000e,
% 5 10 15 20 2 3 8 40 45 50

Model selection and Lasso



How to set thresholds? (non-rigorous)

6@ T T T T
e Observations Y,
57 e - - thresholds )\/
estimates B/
4 o
sl
L0
oL [ 1)
~ - [ ]
-~ 0\
e T =~ ~ _ _
%000, T T == - _ _
1 ......"'oooo.., T
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Minimaxity

Theorem 8.11 (Abramovich ‘06, Su & Candes '16)

Suppose X =1, and k < p. The estimator (8.11) with

Ai = o+/2log(p/i) is minimax, i.e.

MSE(B, 8) = (1 + o(1))202k log(p/k)

e Adaptive to unknown sparsity
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Generalization to arbitrary design: SLOPE

SLOPE (Sorted L-One Penalized Estimation): a generalization of
LASSO

1 ~ ~ ~ ~
minimize 5 p, 5“2‘/ — X382+ ABlay + A2lBl2) + -+ Al Bl )

where \; = c®71(1 —iq/(2p)) ~ o+/2log(p/i), 0 < g < 1is
constant, and ® is CDF of A/(0,1)
e This is a convex program if Ay > --- > XA, > 0 (homework)
e This can be computed efficiently via proximal methods

e SLOPE is minimax and adaptive to unknown sparsity under
i.i.d. Gaussian design X
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